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Abstract

In this paper, we consider radial distributional solutions of the quasilinear equation
—Anu = f(u) in the punctured open ball BR\{0} C RY, N > 2. We obtain sharp conditions
on the nonlinearity f for extending such solutions to the whole domain Bgr by preserving the
regularity. For a certain class of noninearity f we obtain the existence of singular solutions

and deduce upper and lower estimates on the growth rate near the singularity.
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1 Introduction

Let Q be a domain in RY, N > 2 and —Ay denote the N-Laplace operator.

Definition 1.1 Given f € L} (), we say that a function u € L (Q) is a distributional
solution of the equation —Ayu = f in Q if

loc

Vu| € LY71(Q) and /\vuyNQV/u-v(p—/fgb, Vo € C5°(9).
JQ JQ

We will write “ —Anu = f in D'(Q)” as a short-hand way of saying that u is a distributional

solution in ).

Let Br C RY be the open ball of radius R centered at the origin in RY. Consider the

problem

—Anu= f(u) in D'(Br\{0}),
(P7) w>0 in Bp\ {0},
u€ L (Bgr\{0}), u is radial.

loc
Throughout the work, we assume that the function f : [0,00) — [0, c0) satisfies:
(f1) f € C%%(]0,00)) for some exponent 0 € (0,1);
(f2) liminf f(t) '~ > 0;
t—00
(f3) the map t — f(t) + stV ~1 is non-decreasing for some k > 0.
By a result of BREZIS and LIONS [6] (in the case N = 2) and VERON [23, theorem 5.10,
p. 283] (in the case N > 2), we have the following

Theorem 1.2 If u solves (P}), then u € WYP(Bg) for any 1 < p < N. Furthermore, there

exists some o > 0 such that u solves the following problem :

Far) { —Anu= f(u)+ady in D'(Bg),
© f(u) € L. (Br \ {0}) N L' (Bg).



The above result leads naturally to the following questions:

(Q1) Is there a sharp growth condition on f that determines whether a solution of (Pf) can or

cannot be extended to be a (distributional) solution to (Por) ¢

(Q2) If such an extension holds and the solution in the punctured domain Bgr \ {0} is smooth,

is the extended solution equally smooth in Bgr?
(Q3) If the extended solution blows up at the origin, what is its asymptotic blow-up rate?

When N = 2 and f has at most a polynomial growth, the first two questions (Q1) and
(Q2) were discussed in detail in BREZIS-LIONS [6] and L10NSs [18]. For a corresponding discussion
involving exponential growth nonlinearities in the case N = 2, we refer to DHANYA-GIACOMONI-
PRASHANTH [9].

In the quasilinear case N > 3, without being exhaustive, we mention the results of
GUEDDA-VERON [13], BIDAULT-VERON [4] and KICHENASSAMY-VERON [15]. For more on the
subject, we refer to the survey VERON [24] and the book VERON [23]. We cite the book GHERGU-
TALIAFERRO [10] for results concerning isolated singularities for partial differential inequalities.

In the present paper, we extend the results contained in [9] to the radial quasilinear case
and obtain a complete answer to questions (Q1) and (Q2) above. We also provide a partial
answer to (Q3).

Definition 1.3 We call f a sub-exponential function if there exists 5 > 0 such that

(1.1) C = sup f(t)e P < .
[0,00)

We call f to be super-exponential if it is not a sub-exponential function.

As a complete answer to question (Q1), we show that if f is sub-exponential then we can
construct, by the method of monotone iterations, a solution U to (P}) which solves (P, g) for
some a > 0 (see Theorem 3.1). Conversely, we show in Lemma 4.1 that any solution to (Pj)
extends to a solution to (P ) if f is super-exponential. In contrast to this result we show that
the Dirac mass in (P, ) is not in general removable for sub-exponential functions f.

Regarding question (Q2) above, for a super-exponential f, we construct examples of radial
solutions to (P r) which blows up only at the origin (see Lemma 5.2 and Theorem 5.3). That is,
such solutions are smooth in Bg\ {0}, but not in Br. We also show that if f is sub-exponential,
then any solution u of (Pj) that extends to a solution of (Pyg) is regular, say in Cllo’f (see
Theorem 5.1).

The question (@3) is partially answered in Lemma 6.1. Utilising the asymptotic analysis
of ATKINSON and PELETIER (see [3]), for the super-exponential nonlinearities f we derive an
upper bound for singular solutions (see Lemma 6.1) and consequently obtain the following

limiting behaviour for any solution u of (Pp) :

|:c\Nf(u($)) —0 as |z| — 0.



We remark that this result is new even for the semilinear case. Although we do not
obtain a pointwise lower bound, we derive in Lemma 7.1 an integral bound for the behavior
of the solution around the isolated singularity at the origin; see also Corollaries 7.5 and 7.6.
The accurate asymptotic behaviour of singular solutions is still an open question as oscillating
singular solutions to (Pf;) may exist (see Corollary 6.2).

Nevertheless, Corollaries 6.2 and 7.7 give alternatives similar to the ones available in higher
dimensions for supercritical nonlinearities (see for instance Theorem 5.13 in [23]).

The semilinear case N = 2 with exponential-type nonlinearities in dimensions higher than
2 is dealt with in the recent work of KikucHI and WEI [16]. By using the Emden-Fowler
transformation and a clever analysis of the perturbation term in the asymptotic profile, the
authors prove the existence and the precise asymptotic behaviour of singular solutions. In the
two dimensional case, this approach as well as the one using Harnack type inequalities as in [4],
fails since the coefficients of the resulting equation do not possess the integrability in the right

spaces.

2  Some preliminary results

In this section we collect some useful results to our approach. The following first observation is

in order:
Proposition 2.1 If u solves (Py), then u is radially non-increasing in Bg \ {0}.

Proof. In the radial variable, u solves the ODE:
/
—pl=N (erl\u’|N72u/) = f(u) in (0,R).
Noting that f(u) > 0, it readily follows that the map r — ru/(r) is non-increasing in (0, R). Let

(2.1) ¢:= lim ru/(r).

r—0t

If £ > 0, by integrating (2.1) we obtain that u(r) — —oo as r — 07, a contradiction to the
nonnegativity of u near 0. Hence £ < 0 and the result follows. [ |

First, we note the following simple consequence of definition 1.3.

Proposition 2.2 If f is a super-exponential nonlinearity, then
oo
/ f(t)e dt = oo  for any e > 0.
0

Proof. From (1.1) we have that for any € > 0 and any positive integer n

sup f(t)e ™ = oo.

[n,00)

Therefore, we may find ¢, > n such that

f(tn) > nefn.



Thus,
oo x n
/ (F(t) + st Ve et > / (Ftn) + st Vye—cte > ™.
tn tn €
The assertion now follows. ]

Our next result establishes the connection between distributional and entropy solutions
to (Pf). We recall that for g € L'(f2), a function u € L}, () is an entropy solution of

loc
(2.2) —Anyu=g¢ in Q wu=0 on 01,

if T (u) € Wy (Q) for any k € RY, |[Vu| € LY~1(Q) and

loc
(2.3) /Q \Vu|N 72V - VT (u — ¢) < /QTk(u —¢)g forall p € C(Q),k € RT.

Here, for k € R, T denotes the truncation map given by Ty(t) = ¢ for t € [—k,k] and
T (t) = ksgn(t) for |t| > k.

Proposition 2.3 Let u € CL (Bgr\ {0}) N L. (Bg), f € L'(Bgr) be both radial functions and
|VulN=1 € LP(BR) for some p > 1. If u is a distributional solution to —Anu = f in Bg, then
u—u(R) is an entropy solution to the same problem in Br with homogeneous Dirichlet data on
OBR.

1

Proof. Since u is a distributional solution we have u € L .

\Vu| € LYY (Br) and

loc

(Br) has "zero trace” on 0f2,

(2.4) /B \vu|N—2vu-v¢:/B ¢ f forall ¢ € C°(BR).

We may fix p close to 1 so that Wol’p/ (Br) = Co(BRr). We first claim that if |Vu|V~1 €
LP(BgR) for some p > 1 and f € L'(Bg), we can enlarge the class of test functions ¢ in (2.4) to
Wol’p/(BR). To see this, we take a sequence {¢,} C C§°(Bg) converging to ¢ in the Wol’p/(BR)
norm. Then ¢, — ¢ in Cy(Bg) and the claim follows by writing (2.4) for each ¢,, and passing
to the limit n — oo.

Let v := u — u(R). Given ¢ € C§°(BRr), we have that Ti(v — ¢) € WOI’OO(BR) for every
k € R*. Hence by the above observations,

/ |VolN72V0 - V(v — ¢) = / V|V "2Vu - VT (v — ¢)
Br Br
= / fTi(v—¢) VYo e CE(Q), Yk e RT.
Br

Thus, v satisfies (2.3). |
Finally, we recall a version of BREZIS-MERLE [7] result for the N-Laplace problem.



Proposition 2.4 (see [1, Theorem 1.6]) Let u be the entropy solution of the problem (2.2) where
1
g € LY(Q). Then the following inequality holds for any 6 € (0, Nwxy "):

1 1
N N-1 _6 N N-1
(2.5) /exp<( N ”“') <25V q).
Q N1 g
HQHLQ
Here, || - |1 denotes the L*(Q) norm and || the N-dimensional Lebesgue measure of @ and

wn is the volume of the unit sphere in RN .

Corollary 2.5 (see [1, Corollary 1.7]) Let u, g be as above. Then, el*! € LP(Q) for any p > 1.

3 Dirac mass solution for sub-exponential f

In this section, we show the following:

Theorem 3.1 Let f be a sub-exponential function and 3, C be given by (1.1). Then there exist
a, R, > 0 depending on 3,C such that (P, Rr,) admits a distribution solution.

Before proving the theorem, we construct appropriate sub and super solutions in the lemmas

below.

Lemma 3.2 Let f be a sub-exponential function with 5,C given by (1.1). Define

(3.1) v = _T logr + N]\_T 1 log(1+CAN=1r)|, r>o0.
Then, the following pointwise inequality holds :
(3.2) ~Anvs e > f(vge) in RV \ {0}
Proof. Let
W= %, M :=CpN~1

By a straightforward calculation,

~Anvgo(r) = PN ) YRy
(3.3) B (,uM(N—l)N)[ 1 Hl—k(l—ky)]\h N-2
‘ - pN-1 rN=1(1+ Mr)? 1+ Mr '
We recall the growth condition on f in definition 1.3 and use (3.1) to find that
C
(3.4) f(vg,c) < CePvsc =

rN=1(1 4+ Mr)N"

Therefore, from (3.3) and (3.4) we obtain that

(3.5) ~Anvs o > f(vge) in RV {0}.



Remark 3.3 Note that vg ¢ is a strictly decreasing function on (0,00) with
lim, 0+ vg,c =00 and lim, o Vg o = —0.
Definition 3.4 Given 5,C > 0 define R, := R.(83,C) to be the unique zero of vg c.

Lemma 3.5 Let f,3,C be as in the previous lemma. For R > 0 define

- N N
(3.6) wsenlr) =~ [logr + ~——log(1+ CEY'R)], 7> 0.
Then
(3.7) wgor < vgc in Bg,
(3.8) wgc,r, > 0 in Bg,,
(3.9) wsor(R) = vgc(R),
(3.10) WB,C,Rs VB,C € Cim.(RY\ {0}),

— /N —1 .

(3.11) —ANwﬁ’C,R = w]]VV_l (T)(SO m D/(RN).

The proof of Lemma 3.5 follows by straightforward calculations.

Now we are ready to proceed with the proof of Theorem 3.1. Let 3,C > 0 be given by (1.1) and
let vg o, wa,c,r be the corresponding functions as in (3.1) and (3.6). Choose R, as in definition
3.4. Given 0 < € < Ry, define the annular region

AcRr, == Bpr, \ Be.
We now set up the following iteration procedure (solved in the WHN _weak sense):

Ug = WB,C,R«»
(L) — ANy + KN 20, = f(un_1) + Klua_1|Y 2u, 1 in AcR.,
n

Up = Wa,c,R, ON OAcR,;
Up € CI’Q(ZQR*) for any 6 € (0,1) and w, radial.

It is standard to see that the quasilinear equation in (I,,) is solvable in the W1V —weak sense
and by Holder regularity results (see for instance TOLKSDORF [22] and LIEBERMAN [17]) the
required regularity of the solution is obtained.

Using the hypothesis (f3), (3.2), (3.8) and an induction argument, we obtain that
Uy 1= WB,C,R, < Up < Upp1 Svgc in A g, forall n.

Since vg ¢ is bounded in A, g, for a fixed € > 0, from the above pointwise estimates we can pass
to the uniform C1(A. g,) estimates for the sequence {u,} by using the classical quasilinear
regularity results (see for instance TOLKSDORF [22] and LIEBERMAN [17]). Therefore, we obtain
a function u, g, such that

Up — Ue,Rp, ID CI(Z@R*)



and u, g, solves (in the W1V _weak sense) the following problem:

—Anuer, = f(ueRr,), wgcR, < Uer, < V3c in Acr,,
U,QR* = wg,c,R* on 8A€73*,
uer, € CY9(Acg.) and is radial.

Choosing a positive sequence {¢,} tending to 0 and noting that the corresponding sequence of
solutions {uc, g,} is relatively compact in CL _(Br, \ {0}), we obtain a distributional solution
U of

—~AnU = f(U), wgcr, <U<wvgc in Bg, \ {0},
(Pr.) U=wgcr., on |z[= R,
U e CY(Bg-\ {0}) and is radial.

Note that LN
U(r) ~ <_7) logr as r— 0%, and U, f(U) € L (RY \ {0}).

loc

By Theorem 1.2 we obtain that
f(U) € Lige(Br,), |VU| € L(Bg,) forall 1<p<N,

and for some a > 0,
—ANU = f(U) + 0450 in 'DI(BR*).

If « = 0, from Propositions 2.3-2.4, Corollary 2.5 and Corollary 2.2 in [1] we obtain that U is

bounded near the origin, contradiction. Hence, necessarily o > 0. [ |

4 Removable Singularity

In this section we show that if f is super-exponential then distributional solutions of (Pf) can

be extended to (distributional) solutions of (P g).

Lemma 4.1 Let f be super-exponential and let u be a solution of (Pg), and hence of (Pa,r) for

some a > 0 (see Theorem 1.2). Then, necessarily o = 0.

Proof. Let 0 < 1 < R be small. Choose a nonnegative radial test function ¢ € C5°(B,) with
¢(0) = 1 and maxjq, |¢'| < 1/n. We then obtain (since u' < 0 from proposition 2.1)

n . n )
(4.1) —/ PN N () dr :/ N7 (u(r) o (r)dr + ag(0).
0 0
We estimate

n
L.H.S. of (4.1) = O(maXTN_1|U,N_1/ ‘d’/’)
[0,7] 0

4.2 = O maxrN Y/ |V,
(4.2) (a1 )



Since

/77 erlf(u(r))qﬁ(r)dr —0 as n— 0",
0

from (4.1) and (4.2) we will obtain o = 0 if we can show

(4.3) r[na>]<7“N_1\u’]N_1 —0 as n—0".
0.1

To this aim, we utilise the Emdem-Fowler transformation given by

(4.4) t:=Nlog(N/r), 0<r<R; y(t) :=u(r), Nlog(N/R) <t< cc.

Consequently,
r

y(t) = — 0.

It can then be easily checked that if u is a radial solution of —Ayu = f(u) in Bgr \ {0}, then y
solves the following Emden-Fowler type ODE:

(45) ~(1y1M2y) = ¢ () i (Nlog(N/R),0).

Note that since u is non-increasing (by Proposition 2.1), one has 3’ > 0. Therefore, (4.3)
holds iff /(t) — 0 as t — co. We note from (4.5) that

!
—(15/1""2) = ¢ f(5) 2 0 in (Nlog(N/R),00).
This immediately implies that ¢’ is a decreasing function on (N log(N/R), o). Let us denote
— Tim 4
0= tligloy (t).
Noting that ¢ > ¢ in (N log(N/R), ), we obtain
y(t) > y(Nlog(N/R)) + £(t — Nlog(N/R)) for all t > Nlog(N/R).

Hence, from the above inequality and the assumptions (f2) — (f3) we find

o0

N-1 _ N1
00 > /BR/2 (f(u) + ru" " Hdz = /Nlog(zN/R) (f(y(t)) + ky(t) ) dt

= Fy(N Yog(N/R)) + ((t — N log(N/R))))e ™"t
Nlog(2N/R)
which contradicts Proposition 2.2 if £ > 0. Therefore, £ = 0 and hence a = 0. [ |

5 Existence of singular solutions

In this section we answer question (Q2). We first show that when f is sub-exponential, then

any distributional solution of (P ) is regular.

Theorem 5.1 Let f be a sub-exponential nonlinearity. Then any solution to (Py r) is regqular

in Bg.
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Proof. Let u be a solution to (Py ). Then from propositions 2.3- 2.4 and corollary 2.5, we
have that e* (and hence f(u)) belongs to LP(Bj) for all p > 1. Thus, applying corollary 2.2
in [1] (see also related results in IOoKU [14] and BOCCARDO-PERAL-VAZQUEZ [5]) we obtain
that u € I/VO1 N(By) N L=(Q). Hence from Hélder regularity results in [17], we obtain that
u € CH(Q)NCy(Q) for all 0 < 6 < 1. n

In the following two results, we construct solutions to (P r) which blow up only at the

origin for some classes of super-exponential nonlinearities.

Lemma 5.2 Given any pu > 1, there exists a super-exponential nonlinearity f satisfying :

. —tH _ . _th—€
tliglof(t)e =0, tlgélof(t)e

=00 Ve>0

such that the corresponding problem (P, 1) admits a radial solution that blows up only at the
2
origin.

Proof. Given pu > 1, define

A—p)(N-1)—p 1
N\N Nlog?2 " eWlog2) (<t < (Nlog2)w
= (%) (u—l)(N—l){ (N'log2) [0S e

m HO-m)(N=1)—ps t# (Nlog2)s.

It can be easily checked that

1
def T\~

solves (PY). Appealing to Theorem 1.2 and Lemma 4.1 we obtain that u solves (Po,%)- It
can be also direQ(:tly checked that f(u) € Ll(B%). [ ]
In the next result, we exhibit a class of super-exponential nonlinearities whose growth rate
at infinity is of critical type (in the sense of Trudinger-Moser). Although we state the result for

nonlinearities in a general form, one can check that the model class of nonlinearities

N
<fB<—

_N
) = (1 + )"t Y 0, m>0
Jo(t) (1+1)"e ,oa>0,m20, o N1

satisfy the required assumptions in (i).

Theorem 5.3 (i) Let fo : (0,00) — (0,00) be a smooth (at least C3) nonlinearity which has the
form fo(t) = h(t)et% where h(t) satisifies assumptions (A1)-(A5) in [11]. Then there exists
R > 0 such that —Anu = fo(u) admits a radial positive distributional solution z* in Br blowing
up only at the origin and such that z* & WI’N(BR).

loc

(ii) Let f(t) := fo(g)x[og](t) + fO(t)X[%oo) (t). Then (P, r) admits a radial solution that blows

2
up only at the origin.

Proof. (i) We use the transformation (4.4) in order to cast the differential equation —Anu = f(u)

in Bgr (for a positive solution) into the following equivalent form :

—(WN 2y = etfoly), . def
(5.1) (z’/ >’ 0 )y e L R L
: - ’ loc

I foly(t))e™tdt < oco.
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For our purposes, it is more convenient to consider the following “shooting from infinity” problem

depending upon a parameter v > 0 :

(S ) _(’y/’N72y/)l - eitfo(y)a
.
y(00) =, y'(00) = 0.
Let y(-,y) denote the unique solution of (S,). We see that y(-,) is a strictly concave function as
long as it is nonnegative. Therefore, as any concave function cannot be bounded below at —oo,

there exists a first zero of the solution y(-,7y) denoted by T'(vy). In addition, the map v — T'(7)

is continuous (see [11, Lemma 3.1]). We divide the proof into three steps:

Step 1 : Given a sequence 7y, — 00 as n — 0o, there exist a sequence {r,} of positive

numbers with liminf r, > 0 and a sequence of nonnegative radial solutions {u,} C L*(By,) of
n—oo

—Apnuy, = fo(uy) in D'(B,,) with uy(0) = vy.

Given such {v,}, let y, = y(-,») denote the solution of (S,,). By [11, proposition 4.2,

p. 12], we obtain that 7™ = limsup T'(y,) < co. Up to a subsequence of {v,}, we can assume

n—oo
that 7% = lim T'(v,). We fix this subsequence of {y,}, which we still call {y,}. Furthermore,
n—oo
from the asymptotic behaviour of fy at oo it is not difficult to show that 7% > —oo (see also
[12, lemma 4.1]).

Let us use the change of variable in (4.4) as follows:
o= Ne TO/N 0y (2) =y (N log(N/|z|), 2 € By, \ {0}.

Then, we see that u,, solves the required equation in B,, with u,(0) = v, and liminfr, > 0.
n—o0

Step 2 : Let {v}, {yn} be as in Step 1. Eztend y, to [T* — 1,T(vn)) by 0. Then the

extended sequence (still denoted as {yn}) is uniformly bounded on compact subsets of [T*—1,0).

Denote g(t) =log(fo(t)). We define the following energy functional associated to (S, ):

0o (1)) — SO > T,

En(t) = (yn)" (1) —

An explicit calculation gives

E,(t) = (N=1)(y)" ?0yn(t) — (N = D(yn0)"yn()g (ya (1))

(D) W) 9 (1)) — 9O (i ())f(1) 1),

Note that the ODE satisfied by y,, can be written as (N —1)(y/ )N =2(t)y/ (t) = —e9Wn )=t

Therefore, the above expression for E/, simplifies to

B4(1) = (M) Wh )V g (g (1),
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Given sg > 0, let tg(v,) > T(7,) be defined by the relation y,(to(7,)) = so > 0. We may
choose sq large enough such that ¢, ¢’ > 0 in [sg, 00) Indeed, by convexity of s — g(s) for large
s and the last statement of assumption (A1) in [11], there exists sg > 0 large enough such that
¢ is increasing on (s, 00), tliglo g'(t) = oo and ¢"” > 0 in (sp,o0). Therefore, since y,, is strictly
increasing and g is convex in [to(7Vn), 00), we obtain E),(t) < 0 for all ¢ > to(yy).

Since tli>I£10 E,(t) = 0, we obtain that E, is a nonnegative function on [to(¥y),c0). This

immediately implies that

(5.2) Yn()g (yn(t)) <

Now, integrating the ODE in (S5, ), we have

(y(to)V ! = /OO folyn(t))e t dt.

to(n)

Therefore, from (5.2) and recalling that y, (to(v,)) = so, we obtain

(5.3) sup /too folyn(t))e " dt < oo.

n o(vn)
Let [a,b] C [T* —1,00). Define A = {n : to(yn) > b}, B = {n : to(yn) < b}. We note that

sup yn(b) < co. Otherwise, there must be a subsequence of {y,(b)} that tends to co and hence
n

by the nondecreasing nature of t — vy, (), this subsequence converges uniformly to oo in [b, b+ 1]
violating (5.3).
Again by the monotonicity of y,, we have sup y,, < y,(b). Therefore,
[a,b]

sup sup yn(t) < sup yn(b) < supyn(to(vn)) = so-
neAtela,b| necA n

Similarly,

sup sup yn () < sup yn(b) < oo,
neB [a,b] neB

which completes the proof in Step 2.
Step 3: Constructing the singular solution.

From Step 2 and the fact that y,, solves the ODE in (5.1) we obtain a subsequence of {y,},
which we denote again by {y, }, such that {y,,} and {y/,} are uniformly convergent in any compact
sub-interval of (7%, c0). By using a diagonalisation process, we can obtain a subsequence of {y, },
which we will denote by {y,} again, and a positive, continuous nondecreasing function y* on
(T™*, 00) such that y,, — y* locally uniformly in (7%, 00) and {y,,} also converges locally uniformly
in (T*,00). Furthermore, y/, — (y*)’ pointwise in (7™, 00) (see RUDIN [20, Theorem 7.17]).

For an integer m > 0 and any n such that ~,, > m + sg, we define ¢,,(7,) to be the point
at which yy, (4 (7)) = m + sop. We claim that S, 4 fim Sup tm (7n) < 0o. To see this, define

n—oo
zn(t) = yn(t) — m — sg for v, > m + sg. Then, z, solves the equation

_ _ def _¢7
—(|Z;L|N 222),26 L folzn +m+50) = e folzn).
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Let T),,(7,) be the first zero of z,(t) as t decreases from infinity. It can be checked that fo
also satisfies assumptions (A1)-(A5) in [11]. Therefore, again by [11, Proposition 4.2], we get
Sim < 00.

Fix m. If necessary, by restricting to a further subsequence of {y,} (depending on m) so
that nh_}rr;o tm(Vn) = Sm, we obtain

y*(Sm) = lim yn(sm) = nh—g)lo yn(tm(yn)) =m + So.

n—oo

Since y* is nondecreasing, we obtain that y*(¢) — oo as t — co. Integrating the O.D.E. satsfied
by v, we find

(W)N=1(s) — ()N L) = / folym(p))e P dp, T < s <t < ool

Using the convergence of y,, y.,, we can pass to the limit as n — oo on either side of the
above equation to obtain that y* also satisfies the same integral equation. That is, y* solves the
equation

()N =efoly")  in (T, 00).

Now, from (5.3),

(5.4) sup/ fo(yn)e tdt < oco.
n ST (1)

We now come to the value y* at T™*. Since y* is nondecreasing, y* has a right limit at 7.
Integrating the ODE satisfied by y,, between t € [T(vn), to(7x)] and to(y,) and using (5.2) and
(5.4), we deduce that {y},} is uniformly bounded in [T'(v,),T* + 1]. Consequently, the extended
sequence {y;, } is uniformly bounded in the Lipschitz norm on [T*—1,T7*]. Then, by Ascoli-Arzela
theorem, we have

y*(T*) = lim y,(T") = 0.

n—oo
From (5.4) and Fatou’s lemma, we obtain that [77 fo(y*)e™*dt < co. Thus, to summarize, y*
solves the problem (5.1) with 7' = T* with the additional property: y(7™) = 0.
Let R = Ne~T"/N. We now define 2*(z) = y* (N log(N/|z|)) for z € Bg \ {0}. It follows
that 2* solves the following problem:

—Anz* = fo(z*) | .
P } in By \ {0},

z* =0 on 9Bg, lim,_o2*(z) =00, fo(z*) € L'(Bg).

(ii) We note that f satisfies assumptions (f1) — (f3). From Theorem 1.2, z* satisfies the equation
—Apnz* = f(2*) + adp in the sense of distributions in B% for some a > 0. Since f is super-
exponential, by Lemma 4.1 we must have o = 0. Thus, z* is the required singular solution for
(F 07§)~

If z* € T/Vllo’CN(BR), by Trudinger-Moser imbedding [19], we obtain that f(z*) € L] .(Br)
for all p > 1 and hence z* is locally bounded in Bpg, a contradiction. [ |
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6 Asymptotic behaviour in the super-exponential case
From the assumption (f3), we can fix £ > 0 so that the map
(6.1) ts F(t) == f(t) + stV is strictly increasing for t > 0.

For instance, if f(t) = e, 4 > 0, then we may choose x = 0 and check that F~1(t) =

(logt)». We have the following asymptotic estimate for w.

Lemma 6.1 Let f be a super-exponential nonlinearity and k be chosen as in (6.1). Assume
that

(6.2) (N < cf(At) for some ¢ >0 and all X > 1, t> 0.

Then, any unbounded solution u of (Pf) satisfies the following properties:

(a) Given € > 0, there exists R, € (0, R) such that u(z) < F~1(e|z|™N) for all x € Bg,.
(b) For any € > 0,

lim sup u() =1

P A C L)
Proof. We write the problem (Pp) in radial co-ordinates as follows (see Proposition 2.1):
/
—r N (P2 ) = fw) in DO, R)),
u nonnegative in (0, R).

We use again the Emden-Fowler transformations as in (4.4)-(4.5) and denote by y the trans-
formed solution corresponding to u.

Since f is super-exponential, as in the proof of Lemma 4.1, one can show that
(6.3) lim ¢/(¢) = 0.

t—o0

Since y is a concave function, it follows that /() > 0 for all t. Integrating the ODE satisfied
by y (see (4.5)) between the limits 1 << ¢ < t;, we obtain

(y/)N—l(t) B (y')N_l(tl) _ /tl (f(y(s)) n K,SN_l)e_st B /t 1 sV "lo=5 s

(f(y(t) + mfN_l) (e —e™™) — /t 1 ksNle=%ds.

Y

Letting ¢; — oo in the above inequality and using (6.3), we deduce

W)Y > (Flu@) + mtV et — / " sVl ds

t
so that

(Fo®) +xt¥ et < () 0+ [ s e
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Thus, by (6.3) we find

lim F(y(t))e " = lim (f(y(t)) +ry" " (#)e " = 0.

t—o00 t—00

Now, (a) follows easily. Using part (a), we have that

6.4 limsup ———————— < 1.
(64) vo0 ! F1(clz N) =

Suppose for some € > 0 the above inequality is strict. Then we can find 0 < n < 1 and Ry > 0
such that

u(z) < nF~H(elz[™Y) in Br, \ {0}.

Therefore for some A > 0,

flu(z)) < F(u(z)) < F(nF*(elz|™)) (by monotonicity of F)
= FOF N (elal ™) + 5 (1F (el 7))
< AFE el )" 4w (0F Helal ™) (by (62) with A =1/n)
< A(f(F(e|z|” N))) (if Ry is small and noting tV =1 << (f(t))" for all large t)
< AFE el ™))+ w (7 elal )N

Thus we obtain the pointwise estimate

flu) O@)[e[™™  in Bg, \ {0}.

Thus, f(u) € L

oe(Br) for some p > 1. From classical estimates in Serrin [21] we deduce

u € Lj (BR), a contradiction. This shows that for any € > 0 we must have equality in (6.4)
which completes our proof. [ |

Corollary 6.2 Let f and u be as in Lemma 6.1. Then, one of the following alternatives holds:
(i) lim _ ulz)
a—0 F=1(]z|=N)

(ii) for some 0 < ¢, < 1 and any a € (cs, 1), the graph of u crosses the graph of the function
aF~Y(|z|~N) infinitely often in Bg.

=1, or

Proof. Let

u(iﬂ)

If ¢, = 1, the first alternative holds. Otherwise, we may take any a € (¢4, 1) and verify that the
second alternative holds for all such a. [ |
We point out that a similar alternative holds in the super-critical case in higher dimensions

(see Theorem 5.13 in [23]). See Corollary 7.7 for a more precise version.



16

7 An integral-type lower bound for singular solutions

Lemma 7.1 Let f satisfy the assumptions in (6.1) and (6.2). Further assume that there exists
a p > 1 such that

(7.1) f(t) > Ce" for all large t >0 and some C > 0.

If w is an unbounded solution of (Pf,), then the following holds:

1

R 1 N-1
. _ u)dz dr = oo.
(72) /0 r|(log(N/7))|# </Br(0) F) )

Remark 7.2 Note that we always have fBR f(u)dz < oo.
Proof. Choose x > 0 as in (6.1) and for any ¢ > 0 define G (t) := Ce!" + kt. Since
F(t) > Gx(t) > Go(t), forallt >0,
we have
(7.3) (logt — log C)i =Gyl(t) > F7U(t) for all large t > 0.
Supposing that the conclusion of lemma does not hold and write the solution u in the form:
(7.4) u(@) == v(z)(Nlog(N/|z|))* for = € Bg\ {0}.
From (7.3) and Lemma 6.1 (a), we know that
(7.5) 0 <wv(xz) <1 for all small |z|.

Going to the radial variable r and the Emden-Fowler variable ¢ as given in (4.4), we have that
y(t) ;= u(]z|) and z(t) := v(|z|) satisfy:

(7.6) y(t) == 2(t)t% for ¢t > T := Nlog(N/R).
Since f is super-exponential, we have that (see the proof of Lemma 4.1)

lim o/(t) = 0.

t—o00

Recall that y solves the differential equation in (4.5). We see then that y also solves the equation

1

(7.7) Y (t) = (/too f(y(s))efsds) MU for > T

Thus, we obtain the following equation for z:

1

(7.8) 2 (t) + ultz(t) . (/too f(z(s)si)efsds) M ofor t>T.
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Note that 0 < z(t) < 1 for all large ¢t > 0. Making the final transformation
(7.9) & :=logt, p(&) = z(t), for t > Tp:=max{1,T},

the equation in (7.8) simplifies to:

(7.10) p’(§>+ip<§>=H<s>, ¢ > log Ty
where

7.11 H ::e(%)f = eﬁ e_ececd ﬁ
(711) © ([ storehreecac)

Note that 0 < p(§) < 1 for all large £ > 0. It can also be deduced, following the proof of Lemma
6.1(b), that

limsup p(§) = 1.

E—o0
The assumption that the integral in (7.2) is finite translates to

(7.12) Hy := b H(&)d¢ < 0.
log To

Integrating the equation (7.10) between the limits £ > log T and &, > &, we obtain :

1 &n én
(7.13) &) =Pl + /5 (e = [ HQC for all > logT
Letting n — oo, using the fact that 0 < p < 1 and (7.12),
1 oo oo
(7.14) ,U/ p(Q)d¢ < / H(()d(+1< Hy+1 for all &> logTp.
3 3

Combining with (7.10), we get that p € Wb ([log Ty, 00)). Necessarily, p(s) — 0 as s — oo, a

contradiction to the fact that limsup,_,,, p = 1. This proves the lemma. ]
Remark 7.3 The example in lemma 5.2 is relevant in the context of the above result.

Remark 7.4 When N = 2, by Fubini theorem, the condition (7.2) reduces to:

[ Nog(2/1a) ! flupdo = oc.

Define
R 1-N =N
w(r) :—/ sV log(N/s)| # ds.

r

Corollary 7.5 Let f satisfy the assumptions in Lemma 7.1. If u is an unbounded solution of
(P}), then the following holds:

(7.15) fw(|z|)dz = .
Bgr
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Proof. Let Ry := min{N, R}. By (7.2), Jensen’s inequality and Fubini theorem,

Ro 1 ﬁ N—-1
T </o r(log(N/r>>i</BT<o>f () dr)

[T 1
< R)? /0 er(log(N/r))N“_l< / T(O)f(u)da:)dr

AN
5
%

b
S
=
&
E
=
=
)

Corollary 7.6 Let f(t) := €, u > 1, and u be a solution of (P}). Suppose that for some
0> (1—)(N-1)+1,
1
(7.16) u(z) < (Nlog(N/\:UD —910g(N10g(N/|:L‘|))>”, for all small |z].
Then, u 1s bounded.

Proof. Tt is easy to check that (7.16) implies (refer to (7.11)),

(7.17) /OOO H(¢)d¢ < oo.

From proof of Lemma 7.1 we obtain that lim;_, 2(¢) = 0. Following the arguments at the end

of proof of Lemma 6.1, the conclusion follows. [ |

We can now refine the bound in Lemma 6.1(a) and Corollary 6.2 (ii) for the nonlinearity

in the above result.

Corollary 7.7 Let f(t) =€, p>1, and 0 > (1 — i)(N — 1)+ 1. Then, one of the following

alternatives holds for an unbounded solution u of (Pf):

1

(i) <Nlog(N/\ac]) — 910g(N10g(N/|x]))>’7 <wu(zr) < (Nlog(N/\x]))p, for all small |z|  or

1

(ii) u(z) < (N log(N/\xD)ﬁ for all small |x| and the graph of u crosses the graph of the
1

function (N log(N/|x|) — 0log(N log(N/]m|))>E infinitely often in B, for all small r > 0.
Acknowledgements. The authors would like to thank warmly the anonymous referees for
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