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n-Kirchhoff Choquard equations with

exponential nonlinearity

R. Arora, J. Giacomoni∗, T. Mukherjee† and K. Sreenadh‡

Abstract

This article deals with the study of the following Kirchhoff equation with exponential

nonlinearity of Choquard type (see (KC) below). We use the variational method in the

light of Moser-Trudinger inequality to show the existence of weak solutions to (KC).

Moreover, analyzing the fibering maps and minimizing the energy functional over suitable

subsets of the Nehari manifold, we prove existence and multiplicity of weak solutions to

convex-concave problem (Pλ,M ) below.

Key words: Doubly non local equation, Kirchhoff equation, Choquard nonlinearity with

critical growth, Moser-Trudinger inequality, Nehari Manifold.
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1 Introduction

This article is concerned with the study of the following Kirchhoff equation with exponential

nonlinearity of Choquard type

(KC)











−m(

∫

Ω
|∇u|n dx)∆nu =

(∫

Ω

F (y, u)

|x− y|µ dy
)

f(x, u), u > 0 in Ω,

u = 0 on ∂Ω,

where ∆nu = ∇.(|∇u|n−2∇u), µ ∈ (0, n), Ω is a smooth bounded domain in R
n, n ≥ 2,

m : R+ → R
+ and f : Ω × R → R are continuous functions satisfying suitable assumptions

specified in details below. The function F denotes the primitive of f with respect to the

second variable (vanishing at 0). We also study the existence and multiplicity of solutions to
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the following Kirchhoff equation with a convex-concave type nonlinearity:

(Pλ,M )























−m

(
∫

Ω
|∇u|n dx

)

∆nu = (|x|−µ ∗ F (u))f(u) + λh(x)|u|q−1u in Ω,

u = 0 on ∂Ω,

u > 0 in Ω

where µ ∈ (0, n), Ω is a smooth bounded domain in R
n, f(u) = u|u|pexp(|u|β), 0 < q <

n − 1 < 2n − 1 < p + 1 = β0 + (n − 1), β ∈
(

1, n
n−1

)

and F (t) =
∫ t
0 f(s) ds. We assume

m(t) = at+ b where a, b > 0 and h ∈ Lr(Ω), with r = p+2
p−q+1 , satisfying h

+ 6≡ 0.

The main feature of these kind of problems is its doubly-nonlocal structure due to the presence

of non-local Kirchhoff and Choquard terms which make the equation (KC) and (Pλ,M ) no

longer a pointwise identity. The doubly non-local nature induces some further mathematical

difficulties in the use of classical methods of nonlinear analysis.

The study of elliptic equations with nonlinearity having critical exponential growth is related

to the following Trudinger-Moser inequality proved in [30]:

Theorem 1.1 For n ≥ 2, u ∈W 1,n
0 (Ω)

sup
‖u‖≤1

∫

Ω
exp(α|u| n

n−1 ) dx <∞

if and only if α ≤ αn, where αn = nω
1

n−1

n−1 and ωn−1 = (n − 1)− dimensional surface area of

S
n−1.

The embedding W 1,n
0 (Ω) ∋ u 7→ exp(|u|β) ∈ L1(Ω) is compact for all β ∈

[

1, n
n−1

)

and is

continuous for β = n
n−1 . Consequently the map T :W 1,n

0 (Ω) → Lq(Ω), for q ∈ [1,∞), defined

by T (u) := exp
(

|u| n
n−1

)

, is continuous with respect to the norm topology.

The study of Kirchhoff problems was initiated in 1883, when Kirchhoff [20] studied the fol-

lowing equation

ρ
∂2u

∂t2
−
(

P0

h
+
E

2L

∫ L

0

∣

∣

∣

∣

∂u

∂x

∣

∣

∣

∣

2

dx

)

∂2u

∂x2
= 0

where ρ, P0, h,E,L represent physical quantities. This model extends the classical D’Alembert

wave equation by considering the effects of the changes in the length of the strings during

the vibrations. More general versions of these problems are termed as the Kirchhoff equa-

tions and has been extensively studied by researchers till date. Such equations also appear

in biological systems where the function u describes a phenomenon which depends on the

average of itself (such as a population density). We refer [3, 4] and references therein. We

cite [10, 14, 15, 21, 23, 35] as references where the Kirchhoff equations have been treated by
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variational methods with no attempt to provide the complete list.

On a similar note, researchers have recently payed a lot of attention on nonlocal problems

involving the nonlinearity of convolution type. They are termed as Hartree type or the

Choquard type nonlinearities. Consider the problem

(C) : −∆u+ V (x)u = (|x|−µ ∗ F (x, u))f(x, u) in R
n

where µ ∈ (0, n), F is the primitive of f with respect to second variable, V , f are continuous

functions satisfying certain assumptions. The starting point of studying such problems was

the work of S. Pekar (see [31]) in 1954 where he used such equation to describe the quantum

theory of a polaron at rest. Later, P. Choquard (see [24]) in 1976 used it to model an electron

trapped in its own hole while a certain approximation to Hartree-Fock theory of component

plasma is performed. The problem (C) also appears when we look for standing waves of

the nonlinear nonlocal Schrödinger equation which is known to influence the propagation of

electromagnetic waves in plasma [8]. Moreover, such problems play a key role in the Bose-

Einstein condensation ([11]). For interested readers, we refer the survey paper on Choquard

equations by Moroz and Schaftingen [29]. In 2015, Lü [27] studied the following Choquard

equation involving Kirchhoff operator

−
(

a+ b

∫

R3

|∇u|2 dx
)

∆u+ (1 + µg(x))u =
(

|x|−α ∗ |u|p
)

|u|p−2u in R
3

where a > 0, b ≥ 0 are constants, α ∈ (0, 3), p ∈ (2, 6 − α), µ > 0 is a parameter and g is a

nonnegative continuous potential satisfying some conditions. By using the Nehari manifold

and the concentration compactness principle, he establishes the existence of ground state

solutions when µ is large enough and studies the concentration behavior of these solutions

as µ → +∞. Recently, Li, Gao and Zu [22] studied the existence and the concentration of

sign-changing solutions to a class of Kirchhoff-type systems with Hartree-type nonlinearity

in R
3 using minimization argument on the sign-changing Nehari manifold and a quantitative

deformation lemma. Pucci et al. [32] also studied existence of nonnegative solutions of a

Schrödinger-Choquard-Kirchhoff type fractional p-equation via variational methods.

An important question now arises is the case of critical dimension n = 2. But there is not

much literature concerning problem (C) when n = 2 except the articles by Alves et al. [5, 7].

In [5], authors studied a singularly perturbed nonlocal Schrödinger equation using variational

methods. We point out that there is no work on Kirchhoff equations involving Choquard

equations when n = 2 till date. So our work is new in this regard where we have considered

the problem with a more general quasilinear elliptic operator, the n-laplace operator, in the

dimension n ≥ 2. As pointed out in the beginning, the critical growth of the nonlinearity in

this case is of exponential type, motivated by the Trudinger-Moser inequality. The problem
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of the type (KC) for n = 2 without the convolution term, that is

−m(

∫

Ω
|∇u|2)∆u dx = f(x, u) in Ω, u = 0 on ∂Ω,

was studied by Figueiredo and Severo [16]. This result was later extended for the n-Laplace

operator by Goyal et al. in [17]. It is then a natural question to investigate the existence

results for a Kirchhoff equation involving a Choquard nonlinearity with exponential growth.

Precisely, in the first part of the present work, we prove Adimurthi [1] type existence results

for the n-Kirchhoff Choquard problem (KC) with nonlinearity f(x, u) that has an exponen-

tial critical growth and a superlinear behavior at 0. The nonlinear nature of the second order

operator −∆n requires to show the pointwise convergence of gradients for the Palais-Smale

sequences. For that, we analyze the occurrence of concentration phenomena for any Palais

Smale sequence associated to (KC). This concentration compactness analysis is further used

to establish the Palais Smale condition for Palais Smale sequences whose energy levels are

strictly below some determined critical level. Due to the doubly nonlocal feature of the prob-

lem, the task appeals new non trivial estimates with the help of the Riesz potential semi-group

property and the Lions’ compactness lemma (see Lemma 3.8). Since the energy functional

posseses the Moutain pass geometry, we then prove the existence of a Palais Smale sequence

with subcritical energy level and consequently the existence of at least one solution to (KC).

For that we need crucially that the nonlinearity satisfies a growth condition given by (2.4)

(see Lemma 3.3).

Next question that arises is the multiplicity of such Kirchhoff-Choquard equations with ex-

ponential nonlinearities. So in the second part of the present work, we study the existence

and multiplicity results for problems with an extra n-sublinear sign changing term by using

the Nehari manifold techniques. Precisely, we study (Pλ,M ) to obtain in the subcritical case

(β < n
n−1) the multiplicity of the solutions with respect to the parameter λ by extracting the

Palais Smale sequences in the natural decomposition of the Nehari Manifold. This requires

very accurate estimates on the energy functional restricted to the non-degenerate components

of the Nehari manifold. In the critical case (β = n
n−1), we use again the concentration com-

pactness together with an accurate analysis of the energy levels on the Nehari manifold to

determine potential concentration phenomena for associated Palais Smale sequences. Based

on this analysis, we show for λ small enough the existence of a relatively compact Palais

Smale sequence that yields at least one solution to (Pλ,M ).

During last few decades, several authors such as in [6, 9, 12, 13, 36, 37, 38] used the Nehari

manifold and associated fiber maps approach to study the multiplicity results with polynomial

type nonlinearity and sign changing weight functions whereas the n-Laplace problems with

exponential type nonlinearity has been addressed in [17, 18, 19]. In case of Kirchhoff equations
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with a Choquard nonlinearity, we highlight that no result is avalaible in the current literature.

In this regard, the results proved in the present paper are completely new.

2 Main results

First, we consider the problem (KC). The function m : R+ → R
+ is a continuous function

satisfying the following conditions:

(m1) There exists m0 > 0 such that m(t) ≥ m0 for all t ≥ 0 and M(t) =

∫ t

0
m(s)ds satisfies

M(t+ s) ≥M(t) +M(s), for all t, s ≥ 0.

(m2) There exist constants b1, b2 > 0 and t̂ > 0 such that for some r ∈ R

m(t) ≤ b1 + b2t
r, for all t ≥ t̂.

(m3) The function m(t)
t is non-increasing for t > 0.

Example 1 An example of a function satisfying (m1), (m2) and (m3) is m(t) = m0 + btβ

where m0 > 0, β < 1 and b ≥ 0. Also m(t) = m0+log(1+ t) with m0 > 0 verifies (m1)-(m3).

Using (m3), one can easily deduce that the function

(m3)′
1

n
M(t)− 1

θ
m(t)t is non-negative and non-decreasing for t ≥ 0 and θ ≥ 2n.

The function f : Ω×R → R is given by f(x, t) = h(x, t) exp(|t| n
n−1 ). In the frame of problem

(KC), h ∈ C(Ω̄× R) satisfies the following conditions:

(h1) h(x, t) = 0 for t ≤ 0 and h(x, t) > 0 for t > 0.

(h2) For any ǫ > 0, lim
t→∞

supx∈Ω̄ h(x, t) exp(−ǫ|t|
n

n−1 ) = 0 and lim
t→∞

infx∈Ω̄ h(x, t) exp(ǫ|t|
n

n−1 ) =

∞.

(h3) There exists ℓ > n−1 such that t→ f(x,t)
tℓ

is increasing on R
+ \{0}, uniformly in x ∈ Ω.

(h4) There exist T, T0 > 0 and γ0 > 0 such that 0 < tγ0F (x, t) ≤ T0f(x, t) for all |t| ≥ T and

uniformly in x ∈ Ω.

The condition (h3) implies that f(x,t)
tn−1 is increasing for each t > 0 and lim

t→0+

f(x, t)

tn−1
= 0 uni-

formly in x ∈ Ω.

Example 2 An example of functions satisfying (h1)−(h4) is f(x, t) = tβ0+(n−1) exp(tp) exp(|t| n
n−1 )

for t ≥ 0 and f(x, t) = 0 for t < 0 where 0 ≤ p < n
n−1 and β0 > 0.
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We equip W 1,n
0 (Ω) with the natural Banach norm ‖u‖ :=

(∫

Ω |∇u|n dx
)1/n

. Then,

Definition 2.1 We call a function u ∈W 1,n
0 (Ω) to be a solution of (KC) if

m(‖u‖n)
∫

Ω
|∇u|n−2∇u.∇ϕ dx =

∫

Ω

(∫

Ω

F (y, u)

|x− y|µdy
)

f(x, u)ϕ dx, for all ϕ ∈W 1,n
0 (Ω).

The energy functional E :W 1,n
0 (Ω) → R associated to (KC) is given by

E(u) =
1

n
M(‖u‖n)− 1

2

∫

Ω

(∫

Ω

F (y, u)

|x− y|µdy
)

F (x, u) dx.

Under the assumptions on f , we get that for any ǫ > 0, p ≥ 1 and 0 ≤ β0 < ℓ, there exists

C(ǫ, n, µ) > 0 such that for each x ∈ Ω

|F (x, t)| ≤ ǫ|t|β0+1 + C(ǫ, n, µ)|t|p exp((1 + ǫ)|t| n
n−1 ), for all t ∈ R. (2.1)

For any u ∈W 1,n
0 (Ω), by virtue of Sobolev embedding we get that u ∈ Lq(Ω) for all q ∈ [1,∞).

This also implies that

F (x, u) ∈ Lq(Ω) for any q ≥ 1. (2.2)

Now we recall the well known Hardy-Littlewood-Sobolev inequality.

Proposition 2.2 (Hardy-Littlewood-Sobolev inequality) [25, Theorem 4.3, p.106] Let

t, r > 1 and 0 < µ < n with 1/t + µ/n + 1/r = 2, f ∈ Lt(Rn) and h ∈ Lr(Rn). There exists

a sharp constant C(t, n, µ, r), independent of f, h such that
∫

Rn

∫

Rn

f(x)h(y)

|x− y|µ dxdy ≤ C(t, n, µ, r)‖f‖Lt(Rn)‖h‖Lr(Rn). (2.3)

If t = r = 2n
2n−µ then

C(t, n, µ, r) = C(n, µ) = π
µ
2
Γ
(

n
2 − µ

2

)

Γ
(

n− µ
2

)

{

Γ
(

n
2

)

Γ(n)

}−1+µ
n

.

In this case there is equality in (2.3) if and only if f ≡ (constant)h and

h(x) = A(γ2 + |x− a|2)
−(2n−µ)

2

for some A ∈ C, 0 6= γ ∈ R and a ∈ R
n.

Taking t = r = 2n
2n−µ in Proposition 2.2 and using (2.2), we get that E is well defined.

Also E ∈ C1(W 1,n
0 (Ω),R). Naturally, the critical points of E corresponds to weak solutions

of (KC) and for any u ∈W 1,n
0 (Ω) we have

〈E′(u), ϕ〉 = m(‖u‖n)
∫

Ω
|∇u|n−2∇u.∇ϕ dx−

∫

Ω

(∫

Ω

F (y, u)

|x− y|µdy
)

f(x, u)ϕ dx

for all ϕ ∈ W 1,n
0 (Ω). The following theorem is the main result concerning (KC) proved in

this article.
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Theorem 2.3 Assume (m1)-(m3) and (h1)-(h4) holds. Assume in addition

lim
s→+∞

sf(x, s)F (x, s)

exp
(

2|s| n
n−1

) = ∞, uniformly in x ∈ Ω. (2.4)

Then the problem (KC) admits a weak solution.

Example 3 f defined by f(x, t) = g(x)tp exp(t
n

n−1 ) for t ≥ 0, x ∈ Ω with 0 6≡ g ∈ L∞(Ω)

non-negative and p > n− 1 satisfy (h1)-(h4) and (2.4).

We also study the existence of positive solutions to the perturbed quasilinear Kirchhoff equa-

tion (Pλ,M ) defined above. Using the Nehari manifold technique, we show existence and

multiplicity of solutions with respect to the parameter λ. Precisely, we show the following

main results in the subcritical and critical case:

Theorem 2.4 Let β ∈
(

1, n
n−1

)

. Then there exists λ0 such that (Pλ,M ) admits at least two

solutions for λ ∈ (0, λ0).

In the critical case, we show the following existence result.

Theorem 2.5 Let β = n
n−1 , then there exists λ1 > 0 such that for λ ∈ (0, λ1), (Pλ,M ) admits

a solution.

Motivated by the famous Ambrosetti-Brezis-Cerami result (see [2]), a natural question is

the (local) multiplicity of weak solutions to (Pλ,M ) in the critical case. Accurate estimates

of the energy levels on the non degenerate and closed component N−
λ,M are required to get

the compactness of Palais Smale sequences. Due to the double non local nature of problem

(Pλ,M ), we believe that this task appeals new kind of testing functions.

3 Existence of a positive weak solution to (KC)

In this section, we study problem (KC) and for that we use the mountain pass Theorem and

analyze accurately the compactness of Palais Smale sequences for E. First we show that the

energy functional E possesses the mountain pass geometry.

Lemma 3.1 Assume the assumptions (m1), (m2) and (h1)-(h4). Then, E has the mountain

pass geometry around 0.
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Proof. Let u ∈W 1,n
0 (Ω) such that ‖u‖ small enough. Let 0 < β0 < ℓ. Then from Proposition

2.2, (h3) and (2.1), for any ǫ > 0 and p > 1 we know that there exists a C(ǫ) > 0 such that

∫

Ω

(∫

Ω

F (y, u)

|x− y|µ dy
)

F (x, u) dx ≤ C(n, µ)‖F (x, u)‖2
L

2n
2n−µ (Ω)

≤ C(n, µ)2
2n

2n−µ

(

ǫ

∫

Ω
|u|

2n(β0+1)
2n−µ + C(ǫ)

∫

Ω
|u|

2pn
2n−µ exp

(

2n(1 + ǫ)

2n− µ
|u| n

n−1

))
2n−µ

n

≤ C1



ǫ

∫

Ω
|u|

2n(β0+1)
2n−µ + C2(ǫ)‖u‖

2pn
2n−µ

(

∫

Ω
exp

(

4n(1 + ǫ)‖u‖ n
n−1

2n− µ

( |u|
‖u‖

) n
n−1

))
1
2





2n−µ
n

(3.1)

where we used Sobolev and Hölder inequality. So if we choose ǫ > 0 small enough and u such

that
4n(1 + ǫ)‖u‖ n

n−1

2n− µ
≤ αn then using Theorem 1.1 in (3.1) we get

∫

Ω

(∫

Ω

F (y, u)

|x− y|µ dy
)

F (x, u) dx ≤ C3

(

ǫ‖u‖
2n(β0+1)

2n−µ +C(ǫ)‖u‖
2pn

2n−µ

)
2n−µ

n

≤ C4

(

ǫ‖u‖2(β0+1) + C(ǫ)‖u‖2p
)

.

Hence from (m1) and above estimate, we deduce that for ‖u‖ = ρ where ρ <
(

αn(2n−µ)
4n(1+ǫ)

)
n−1
n

E(u) ≥ m0
‖u‖n
n

− C4

(

ǫ‖u‖2(β0+1) + C(ǫ)‖u‖2p
)

.

Taking β0 > 0 such that 2(β0 + 1) > n and 2p > n, we can choose ρ small enough so that

E(u) ≥ σ for some σ > 0 (depending on ρ) when ‖u‖ = ρ. Furthermore, under the assumption

(m2), for some a1, a2 > 0 and t0 > 0 we have m(t) ≤ a1 + a2t
r and

M(t) ≤











a0 + a1t+
a2t

r+1

r + 1
, r 6= −1

a0 + a1t+ a2 ln t, r = −1

when t ≥ t̂ and where

a0 =











M(t0)− a1t0 − a2
tr+1
0

r + 1
, r 6= −1

M(t0)− a1t0 − a2 ln t0, r = −1.

Let u0 ∈ W 1,n
0 (Ω) such that u0 ≥ 0 and ‖u0‖ = 1. Then (h3) implies that there exists

K1 ≥ max{n
2 ,

n(r+1)
2 } such that F (x, s) ≥ C1s

K1 −C2 for all (x, s) ∈ Ω× [0,∞) and for some



n-Kirchhoff Choquard equation 9

positive constants C1 and C2. Using this, we obtain
∫

Ω

(
∫

Ω

F (y, tu0)

|x− y|µ dy
)

F (x, tu0) dx ≥
∫

Ω

∫

Ω

(C1(tu0)
K1(y)− C2)(C1(tu0)

K1(x)− C2)

|x− y|µ dxdy

= C2
1 t

2K1

∫

Ω

∫

Ω

uK1
0 (y)uK1

0 (x)

|x− y|µ dxdy

− 2C1C2t
K1

∫

Ω

∫

Ω

uK1
0 (y)

|x− y|µ dxdy + C2
2

∫

Ω

∫

Ω
|x− y|−µ dxdy.

Therefore from above we obtain

E(tu0) ≤
M(‖tu0‖n)

n
−
∫

Ω

(∫

Ω

F (y, tu0)

|x− y|µ dy
)

F (x, tu0) dx

≤ C3 + C4t
n + C5t

n(r+1) − C4t
2K1 + C6t

K1

where C ′
is are positive constants for i = 4, 5, 6. This implies that E(tu0) → −∞ as t → ∞.

Thus there exists a v0 ∈W 1,n
0 (Ω) with ‖v0‖ > σ such that E(v0) < 0.

Lemma 3.2 Every Palais Smale sequence is bounded in W 1,n
0 (Ω).

Proof. Let {uk} ⊂W 1,n
0 (Ω) denotes a (PS)c sequence of E that is

E(uk) → c and E′(uk) → 0 as k → ∞

for some c ∈ R. This implies

M(‖uk‖n)
n

− 1

2

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) dx→ c as k → ∞,

∣

∣

∣

∣

m(‖uk‖n)
∫

Ω
|∇uk|n−2∇uk∇φ−

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)φ dx

∣

∣

∣

∣

≤ ǫk‖φ‖
(3.2)

where ǫk → 0 as k → ∞. In particular, taking φ = uk we get
∣

∣

∣

∣

m(‖uk‖n)
∫

Ω
|∇uk|n −

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(uk)uk dx

∣

∣

∣

∣

≤ ǫk‖uk‖. (3.3)

From the assumption (h3), there exists α > n such that αF (x, t) ≤ tf(x, t) for any t > 0 and

x ∈ Ω which yields

α

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

F (uk) dx ≤
∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(uk)uk dx. (3.4)

Using (3.2), (3.3) along with above inequality and (m3)′, we get

E(uk)−
1

2α
〈E′(uk), uk〉 =

M(‖uk‖n)
n

− m(‖uk‖n)‖uk‖n
2α

− 1

2

(
∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) dx− 1

α

∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx

)

≥ M(‖uk‖n)
n

− m(‖uk‖n)‖uk‖n
2α

≥
(

1

2n
− 1

2α

)

m(‖uk‖n)‖uk‖n ≥
(

1

2n
− 1

2α

)

m0‖uk‖n.

(3.5)
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Also from (3.2) and (3.3) it follows that

E(uk)−
1

2α
〈E′(uk), uk〉 ≤ C

(

1 + ǫk
‖uk‖
2α

)

(3.6)

for some constant C > 0. Therefore from (3.5) and (3.6) we get that
(

1

2n
− 1

2α

)

m0‖uk‖n ≤ C

(

1 + ǫk
‖uk‖
2α

)

.

This implies that {uk} must be bounded in W 1,n
0 (Ω).

Let Γ = {γ ∈ C([0, 1],W 1,n
0 (Ω)) : γ(0) = 0, E(γ(1)) < 0} and define the Mountain Pass

critical level as

l∗ = inf
γ∈Γ

max
t∈[0,1]

E(γ(t)). (3.7)

Then we have the following result:

Lemma 3.3 If (2.4) holds, then

0 < l∗ <
1

n
M

(

(

2n− µ

2n
αn

)n−1
)

.

Proof. Since for u 6≡ 0, E(tu) → −∞ as t → ∞ (as we proved in Lemma 3.1) and since

by definition l∗ ≤ maxt∈[0,1]E(tu) for u ∈ W 1,n
0 (Ω)\{0} satisfying E(u) < 0, it is enough to

show that there exists a w ∈W 1,n
0 (Ω) such that ‖w‖ = 1 and

max
t∈[0,∞)

E(tw) <
1

n
M

(

(

2n − µ

2n
αn

)n−1
)

.

To prove this, we consider the sequence of Moser functions {wk} defined as

wk(x) =
1

ω
1
n
n−1































(log k)
n−1
n , 0 ≤ |x| ≤ ρ

k
,

log
(

ρ
|x|

)

(log k)
1
n

,
ρ

k
≤ |x| ≤ ρ,

0, |x| ≥ ρ

so that supp(wk) ⊂ Bρ(0). It is easy to verify that ‖wk‖ = 1 for all k. So we claim that there

exists a k ∈ N such that

max
t∈[0,∞)

E(twk) <
1

n
M

(

(

2n− µ

2n
αn

)n−1
)

.

Suppose this is not true then for all k ∈ N there exists a tk > 0 such that

max
t∈[0,∞)

E(twk) = E(tkwk) ≥
1

n
M

(

(

2n− µ

2n
αn

)n−1
)

and
d

dt
(E(twk))|t=tk = 0.

(3.8)
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From the proof of Lemma 3.2, E(twk) → −∞ as t → ∞ uniformly in k. Then we infer that

{tk} must be a bounded sequence in R. From (3.8) and definition of E(tkwk) we obtain

1

n
M

(

(

2n− µ

2n
αn

)n−1
)

<
M(tnk)

n
. (3.9)

Since M is monotone increasing, from (3.9) we get that

tnk ≥
(

2n− µ

2n
αn

)n−1

. (3.10)

From (3.10), we get
tk

ω
1
n
n−1

(log k)
n−1
n → ∞ as k → ∞. (3.11)

Furthermore from (3.8), we have

m(tnk)t
n
k =

∫

Ω

(∫

Ω

F (y, tkwk)

|x− y|µ dy

)

f(x, tkwk)tkwk dx

≥
∫

Bρ/k

f(x, tkwk)tkwk

∫

Bρ/k

F (y, tkwk)

|x− y|µ dy dx.
(3.12)

In addition, as in equation (2.11) p. 1943 in [5], it is easy to get that
∫

Bρ/k

∫

Bρ/k

dxdy

|x− y|µ ≥ Cµ,n

(ρ

k

)2n−µ

where Cµ,n is a positive constant depending on µ and n. From (2.4), we know that for each

d > 0 there exists a sd such that

sf(x, s)F (x, s) ≥ d exp
(

2|s| n
n−1

)

, whenever s ≥ sd.

Since (3.11) holds, we can choose a rd ∈ N such that

tk

ω
1
n
n−1

(log k)
n−1
n ≥ sd, for all k ≥ rd.

Using these estimates in (3.12) and from (3.10), for d large enough we get that

m(tnk)t
n
k ≥ d exp



(log k)





2t
n

n−1

k

ω
1

n−1

n−1







Cµ,n

(ρ

k

)2n−µ
≥ dCµ,nρ

2n−µ.

Taking d large enough and since tnk is bounded, we arrive at a contradiction. This establishes

our claim and we conclude the proof of the result.

Lemma 3.4 If {uk} denotes a Palais Smale sequence then up to a subsequence, there exists

u ∈W 1,n
0 (Ω) such that

|∇uk|n−2∇uk ⇀ |∇u|n−2∇u weakly in (L
n

n−1 (Ω))n. (3.13)
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Proof. From Lemma 3.2, we know that the sequence {uk} must be bounded in W 1,n
0 (Ω).

Consequently, up to a subsequence, there exists u ∈ W 1,n
0 (Ω) such that uk ⇀ u weakly in

W 1,n
0 (Ω) and strongly in Lq(Ω) for any q ∈ [1,∞) as k → ∞. Also still up to a subsequence we

can assume uk(x) → u(x) pointwise a.e. for x ∈ Ω. Therefore the sequence {|∇uk|n−2∇uk}
must be bounded in (L

n
n−1 (Ω))n whereas |∇u|n is bounded in L1(Ω). So we use that there

exists a non-negative radon measure ν such that up to a subsequence

|∇uk|n → ν in (C(Ω))∗ as k → ∞.

Moreover there exists v ∈ (L
n

n−1 (Ω))n such that,

|∇uk|n−2∇uk → v weakly in (L
n

n−1 (Ω))n as k → ∞.

Claim : v = |∇u|n−2∇u.
To prove this, we set σ > 0 and Xσ = {x ∈ Ω : ν(Br(x) ∩ Ω) ≥ σ, for all r > 0}. Then Xσ

must be a finite set. Because if not, then there exists a sequence of distinct points {xk} in

Xσ such that for all r > 0, ν(Br(xk)∩Ω) ≥ σ for all k. This implies that ν({xk}) ≥ σ for all

k, hence ν(Xσ) = +∞. But this is a contradiction to

ν(Xσ) = lim
k→∞

∫

Xσ

|∇uk|n dx ≤ C.

So let Xσ = {x1, x2, . . . , xm}. Next, we claim that if we take σ > 0 such that σ
1

n−1 < 2n−µ
2n αn,

the for any K compact subset of Ω \Xσ we have

lim
k→∞

∫

K

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx =

∫

K

(∫

Ω

F (y, u)

|x− y|µdy
)

f(x, u)u dx. (3.14)

To show this, let x0 ∈ K and r0 > 0 be such that ν(Br0(x0) ∩ Ω) < σ that is x0 /∈ Xσ. Also

we consider a ψ ∈ C∞(Ω) satisfying 0 ≤ ψ(x) ≤ 1 for x ∈ Ω, ψ ≡ 1 in B r0
2
(x0)∩Ω and ψ ≡ 0

in Ω \ (Br0(x0) ∩ Ω). Then

lim
k→∞

∫

B r0
2
(x0)∩Ω

|∇uk|n ≤ lim
k→∞

∫

Br0 (x0)∩Ω
|∇uk|nψ ≤ ν(Br0(x0) ∩ Ω) < σ.

Therefore for large enough k ∈ N and ǫ > 0 small enough, it must be
∫

B r0
2
(x0)∩Ω

|∇uk|n ≤ σ(1− ǫ). (3.15)

Now we estimate the following using (3.15) and Theorem 1.1
∫

B r0
2
(x0)∩Ω

|f(x, uk)|q dx =

∫

B r0
2
(x0)∩Ω

|h(x, uk)|q exp
(

q|uk|
n

n−1

)

dx

≤ Cδ

∫

B r0
2
(x0)∩Ω

exp
(

(1 + ǫ)q|uk|
n

n−1

)

dx

≤ Cδ

∫

B r0
2
(x0)∩Ω

exp






(1 + ǫ)qσ

1
n−1 (1− ǫ)

1
n−1





|uk|n
∫

B r0
2
(x0)∩Ω

|∇uk|n





1
n−1






dx ≤ C0

(3.16)
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for some constant C0 > 0 while choosing q > 1 such that (1 + ǫ)qσ
1

n−1 ≤ αn. Consider

∫

B r0
2
(x0)∩Ω

∣

∣

∣

∣

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk −
(∫

Ω

F (y, u)

|x− y|µ dy
)

f(x, u)u

∣

∣

∣

∣

dx

≤
∫

B r0
2
(x0)∩Ω

∣

∣

∣

∣

(
∫

Ω

F (y, u)

|x− y|µdy
)

(f(x, uk)uk − f(x, u)u)

∣

∣

∣

∣

dx

+

∫

B r0
2
(x0)∩Ω

∣

∣

∣

∣

(
∫

Ω

F (y, uk)− F (y, u)

|x− y|µ dy

)

f(x, uk)uk

∣

∣

∣

∣

dx

:= I1 + I2 (say).

From (2.2), we know that F (u) ∈ Lr(Ω) for any r ∈ [1,∞). Since µ ∈ (0, n), y → |x− y|−µ ∈
Lr0(Ω) for all r0 ∈ (1, nµ) uniformly in x ∈ Ω (since Ω is bounded). So using Hölder’s inequality

we get that
∫

Ω

F (y, u)

|x− y|µ dy ∈ L∞(Ω). (3.17)

From the asymptotic growth of f(x, t), it is easy to get that

lim
t→∞

f(x, t)t

(f(x, t))r
= 0 uniformly in x ∈ Ω, for all r > 1. (3.18)

Using (3.17) we get

I1 ≤ C

∫

B r0
2
(x0)∩Ω

|f(x, uk)uk − f(x, u)u| dx

where C > 0 is a constant. Because of (3.18) and (3.16), the family {f(x, uk)uk} is equi-

integrable over B r0
2
(x0) ∩ Ω. Also continuity of f(x, t) gives that f(x, uk)uk → f(x, u)u

pointwise a.e. in Ω as k → ∞ and thus using Vitali’s convergence theorem, it follows that

I1 → 0 as k → ∞. Next we show I2 → 0 as k → ∞.

First by using the semigroup property of the Riesz potential we get that for some constant

C > 0 independent of k

∫

Ω

(
∫

Ω

F (y, uk)− F (y, u)

|x− y|µ dy

)

χB r0
2
∩Ω(x)f(x, uk)uk dx

≤
(∫

Ω

(∫

Ω

|F (y, uk)− F (y, u)|dy
|x− y|µ

)

|F (x, uk)− F (x, u)| dx
)

1
2

×
(∫

Ω

(∫

Ω
χB r0

2
∩Ω(y)

f(y, uk)uk
|x− y|µ dy

)

χB r0
2
∩Ω(x)f(x, uk)uk dx

)
1
2

.

From (3.16) and since σ
1

n−1 < 2n−µ
2n αn we obtain

(∫

Ω

(∫

Ω
χB r0

2
∩Ω(y)

f(y, uk)uk
|x− y|µ dy

)

χB r0
2
∩Ω(x)f(x, uk)uk dx

)
1
2

≤

‖χB r0
2
∩Ωf(x, uk)uk‖L 2n

2n−µ (Ω)
≤ C.
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Now we claim that

lim
k→∞

∫

Ω

(
∫

Ω

|F (y, uk)− F (y, u)|
|x− y|µ dy

)

|F (x, uk)− F (x, u)| dx = 0. (3.19)

From (3.2), (3.3) and (3.4) we get that there exists a constant C > 0 such that

∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) dx ≤ C,

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx ≤ C.

(3.20)

We argue as along equation (2.20) in Lemma 2.4 in [5]. Now using (3.20), (h4) and the

semigroup property of the Riesz Potential we obtain,

∫

Ω

∫

|u|≥M

F (y, u)

|x− y|µF (x, u)dy dx = o(M),

∫

Ω

∫

|uk|≥M

F (y, uk)

|x− y|µ F (x, uk)dy dx = o(M), (3.21)

∫

Ω

∫

|u|≥M

F (y, uk)

|x− y|µ F (x, u)dy dx = o(M), (3.22)

and
∫

Ω

∫

|uk|≥M

F (y, uk)

|x− y|µ F (x, u)dy dx = o(M) as M → ∞. (3.23)

So,

∫

Ω

(
∫

Ω

|F (y, uk)− F (y, u)|
|x− y|µ dy

)

|F (x, uk)− F (x, u)| dx ≤

2

∫

Ω

(∫

Ω

χuk≥M (y)F (y, uk)

|x− y|µ dy

)

F (x, uk) dx

+ 4

∫

Ω

(
∫

Ω

F (y, uk)χu≥M (x)F (x, u)

|x− y|µ dy

)

dx+ 4

∫

Ω

(
∫

Ω

χuk≥M(y)F (y, uk)F (x, u)

|x− y|µ dy

)

dx

+ 2

∫

Ω

(∫

Ω

χu≥M(y)F (y, u)

|x− y|µ dy

)

F (x, u) dx

+

∫

Ω

(∫

Ω

|F (y, uk)χuk≤M − F (y, u)χu≤M |
|x− y|µ dy

)

|F (x, uk)χuk≤M − F (x, u)χu≤M | dx.

Then from Lebesgue dominated convergence theorem the above integrand tends to 0 as k →
∞. Hence using (3.21), (3.22) and (3.23), it is easy to conclude (3.19) and I2 → 0 as k → ∞.

This implies that

lim
k→∞

∫

B r0
2
(x0)∩Ω

∣

∣

∣

∣

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk −
(
∫

Ω

F (y, u)

|x− y|µ dy
)

f(x, u)u

∣

∣

∣

∣

dx = 0.

Now to conclude (3.14), we repeat this procedure over a finite covering of balls using the fact

that K is compact. Lastly, the proof of (3.13) can be achieved by classical arguments as in

the proof of Lemma 4 in [28].
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Lemma 3.5 Let {uk} ⊂ W 1,n
0 (Ω) be a Palais Smale sequence for E at level l∗ then there

exists a u0 ∈W 1,n
0 (Ω) such that as k → ∞ (up to a subsequence)

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)φ dx→
∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

f(x, u0)φ dx, for all φ ∈ C∞
c (Ω).

Proof. If {uk} is a Palais Smale sequence at l∗ for E then it must satisfy (3.2) and (3.3).

We remark that E(u+) ≤ E(u) for each u ∈ W 1,n
0 (Ω), then we can assume uk ≥ 0 for each

k ∈ N. From Lemma 3.2 we know that {uk} must be bounded in W 1,n
0 (Ω) so there exists a

C0 > 0 such that ‖uk‖ ≤ C0. Also there exists a u0 ∈W 1,n
0 (Ω) such that up to a subsequence

uk ⇀ u0 in W 1,n
0 (Ω), strongly in Lq(Ω) for all q ∈ [1,∞) and pointwise a.e. in Ω as k → ∞.

Let Ω′ ⊂⊂ Ω and ϕ ∈ C∞
c (Ω) such that 0 ≤ ϕ ≤ 1 and ϕ ≡ 1 in Ω′. With easy computations,

we get that
∥

∥

∥

∥

ϕ

1 + uk

∥

∥

∥

∥

n

=

∫

Ω

∣

∣

∣

∣

∇ϕ
1 + uk

− ϕ
∇uk

(1 + uk)2

∣

∣

∣

∣

n

dx

≤ 2n−1(‖ϕ‖n + ‖uk‖n).

This implies that ϕ
1+uk

∈W 1,n
0 (Ω). So using ϕ

1+uk
as a test function (3.2), we get the following

estimate
∫

Ω′

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)

1 + uk
dx ≤

∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)ϕ

1 + uk
dx

≤ ǫk

∥

∥

∥

∥

ϕ

1 + uk

∥

∥

∥

∥

+

∫

Ω
m(‖uk‖n)|∇uk|n−2∇uk∇

(

ϕ

1 + uk

)

dx

≤ ǫk2
n−1
n (‖ϕ‖ + ‖uk‖) +m(‖uk‖n)

∫

Ω
|∇uk|n−2∇uk

( ∇ϕ
1 + uk

− ϕ
∇uk

(1 + uk)2

)

dx

≤ ǫk2
n−1
n (‖ϕ‖ + ‖uk‖) +m(‖uk‖n)

∫

Ω
|∇uk|n−1 (|∇ϕ|+ |∇uk|) dx

≤ ǫk2
n−1
n (‖ϕ‖ + ‖uk‖) +m(‖uk‖n)[‖ϕ‖‖uk‖n−1 + ‖uk‖n].

But using ‖uk‖ ≤ C0 for all k and (m2), we infer that there must exists a C1 > 0 such that
∫

Ω′

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)

1 + uk
dx ≤ C1. (3.24)

Also for the same reason, (3.3) gives that
∫

Ω′

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx ≤ C2 (3.25)

for some C2 > 0. Gathering (3.24) and (3.25) we obtain
∫

Ω′

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk) dx

≤ 2

∫

Ω′∩{uk<1}

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)

1 + uk
dx+

∫

Ω′∩{uk≥1}

(∫

Ω

F (y, uk)

|x− y|µ dy
)

ukf(x, uk) dx

≤ 2

∫

Ω′

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)

1 + uk
dx+

∫

Ω′

(∫

Ω

F (y, uk)

|x− y|µ dy
)

ukf(x, uk) dx

≤ 2C1 + C2 := C3.
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Thus the sequence {wk} :=
{(

∫

Ω
F (y,uk)
|x−y|µ dy

)

f(x, uk)
}

is bounded in L1
loc(Ω) which implies

that up to a subsequence, wk ⇀ w in the weak∗-topology as k → ∞, where w denotes a

Radon measure. So for any φ ∈ C∞
c (Ω) we get

lim
k→∞

∫

Ω

∫

Ω

(

F (y, uk)

|x− y|µ dy
)

f(x, uk)φ dx =

∫

Ω
φ dw, ∀φ ∈ C∞

c (Ω).

Since uk satisfies (3.2), we get that

∫

E
φdw = lim

k→∞
m(‖uk‖)

∫

E
|∇uk|n−2∇uk∇φ dx, ∀E ⊂ Ω.

Together with Lemma 3.4, this implies that w is absolutely continuous with respect to the

Lebesgue measure. Thus, Radon-Nikodym theorem asserts that there exists a function g ∈
L1
loc(Ω) such that for any φ ∈ C∞

c (Ω),
∫

Ω φ dw =
∫

Ω φg dx. Therefore for any φ ∈ C∞
c (Ω) we

get

lim
k→∞

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)φ dx =

∫

Ω
φg dx =

∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

f(x, u0)φ dx

which completes the proof.

In the next Lemma, we show that weak limit of any (PS)c sequence is a weak solution of

(KC).

Lemma 3.6 Let {uk} ⊂ W 1,n
0 (Ω) be a Palais Smale sequence of E. Then there exists a

u ∈W 1,n
0 (Ω) such that, up to a subsequence, uk ⇀ u weakly in W 1,n

0 (Ω) and

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) →
(
∫

Ω

F (y, u)

|x− y|µ dy
)

F (x, u) in L1(Ω) (3.26)

as k → ∞. Moreover, u forms a weak solution of (KC).

Proof. Let {uk} ⊂ W 1,n
0 (Ω) be a Palais Smale sequence of E at level c. From Lemma 3.2

we know that {uk} must be bounded in W 1,n
0 (Ω). Thus there exists a u ∈W 1,n

0 (Ω) such that

uk ⇀ u weakly in W 1,n
0 (Ω), uk → u pointwise a.e. in R

n and uk → u strongly in Lq(Ω),

q ∈ [1,∞) as k → ∞. Also from (3.2), (3.3) and (3.4) we get that there exists a constant

C > 0 such that (3.20) holds. Now the proof of (3.26) follows similarly the proof of (3.19)

(see also equation (2.20) of Lemma 2.4 in [5]). Also, from this we get u forms a weak solution

of (KC) using Lemma 3.5 and Lemma 3.4.

Now we define the associated Nehari manifold as

N = {u ∈W 1,n
0 (Ω) \ {0} : 〈E′(u), u〉 = 0}

and l∗∗ = infu∈N E(u).

Lemma 3.7 If (m3) holds then l∗ ≤ l∗∗.
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Proof. Let u ∈ N and h : (0,+∞) → R be defined as h(t) = E(tu). Then

h′(t) = m(‖tu‖n)‖u‖ntn−1 −
∫

Ω

(
∫

Ω

F (y, tu)

|x− y|µ dy
)

f(x, tu)u dx.

Since u satisfies 〈E′(u), u〉 = 0, we get

h′(t) = ‖u‖2nt2n−1

(

m(‖tu‖n)
tn‖u‖n − m(‖u‖n)

‖u‖n
)

+ t2n−1





∫

Ω





∫

Ω

F (y,u)f(x,u)
un−1(x)

|x− y|µ dy −
∫

Ω

F (y,tu)f(x,tu)
(tu(x))n−1tn

|x− y|µ dy



un(x) dx



 .

Claim: For any x ∈ Ω, t→ tf(x, t)−nF (x, t) is increasing on R
+. (3.27)

indeed, from (h3), for 0 < t1 < t2, we have

t1f(x, t1)− nF (x, t1) ≤ t1f(x, t1)− nF (x, t2) +
f(x, t2)

tn−1
2

(tn2 − tn1 ) ≤ t2f(x, t2)− nF (x, t2).

Using this we get that tf(x, t) − nF (x, t) ≥ 0 for t ≥ 0 which implies that t → F (x,tu)
tn is

non-decreasing for t > 0. Therefore for 0 < t < 1 and x ∈ Ω, we get F (x,tu)
tn ≤ F (x, u) and

this implies

h′(t) ≥ ‖u‖2nt2n−1

(

m(‖tu‖n)
‖tu‖n − m(‖u‖n)

‖u‖n
)

+ t2n−1

[∫

Ω

(∫

Ω

(

F (y, u) − F (y, tu)

tn

)

dy

|x− y|µ
)

f(x, tu)

(tu(x))n−1
un(x) dx

]

.

This gives that h′(t) ≥ 0 for 0 < t ≤ 1 and h′(t) < 0 for t > 1. Hence E(u) = maxt≥0E(tu).

Now we define g : [0, 1] →W 1,n
0 (Ω) as g(t) = (t0u)t where t0 > 1 is such that E(t0u) < 0. So

g ∈ Γ, where Γ is as defined in the definition of l∗. Therefore we obtain

l∗ ≤ max
t∈[0,1]

E(g(t)) ≤ max
t≥0

E(tu) = E(u).

Since u ∈ N is arbitrary, we get l∗ ≤ l∗∗. This completes the proof.

We recall the following Lemma from [26] which is known as the higher integrability Lemma.

Lemma 3.8 Let {vk ∈ W 1,n
0 (Ω) : ‖vk‖ = 1} be a sequence in W 1,n

0 (Ω) converging weakly to

a non zero v ∈W 1,n
0 (Ω). Then for every p ∈

(

1, (1 − ‖v‖)− 1
n−1

)

,

sup
k

∫

Ω
exp

(

pαn|vk|
n

n−1

)

< +∞.

Proof of Theorem 2.3: Let {uk} denotes a Palais Smale sequence at the level l∗. Then

(uk)k∈IN can be obtained as a minimizing sequence associated to the variational problem (3.7).
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Then by Lemma 3.6 we know that there exists a u0 ∈W 1,n
0 (Ω) such that up to a subsequence

uk ⇀ u0 weakly in W 1,n
0 (Ω) as k → ∞. So if u0 ≡ 0 then using Lemma 3.6, we infer that
∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) dx→ 0 as k → ∞.

This gives that limk→∞E(uk) = 1
n limk→∞M(‖uk‖n) = l∗ which implies in the light of

Lemma 3.3 that for large enough k

M(‖uk‖n) < M

(

(

2n− µ

2n
αn

)n−1
)

.

Therefore since M is non decreasing, we get

2n

2n− µ
‖uk‖

n
n−1 < αn.

Now, this implies that supk
∫

Ω f(x, uk)
q dx < +∞ for some q > 2n

2n−µ and along with Propo-

sition 2.2, Theorem 1.1 and the Vitali’s convergence theorem,
∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx→ 0 as k → ∞.

Hence limk→∞〈E′(uk), uk〉 = 0 gives limk→∞m(‖uk‖n)‖uk‖n = 0. From (m1) we then obtain

limk→∞ ‖uk‖n = 0. Thus using Lemma 3.6, it must be that limk→∞E(uk) = 0 = l∗ which

contradicts l∗ > 0. Thus u0 6≡ 0.

Claim (1): u0 is a weak solution of (KC).

Before proving this, we show that u0 > 0 in Ω. From Lemma 3.2 we know that {uk} must be

bounded. Therefore there exists a constant τ > 0 such that up to a subsequence ‖uk‖ → τ as

k → ∞. Since E′(uk) → 0, again up to a subsequence |∇uk|n−2∇uk ⇀ |∇u0|n−2∇u0 weakly

in (L
n

n−1 (Ω))n. Furthermore, by Lemma 3.4 and by Lemma 3.5, we get as k → ∞,
∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)ϕ dx→
∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

f(x, u0)ϕ dx

and

m(τn)

∫

Ω
|∇u0|n−2∇u0∇ϕ dx =

∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

f(x, u0)ϕ dx, for all ϕ ∈W 1,n
0 (Ω).

In particular, taking ϕ = u−0 in the above equation we get m(τn)‖u−0 ‖ = 0 which implies

together with assumption (m1) that u−0 = 0 a.e. in Ω. Therefore u0 ≥ 0 a.e. in Ω.

From Theorem 1.1, we have f(·, u0) ∈ Lq(Ω) for 1 ≤ q <∞. Also as in (3.17), we can similarly

get that
∫

Ω
F (y,u0)
|x−y|µ dy ∈ L∞(Ω). Hence

(

∫

Ω
F (y,u0)
|x−y|µ dy

)

f(x, u0) ∈ Lq(Ω) for 1 ≤ q < ∞. By

elliptic regularity results, we finally get that u0 ∈ L∞(Ω) and u0 ∈ C1,γ(Ω) for some γ ∈ (0, 1).

Therefore, u0 > 0 in Ω follows from the strong maximum principle and u0 6≡ 0.

Now we claim that

m(‖u0‖n)‖u0‖n ≥
∫

Ω

(
∫

Ω

F (y, u0)

|x− y|µ dy

)

f(x, u0)u0 dx. (3.28)
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Arguing by contradiction, suppose that

m(‖u0‖n)‖u0‖n <
∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy

)

f(x, u0)u0 dx

which implies that 〈E′(u0), u0〉 < 0. For t > 0, using (3.27) we have that

〈E′(tu0), u0〉 ≥ m(tn‖u0‖n)tn−1‖u0‖n − 1

n

∫

Ω

(∫

Ω

f(y, tu0)tu0(y)

|x− y|µ dy

)

f(x, tu0)u0 dx

≥ m0t
n−1‖u0‖n − 1

n

∫

Ω

(
∫

Ω

f(y, tu0)tu0(y)

|x− y|µ dy

)

f(x, tu0)u0 dx.

Since (h3) gives that

lim
t→0+

f(x, t)

tγ
= 0 uniformly in x ∈ Ω, for all γ ∈ [0, n − 1],

we can choose t > 0 sufficiently small so that 〈E′(tu0), u0〉 > 0. Thus there exists a t∗ ∈ (0, 1)

such that 〈E′(t∗u0), u0〉 = 0 that is t∗u0 ∈ N . So using Lemma 3.7, (m3)′ and (3.27) we get

l∗ ≤ l∗∗ ≤ E(t∗u0) = E(t∗u0)−
1

2n
〈E′(t∗u0), u0〉

=
M(‖t∗u0‖n)

n
− 1

2

∫

Ω

(∫

Ω

F (y, t∗u0)

|x− y|µ dy

)

F (x, t∗u0) dx− 1

2n
m(‖t∗u0‖n)‖t∗u0‖n

+
1

2n

∫

Ω

(
∫

Ω

F (y, t∗u0)

|x− y|µ dy

)

f(x, t∗u0)t∗u0 dx

<
M(‖u0‖n)

n
− 1

2n
m(‖u0‖n)‖u0‖n

+
1

2n

∫

Ω

(∫

Ω

F (y, t∗u0)

|x− y|µ dy

)

(f(x, t∗u0)t∗u0 − nF (x, t∗u0)) dx

≤ M(‖u0‖n)
n

− 1

2n
m(‖u0‖n)‖u0‖n +

1

2n

∫

Ω

(
∫

Ω

F (y, u0)

|x− y|µ dy
)

(f(x, u0)u0 − nF (x, u0))

≤ lim inf
k→∞

M(‖uk‖n)
n

− 1

2n
m(‖uk‖n)‖uk‖n

+
1

2n

∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

(f(x, uk)uk − nF (x, uk)) dx

= lim inf
k→∞

(

E(uk)−
1

2n
〈E′(uk), uk〉

)

= l∗.

This gives a contradiction, that is (3.28) holds true.

Claim (2): E(u0) = l∗.

From Lemma 3.6 we know that
∫

Ω

(
∫

Ω

F (y, uk)

|x− y|µ dy
)

F (x, uk) dx→
∫

Ω

(
∫

Ω

F (y, u0)

|x− y|µ dy
)

F (x, u0) dx.

Using this and the weakly lower semicontinuity of norms in limk→∞E(uk) = l∗, we obtain

E(u0) ≤ l∗. If E(u0) < l∗ then it must be

lim
k→∞

M(‖uk‖n) > M(‖u0‖n)
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which implies that limk→∞ ‖uk‖n > ‖u0‖n, since M is continuous and increasing. From this

we get

τn > ‖u0‖n.

Moreover we get

M(τn) = n

(

l∗ +
1

2

∫

Ω

(
∫

Ω

F (y, u0)

|x− y|µ dy
)

F (x, u0) dx

)

. (3.29)

Now we define the sequence vk = uk
‖uk‖

and v0 = u0
τ then vk ⇀ v0 weakly in W 1,n

0 (Ω) and

‖v0‖ < 1. From Lemma 3.8 we have that

sup
k∈N

∫

Ω
exp

(

p|vk|
n

n−1

)

< +∞, for 1 < p <
αn

(1− ‖v0‖)
1

n−1

. (3.30)

Also from (m3)′, Claim (1) and Lemma 3.7 we obtain

E(u0) =
M(‖u0‖n)

n
−m(‖u0‖n)‖u0‖n

2n
+

1

2n

∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

(f(x, u0)u0−nF (x, u0)) dx ≥ 0.

Using this with (3.29) we get that

M(τn) = nl∗ − nE(u0) +M(‖u0‖n) < M

(

(

2n− µ

2n
αn

)n−1
)

+M(‖u0‖n)

which implies together with (m1) that

τn <
αn−1
n

(

2n−µ
2n

)n−1

1− ‖v0‖n
.

Thus it is possible to find a τ∗ > 0 such that for k ∈ N large enough

‖uk‖
n

n−1 < τ∗ <
αn

(

2n−µ
2n

)

(1− ‖v0‖n)
1

n−1

.

Then we choose a q > 1 but close to 1 such that

2n

2n − µ
q‖uk‖

n
n−1 ≤ 2n

2n− µ
τ∗ <

αn

(1− ‖v0‖n)
1

n−1

.

Therefore from (3.30) we conclude that
∫

Ω
exp

(

2n

2n− µ
q|uk|

n
n−1

)

≤ C (3.31)

for some constant C > 0. Using (3.31)
∫

Ω

(∫

Ω

F (y, uk)

|x− y|µ dy
)

f(x, uk)uk dx→
∫

Ω

(∫

Ω

F (y, u0)

|x− y|µ dy
)

f(x, u0)u0 dx.

We conclude that ‖uk‖ → ‖u0‖ and we get a contradiction and claim (2) is proved. Now,

from claims (1) and (2), the proof of Theorem 2.3 follows.
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4 The Nehari Manifold method for (Pλ,M)

The energy functional Jλ,M :W 1,n
0 (Ω) −→ R associated to the problem Pλ,M is defined as

Jλ,M (u) =
1

n
M(‖u‖n)− λ

q + 1

∫

Ω
h(x)|u|q+1 dx− 1

2

∫

Ω
(|x|−µ ∗ F (u))F (u) dx

where |x|−µ ∗ F (u) denotes
∫

Ω
F (u(y))
|x−y|µ dy, F , M are anti-derivatives of f , m (vanishing at 0)

respectively and f(s) = s|s|pexp(|s|β).

Definition 4.1 A function u ∈W 1,n
0 (Ω) is said to be weak solution of Pλ,M if ∀ φ ∈W 1,n

0 (Ω)

we have

m(‖u‖n)
∫

Ω
|∇u|n−2∇u.∇φ dx = λ

∫

Ω
h(x)uq−1uφ dx+

∫

Ω
(|x|−µ ∗ F (u))f(u)φ dx.

We observe that Jλ,M is only bounded below on suitable subsets of W 1,n
0 (Ω). In order to

prove the existence of weak solutions to (Pλ,M ), we establish the existence of minimizers of

Jλ,M under the natural constraint of the Nehari Manifold:

Nλ,M := {u ∈W 1,n
0 (Ω)| 〈J ′

λ,M (u), u〉 = 0}

where 〈. , .〉 denotes the duality between W 1,n
0 (Ω) and W−1,n(Ω). Therefore, u ∈ Nλ,M if and

only if

‖u‖n m(‖u‖n)− λ

∫

Ω
h(x)uq+1 dx−

∫

Ω
(|x|−µ ∗ F (u))f(u)u dx = 0.

Remark 4.2 We notice that Nλ,M contains every solution of (Pλ,M ).

For u ∈W 1,n
0 (Ω), we define the fiber map Φu,M : R+ → R as

Φu,M(t) = Jλ,M(tu) =
M(‖tu‖n)

n
− λ

q + 1

∫

Ω
h(x)|tu|q+1 dx− 1

2

∫

Ω
(|x|−µ ∗ F (tu))F (tu) dx,

Φ
′

u,M(t) = tn−1‖u‖nm(‖tu‖n)− λtq
∫

Ω
h(x)|u|q+1 dx−

∫

Ω
(|x|−µ ∗ F (tu))f(tu)u dx

and

Φ
′′

u,M(t) = nt2n−2‖u‖2nm′(‖tu‖n) + (n− 1)tn−2‖u‖nm(‖tu‖n)− λqtq−1

∫

Ω
h(x)|u|q+1 dx

−
∫

Ω
(|x|−µ ∗ f(tu).u)f(tu)u dx−

∫

Ω
(|x|−µ ∗ F (tu))f ′(tu)u2 dx.

The Nehari Manifold is closely related to the the maps Φu,M by the relation tu ∈ Nλ,M iff

Φ
′

u,M(t) = 0. In particular, u ∈ Nλ,M iff Φ
′

u,M (1) = 0. So we study the geometry of the

energy functional on the following components of the Nehari Manifold:

N+
λ,M := {u ∈ Nλ,M : Φ

′′

u,M(1) > 0} = {tu ∈W 1,n
0 (Ω) : Φ

′

u,M(t) = 0,Φ
′′

u,M (t) > 0},
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N−
λ,M := {u ∈ Nλ,M : Φ

′′

u,M(1) < 0} = {tu ∈W 1,n
0 (Ω) : Φ

′

u,M(t) = 0,Φ
′′

u,M (t) < 0},

N0
λ,M := {u ∈ Nλ,M : Φ

′′

u,M(1) = 0} = {tu ∈W 1,n
0 (Ω) : Φ

′

u,M(t) = 0,Φ
′′

u,M (t) = 0}.

We also defineH(u) =
∫

Ω h|u|q+1 dx and study the behaviour of fibering maps Φu,M according

to the sign of H(u). Let

H+ := {u ∈W 1,n
0 (Ω) : H(u) > 0},

H−
0 := {u ∈W 1,n

0 (Ω) : H(u) ≤ 0}.

4.1 Analysis of Fiber Maps

Here we analyze accurately the geometry of the energy functional on the Nehari manifold.

We split the study in different cases.

Case 1: u ∈ H−
0

Define ψ : R+ → R such that

ψu(t) = tn−1−qm(‖tu‖n)‖u‖n − t−q

∫

Ω
(|x|−µ ∗ F (tu))f(tu)u dx.

Since

Φ
′

u,M(t) = tn−1‖u‖nm(‖tu‖n)− λtq
∫

Ω
h(x)|u|q+1 dx−

∫

Ω
(|x|−µ ∗ F (tu))f(tu)u dx

= tq(ψu(t)− λ

∫

Ω
h(x)|u|q+1 dx),

tu ∈ Nλ,M iff t > 0 is a solution of ψu(t) = λ
∫

Ω h(x)|u|q+1.

ψ
′

u(t) = (n− 1− q)tn−2−qm(‖tu‖n)‖u‖n + nt2n−2−qm′(‖tu‖n)‖u‖2n

+
q

tq+1

∫

Ω
(|x|−µ ∗ F (tu))f(tu).u dx− t−q

[
∫

Ω
(|x|−µ ∗ f(tu).u)f(tu).u dx

+

∫

Ω
(|x|−µ ∗ F (tu))f ′

(tu).u2 dx

]

.

(4.1)

Due to the exponential growth of f , for large t we have ψ
′

u(t) < 0 and since u ∈ H−
0 , there

exists t∗ > 0 such that ψu(t
∗) = λ

∫

Ω h(x)|u|q+1, i.e. t∗u ∈ Nλ,M .

If there exists an another point t1 such that t∗ < t1 and ψu(t1) = λ
∫

Ω h(x)|u|q+1 ≤ 0, i.e.

tn−1−q
1 (atn1‖u‖n + b)‖u‖n ≤ t−q

1

∫

Ω
(|x|−µ ∗ F (t1u))f(t1u)u dx (4.2)

and ψ′
u(t1) ≥ 0. Then by using f ′(t1u)t1u > (p+1)f(t1u) and p > 2n− 2− q we obtain from

(4.2),

ψ′
u(t1) < (2n− 1− q)

[

tn−2−q
1 (atn1‖u‖n + b)‖u‖n − t−q−1

1

∫

Ω
(|x|−µ ∗ F (t1u))f(t1u)u dx

]

≤ 0.
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Therefore ψ′
u(t1) < 0 which yields a contradiction. Therefore there exists a unique t∗ such that

ψu(t
∗) = λ

∫

Ω h(x)|u|q+1 dx. Also for 0 < t < t∗, Φ
′

u,M(t) = tq(ψu(t)−λ
∫

Ω h(x)|u|q+1 dx) > 0.

Consequently, Φu,M is increasing in (0, t∗) and decreasing on (t∗,∞). Therefore there exists

a unique critical point of Φu,M which is also a global maximum point. Furthermore, since

ψ′
u(t) =

(

tΦ′′
u,M(t)− qΦ′

u,M(t)
)

tq
, we get t∗u ∈ N−

λ,M .

Case 2: u ∈ H+

In this case, we establish that there exists λ0 > 0 and a t∗ such that for λ ∈ (0, λ0), Φu,M has

exactly two critical points t1(u) and t2(u) such that t1(u) < t∗(u) < t2(u) where t1(u) is local

minimum point and t2(u) is local maximum point. To prove this case, we need the analysis

performed in the next subsection.

4.2 Preliminary Results for Case-2

For 0 6≡ u ∈ H+, we have that ψu(t) → −∞ as t → ∞ and for small t > 0, ψu(t) > 0. Then

there exists at least a point of maximum of ψu(t), say t∗, and ψ
′

u(t∗) = 0, i.e.

(2n− 1− q)t2n−2−q
∗ a‖u‖2n + (n − 1− q)tn−2−q

∗ b‖u‖n +
q

tq+1
∗

∫

Ω
(|x|−µ ∗ F (t∗u))f(t∗u)u dx

= t−q
∗

[
∫

Ω
(|x|−µ ∗ F (t∗u))f

′

(t∗u)u
2 dx+

∫

Ω
(|x|−µ ∗ f(t∗u)u)f(t∗u).u dx

]

.

This implies that

(2n − 1− q)a‖t∗u‖2n + (n− 1− q)b‖t∗u‖n + q

∫

Ω
(|x|−µ ∗ F (t∗u))f(t∗u)t∗u dx

=

∫

Ω
(|x|−µ ∗ F (t∗u))f

′

(t∗u)(t∗u)
2 dx+

∫

Ω
(|x|−µ ∗ f(t∗u)t∗u)f(t∗u)t∗u dx.

Then we have

2
√

(2n − 1− q)a‖t∗u‖2nb(n− 1− q)‖t∗u‖n ≤ B(t∗u)

from which it follows

‖t∗u‖3n/2 ≤ B(t∗u)

2
√

(2n − 1− q)(n − 1− q)ab

where B(u) =
∫

Ω(|x|−µ ∗ F (u))f ′
(u)u2 +

∫

Ω(|x|−µ ∗ f(u)u)f(u)u dx. Using ψ
′

u(t∗) = 0, we

replace the value of a‖tu‖2n in the definition of ψu(t) to obtain

ψu(t∗) =
1

(2n − 1− q)tq+1
∗

[

B(t∗u)− (2n − 1)

∫

Ω
(|x|−µ ∗ F (t∗u))f(t∗u)t∗u dx+ nb‖t∗u‖n

]

.

(4.3)

Now we prove the following result and establish the proof in various steps.
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Lemma 4.3 Let

Γ :=

{

u ∈W 1,n
0 (Ω) : ‖u‖3n/2 ≤ B(u)

2
√

(2n− 1− q)(n− 1− q)ab

}

where B(u) =
∫

Ω(|x|−µ ∗ F (u))f ′
(u)(u)2 +

∫

Ω(|x|−µ ∗ f(u)u)f(u)u dx. Then there exists a

λ0 > 0 such that for every λ ∈ (0, λ0), Γ0 > 0 holds where

Γ0 := inf
u∈Γ\{0}∩H+

[

B(u)− (2n− 1)

∫

Ω
(|x|−µ ∗F (u))f(u).u dx+nb‖u‖n−λ(2n− 1− q)H(u)

]

.

(4.4)

Proof. Step 1: Claim: infu∈Γ\{0}∩H+ ‖u‖ > 0.

Let us suppose that it doesn’t hold then there exists a sequence {uk} ⊂ Γ\{0}∩H+ such that

‖uk‖ → 0 and ‖uk‖3n/2 ≤ B(uk)

2
√

(2n−1−q)(n−1−q)ab
,∀ k. Then by the Hardy-Littlewood-Sobolev

inequality, we have

B(uk) =

∫

Ω
(|x|−µ ∗ F (uk))f

′

(uk)u
2
k dx+

∫

Ω
(|x|−µ ∗ f(uk)uk)f(uk)uk dx

≤ C(n, µ)
(

‖f(uk)uk‖2L2n/(2n−µ)(Ω)
+ ‖F (uk)‖L2n/(2n−µ)(Ω)‖f

′

(uk)(uk)
2‖L2n/(2n−µ)(Ω)

)

.

Since f(u) = u|u|pexp(|u|β) and f ′
(u) = ((p + 1) + β|u|β)|u|pexp(|u|β), then we have

|B(uk)| ≤ C(n, µ)

(∫

Ω
(|uk|p+2exp(|uk|β))

2n
2n−µ dx

)
2n−µ

n

+ C(n, µ)

(∫

Ω
(F (uk))

2n
2n−µ dx

)
2n−µ
2n

×
(∫

Ω
(((p + 1) + β|uk|β)|uk|p+2exp(|uk|β))

2n
2n−µ dx

)
2n−µ
2n

.

Then using F (t) ≤ tf(t) and by the Hölder’s inequality, we obtain

|B(uk)| ≤ C1

(∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
nα′

.

(∫

Ω
exp

(

|uk|β
2nα

2n − µ

)

dx

)
2n−µ
nα

+ C2

(∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
2nα′

.

(∫

Ω
exp

(

|uk|β
2nα

2n− µ

)

dx

)
2n−µ
2nα

×
[

(∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
2nα′

.

(∫

Ω
exp

(

|uk|β
2nα

2n− µ

)

dx

)
2n−µ
2nα

+

(∫

Ω
|uk|

2nα′(p+β+2)
2n−µ dx

)
2n−µ
2nα′

.

(∫

Ω
exp

(

|uk|β
2nα

2n− µ

)

dx

)
2n−µ
2nα

]

.
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Let α be such that 2nα/(2n − µ))‖uk‖β ≤ αn and vk = uk
||uk||

, then by the Trudinger-Moser

inequality we obtain

|B(uk)| ≤ C1

(∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
nα′

.

(

sup
‖vk‖≤1

∫

Ω
exp(|vk|βαn) dx

)
2n−µ
nα

+ C2

(
∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
2nα′

.

(

sup
‖vk‖≤1

∫

Ω
exp(|vk|βαn) dx

)
2n−µ
nα

×
[

(
∫

Ω
|uk|

2nα′(p+2)
2n−µ dx

)
2n−µ
2nα′

+

(
∫

Ω
|uk|

2nα′(p+β+2)
2n−µ dx

)
2n−µ
2nα′

]

.

Using the Sobolev embedding, it implies that

|B(uk)| ≤ C1(n, k, β, µ)(‖uk‖2(p+2) + ‖uk‖(p+2)(‖uk‖(p+2) + ‖uk‖(p+β+2)))

≤ C‖uk‖(2p+4) + ‖uk‖(2p+β+4).

Hence using uk ∈ Γ\{0} and by the Sobolev embedding theorem, we get 1 ≤ C(‖uk‖(2p+4− 3n
2
)+

‖uk‖(2p+β+4− 3n
2
) and 2p+4− 3n

2 > 0 which is a contradiction as ‖uk‖ → 0 as k → ∞. There-

fore we have infu∈Γ\{0}∩H+ ‖u‖ > 0.

Step 2: Claim: 0 < infu∈Γ\{0}∩H+

{∫

Ω
(|x|−µ ∗ f(u)u)(p+ 2− 2n+ β|u|β)exp(|u|β)|u|p+2 dx

}

.

Since F (s) ≤ f(s)s
p+2 then by the definition of Γ and from Step 1, we obtain 0 < infu∈Γ\{0}∩H+ B(u)

i.e.

0 < inf
u∈Γ\{0}∩H+

{∫

Ω
(|x|−µ ∗ F (u))f ′(u)u2 +

∫

Ω
(|x|−µ ∗ f(u)u)f(u)u

}

≤ inf
u∈Γ\{0}∩H+

{∫

Ω
(|x|−µ ∗ f(u)u)

(

f(u).u+ f ′(u)
u2

p + 2

)}

= inf
u∈Γ\{0}∩H+

{
∫

Ω
(|x|−µ ∗ f(u)u)|u|p+2exp(|u|β)

(

1 +
(p + 1) + β|u|β

p+ 2

)}

.

Since p+ 2− 2n > 0, we infer

0 < inf
u∈Γ\{0}∩H+

{
∫

Ω
(|x|−µ ∗ f(u)u)(p+ 2− 2n+ β|u|β)exp(|u|β)|u|p+2 dx}.

Step 3: Claim: Γ0 > 0. First,

∫

Ω
h(x)|u|q+1 ≤

(∫

Ω
|h(x)|γ

)1/γ(

|u|(1+q)γ′

)1/γ′

≤ l‖u‖q+1

where l = ‖h‖Lγ (Ω). Choosing

λ <
bn

(2n− 1− q)l
M0 := λ0
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whereM0 = infu∈Γ\{0}∩H+ ‖u‖n−1−q > 0, we get that λl(2n−1− q)‖u‖1+q < nb‖u‖n for any

u ∈ Γ\{0} ∩H+ . Then for u ∈ Γ\{0} ∩H+ and p+ 1 > 2n− 1,

B(u) + nb‖u‖n−(2n − 1)

∫

Ω
(|x|−µ ∗ F (u))f(u).u− λ(2n − 1− q)H(u) ≥

∫

Ω
(|x|−µ ∗ F (u))(f ′(u)u2 − (2n− 1)f(u).u) +

∫

Ω
(|x|−µ ∗ f(u).u)f(u).u dx

+ nb‖u‖n − (2n − 1− q)λH(u) > 0.

Therefore Γ0 > 0.

Now we establish the claim made in Case-2. We notice from Lemma 4.3 and Equation (4.3)

that for u ∈ H+\{0}, there exists a t∗ > 0, local maximum of ψu verifying ψu(t∗)−λH(u) > 0

since t∗u ∈ Γ \ {0} ∩H+. From ψu(0) = 0, ψu(t∗) > λH(u) > 0 and limt→∞ ψu(t) = −∞,

there exists t1 = t1(u) < t∗ < t2(u) = t2 such that ψu(t1) = λ
∫

Ω h(x)|u|q+1 dx = ψu(t2)

with ψ′
u(t1) > 0, ψ′

u(t2) < 0. Therefore, t1u ∈ N+
λ,M and t2u ∈ N−

λ,M . We now prove that

t1u ∈ N+
λ,M and t2u ∈ N−

λ,M are unique. If not then there exists t3u ∈ N+
λ,M and t∗∗ such

that t2 < t∗∗ < t3 and ψ′
u(t∗∗) = 0 and ψu(t∗∗) < λH(u). But our Lemma 4.3 induces that if

ψ′
u(t∗∗) = 0 then ψu(t∗∗) > λH(u) which is a contradiction.

In the sequel, we will denote t∗ the smallest critical point of ψu.

Lemma 4.4 If λ ∈ (0, λ0) then N
0
λ,M = {0}.

Proof. Suppose u 6≡ 0 and u ∈ N0
λ,M . Then Φ

′

u,M(1) = 0 and Φ
′′

u,M(1) = 0, i.e.

a‖u‖2n + b‖u‖n = λH(u) +

∫

Ω
(|x|−µ ∗ F (u))f(u)u dx and (4.5)

(2n − 1)a‖u‖2n + (n− 1)b‖u‖n = λqH(u) +B(u). (4.6)

Let u ∈ H+ ∩N0
λ,M , then from (4.5) and (4.6) (by replacing the value λH(u)), we obtain

2
√

(2n − 1− q)(n − 1− q)ab‖u‖3n ≤ B(u)

which implies u ∈ Γ\{0} ∩H+. Again from (4.5), (4.6) and substituting the value of a‖u‖2n,
we obtain

B(u)− (2n− 1)

∫

Ω
(|x|µ ∗ F (u))f(u).u + nb‖u‖n − λ(2n − 1− q)H(u) = 0

which contradicts Lemma 4.3. If u ∈ H−
0 ∩ N0

λ,M and from Case-1, ”1” is the only critical

point of Φu,M and Φ
′′

u,M(1) = 0. But u ∈ H−
0 implies that ψ′

u(1) < 0 and then φ′′u,M (1) < 0

which is a contradiction and the lemma is proved.
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4.3 Existence of weak solutions to (Pλ,M)

In this section we prove that Jλ,M is bounded below on Nλ,M and achieves its minimum.

Define θ = infu∈Nλ,M
Jλ,M(u).

Theorem 4.5 Jλ,M(u) is bounded below and coercive on Nλ,M such that θ ≥ −C(q, n, b)λ
n

n−q−1 .

Proof. Let u ∈ Nλ,M . Then,

Jλ,M(u) =
1

n

[

a

2
‖u‖2n + b‖u‖n

]

− λ

q + 1
H(u)− 1

2

∫

Ω
(|x|−µ ∗ F (u))F (u) dx

=
1

n

[

a

2
‖u‖2n + b‖u‖n

]

− λ

q + 1
H(u)− 1

2

∫

Ω
(|x|−µ ∗ F (u))F (u) dx

− 1

p+ 2

[

a‖u‖2n + b‖u‖n − λH(u)−
∫

Ω
(|x|−µ ∗ F (u))f(u)u dx

]

= a‖u‖2n
(

p+ 2− 2n

2n(p+ 2)

)

+ b‖u‖n
(

p+ 2− n

n(p+ 2)

)

− λ

(

p+ 1− q

(1 + q)(p + 2)

)

H(u)

− 1

2

∫

Ω
(|x|−µ ∗ F (u))

(

F (u)− 2f(u)u

p+ 2

)

dx.

Since 0 ≤ F (u) ≤ 2
p+2f(u).u and H(u) ≤ l‖u‖q+1. Then by the Sobolev inequality we obtain

Jλ,M(u) ≥ a‖u‖2n
(

p+ 2− 2n

2n(p+ 2)

)

+ b‖u‖n
(

p+ 2− n

n(p+ 2)

)

− λl

(

p+ 1− q

(1 + q)(p + 2)

)

‖u‖q+1.

Therefore since q < n− 1, Jλ,M is coercive on Nλ,M , i.e. Jλ,M(u) → ∞ as ‖u‖ → ∞.

For u ∈ Nλ,M we have also,

Jλ,M (u) =
b

n
‖u‖n − λ

q + 1
H(u)− 1

2

∫

Ω
(|x|−µ ∗ F (u))F (u) dx

+
1

2n

(

λH(u) +

∫

Ω
(|x|−µ ∗ F (u))f(u)u dx− b‖u‖n

)

=
1

2n
b‖u‖n − λ

(

1

q + 1
− 1

2n

)

H(u) +
1

2

(∫

Ω
(|x|−µ ∗ F (u))

(

f(u)u

n
− F (u)

)

dx

)

≥ 1

2n
b‖u‖n − λ

(

1

q + 1
− 1

2n

)

H(u)

since
(

f(u)u
n − F (u)

)

≥ 0. Then for u ∈ H−
0 , we get Jλ,M(u) ≥ 0.

Now for u ∈ H+, setting r = n
1+q and by the Sobolev embedding we obtain

Jλ,M(u) ≥ b

2n
‖u‖n − λ(2n − 1− q)

2n(q + 1)
H(u) ≥ b

2n
‖u‖n − λ(2n − 1− q)

2n(q + 1)
l

(
∫

Ω
|u|n dx

)1/r

= c1‖u‖n − c2‖u‖q+1

where c1 =
b
2n and c2 = c2(λ).

We observe that the minimum of the function g(x) = c1x
n − c2x

q+1 is achieved at x =
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(

c2(q+1)
c1n

)
1

n−q−1
. Therefore,

inf
u∈Nλ,M

Jλ,M (u) ≥ g

(

c2(q + 1)

c1n

) 1
n−q−1

=

(

cn2

cq+1
1

) 1
n−1−q

(

(

q + 1

n

) n
n−1−q

−
(

q + 1

n

)
q+1

n−1−q

)

.

From this it follows that

θ ≥ −C(q, n, b)λ
n

n−q−1

where C(q, n, b) > 0. This completes the proof of Theorem 4.5.

Now since Jλ,M is bounded below on Nλ,M , by the Ekeland variational principle we get a

sequence {uk}k∈N ⊂ Nλ,M\{0} such that











Jλ,M(uk) ≤ θ +
1

k
;

Jλ,M (v) ≥ Jλ,M(uk)−
1

k
‖uk − v‖, ∀v ∈ Nλ,M .

(4.7)

Lemma 4.6 There exists a constant C0 > 0 such that θ ≤ −C0.

Proof. Let u ∈ H+, then ∃ t1(u) > 0 such that t1u ∈ N+
λ,M and ψu,M(t1) = λH(u). In that

case,

Jλ,M(t1u) =
1

n

(

a

2
‖t1u‖2n + b‖t1u‖n

)

− 1

2

∫

Ω
(|x|−µ ∗ F (t1u))F (t1u) dx− λ

q + 1

∫

Ω
h(x)|t1u|q+1 dx

=
1

n

(

a

2
‖t1u‖2n + b‖t1u‖n

)

− 1

2

∫

Ω
(|x|−µ ∗ F (t1u))F (t1u) dx

− 1

q + 1

(

a‖t1u‖2n + b‖t1u‖n −
∫

Ω
(|x|−µ ∗ F (t1u))f(t1u)t1u dx

)

.

Since Φ
′

u,M(t1) = 0, Φ
′′

u,M(t1) > 0 and from (4.1) we obtain

Jλ,M(t1u) =
−(n− 1− q)

2n(q + 1)
b‖t1u‖n +

∫

Ω
(|x|−µ ∗ F (t1u))

(

2n+ q

2n(q + 1)
f(t1u)t1u

− 1

2
F (t1u)−

f ′(t1u)(tu)
2

2n(q + 1)

)

dx− 1

2n(q + 1)

∫

Ω
(|x|−µ ∗ f(t1u)t1u)f(t1u)t1u dx

≤ −(n− 1− q)

2n(q + 1)
b‖t1u‖n +

∫

Ω
(|x|−µ ∗ F (t1u))

(

2n+ q

2n(q + 1)
− p+ 2

2n(q + 1)

− p+ 1

2n(q + 1)

)

f(t1u)t1u dx− 1

2

∫

Ω
(|x|−µ ∗ F (t1u))F (t1u) dx.

Since q < n− 1 and p+1 > 2n− 1 we set 2n+ q− (2p+3) ≤ 3n− 1− (4n− 1) < 0 and then

θ ≤ infu∈N+
λ,M∩H+ Jλ,M(u) ≤ −C0 < 0.

Then by (4.7) and Lemma 4.6, we have for large k,

Jλ,M (uk) ≤ −C0

2
. (4.8)
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Also since uk ∈ Nλ,M\{0} we have

Jλ,M(uk) = a‖uk‖2n
(

p+ 2− 2n

2n(p+ 2)

)

+ b‖uk‖n
(

p+ 2− n

n(p+ 2)

)

− λ

(

p+ 1− q

(1 + q)(p + 2)

)

H(uk)

− 1

2

∫

Ω
(|x|−µ ∗ F (uk))

(

F (uk)−
2f(uk)uk
p+ 2

)

dx.

then together with (4.8), we have

−λ
(

p+ 1− q

(1 + q)(p+ 2)

)

H(uk) ≤ −C0

2
=⇒ H(uk) ≥

C0(p+ 2)(1 + q)

2λ(p + 1− q)
C0 > 0

i.e.

H(uk) > C > 0 and uk ∈ Nλ,M ∩H+ for k large enough. (4.9)

The following result shows that minimizers for Jλ,M in any of the subsets of Nλ,M are

critical points for Jλ,M .

Lemma 4.7 Let u be a local minimizer for Jλ,M on any subsets of Nλ,M such that u 6∈ N0
λ,M .

Then u is a critical point of Jλ,M .

Proof. Let u be a local minimizer for Jλ,M . Then, in any case u is a minimizer for Jλ,M under

the constraint Iλ,M (u) := 〈J ′
λ,M (u), u〉 = 0. Hence , by the theory of Lagrange multipliers

, there exists a µ ∈ R such that J ′
λ,M = µI ′λ,M (u). Thus 〈J ′

λ,M (u), u〉 = µ〈I ′λ,M (u), u〉 =

µΦ′′
λ,M(1) = 0, but u 6∈ N0

λ,M and so Φ′′
λ,M(1) 6= 0. Hence µ = 0.

Lemma 4.8 Let λ ∈ (0, λ0) where λ0 = bn
(2n−1−q)lM0. Then given any u ∈ Nλ,M\{0}, then

there exists ǫ > 0 and a differentiable function ξ : B(0, ǫ) ⊂W 1,n
0 (Ω) → R such that ξ(0) = 1,

and ξ(w)(u− w) ∈ Nλ,M and for all w ∈W 1,n
0 (Ω)

〈ξ′(0), w〉 = n(2a‖u‖n + b)
∫

Ω |∇(u)|n−2∇u.∇w dx− λ(q + 1)
∫

Ω h(x)|u|q−1uw dx− 〈S(u), w〉
a(2n − 1− q)‖u‖2n + b(n− 1− q)‖u‖n +R(u)

(4.10)

where

R(u) =

∫

Ω
(|x|−µ ∗ F (u))(qf(u) − f ′(u).u).u dx−

∫

Ω
(|x|−µ ∗ f(u).u)f(u)u dx

and

〈S(u), w〉 =
∫

Ω
(|x|−µ ∗ F (u))(f ′(u)u+ f(u))w dx+

∫

Ω
(|x|−µ ∗ f(u)u)f(u)w dx.

Proof. Fix u ∈ Nλ,M\{0}, define a function Gu : R×W 1,n
0 (Ω) → R as

Gu(t, v) = at2n−1−q‖u− v‖2n + btn−1−q‖u− v‖n−
1

tq

∫

Ω
(|x|−µ ∗ F (t(u− v)))f(t(u − v)).(u− v) dx− λ

∫

Ω
h|u− v|q+1 dx.
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Then Gu ∈ C1(R×W 1,n
0 (Ω),R) and

Gu(1, 0) = a‖u‖2n + b‖u‖n −
∫

Ω
(|x|−µ ∗ F (u))f(u).u dx− λ

∫

Ω
h|u|q+1 dx = Φ′

u,M(1) = 0

and

∂

∂t
Gu(1, 0) = a(2n−1−q)‖u‖2n+b(n−1−q)‖u‖n+q

∫

Ω
(|x|−µ∗F (u))f(u).u−B(u) = Φ′′

u,M(1) 6= 0.

Then by the implicit function theorem, there exists ǫ > 0 and a differentiable function ξ :

B(0, ǫ) ⊂ W 1,n
0 (Ω) → R such that ξ(0) = 1 and Gu(ξ(w), w) = 0 ∀w ∈ B(0, ǫ) which is

equivalent to 〈J ′
λ,M(ξ(w)(u−w), ξ(w)(u−w))〉 = 0 ∀w ∈ B(0, ǫ). Thus, ξ(w)(u−w) ∈ Nλ,M

and differentiating

Gu(ξ(w), w) = a(ξ(w))2n−1−q‖u− w‖2n + b(ξ(w))n−1−q‖u− w‖n

− 1

(ξ(w))q

∫

Ω
(|x|−µ ∗ F (ξ(w))(u − w))f(ξ(w)(u − w))(u− w)− λ

∫

Ω
h(x)|u − w|q+1 = 0

with respect to w, we obtain (4.10).

Similarly we have:

Lemma 4.9 Let λ ∈ (0, λ0) where λ0 = bn
(2n−1−q)lM0. Then there exists u ∈ N−

λ,M\{0},
then there exists ǫ > 0 and a differentiable function ξ− : B(0, ǫ) ⊂ W 1,n

0 (Ω) → R such that

ξ−(0) = 1, and ξ−(w)(u − w) ∈ N−
λ,M and for all w ∈W 1,n

0 (Ω)

〈(ξ−)′(0), w〉 = n(2a‖u‖n + b)
∫

Ω |∇(u)|n−2∇u.∇w dx− λ(q + 1)
∫

Ω h(x)|u|q−1uw dx− 〈S(u), w〉
a(2n− 1− q)‖u‖2n + b(n − 1− q)‖u‖n +R(u)

where R(u) and S(u) are as in lemma 4.8.

Proof. For any u ∈ N−
λ,M , Φ

′

u,M(1) = 0 and Φ
′′

u,M(1) < 0. This implies u ∈ Γ\{0}. Then by

Lemma 4.8 there exists ǫ > 0 and a differentiable function ξ− : B(0, ǫ) ⊂ W 1,n
0 (Ω) → R such

that ξ−(0) = 1, and ξ−(w)(u−w) ∈ Nλ,M for all w ∈ B(0, ǫ). Then by the continuity of J ′

λ,M

and ξ− and by choosing ǫ small enough we have

Φ
′′

ξ−(u)(u−w),M (1) = n‖ξ−(u)(u −w)‖2nm(‖ξ−(u)(u− w)‖n) + (n− 1)‖ξ−(u)(u− w)‖nm(‖tu‖n)

− λq

∫

Ω
h(x)|ξ−(u)(u −w)|q+1 dx

−
∫

Ω
(|x|−µ ∗ f(ξ−(u)(u − w)).ξ−(u)(u −w))f(ξ−(u)(u − w))ξ−(u)(u− w) dx

−
∫

Ω
(|x|−µ ∗ F (ξ−(u)(u − w)))f ′(ξ−(u)(u− w))(ξ−(u)(u− w))2 dx < 0

that implies ξ−(w)(u− w) ∈ N−
λ,M .

Now we prove the following result:
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Proposition 4.10 Let λ ∈ (0, λ0) where λ0 =
bn

(2n−1−q)lM0. Assume uk ∈ Nλ,M is satisfying

(4.7). Then ‖J ′

λ,M(uk)‖∗ → 0 as k → ∞.

Proof. Step 1: lim infk→∞ ‖uk‖ > 0.

We know that from (4.9) that for large k, H(uk) ≥ C > 0, so by using Hölder inequality we

obtain C < H(uk) ≤ C1‖uk‖q+1.

Step 2: We claim that

lim inf
k→∞

(2n− 1− q)a‖uk‖2n + b(n− 1− q)‖uk‖n + q

∫

Ω
(|x|−µ ∗F (uk))f(uk)uk dx−B(uk) > 0.

Without loss of generality, we can assume that uk ∈ N+
λ,M (if not replace uk by t1(uk)uk).

Arguing by contradiction, suppose that there exists a subsequence of {uk}, still denoted by

{uk}, such that

0 ≤ (2n−1− q)a‖uk‖2n+ b(n−1− q)‖uk‖n+ q
∫

Ω
(|x|−µ ∗F (uk))f(uk)uk dx−B(uk) = ok(1).

From Step 1 and the above equation we obtain that lim infk→∞B(uk) > 0 and (2n − 1 −
q)a‖uk‖2n + b(n− 1− q)‖uk‖n ≤ B(uk) i.e. uk ∈ Γ\{0} for all large k.

Since uk ∈ N+
λ,M\{0}

−nb‖uk‖n + λ(2n− 1− q)H(uk) + (2n − 1)

∫

Ω
(|x|−µ ∗ F (uk))f(uk)uk dx−B(uk) = ok(1)

which is a contradiction since Γ0 > 0.

Step 3: ‖J ′

λ,M (uk)‖∗ → 0 as k → ∞.

By using Lemma 4.8, there exists a differentiable function ξk : B(0, ǫk) → R for some ǫk > 0

such that ξk(0) = 1 and ξk(w)(uk − w) ∈ Nλ,M ∀w ∈ B(0, ǫk). Choose 0 < ρ < ǫk and

f ∈ W 1,n
0 (Ω) such that ‖f‖ = 1. Let wρ = ρf. Then ‖w‖ρ = ρ < ǫk and define ηρ =

ξk(wρ)(uk − wρ). Then from the Taylor expansion and (4.7), we obtain

1

k
‖ηρ − uk‖ ≥ Jλ,M(uk)− Jλ,M(ηρ) = 〈J ′

λ,M(ηρ), uk − ηρ〉+ o(‖uk − ηρ‖)

= (1− ξk(wρ))〈J
′

λ,M (ηρ), uk〉+ ρξk(wρ)〈J
′

λ,M (ηρ), f〉+ o(‖uk − ηρ‖).
(4.11)

We also infer

1

ρ
‖ηρ − uk‖ = ‖(ξk(wρ)− 1)

ρ
uk − ξk(wρ)f‖ → ‖uk〈ξ

′

k(0), f〉 − f‖ as ρ→ 0.

Since uk ∈ Nλ,M , we have also
1−ξk(wρ)

ρ 〈J ′

λ,M (ηρ), uk〉 → 0 as ρ→ 0.

Thus, dividing the expression in (4.11) by ρ and doing ρ→ 0+, we get

〈J ′

λ,M (uk), f〉 ≤
‖f‖
k

(‖uk‖‖ξ
′

k(0)‖∗ +O(1))

which implies that

‖J ′

λ,M (uk)‖∗ → 0 as k → ∞
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if ‖ξ′k(0)‖∗ is bounded uniformly in k. To prove that, using (4.4) and the boundedness of

the sequence {uk} in W 1,n
0 (Ω), we only need to show that for any f ∈ W 1,n

0 (Ω), 〈S(uk), f〉
is uniformly bounded in k. For the subcritical case, i.e. β ∈ (0, n

n−1), it holds since for any

ǫ > 0 and q > 1, there exists Cǫ,q,β > 0 such that

exp(q|t|β) ≤ Cǫ,q,β exp(ǫ|t|
n

n−1 ), ∀t ∈ R.

Then by Theorem 1.1 we obtain 〈S(uk), f〉 ≤ C‖f‖ with C > 0 independent of k. Consider

now the critical case, i.e. β = n
n−1 . From the boundedness of R(uk) (see the statement of

Lemma 4.8), it follows that

sup
k

∫

Ω
(|x|−µ ∗ F (uk))f(uk)uk dx <∞,

sup
k

∫

Ω
(|x|−µ ∗ F (uk))f ′(uk)u2k dx <∞

and

sup
k

∫

Ω
(|x|−µ ∗ f(uk)uk)f(uk)uk dx <∞.

Then for any φ ∈ C∞
c (Ω), we have by Vitali’s convergence theorem and up to a subsequence

〈S(uk), φ〉 → 〈S(u0), φ〉 (4.12)

where u0 is the weak limit of (uk)k∈IN in W 1,n
0 (Ω). From (4.12), we have that there exists

C > 0 independent of k such that

|〈S(uk), φ〉| ≤ C‖φ‖. (4.13)

Using a density argument, we conclude that (4.13) holds for any φ ∈W 1,n
0 (Ω). This completes

the proof in the critical case.

Theorem 4.11 Let β < n
n−1 and let λ ∈ (0, λ0) where λ0 = bn

(2n−1−q)lM0. Then there exists

a weak solution to (Pλ,M ) uλ ∈ N+
λ,M ∩H+ such that Jλ,M(uλ) = infu∈Nλ,M\{0} Jλ,M(u).

Proof. Let uk be a minimizing sequence satisfying Jλ,M(uk) → θ as k → ∞ and Jλ,M(v) ≥
Jλ,M(uk) − 1

k‖uk − v‖, ∀v ∈ Nλ. Using Jλ,M(|u|) ≤ Jλ,M(u) for any u ∈ W 1,n
0 (Ω) and from

the proof of the Ekeland principle (see [33, p. 51-53]), we can assume that uk is non-negative.

By using Proposition 4.10 we obtain {uk} is (PS)θ sequence. Then from Lemma 3.2 we get

{uk} is a bounded sequence in W 1,n
0 (Ω). Also there exists a subsequence of {uk} (denoted by

same sequence) and a non-negative uλ such that uk ⇀ uλ weakly in W 1,n
0 (Ω) and uk → uλ

strongly in Lr(Ω) for r ≥ 1 and uk → uλ a.e. in Ω. Then using f(t) ≤ Cǫ,β exp(ǫt
n

n−1 ) for

ǫ > 0 small enough and from Theorem 1.1, we obtain that f(uk) and (|x|−µ ∗ F (uk)) are
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uniformly bounded in Lq(Ω) for all q > 1. Then again by Vitali’s convergence theorem, we

obtain
∣

∣

∣

∣

∫

Ω
(|x|−µ ∗ F (uk))f(uk)(uk − uλ) dx

∣

∣

∣

∣

→ 0 as k → ∞.

and by Proposition 4.10, we have 〈J ′

λ,M (uk), uk − uλ〉 → 0. Then we conclude that

m(‖uk‖n)
∫

Ω
|∇uk|n−2∇uk.∇(uk − uλ) dx→ 0. (4.14)

On the other hand, using uk → uλ weakly and by boundedness of m(‖uk‖n) we have

m(‖uk‖n)
∫

Ω
|∇uλ|n−2∇uλ.∇(uk − uλ) dx→ 0. (4.15)

Substracting (4.15) from (4.14), we get,

m(‖uk‖n)
∫

Ω
(|∇uk|n−2∇uk − |∇uλ|n−2∇uλ).∇(uk − uλ) dx→ 0.

Now by using this and following inequality,

|a1 − a2|n ≤ 2n−2(|a|n−2
1 a1 − |a2|n−2a2)(a1 − a2) for all a1, a2 ∈ R

n

with a1 = ∇uk and a2 = ∇uλ, we obtain

m(‖uk‖n)
∫

Ω
|∇uk −∇uλ|n dx→ 0 as k → ∞.

Since m(t) ≥ b, then we obtain uk → uλ strongly in W 1,n
0 (Ω) and by Lemma 3.5

∫

Ω
(|x|−µ ∗ F (uk))f(uk)φ dx→

∫

Ω
(|x|µ ∗ F (uλ))f(uλ)φ dx

and also
∫

Ω
h(x)uq−1

k ukφ dx→
∫

Ω
h(x)uq−1

λ uλφ dx

for all φ ∈ W 1,n
0 (Ω). Therefore, uλ satisfies (Pλ,M ) in weak sense and hence uλ ∈ Nλ,M .

Moreover, θ ≤ Jλ,M(uλ) ≤ lim infk→∞ Jλ,M(uk) = θ. Hence uλ is a minimizer for Jλ,M in

Nλ,M .

Using (4.9), we have
∫

Ω h(x)|uλ|q+1 > 0, then there exists t1(uλ) such that t1(uλ)uλ ∈ N+
λ,M .

We now claim that t1(uλ) = 1 i.e. uλ ∈ N+
λ,M . Suppose that t1(uλ) < 1 and then t2(uλ) = 1

and uλ ∈ N−
λ,M . Now Jλ,M (t1(uλ)uλ) < Jλ,M(uλ) ≤ θ which yields a contradiction, since

t1(uλ)uλ ∈ Nλ,M . Thus, uλ is non-negative and nontrivial. From the strong comparison

principle (see for instance [34]), we get uλ > 0 in Ω.

Theorem 4.12 Let β < n
n−1 and let λ ∈ (0, λ0) where λ0 = bn

(2n−1−q)lM0. Then uλ ∈
N+

λ,M ∩H+ is a non-negative local minimum for Jλ,M in W 1,n
0 (Ω).
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Proof. Since uλ ∈ N+
λ,M ∩H+ then we have a t∗(uλ) such that 1 = t1(uλ) < t∗(uλ). Hence

by the continuity of u→ t∗(u), given ǫ > 0 there exists δǫ > 0 such that

(1 + ǫ) < t∗(uλ − w) for all ‖w‖ < δǫ

and from Lemma 4.8 we have, for δ > 0 small enough, a continuously differentiable map

t : B(0, δ) → R
+ such that t(w)(uλ − w) ∈ Nλ,M , t(0) = 1. Then we have

t1(uλ − w) = t(w) < 1 + ǫ < t∗(uλ − w)

for δ small enough. Since t∗(uλ − w) > 1 for all ‖w‖ < δ, we obtain

Jλ,M (uλ) ≤ Jλ,M(t1(uλ − w)(uλ − w)) ≤ Jλ,M(uλ − w), if ‖w‖ < δ

which implies that uλ is a local minimizer for Jλ,M .

Theorem 4.13 Let β < n
n−1 and let λ ∈ (0, λ0) where λ0 =

bn
(2n−1−q)lM0. Then Jλ,M achieve

its minimizers on N−
λ,M .

Proof. Let u ∈ N−
λ,M . Then

(2n− 1)a‖u‖2n + (n − 1)b‖u‖n − λqH(u)−
∫

Ω
(|x|−µ ∗ f(u)u)f(u).u−

∫

Ω
(|x|−µ ∗ F (u))f ′(u)u2 < 0.

Then (4.5) implies that

(2n − 1− q)a‖u‖2n + (n− 1− q)b‖u‖n + q

∫

Ω
(|x|−µ ∗ F (u))f(u).u

−
(∫

Ω
(|x|−µ ∗ f(u)u)f(u).u+

∫

Ω
(|x|−µ ∗ F (u))f ′(u)u2

)

< 0.

(4.16)

Using p+1 > 2n it is easy to deduce from (4.16) that ∃ c > 0, ‖u‖ ≥ c > 0 for any u ∈ N−
λ,M

from which it follows that N−
λ,M is a closed set. Also as in Lemma 4.3 we can prove that

N−
λ,M ⊂ Γ and then infu∈N−

λ,M
B(u) ≥ c̃ > 0. Therefore, for λ < λ0 small enough,

inf
u∈N−

λ,M\{0}
B(u) + nb‖u‖n − (2n − 1− q)λH(u)− (2n − 1)

∫

Ω
|x|−µ ∗ F (u)f(u)u > 0. (4.17)

Now taking θ− = minu∈N−
λ,M

Jλ,M(u) > −∞. From Ekeland variational principle, there exist

{vk}k∈N a non-negative minimizing sequence such that

Jλ,M(vk) ≤ inf
u∈N−

λ,M

Jλ,M(u) +
1

k
and Jλ,M (u) ≥ Jλ,M(vk)−

1

k
‖vk − u‖ ∀ u ∈ N−

λ,M .
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From Jλ,M (vk) → θ− as k → ∞ and vk ∈ Nλ,M , it is easy to prove that ‖vk‖ ≤ C (as in

Lemma 3.2). Indeed,
∣

∣

∣

∣

a‖vk‖2n + b‖vk‖n − λH(vk)−
∫

Ω
(|x|−µ ∗ F (vk))f(vk)vk dx

∣

∣

∣

∣

= o(‖vk‖)

and

C + o(‖vk‖) ≥ Jλ,M(vk)−
1

2n
〈J ′

λ,M(vk), vk〉 ≥
b

2n
‖vk‖2n −C(λ)‖vk‖q+1

imply ‖vk‖ ≤ C. Thus we get ‖S(vk)‖∗ ≤ C1 and from (4.17) we have ‖ξ−k (0)‖∗ ≤ C2. Now

the rest of the proof can be done as in the proof of Theorem 4.11 with the help of Lemma 4.9.

Proof of Theorem 2.4 for β ∈
(

1, n
n−1

)

: The proof follows from Lemma 4.11 and Theo-

rem 4.12.

Now we establish the following compactness result in the critical case.

Lemma 4.14 There exists C = C(p, q, n) > 0 such that for any {uk} ⊂W 1,n
0 (Ω) satisfying

J ′

λ,M(uk) → 0 and Jλ,M (uk) → c ≤ m0

2n

(

2n − µ

2n
αn

)n−1

− Cλ
2(p+2)
2p+3−q as k → ∞

is relatively compact in W 1,n
0 (Ω).

Proof. As in Lemma 3.2 we can prove that {uk} is bounded in W 1,n
0 (Ω) and up to a

subsequence uk → u in Lα(Ω) for all α ≥ 1, uk(x) → u a.e in Ω and ∇uk → ∇u a.e. in Ω and

weakly in Ln(Ω). Also still up to a subsequence, there exist radon measures ν1 and ν2 such

that |∇uk|n → ν1 and (|x|−µ ∗ F (uk))f(uk)uk → ν2 weakly as k → ∞.

Let B = {x ∈ Ω : ∃ r = rx > 0, ν1(Br ∩ Ω) <
(

2n−µ
2n αn

)n−1
} and let A = Ω\B. Then by

Lemma 3.4 we can infer that A is a finite set, say {x1, x2, . . . , xt}. Since J ′

λ,M(uk) → 0 and

since {uk} is bounded in W 1,n
0 (Ω), we have that ∀ φ ∈ C∞

c (Ω),

0 = lim
k→∞

〈J ′

λ,M (uk), φ〉 = lim
k→∞

[

m(‖uk‖n)
∫

Ω
|∇uk|n−2∇uk.∇φ dx− λ

∫

Ω
h(x)|uk|q−1ukφ dx

−
∫

Ω
(|x|−µ ∗ F (uk))f(uk)φ dx

]

,

(4.18)

0 = lim
k→∞

〈J ′

λ,M (uk), ukφ〉 = lim
k→∞

[

m(‖uk‖n)
∫

Ω
(|∇uk|n−2∇uk.∇φuk dx+ |∇uk|nφ)

− λ

∫

Ω
h(x)|uk|q+1φ dx−

∫

Ω
(|x|−µ ∗ F (uk))f(uk)ukφ dx

]

,

(4.19)

0 = lim
k→∞

〈J ′

λ,M (uk), uφ〉 = lim
k→∞

[

m(‖uk‖n)
∫

Ω
(|∇uk|n−2∇uk.∇φu+ |∇uk|n−2∇uk.∇uφ) dx

−
∫

Ω
(|x|−µ ∗ F (uk))f(uk)uφ dx

]

− λ

∫

Ω
h(x)|u|qφ dx.

(4.20)
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Substituting (4.20) in (4.19) and taking into account (4.18), we get ∀ φ ∈ C∞
c (Ω)

lim
k→∞

∫

Ω
(|x|−µ ∗ F (uk))f(uk)ukφ = lim

k→∞
m(‖uk‖n)

∫

Ω
|∇uk|nφ− |∇uk|n−2∇uk.∇uφ dx

+

∫

Ω
(|x|−µ ∗ F (u))f(u)uφ dx+ ok(1).

(4.21)

Now we take the cut-off function ψδ ∈ C∞
c (Ω) such that ψδ = 1 in Bδ(xj) ∀ j = {1, . . . , t}

and ψδ(x) = 0 in Bc
2δ(xj) with |ψδ | ≤ 1. Then by taking φ = ψδ in (4.21) and since as δ → 0

0 ≤
∣

∣

∣

∣

∫

Ω
(|∇uk|n−2∇uk.∇u)ψδ dx

∣

∣

∣

∣

≤
∫

Ω
|∇uk|n−1|∇u||ψδ | dx

≤
∫

∪jB2δ(xj )

|∇uk|n−1|∇u| dx ≤
(∫

Ω
|∇uk|n dx

)n/(n−1)
(

∫

∪jB2δ(xj)
|∇u|n dx

)1/n

→ 0,

we deduce after letting δ → 0 that

ν2(A) ≥ m0ν1(A) ≥ m0

(

2n − µ

2n
αn

)n−1

. (4.22)

On the other hand, by using the same argument as in Lemma 3.4 (in particular see (3.13))

we can prove that for any compact set K ⊂ Ωδ = Ω\ ∪t
i=1 B2δ(xi)

lim
k→∞

∫

K
(|x|−µ ∗ F (uk))f(uk)uk dx =

∫

K
(|x|−µ ∗ F (u))f(u)u dx.

Thus, we obtain

nc = lim
k→∞

n Jλ,M(uk)−
1

2
〈J ′

λ,M (uk), uk〉 = lim
k→∞

(

M(‖uk‖n)−
1

2
m(‖uk‖n)‖uk‖n

)

+ lim
k→∞

1

2

∫

Ω
(|x|−µ ∗ F (uk))(f(uk)uk − nF (uk)) dx+ λ

(

1

2
− n

q + 1

)∫

Ω
h(x)|uk|q+1 dx.

Since
∫

Ω
(|x|−µ ∗ F (uk))F (uk) dx→

∫

Ω
(|x|−µ ∗ F (u))F (u) dx,

1

2

∫

Ω
(|x|−µ ∗ F (uk))f(uk)uk dx→ 1

2

∫

Ω
(|x|−µ ∗ F (u))f(u)u dx+

ν2(A)

2
,

together with (4.22) it follows that

nc ≥ m0

2

(

2n− µ

2n
αn

)n−1

+ λ

(

1

2
− n

q + 1

)
∫

Ω
h(x)uq+1 dx− n

2

∫

Ω
(|x|−µ ∗ F (u))F (u) dx

+
1

2

∫

Ω
(|x|−µ ∗ F (u))f(u)u dx.
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Consequently,

c ≥ m0

2n

(

2n− µ

2n
αn

)n−1

+ λ

(

1

2n
− 1

(q + 1)

)∫

Ω
huq+1 dx

+

(

1

2n
− 1

2(p + 1)

)
∫

Ω
(|x|−µ ∗ F (u))f(u)u dx

≥ m0

2n

(

2n− µ

2n
αn

)n−1

− ‖h‖Lr′ (Ω)λ

(

2n − 1− q

2n(q + 1)

)(
∫

Ω
up+2 dx

)
q+1
p+2

+ c1
2p+ 2− 2n

2n(2p + 2)(p + 2)

(
∫

Ω
up+2 dx

)2

≥ m0

2n

(

2n− µ

2n
αn

)n−1

− inf
t∈R+

ρ(t)

with r′ =
(

1− q+1
p+2

)−1
, c1 = c1(Ω) > 0 and ρ(t) = ‖h‖Lr′ (Ω)λ

(

2n−1−q
2n(q+1)

)

t
q+1

2(p+2)− (2p+2−2n)c1
2n(2p+2)(p+2) t.

Thus c ≥ m0
2n

(

2n−µ
2n αn

)n−1
− C̃λ

2(p+2)
2p+3−q which completes the proof.

Now we prove Theorem 2.5 which concerns the critical case β = n
n−1 .

Proof of Theorem 2.5 Let uk be a nonnegative minimizing sequence for Jλ,M on Nλ,M\{0}
satisfying (4.7) then uk is bounded in W 1,n

0 (Ω). Using Proposition 4.10 we get uk is a Palais

Smale sequence at level θ < m0
2n

(

2n−µ
2n αn

)n−1
− C̃λ

2(p+2)
2p+3−q . Taking λ small enough, using

Lemma 4.6 and Lemma 4.14, {uk} admits a strongly convergent subsequence. Let u ∈
W 1,n

0 (Ω) be the limit of this subsequence. Then arguing as in the proof of Theorems 4.12 and

4.13, we prove that u is a non-trivial weak solution and Jλ,M(u) = θ. By elliptic regularity and

strong maximum principle, we infer that u > 0 in Ω. This completes the proof of Theorem 2.5.
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