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N-KIRCHHOFF CHOQUARD EQUATIONS WITH
EXPONENTIAL NONLINEARITY

R. Arora, J. Giacomoni? T. Mukherjee’ and K. Sreenadh?

Abstract

This article deals with the study of the following Kirchhoff equation with exponential
nonlinearity of Choquard type (see (KC') below). We use the variational method in the
light of Moser-Trudinger inequality to show the existence of weak solutions to (KC).
Moreover, analyzing the fibering maps and minimizing the energy functional over suitable
subsets of the Nehari manifold, we prove existence and multiplicity of weak solutions to
convex-concave problem (P ) below.

Key words: Doubly non local equation, Kirchhoff equation, Choquard nonlinearity with
critical growth, Moser-Trudinger inequality, Nehari Manifold.
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1 Introduction

This article is concerned with the study of the following Kirchhoff equation with exponential

nonlinearity of Choquard type

— m(/ [Vul™ dz)Ayu = (/ Mdy) flz,u), u>0 in Q,
(KC) Q |z —yl
u=20 on 0},

where Ayu = V.(|[Vu|"2Vu), p € (0,n), Q is a smooth bounded domain in R", n > 2,
m:RY — RT and f : Q x R — R are continuous functions satisfying suitable assumptions
specified in details below. The function F' denotes the primitive of f with respect to the

second variable (vanishing at 0). We also study the existence and multiplicity of solutions to
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the following Kirchhoff equation with a convex-concave type nonlinearity:

- </ [Vl dx) Apu = (2|7 % F(u)) f(u) + M(@)[ul " u in @,
Q
(Px.) u=20 on 0},

u>0 in

where € (0,n), Q is a smooth bounded domain in R”, f(u) = ululPexp(|u|?), 0 < ¢ <
n—1<2n—-1<p+1=pF+(Mn-1),p8¢ <1 L) and F(t) = fotf(s) ds. We assume

' n—1

m(t) = at + b where a,b > 0 and h € L"(Q2), with r = pf;il, satisfying h™ # 0.

The main feature of these kind of problems is its doubly-nonlocal structure due to the presence
of non-local Kirchhoff and Choquard terms which make the equation (KC) and (P ar) no
longer a pointwise identity. The doubly non-local nature induces some further mathematical

difficulties in the use of classical methods of nonlinear analysis.

The study of elliptic equations with nonlinearity having critical exponential growth is related

to the following Trudinger-Moser inequality proved in [30]:

Theorem 1.1 Forn > 2, u € Wy (Q)

sup /exp(a!u\ﬁ) dx < 0o
ull<1 /6

1
n—1
n—1

if and only if a < ay,, where a,, = nw
S

and wyp—1 = (n — 1)— dimensional surface area of

The embedding WOI"(Q) > u +— exp(|u|®) € LY(Q) is compact for all 3 € [1, %) and is
continuous for f = 5. Consequently the map 7 : Woln(Q) — L9(Q), for g € [1,00), defined

by T'(u) := exp <|u|ﬁ>, is continuous with respect to the norm topology.
The study of Kirchhoff problems was initiated in 1883, when Kirchhoff [20] studied the fol-

lowing equation
2 2
0°u
dr | =— =0
:E) Ox?

where p, Py, h, IV, L represent physical quantities. This model extends the classical D’ Alembert

ou

8211, P() E L ou
ox

Pa ~\ 7 "ot

wave equation by considering the effects of the changes in the length of the strings during
the vibrations. More general versions of these problems are termed as the Kirchhoff equa-
tions and has been extensively studied by researchers till date. Such equations also appear
in biological systems where the function u describes a phenomenon which depends on the
average of itself (such as a population density). We refer [3, 4] and references therein. We
cite [10, 14, 15, 21, 23, 35] as references where the Kirchhoff equations have been treated by
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variational methods with no attempt to provide the complete list.

On a similar note, researchers have recently payed a lot of attention on nonlocal problems
involving the nonlinearity of convolution type. They are termed as Hartree type or the

Choquard type nonlinearities. Consider the problem
(C): —Au+V(x)u=(lz| "% F(z,u))f(z,u) in R"

where p € (0,n), F is the primitive of f with respect to second variable, V', f are continuous
functions satisfying certain assumptions. The starting point of studying such problems was
the work of S. Pekar (see [31]) in 1954 where he used such equation to describe the quantum
theory of a polaron at rest. Later, P. Choquard (see [24]) in 1976 used it to model an electron
trapped in its own hole while a certain approximation to Hartree-Fock theory of component
plasma is performed. The problem (C') also appears when we look for standing waves of
the nonlinear nonlocal Schrodinger equation which is known to influence the propagation of
electromagnetic waves in plasma [8]. Moreover, such problems play a key role in the Bose-
Einstein condensation ([11]). For interested readers, we refer the survey paper on Choquard
equations by Moroz and Schaftingen [29]. In 2015, Li [27] studied the following Choquard

equation involving Kirchhoff operator
- (a + b/ |Vu)? d:z:> Au+ (1 + pg())u= (2| [ufP) Ju[P~?u in R?
R3

where a > 0, b > 0 are constants, « € (0,3),p € (2,6 — a),u > 0 is a parameter and g is a
nonnegative continuous potential satisfying some conditions. By using the Nehari manifold
and the concentration compactness principle, he establishes the existence of ground state
solutions when p is large enough and studies the concentration behavior of these solutions
as 1 — +o0o. Recently, Li, Gao and Zu [22] studied the existence and the concentration of
sign-changing solutions to a class of Kirchhoff-type systems with Hartree-type nonlinearity
in R? using minimization argument on the sign-changing Nehari manifold and a quantitative
deformation lemma. Pucci et al. [32] also studied existence of nonnegative solutions of a

Schrodinger-Choquard-Kirchhoff type fractional p-equation via variational methods.

An important question now arises is the case of critical dimension n = 2. But there is not
much literature concerning problem (C') when n = 2 except the articles by Alves et al. [5, 7].
In [5], authors studied a singularly perturbed nonlocal Schrodinger equation using variational
methods. We point out that there is no work on Kirchhoff equations involving Choquard
equations when n = 2 till date. So our work is new in this regard where we have considered
the problem with a more general quasilinear elliptic operator, the n-laplace operator, in the
dimension n > 2. As pointed out in the beginning, the critical growth of the nonlinearity in

this case is of exponential type, motivated by the Trudinger-Moser inequality. The problem
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of the type (KC) for n = 2 without the convolution term, that is
—m(/ \Vul))Au dz = f(z,u) in Q, u=0on dQ,
Q

was studied by Figueiredo and Severo [16]. This result was later extended for the n-Laplace
operator by Goyal et al. in [17]. It is then a natural question to investigate the existence

results for a Kirchhoff equation involving a Choquard nonlinearity with exponential growth.

Precisely, in the first part of the present work, we prove Adimurthi [1] type existence results
for the n-Kirchhoff Choquard problem (KC') with nonlinearity f(z, ) that has an exponen-
tial critical growth and a superlinear behavior at 0. The nonlinear nature of the second order
operator —A,, requires to show the pointwise convergence of gradients for the Palais-Smale
sequences. For that, we analyze the occurrence of concentration phenomena for any Palais
Smale sequence associated to (K C'). This concentration compactness analysis is further used
to establish the Palais Smale condition for Palais Smale sequences whose energy levels are
strictly below some determined critical level. Due to the doubly nonlocal feature of the prob-
lem, the task appeals new non trivial estimates with the help of the Riesz potential semi-group
property and the Lions’ compactness lemma (see Lemma 3.8). Since the energy functional
posseses the Moutain pass geometry, we then prove the existence of a Palais Smale sequence
with subcritical energy level and consequently the existence of at least one solution to (K C).
For that we need crucially that the nonlinearity satisfies a growth condition given by (2.4)

(see Lemma 3.3).

Next question that arises is the multiplicity of such Kirchhoff-Choquard equations with ex-
ponential nonlinearities. So in the second part of the present work, we study the existence
and multiplicity results for problems with an extra n-sublinear sign changing term by using
the Nehari manifold techniques. Precisely, we study (P as) to obtain in the subcritical case
(B < 7%5) the multiplicity of the solutions with respect to the parameter A by extracting the
Palais Smale sequences in the natural decomposition of the Nehari Manifold. This requires
very accurate estimates on the energy functional restricted to the non-degenerate components
of the Nehari manifold. In the critical case (8 = -7 ), we use again the concentration com-
pactness together with an accurate analysis of the energy levels on the Nehari manifold to
determine potential concentration phenomena for associated Palais Smale sequences. Based
on this analysis, we show for A small enough the existence of a relatively compact Palais

Smale sequence that yields at least one solution to (P ).

During last few decades, several authors such as in [6, 9, 12, 13, 36, 37, 38] used the Nehari
manifold and associated fiber maps approach to study the multiplicity results with polynomial
type nonlinearity and sign changing weight functions whereas the n-Laplace problems with

exponential type nonlinearity has been addressed in [17, 18, 19]. In case of Kirchhoff equations
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with a Choquard nonlinearity, we highlight that no result is avalaible in the current literature.

In this regard, the results proved in the present paper are completely new.

2 Main results

First, we consider the problem (KC'). The function m : RT — R™T is a continuous function

satisfying the following conditions:
t
(m1) There exists mg > 0 such that m(t) > mg for all t > 0 and M(t) = / m(s)ds satisfies
0
M(t+s)> M(t)+ M(s), for all t,s > 0.

(m2) There exist constants by, by > 0 and £ > 0 such that for some r € R
m(t) < by + bot”, for all t > 1.

(m3) The function @ is non-increasing for ¢ > 0.

Example 1 An example of a function satisfying (m1), (m2) and (m3) is m(t) = mg + bt?
where mg >0, B <1 and b > 0. Also m(t) = mo+log(1+1t) with mg > 0 verifies (m1)-(m3).

Using (m3), one can easily deduce that the function

1 1
(m3)’ EM(t) — gm(t)t is non-negative and non-decreasing for t > 0 and 6 > 2n.

The function f: Q x R — R is given by f(z,t) = h(x,t) exp(|t|%). In the frame of problem
(KC), h € C(Q x R) satisfies the following conditions:

(h1) h(x,t) =0 for t <0 and h(x,t) > 0 for t > 0.

(h2) Forany e > 0, lim sup,cq h(z,1?) exp(—e|t|nﬁ1) = 0and lim inf, cq h(x,t) exp(e|t|nil) =
t—00 t—o0
00.

(h3) There exists £ > n—1 such that t — % is increasing on R™\ {0}, uniformly in z € Q.

(h4) There exist T, Ty > 0 and o > 0 such that 0 < " F(x,t) < Ty f(x,t) for all |t| > T and
uniformly in z € €.

The condition (h3) implies that % is increasing for each ¢ > 0 and lim
t t—o+ tnl

formly in z € Q.

Example 2 An ezample of functions satisfying (h1)—(h4) is f(z,t) = tPo+ (=1 exp(tP) exp(]t]#)
fort >0 and f(x,t) =0 fort <0 where 0 < p < 5 and Sy > 0.
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We equip WOI"(Q) with the natural Banach norm ||ul| := ([, [Vu|" dz) n, Then,

Definition 2.1 We call a function u € WOI"(Q) to be a solution of (KC) if

m(Hu|]”)/Q\Vu]"_2Vu.V<p dx = /Q </Q Fly,u) dy) flx,u)p dx, for all p € Woln(Q)

|z — yl~

The energy functional E : VVO1 "(Q) — R associated to (KC) is given by

B = w5 [ ([ 28D dy) Plow ds

Under the assumptions on f, we get that for any ¢ > 0, p > 1 and 0 < Gy < £, there exists
C(e,n, p) > 0 such that for each = € )

|F(x,t)] < €|t]ort + C(e,n, p)|tP exp((1 + e)|t|%), for all t € R. (2.1)

For any u € Wol’"(Q), by virtue of Sobolev embedding we get that u € L(Q) for all ¢ € [1,c0).
This also implies that
F(z,u) € LY(Q) for any ¢ > 1. (2.2)

Now we recall the well known Hardy-Littlewood-Sobolev inequality.

Proposition 2.2 (Hardy-Littlewood-Sobolev inequality) [25, Theorem 4.3, p.106] Let
t,r>1and 0 <p <nwith 1/t +pu/n+1/r =2, f € LY(R"™) and h € L"(R™). There exists
a sharp constant C’(t,n,,u,r), independent of f,h such that

/ T@hty) 4, dy < C(t,n, )| fll e ey |12 £ ey - (2.3)
n JRn |x—y|
Ift=r= 23”#
_1+H
r(s-4) fr)
C(t =C =ni 2 2 2 :
(,n,,u,r) (n,,u) Wzr(n_%) {I‘(n)

In this case there is equality in (2.3) if and only if f = (constant)h and
7(272%;0

h(z) = A(Y* + |z — af)

for some A€ C,0#~v€R and a € R".

2n
2n—p

Also E € C 1(VVO1 (), R). Naturally, the critical points of E corresponds to weak solutions
of (KC) and for any u € WOI"(Q) we have

(B (w).) = m(lul") [ 1Vul"*u5p do— [ ( |y dy) f (o) da

olz—yl#

Taking t = r = in Proposition 2.2 and using (2.2), we get that E is well defined.

for all ¢ € VVO1 (). The following theorem is the main result concerning (KC) proved in

this article.
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Theorem 2.3 Assume (ml1)-(m3) and (h1)-(h4) holds. Assume in addition

lim sf(xz,s)F(x,s)

= 00, uniformly in x € Q. (2.4)
§—+00 exp (2‘S‘m)

Then the problem (KC') admits a weak solution.

Example 3 [ defined by f(x,t) = g(x)t? exp(tn%l) fort >0, z € Q with 0 # g € L*(Q)
non-negative and p > n — 1 satisfy (h1)-(h4) and (2.4).

We also study the existence of positive solutions to the perturbed quasilinear Kirchhoff equa-
tion (Pyar) defined above. Using the Nehari manifold technique, we show existence and
multiplicity of solutions with respect to the parameter A. Precisely, we show the following

main results in the subcritical and critical case:

Theorem 2.4 Let 8 € (1, %) Then there exists Ao such that (Pxar) admits at least two
solutions for A € (0, o).

In the critical case, we show the following existence result.

Theorem 2.5 Let f = 5, then there exists A\1 > 0 such that for A € (0, A1), (Pn) admits

a solution.

Motivated by the famous Ambrosetti-Brezis-Cerami result (see [2]), a natural question is
the (local) multiplicity of weak solutions to (P as) in the critical case. Accurate estimates
of the energy levels on the non degenerate and closed component N A Are required to get
the compactness of Palais Smale sequences. Due to the double non local nature of problem

(Px,ar), we believe that this task appeals new kind of testing functions.

3 Existence of a positive weak solution to (KC)

In this section, we study problem (KC') and for that we use the mountain pass Theorem and
analyze accurately the compactness of Palais Smale sequences for E. First we show that the

energy functional F possesses the mountain pass geometry.

Lemma 3.1 Assume the assumptions (m1), (m2) and (h1)-(h4). Then, E has the mountain

pass geometry around 0.



n-Kirchhoff Choquard equation 8

Proof. Let u € WOI"(Q) such that ||u|| small enough. Let 0 < 8y < £. Then from Proposition
2, (h3) and (2.1), for any € > 0 and p > 1 we know that there exists a C'(¢) > 0 such that

F(y,u) > 2
d z,u) de < C(n,p)||F(x,u n
/Q</Q oy ) O, o
2n—p

2n 2n(Bp+1) 2pn 2 1 n n
é O(n’ /J)22n7u |u| 2n0u + C’( ) |u| 2np7u exp M|u| n—1
m —
Q Q n H
2n—p

1 n
2n(8g+1) 2pm An(1 + €)|lu — u P 2
6/ u| 2o 4 Cole)|Juf|2r /exp (1 + e)lfull (! \)
Q Q 2n —p [l

(3.1)

where we used Sobolev and Holder inequality. So if we choose ¢ > 0 small enough and u such
An(1 + €)|jul|»—T
2n —p

F( ) ) < BO 2pn )
d z,u) dv < Cs | €l|u i —i—Ce |
/Q</ny—ywy Fau) da < Cs (el (©llul
< O (ellul 20 + C@ul)

that

< @, then using Theorem 1.1 in (3.1) we get

2n—p

an(2n—p) ) =

Hence from (m1) and above estimate, we deduce that for ||u| = p where p < <m

u n
B() = mol I 0 (20040 1 ce)u))

Taking Sy > 0 such that 2(8y + 1) > n and 2p > n, we can choose p small enough so that
E(u) > o for some o > 0 (depending on p) when ||u|| = p. Furthermore, under the assumption
(m2), for some aj, ag > 0 and ¢ty > 0 we have m(t) < aj + ast” and

tT-i—l

as
t4+ —— —1
ag + a +T+1,7’7§

agp+ ait +asInt, r=—1

M(t) <

when t > and where

t?“-‘rl
M(t())—alto—ag 7’75—1
apg =

M(t()) — alto — as lnto, r=—1.

Let ug € I/VO1 "(Q) such that ug > 0 and ||ug|| = 1. Then (h3) implies that there exists
Ky > max{%, "er } such that F(z,s) > C1s5%t — Cy for all (x,s) € 2 x [0,00) and for some
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positive constants C7 and C5. Using this, we obtain

/Q</Q F(y’tuo)d> z, tug) da:>// (Ci(tug) ™ (y) — C2)(Ci(tuo) ™ () — Ca) dedy

|l — y|# M—yW

—C’ztzKl// dxdy
@—yw

— 20,0yt / / dxdy + C22/ / |z —y| ™" dxdy.
olr— y!“ oJo
Therefore from above we obtain

E(tug) < M{tuol™) —/Q </Q Mdy) F(z,tuy) dx

n |z — yl~

< O3+ Oyt + Cet™r ) — 02K 4 Ot

where C!s are positive constants for ¢ = 4,5,6. This implies that E(tug) — —oo as t — .
Thus there exists a vy € WOI"(Q) with [|vg]| > o such that E(vg) < 0. |

Lemma 3.2 FEvery Palais Smale sequence is bounded in WOI"(Q)
Proof. Let {ui} C Woln(Q) denotes a (PS). sequence of E that is
E(ug) — cand E'(ug) — 0 as k — oo

for some ¢ € R. This implies

w—l/ﬂ</ﬂwdy>}7(%uk) dx — cas k — oo,

" ’ o =yl (3.2)
o) [ 19w 9uvo— [ ([ L)) (om0 o] < ol
where ¢, — 0 as k — oo. In particular, taking ¢ = u, we get
llaal®) [ 19l = [ ([ 2280 e ao| <adul. @3

From the assumption (h3), there exists & > n such that aF(z,t) < tf(z,t) for any ¢ > 0 and
x € ) which yields

o /Q < /Q %@) Flug) do < /Q < /Q %@) Flu)ug da. (3.4)

Using (3.2), (3.3) along with above inequality and (m3)’, we get

1 _ M(Jlukl™)  m(lls ]| [Juel
B 2a (B (), ) = n 2c
1 Y, ug) > 1/ (/ F(y,ug) > >
- = dy | F(x,u) do — — dy | f(x,up)ug dz
2<Q<gux—MM ) e =5 Jo o To —gle @) T 10 wlue

IukH" (™) [ [ 11 n n L1 n
> — — — > = - .

s> (o ) (e sl > (5~ 5o ) mollul

(3.5)
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Also from (3.2) and (3.3) it follows that

1

E(ug) — %<E/(Uk)auk> <C (1 + eﬂ?—i”) (3.6)

for some constant C' > 0. Therefore from (3.5) and (3.6) we get that

— ——|m <CO(1l4+e—— ).
<2n 2a> 0”uk” - < k 2

This implies that {ug} must be bounded in I/VO1 Q). |
Let T' = {y € C(]0, 1],W01’"(Q)) : v(0) =0, E(y(1)) < 0} and define the Mountain Pass
critical level as

I = inf max BE(y(t)). 3.7
inf max B(v(t) (3.7)

Then we have the following result:

Lemma 3.3 If (2.4) holds, then

n—1
o<z*<1M<<2" ”an> )
n 2n

Proof.  Since for u # 0, E(tu) — —oo as t — oo (as we proved in Lemma 3.1) and since
by definition I* < maxc(,1) E(tu) for u € W&"(Q)\{O} satisfying E'(u) < 0, it is enough to
show that there exists a w € WOI"(Q) such that ||w|| =1 and

1 2n —p nl
max FE(tw) < —M an, .
t€[0,00) n 2n

To prove this, we consider the sequence of Moser functions {wy} defined as

((l0g k)™, 0< Jo] < 7.

1 log ( &
wk(x) = 71 iml)
Wn1 | (logk)n
L0, [z[ = p

P
- < <
k—|x|—p7

9

so that supp(wy) C B,(0). It is easy to verify that |lwy|| = 1 for all k. So we claim that there
exists a k € N such that

1 2n — -l
max FE(twy) < —M an, .
t€[0,00) n 2n

Suppose this is not true then for all k € N there exists a tp > 0 such that

max E(twy,) = E(tywy) > %M <<2n - uan> "—1)

t€[0,00) 2n

(3.8)
d
and a(E(twk))h:tk = 0.
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From the proof of Lemma 3.2, E(twy) — —oo as t — oo uniformly in k. Then we infer that
{tr} must be a bounded sequence in R. From (3.8) and definition of F(txwy) we obtain

%M ((2”2; “an>n_1> < @ (3.9)

Since M is monotone increasing, from (3.9) we get that

om — M n—1
ty = ( an> : (3.10)

2n
From (3.10), we get

n—1
+—(logk) » — oo as k — oco. (3.11)
Wn—1

Furthermore from (3.8), we have

me) = [ ( / Mdy) Pty by d

|z — yl~

F(y,t
/ flx tkwk)tkwk/ LMU;) dy dz.
Bo/k p/k |33 o y|

(3.12)

In addition, as in equation (2.11) p. 1943 in [5], it is easy to get that

foh e
Bo/k p/k y!“_ " k

where C),,, is a positive constant depending on p and n. From (2.4), we know that for each
d > 0 there exists a s4 such that

sf(x,s)F(x,s) > dexp <2|s|%) , whenever s > sg.
Since (3.11) holds, we can choose a rq € N such that

—— (log k)% > 84, for all k > ry.

Using these estimates in (3.12) and from (3.10), for d large enough we get that

_n_
n—1

2t 2n—
m(t2)r > dexp | (log k) k—l Chun (%) "> dC,
Wy g

Taking d large enough and since ¢} is bounded, we arrive at a contradiction. This establishes

our claim and we conclude the proof of the result. [ |

Lemma 3.4 If {u} denotes a Palais Smale sequence then up to a subsequence, there exists
ue Wy ™(Q) such that

(Vg |" 2V, — |Vu|" " 2Vu weakly in (Lﬁ(Q))” (3.13)
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Proof.  From Lemma 3.2, we know that the sequence {u} must be bounded in VVO1 Q).
Consequently, up to a subsequence, there exists u € I/VO1 ™(Q) such that up — u weakly in
VVO1 "(Q) and strongly in L9(Q2) for any ¢ € [1,00) as k — oco. Also still up to a subsequence we
can assume uy(z) — u(z) pointwise a.e. for x € Q. Therefore the sequence {|Vuy|"2Vuy}
must be bounded in (L7 (£2))" whereas |[Vu|™ is bounded in L'(€2). So we use that there

exists a non-negative radon measure v such that up to a subsequence

|[Vug|® — vin (C(Q))* as k — oc.
Moreover there exists v € (Ln7_i1 (€©2))™ such that,
|Vug|" "2V, — v weakly in (Ln7_i1(Q))" as k — oo.
Claim : v = |Vu|[""2Vu.
To prove this, we set ¢ > 0 and X, = {z € Q: v(B.(x) N Q) > o, for all » > 0}. Then X,
must be a finite set. Because if not, then there exists a sequence of distinct points {zx} in

X, such that for all 7 > 0, v(B,(zx) N Q) > o for all k. This implies that v({x}}) > o for all
k, hence v(X,) = +oo. But this is a contradiction to
v(X,) = lim |Vug|™ de < C.
k—o0 X,

1
So let X, = {x1,xa,...,zy}. Next, we claim that if we take o > 0 such that o1 < —27;;”%“

the for any K compact subset of Q\ X, we have

kh_)ngo . </Q %dy) [z, up)uy doe = /K </Q ‘I;(E/’;idy> fz,u)u dx. (3.14)

To show this, let 29 € K and 79 > 0 be such that v(B,,(z0) N Q) < o that is 79 ¢ X,. Also
we consider a 1) € C*°(Q) satisfying 0 < ¢p(z) < 1lforzx € Q,¢p =11in B%) (29)NQand ) =0
in Q\ (B, (r0) N Q). Then

lim |Vug|™ < lim |Vug|" < v(Br(x0) NQ) < 0.
k=00 B%l(xo)ﬁﬁ k=00 ) B, (z0)N2

Therefore for large enough k € N and € > 0 small enough, it must be

/ V" < 01— e). (3.15)
BTTO(Z‘())OQ

Now we estimate the following using (3.15) and Theorem 1.1

[ ewrde= [ wite (g do
S g (@0

<Gy [ e ((+adul) do
=
-c e L |ug|"
< Cjs ~exp | (1+e€)gon-1(1—¢)nTt — dr < Cy
Brg (20)ni2 fB%Q (z0)N G2 V|
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1
for some constant Cj > 0 while choosing ¢ > 1 such that (1 + €)go»—T < a,. Consider

gl i) e = ([ ) s

dx

= /ga(xo)rm (/Q !];(— y\ldy> A
F(yauk)_F(yau)d ou | de
+/B%1(xo)ﬁ§ </Q |z — y[~ y) Flw k)

=1 + I (say).

From (2.2), we know that F'(u) € L"(f2) for any r € [1,00). Since p € (0,n), y — |z —y| " €
L™(Q) for all o € (1, %) uniformly in z € € (since Q is bounded). So using Holder’s inequality
we get that

/F( W gy e 1), (3.17)
Q

|z — y|~

From the asymptotic growth of f(x,t), it is easy to get that

lim 7f(x,t)t
t=oo (f(z,t))"

Using (3.17) we get

= 0 uniformly in z € Q, for all r > 1. (3.18)

L<cC _Nf (@ up)ug — f(2, u)ul dx
B%l(mo)ﬂfl

where C' > 0 is a constant. Because of (3.18) and (3.16), the family {f(x,ug)ux} is equi-
integrable over B%o (r9) N Q. Also continuity of f(z,t) gives that f(x,up)ur — f(z,u)u
pointwise a.e. in €2 as k — oo and thus using Vitali’'s convergence theorem, it follows that
I — 0 as k — 0o. Next we show Iy — 0 as k — oo.

First by using the semigroup property of the Riesz potential we get that for some constant
C > 0 independent of k

/Q</ Fy,ux) — F(y,u) dy> XB%Onﬁ(:v)f(x,uk)uk du

!w - y!“

= )

X (/Q (/Q XB%lﬂQ(y)%dy> XB%ng(x)f(a;,uk)uk dm)

2n—pu .
5, Qtn, We obtain

</Q </Q XB%QOﬁ(@/)%d@/) Xy ()] (@ k) dx)é <

||XBT0 me(ﬂj uk)ukH

=

From (3.16) and since gl <

LT (@)
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Now we claim that

F(
kl;n;o < | y’?rgl: — Z/|”( yu)l dy) |F(z,ug) — F(z,u)| dr = 0. (3.19)

From (3.2), (3.3) and (3.4) we get that there exists a constant C' > 0 such that

/Q </Q %dif) F(z,u) de < C,

/Q </Q %d?f) f (@, un)ug do < C.

We argue as along equation (2.20) in Lemma 2.4 in [5]. Now using (3.20), (h4) and the

(3.20)

semigroup property of the Riesz Potential we obtain,

yv k
- F = o(M), (3.21
/ /|u>M |z — y|“ Fla,u)dy do= oM / /uk|>M |z — y|# (@, up)dy dz = o(M), (3.21)

/ /|u F@ ) by )dy do = o(M), (3.22)

|>M |ZE -yl

and
/ / Y Iwzi’yf“ Fla,u)dy dz = o(M) as M = oc. (3.23)
Uk
So,
F y U , U
/< o !;—y!u( )’dy> (@, k) — F(z,u)| do <

2 [ ([ 2P0 ) )
+4/Q (/Q F(y,uk)T;uz_J\ﬁf)F(:Ew)dy) dx+4/ﬂ (/Q XukzM(yﬁnyﬁk)F(%u)d@ e

+2/ (/ Xu>1‘\i(g);£y,u)dy> F(z,u) da

F(y,u F(y
/ </ |F'(y, ug Xuk|<xM_ y|u( )Xu<M’dy> |F (2, uk)Xup < — F(@,u)xu<m]| dz.

Then from Lebesgue dominated convergence theorem the above integrand tends to 0 as k —
oo. Hence using (3.21), (3.22) and (3.23), it is easy to conclude (3.19) and I — 0 as k — oc.
This implies that

dr = 0.

lim
k—o0 Bm ((Eo)ﬂﬁ
2

( Mdy) [z, up)ug — < A |1;(i/’;|) dy) [z, u)u

olr—yl" "

Now to conclude (3.14), we repeat this procedure over a finite covering of balls using the fact
that K is compact. Lastly, the proof of (3.13) can be achieved by classical arguments as in
the proof of Lemma 4 in [28]. |
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Lemma 3.5 Let {u;} C Woln(Q) be a Palais Smale sequence for E at level [* then there
exists a ug € Woln(Q) such that as k — oo (up to a subsequence)

/Q (/Q F(y’uk)dy> [, up)g dor — /Q (/Q F(y’uo)dy> f(x,u0)¢ dx, for all p € CZ(Q).

|z — y|~ |z — y|~

Proof.  If {uy} is a Palais Smale sequence at [* for F then it must satisfy (3.2) and (3.3).

We remark that E(u®) < E(u) for each u € Wol’"(Q), then we can assume uy > 0 for each

k € N. From Lemma 3.2 we know that {uy} must be bounded in WOI"(Q) so there exists a

Co > 0 such that [Jug|| < Cp. Also there exists a ug € WO1 () such that up to a subsequence

up — ug in Wol’"(Q), strongly in L?(f2) for all ¢ € [1,00) and pointwise a.e. in 2 as k — oo.

Let ' cC Qand ¢ € C°(Q) such that 0 < ¢ <1 and p =1 in Q'. With easy computations,
Vo Vug

we get that
n
ol|l+ug (1 + ug)

< 2" (lll™ + flull™)-

n

dx

B

This implies that 12— € VVO1 "(Q). So using TTo. as a test function (3.2), we get the following

estimate

F(y,u) >f(w=wf) ( F(y,u) )f(%wM
/Qf</mx—ywdy T+ up d’“‘/g /Q\:c—ywdy T+, @
P n n— @
| [ttt vy ()

- i Vo Vuy,
<e2n " Vug[" 7V B d
< 2% (el + ful) + ™) [ (929w (o ot ) da

< €

n—1 n n—
< e ([lell + llukll) + m(|lukll )/Q!VUM LIVl + [Vugl) da

k™) el e + ek |)-
But using [Jug| < Cp for all k and (m2), we infer that there must exists a C1 > 0 such that

n—1
< ex2  ([lell + flull) +m(

d dx < Ch. 3.24
fo g s ae < 24
Also for the same reason, (3.3) gives that
F(y,’LLk)
< 2
L (] 22 ay) e o < ¢ (325)

for some Cy > 0. Gathering (3.24) and (3.25) we obtain

F(y,u) >
/g' </Q |z — yl~ dy ) f(@w) da
F(y,ug) > [z, ug) ( F(y,u) >
= 2/&2'ﬁ{uk<l} </Q "T - y‘# dy 14 uy de + /Q'ﬂ{uk>l} /Q ]a: — y‘“ dy ukf(x7uk) dz

P ) Ko o, [ ([ Frm,)
B /Q' </Q |z — yl~ Y 1+ uy v o \Jg [z —y~ y | ugf(z,u) de
<201 + Cy := Cs.
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Thus the sequence {wy} = {(fQ |my;j|’; >f(x,uk)} is bounded in Ll (£2) which implies

that up to a subsequence, wp — w in the weak™-topology as k — 0o, where w denotes a

Radon measure. So for any ¢ € C2°(€2) we get

mn/:/< y“k@Of@uk¢mp:/¢myv¢ecmm)

k—o0 |z — y|*

Since uy, satisfies (3.2), we get that
/ bdw = Tim m(HukH)/ V"2V Ve dz, VE C Q.
E k—oo E

Together with Lemma 3.4, this implies that w is absolutely continuous with respect to the
Lebesgue measure. Thus, Radon-Nikodym theorem asserts that there exists a function g €
L () such that for any ¢ € C2°(Q), [, ¢ dw = [, ¢g dx. Therefore for any ¢ € C°(Q) we
get

. F(y, ) F(y, uo)
g [ ([ 2080y e do= [ g ao= [ ([ TE0ay) foua)s ds

which completes the proof. [ |

In the next Lemma, we show that weak limit of any (PS). sequence is a weak solution of

(KO).

Lemma 3.6 Let {uy} C Woln(Q) be a Palais Smale sequence of E. Then there exists a
u € Woln(Q) such that, up to a subsequence, ur — u weakly in WOI"(Q) and

—2 2dy ) F(x,up, Fy, dy | F(x,u) in L' (Q) (3.26)
<AF@uw >F( )%<A;(yw )

|z — y|» |z —y|#

as k — 0o. Moreover, u forms a weak solution of (KC').

Proof.  Let {u;} C I/VO1 ™(Q) be a Palais Smale sequence of E at level c. From Lemma 3.2
we know that {uy} must be bounded in VVO1 (). Thus there exists a u € VVO1 " (Q) such that
up — u weakly in Wol’"(Q), up — u pointwise a.e. in R™ and wu; — wu strongly in L9(2),
q € [1,00) as k — oo. Also from (3.2), (3.3) and (3.4) we get that there exists a constant
C > 0 such that (3.20) holds. Now the proof of (3.26) follows similarly the proof of (3.19)
(see also equation (2.20) of Lemma 2.4 in [5]). Also, from this we get u forms a weak solution
of (KC') using Lemma 3.5 and Lemma 3.4. ]

Now we define the associated Nehari manifold as
N = {ue W™ (@) \ {0} : (E'(w),u) =0}
and ™ = inf,epn E(u).

Lemma 3.7 If (m3) holds then I* < **.
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Proof. Let u € N and h : (0,400) — R be defined as h(t) = E(tu). Then

w0 =il ule = = [ ([ 2250 se v a,

|z — yl~

Since u satisfies (E'(u),u) = 0, we get

) = gt () _ )

£ {|ul[™ [
F (yvui)lf((r)vu) fz (y&tiL)))f (tu)
4 g2 / / T @ g [ @ N ) da
a \Jo oyl Ty Ty )
Claim: For any x € Q,t — tf(z,t) —nF(x,t) is increasing on R™. (3.27)

indeed, from (h3), for 0 < t; < t3, we have

0 (1) = nF (1) < 0f ) — B ta) + L2 ) < 0 (o 12) P (o),

2

Using this we get that tf(z,t) — nF(x,t) > 0 for ¢ > 0 which implies that ¢t — Fatu)

i s
non-decreasing for ¢t > 0. Therefore for 0 < ¢t < 1 and = € 2, we get w < F(x,u) and

this implies

h/(t) > ||uH2nt2n—1 <m(Htan) o m(Han)>

[l [

e UQ </Q <F<y’“)‘F(i%tu)> E iyw) ) b

This gives that A/(t) > 0 for 0 <t <1 and h/(t) < 0 for t > 1. Hence E(u) = max;>o E(tu).
Now we define g : [0,1] — WOI"(Q) as g(t) = (tou)t where to > 1 is such that E(tyu) < 0. So
g € I', where I' is as defined in the definition of [*. Therefore we obtain

* < < = .
"< e E(g(t)) < max E(tu) = E(u)

Since u € N is arbitrary, we get [* < [**. This completes the proof. [ |

We recall the following Lemma from [26] which is known as the higher integrability Lemma.

Lemma 3.8 Let {v; € W(}"(Q) vl = 1} be a sequence in Woln(Q) converging weakly to
1
a non zero v € Woln(Q) Then for every p € (1, (1- H’UH)_H),

sup/ exp (pozn|vk|%> < +00.
k Q

Proof of Theorem 2.3: Let {u;} denotes a Palais Smale sequence at the level {*. Then

(ur)kemv can be obtained as a minimizing sequence associated to the variational problem (3.7).
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Then by Lemma 3.6 we know that there exists a ug € VVO1 "™(2) such that up to a subsequence
u, — ug weakly in WOI"(Q) as k — 0o. So if ug = 0 then using Lemma 3.6, we infer that

F
/(/ Mdy)F(x,uk)dx—)Oask—)oo.
o \Ja |z -yl

This gives that limj_o E(ug) = 2 limy_oo M(|lugl|™) = * which implies in the light of
Lemma 3.3 that for large enough k

Afwuuw><ﬂf<<22;‘%m)WJ>.

Therefore since M is non decreasing, we get

2n
2n —

lug |77 < -

Now, this implies that sup,, fQ f(z,up)? de < +oo for some g > and along with Propo-

o
sition 2.2, Theorem 1.1 and the Vitali’s convergence theorem,

/ </ Mdy) flx,up)ug de — 0as k — oo.

o \Ja |z —yl*

Hence limg_ o0 (B’ (ug), ug) = 0 gives limy o0 m(||ug||™)||ug|™ = 0. From (m1) we then obtain
limg o ||ug]|™ = 0. Thus using Lemma 3.6, it must be that limy_,o F(ux) = 0 = I* which
contradicts [* > 0. Thus uy # 0.
Claim (1): ug is a weak solution of (KC).
Before proving this, we show that ug > 0 in 2. From Lemma 3.2 we know that {uy} must be
bounded. Therefore there exists a constant 7 > 0 such that up to a subsequence |luy|| — 7 as
k — oo. Since E'(uy) — 0, again up to a subsequence |Vuy|" " 2Vuy, — [Vug|""2Vug weakly
n (L%(Q))" Furthermore, by Lemma 3.4 and by Lemma 3.5, we get as k — oo,

L (L ) s an > [ ([ £ ) s )

and
F
T")/ |Vug|"2Vuo Ve do = / </ Mdy> f(z,ug)p dx, for all ¢ € Woln(Q)
Q o \Ja |z —yl*
In particular, taking ¢ = u, in the above equation we get m(7")[|uy | = 0 which implies

together with assumption (m1l) that u, =0 a.e. in Q. Therefore ug > 0 a.e. in €.

From Theorem 1.1, we have f(-,ug) € L1(2) for 1 < g < oco. Also as in (3.17), we can similarly
get that [, % dy € L*>*(Q). Hence (fQ |my;|2 dy) f(z,up) € LI(Q) for 1 < g < oo. By
elliptic regularity results, we finally get that ug € L°°(2) and ug € C17(Q) for some v € (0, 1).
Therefore, ug > 0 in  follows from the strong maximum principle and ug Z 0.

Now we claim that

mmmmwzé(:ﬂﬂQQme%m. (3.28)

o |z —yl~
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Arguing by contradiction, suppose that

ool < [ ([ T ) fGo.uouo do

which implies that (E’(ug),up) < 0. For ¢ > 0, using (3.27) we have that

_ n s tug)tug(
(B b)) = m(e" ol ol = [ ([ PO ) ooy o

_ n , tug ) tug(
> mot™ ™ |uol|™ — —/ ( A y‘x AT y’“O v) dy> f (@, tug)ug de.

Since (h3) gives that
f(z,t)

m == 0 uniformly in z € Q, for all v € [0,n — 1],
t—

we can choose t > 0 sufficiently small so that (E'(tug),up) > 0. Thus there exists a ¢, € (0, 1)
such that (E'(tsug),up) = 0 that is t,up € N. So using Lemma 3.7, (m3)" and (3.27) we get

1
I* < I™ < E(tyug) = E(teug) — %(E’(t*uo),u@
M (|[tcug||™ 1 F(y, tyu 1 n "
- Mol 2 (] 222y ) P tauo) de = gl
Q \JQ n

n 2 |z —yl|#
+ % : (/Q %dy) f(z, teup)tiug de
< M Ly ol
N % ( / %@) (F (2 tatio)eatty — nF (z, totig)) dac
< 7“';‘0” St lol + 5 [ ([ 2y ) (oo~ n o)
< tying LD L) e
e </Q %@) (F( up)ur — nF (2, u)) da

— liminf <E(uk) - i<E/(uk),uk>> _r

k—o0 2n
This gives a contradiction, that is (3.28) holds true.
Claim (2): E(ug) =1".

From Lemma 3.6 we know that

/Q (/Q T;(y_ Zfﬁ dy> Pz, up) dv — / </Q mg:?g dy> F(x,ug) dx.

Using this and the weakly lower semicontinuity of norms in limg_,o, E(ug) = [*, we obtain
E(ug) <U*. If E(up) < I* then it must be

Jim M (|Jug]|™) > M(|Jug||™)
—00
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which implies that limy_, o [Jug|™ > ||uol|™, since M is continuous and increasing. From this

we get
7" > Jugl|™.
Moreover we get
ny __ * 1 F(y,’LL(])
Now we define the sequence vy = ”Z—’Z” and vg = % then vy — vo weakly in VVO1 Q) and

|lvo]] < 1. From Lemma 3.8 we have that

Qi

B — (3.30)
(1= flwol) ™

sup/ exp (p\vk\%> < 400, forl <p<
keN JQ

Also from (m3)’, Claim (1) and Lemma 3.7 we obtain

E(ug) = M{Juol™) _ mllwoll)lieol” | 1 /Q </Q L(y,?m)dy) (f (2, uo)uo—nF (2, up)) dz > 0.

n 2n 2n |z — y|»

Using this with (3.29) we get that

n—1
M(7) = nl* — nE(uo) + M(luo|I") < M ((2”2; “an) ) + M(lluoll™)

which implies together with (m1) that

n—1
n—1 [ 2n—p
on! (%5)

™ <
1 — [|vol|™

Thus it is possible to find a 7, > 0 such that for k£ € N large enough

2n—
o ()

P
(1 = [[wo][™) =1

g 7T < 7 <

Then we choose a ¢ > 1 but close to 1 such that

2n
2n—,uq

n_ 2
g ][ 71 < Qnﬁ < %.
H (1 — [lwo ™)==

Therefore from (3.30) we conclude that

2n n
exp qlug "1> <C 3.31
[ exo (52t (3.31)

for some constant C' > 0. Using (3.31)

/Q</Q %dy) Iz, up)ug da:—)/ﬂ(/ﬂ %@) F (@, uo)ug da.

We conclude that ||ug| — ||uo| and we get a contradiction and claim (2) is proved. Now,

from claims (1) and (2), the proof of Theorem 2.3 follows. ]
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4 The Nehari Manifold method for (P i)

The energy functional Jy s : VVO1 "(2) — R associated to the problem P, 5 is defined as

1 0 . 1 )
Tnaw) = oM (") = 5 [ bt do =5 [ (o7 « P)Pla) da

where |z|™# % F(u) denotes [, I‘;(ﬁ;y‘p dy, F, M are anti-derivatives of f, m (vanishing at 0)

respectively and f(s) = s|s|Pexp(|s|?).

Definition 4.1 A functionu € WOI"(Q) is said to be weak solution of Py if V ¢ € WOI"(Q)

we have
m(||u|™) /Q |Vu|"?Vu.V dx = )\/Qh(a:)uq_luqﬁ dx + /Q(\x]_“ « F(u))f(u)o dx.

We observe that Jy s is only bounded below on suitable subsets of VVO1 ™(Q). In order to
prove the existence of weak solutions to (Py as), we establish the existence of minimizers of

Jx,m under the natural constraint of the Nehari Manifold:
1n /
Nom o= {u € Wy ()] (T ar(u), u) = 0}

where (. ,.) denotes the duality between VVO1 "(Q) and WL(Q). Therefore, u € Ny 5/ if and
only if

l[ull™ m(flul™) = /\/ h(z)u?™ do — /(|x|‘“ s« F(u)) f(u)u dz = 0.
Q Q
Remark 4.2 We notice that Ny contains every solution of (Px ).

For u € W, (), we define the fiber map ®, 3 : RT — R as

M({[tu]")

Bunr(t) = T (t) = -2 [ @l de = 5 [ (P da.

!

@y () = " Jul"m(|[tul") ~ Aif"/ﬂh(w)IUI‘”1 dx — /Q(Ifﬂl_“ * F(tu)) f(tu)u de

and
©,, (1) = nt? 72l (] ™) + (0 — D)2 fulm (|| tu]|™) - )\qtq_l/ h(x)|ul9™ da
Q
—/(|x|_“*f(tu).u)f(tu)u d:z:—/(|x|_“*F(tu))f’(tu)u2 da.
Q Q

The Nehari Manifold is closely related to the the maps ®, as by the relation tu € Ny pr iff

@, p(t) = 0. In particular, u € Ny iff <I>;¢,M(1) = 0. So we study the geometry of the

energy functional on the following components of the Nehari Manifold:

Ny ={u € Naasr s @y 30(1) > 0} = {tu € Wy™(Q) : @, (1) = 0, D, 5 (t) > 0},
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Ny = {u € Naasr s @, 30(1) < 0} = {tu € Wy™(Q) : @, (1) = 0,®,, 5 (t) < 0},
N,(\],M ={u € Nxnm: ¢;M(1) =0} = {tu € Wy"(Q) : <I>;M(7f) =0, (I):M(t) = 0}.

We also define H (u f h|u|9"t dx and study the behaviour of fibering maps @, according
to the sign of H(u ) Let
HY = {ucW,™() : H(u) > 0},

Hy = {uec Wy"™ () : H(u) <0}.

4.1 Analysis of Fiber Maps

Here we analyze accurately the geometry of the energy functional on the Nehari manifold.
We split the study in different cases.

Case 1: u € Hy

Define v : RT — R such that

Yu(t) = "7 m(| [t ul* — t_q/(lﬂfl_“ * F(tu)) f(tu)u d.
Q

Since

/

&, 0r(t) = =l Pm([tul]”) — A /Q Bt da /Q (|~ % F(tw)) f (tu)u da
— 19 (1) — A /Q B()[ul T ),

tu € Ny iff ¢ > 0 is a solution of 1, (t) = A [, h(z)|ul1T.
Yu(t) = (n = 1= @t > m(|ltul|")fu ™ +nt>" =20 ([t ") ][>
+ tq% /Q(]a:\_” x F(tw)) f(tu).u doe — 79 [/Q(]a;\_” * f(tu).u) f(tu).u de (4.1)
+ / (|| =" % F(tw)) f (tu).u? d:z:].
Q

Due to the exponential growth of f, for large t we have ¢/ (t) < 0 and since u € Hy, there

exists ¢* > 0 such that 1, (t*) = X [o h(2)[u|?T!, i.e. t*u € Ny .
If there exists an another point ¢; such that t* < ¢; and ¥, (t1) = )\fQ \u]‘”’l <0, i.e.
—1— — _
a7 @ty el + o) fJul™ < th/ﬂ(lwl P F(tiw) f(tiw)u do (4.2)

and ¢, (t1) > 0. Then by using f'(t1u)tiu > (p+ 1) f(t1u) and p > 2n — 2 — ¢ we obtain from
(4.2),

Yu(t) < (20 —1—q) |77 (@t} |ful" + b)|Ju]" tfq_l/g(lﬂﬁl_“*F(tW))f(tW)u dr| <0.
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Therefore ¢}, (1) < 0 which yields a contradiction. Therefore there exists a unique ¢* such that

Yo (t*) = A [ h(@)u]?*! dz. Also for 0 < t < t*, &, 1, (t) = t9(1hu(t) =\ [, h(z)|u|?! dz) > 0.

Consequently, ®,, as is increasing in (0,¢*) and decreasmg on (t*,00). Therefore there exists

a unique critical point of ®, s which is also a global maximum point. Furthermore, since

(10 1/ (8) — 4@, 1, (1))
ta

U (t) =

, we get t*u € Ny .

Case2: ue HT

In this case, we establish that there exists Ao > 0 and a ¢, such that for A € (0, A\g), @, as has
exactly two critical points t1(u) and ta(u) such that ¢;(u) < t.(u) < to(u) where ¢;(u) is local
minimum point and ta(u) is local maximum point. To prove this case, we need the analysis

performed in the next subsection.

4.2 Preliminary Results for Case-2

For 0 # u € H*, we have that v, (t) = —oc as t — oo and for small ¢ > 0, ¥, (t) > 0. Then

there exists at least a point of maximum of 1, (t), say t., and ¢;(t*) =0, i.e.

(2n — 1 — @)t2" > aljul*™ + (n — 1 — q)t}>79blul" + t‘;l Q(|$|_” * F(teu)) f(tew)u do
:t;q[/ﬂ(wu k F(t))f (b2 d:n—l—/g(|x|_“*f(t*u)u)f(t*u).u d:p].
This implies that
(2n — 1 — galltsul®™ + (n — 1 — @bl t.ul™ + (J/Q(|<E|_“ * F(tou)) f(tau)tiu do

= /(]a:\_“ « F(tou))f (tow)(tu)? da + / (|x| ™" % f(teu)tou) f(tou)tou da.
Q )

Then we have

2¢/(2n — 1= g)aftu*b(n — 1 = g)|[teull" < B(tiu)

from which it follows

Ht*u||3n/2 < B(t*u)
2\/(2n —1—¢q)(n —1—q)ab
where B(u) = [o,(|z|7" * F(w))f (u)u® + [o(lz[™* * f(w)u)f(w)u dz. Using i, (t.) = 0, we
replace the value of a/|tu||? in the definition of 1/, (t) to obtain
1
w(ts) = B(t,u) — (2n —1 x| TH x F(t,u t.u)t,u dx + nbl|t.ul||™|.
lt) = o | Bltew — 0 = 1) [ (sl P f e It

(4.3)

Now we prove the following result and establish the proof in various steps.
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Lemma 4.3 Let

- 1,n . 3n/2 B(u)

b {UEWO (€)= S2\/(211—1—q)(n—1—q)ab}

where B(u) = [o(lz[7* % F(u NS (w)(u)? + Jo(lz[7# % f(u)u) f(u)u dx. Then there exists a

Ao >0 such that for every A € (0, ), T'p > 0 holds where

Iy := uEl"\i{I(l]{ﬂH+ [B(u) —(2n—-1) /Q(|:17|_” « F(u)) f(u).u de+nb|lul|” —A(2n —1— q)H(u)] .
(4.4)

Proof. Step 1: Claim: inf,cp joynp+ [Jull > 0.
Let us suppose that it doesn’t hold then there exists a sequence {u,} C T\{0}NH™ such that

3n/2 B(ug) _Li -
|lug|l — 0 and ||ug] < 2\/(2n_1_q)(n_1_q)ab,v k. Then by the Hardy-Littlewood-Sobolev

inequality, we have

Bluy) = /Q (e~ % Fup)) £ (up)usd di + /Q (™" f (o)) f (g g dix
< C(n, p) (”f(uk)uk”2L2n/(2n7u)(ﬂ) + HF(uk)HLG/@nw)(Q)Hf/(uk)(uk)zHLG/(znw)(n)) :

Since f(u) = ululPexp(ju|®) and f'(u) = ((p + 1) + Blul?)|ulPexp(|u|?), then we have

) ([ rwpss as) w

2n—p
2n

Bl < i) [ (ua el )55 ac)

X </Q(((p+ 1) + Blu]®) us [P 2exp(fug|P)) 2rn dm)

Then using F'(t) < tf(t) and by the Holder’s inequality, we obtain

—u 2n—p

2n
27La(+2) na’ 2 na
Bl < [ 55 ae) ([ el 22 a)
Q 2n —p

2n—p 2n—p
2na’ (p+2) 2nal 2na 2na
—I-C'2</ |ug| 2n—r > (/ exp<|uk|ﬁ > d:z:> X
Q 2n—p
2n—p

2n—p

2na’ (p+2) 2na’ 2na 2na

(/ |ug| 2n—r d:z:> (/ exp<|uk|ﬁ > dm)

Q Q 2n —p

( ) 2n—p 2 2n—p

2na’ (p+B+2 2na’ 2na
+ </ |ug] 200 dx) </ ea;p(]uklﬁ na > da:) .

Q Q 2n —p
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Let « be such that 2na/(2n — p))||luz||® < oy, and v

inequality we obtain

then by the Trudinger-Moser

b= HUkH’

2n—p 2n—p

2na’ 2na’ (p+2) na’ 8 na
|B(ug)| < Cy /|uk Im—p dx | sup /e:np(|vk| ay,) dz
[og <1/
v — 2n—p

2na’ 2na’ (p+2) 27na’ Tna
+C'2</ |ug| 2n—r ) < sup /e:z:p(|vk|ﬁozn) dm) X
lloell<1
2n—pup
2na’ 2na’ (p+2) 2na 2na’ 2na’ (p+6+2) 2na’
</|uk| 2n=p > </|uk| 2n=p > ]

Using the Sobolev embedding, it implies that

|B(wi)| < Cr(n, b, B, ) (e P2 4 e P02 (| P52+ [l | PH7+2)))
< Offug| P 4 Jlug ]| P+,

Hence using u, € I'\{0} and by the Sobolev embedding theorem, we get 1 < C'(||u H(2p+4_37n)+
\|uk\|(2p+ﬁ+4_%) and 2p+4 — 2 > 0 which is a contradiction as |ug| — 0 as k — co. There-

fore we have inf e\ joynp+ [Ju]l > 0.
Step 2: Claim: 0 < inf,cp\ joynp+ {/ (|7 % f(uw)u)(p + 2 — 2n + Blul?)exp(|ul?)|uPT2 dm}.
Q

Since F(s) < % then by the definition of I" and from Step 1, we obtain 0 < inf,cp\ foynm+ B(u)

i.e.

o< int A Ldal s+ [ ol s s

wel\{0}NH+

<t A e e (foas =) )
= A e s a1+ 2N

wel\{0}nH+ p+2

Since p + 2 — 2n > 0, we infer

0 inf - 22 g ufP*? dz}.
<t ] (el g+ 2 = 20+ Bluleap(ful”) 2 do)

Step 3: Claim: I'g > 0. First,

!

1/v
[ H@uie < ( [ e |'Y) <|u|<1+q>v’) < Ul
Q

where [ = ||h|| 1+ (q)- Choosing

bn
A< —————My:=\
<(2n—1—q)l 0 0
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where My = inf,cr (o3nm+ [lul|* 177 > 0, we get that M (2n—1—q)|Jul['T9 < nb|u|™ for any
we\{0} N H' . Then for u e T\{0O} N H" and p+ 1 > 2n — 1,

B(u) +nbljul|*—(2n — 1) /Q(ISUI_” * F(u)f(u)u = A2n =1 —q)H(u) >

/ (|~ * P(u)(f/(u)? — (20— 1) f(u) ) + / (e~ £ (u)aw) f (). e
Q

Q
bl — (20 — 1 — g)AH (u) > 0.

Therefore I'g > 0. [ |

Now we establish the claim made in Case-2. We notice from Lemma 4.3 and Equation (4.3)
that for u € HT\{0}, there exists a t, > 0, local maximum of v, verifying 1, (t.) —AH (u) > 0
since tyu € T'\ {0} N HT. From ¢,(0) = 0, ¥y, (t.) > AH(u) > 0 and limy_,o ¢y, (t) = —o0,
there exists t1 = t1(u) < t. < ta(u) = t3 such that 1, (t1) = X [ h(z)|u|TT doe = iy (t2)
with ¢/ (t1) > 0,4 (t2) < 0. Therefore, t1u € N;F,M and tou € Ny ;. We now prove that
tiu € NIM and tou € N/\jM are unique. If not then there exists tgu € NIM and t,,. such
that to <t < t3 and ¥, (tw) = 0 and ¥y (te) < AH (u). But our Lemma 4.3 induces that if
!, (i) = 0 then 1y, (te) > AH (u) which is a contradiction.

In the sequel, we will denote ¢, the smallest critical point of 1),.
Lemma 4.4 If A € (0, \g) then NRM = {0}.

Proof. Suppose u #Z 0 and u € NQ,M' Then @;’M(l) =0 and CID;;M(l) =0, i.e.

allul[*™ + blju||™ = NH (u) + /Q(\x]_“ x F'(u)) f(u)u dx and (4.5)

(2n — Daul/* + (n — 1)b|ju||™ = A\gH (u) + B(u). (4.6)

Let wu e Ht N NRM, then from (4.5) and (4.6) (by replacing the value AH (u)), we obtain

2/(2n — 1 —q)(n —1 - q)ablul}*" < B(u)

which implies u € T\{0} N HT. Again from (4.5), (4.6) and substituting the value of a||u*",
we obtain

Bu) — (20— 1) /Q(|x|“ « F(u)) F(u).u + nblfu]™ — A(2n — 1 — q)H (1) = 0

which contradicts Lemma 4.3. If w € Hj N Ng’ a and from Case-1, 717 is the only critical
point of ®, »; and CID;;M(l) = 0. But u € Hy implies that ¢;,(1) < 0 and then ¢, ,,(1) <0
which is a contradiction and the lemma is proved. [ |
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4.3 Existence of weak solutions to (P, )

In this section we prove that Jy js is bounded below on N j; and achieves its minimum.

Deﬁne 9 - inquN)\J\/[ j)\,M(u)
Theorem 4.5 J p(u) is bounded below and coercive on Ny pr such that > —C(q,n, b)>\"7271 :

Proof. Let u € Ny . Then,

Frar(w) = - | S0l 4ol = 21 5 [ (el F@)F ) do
= gl | = 2 - 5 [ (el PP do

g P ol = A ~ [ (el P de]
=t (g ) e (e ) (o)
- %/Q(m—u ¥ F(u)) (F(u) - 2})“%2“) da.

Since 0 < F(u) < +2f( u).u and H(u) < I||u/|9T!. Then by the Sobolev inequality we obtain

Therefore since ¢ < n — 1, Jy a is coercive on Ny ar, it.e. Ty p(u) — oo as [jul| = oo.

For w € Ny pr we have also,

b A 1

W) = 2l = 25 H (W) =5 [ (a7« F@)P(w) do

o () + [ el P) 0 de =l

= el =3 = o e+ 5 ([ el e (22 - r ) as)
> %buun" - A(ﬁ - %)H (u)

since M—F( )) > 0. ThenforuéH‘,weget Inm(u) > 0.
" 0

Now for u € HT, setting r = and by the Sobolev embedding we obtain
b A2n —1—q) b A2n —1—q) / Lr
> —|jul|* - ———— L H(u) > —||ul|” - ——— "d

= c1llull" — eaflul™*!

where ¢; = —n and co = ca(N).

We observe that the minimum of the function g(z) = c12™ — cox?t! is achieved at z =
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1
(gt )\ "=a 1 herefore
cin : ?

_gt1l

1 L1 n
ca(q+1)\ a1 o\ g+1\n1=a g+1\n1-q
f >g| ——= = | = — )
uell{/lA Mj’\M( v) g< an It n n

From this it follows that

0> —-C(q,n, b))\nfzfl

where C(q,n,b) > 0. This completes the proof of Theorem 4.5. [ |
Now since Jy ar is bounded below on N) 7, by the Ekeland variational principle we get a
sequence {uy}ren C Ny ar\{0} such that

1
k?

1
Inm (V) > T (ug) — E”Uk —v|l, Yv €& Ny

Inom(ug) <0+

Lemma 4.6 There exists a constant Co > 0 such that 6 < —CY.

Proof. Let u € HT, then 3 t1(u) > 0 such that tyu € N;:M and ¢, a(t1) = AH (u). In that
case,

1 B A
tul®™ 4+ bltul™ ) — = [ (|z| ™"« F(tiw))F(tiu) do — — (x)\tlu\q“ dx
2 Ja

(t
Tom (t1u) g+ 1

Bll—‘ Bll—‘
NIRRT

< ™ + b||t1UH"> - %/(I:f:l_“ % F(tyu))F(tyu) dz
Q
_ % <a||t1u||2n + bl[tru||™ — /Q(|£L"|_“ « F(tiu)) f(tiu)tiu d:n).

Since <I>;7M(t1) =0, <I>;7M(t1) > 0 and from (4.1) we obtain

Fiarltrn) = Sl + [ (el o Ftn) (s fton
2n(q+1) 2n(qg+1)
/ w) (tu 2

—(n—l q) n _ 2n +q p+2

p+1 1 _
_ m)f(h?ﬁ)hu dr — 3 /Q(]g;‘ Fx F(tiu))F(tiu) d.

Sinceq<n—1landp+1>2n—1weset2n+q¢—(2p+3) <3n—1—(4n—1) <0 and then
9<1nfueN+ OH+‘7)\M( u) < —Cp < 0. [ |
Then by (4 7) and Lemma 4.6, we have for large k,

Co

I (ug) < 5 (4.8)
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Also since uy, € Ny ar\{0} we have

o [(P+2—2n n(D+2— ptl—gq
- P21 1y H
Fuartu) = el (BEEZE ) ot (B2 ) (s ) )

_%/Q(|:E|_“*F(uk)) <F(uk) M) .

p+2
then together with (4.8), we have

p+l—g Co Co(p+2)(1+q)
ey i £ -3 = Hw) > GG >

i.€.
H(ur) > C >0 and uy € Nyp N H* for k large enough. (4.9)

The following result shows that minimizers for Jy »s in any of the subsets of Ny ps are

critical points for Jy as.

Lemma 4.7 Let u be a local minimizer for Jx p on any subsets of Ny ar such that u ¢ NgM.
Then u is a critical point of Jx -

Proof. Let u be a local minimizer for 7y ps. Then, in any case u is a minimizer for [J »s under
the constraint I p(u) = (Jy p,(u),u) = 0. Hence , by the theory of Lagrange multipliers
; there exists a p € R such that Jy 5, = pl} ,(u). Thus (Jy pr(w),u) = p(I} yr(u),u) =
p®y 5, (1) =0, but u ¢ Nf\{M and so @Y /(1) # 0. Hence y = 0. |

Lemma 4.8 Let A € (0,\g) where \g = ﬁMg. Then given any v € Ny p\{0}, then
there exists € > 0 and a differentiable function & : B(0,€) C W(}"(Q) — R such that £(0) =1
and &(w)(u —w) € N and for all w € Wy ()

n(2a|ul|™ +b) [, [V(u)["2Vu.Vw dz — Xg + 1) [o h(z)u]" uw dz — (S(u), w)

& 0)w) = al2n— 1= a5 — 1 =) [ull " + R(w)

(4.10)
where

R(u) = /Q (e % F(w)) (af (u) — F'(u).u)u dex — /Q (el 5 (u)w) () da

and
(S(u), w) = /Q (e« P(u)(f'(w)u + f(w))w di + /Q (e[ % £ (wyu) f (wyw do.

Proof. Fix u € Ny »\{0}, define a function G, : R x WOI"(Q) — R as

Gyu(t,v) = atzn—l_qHu — v||2" + bt"_l_qHu —||"—

1 _ q
m Q(|:17| Hx F(t(u— ) f(t(u —v)).(u—) dm—)\/gh|u—v| odr.
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Then G, € C'(R x W,"(Q),R) and
Gu(1,0) = allul]?" + bllul" - / (|~ % F(u)) () da — A / B+ de = &, (1) = 0
Q QO

and

0

5 Cu1,0) = a(2n—1—Q)IIU\|2”+b(n—1—q)Hu||”+q/ (|| H4F (u)) f (u).u—B(u) = ), pr(1) # 0.
Q

Then by the implicit function theorem, there exists ¢ > 0 and a differentiable function ¢ :
B(0,€) € Wy™(Q) — R such that £(0) = 1 and G, (¢£(w),w) = 0 Yw € B(0,€) which is
equivalent to (75 5, (§(w)(u—w),&{(w)(u—w))) =0 Yw € B(0,¢). Thus, {(w)(u—w) € Nx m

and differentiating

Gu(€(w),w) = a(€(w)* ™ lu — w|* + b(§(w))" ™ ||u — w|"

I x| 7Hx w))(u —w w)(u —w))(u —w) — 2)|u — w|?T =
€))7 /Q(| [T % F(&(w))( ) (E(w)( )( ) A/Qh( )| | 0
with respect to w, we obtain (4.10). |

Similarly we have:

Lemma 4.9 Let A € (0,\g) where \g = ﬁMO. Then there exists u € N)\_’M\{o}y
then there exists € > 0 and a differentiable function &~ : B(0,¢€) C Woln(Q) VR such that
§7(0) =1, and & (w)(u — w) € Ny, and for all w € Wy (9)

- n(2al|u||™ + b) fQ IV (u)|"?Vu.Vw dz — \g + 1) fQ h(z)|ul? uw dz — (S(u), w)

(O = al2n — 1 = )l + 50 — 1= [l + R(w)
where R(u) and S(u) are as in lemma 4.8.

Proof.  For any u € Ny, CID;%M(l) =0 and CID;;M(l) < 0. This implies v € I'\{0}. Then by
Lemma 4.8 there exists € > 0 and a differentiable function £~ : B(0,¢€) C VVO1 "(Q) — R such
that £7(0) =1, and £~ (w)(u —w) € Ny for all w € B(0,€). Then by the continuity of j)l\vM

and £~ and by choosing € small enough we have

1"

Py (umy, v (1) = nllE (w)(w — w) [P ml[€™ () (u — w) ") + (n = D™ (w)(w — w)|["m(|[tu]")

— )€ (u)(u — w)|9 dx

M [ h@le @l = w)lr d
—/Q(\SC!_“*f(f_(U)(u—w))-é_(U)(u—w))f(f_(U)(u—w))f_(U)(u—’w) dx
—/Q(le_“*F(E_(U)(u—W)))f'(ﬁ_(U)(u—UJ))(E_(U)(U—UJ))2 dz <0

that implies ™ (w)(u — w) € Ny . |

Now we prove the following result:
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Proposition 4.10 Let A € (0, \g) where A\g = ﬁMO. Assume uy, € Ny p is satisfying
(4.7). Then HJ;\M(uk)H* — 0 as k — oo.

Proof. Step 1: liminfg_, o |Jug|| > 0.

We know that from (4.9) that for large k, H(ur) > C > 0, so by using Holder inequality we
obtain C' < H(uy) < Cy|lugl/9t!.

Step 2: We claim that

k—o00

lim inf(2n — 1 — g)al|u||*" + b(n — 1 — q)|ux|" +q /Q(|<17|_”  F(ug)) f (u)ug dv — B(ug) > 0.

Without loss of generality, we can assume that up € N ;’ y (if not replace uy by t(ug)uy).
Arguing by contradiction, suppose that there exists a subsequence of {uy}, still denoted by
{uy}, such that

0< (2n—1—Q)a\lukll2"+b(n—1—Q)HukH"JrQ/Q(Iivl_“*F(uk))f(Uk)Uk dx — B(ug) = og(1).

From Step 1 and the above equation we obtain that liminfy_,., B(ux) > 0 and (2n — 1 —
q)aug||*™ +b(n —1 — q)|Ju||™ < B(ug) i.e. u, € T\{0} for all large k.
Since uy, € NIM\{O}

—nbllug||" +A(2n — 1 — q)H(ug) + (2n — 1) /Q(’l’\_” * F(ug)) f(ug)ur, dz — B(uy) = ox(1)

which is a contradiction since I'g > 0.

Step 3: HJ/(M(uk)H* — 0 as k — oc.

By using Lemma 4.8, there exists a differentiable function & : B(0,¢€x) — R for some ¢, > 0
such that £,(0) = 1 and &(w)(ur, —w) € Nyy Yw € B(0,€).

f e Wy™(Q) such that ||f| = 1. Let w, = pf. Then |wl, =
Ek(wp)(up — wp). Then from the Taylor expansion and (4.7), we obtain

Choose 0 < p < ¢ and
p < € and define 7, =

1 /
e = unll = T (ur) = Ianr(np) = {Tx (), e = 11) + 0([[ur = npl)

, , (4.11)
= (1 = &(wp)(Taar (0p)s ) + P& (wWp) (T ar (1p)s ) + o[l = 1p]))-

We also infer

=D, — a1 = o (0).1) — 11 a5 p =0

L — well = |
—Tp — Ukll =
11l

Since uy, € Ny pr, we have also ﬁp(wp)(j)/\,M(?]p),uw —0 as p—0.
Thus, dividing the expression in (4.11) by p and doing p — 0T, we get

s

(Tar (un), ) < 2 (lue 1€ O]« + O(1))

which implies that
T (u)lle =0 as k — oo
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if [|€,(0)]« is bounded uniformly in k. To prove that, using (4.4) and the boundedness of
the sequence {uy} in Wol’n(Q), we only need to show that for any f € Wol’n(Q), (S(ug), f)
is uniformly bounded in k. For the subcritical case, i.e. 8 € (0, -L5), it holds since for any
e > 0 and ¢ > 1, there exists C, ;3 > 0 such that

exp(qlt]®) < Ceqpexplelt|n-1), VteR.

Then by Theorem 1.1 we obtain (S(ux), f) < C||f]| with C' > 0 independent of k. Consider
now the critical case, i.e. 8 = 5. From the boundedness of R(uz) (see the statement of
Lemma 4.8), it follows that

sup / (2  F(u)) f (ur Yy d < oo,
k Q

sup/ (|| 7* % F(ug)) f' (ug)uz dz < oo
kJo

and

sup / (e # f (g ) f (g dar < .
k Q

Then for any ¢ € C°(Q2), we have by Vitali’s convergence theorem and up to a subsequence

(S(uk), ) = (S(uo), $) (4.12)

where ug is the weak limit of (ug)gepy in Woln(Q) From (4.12), we have that there exists
C > 0 independent of k£ such that

[(S(ux), d)| < Clo]| (4.13)

Using a density argument, we conclude that (4.13) holds for any ¢ € VVO1 ™(€). This completes
the proof in the critical case.
|

Theorem 4.11 Let f < -5 and let A € (0, \g) where \g = ﬁMO. Then there exists
a weak solution to (Px ) ux € Ny, N HT such that Ty ar(uy) = infuen, a\(oy Iam(u).

Proof. Let uj, be a minimizing sequence satisfying Jx ar(ui) — 6 as k — oo and Jy p(v) >
Inon(ug) — £lug — v, Yo € Ny. Using Ty ar(Ju]) < Toa(u) for any u € W(}"(Q) and from
the proof of the Ekeland principle (see [33, p. 51-53]), we can assume that uj is non-negative.
By using Proposition 4.10 we obtain {uy} is (PS)g sequence. Then from Lemma 3.2 we get
{uy} is a bounded sequence in I/VO1 (). Also there exists a subsequence of {u} (denoted by
same sequence) and a non-negative uy such that uyp — wuy weakly in VVO1 Q) and up — uy
strongly in L"(Q2) for » > 1 and ux, — uy a.e. in €. Then using f(t) < Ccp exp(et%) for
e > 0 small enough and from Theorem 1.1, we obtain that f(ug) and (Jx|™* % F(uy)) are
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uniformly bounded in L9(2) for all ¢ > 1. Then again by Vitali’s convergence theorem, we

obtain

/Q(|517|_M x F(ug)) f(ug)(ugp —uy) de| — 0as k — oo.

and by Proposition 4.10, we have <k7):7M(uk), ug — uy) — 0. Then we conclude that

m([[ug ™) /Q Vg "2V V (g — 1) da — 0. (4.14)
On the other hand, using uj — u) weakly and by boundedness of m(||ug||™) we have

m([[ug ™) /Q V"2 Vuy. ¥ (g, — uy) da — 0. (4.15)
Substracting (4.15) from (4.14), we get,

m(|lukl™) /Q(|Vuk|"_2vuk — |Vur["?Vun ).V (ug — uy) dz — 0.
Now by using this and following inequality,
lag — as|™ < 2"_2(\a]?_2a1 — ]ag\"_2a2)(a1 —ag) for all aj,ap € R"

with a1 = Vu; and as = Vuy, we obtain

m(||uk||”)/ |[Vug, — Vuy|" de — 0 as k — oc.
Q

Since m(t) > b, then we obtain uj; — u) strongly in WOI"(Q) and by Lemma 3.5

/ (]~ % Fup)) f (ug)b dz — / (] % F(ur)) f(ur) dx
Q Q

and also

/h(:n)ui_lukqb dr — / h(:ﬂ)ug\_lu,\qb dx
Q Q

for all ¢ € Woln(Q) Therefore, uy satisfies (Py ) in weak sense and hence uy € N p.
Moreover, 6 < Jy ar(uy) < liminfy_o Ty am(ug) = 6. Hence uy is a minimizer for Jy as in
N)\,M'

Using (4.9), we have [o, h(z)|ux|?"" > 0, then there exists ¢1(uy) such that t1(uy)uy € Ny,
We now claim that ¢1(uy) =1 i.e. uy € N;:M. Suppose that t1(uy) < 1 and then ty(uy) =1
and uy € Ny - Now I (tr(un)uy) < Jam(uyn) < 6 which yields a contradiction, since
ti(un)uyr € Ny . Thus, uy is non-negative and nontrivial. From the strong comparison

principle (see for instance [34]), we get uy > 0 in Q. |

Theorem 4.12 Let 8 < 25 and let X € (0,\g) where A\g = MMO' Then uy €

Nb, N HT is a non-negative local minimum for Jy m in WOI"(Q)
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Proof. Since uy € Ny ,, N H* then we have a t,(uy) such that 1 = #;(uy) < t.(uy). Hence
by the continuity of u — t.(u), given € > 0 there exists Jc > 0 such that

(14¢€) < ti(un —w) forall ||Jw| < o

and from Lemma 4.8 we have, for § > 0 small enough, a continuously differentiable map
t: B(0,0) — R such that ¢t(w)(uy —w) € Ny ar,¢(0) = 1. Then we have

ti(uy —w) =t(w) <1+e<ti(uy—w)
for 0 small enough. Since t.(uy —w) > 1 for all ||w|| < J, we obtain
Tam(un) < Dot (un — w)(uy —w)) < Tym(ux —w), if [Jw] <0

which implies that u) is a local minimizer for 7y as.
|

Theorem 4.13 Let 8 < %5 and let \ € (0, X\o) where A\g = ﬁMO. Then Jxm achieve

its minimizers on N)\,M'

Proof. Let u € N, ,,. Then

(2n — Dallul*" + (n = 1)b|lul|™ — AgH (u) — /(|<L"|_“ * fu)u) f(u).u—
Q
/(]a:\_” s« F(u))f'(u)u? < 0.
Q
Then (4.5) implies that
20— 1= galul + (1= 1= bl +4 [ (¢ Fu) ()
Q
= (el snos.as [ (el Fa) s @ ) <o
(4.16)

Using p+1 > 2n it is easy to deduce from (4.16) that 3 ¢ > 0, [ju|| > ¢ > 0 for any u € Ny ,,
from which it follows that N, ,, is a closed set. Also as in Lemma 4.3 we can prove that
Nyycl and then infueN;M B(u) > ¢ > 0. Therefore, for A < \¢ small enough,

i B(u)+ nbllul" — (20 — 1 — g)AH (u) — (2n — 1)/ [ F(u)f(u)u > 0. (4.17)
uwEN; 1 \{0} Q

Now taking 6~ = min, . Ny Ixm(w) > —oo. From Ekeland variational principle, there exist

{vk }ken a non-negative minimizing sequence such that

. 1 1 _
I (vg) < elj{flf T (u) + 7 and I (u) > Ty m(vr) — EH/U]C —ul| Yu€eNy,,.
UEN M
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From Jya(vx) — 0~ as k — oo and vy € N) p, it is easy to prove that [|vg]] < C (as in
Lemma 3.2). Indeed,

allvg[|*™ + bllox | — AH (v) — /Q(\fc!_“ * F'(vp)) f(vi)vg dz| = o([lug])
and

1, b
C + o(llvell) = T (vr) (I v (vr); vx) = %IlkaZ" — O\ o+

on
imply [Jvg|| < C. Thus we get [|S(vi)||« < C1 and from (4.17) we have ||, (0)[|« < Cs. Now
the rest of the proof can be done as in the proof of Theorem 4.11 with the help of Lemma 4.9. m

' n—1

rem 4.12. [ ]

Proof of Theorem 2.4 for B € (1 4 > : The proof follows from Lemma 4.11 and Theo-

Now we establish the following compactness result in the critical case.

Lemma 4.14 There exists C = C(p,q,n) > 0 such that for any {ux} C Woln(Q) satisfying

/ 2n — n-l 2(p+2)
Tm(ug) =0 and Ty m(ug) = ¢ < ? < n2 'uozn> —OAmFa as k — 00
’ n n

is relatively compact in WOI"(Q)

Proof.  As in Lemma 3.2 we can prove that {u} is bounded in Woln(Q) and up to a
subsequence uy — u in L*(2) for all & > 1, ug(x) — v a.e in Q and Vugp — Vu a.e. in Q and
weakly in L"™(€Q). Also still up to a subsequence, there exist radon measures v; and v, such
that |Vug|™ — v1 and (Jz|7* % F(ug)) f(ug)ur, — vo weakly as k — oo.

Let B={ze€Q:3r=r,>0,1nB N < (2’;;“04”)”_1} and let A = Q\B. Then by
Lemma 3.4 we can infer that A is a finite set, say {z1,z2,...,2+}. Since j)/“M(uk) — 0 and
since {u} is bounded in Wol’n(Q), we have that V ¢ € C°(Q),

0= lim (J 3y (ur), @) = lim [m(HukH")/ (V|2 Vug. Ve da:—)\/ h(x)|ug|f up g da
k—o0 ’ k—o0 Q Q

= [l P f)e dm]
(4.18)
0= Jim (T s nd) = fim [ mal”) [ (9T ue.Fou o+ 9]"6)
(4.19)
[ @6 do [ (ol ) i o).
Q Q
0= kli_>H30<«7A,,M(uk),u¢> = lim [m(Huan) /Q(|Vuk|"_2Vuk-V¢u + Vg |" Vg, Vug) da

- / (| % F(ug)) f () dx} i\ / (o) ul?) d.
Q Q
(4.20)



n-Kirchhoff Choquard equation 36

Substituting (4.20) in (4.19) and taking into account (4.18), we get ¥V ¢ € C2°(Q)

lim Q(\x]_“ * F(ug)) f(ug)upd = klingo m(||ukll™) /Q [Vug|"p — ]Vuk]"_2Vuk.Vu¢ dx

k—o00

+ / (|| % F(u)) f(u)up dx + o(1).
Q
(4.21)

Now we take the cut-off function ¢5 € C2°(Q) such that ¢s = 1 in Bs(z;) ¥V j = {1,...,t}
and ¥s(x) = 0 in BSs(x;) with [1)5| < 1. Then by taking ¢ = 15 in (4.21) and since as § — 0

0<

/ (V|2 Vuy,. Vu)ips d
Q

n/(n—1) 1/n
< / VgLVl dz < </ V" dx) (/ V" dx) 0,
Uj B2s(a) Q U; Bas ()

we deduce after letting § — 0 that

< [ vl Vis| do

m — n—1
vo(A) > mori(A) > mq < ”2n a an> . (4.22)
On the other hand, by using the same argument as in Lemma 3.4 (in particular see (3.13))

we can prove that for any compact set K C Qs = Q\ Ul_; Bas(z;)

Jim [ (ol 5 Fu) () do = /K (e~ % F(w)) f (u)u do.

Thus, we obtain

1

. ! . n 1 n n
ne= lim n Jonr(un) — S (T ngue),ug) = lim (M(Huku )= Lol s )

.1 _ 1 n )
# Jim 5 [ (ol P Fln -~ nF ) do 43 (5= 20 ) [ g a

Since

/ (|~ 5 F(ug)) F(ug) d / (e[ % F(u)) F(u) da,
Q Q

1%} (A)
2 )

3 (el Ftu . do = 5 [ (el s P f(a)u do+

together with (4.22) it follows that

ne > Mo <2” - “an>n_1 4 (1 _ L) /Qh(a:)u‘”l da g/g(m—ﬂ « F(u))F(u) da

2 q+1

+%/Q(\x]_“>kF(u))f(u)u dx.
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Consequently,

mo (2n—p  \"! 1 1
>0 " A —— hudtt d
C—2n< m O‘) * <2n (q+1)>/Q e a

(50~ 3o ) [ (el P do

n—1 )
mo (2n— 2n—1—gq 9 p+2
> — — / - - 7 p+t
“on ( 2n O‘") Il ) < 2n(q+1) > (/Q“ "

2p+2—2n pi2 N wmo (2n—p "'
dz) >0 ~ inf p(t
“on2p+2)(p+2) </Qu v om " (1)

—1 qg+1
. 1 m—1—q\ 5t (2p+2-2
with ' = <1 — ;%2) ,c1=c1() > 0and p(t) = ||hHLT./(Q)/\ <722(q+1‘)1> t20+2) _722(1’;13”)&)&)75.
n—1 ~  2(p+2)
Thus ¢ > 52 (2’;;“ an) _ O\pis-q which completes the proof. ]
n

Now we prove Theorem 2.5 which concerns the critical case 8 = 5.

Proof of Theorem 2.5 Let u;, be a nonnegative minimizing sequence for Jy s on Ny a7 \{0}
satisfying (4.7) then wuy is bounded in Woln(Q) Using Proposition 4.10 we get wuy, is a Palais

Smale sequence at level 6 < T4 (2’;“ ozn)n_l — O\ 221&;31. Taking A\ small enough, using
Lemma 4.6 and Lemma 4.14, {u;} admits a strongly convergent subsequence. Let u €
I/VO1 "™(Q) be the limit of this subsequence. Then arguing as in the proof of Theorems 4.12 and
4.13, we prove that u is a non-trivial weak solution and Jy ys(u) = 6. By elliptic regularity and
strong maximum principle, we infer that « > 0 in 2. This completes the proof of Theorem 2.5.
|
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