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Conicity of eigenvalues intersections
I. INTRODUCTION

Consider a family of Hermitian matrices, smoothly depending on a finite number of
parameters; it is well known that the corresponding eigenvalues are smooth real functions
of these parameters. It may happen that the graphs of some of these functions intersect;
since intersection points carry important topological information, and are often associated
with many physically interesting phenomena, the problem of their occurrence and detection
has attracted great interest in both the mathematics and the physics community®!!2729,
This kind of problems have also been addressed in the general case of self-adjoint operators
acting on separable Hilbert spaces®!%28,

In mathematical physics, a special role is played by conical intersections (also known as
generic coalescing points, diabolic points), which may be encountered in several applications
in molecular dynamics, physical chemistry, solid-state physics (e.g. the well-known Dirac-
points in graphene), optics (e.g. systems of ultracold Fermi atoms in optical lattices). For an
account of several applications related to conical intersections, see e.g. Ref. 12 and references
therein.

Recently, conical intersections have been proved to be useful in control theory, namely for
the population transfer problem and controllability issues concerning bilinear Schrédinger
equations®>+5 79 that is, equations of the form

2 (e
k=1
where 1) is a unit vector in some separable complex Hilbert space H, H; are self-adjoint oper-
ators on H for i =0,...,m, and H(uy,...,uy,) = Hy+ Y ., uxHy is the control-dependent
(or parameter-dependent) Hamiltonian. By following the same approach, controllability
results for nonlinear control-dependent Hamiltonians have been obtained in Ref. 8.

It is worth asking if eigenvalues intersections are “typically” conical, or if this feature is
“pathological”. In other words, given a family of parameter-dependent self-adjoint operators,
we wish to investigate if “almost every” element in this family has only conical eigenvalues
intersections. This problem is well defined in a finite dimensional setting, as it is possible
to endow the family with a natural measure; in this case, one has to check whether the set
of parameter-dependent self-adjoint operators admitting only conical intersections has full

measure. In an infinite dimensional setting, in absence of an appropriate choice of measure,
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a natural generalization of the concept of full measure set still appears to be possible: it is

t'4, roughly speaking a set such that each of its translations has

the notion of prevalent se
full measure, for some compactly supported measure. Alternatively, one may consider some
topological notion replacing the property of being full-measure: a subset of a Baire space
X is said to be residual if it contains a countable intersection of open and dense subsets
of X, while a generic property is a property that holds on a residual subset of X. It is
worth noting that, although the latter notion is much more used in the literature to describe
properties that hold “almost everywhere” on functional spaces, in a finite dimensional space
residual sets are not necessarily of full measure and, vice versa, it is possible to exhibit full
measure sets which are not residual.

In order to determine if eigenvalues intersections are conical for “almost every” parameter-
dependent self-adjoint operators (in the previous senses), we first establish some criteria for a
double eigenvalue to be conical. For a self-adjoint operator H(-) smoothly depending on three
real parameters, the conicity of an eigenvalues intersection is equivalent to the nondegeneracy
of a three-dimensional matrix, which depends on the eigenstates corresponding to the de-
generate eigenvalue and on the linearization of the operator with respect to the parameters;
this result is proved in Proposition V.3. Furthermore, whenever the parameter-dependent
self-adjoint operator takes values in a Banach manifold, the conicity of an eigenvalues in-
tersection can be characterized (roughly speaking) in terms of the transversality of H(-)
to the submanifold of self-adjoint operators with multiple eigenvalues (Proposition VI.1).
The issue of “measuring” the set of parameter-dependent Hamiltonians having only conical
intersections is thus translated in the problem of measuring the set where the map H () is
transversal to that manifold. Powerful tools to obtain this kind of results are the Transver-
sal Density Theorem! and the Parametric Transversality Theorem'®: they provide sufficient
conditions that guarantee that the set of points where a map is transversal is, respectively,
residual (on a Banach manifold) or of full-measure (on a finite dimensional manifold). An

t15

analogous result™ can be used to establish properties that hold true on prevalent subsets of

(possibly) infinite dimensional Banach manifolds.

We focus on two physically interesting cases. In Section VI A, we consider control-affine
Hermitian matrices; we prove that, for every fixed n-dimensional Hermitian matrix Hy, the
set of triples (Hy, Hy, H3) € (iu(n))? such that all double eigenvalues of the parameter-

dependent operator Hy + Z?Zl u;H; correspond to conical intersections is residual and

3
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of full Lebesgue measure. In Section VIB we are concerned with operators of the form
(—1V + u3A)2 + u1 Vi + usVs, that represent the Hamiltonians of particles in a controlled
electromagnetic field. We prove that, generically with respect to the control operators
A, Vi, Vs, all double eigenvalues are conical, and the corresponding set of control operators

is prevalent.

Note that classical transversality results require the space where such operators live to
be second countable. This property is usually not satisfied for spaces of linear operators
acting on infinite dimensional spaces (even for the space of bounded operators on an Hilbert
space). Thus, checking the genericity or the prevalence on larger operator spaces, compared
to the physically interesting ones, is not only pointless (for a subset of a Banach manifold,
the property of being residual or prevalent is not preserved if one restricts to a submanifold)

but also technically more involved.

We finally remark that in this paper we only consider the three-input case. For the two-
input case, if all the operators in the family have real-valued components with respect to
a fixed basis, the genericity of conical intersections is investigated in Ref. 6. Otherwise, if
the operator does not depend on more than two control inputs, eigenvalues intersections
are usually absent as a consequence of the fact that the set of operators admitting (double)
eigenvalues intersections is a manifold of codimension three in the space of self-adjoint oper-
ators (see e.g. Refs. 3 and 29). In addition, it is easy to see with the methods developed in
this paper that, when more than three controls are available, eigenvalues intersections are

generically not isolated (hence not conical).

II. NOTATIONS AND GENERAL SETTING

We use bold letters (e.g., u) to denote elements of R3  and regular fonts for the corre-
sponding components (e.g., u; for the i-th component of u). Throughout this paper, we
consider operators acting on a separable complex Hilbert space H, with scalar product (-, -)
and norm || - ||. To avoid possible ambiguities, we denote the Euclidean norm on finite di-
mensional spaces other than H by |-|. The set of the linear operators on H is denoted by
L(H); the subspace B(H) of bounded operators in L(H) is endowed with the operator norm
induced from the one of #, still denoted as || - ||. Given a linear operator A € L(H), D(A)

4
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denotes its domain; D(A) is naturally endowed with the norm of the graph of A, defined as

[¥lloey = ALl + 9], ¢ e D(A).

We introduce the following notions of “relative boundedness” between linear operators

in H.

Definition II.1 (A-smallness and A-boundedness) Let A and B be two densely defined
operators with domains D(A) C D(B). We say that B is A-bounded if there exist a,b > 0
such that | By|| < a||Ay|| + b||¢|| for every ¢ € D(A). B is said to be A-small if for every
a > 0 there exists f > 0 such that | By < af|AY| + B|||| for every ¢ € D(A).

These notions are also referred to as Kato boundedness and Kato smallness or infinitesimal
smallness with respect to A, see e.g. Ref. 23.

Given a self-adjoint operator A on ‘H, we denote the space of A-bounded operators, which
coincide with the continuous linear operators from D(A) to H, by B(D(A),H). We endow
the space of A-bounded operators with the operator norm from D(A) to H, denoted as

By
1Bla= sup 2¥
vep(a) [[¥]lpea)
for every A-bounded operator B. The subspace of self-adjoint operators in B(D(A), H) is
denoted by Bs,(D(A),H). Similarly, B(H,D(A)) denotes the space of continuous linear

operators from H to D(A). The natural norm on this space || - ||g,p(a)) is equivalent to the

norm ||A - || + || - ||, therefore, with a little abuse of notation, in the following we set
1Bllsencay = [AB] + | Bl

Bso(H,D(A)) is the subspace of self-adjoint operators contained in B(H, D(A)).

In this paper, we are concerned with families of C* operator-valued functions® (parameter-
dependent Hamiltonians) H : R® — B,,(D(H(0)),H) such that H(u) — H(0) is H(0)-small.
In particular, for every u € R3,

lim HH(u) — H(ﬁ)HH(O) =0,

u—u

lim [|0,H () — 9;H ()| oy =0, i=1,2,3,
u—u
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where here and in the following J; denotes the derivative with respect to u;, 1 = 1,2,3. It is
casy to see that, under this assumption, the norms || - || z(u) are equivalent for every u € R?,

namely there exist two continuous positive functions Cy, Cs : R3 — R such that

Cr)[[ - N[z < - lae) < Ca(W)] - law- (1)

Remark I1.2 Any operator-valued function H(-) polynomial with respect to its argument
satisfies the assumption here above, provided that all its coefficients are self-adjoint and

H(0)-small operators. This is a simple consequence of Ref. 23, Theorem X.12.

Under these assumptions, the spectrum and the spectral projections of H(u) possess

some regularity properties with respect to u, which will be discussed in Section IV.

III. GENERICITY AND PREVALENCE FOR CONICAL
INTERSECTIONS: STATEMENT OF THE PROBLEM

Here below, o(H(u)) denotes the spectrum of the operator H(u). We say that two (or
more) eigenvalues intersect at 1 € R3, and that @ is an eigenvalues intersection, if their
values coincide at u. In particular, we are interested in conical intersections, which are

defined as follows (see also Refs. 6 and 9).

Definition III.1 Consider a C' operator-valued function H : R* — B, (D(H(0)),H) such
that H(u) — H(0) is H(0)-small. We say that a € R?® is a conical intersection between
two eigenvalues if there exists U C R3, an interval I C R and two continuous eigenvalues
Ar 1 U — R such that A\_(u) = Ay (u), o(H(u)) NI = {A_(u), . (u)}, and there exists a

constant ¢ > 0 such that, for any unit vector v.€ R® and t > 0 small enough, we have that

Ap(a+tv) = A_(a+tv) > ct.

To measure the possibility that double eigenvalues intersections are conical we will make use

of the notions of prevalent and residual set given below!4.

Definition III.2 Let A be a Banach space and S C A.

o We say that S is prevalent in A if there exists a nontrivial measure defined on the
Borel sets of A and supported on a compact subset of A such that all translations

a+ S, forae A, are of full measure.
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o We say that S is residual in A if it contains the union of a countable family of open
and dense subsets of A2L A property which is satisfied on a residual subset of A is

said to be generic in A.

It has been shown in Ref. 14, Fact 6 that a subset of a finite-dimensional space is prevalent
if and only if it is of full Lebesgue measure. Let us also remark that prevalence and genericity
are independent notions; for instance, given a sequence of open and dense subsets of R whose
Lebesgue measures tend to zero, their intersection is residual but not prevalent (having zero
Lebesgue measure), while its complement is prevalent but not residual. Finally, we recall
that countable intersections of prevalent (resp. residual) subsets of A are prevalent (resp.
residual).

Typical problems we are concerned with in this paper are of the following type.

Problem. Let A be a Banach space and consider a family
{H, : R® = B,o(D(Hy(0)),H) : a € A}

of parameter-dependent self-adjoint operators such that Hy(-) is C' for every a € A and
H,(u) — Hy(0) is Hy(0)-small for every pair (a,u) € A x R3. Is it true that there exists a
residual and/or prevalent subset S of A such that, for a belonging to S, all double eigenvalues

intersections of the operator H,(-) are conical?

To study this problem we will take advantage of transversal density results.

Definition ITI.3 Let X,Y be C' Banach manifolds (that is, manifolds modeled on Banach
spaces) and W a submanifold of Y. We say that a C* function f: X — Y is transversal to
W at x € X if either f(x) ¢ W or f(x) € W and

(¢) the inverse image (fL) " (Tpwm)W) splits in T, X, that is, it is closed and it admits a
closed complement in T, X,

(i) the image f.(T,X) contains a closed complement to Ty oyW in Ti)Y .
If f is transversal to W at any x € X, then we simply say that f is transversal to W.

In Ref. 15, the author has shown that the assumptions of the classical Transversal Density
Theorem (Ref. 1, Theorem 19.1), guaranteeing that a given (transversality) property is
generic, also ensure that such a property is satisfied on a prevalent set. In a finite dimensional

setting this fact actually corresponds to the well-known Parametric Transversality Theorem

7
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(Ref. 18, Theorem 6.35). These results are resumed below in a setting suitable for our

purposes.

Theorem II1.4 (M%) Let A,Y be C' Banach manifolds, U C R? open andev: AXU —Y
be a Ct map. Let W be a C' submanifold of Y. Assume that:

o W has codimension three in'Y ;
o A is second countable;

e the map ev is transversal to W.

Then the set Aw of elements a € A such that ev(a,-) is transversal to W is residual and

prevalent in A.

In Section VI we will show that, under suitable assumptions, the conicity of an eigenvalues
intersection is equivalent to the transversality of the map H,(+) to a certain manifold W of
codimension three. In view of Theorem III.4, and provided that A is second countable, a
positive answer to the problem stated above may thus be obtained by checking the transver-
sality of (a,u) — H,(u) to W. See Sections VI A and VI B for the application of this scheme

to physically interesting examples.

IV. REGULARITY PROPERTIES OF PERTURBED SELF-ADJOINT
OPERATORS

In this section, we inspect some regularity properties of the spectrum and the spectral
projections of parameter-dependent self-adjoint operators. Before focusing on operators
satisfying the assumptions of Section II, we establish some regularity properties in a more
general framework. Some of the results presented here are proved in Ref. 9 (by classical
means, see also Ref. 16), therefore their proofs are omitted.

Here below, p(A) and o(A) denote, respectively, the resolvent set and the spectrum of an
operator A, and R(A,¢) = (A —()~! the resolvent of A at ¢ € C.

We begin with the following technical lemma.

Lemma IV.1 Let A, B be two self-adjoint operators with B A-bounded and ¢ € p(A). Then
the following inequality holds

IBRA, QI < (1+ (< + DIRA QI 1Bl )

8
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In the following results, we analyze the behavior of the eigenvalues and the spectral pro-
jections under small perturbations of the operator. In particular, Lemma IV.3 provides some

estimates on the variation of the eigenvalues. For a similar result, see Ref. 16, Theorem 3.6.

Proposition IV.2 Let A, be a self-adjoint operator and I C R be a nondegenerate and
bounded interval whose boundary points belong to the resolvent set of Ay. Then for every

€ > 0 there exists a 6 > 0 such that, if ||A; — As||a, <6, then

i) 0(Ag) NIl = 0 and if o(Ay) N1 is made of r eigenvalues, counted with multiplicity,
then the same holds for o(As) N 1.

ii) Calling PIA1 and PIA2 the spectral projections on I of Ay and A, respectively, it holds

1P = P2 <.

Lemma IV.3 Let Ay be a self-adjoint operator such that o(Ay) NI is discrete and without
finite accumulation points for some nondegenerate, possibly unbounded, interval I whose
boundary points are in p(Ay). If 6 > 0 is small enough and Ay is a self-adjoint operator
satisfying ||As — Aql|a, < 0, then the eigenvalues of Ay contained in I are close to those of
A1, in the following sense. Up to appropriately indexing on a subset of Z the eigenvalues
(counted with multiplicity) in o(A;) NI, for j = 1,2, and denoting them with p;(A;) we have
(A1) = pa(A2)] < €1+ | AD]), where e = o7 — 1.

For parameterized families of self-adjoint operators, we can prove some properties con-
cerning the differentiability of the spectral projections associated with separated portion of

the spectrum, as the following result shows (see also Refs. 16 and 26 for similar arguments).

Proposition IV.4 Let Y be a Banach space with norm || - ||y and K(-) be a C' function
from Y to By, (D(K(0)),H). Assume moreover that K(q) — K(0) is K(0)-small for every
q € Y. Then, for every qo € Y and every nondegenerate interval I C R whose boundary
points belong to the resolvent set of K(qo), there exists a neighborhood U of qo in Y such
that the spectral projection P;(q) on I associated with the self-adjoint operator K(q) is well
defined as a function from U to Bs,(H,D(K(0))) and C' at go.

Proof. First of all, we recall that K(-) is C* if it is Fréchet differentiable and its differ-

ential ¢ = K/ (), which takes values in the space of bounded linear operators from ) to

9
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Bs.(D(K(0)),H), is continuous, that is, for every § € Y

K'(p) — K’
lm sup 1K,(p) — K5(p) ||k (0) _o
la—ally—0 pey ]y

By hypothesis and Proposition IV.2, there exists a closed path I' in C encircling [ such that,
for ¢ in a small enough neighborhood U of ¢y all the elements of o(K(q)) in the interior of
" belong to I. Then, P;(q) is given by Riesz formula

Pr(q) = —(2mi)~" 75 R¢(q) dc,

where R¢(q) denotes the resolvent R(K(g),(¢). The boundedness of P;(g) in the norm || -
|82, D(K(0))) is @ consequence of (2) and of the equivalence of the graph norms of K(0) and
K(q).

Let us now prove Fréchet differentiability. We claim that the Fréchet differential of P;(q)

at qo is given by the operator-valued function

p s —(2mi) 74 Re(qo) K, () Re(go)dC.

First of all we notice that, as a consequence of (2), the integrand is bounded as an operator
from Y to B(H,D(K(0))) and, since the corresponding bound varies continuously for ¢ € T',
the integral is bounded too. Take ¢ belonging to the resolvent set of K(qp); thanks to (2),

possibly shrinking U we can write

((K(g0) — K(q))Re(a0))"

Nk

Re(a) = Relao) (10 + (5 (q) — K(a0)) Bela)) = Relao)

k=0
for every ¢ in U. Then, from
& k
Re(q) — Re(q0) — Re(q0) (K (q0) — K(q))Re(q0) = Relqo Z ))RC(QO)) )
k=2

and since, possibly shrinking / again, we can assume that
15(q) = K (o) o) < 20Ky k(0llg — qolly,
we have that there exists a constant C' > 0, uniform with respect to { € I', such that
1R¢(q) = Re(g0) — Re(90)(K (90) — K (9))Re(90) | < Clla — qoll3- (3)
Setting A = R¢(qo + p) — Re(qo) — Relqo) K (p)Re(qo), we can write
Aoy = 1Al + [ K(0)A]. (4)

10
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Splitting K (p) as the sum of K(qo +p) — K(qo) and K (p) — K(qo + p) + K(qo), using
the triangular inequality and applying (3), we see that the first term in the right-hand side
of (4) is o(||p||y). The same computations plus the fact that || K (0)R¢(qo)|| is bounded prove
that also the second term is o(||p||y). This proves the claim.

In order to prove the continuity of the differential of P; at qq it is enough to show the
continuity of the operator-valued linear map q — R¢(q) K/ (-)R¢(q) at qo, for ¢ € I'. This is

a simple consequence of the continuity of ¢ — K[ (-), the Second Resolvent Identity

Re(go) — Re(qr) = Relq) (K (1) — K (o)) Re(go),

and equation (2). O

Remark IV.5 Let \(q) be a simple isolated eigenvalue of K(q), for every q in some domain
U C Y. As a straightforward corollary of Proposition IV.4 we obtain that \(-) is C' in U.
Analogously, there exists a C* function ¢ : U — D(K(0)) such that ¢(q) is an eigenstate of
K(q) corresponding to A\(q), for every q € U.

We now focus on parameter-dependent self-adjoint operators that satisfy the hypotheses
stated in Section II. In particular, in the next results H : R? — By (D(H(0)),H) is a C*
map such that H(u) — H(0) is H(0)-small for every u.

Proposition IV.6 Assume that, for u belonging to some bounded domain U C R?® and
for some open bounded interval I, o(H(u)) N I is made of m eigenvalues, counted with
their multiplicity. Then o(H(u)) NI = {wi(u) : i =1,...,m}, where every p; is Lipschitz

continuous.

Proof. Applying the Mean-Value inequality, we get

| () = B < sup [IVH(u+ (1= ) u -],

te(0,1]
where VH = (0,H,0,H,0;H). Noticing that ||VH(:)|| () is bounded on U, using the
equivalence of the norms (1) and applying Lemma IV.3, we get the thesis. U
The following result deals with the behavior of eigenvalues along parametrized curves
in the space of parameters, that is, the regularity with respect to t of the eigenvalues of

H(u(t)), for some sufficiently regular curve u : R — R3.

11
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Proposition IV.7 Consider a C' curve v : (t_,t;) — R3, with t_ < t,, and assume that
A is a degenerate discrete eigenvalue of multiplicity m of H(v(t)), for t € (t_,ty). Then,
possibly shrinking (t_,t.) around t, there exist m C' functions A; : (t_,ty) — R, | =
1,...,m, such that Ai(t) is an eigenvalue of H(v(t)).

Proof. The proof is inspired from that of Ref. 24, Theorem XII.13. Thanks to Proposi-
tion IV.6, we know that there exists an interval I such that o(H (u)) N[ is composed by m
eigenvalues, counted with multiplicity, for every u in a neighborhood U of ~(t); by Propo-
sition V.4, the spectral projection Pr(u) is C' on U. For every u € U, we define the map

S(u) : Pi(v(#)H — Pr(u)H as

5u) = Pr(w)(id + P @) (Prlw) ~ POO)PGD)) |y ©)

It is a C! isometric transformation from the eigenspace relative to A to the range of P;(u),
which is the sum of the eigenspaces relative to the eigenvalues contained in o(H(u)) NI
(see e.g. Ref. 26, Section 105). In particular, t — S(v(t)) " H(y(t))S(v(t)) is a C' family
of symmetric m dimensional operators acting on P;(y(#))H, having the same eigenvalues of
H(v(t)) in I. We can then apply Ref. 16, Theorem 6.8 and get the proof. O

We remark that the smoothness of the operator is not sufficient to guarantee any regu-
larity of the eigenstates and the eigenprojectors in presence of eigenvalues intersections, not

even in the finite dimensional Hermitian case. Following Ref. 25, we consider the C*° matrix

H(z) = oV cos(1/z) sin(1/x) | 40,
sin(1/x) —cos(1/x)

with H(0) = 0. Its eigenvalues are A\(z) = e /%", therefore they are smooth, while its

cos(1/(2x)) 4 —sin(1/(2x))

(normalized) eigenvectors are an , which do not have limit
sin(1/(2x)) cos(1/(2x))

for x = 0.

If the difference between the intersecting eigenvalues grows linearly with respect to the
parameters (as in the case of conical intersections), then the eigenvectors can be chosen
continuous. This is the thesis of the following proposition (see also Ref. 13, Theorem 6 for

a related result).

Proposition IV.8 Let v: (t_,t;) — R3 be a C* curve with 4(t) # 0 for every t € (t_,t,),
and assume that there exists an interval I such that for everyt € (t_,ty) o(H(y(t))) N1 is

12
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composed by two eigenvalues A1 and \y. Assume moreover that there exists t € (t_,t,) such

that A (y(t)) = A2(v(?)) and
A2 (7(8) — M(v(1))] = CJt — ],

for some C' > 0.

Then the projector P;(y(+)) relative to A\;,i = 1,2, may be extended continuously on the
whole (t_,ty). Moreover, calling H™(t) = H(y(t))+ (t —t) VH(y(f)) - 5(t) the linearization
of H(y(t)) around t, and P™(t), Pi(t) its projectors relative to the eigenvalues in I, we
have that

lim P,(y(t)) = lim P (¢), i=1,2,

t—t t—t

where the limits above hold in the operator norm.

The proof of Proposition IV.8 is a straightforward adaptation of that of Ref. 9, Proposi-
tion 3.1.

V. PROPERTIES OF CONICAL INTERSECTIONS

Conical intersections have a characterization in terms of the nondegeneracy of a particular
matrix, that we call the conicity matrix, whose definition is given here below. A similar

characterization has been obtained in Ref. 11, Theorem 4.5.

Definition V.1 Let H : R® — By, (D(H(0)),H) be a C' map such that H(u) — H(0) is
H(0)-small for every u. Given two orthonormal elements 11,1y € D(H(0)), the conicity
matriz of H(-) at u € R3 associated with 1y, is defined as

(1, 01 H (0)thg) (31, O1H (0)th2)* (1o, O1H ()the) — (11, 01 H(0)thy)
Mu(1,9) = | (41, 0:H(w)tpe) (1, OoH (w)tha)* (1o, OoH (0)the) — (11, Do H (u)h)
(1, OsH(w)pa) (1, OsH (u)h2)* (b2, OsH (0)thg) — (Y1, 0 H (0)1)1)

Remark V.2 By simple computations it is easy to see that for every u and every or-
thonormal pair ¥y, € D(H(0)), det My(11,12) is purely imaginary and the function

(11, 19) +— det My (¥1,19) is invariant under unitary transformations of the argument.

The following result characterizes conical intersections in terms of the conicity matrix.

13
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Proposition V.3 Let H : R® — By, (D(H(0)),H) be a C' map such that H(u) — H(0) is
H(0)-small for every u. Assume that Ay and Ay are two discrete eigenvalues of H(u) with
Ar(a) = Ao(u), and that \y(u) = Ao(u) is a double eigenvalue of H(w). Let {11,109} be
an orthonormal basis of the eigenspace associated with the double eigenvalue. Then Q is a

conical intersection if and only if Mg(11,19) is nonsingular.

Proof. Taking advantage of Proposition IV.8, one can easily adapt the proof of Ref. 9,
Proposition 3.4 to prove that, if u is a conical intersection, then Mg (1)1, 12) is nonsingular.

Let us then prove the converse implication. By contradiction, we assume that a is not
conical. We consider the self-adjoint operator H(u) = S(u) ' H(u)S(u), where S(u) is
defined as in (5), by taking I as a small interval such that o(H(u)) NI = {A(u)} and
substituting v(f) with @. H(u) is represented by a C! Hermitian 2-dimensional matrix, with
eigenvalues A;(u) and Az(u); moreover, {Jl, 1;2}, with 1;1 =9 (ﬁ)_lwi, form an orthonormal
basis of the eigenspace of H(1) relative to A (@) = Ao(1). In particular, the conicity matrix

for H(-) at @ with respect to {ty, 12} coincides with that of H(-) at @ with respect to
{11,12}. Indeed,

O;H(u) = —S(u)"'8;S(u) S(u) " H(u)S(u) + S(u)"'8;H(u) S(u) + S(u) " H(u)d;S (u)
= —S(u)'9;S(u) H(u) + S(u)"'0;H(u) S(u) + H(u)S(u)"'d;S(u),

so that 8, H () = S(u) '8;H () S(u), since H(a) = A (a)id.

Without loss of generality, we assume H (u) traceless for every u. Indeed, the transfor-
mation H(u) — H(u) — %tr(f[ (u))id conserves the difference between the eigenvalues and
leads to the same conicity matrix.

Set, for every unit vector v in R3, r,(¢) = + tv. Since u is not conical, for every & > 0

there exists a unit vector v, = (vf, v§, v5) such that

d

Z Ay (1)), | <

di S €.

Also, the absolute value of each matrix element of H (u) is bounded by |\, (u)|, and by contin-
uous differentiability of both H and A, along ry,(-) (Proposition IV.7), one deduces that, in
G H v (O || = IVH (@) v <

the usual matrix norm induced by the Euclidean norm, |
Cle, for some positive C'.
We now multiply on the left the conicity matrix of H(-) at @ by an orthonormal matrix

having v, as first row; the resulting matrix has the same determinant of the original one. In

14
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particular, the first row of the resulting matrix is

((@Z)l, V]:](ﬁ) ’ V4/)2>, W)l, Vﬁ(ﬁ) ’ V6¢2>*> <1/}2a Vﬁ(ﬁ) ’ Vel/}2> - <¢1a Vﬁ(ﬁ) ’ V6¢1>),

so that, by the estimates done above and the arbitrariness of €, we get the proof. 0

The following result shows a robustness property of conical intersections. The proof may

be obtained by following the same arguments as in Ref. 9, Theorem 4.10 and is thus omitted.

Theorem V.4 Let H : R® — B,,(D(H(0)),H) be a C' map such that H(u) — H(0) is
H(0)-small for every u, and let 0 be a conical intersection for H(-) between the eigenvalues
A1 and Ay. Let U be an open neighborhood of . Then, for every e > 0 there exists 6 > 0
such that, for every I:I() satisfying the same assumptions of H(-) and such that

1 (w) = H ()| n) <6,
|0:H (w) — i H(W) || oy <0, i=1,2,3,

for u € U, there exists i € R3, with |a — a| < ¢, that is a conical intersection of H(-)

between A\ and Xs.

VI. MAIN RESULTS

In the following, we consider a C! map K defined from a Banach space Y to B, (D(K(0)), H),
such that K(q) — K(0) is K(0)-small for every ¢ € ). We are interested in establishing
the genericity and prevalence of conical intersections for parameter-dependent self-adjoint

operators belonging to the class
F={K(q):qe )}

We also assume that the family F satisfies the following condition, called Second Strong

Arnold Hypothesis!'®28.

Second Strong Arnold Hypothesis (SAH2): Assume that, for some qo € Y, X is
an eigenvalue of K(qo) of multiplicity greater or equal than two. Then there exist two

orthonormal eigenstates Yn,1y of K(qo) pertaining to A such that the three linear functionals
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on )

fin = faz i p= (n, KO (0)Y1) — (2, K (9)1a)
frz i p = (1, K (p)12)
for o= (o, Kéo(p)@bﬁ

are linearly independent. FEquivalently, the linear map ® = (f11 — faz, Re(f12), Im(f12)) is

surjective from Y to R3.

We call M the subset of )} such that the operators in K (M) have double eigenvalues.
For every interval I and every open set I in ), we denote by M?¥ the subset of elements
in U such that the corresponding operators have an eigenvalue in I of multiplicity two,
isolated from the rest of the spectrum. Under some additional regularity assumptions on
the spectrum of the operators, SAH2 guarantees that M has codimension three in ). In
particular if, for any ¢ € ), K(q) only admits point spectrum with no finite accumulation
points, then, for a sufficiently small interval I and a sufficiently small open set U, the set
MU is a smooth submanifold of codimension three®.

The conicity of eigenvalues intersections corresponds to a geometric property in the space

of parameters, as the following result shows.

Proposition V1.1 Assume that the family F satisfies SAH2, and that all of its elements
have purely discrete spectrum without finite accumulation points. Consider a C' map q :
U — Y, with U C R open, and set H(u) = K(q(u)). Assume that H(u) has an isolated
double eigenvalue \ at u = u, and set § = g(u). Consider a neighborhood U of q in Y and
an interval I containing \, small enough so that MY is a submanifold of codimension three
in' Y. Then u is a conical intersection for H(-) if and only if for every direction v € R? the
vector ¢y = Zle v;0;q(0) is not tangent to MY at q, that is, the map q(-) is transversal

to MY at a.

Proof. If there exists some v € R3? such that ¢, is tangent to M at ¢, then @ cannot be

a conical intersection. Indeed, if a curve v in MY satisfies y(0) = @ and |¥(0)| = gy, then

I (v(8)) = K(g(@ + 1)) ooy = oft)-

Thanks to Proposition IV.6, we get that the distance between the eigenvalues intersecting

at u is of order o(t) along the line ¢ — u + tv.
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Let us now prove the converse statement. Denote by A;(u) and Ay(u) the two eigenvalues
of H(u) crossing at u, with A\j(u) = Ay (1) = A

Under the assumptions of the proposition, we can deduce the following facts. Possibly
reducing I (still containing A in its interior) and the neighborhood U of ¢, K(gq) contains
exactly two eigenvalues in I, counted with their multiplicity, for every ¢ € U. Denoting with
M (q) the sum of the eigenspaces of K(q) associated with the eigenvalues in I, and with
P;(q) the orthogonal projection on M(q), we have that, possibly reducing U,

|Pr(q) — P|<1 Vgel,

where P = P;(q); moreover, P;(+) is C! in U, by Proposition IV 4.
As in the proof of Proposition IV.7, the map S(q) : M(q) — M (q) defined by

S(q) = Pi(a)(id + P(Pi(g) — P)P) ", 0

is an isometric transformation and it is differentiable with respect to q. Therefore the map

h(q) = S(q)"'K(9)S(q)

is a differentiable map from U to the space of self-adjoint operators on M(g), and the
eigenvalues of h(q) are the same as the eigenvalues of K (q) in I. Moreover, it is easy to see
that M™ C h='({pid : p € R}), where id denotes the identity on M(q).

Let us now assume that the intersection between the eigenvalues A\; and A, is not conical,

that is there exists a unit vector v € R? such that
Xo(@+tv) — A(a+tv) = o(t).

We claim that ¢, is tangent to M?¥ at g. To prove that, we consider the curve h(g(tu+tv))
in the space of self-adjoint operators on M(qG). Choosing {11, 12} as the orthonormal basis of
M (q) for which SAH2 holds true, we represent h(g(u+tv)) as the curve of two dimensional

Hermitian matrices

a(t) c(t)
c*(t) b(t)

for some complex-valued functions a(-),b(-), ¢(+) satisfying a(0) = 6(0) = X and ¢(0) = 0.

N(t) =

Since the eigenvalues of N(t) coincide with those of H(u + tv) contained in I, it holds
V(a(t) = b(t))2 + 4[c(t)]2 = o(t). Therefore, we conclude that N(0) belongs to {uid : u €
R}.
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Reasoning as in Proposition V.3, we obtain that hL(-) = S™'(7)K}(-)S(g). Since the
family F satisfies the condition SAH2, the map h is transversal to {pid : © € R} in the

space of self-adjoint operators on M (g). Then we can conclude that

(W) ({pid : p € R}) = TuM!HH

q

(see e.g. Ref. 1, Corollary 17.2) and, in particular, ¢, is tangent to M*¥ at g. O

Note that, if ) is second countable and if all the elements of F have purely discrete
spectrum without finite accumulation points, then the set M is the countable union of
manifolds of the form M!¥ as defined above. Hence, from the previous result, the fact
that the family of prevalent and residual sets is closed under countable intersection, and
by Theorem II1.4, we deduce the following criterion discussing the possibility, for an ele-
ment of a family of parameter-dependent self-adjoint operators, that all double eigenvalues

intersections are conical.

Theorem VI.2 Assume that the family F satisfies SAH2, and that all of its elements
have purely discrete spectrum without finite accumulation points. Let A be a Banach space,
U cC R?open and ev : Ax U — Y be a C' map. Furthermore, suppose that A,Y are
second countable and that the map ev(+) is transverse to the manifolds of double eigenvalues
MY defined above. Then, for a residual and prevalent set of elements a € A, all dou-
ble eigenvalues intersections of the parameter-dependent operator H,(-) = K(ev(a,-)) are

conical.

A. Finite-dimensional case

In this section, we consider finite dimensional parametrized Hamiltonians of the form
H(u) = Hy + u1 Hy + ug Hy + uzHj where, for i = 0,...,3, H; is a n-dimensional Hermitian
matrix. In this context, genericity and prevalence have to be intended with respect to the
Hamiltonians H;, ¢« = 1,2, 3.

In the notations of the preceding section, we have that F = iu(n), that is, F is the set of
Hermitian n x n matrices, and we choose ) = F and K the identity on ). All the conditions
on F, A,Y in Theorem VI.2 are satisfied, and in particular, for sufficiently small I C R and

U C Y, we can define the manifolds M?¥ of double eigenvalues.
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Lemma V1.3 Fiz Hy € iu(n). We define the map ev : (iu(n))? x (R*\ {0}) — iu(n) as
ev(Hy, Hy, H3,u) = H(u),

with H(u) = Hy + uy Hy + uogHy + usHs. Then ev is transversal to the manifolds M™Y.

Proof. If ev(H,, Hy, Hs,u) ¢ MY then the thesis trivially holds. Assume then that
H(u) = ev(Hy, Hy, H3,u) € U has a double eigenvalue A € I for u # 0.
The differential of ev at (Hy, Hy, Hz, 1) along the direction (0 Hy,dHs, §H3, du) is given
by
3
V{1, t1y 15, (O Hy, O Ho, 0Hy, 00) = Y (w;0H; + Su; Hj) .
j=1
Let us consider the three directions v; = (w104, g0y, u30y,0,0,0), where the operators oy,

[l =1,2,3, are given by

o1 = {2, )1 + (L1, )2 oy = i{p1, )2 — {2, )1 o3 = (@1, )01 — (P2, )P,

and ¢ and @y define an orthonormal basis of the eigenspace of H () relative to A\. We now

consider the eigenvalues of

H(u) + eeV2H17H27H37ﬁ)(a1v1 + Qa9 + a3v3)

3
= H(u) +¢[u* ) _ajo;.
Jj=1

It is easy to check that the degenerate eigenvalues split and their difference is equal to
2¢|a)?|al. Therefore, span{eviy, . y. o (v1) 1 1 =1,2,3} is a three dimensional space having
trivial intersection with TH(ﬁ)/\/lI U Since the codimension of M!¥ is 3, we conclude that

the map ev is transversal to M. O

We are now able to state the main result of this section.

Theorem V1.4 Let Hy € iu(n). With each (Hy, Hy, Hs) € (iu(n))®, we associate the
parameter-dependent operator H(u) = Hy +Z?:1 ujH;. Then the set of triples (Hy, Ho, H3)
such that all double eigenvalues of H(-) correspond to conical intersections is residual and

of full Lebesgue measure.
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Proof. Thanks to Lemma V1.3 we can apply Theorem VI.2 and deduce that, for a residual
and full measure subset of (iu(n))3, all double eigenvalues of H(u) with u # 0 correspond
to conical intersections.

Let us now consider the case where Hj has a double eigenvalue A, and let ¢; and 5 define
an orthonormal basis of the eigenspace relative to X\. Consider the real-valued multi-linear

map

Q2

Re ((v1, H11a))
F(Hy, Hy, Hz) = det | Re ((101, Hathy))

Re ((Y1, Hy)a))

m ({1, Hitba)) ({2, Hipa) — (Y1, Hiv1))
m ({1, Hatpa)) ((t2, Hatba) — (1, Hat)1))
Jm (Y1, Hatbe)) (2, Hatbo) — (Y1, H3thr))

2

By Proposition V.3, u = 0 is a conical intersection for H, + Zi’:l u;jH; if and only if
F(Hy, Hy, H3) # 0. Moreover, being F' continuous, we obtain that F~!(R\ {0}) is an open

subset of (iu(n))3. This subset is nonempty because the map

H € iu(n) > (e (v, Hoa)) Im (0, Hia)) (o, Ho) = (0, Ho) ) € B

is surjective. The density comes directly from multi-linearity. Also, the set F~'(R \ {0})

has full measure in (iu(n))3. This concludes the proof of the theorem. O

B. Infinite dimension: the case of electromagnetic Hamiltonians

In quantum mechanics, infinite dimensional Hamiltonians are usually obtained by quanti-
zation of classical Hamiltonians, that is, sums of kinetic and potential energy. In particular,
a charged particle moving in the three dimensional space under the action of an electromag-

netic field (E, B) is described by the following Hamiltonian
H=(-iV+A?+V
=(—=iV+A) (-iV+A)+V
~A—i(VA+AV)+ AP +V (6)

where A : R? — R3 is the vector potential and V : R® — R is the scalar potential, and they
satisfy the relations E = —VV and B = V x A. Here the operator —i (VA + AV) acts on

the elements of its domain as follows:
—i (VA +AV) ¢ = —idiv(Ay) —i A - V.
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The class of Hamiltonians of the form (6) covers many relevant physical systems, therefore it
is a good candidate for the class F in which to study the occurrence of conical intersections.
Notice that the Hamiltonian (6) can be written as H = —A + W + Ha, where we set Ha =
—i (VA + AV) and W =V + |A|2. Formally, H = L?(Q2,C) where Q is a given Lipschitz
bounded domain in R3, the class F under consideration consists of the Hamiltonians of the
form —A+W + Ha, where A : D(A) — L?*(€, C) denotes the Dirichlet Laplacian on Q with
D(A) = H}(Q,C) N H*(Q,C), W is a scalar continuous real-valued function on its closure
2, that should be thought as a multiplication operator, and A is a C' vector-valued real
function from Q to R®. Using the fact that |[V| = [(¥, Av)|V2 < L(e|| Ay + L]|]]) for

any € > 0, one gets
. ) 1
IHav ]l = [ldiv(A)yp+2A-VY|| < e Allze @ |AY]+((|div(A) || o)+ Z 1Al @) 11l (7)

As a consequence, self-adjoint operators of the form Ha are A-small. In particular the
elements of F belong to By, (D(A), L*(£2)). Similarly it can be shown that each Hy is form-
bounded with respect to —A (as a quadratic form, see Ref. 23, Chapter X for the definition)
with a relative bound that can be chosen smaller than one. Thus Ref. 24, Theorem XIII.68
ensures that the Hamiltonians of the form —A + V + Ha have compact resolvent, so that
their spectrum is purely discrete with a finite number of eigenvalues in each compact subset
of R.

Motivated by (6), we set Y = C(Q, R) x C1(Q, R3) and define the surjective map K : ) —
F as

K(V,A)=-A+Hp + AP+ V.

We recall that ), endowed with the norm [|(V, A)|ly = ||[V]leo + [|Allcc + s, [ VAL||s for
(V,A) € Y, is a Banach space.

Note that, in view of applying Theorem VI.2, the assumption that  is bounded is
crucial. Indeed, the space of continuous (or C!) functions on an unbounded domain of R3
is not second countable. On the other hand, if §2 is bounded, then ) is separable and thus
second countable (the two notions are equivalent on metric spaces).

It is easy to see that K is differentiable as a map from the Banach space ) to

B..(D(A), L*(2)), with K{y a)(0V,0A) = Hsa +2A - 0A + 6V; indeed

IK(V +6V,A+6A) — K(V,A) — (Hsa + 2A- 6A + 6V)||5p(a), 10y = o([|(6V,6A)]|y)
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and, because of (7), Hsa +2A -0A +6V is a bounded linear map from ) to B(D(A), L*(2)).
The continuity of (V, A) — K[y, 5 being evident, we conclude that K is C L

Before stating the main results of this section, some important remarks are in order.
First of all, we observe that the operator Ha plays a crucial role in the existence of conical
intersections for controlled Hamiltonians belonging to F. Indeed, if we restrict to the class
of operators of the form —A + V', with V' a real-valued function, three-input controlled
Hamiltonians do not admit conical intersections: this can be seen as a consequence of the
fact that the terms (¢;, 0;H)y), with ¢ = 1,2, 3, computed with respect to an appropriately
chosen orthonormal basis of eigenfunctions {t;};en of —A + V| are real and thus the first
two columns of each conicity matrix are equal. On the other hand, examples of conical
intersections for controlled Hamiltonians belonging to the family F are not difficult to find,

as shown below.

Example. Consider the Hamiltonian H(u) = (—iV + uzA)? + u; V) + uy Vs, where

Vi(z) = a5 + 23, Vo) = mow3, A = (0, —x3/2, 25/2)",

z = (x1,m9,13) € Q= (0,1) x (0,v3) x (0,V5),

with Dirichlet boundary conditions. We claim that H(0) (representing the potential well
in ) admits conical intersections of eigenvalues. Indeed eigenvalues and eigenfunctions of
H(0) take the form

B, J3 )

>\j17j2aj3 - 7T2 (]% + 3 + 5

24/2 ~ .
z/jjl,jz,jg (33') = _\/_ Siﬂ(jlﬂ'x1> Sin (.]271—»1:2) Sin (]371‘3)’

V15 V3 V5

where ji, jo, j3 are strictly positive integers. Then, for instance, A\; 13 = A1 22 corresponds

to a double eigenvalue. A direct computation shows that the associated conicity matrix is

nonsingular.

Next, we observe that the fact that the domain 2 is assumed to be a subset of R? is not
crucial for the mathematical formulation of the problem and the correctness of the main
results of this section, unless the dimension is one.??

In order to apply Theorem VI.2 to the family F and the function K defined above, we

will use the following preliminary result.
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Lemma V1.5 FEvery element of F satisfies SAH2 for any multiple eigenvalue. Moreover,
the restriction ®| (. ).vec@,r)), where ® is the map defined in the statement of SAH2, has

rank at least two.

Proof. Let us consider H = —A + V + |A|?> + Ha € F, and assume that X is a multiple
eigenvalue of H. By contradiction, assume that there exist three complex scalars a, b, ¢ and

two eigenstates 11, 15 of H relative to the eigenvalue A such that the functional

a(fi1 — f2) +0fi12 +cfa (8)

is identically zero, where f;;(0V,0A) = (¢, (Hsa + 2A - JA + §V)y;). Notice that this fact
does not depend on the particular choice of the orthonormal eigenstates ¢, 5. Indeed, a
transformation of the basis (1, 02)T = M (11, 1,)T, where M is an invertible two-by-two ma-
trix, induces a linear invertible transformation (a, b, c) — (@, b, &) so that the functional (8)
becomes @(fi1 — faz) + bf12 + ¢for, where fij = (i), (Hsa + 2A - A + 5V)zzj>.

Integrating by parts the terms of the kind (v, Hsa1);) taking into account the boundary

conditions on the eigenfunctions, we can write the functional (8) as
(V. 6A) s /(W +2A - 6A)0 — idA - E, ()
Q
where

O = a|1|* — alhe|® + bbby + iy,
E = a(¥; Vi — 01V} — 05V + o Vih3) + bW Vibe — o Vb)) + c(s Vi — 1 V3).

Since we are assuming that the functional (9) is zero then, by arbitrariness of V' and JA,
© and = must be identically zero on 2. We assume without loss of generality that a € R
and consider separately the cases b = ¢* and b # ¢*.

If b = ¢* then, up to replacing ¢; with ¢4 in (8) for a suitable constant phase € R,
we can assume b = ¢ € R. Furthermore, it is easy to see that a rotation of the basis
(Y1, 92)T = R(¢Y1,192)T, R € SO(2), induces a rotation of the corresponding coefficients a
and b = cin (8) (more precisely the vector of coefficients (a, b) is mapped to R?(a,b)?). Asa
consequence we assume without loss of generality that b = ¢ = 0. From © = 0 we obtain that
1| = |1)a] on Q. Denoting ¢; = |[¢|e?%, j = 1,2, it turns out that = = 2ia||*V (6, — 62).

Then V (6, — 02) = 0 wherever [¢| # 0, and in particular §; — 05 is constant on an open set.
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Up to a constant phase change of the eigenfunctions, iy — 15 is an eigenfunction which is
null on an open set, which implies, by the unique continuation property'”, that 1, = v,
which is a contradiction. We can then conclude that the functional (8) cannot be zero if
a € Rand b= c".

Let now b # ¢*. By the unique continuation property, we have that ¢; and ¢, are different
from zero on an open and dense subset 2’ C Q. Since O—0* = (b—c* )+ (c—b* )13 =0
we then obtain that the difference between the phases of ¥); and 1), is constant on €2’ and, in
particular, it can be set to zero. This leads to Jm(b) = —Jm(c). Let us then set b = 3+ ir,
¢ =~ —ir, for some 3,7, € R, with 5 # 7 (otherwise we are back to the previous case).
Let us write 1, = ¢1€ and 15 = ¢2€%, for some real-valued nonnegative functions ¢, s

and (. Then by computations it follows from = = 0 that

(B =791V 2 = 2V 1) +2i(r($1V s — $:Vn) +a(VE) (6] — 63) + (v + B) (V)1 ¢2) = 0.

By taking the real part of the previous expression we get that g1 Vpo—pa Vo, = ¢%V(¢2 Jé1) =
0 on €, that is 1)1 = 1, almost everywhere on €2, contradicting the linear independence of
1, 19. Then SAH2 is verified.

The proof of the second statement follows similar arguments and is thus omitted. 0

All the assumptions on F,A,) in Theorem VI.2 are satisfied, and in particular, for
sufficiently small I C R and &/ C ), we can define the manifolds M’ of double eigenvalues.

Let us now consider controlled Hamiltonians in F of the kind
(—iV + A+ w3 A + V +u Vi + ugVa,
where V, V1, Va € C(Q,R) and A, A € C1(Q,R?).

Lemma VI.6 Let (V,A) €Y and U = {u € R® : u? +u3 # 0 and uz # 0}, and consider
the map ev : (C(,R))% x CHQ,R?) x U — Y defined as

ev(Vi, Vo, A,u) = (V +u Vi + ugVa, A + usA).
Then ev is transversal to the manifolds M.
Proof. Let us recall that K(V, A) = (—iV + A)? + V, and, in particular,
K(ev(Vi, Vo, A,u)) = (—iV 4+ A +usA)? +V +u Vi 4 ugVa.
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If ev(Vy, Vo, Aju) ¢ MY (that is, we recall, either ev(V;, Vo, A u) ¢ U or the Hamil-
tonian H(u) = K(ev(Vi, V5, A ju)) has no double eigenvalues in the interval I), then the
thesis trivially holds.

Assume then that H(u) = K(ev(Vi, V3, A u)) has a double eigenvalue A € [ for some
u € U and (V1, V5, A) with ev(V}, V5, A;u) € U, and that 11,1, are two orthonormal
eigenstates of H(u) pertaining to A\. Without loss of generality, we assume that @; # 0.

Lemma VI.5 ensures that the rank of the map
(0V,6A) = (f11(6V,0A) — f22(6V,6A), f12(6V, 0A), fr (8V, 0A)),

where f;;(6V,0A) = (¢y, (Hsa +2A - §A 4 06V)1;), is three, and its restriction to the space
{(6V,0) : 6V € C(2,R)} has rank at least two. Then, setting K(§A) = Hsa+2(A+1usA)-0A,
we can find three functions §7,0W € C(Q,R) and §A € C'(2,R?) such that the matrix

(1, 0Zs) (1,0 Zp9)* (2,0 Zq) — (b1, 6Z1)
(1, 0Weha) (31, 6Wahg)* (Y2, 0Wha) — (b1, 6Weh1)
(1, K(OA)2) (91, K(GA)2)* (b2, K(6A)he) — (Y01, K(0A) Y1)

is nonsingular. In particular, by Proposition V.3, v .= 0 is a conical intersection for the
Hamiltonian

H(v) = H(Q) + 1167 4+ 026 W + v3KC(5A).

We now define the C! map ¢ : R® — YV as q(v) = (V + @ V) + Vo + v10Z + v26W, A +
isA + v30A). It is casy to see that K(g(v)) = H(v), and, in particular, v = 0 is a conical
intersection for K(g(v)). Then, thanks to Proposition VI.1, for every v € R?

3
E]Vv = Z'Uj aja(O) = (Uléz + U2(5W, ’035A)
j=1

is not tangent to M. Since the codimension of M’ in Y is three, then J = {q, : v €
Rg} + Tg(o)MI’u.
To conclude the proof of the lemma it is enough to show that {g, : v € R3} C

Im(eviy, v, a.q))- For this purpose we consider the variations in (C(£2, R))% x C1(Q,R3) x R?

w, = ((52/[61,0,0,0,0,0),
ws = (6W/a1,0,0,0,0,0),
w3 = (0,0,(SA/’Zj;g,0,0,0),
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for which we have

This concludes the proof of the lemma. O
We then have the following result.

Theorem VI.7 Let (—iV+A)2+V € F and U as in the lemma above. Then, for a residual
and prevalent set of triples (Vi, Vo, A) in (C(Q,R))? x CH(Q,R3), all the double eigenvalues
of

H(u) = (—iV+A+uA)P +V +u Vi +usVs

with w € U U {0} correspond to conical intersections.

Proof. Thanks to Lemma VI.6 we can apply Theorem VI.2 and conclude that, generically
and for a prevalent subset of (C(€2,R))? x C}(Q,R?), all double eigenvalues of H(u) with
u € U correspond to conical intersections.

Assume now that u = 0 is a double eigenvalues intersection for H(u). Proceeding as in
the proof of Theorem VI.4 we have that u = 0 corresponds to a conical intersection if and

only if FI(Vi, Vs, A) # 0, where

Re ((P1, Vighe))  Tm ({1, Vike)) ({32, Vitha) — (1, Vithn))
F(V1, V2, A) = det | Re (1, Varbg))  Tm ({1, Vatba)) ({32, Varha) — (i1, Vatbn)) J
Re ((Y1, Karhz)) TJm ((¢1, Kava)) ((2, Kathe) — (¥1, Kath1))

with Ky = Ha +2A- A and v, ¢, orthonormal eigenstates of H(0) pertaining to the double
eigenvalue. We have to show that the set F~'(R \ {0}) is both residual and prevalent in
(C(L,R))? x CHQ,R?).

We have that F~!'(R\ {0}) is open. Density comes from Lemma VI.5 (which in particular
implies that F is not identically zero) and multi-linearity of F. The set F~*(R\ {0}) is
therefore residual.

To conclude the proof we pick ¢ € (C(2,R))? x C}(Q,R?) such that F(q) # 0 and

we consider the measure p on (C(Q,R))? x C(2,R?) supported on the one-dimensional
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set {tqg : t € [0,1]} and induced by the Lebesgue measure on [0,1]. Since it is easy to
see that, for any ¢ € (C(Q,R))? x C1(Q,R3), F(q + tq) is a nonzero polynomial of degree
three in the variable ¢ (having therefore at most three zeros on [0,1]), it turns out that

pu(—q+ F~1(R\ {0})) = 1. We thus obtain that F~'(R\ {0}) is prevalent.

VII. CONCLUSION

In this paper we study the possibility that eigenvalues intersections for parameter-
dependent self-adjoint operators are conical. In particular we show that, for two important
families of parameter-dependent Hamiltonians, the subfamilies of Hamiltonians admitting
only conical intersections are both residual and prevalent. The main interest of this result
relies on the fact that recent papers (in particular Ref. 9) have shown the possibility of
exploiting the presence of conical intersection to obtain constructive approximate controlla-

bility results.
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