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NULL CONTROLLABILITY OF THE STRUCTURALLY DAMPED
WAVE EQUATION ON THE TWO-DIMENSIONAL TORUS

PATRICIO GUZMAN AND LIONEL ROSIER

ABSTRACT. We investigate the null controllability of the wave equation with a Kelvin-Voigt damping
on the two-dimensional torus T2. We consider a distributed control supported in a moving domain (1)
with a uniform motion at a constant velocity ¢ = (1,§). The results we obtain depend strongly on the
topological features of the geodesics of T? with constant velocity c. When ¢ € Q, writing { = p/q with
p,q relatively prime, we prove that the null controllability holds if roughly the diameter of (0) is larger
than 1/p and if the control time is larger than g. We prove also that for almost every { € R4 \ Q, and also
for some particular values including e.g. { = e, the null controllability holds for any choice of ®(0) and
for a sufficiently large control time. The proofs rely on a delicate construction of the weight function in a
Carleman estimate which gets rid of a topogical assumption on the control region often encountered in the
literature. Diophantine approximations are also needed when { is irrationnal.

2010 Mathematics Subject Classification: 35Q74, 93B05, 93B07, 93C20.

Keywords: Wave equation; Kelvin-Voigt damping; null controllability; parabolic—transport system;
moving control; Carleman estimates; Diophantine approximations.

1. INTRODUCTION

We are here concerned with the null controllability of a classical model of viscoelasticity, namely the
wave equation with both viscous Kelvin-Voigt damping and frictional damping. We consider a distributed
control supported in a moving domain ®(z). The system reads

Vi = Ay = VAY, +b(x)y: = 1) (X)u(x,t),  x€Q,t€(0,T), (1.1)
y=0, xe€dQ re(0,7), (1.2)
y(X,O):y()(X), yt(xao):yl('x)v x € Q. (13)

Here, Q is a smooth, bounded, open set in RY (where N > 1), v > 0 is a viscous constant, b € L*(Q)isa
function determining the frictional damping, and u = u(x,) stands for the control input. It is well known
that system (1.1)-(1.3) fails to be null controllable when @(7) = @ is a fixed open set in Q with Q\ @ # 0.
This fact, noticed in [14] for N = 1 (for boundary controls) is due to the existence of a limit point in the
spectrum of the adjoint system. The same obstruction occurs for the Benjamin-Bona-Mahony (BBM)
equation (see [12, 16]):

Vi = Yixx +Yx Fyyx = lo(X)u(x,1). (1.4)

To overcome this problem, L. Rosier and B.-Y. Zhang suggested in [ 16] to replace the fixed control region

o in (1.4) by a moving control region ®(r) that is allowed to visit the whole domain. More precisely,
1
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they proved that the system
Yt_thx+Yx+}’}’x:a(X—Cl‘)u(xat)a XGT, te(oaT)7 (15)
y(x,0) =yo(x), x€T, (1.6)
where T = R/Z is the one-dimensional torus and a € C*(T) is a nonnegative and not identically null
function, is null controllable in time 7 > 1/|c|. Using the same kind of distributed control a(x — ¢t )u(x,?),
P. Martin, L. Rosier and P. Rouchon proved in [11] that the wave equation with structural damping
ytt_yxx_ytxx:a(x_Ct)M(xat)a xeT, (L.7)

is null controllable in time 7 > 1/|c|.

The case of an open set Q in R was considered by F. W. Chaves-Silva, L. Rosier and E. Zuazua
in [4]. The null controllability of (1.1)-(1.3) was derived when w(r) = X (@y,?,0), where X is the flow
generated by some vector field £ € C([0,T], W>= (RN, RV)); that is, X solves

%(x7tat0) = f(X(x7tat0)vt)a
X(x, to,to) =X.
For instance, with the choice f(x,t) = 7(t) for some y € C'([0,T],R"), we obtain

X (x,t,t0) = x+7y(t) — v(10).

Actually, the results in [4] (and also those in [5]) were derived under the assumption that there exist a
bounded, smooth, open set wy C RY, a curve ' € C*([0,T],RY), and two times t1,, with0 <t; <t < T
such that

['(r) € X(,t,0)NQ Vr€[0,T]; (1.8)

Qc |J X(w,1,0)={X(x,1,0); x€ ay, t € [0,T]}; (1.9)
t€[0,T]

Q\ X (,,0) is nonempty and connected for ¢ € [0,1,]U [, T]; (1.10)

Q\ X(my,,0) has two (nonempty) connected components for ¢ € (t1,1,); (1.11)

Vye C([0,T],Q), 3r € [0,T], y(t) € X(p,1,0). (1.12)

More recently, F. W. Chavez Silva , X. Zhang and E. Zuazua investigated in [5] the null controllability
of a heat equation with memory by using a moving control, namely the system

t

yi— Ay + / Mt —5)y(s)ds = Lo (u(x,r),  xeQ 1€ (0,T), (1.13)
0

y=0, x€dQ,te(0,T), (1.14)

yx,00=0, x€Q. (1.15)

Assuming that (1.8)-(1.12) hold, that M € L'(0, T) and picking an open set ® with @y C ®, they proved
that system (1.13)-(1.15) is null controllable in time 7 by taking w(z) := X (,1,0).

It would be desirable to obtain the null controllability of (1.1)-(1.3) assuming only (1.9), but such a
result (if true) is still not available in the literature. It is quite obvious that the conditions (1.10) and
(1.11) are not consequences of (1.9). On the other hand, it was noticed in [4] that (1.8) and (1.12) are
not implied by (1.9). The most conservative condition seems to be (1.11), for the natural situation when
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a small ball o(t) = B(y(t), €) visits the whole domain Q (with € < 1 so that (1.11) fails) is not covered
by the theory developed in [4, 5].

The aim of the paper is to obtain almost sharp results, as far as the control region is concerned, for the
null controllability of the wave equation with both Kelvin-Voigt and frictional damping. We shall focus
on the case of the simple domain Q = (0,1)" with periodic boundary conditions (i.e. we shall assume
that x € TV = RN /ZV), and we take for the flow X a uniform translation corresponding to f(x,t) = ¢
(ceRN being a constant vector), i.e.

X(x,1,00) =x+(t —19)c.

Even if our results could be stated in any dimension N > 1, we shall restrict ourselves to the dimension
N =2, for the sake of simplicity. We may, without loss of generality, assume that the viscous constant is
v=1.

We are thus concerned with the null controllability of the system

Vi — Ay — Ay +b(x)y; = Ly (¥ u(x,t), x€T? te(0,T), (1.16)
y(x,.) =yo(x), »(x,0) =y (x), x€T> (1.17)

We shall assume that
o(t)=w+tc, teR, (1.18)

where ¢ = (c1,¢2) # (0,0) is a constant velocity and @ C T? is any open set with @y C ®, @y being a
nonempty open set. Without loss of generality, we can assume that

(0,0) € my, (1.19)
c=(1,0), (1.20)
where § € R. We shall assume throughout that
3r >0, T*= |J o@). (1.21)
t€[0,T]

We shall denote by 7 the projection from R? onto T2, defined as 7(x) = x + Z? for all x € R
Our aim is the derivation of null controllability results for (1.16)-(1.17) with @(¢) as in (1.18), that
are sharp as far as the geometry of @y is concerned. We shall investigate the three possible cases: (i)

¢ = (1,0); (i) ¢ = (1,¢) with { € Q% (ii) c = (1, &) with { € R, \ Q.
Let us state the main results in this paper.
(i) Assume that ¢ = (1,0). Note that the condition (1.21) yields
{x€T; 3Ix; €T, (x1,x2) €} =T.

In other words, the projection along the x;-axis of the control region at = 0 should be the whole domain
T. We shall see that, for an open set @y which is roughly delimited by two curves x; = p;(x2), i = 1,2,
this condition is also sufficient. (See Figure 1.)

The first result is this paper is a null controllability result for (1.16)-(1.17) when ¢ = (1,0).

Theorem 1.1. Assume that ¢ = (1,0). Assume given two functions py,pa € C([0,1],R) such that p;(0) =
pi(1) fori=1,2, and 0 < pi(x2) < p2(x2) < 1 for x, € [0,1], and let

Wy = 717{)6 = (X],XQ) S [O, 1]2; pl(XQ) <x < pz(Xz)}.
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X2

(0,1) (1,1)

x1 = po(a)

(1,0) X4

FIGURE 1. The shape of @y when ¢ = (1,0).

Pick any time T > 1 —miny, ¢(o 1) p2(x2) +maxy, (o 1) P1(x2) Let @ be any open set in T? such that @y C o,
and let (@(t)).c(o,r) be as in (1.18). Then for any (yo,y1) € H?(T?) x L*(T?) there exists a control
u € L*(0,T,L*(T?)) such that the solution y of (1.16)-(1.17) satisfies y(.,T) = y,(.,T) = 0.

Note that the control time is sharp when the functions p; and p, assume constant values, for we get
the condition 7 > 1 — (p2 — p1).

(ii) Assume now that ¢ = (1, %) with
p,q € N*, p and ¢ being relatively prime. (1.22)

Then it is well known that the curve x — 7(ct) is g-periodic (hence closed), and that its image w{ct; t €
0,¢]} is homeomorphic to a 1-sphere (i.e. a circle). It is compact and not dense in T2. (See Figure 2.)

It is expected that the extension of @y along the transversal variable x; should be sufficiently large
for (1.16)-(1.17) to be null controllable. A precise statement of this claim is given in the following
proposition.

Proposition 1.1. Assume that ¢ = (1, g) with p and q as in (1.22). Let L and € be positive numbers such
that the set

oy = ([0, L] x {0} +B((0,0),¢))
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X2

(0,1)

(1,0) %,

\ wo

FIGURE 2. The shape of @y when ¢ = (1,p/q) for (p,q) = (4,1).

satisfies (1.21) with o(t) given by (1.18) . Then

s 1-2/p*+q’e —me?

p+2¢

(1.23)

In particular, L > % +0(e)ase —0".

Thus, the extension of @y along the x;-variable should be at least of order 1/p. Conversely, we shall
prove that under a similar condition the null controllability of (1.16)-(1.17) in large time can be derived.
This is the content of the following theorem, which is the first main result in this paper.

Theorem 1.2. Assume that ¢ = (1, 5) where p and q are as in (1.22). Assume that &y C T? is an open
set with

([0, ;1 % {0}) C ax.

Let @ be any open set in T? such that @y C ®, and let (0(1))ejo,) be as in (1.18). Pick any T > q. Then
for any (yo,y1) € H*(T?) x L*>(T?), there exists a control u € L*(0,T,L*(T?)) such that the solution y of
(1.16)-(1.17) satisfies y(.,T) = y(.,T) = 0.

Remark 1.1. (1) Theorem 1.2 is sharp as far as both the control domain and the time control are
concerned. For the control domain, this follows from Proposition 1.1, and for the time control,
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this follows from the observation that
1
a{s(=, ) +1(1,2); s€[0,1], r € [0,7T]} =T? <= T >g¢.
P q
(2) Theorem 1.2 applies when @y = B(0,r) for r > (2p)~" (the position of the center of the ball

being irrelevant).

(iii) Assume that ¢ = (1, ) with § € Ry \ Q. Then it is well known that the curve r — 7(zc) is one-to-one
on R, and that its image {7 (¢c); t € R} is dense in T?. It is thus natural to expect that for any nonempty
open set @y C T2, the set

o+ 1[0,T]c={x+tc; x€ ay, t €[0,T]}
covers T? if the control time 7 > 0 is large enough. (See Figure 3.)

)

(0.1)

i/

FIGURE 3. The case ¢ = (1,{) with { e R\ Q.

1,0) X4

The following proposition shows that it is indeed the case.

Proposition 1.2. If ¢ = (1,§) with { € R, \ Q, then for any nonempty open set ax C T2, there exists
some T > 0 such that
@y +[0,T]c = T>. (1.24)

The above proposition suggests that the control system (1.16)-(1.17) may be null controllable for any
control region but in large time. Such a result can be established for almost every { € R\ Q. To state
it, we need to introduce a class of irrational numbers that can be approximated by rational numbers with
an error less than & /.



NULL CONTROLLABILITY OF THE STRUCTURALLY DAMPED WAVE EQUATION 7

Definition 1.1. For any 8 > 0, let 5 denote the set of numbers § € R\ Q such that for all A > 0, there
exists a pair (p,q) as in (1.22) with ¢ > A and
p 0
s
q q
Itis well known that J, , s =R \ Q, while (v/5—1)/2 ¢ Js for § < 1//5 (see e.g. [9, Theorem 193

and Theorem 194]). Furthermore, it is known that (R, \ Q) \ I is of measure zero for any & > 0 (see
e.g. [9, Theorem 196]).
The following result is the second main result in this paper.

(1.25)

Theorem 1.3. Assume that ¢ = (1,8) where { € Jg for some 6 > 0 with

C)8+(549+ 6C4+ ;2)52 <1.

Let @ be any nonempty open set in T2, and let (0(t))icjo,r] be as in (1.18). Then there exists a time

T > 0 such that for any (yo,y1) € H*(T?) x L*(T?), there exists a control u € L*(0,T,L*(T?)) such that
the solution y of (1.16)-(1.17) satisfies y(.,T) = y;(.,T) = 0.

Remark 1.2. (1) Theorem 1.3 applies for a.e. { € R, \Q, for the set (R \ Q) \ Ny>17y, is of
measure zero.

(2) Theorem 1.3 applies also when § € Jg with { > 1 and § < 1072, Indeed, f>(8,{) < f»(8,1) =
408 + 62182, The issue whether Theorem 1.3 is actually true for any { € R, \ Q is open and
challenging.

(3) We can provide explicit examples of numbers to which Theorem 1.3 applies.

For a given § € R, \ Q, we introduce its continued fraction (see e.g. [9]) [ao,a1,a2,...] where
ap €N, a; e N* fori > 1 and § =1lim,_, ;.|ag,ay,...,a,) with

1
a+——
1 aer#

1
t

f2(8,8) = (32+

[ag,ai,...,an) = ao+

Denoting [ag,ay,...,dn) = pn/qn With p, and gy as in (1.22), then g, — o and

1
<

_Pn
o an+1Q%

qn

(See e.g. [9, Section 10.9].) Thus & € Js if a, > 8~ for infinitely many n. Let us give some

examples of numbers { to which Theorem 1.3 applies. The first one is an algebraic number; the

second one and the third one are transcendental numbers.

(a) Let { = Vm2+ 1 withm € N. Then { = [m,2m,2m,2m,...] so that { € J5 if 2m > 5!, and
hence Theorem 1.3 applies for m > 50.

(b) Let { = L=Y 107 (Liouville’s constant). Then L € J5 for all § > 0. Indeed, setting
gn = 10" and p, = ¥}_, 10" for n € N*, for given A, 8 > 0 we notice that (p,,qy) is (for
n large enough) as in (1.22) with g, > A and

= ¥ 0t <
k=n+1 ’ qn

=
qn
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(c) Let £ = e =exp(l). Then Euler proved that e = [2,1,2,1,1,4,1,1,6,1,1,8,...] (see e.g.
[10]). Thus asz,—1 = 2n for all n € N*, so that e € J5 for all § > 0.

Let us say a few words about the proofs of Theorems 1.1, 1.2 and 1.3. Following [4], we decompose
(1.16)-(1.17) into a system coupling a parabolic equation with an ordinary differential equation (ODE),
namely

yi—Ay+(b(x)—1)y=z,  (t,x) € (0,T) x T?, (1.26)
atz=lop@u+(bx) -1y,  (t,x)€(0,T)xT?, (1.27)
y(x,0) = yo(x), xeT? (1.28)
2(x,0) = y1(x) — Ayo(x) + (b(x) — D)yo(x),  x€ T (1.29)
Introducing the new unknown functions
h(x,t) = y(x+tc,1),
k(x,t) = z(x+tc,t1),
we see that system (1.26)-(1.29) is transformed into the system:
hy—Ah—c-Vh+ (b(x+tc)—1)h =k, (t,x) € (0,T) x T?, (1.30)
ki —c-Vk4k = 1g(xX)u(x+tc,t) + (b(x+1c) —1)h,  (t,x) € (0,T) x T2, (1.31)
h(x,0) =yo(x), xeT? (1.32)
k(x,0) = y1 (x) = Ayo(x) + (b(x) = L)yo(x), ~ x€T? (1.33)

for which the control input is supported in the fixed domain @y.
Next, the corresponding adjoint system to (1.30)-(1.33) reads

—vi—Av+c- Vv (b(x+1c) = 1)y = (b(x+1c)— )w,  (t,x) € (0,T) x T2, (1.34)
—w;+c-Vw+w=y, (t,x) € (0,T) x T?, (1.35)

v, T) =vr(x), xeT?, (1.36)

w, T)=wr(x), xe&T> (1.37)

By classical duality arguments, the null controllability of (1.30)-(1.33) is proved whenever we have
established the following observability inequality for the adjoint system (1.34)-(1.37):

T
L e 00 0P < G [ o) P, (1.38)

for some constant C,,, > 0 and all vy,wr € Lz('JI‘Z). In order to establish the observability inequality
(1.38), following [1, 4], we derive Carleman estimates for the backward heat equation (1.34) and for the
transport equation (1.35) with the same weights functions. To get “almost sharp” results for the geometry
of the control region, the construction of the weight functions in the Carleman estimates turns out to be
much more delicate than in [4]. To derive Theorem 1.2, we need to prove the existence of a function
W € C=(T?) such that

Vyo(x) #0,  Vxe T2\ o, (1.39)
c-V(c-Vyp)(x) >0,  Vre T\ ay. (1.40)
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This is done by viewing y as a smooth Z>-periodic function which is constructed explicitly on the

domain
p

1
D:= {S(;,O)H(l,;), s€[0,1), 1€(0,q)},
and by noticing that D is a fundamental domain for the action of the group (Z?,+); that is to say, the
family (D + (m,n)) (mn)ez2 Constitutes a partition of R2,

The proof of Theorem 1.3 cannot be done along the same lines as for Theorem 1.2, for no fundamental
domain similar to D is available. However, approximating { € R \ Q by some rational number p/q as
in (1.25) and using Theorem 1.2, we can construct a function yy satisfying (1.39)-(1.40).

A few words should be said about what we mean by a solution of system (1.16)-(1.17) or, equivalently,
by a solution of system (1.26)-(1.29). The following result follows from the classical semigroup theory
(see e.g. [13]). Its proof is omitted.

Proposition 1.3. The operator
A(y2) = (Ay = (b(x) = Dy +2z,—z+ (b(x) = 1)y),
with domain D(A) = H?(T?) x L*>(T?) C [L*(T?)]? generates a strongly semigroup (¢'*),>q in [L*(T?)]2.
As a consequence, for any (yo,z0) € [L*(T?)]* and any u € L*(0,T,L*(T?)), setting F (x,t) = (0, 14 (x)
u(x,t)), we have that the system
2 =Ay2)+F, (32)(0) = (v0,20),
admits a unique mild solution (y,z) € C([0,T],[L*(T?)]?). Furthermore, y € L*(0,T;H'(T?)).

Going back to system (1.16)-(1.17) and using (1.26), we see that for any (yo,y1) € H>(T?) x L*(T?)
and any control input u € L2(0,T,L?(T?)), we can construct a solution y € C([0,T],L*(T?)) of (1.16)-
(1.17) with y, — Ay € C([0,T],L*(T?)).

The paper is organized as follows. Section 2 is devoted to the construction of a function yp as in
(1.39)-(1.40) in each of the cases (i), (ii), and (iii). In Section 3, we state and prove some Carleman
estimates for a transport equation and for a backward heat equation with the same weights involving

the function Yy in their expressions. In Section 4, we derive the observability inequality for the adjoint
system (1.34)-(1.37) and next complete the proofs of Theorems 1.1, 1.2, and 1.3.

2. CONSTRUCTION OF THE FUNCTION

In this section, we prove the existence of a function Y € C*(T?) satisfying (1.39)-(1.40) for ¢ and @y
as in Theorems 1.1, 1.2, and 1.3, respectively. Let us consider successively the cases (i) ¢ = (1,0); (ii)

c=(1,p/q) (p,q € N*); and (iii) c = (1,§) ({ e R; \ Q).

(i) c=(1,0)
Proposition 2.1. Let ¢ and wy be as in Theorem 1.1, and let T > 1 —min,,c(o 1] P2(x2) > 0. Then there

exists a nonnegative function Wy € C*(T?) satisfying

2(t—1+ min pr(x2)) <c-Vyp <2(t+ max pi(x2)),  in T*\ o, (2.1)
XzE[O,l] x€[0,1]

c-V(c-Vyp) =2, in T2\ ay. (2.2)
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Proof. Let p; and p; be as in Theorem 1.1. Recall that p;(0) = p;(1) and p2(0) = p2(1). Introduce the
open sets in T?:

2 1 1 2
Q= {m(x); x=(x,x) € (0,1, 3P1002) +3p2(x2) <xi < Zpil2) +3p2(02)
4 1 1 4
Q = {7(x); x= (x1,x:2) €[0,1)%, sP12) +2pa(x2) <xi < gpi(w) +2p2(x2)}
Since Q1 C ©,, we may pick (see e.g. [8, Corollary 4.7]) a function y € C*(T?) such that 0 < y < 1 and

0 ifxeQ,
"(’“):{ 1 ifxéﬂ;
For x = (x1,x2) € [0,1]%, we set
vo(x) = { x(7(x)) (x1 +7)? if x1 < 5(p1(x2) + pa(x2)),
x(m(x) (1 = 14+1)*  if x> 5(p1(x2) +pa(x2)).-

Then it is clear that ¥ can be extended as a Z>-periodic smooth function (i.e. Wy € C*(T?)). On the
other hand,
A 2(x1+1) if 0<x; <pi(x),
¢ Vip(x) = ox; —{ 2 —147) if pa(xy) <x1 <1,

and hence

21 <c-Vyp(x) <2(t+ m%x]pl(xz)), if 0<x; <p1(x),
x€|(0,1

2(r—1+ m[ionupz(xz)) <c Vyp(x) <27, if pa(x) <xp <1,
x2€|0,

so that (2.1) holds. Finally,

d? .
V(e Vy) = SR =2 it 1 ¢ (pi(x).paw),
1

so that (2.2) holds as well. U
(ii) c = (1, s), p,q € N*, p and g relatively prime.

Before performing the construction of the function yjp, we first prove Proposition 1.1.
Proof of Proposition 1.1: From (1.21) and the fact that

741, 2) =7(a.p) = 7(0,0) € o,
we infer that »
Introduce the set
K:= {s(L,0)+t(1,§); s€0,1],£€0,q]} C R?
and its €-neighborhood
Ke := {(x,y) € R%; dist((x,y),K) < €} = K +B((0,0),¢).
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Then it follows from the definitions of @y and K, that

Tzzwoﬂo,q](l,g):nmg).

This yields 1 = A([0,1]?) < A(Ke), where A denotes Lebesgue measure. Elementary computations give
A(Ke) =Lp+2eL+2e\/p*+¢*+ 7'[82,

and (1.23) follows. [l
Introduce some notations. For any real number R, let [R] (resp. {R}) denote its integral part (resp. its
fractional part); that is, [R] :=sup{n € Z; n <R} € Z and {R} :=R—[R] € [0,1).
The following result shows that to define the function Wy as a Z2-periodic function on R?, it is suffi-
cient to restrict oneself to the domain D. (See Figure 4.)

X2

(0,3) (2.3) (§z>

(0,1) ® (1,1)

X

I .1 (1.'0) (2,0) (3,0)
[ 03

FIGURE 4. The domain D for (p,q) = (3,2).

Proposition 2.2. Let p,q € N* be relatively prime. Let

D= {s(;,0)+t(1,2), s€[0,1),1€[0,9)}.

Then for any 7 € R? there exists a unique pair (x,y) € D x Z? such that z = x+7y. Accordingly, ©(D) = T?.



12 GUZMAN AND ROSIER

Proof. Tt is sufficient to show that the function f : D — [0,1)? defined by f(x1,x2) = ({x1},{x2}) is
bijective. Indeed, in such a case, we would have that for any given (z1,z2) € R?, there would exist
a unique x = (x1,x2) € D such that x — ([x1],[x2]) = z— ([z1],[z2]) € [0,1)%. Therefore, setting y :=
([z1], [22]) — ([x1], [x2]) € Z2, we would get the desired result.

The fact that f: D — [0, 1)? is bijective means that the system

{t+;s} _— 23)
{Sr} - o 2.4)

admits a unique solution (s,z) € [0,1) x [0,¢) for any (z1,22) € [0,1)2.
Let us first show that f : D — [0,1)? is one-to-one. Let (s1,s2) € [0,1)? and (¢1,22) € [0,¢)? be such
that .
S1 np .
f(t1+p7q) f(t2+p7 ),
thatis, {ri +s1/p} ={ra+s2/p}and {tip/q} = {tap/q}. Then, setting k; := [t; +s1/p| —[t2+52/p| €Z
and ky := [t p/q] — [tap/q] € Z, we obtain that

S1 ) S1 S §2 82
h+—)—(b+—=) = h+—=]+{n+— —<t2+-|— t2+)=k1,
( p) ( p) [ p} { p} [ p] { p}
14 p p 14 14 p
hH——h— = |h—|+1h—— <12 +1— )Zkl-
i [q] { q} [q] { q}
It follows that
s1—s2 = pky—qka, (2.5)
(h—n)p = gk (2.6)

Since s; — 57 € (—1,1), the only possible value for pk; — gk, € Z is zero. Thus pk; = gk, and s; = 5.
Since p and g are relatively prime, we infer that we can write k, = [p for some [ € Z. 1l follows that
(t1 —t)p = lpq, and hence 1} —t, = lq. Butt; — 1, € (—q,q), so we infer that 1; =1,.

Let us prove that f : D — [0,1)? is onto. Given (z1,22) € [0,1)?, we aim to find s € [0,1) and 7 € [0, )
such that system (2.3)-(2.4) is satisfied. Note that (2.3)-(2.4) is equivalent to the existence of some
numbers k;,kp € Z such that

s
t+— = z1+k, 2.7
p
rg = a+tk. 2.8)
Eliminating ¢ from (2.7), we arrive at the equivalent system
s = (pz1—4gz2) + (pk1 — gk2), (2.9)
pt = qu+gk. (2.10)

Since pk; — gk, € Z, we have to pick s = {pz; — qz2}. Next, the equation (2.9) will be satisfied if and
only if
pki —gky = —[pz1 — qz2]. (2.11)
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Since p and g are relatively prime, there exists by Bezout’s identity a pair (a,b) € Z? such that ap + bq =
1. Letl := —[pz1 — qz2] € Z and
ki:=al+rq, ky:=—bl+rp,
where r € Z remains to be defined. Then k,k, € Z and (2.11) is satisfied. It remains to fulfill (2.10),

which can be rewritten ¢t /g = (zo — bl)/p + r, with the constraint 7 € [0, q). Picking r:= —[(zo — bl)/p]
and 7 :=q((z2 —bl)/p+r) € [0,q), we infer that (2.10) is also satisfied. The proof of Proposition 2.2 is
complete. U

Proposition 2.3. Let ¢ = (1,p/q), where p,q € N* are relatively prime. Let @y C T? be a nonempty
open set such that w([0,1/p] x {0}) C @y, and let T € (0,1] be given. Then there exists a nonnegative
function Wy € C*(T?) such that

21<c-Vyp <2(g+1) in T\ ay, (2.12)
c-Vic-Vyp) =2 in T\ . (2.13)

Proof. Our goal is to construct a suitable function y in D and then to extend it to R? as a smooth
Z2—periodic function. Therefore, it is important to determine what pairs of points on dD are identified
when viewed as points in T2, that is, modulo Z2. We first focus on the point (1/p,0) € dD and determine
all the points on dD that can be identified with it. (See Figure 5.)

X2

q(l.£> q(L’f>+ (}.n)
q W ) \»

®
q w1

FIGURE 5. The domain D and the open set @; for (p,q) = (3,2). Note that t* = 4/3.
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Lemma 2.1. There exists a unique number t* € [0,q) such that t*(1,p/q) — (1/p,0) € Z>.

Proof of Lemma 2.1. Since p and q are relatively prime, by Bézout’s identity there exists a pair (a,b) € Z>
such that ap+bq = 1. Since (a—gm)p+ (b+mp)q = 1 for any m € 7Z, we may without loss of generality
assume that b € [0,p). Sett* =bq/p € [0,q). Thent* —1/p = —a € Z and t*p/q = b € Z, so that
t*(1,p/q) — (1/p,0) € Z*. On the other hand, it follows from Proposition 2.2 that there exists a unique
pair (x,y) € D x Z? such that (1/p,0) = x +y. Decomposing x as x = s(1/p,0) +1(1, p/q), we infer that
there exists a unique pair (s,7) € [0,1) x [0,g) such that
(1/p,0) = [s(1/p,0) +1(1,p/q)] € Z*.

This yields (s,7) = (0,¢*) and the uniqueness of 7*. O

Let us go back to the proof of Proposition 2.3. We start with a claim, which is a direct consequence
of Lemma 2.1.

CLAIM 1. Foreveryt € [0,g—t*], (t+t*)(1,p/q) € dD s identified in T? with £(1, p/q) +(1/p,0) € ID.
Foreveryr € [g—1t*,q], (t —(g—1*))(1,p/q) € dD is identified with ¢(1,p/q) + (1/p,0) € dD .

Since 7([0,1/p] x {0}) C @y, we can pick two open sets @, @, in T? such that 7([0,1/p] x {0}) C @,
and @] C @, C @, C @y. Since, by Lemma 2.1, (¢ —t*)(1,p/q) + (1/p,0) € Z? is identified with (0,0),
and since the open set @ contains (0,0), we can select a number € € (0, 1) such that forevery s € [1 —¢, 1]
we have that (¢ —t*)(1,p/q) +s(1/p,0) € o;.

We need to introduce two cut-off functions. Pick x € C*(T?) with 0 < y < 1 such that

1 ifxeT?\ o,
X(x)_{o if x € @,

and n € C([0,1]) with 0 <1 < 1 and such that
o[ 1 ifs<i-e
M=V 0 ifs>1-¢

Introduce the functions y1, Y : [0,¢] — R defined by

vi() = (t+7)?% 1€[0,q], (2.14)
B (t+1t*+1)2%, ifr €[0,q—1"],
W) = {(t+t*—q+r)2, ift € (qg—1t*,q. (2.15)
Note that
wa(t) = { v (t+1%), ifr €[0,q—1t"),
2 vit—(g—1*)), ifte(g—1*q)

Finally, taking into account the fact that any pointx € D can be written in a unique way as x =#(1,p/q) +
s(1/p,0) with (s,¢) € [0,1) x [0,q), we define the function ¥, : D — R, by

Wo(1(1,p/q)+s(1/p,0)) = [n(s)yi (1) + (1 = n(s)va(1)] x(1(1, p/q) +5(1/p,0)), (s,1) €[0,1)x[0,q).
Using Proposition 2.2, we can extend y to R? = D 4 Z? by setting
wo(x+y) =w(x), VxeD,VyeZ

The function Yy being Z?—periodic, it can be viewed as a map from T? to R. It turns that v is smooth.
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CLAIM 2. yp € C=(T?).

Indeed, the function Yy is smooth:
(i) in the interior of 77(D), namely in the set {7 (¢(1, p/q) +s(1/p,0)); (s,¢) € (0,1) x (0,9)};
(ii) in a neighborhood of the segment [0, 1/p] x {0} thanks to the definitions of @; and ¥;
(ii) in a neighborhood of the segment { (g —¢*)(1,p/q) +s(1/p,0);s € [1 — €, 1]} thanks to the definition
of w;, ¥ and 1 (even if the function y» is discontinuous at t = g —t*);
(iv) in a neighborhood of the segments {7(1,p/q);t € [0,4]} and {(1/p,0) +1(1,p/q);t € [0,q]} thanks
to Claim 1 and to the definitions of y; and y.

It remains to check that yy fulfills (2.12) and (2.13). But we notice that for x = s(1/p,0)+1¢(1,p/q) €
T2\ @, x(x) = 1 and

d
¢ Vypl) = = [¥o(s(1/p,0)+1(1,p/q)] =n(s Jyi(t) + ws(t) € 27,2(g+ 7)),
92
Vie-Vwo)(x) = 55[Wo(s(1/p,0)+1(1,p/q))] = ()i (1) + (1 =n(s))yy (1) =
Noting that T? \ @y C T? \ @, we infer that (2.12)-(2.13) are fulfilled. The proof of Proposition 2.3 is
complete. O

(iii) ¢ = (1,8), C € Ry \ Q.

Before performing the construction of the function yp, we first prove Proposition 1.2.
Proof of Proposition 1.2: If there does not exist T > 0 such that @y -+ [0, T]c = T2, then for any n € N*
we can pick some y, € T2 such that

Yn & @p+[0,n]c. (2.16)
As T? is compact, we can extract a subsequence Yn, —y for somey € T2. Pick x € T? and £ > 0 such that

B(x,€) C @y, and let z = (z1,22) =y —x. As the subgroup {{p+¢q; p,q € Z} is dense in R (for { & Q),
we infer the existence of a pair (p,q) € Z? such that |20 — {z1 — ({p+q)| < €/4. As{ € R, \Q = Jy)v5

one may find a pair (p’,¢’) € N? (with ¢’ as large as desired) such that | — g—:| < (v/5¢"*)~". In particular,
we can impose both conditions ¢’ > |z; + p| + 1 and (v/5¢') ! < &/4. Sett = z; +p+¢ > 0. Then

(z1,22) =1(1,8) = (p+4',9 = P)] lz2—(z1+p+4)E—q+p|

< a2—Czu—(Cp+q)|+1p" —4'C]
€

2

It follows that for n large enough, |y, —x—tc— (p+4¢’,q—p’)| < €, thatis y, € B(x, €) +tc, contradicting
the assumption. U

Let us proceed with the construction of the function yy when ¢ = (1,{) with { € R\ Q... The idea is
to use the function y constructed above for ¢ = (1, %) when p/q is a “good” rational approximation of

£, namely satisfying (1.25). Note that in this case |¢§ — p| < /g, so that

IN

5 1
p>q6——>-0q (2.17)
qg 2
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provided that A > 1. (Recall that ¢ > A.) Moreover

o
p

sp‘sqsgjz (2.18)

provided that A > 1.

Proposition 2.4. Assume that c = (1,§), where { € Js for some 8 > 0. Let @y be an open neighbourhood
of 0. Pick A > 0 and a pair (p,q) with ¢ > A and such that (1.22), (1.25), (2.17) and (2.18) are satisfied,
and such that

1 dist(0,T%\ ayp). (2.19)
p
Let ¢ = (1,L). Then there exists a function yo € C>(T?) such that
Vyp(x) #0 in T\, (2.20)
|(c—8)- V| <85q+£1(8,£) in - T*\wy, (2:21)
lc-V(c-Vyy) —2| < £(8,8) in T\, (2.22)
where
8
8 64 8
£(8,0) = (32+Z)6+(549+?+?)52' (2.24)
Proof. 1t follows from (2.19) that [—%, 117] x {0} C @y. We pick two open sets @, @, with

11 _ __
[—;,;]x{O}cwlcwlcwzcwzcwo.

Let the functions ¥, 1, Y1, ¥> and Y be as in the proof of Proposition 2.3 for ¢ = (1, %) and € = 1/2.
Note that it is easy to construct a function 1] as above with the following explicit bounds

1 -1
17y <25 0y < 27 ( e 1_y2>dy) <183,

Clearly, (2.20) follows at once from (2.12). Setd = (%,0). Then

cz(lé)%éc#(p—qé)i (2.25)

From the definition of yp, (2.17), (2.18) and (2.25), we obtain that for x = sd +1é € T? \ @, (where
s€10,1),1€10,9))

(c—6)-Vyp(x) = <§c-1>a-wo<x>+<p—qc>ci-wo<x>

= (A=) 5 Wlsd+10)] + (p—a8) - valsd +10)]

= (%C =DMEWi) + 1 =n))y) +(p—a)n’'(s) (vi (1) = ya (1))
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Recall that fori = 1,2,

vi() € [T (g+7)%), W) et2(g+7)], w()=
It follows that

(c—&)-Vyo(x)| < |§c—1|-z<q+r>+|p—ch-8-<q2+2qr>
< ;52-2(q+f)+?(q2+2q1)
< 6(8q+2+16)
forg > 1 and 7 < 1. We can write
¢ V(e V) (x) — & V(- Vyo) = e V((e—8) Vip)) +(e—&)- V(@ Vyo))
= L+D5b.
Then
9 ) d . P
ho= Lo (- >wo]<sd+rc>)+<p—qc>g([(e—e)-VwO1<sd+tc>)
- 1 [ )+ (1= VW) + (p—a) ><w1<z>—v/2<t>>}
(p- qc>[<c Dy <v/1<z>vé(r»ﬂpqcm"(s)(wl(r)w(r))]
Thus
nl < |j,(:|[\j,c—1|-z+p—qc|-z3-zq}
- [|qc—1r~s-zq+rp—ch-183~<q2+zrq>]
206 25 5
—|—5 <§52 16q—|—§ 183 - (¢* +2’Cq)>

3252+ 1652+(3262+@)l+ 862
$q? 4 ¢ q? (%Y

where we used the fact that 7 € [0, 1]. On the other hand, we have that

b= (56= 1V Vyo)+(p—gb)d V(e Vi)

< 166+ 1838% +

2

= (- 1>§2[%<scf+ré>] Fp-q0) 2 (j[%@mt@])

= (%C—l)(n()%() VL) + (p—al)n'(s) (W (¢)

w0

17
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It follows that

b < !%C—l\-2+1p—qC\-8-2q
26 6 48
< 16 =165 + -—-
Cz $q?
We infer that
lc-V(c- Vo) =2| = |c-V(c-Vyp) —¢-V(¢- V)|
< |h|+ |k
< 328 +1838°
82 85 648%2.1 882
+366— + —+
q T 4 4 )qz G2q*
64 8
< (324 2)6+(549+ — +— )&%
( C) ( z C)

3. CARLEMAN ESTIMATES

In this section, we derive a Carleman estimate for a transport equation and a Carleman estimate for a

heat equation with the same weights.
Let yy € C°(T?), K,K € (0,+) and #o € [0,T] (to be chosen later on), and set

w(x,t) =wx)—K({t—10)*+K, (x1)eT*x[0,T].
By picking K large enough, we can assume that
3
y(x,1) > Z||WHL"°(?1‘2><(O7T))) vx € T?, Vi € [0,T].

For given ¢ € (0,min(1,7/2)), we introduce some function g € C*(0,T) such that

% for 0 <1< g,
(1) = strictly decreasing for 0 <t < 0,
8= for o<1 <T,
g(T—1) for T <t<T.
We define the weights
. 3o 2 Aw(x
o(x,1) = gt (ez 1=(12x(0.7)) — gAY (%, )) 7
O(x1) = gt)eVe,

where A > 0 is a parameter.

The Carleman estimate for the transport equation is given in the following proposition.

3.1

(3.2)

3.3)

3.4)
(3.5)
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Proposition 3.1. Let ¢ = (1,§) with { € Ry. Let T >0, o € (0,min(1,7/2)) and K,K > 0. Assume
that the function yy € C=(T?) satisfies for some nonempty open set axy C T? and some number & > 0

Wo(x) #0, Vx € T2\ ax, (3.6)

—2K(t—1y) —c- vw(,( ) >0, Vx € T\ ay, Vz € (0,0), (3.7)
—2K(t—1y) —c- vw(,( ) <0, Vx € T>\ @y, Vt € (T —0,T), (3.8)
c-V(c-Vyp)(x)—2K > 6, Vx € T2\ ap. (3.9)

Let the functions Y, g, @, and 0 be as in (3.1)-(3.5). Then there exist some constants Ay > 1, so > 1 and
Co > 0 such that for all 2 > Ay, all s > so and all w € L*(T? x (0,T)) with —w, +c-Vw € L*(T? x (0,T)),
we have

T
// AsO|w|*e > dxdt
0 JT2
T T /
<Gy (// |—wt+c-leze*2s‘pdxdl+// ls@(sg|q)+1)\w\2e2“"dxdt>.(3.10)
0 JT? 0 Jay 8

Proof. Assume first that w € H'(T? x (0,T)). Let z = e ~*?w and Pw = —w, +c- Vw. Then

e PPw = eP(’?7) = —(s@z+2z)+c- (szVQ+ Vz)
= Pz+hz

with

Pz = —s@z—z+c-Vz,
Pz = s(c-Vo)z

It follows that

le™*®Pw|[* = [|Prz|]* + | Poz|* + 2(Prz, P22),
where (f,g) = fo Jr2 fegdxdt, || f|I> = (f, f)- In the sequel, fo J12 f(x,t)dxdt is denoted [[ f for the sake
of shortness.

The idea is to expand (P, z, P> z) and next to use the (nonnegative) terms ||P; z||? and || P; z||* to balance
the “bad terms” in (P z, P, z). Using integration by parts, we obtain

(zPs) = =5 [[(Vo)o2 s [[(-Vo)z+3 [[(e-Vp)e-v2
= —sz//(c-V(p)(p;zz—l-%//(C-V(pt z ——//c V(c-Vo)?
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Easy calculations show that

Vo = —A6Vy,
/

o = So-10y,
8

/

Vo = —l%OVw—lzey/,Vy/,
V(c-Vo) = —Alc-Vy)VO—A6V(c-Vy),
c-Vic-Vo) = —A*c-Vy)?0—210c-V(c-Vy),

Vy;, = 0.

We infer that
2 g 5,8 2
(Piz,Prz) — // ae-V)0(E p—n0y) 325 0c-Vy + 220y Vy)

+§ (AZ(CVW)ZGMec‘V(c'Vl/f))] zZ.

Next
|1Poz])? = s2lz//(c~Vly)29222
and
0 < |[Piz—sAyi0z|* = ||Piz]|* +5° A% ||y 0z]* — 254 (Piz, v 62).
But
(Piz,y,0z) = —s//(ptl//tezz—//lll,ez;z—k//(c-Vz)l;/th
g/ ) g/ 5 Z2 Z2
_ s//(g<p/ww,)w,ez +//(w9+qf,ge+w%)2/ Ai(e- VoS-
Therefore
/
2sA(Piz,y,0z) = 2s212// %292z2—2s27L //i¢%612
/
+sk//(t//t,0+‘z91//[+191//,2—11//,(C-Vw)9)z2
< HPleZ—i—szkz//l;/sz 2
and hence

/ /
szkz//l//szzz—Zsz)L//i)(pl//,912+sl// (l//,ﬁ%—i}@l//, —I—).GIII,(III,—C-VI//)) 2 < ||Piz|%
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It follows that
le=*Pw]* = [[Pizl> +|Poz]|” +2(Piz, P>2)
s%z/ (W7 + (- Vy)* —2yic- Vy)0°2?

/
+2szl//i(p9(—wt+c'V1;/)zz

+s7tz// (—yic-Vy+(c-Vy) 2+ y(y —c- Vy)) 622

v

/ /
+sx//(—ggc.vw+c.V(c-vw)+%+‘Z1,/,)92,2

= slz// I/I,—C-Vu/ 20222+sl2//(1y,—c~Vw)20z2

+s7t// v, —c-Vy)0(2s¢ — 1)
s //(%+c-V(c.w))ez2

The two first integral terms of the r.h.s. being nonnegative, we arrive at

lle” Sg0Pw||2>s),// Y —c-Vy)0(2s¢ — 1)z —|—sl// Vi +c-Vic-Vy))oz>.

Noticing that
0(x,1) = g(t) MV (e%/'LHWHLW—M/(XJ) 1)z Mz~
9y pe 2 )
we have that s > 1 for A > A9 = 1 and s > s¢ with s large enough. Using (3.7)-(3.8) and the fact that

<0 if te€(0,0),
gt =0 ifrefo,T-ol,
>0 ifre(T-o,7),

we infer that for A > 7L{) and s > sg

s?L// v, —c-Vy)0(2s¢ — 1)z >sk// P YW —c-Vy)0(2se — 1)7
wy
and hence
T /
sl//(llfn-i-c-V(c-Vw))Gzz < \|673¢Pw||2+Cs21// L?O(p\z]z.
0 Jay
Using (3.9), we obtain for A > A and s > s¢

sl//@z <C<]e_s‘pr||2+sl// i ’(p—i—l 0z dxdt) (3.11)

Replacing z by e *?w results in (3.10), which is thus established when w € H'(T? x (0,T)).
We claim that (3.10) is still true when w and f = —w, +c- Vw are in L*(0,T,L*(T?)). Indeed, in
that case w € C([0,T],L*(T?)), and if (w%) and (f™) are two sequences in H'(T?) and L?(0,T,H'(T?)),
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respectively, such that
wh — w(T) inL*(T?),

o= f in L*(0,T,L*(T?)),
then the solution w" € C([0,T],H'(T?)) of
—wy +c-Vw' = f"
wi(T) = wr
satisfies w* € H'(T? x (0,T)) and w" — w in C([0,T],L*(T?)), so that we can apply (3.10) to w" and
pass to the limit n — —+oc0 in (3.10). The proof of Proposition 3.1 is complete. (I

3.1. Carleman estimate for the parabolic equation.

Proposition 3.2. Let T,0,K ,E , W, Vo, W, 8,0 and O be as in Proposition 3.1. Then there exist some
constants Ay > Ao, s1 > so and Cy > 0 such that for all A > Ay, all s > sy and all v € C([0,T],L*(T?))
with v, +Av € L*(0, T, L*(T?)), the following holds

T
/ /2[(s9)_1(|Av|2+ vi[2) + 22(50) | Vv + A4 (58)3 v 2]e 2P dxdi
0 JT

T T
<( < / / v + Av[*e > Pdxdt + / / 2,4(s9)3v|ze_2“”dxdt>. (3.12)
0 JT2 0 Jay

Proof. We follow closely [4, 15]. Setting vy = v(.,T) € L*(T?), we see that the function v solves the
backward parabolic equation

AV = T (3.13)
v(.,T) = vr, (3.14)
for some function f € L*(0,T,L*(T?)). Assume first that v; € H?*(T?) and f € H'(0,T,L*(T?)) so that
v € L™(0,T,H*(T*)nH' (0,T,H' (T?)).
Lety=e*?vand P = d;, +A. Then
e PPy =e*?P(e'?y) = Py + Py,

where
Py = Ay+(s¢+5°|Vo|)y, (3.15)
Py = y+2sVo-Vy+s(A)y, (3.16)
denote the (formal) self-adjoint and skew-adjoint parts of e *?P(e*?.), respectively. It follows that
[le™Pv[[2 = [|Poy|* + [1Pay | +2(Poy, Pay), (3.17)

where we still write (f,g) = [) fr2 fedxdt, ||f||> = (f,f). Again, [§ x> f(x,1)dxdt will be denoted [[ f
for the sake of shortness. We have that

(P, Pay) = (Ay,y1) + (A, 25V 9 - Vy) + (Ay, s(AQ)y) + (s@ry +5°| V| 2y, yr)
+ (5@ + 52 VO, 25V Vy) + (s@y +5* [V >y, s(A)y) = I + b+ B+ L1+ Is+1s.  (3.18)
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First, observe that
L = —/ Vy-Vy, =0. (3.19)

Using the convention of repeated indices and denoting d; = d /dx;, we obtain that

L = 25//81'2)’81'(/)81')’

= —2s//8jy(8j8,-(p8,-y+8,-(p8j~8,~y).
It follows that

L = —28/ 9jf9i<P9jy3iy—S//aiwf?i(lf?jylz)
= —25//8j8i(p8jy8,-y—i—s//A(p[Vy]z. (3.20)
On the other hand, doing integrations by parts in x yields
2
L= —s//Vy- (YV(AQ) + (A@)Vy) :s/ A2<p|y2|—s//A<p\vyyz. (3.21)

Integrating by parts with respect to ¢ in I gives

_ 2 2 P
Li=—[[(s@u+s70|Ve| )7‘
Integrating by parts with respect to x in Is yields
== [[2V-(@Velsl - [[V-(V0PVe)P. (3.22)

Gathering (3.18)-(3.22), we infer that

2Pyky) = 45 [ [ 00099y + [[PIs@%0 — gu) = 229IV9 — 25°Vp - VTP,

Consequently, (3.17) may be rewritten

le*2Pv|2 =[Py P+ |IPovlP=4s [ [ iai90an+ [ [ 1PIs(620—0,) 2520V oL 25V p-V|VeP

CLAIM 1. There exist some numbers A; > Ay, s > 5o and A € (0, 1) such that for all A > A4, and all
§ 251,

[ bP1s(820 - 9.) ~ 2231V 0 25°V0-V|Vo P

T
—|—A_17Ls3/ / (A0)’ ]y > ALs® //(Ae)3\y\2. (3.23)
0 Jay
Proof of Claim 1. Easy computations show that
%9 =—-Ag(t)e*Voy, 9,09 = —g(t)e*V (A2 Wy + A0;0,v) (3.24)

and
—V’V(sz Vo =—-2(0;0,0)0i9d;jp = 2(18€AW)3(1\V‘I’\4 +0;0;wdiyo;vy).
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It follows from (3.6) that for A large enough, say A > A;, we have that

—V|Vo|>- Vo > AA(A6)’,  1€[0,T], xe T?\ ay, (3.25)
IVIVe>-Vo| < AT'A(A6)},  1€0,T], x€T?\ a, (3.26)

for some constant A € (0, 1). It follows from (3.2) that
A%0|+ |@u| + |0 Vo* | <CA(A6),  1€[0,T], xeQ.
Therefore, we infer that for s large enough, say s > s, and for all A > A; we have that

s(A2Q — @) — 2570, |Vo|* =25’V -V|Vo|* > AAs’(A0)°, 1€ [0,T], x € T?\ ap,
Is(A’Q — @) — 25%0,|Vp|> =25’V -V|Ve[?| < AT'AS(A6)°, t€0,T], xe T?\ wy.

This gives (3.23) with a possibly decreased value of A.
Thus we conclude that

1P|+ 1P+ 428" | [ (28)71yP2
< llePp|+4s [ [ 0,009pay +a 125" | T/woae)ﬂyﬁ. (3.27)
CLAIM 2. There exist some numbers A, > A; and s, > 57 such that for all A > A, and all s > s,
rs [[o)viP a5t [[(ae)mP <c (fwayuzwf /] <w>3\y\2) S 628
Proof of Claim 2. By (3.15)
s aeimP = s [[e) iRy —spy - 2 IVePyP
Cs™t [[0)  (1RyP + 1@ + 5 (26)'bP)

1PylI> | 5 3.2
C<}Ls+s //(w) b > (3.29)

provided that s and A are large enough, where we used (3.2) in the last line to bound ¢,. On the other
hand,

IN

IN

1s [[ao)wP = as{[[ae)-ay- [[(v26)-vyy)

E[[aoyiap e 2 [[aopne 2 [[saons
c(spali+25* [ oy ). 3:30)

by (3.29), provided that s > s, > s1 and A > A, > A;. Then (3.28) follows from (3.29)-(3.30). O

IN

IN
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We infer from (3.27)-(3.28) that
PP+ 2s [ [Go)vsP+257" [[re) P +as [ [ a6y yP

T
§C<|e_“”Pp||2+4s//8ja,~(p8jy8iy+A_]/ls3// (ze)3|y|2>. (3.31)
0 Jay
By (3.24),
s [ i09aay < —sh [ [ st vo,amapay < cs [ [ ao)vyP.

Therefore, for A large enough,

sl P42 [ [(107bP+s [ [20)VaP+as! [[(26) !y

T
<c (\ e50Pp|? +/ls3/ / (ze)3|y|2> . (332)
0 Jay
Using (3.16) and (3.32), we see that for A large enough

a [[ae) P < casT! [ [(a6) (1Pl + 21V PIVyE + 2 lagPlyP)

T
c(lleerpl+ast [ aoype).
0 Jax

We conclude that there exists some number A3 > A, such that for all A > A3 and all s > s, we have

As //(xe)3|y|2+/1s//(w)yvy|2+/1s—1 //(/19)—‘(|Ay|2+ )

T
§C<\|es‘pPp||2+ls3/o/ (ze)3|y12). (3.33)
(O]

Replacing y by e *?v in (3.33) gives at once (3.12). The proof of Proposition 3.2 is complete for vy €
H?*(T) and f = —v, — Av € H'(0,T,L*(T?)). The general case (vr € L*(T?) and f € L*(0,T,L*(T?)))
follows by density. U

IN

We are now in a position to establish the observability inequality for the adjoint system (1.34)-(1.37).
Proposition 3.3. Let T,0,K ,IZ , W0, Yo, W, g, @ and 0 be as in Proposition 3.1. Pick any open set ® with
@y C . Then there exist some constants Ay > Ay, s2 > s1 and Cy > 0 such that for all A > Ay, all s > s,
and all (vy,wr) € [L*(T?)]?, if (v,w) denotes the solution of (1.34)-(1.37), then we have

T
/ /z[xs9|w|2 +(50) V(AP + [ui[?) + 22(50) [ Vy ] + A% (58)3 [v[2le 2 Pdxdi
0JT
T
SQ//A%@%meww (3.34)
0Jo

As a consequence, there is a constant C,ps > 0 independent of (vr,wr) such that

T
/T (9,02 hw(x,0)2)dx < Co /0 /w Iw(x,1)Pdxd. (3.35)
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Proof. 1t is clear that v € C([0,T],L*(T?)) N L*(0,T,H"'(T?)) and that w € L*(0,T,L*(T?)), so that by
(1.34)-(1.35), v +Av € L*(0,T,L*(T?)) and —w; +c-Vw € L*>(0,T,L?*(T?)). It follows then from (3.10)
and (3.12) that we have

T
/ / [Aslwe 2 Pdxdt + (s8) " (|Av +[w[2) + A3(58) Vo[> + A4 (s8)* v[2le > Pdxdi
0 JT

T T /
<C </ / | —wy; +c-Vw|*e > Pdxdt +/ / lse\w\z(s@(p +1)e *?dxdt
0 Jr 0 Jay g

T T
+ / / vy + AvPe P dxdr + / / 7L4(s9)3|v|ze_2“""dxdt>

T
SC(/ \v—w\2 2“”dxdl‘—l—// AsO|w|*(s |g|(p—i—1) ~29 dxdt

+// lc- Vv (b(x+1tc) — 1) (v—w)| e_zs"’dxdt—&—// 7L4(s9)3\v|2e_2“pdxdt>,
0 Joy

where C := max(Cy,C). In what follows, C denotes a constant (which does not depend on s,A, vz, wr)
that may vary from line to line. Taking s > s, > s; and A > A, > Ay with 55, A, large enough, we can
absorb the first and third integral terms in the right hand side of the last equation, so that

T
/ / [AsBIwPe >+ (s8) " |V + ) + A3(s8) [V P+ A4(58)? v e > Odldr
0JT

T / T
<C </ / Aselwfz(s@qH- l)e_z“”dxdt+/ / 14(89)3|V’2€_2s¢dxdt> . (3.36)
0 Jay g 0 Jay

It remains to eliminate the last integral term. To do this, following [17], we derive local energy estimates.
Introduce a cut-off function y such that

x €Cy(m), 3.37)
0<x(x)<1, xeT? (3.38)
x(x) =1, x€a. (3.39)
We have that
T T
/ / A4 (s0)3|v|*e > Pdxdr < / / A (50)3 |[v|Pe P dxdt. (3.40)
0 Jay 0 JT2
Using (1.35), we obtain that
T T
/ 2)(),4(s9)3]v]2672“”dxdt = / )M“(s@) vwe ™ 2P dxdt
0JT

- / / A4 (50)*v(—w,)e P dxdt

+/ /le“(se)?’v(c-Vw)e_z“”dxdt
0.Jr
= M|+M>,+ Ms;.



NULL CONTROLLABILITY OF THE STRUCTURALLY DAMPED WAVE EQUATION
Using Cauchy-Schwarz inequality and (3.37)-(3.38), we have that for every € > 0
T 1 T
M| <& / / 24 (56)|v|Pe P dxdi + — / / 24(50) |wlPe 2 0dxds.
0 JT2 4e Jo Jo
On the other hand, integrating by parts with respect to ¢ in M, yields
T T
M, = / 2%),4(59)3vtwe72“pdxdt+/ /27514(353929, —25*@,0% ) vwe > Pdxdt
0.JT 0.JT
= M}+M3.
For M3, we notice that for every € > 0 we have that
T 1 T
Ml <e / / (56) vy [2e 2P dxdr + — / / A8(560)|wl2e 2P dxd.
0 JT2 de Jo Jo
Since |6;| + |¢;| < CA 62, we infer that for every € > 0

T
M3 < C/ /zxs4(19)5|vw\e_2s"’dxdt
0Jr

T C T
< 8/ 7L4(s9)3|v|zefzwdxdt+f2/ / 25(s0)7|w|?e > dxdt.
0 JT2 €7 Jo Jo
Similarly, integrating by parts with respect to x in M3 yields
T T
M; = —//z(c-V)()/'L4(s0)3vwe*2“pdxdt—/ /2x7L4(s0)3(c-Vv)we*mpdxdt
0JT 0JT

T
+ / / i A (35°0%(c-VO) —25*0°(c- Vo) )vywe *?dxdt
0JT
= —M-M2+M3
For any € > 0, we have that
T C T
|M31|§8// k4(s9)3\v|2e_2“”dxdt—|—f//14(s9)3]w\26_25q’dxdt
0 JT? €JoJo
and
T - c (T 6 5 2 -2
M2 gs// 22(56)|VvPe 2“ded:+—//z (58)3|w|2e > dxdr.
0 JT2 €EJoJo

Finally, since |VO|+ |V| < CA O, we have that

T
M5] < C/ /les(se)ﬂvw]efz“pdxdt
0 JT

T C T
e / / 24(s0)° vPe 2 Pdxdi + = / / 25(50)% |w|2e~ P dxds.
0 JT2 €JoJw

IN
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(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

Gathering together (3.36)-(3.47), taking & small enough, and noticing that |g’|¢/g < C8?, we obtain
(3.34). It remains to prove the observability inequality (3.35). Pick any (v,,wr) € [L*(T?)]?, and denote
by (v,w) the solution of (1.34)-(1.37). Note that v € C([0,T],L*(T?)) NL*(0,T,H'(T?)) and that w €

C(]0,T],L*(T?)). Using classical semigroup estimates, one derives at once (3.35) from (3.34).

O
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4. PROOFS OF THEOREMS 1.1, 1.2 AND 1.3

4.1. Proof of Theorem 1.1. Pick some open sets @; and ® as in Theorem 1.1, and pick 7 > 1 —
ming 1) P2 + maxp P1. Let 0 > 0 and ¢ > 0 be given (small) numbers, to be chosen later on. Set

K:=1-0and 7:= 1+ Ko —min| ; p2. Pick a function yp as given in Proposition 2.1. Let y be as in
(3.1) with g := T and K large enough so that (3.2) holds. Then for x € T? \ @y, we have that

—2K(t—T)—c-Vyp(x) > 2K(T —0) —2(t+ mﬁ)xl]pl(m))’ forz € (0,0),
x2€10,
—2K(t—T)—c-Vyp(x) <2Ko—2(t—1+ m[ionl]pz(xz)), fort € (T —o0o,7T),
x2€10,

c-Vie-Vyp)(x) —2K =2-2(1-68) > 6.
Then the conditions (3.8)-(3.9) are satisfied, and (3.7) holds provided that
T>20+K '(1— min X3)+ max x2)),
> ( xze[O,l}pZ( 2) x2€[071}l31( 2))
a condition which is fulfilled for § and o small enough. Thus we can apply Proposition 3.1, Proposition

3.2 and Proposition 3.3. The observability inequality (3.35) gives the desired null controllability of
system (1.30)-(1.33).

4.2. Proof of Theorem 1.2. Let ¢ = (1,p/q), @y and @ be as in Theorem 1.2. Let yy be the func-
tion given by Proposition 2.3. Pick any T > g. Then we can find some numbers 7 € (0,1], 0 €
(0,min(1,7/2)) and 6 € (0, 1) such that, taking K := 1 — §, we have

q+7
T > — 4.1
>0+ i “.1)
T—Ko > 0. 4.2)

Let y be as in (3.1) with fy := T and K large enough so that (3.2) holds. Then for x € T? \ @y, we have
that

—2K(t—T)—c-Vyp(x) > 2K(T — ) — (2g+21) >0,  fort € (0,0),
—2K(t—T)—c-Vyp(x) <2Ko —21 <0, fort € (T—o0,T),
¢-V(e-Vyp)(x) —2K =2-2(1—8) > 6.

the conditions (3.7), (3.8) and (3.9) are satisfied. Thus we can apply Proposition 3.1, Proposition 3.2
and Proposition 3.3. The observability inequality (3.35) gives the desired null controllability of system
(1.30)-(1.33).

4.3. Proof of Theorem 1.3. Let ¢ = (1,{) with { € Js and f>(5,) < 1. Pick any nonempty open set
® in T?. We can assume that 0 € @ without loss of generality. Pick any open set @y with 0 € @y and
@y C o. Let the pair (p,q) and the function yy be as given by Proposition 2.4. Note that

|C'V(C'Vlll0)(x)72’§f2(57C)< 1, )CETZ\(OO,
and hence there is some number & € (0, 1) such that

c-Vie-Vy)(x) >2—8, xeT?\ .
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Pick any 7 € (0,1], 6 € (0,min(1,7/2)) and K := 1 —§. Let y be as in (3.1) with 7o := T /2 and K large
enough so that (3.2) holds. Then for x € T? \ @y, we have that

oK (- g) e V() > 2K(§ _6)—(2g+21), forte (0,0),

oK (- §> e Vyp(x) < —21((% —6)-2t, forte(T—o,T),
c-V(c-Vyp)(x)—2K >2—-6-2(1-8)=46.

It is clear that the conditions (3.7), (3.8) and (3.9) are satisfied for 7 > 0 large enough. Thus we can
apply Proposition 3.1, Proposition 3.2 and Proposition 3.3. The observability inequality (3.35) gives the
desired null controllability of system (1.30)-(1.33).
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