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1 | INTRODUCTION

Summary

In this paper, we prove the uniqueness of the entropy solution for a first order stochas-
tic conservation law with a multiplicative source term involving a Q-Brownian
motion.

After having defined a measure-valued weak entropy solution of the stochastic con-
servation law, we present the Kato inequality and as a corollary we deduce the
uniqueness of the measure-valued weak entropy solution which coincides with the
unique weak entropy solution of the problem. The Kato inequality is proved by a
doubling of variables method; to that purpose, we prove the existence and the unique-
ness of the strong solution of an associated stochastic nonlinear parabolic problem
by means of an implicit time discretization scheme; we also prove its convergence to
a measure-valued entropy solution of the stochastic conservation law, which in turn

coincides with its unique entropy solution.

KEYWORDS:
Stochastic first order conservation law, Q-Brownian motion, Kato inequality, Uniqueness of entropy

solution, Associated parabolic problem

In this paper we prove the uniqueness of the entropy solution for the first order stochastic conservation law

u(w, x,0) = uy(x),

du + div(vf(u))dt = gw)dW(x,1), inQxT¢x(0,T),

(n
weQ xeTq,

where T is the d-dimensional torus, W (x, t) is a Q-Brownian motion, with the following hypotheses (H ):

uy € LA(TY).

f + R — Ris aLipschitz continuous function with Lipschitz constant C such that f(0) = 0.

g : R - Ris a Lipschitz continuous function with Lipschitz constant C,; moreover we suppose that g is bounded such

that |g| < M, for a positive constant M,.

o ve CH(T?x[0,T]) with divv = 0 for all (x, #) € Tx[0, T], so that there exists V' < oo such that |v(x, )| < V forall (x, 7).

Several articles have been devoted to the study of stochastic perturbations of nonlinear first order hyperbolic problems. Let us
mention the article of Bauzet-Vallet-Wittbold? who prove the existence and uniqueness of a stochastic entropy solution of the
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Cauchy problem for a stochastic conservation law with a multiplicative one-dimensional noise in time. They apply an artificial
viscosity method to prove the existence of a solution, and an adaptation of the Kruzhkov doubling of variables method to prove
that any stochastic entropy solution coincides with the solution obtained by the artificial viscosity method. Then as an extension,
Bauzet-Vallet-Wittbold" prove an existence and uniqueness result for the stochastic entropy solution of a Dirichlet problem for
the stochastic conservation law with multiplicative noise in time.

As for the uniqueness result, Debussche-Vovelle® consider the d-dimensional problem with multiplicative noise. du +
f(u),dt = h(u)dW. The noise term dW is a function of space and time. The authors prove the existence and uniqueness
of the kinetic solution. We believe however that our present results are important since entropy solutions are much easier to
approximate numerically than kinetic solutions.

Funaki-Gao-Hilhorst prove the convergence of a finite volume scheme for the stochastic conservation law (T)). This conver-
gence result implies the existence of a measure-valued weak entropy solution. In this paper, we extend the proof of the uniqueness
of the weak entropy solution of Bauzet-Vallet-Wittbold? to the case of equation (I)) where the noise involves a Q-Brownian
motion.

This paper is organized as follows: In section[2} we recall the definitions of a weak entropy solution and of a measure-valued
entropy solution of Problem (1)) and we present the associated parabolic problem and an inequality satisfied by its strong solution.
We prove that the solution of the associated parabolic problem converges to a measure-valued entropy solution of the stochastic
conservation law.

In section 3] we first present the Kato inequality and as a corollary, we deduce the uniqueness of the measure-valued weak
entropy solution and then the uniqueness of the weak entropy solution. As a consequence of the proofs, the measure-valued weak
entropy solution is unique and coincides with the unique weak entropy solution. The Kato inequality is proved by a doubling
of variables method for which we need entropy type inequalities for measure-valued weak entropy solutions and for the strong
solutions of the associated parabolic problem.

In section 4] we apply an implicit time discretization to obtain a semi-discrete solution of the associated stochastic nonlinear
parabolic problem. By It&’s formula and a priori estimates, we prove that when the time step tends to zero, the limit of this discrete
solution is a strong solution of the corresponding parabolic problem. We then prove the uniqueness of the strong solution.

2 | ENTROPY FORMULATION

We recall the definitions of a Q-Brownian motion and of an entropy solution of Problem (I). Let O > 0 be a symmetric trace
class operator on L>(T%), let {e 7};>1 be an orthonormal basis in L*(T?) diagonalizing Q and {4 ; = 0} 5 be the corresponding
eigenvalues, such that

er = /ljej
for all j > 1. We recall that Q is of trace class, namely that
TrQ = Y (Qeje)2qn = Y, 4y < Ay, @)
j=1 j=1

for some positive constant A,,. Let (Q, F, P) be a probability space equipped with a filtration (F,)? and {$ ;1,51 be a sequence
of independent (F,)-Brownian motions defined on (Q, 7, P). We recall that a Brownian motion f(t) is called an (7,)-Brownian
motion if it is (F,)-adapted and the increment §(f) — f(s) is independent of 7, for every 0 < s < t. The process W defined by

W =Y, B 005e,0)= X /48, 0e,x) 3)
j=1 Jj=1

is a Q-Brownian motion in L*(T¢), and the series defined by (3) is convergent in L*(Q, C([0, T], L*(T¢))) [cf.#]. We suppose
furthermore that e ,EC (T9) for j = 1,2... and that there exists a positive constant A, such that

D 4lle 2 oy < A “
j=1
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In the proof of the existence of a strong solution of the associated parabolic problem, we need the further assumption that there
exists a positive constant A,, such that

Z ANIVe I o S Ase ®)

Definition 1 (Weak entropy solution of Problem (). A function u € N2(0,T, L*(T¢)) n L*(0,T; L*(Q x T%)) is a weak
entropy solution of the stochastic scalar conservation law (I)) with the initial condition u, € L*(T?), if P-as. in Q,

T
/ n(ug(x) — K)e(x, 0)dx + / / n(u — k)o,p(x, t)dxdt + / / F'(u, k)v - V, p(x,)dxdt
0 T4 0 T¢

Td

T
+//n’(u—k)g(u)(p(x,t)dW(x,t)dx

(6)
T
+ % / / 7' (u — k)g*we(x, H0(x, x)dxdt
>0
where ;
F'(a,b) = / n'(c—b)f'(c)do 7
b
and -
0(x,y) = )’ 4;e;(x)e;(y), ®)

=1
forallp € C := {@p € C5’°(Td x [0, T, > 0,9(-,T) = 0} and for all # € A where A is the set of nonnegative C%(R)
convex functions ; such that the support of ”” is compact and 7(0) = 0. N'2(0, T; L*(T“)) is the subclass of L2(Qx T x(0,7))
consisting of predictable L>(T¢)-valued processes [cf.%, page 98].

We remark that for all x, y € T¢

10Gx, )| < 2 Alle 3 wiray < A ©)

Definition 2 (Measure-valued weak entropy solution of Problem (I)). A function w of NZ2(0,T;L*(T? x (0,1))) N
L*0,T; L*(Q x T x (0, 1))) is a measure-valued weak entropy solution of the stochastic scalar conservation law (1) with the
initial condition u, € L*(T%), if P-a.s. in Q, for all # € A and for all ¢ € C

/'1(”0 —k)p(x, 0)dx+///11(u(x t,a) — k)o,p(x, t)dadxdt
///F”(u(x t,a),k)v- V. @(x,t)dadxdt

T (10)
///n (u(x,t,a) — k)ghalx,t,a))p(x,)dad W (x,t)dx
Td 0

T
%/// 7' (u(x,t,a) — k)g (u(x, t, ) @(x, NO(x, x)dadxdt
0 T4

The main result of this article is the following theorem.
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Theorem 1. Suppose that the hypotheses (H) hold and that the basis functions {e; } 5, of the O-Brownian motion satisfy the
hypotheses (@) and (3)), then the measure-valued weak entropy solution is unique. Moreover, it coincides with the unique weak
entropy solution.

Before presenting the Kato inequality and proving the Theorem|[I} we recall the It6’s formula, and show the lemma that the
solution of associated parabolic equation tends to a measure-valued solution of Definition [2|in the sense of Young measure,
which will be used in sequel.

Lemma 1 (Itd’s formula in the case of a Q-Brownian motion, cf.#). We define X by:
t t
X@®=X©0)+ / w(s)ds + / 0(s)dWi(s), 0<t<T,
0 0

where W is a Q-Brownian motion. Suppose that y is an L2(T9)-valued predictable Bochner integrable process,

T
/lll//(s)||qud)ds <o P-as,
0

where 0 is an (F,)-adapted and measurable process such that
T

P /Tr[ez(s)Q]ds <oo|=1.
0
Suppose that the function (X, ¢) : L*(T?) x [0,T] — R is such that its partial derivative G, and Fréchet derivatives Gy and
Gy x are continuous on L2(T¢) x [0, T']. Then P-a.s. for all 7 € [0, T,

(X (0,1 =G(X(0),0) + / Gi(X(5), 5) + (Gx (X (5), 5), W(8)) [2rad s
0

+ / (Gx(X(5),5), 0(s)dW (5)) 1274 an
0

t

+% / Tr [Gxx(X(s), 5)6°Q] ds.

0
We assume that for € > 0, u, is the solution of the stochastic nonlinear parabolic problem

du — eAudt + div(v fw)dt = gw)dW inQx T x[0,T] (12)

o €EH I(T9). In section 4, we will give the definition of the strong solution u, of the initial value

problem and prove that the strong solution exists and is unique.

with an initial condition u

Lemma 2. Let u, be the solution of the associated parabolic problem in the sense of Definition in section Then u, tends to
a measure-valued entropy solution of Problem (I)) as € tends to 0 in the sense of Young measures.

Proof. We define the functions
X® =u(x,1), y=elAu/(x,t)—div(vf(u.x,1)), 6=gu.x,1))

GX@®,1 = / n(X (@) — k)p(x,t)dx,
Td
so that
Cx(X(),1) =n"(X(®) — k)p(x,1)
Cxx(X(®),1) =n"(X (1) — k)p(x,1)
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G(X(,0) = / n(X (1) = k)o,(x, )d x
T
and apply It6’s formula, Lemmal[I]to obtain

/ N (T) — k)p(T)dx

Td

T T
= / n(u,(0) — k)p(0)dx + / / n(u,(x, 1) — k)0, (x, dxdt + / / 1 (u (x,1) — k)p(x, eAu,(x, 1) — div(vf (u (x, 1)))]dxdt
0 T4 0 T4

Td
T T
+//n’(ue(x,t)—k)(p(x,t)g(ue(x,t))dW(x,t)dx+%//n”(us(x,t)—k)(p(x,t)gz(ue(x,t))Q(x,x)dxdt.
0 T4 0 T4

We first consider the term involving Au,. Note that for all ¢ € C,

T
€//ﬂ/(UE(X,t))(P(X,t)Aue(x,t)dxdt
0 Td
T
=—€//Vx(ﬂ'(ue(X,t)—k)(p(x,t))que(x,t)dxdt
0 T

T T
=- 6/ / 7 (u(x,1) — k)V u (x,1) - V_ @(x, )dxdt — e/ / 0w (x,1) = k)| V. u,(x,0)*p(x, t)dxdt.
0 T 0 T

As for the term involving div(v f(u,(x, t))), we use integral by parts, the chain rule and div v = 0 to deduce the equalities:

T
- / / n’(ue(x, 1) — k) div(v f(u.(x, 1)) p(x, t)dxdt
0 T4
T
= / / fu(x,))v-V (n’(ue(x, N — ko(x, t)) dxdt
0 T

T T
= / / r/'(ue(x, =k fu (x,))v-V o, )dxdt + / / n"(ue(x, D=k fu (e, ))v- Vo (x, Helx, )dxdt
0 T4 0 T

u (x,1)

T T
= / / 0 (u(x,1) — k) f (u(x, 1))V - V @(x,)dxdt + / / div[ / n"'(c - k)f(a)vda} o(x, Hdxdt
0 T4 0 T4

k
u(x,t)

T
= / / [r/'(ue(x, =k f(u(x,1) - / 7' (c — k)f(a)do]v -V, o(x, t)dxdt
0 Td k
T u(x,1)
= / / [n’(ue(x, 1) = k) f (@ (x,0) = [ (6 = k) f (o)™ + / (o~ k)f’((f)d(f] v V. o(x,Hdxdt
0 Td

k

u (x,t)

/ 1 ue(x, 1) = k) f (u (x, ) = ' (u (x,0) = k) f (. (x, 0) + 1" (k = k) f (k) + / n'(o - k)f’(d)dcr] V- V. o(x,)dxdt
k

Td

T
/

T [ u.(x,1) T T
/ / / n'(c — k)f’(a)da] vV, o(x, )dxdt + 7' (0) f(k) [/ vo(x,1)|yradt — / / div vep(x, t)dxdt]
0 0 T

Td k 0
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T
=//F”(ue(x,t),k)v-Vx(p(x,t)dxdt.

We therefore deduce that

/ n(u (x, T) = k)op(T)dx

Td

/n(u (x,0) — k)(p(O)dx+//11(u (x, 1) = k)o,p(x, t)dxdt
//r] (w (x,1) = k)V, u(x,t) -V, @(x,t)dxdt — e//r/"(ue(x, 1) — k)| V., u.(x, D p(x, t)dxdt
+//F”(ug(x,t),k)v-Vx(p(x,t)dxdt

+ / / 7 (u(x,1) — K)p(x, g (x,1)dW (x,1)dx + %/ / 0" (u (x, 1) — k)p(x, g (u (x, ))Q(x, x)d xdt

for all @ € C. Using o(T') = 0 and that 7 is a nonnegative convex function and that |V u (x,)|? > 0, we deduce the following
inequality

/n(uo(x) ko(x, 0)dx+//;1(u (x,1) = k)o,p(x,t)dxdt

—e//n(u (x,t) = k)V. u (x,t)‘Vx(p(x,t)dxdt+//F"(ue(x,t),k)v-Vx(p(x,t)dxdt (13)

//n (u(x,1) = k)g(u (x, )e(x, ) dW (x,t)dx + = //n"(u (x,1) — k)g (u(x,))p(x,)O(x, x)dxdt

>0.

We remark that (@) below and the strong convergence of {u'} to u¢ in L*(0, T; L*(€; L*(T%))) [cf. Lemma[13]] below imply
that u¢ is uniformly bounded in L*(0, T; L*(Q; L*(T¢))). Thus there exist an entropy process 1 € L®(0,T; L>(Qx T4 x (0, 1)))
and a subsequence of u, which we denote again by u, such that u, converges to u in the sense of Young measures as e tends to
0 [cf.%, Page 668]. We multiply (T3) by 1, where A € F is arbitrary and take the expectation to obtain

E lA/n(uO(x) Kp(x,0)dx|+E lA//n(u (x,1) = k)o,p(x,t)dxdt

Td

-E elA//n(u (x,t) = k)V, u (x,1)- V.o(x,t)dxdt | + E IA//F"(ue(x,t),k)V-Vx(p(x,t)dxdt

+E IA//n (W (x, 1) — k)g(u (x,0))p(x,)dW (x,t)dx (14)

+% El1, / / 0w (x, 1) — k)g*(u, (x, )@(x, NO(x, x)d xdt
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>0.

The estimate @3)) together with the lower semi-continuity of the convex functional ||| ;20 7.12(:r2(rey, implies its weak
lower-semi continuity by Ekeland-Temam [cf.® Corollary 2.2, p.11], so that

ellVu|| Cs. (15)

2
L2(0,T;L2(Q;L2(T4))) <
Next we pass to the limit € — 0 in (T4)); the estimate (I3]) ensures that

T
-E elA//n’(ue(x,t)—k)Vue(x,t)-V(p(x,t)dxdt -0
0 T

as € — 0. For the other terms, we use similar arguments as inZ to deduce that

T 1
E 1A/n(u0—k)qo(x,0)dx +E lA///n(ﬁ(x,t,a)—k)d,(p(x,t)dadxdt
0 Td 0

Td

T
vE|1, [
0

1

/ / Fl(u(x,t,a),k)v -V, @(x,t)dadxdt
'|]'d

0

+E 1A/
Td

1

T
/ / 7 (u(x, t,a) — k)g((x, t,0))@(x, )dad W (x, t)dx
0

0

T 1
+ %E 1, / / / 7' @(x, 1, @) — k)g*@(x, 1, a)p(x, HO(x, x)dad xdt
0 T¢ 0

ZO’

which shows that @ is a measure-valued entropy solution of Problem (T). O

3 | UNIQUENESS OF THE MEASURE-VALUED WEAK ENTROPY SOLUTION

The main part of this section is to prove the Kato inequality for measure-valued weak entropy solutions of Problem (I)). The
Kato inequality will imply the uniqueness of the measure-valued weak entropy solution and as a consequence the uniqueness
of the weak entropy solution.

Proposition 1 (Kato inequality). Let u, &t be 2 measure-valued weak entropy solutions to (T) with initial data u,, 4, € L*(T¢)
respectively. Then, for any nonnegative function ¢ with compact support belonging to H'!(T¢ x [0, T']), there holds

11
/luo — 1| @0)dx + E / / / [u(x, t, ) —0(x, 1, p)| 0,(x, t)dad fdxdt
Td r 0 0

11 (16)
+E ///F(u(x,t,a),ﬁ(x,t,ﬁ))v-V(p(x,t)dadﬂdxdt

Or 0 0
> 0.

where Q; = T? x (0,T) and F(a,b) = sgn(a — b)[f(a) — f(b)] with sgn(a) = 2 forall a # 0. Note that F is a Lipschitz
! |al
a

continuous function with constant C iz

We first prove the main result of this article, Theorem|[I}
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Proof of Theorem We will use below the fact that the Kato inequality holds for all nonnegative test functions ¢ € H'(Q7).
We take K, a positive constant, and denote by y any smooth nonincreasing function such that 1_, x(-) < w(-) < 1 _ x41;()-

Setting p(x, 1) = y(|x| — V.C, (1) with y(1) = =1

and substituting ¢ in (I6) yields

E /mo L)
Td

[ 1 1

+E ///w(|x|—VCft)|u(x,t,ﬂ)—ﬁ(x,t,a)ly/(t)dadﬁdxdt

[0, 0 0

11
—-E ///Vny/’(|x|—VCft)|u(x,t,ﬂ)—ﬁ(x,t,a)|y(t)dadﬂdxdt

1Oy 0 O

a7

11
+E ///1//'(|x|—VCft)F(u(x,l,ﬂ),ﬁ(x,t,a))v-ily(t)dadﬂdxdt

|x
Or 0 0

> 0.
We study the signs of the last two terms in (I7). Since y is a nonincreasing function, we have that
[ 11
—E / / / VCfu/’(|x| —VCilux,t, f) —u(x, 1, a)|y(t)dad pdxdt

|Or 0 O

11
+E ///q/(lxl—VCft)F(u(x,t,ﬁ),ﬁ(x,t,a))v-liy(t)dadﬁdxdt

x|
0, 0 0

1 1
<E ///(VCf—VCf)u/’(lxl—VCft)lu(x,t,ﬂ)—ﬁ(x,t,a)ly(t)dadﬁdxdt

|Or 0 0

=0,
which combined with yields

E /mo — ulw(IxD |r©)
Td

11
+E /y’(t)//u/(lxl —VCo) |u(x,1, f) — U(x, 1, a)|dad pdxdt
O 0 0

> 0.
We suppose that i, = u,, and choose K = sup,cya|x| — V' C,T to deduce that y(|x| — V'C,1) = 1. Also in view of the fact that
y'(t) = —%, we deduce that

11
E ///|u(x,t,/3)—ﬁ(x,t,a)ldadﬂdxdt =0 (18)
s 0 0

for all @, # € (0, 1). This implies that u(x, ¢, §) = @(x, t, &) for almost every x € T%, ¢t € (0,T), w € Q, a, f € (0, 1). Setting
a = f, we deduce that u(x, t, @) = 0(x, 1, a) for almost every x € T¢, ¢t € (0,T) so that Problem has a unique measure-
valued weak entropy solution, say u = u(x, ¢, ). Then setting @ # f, we deduce that u(x, t, «) = u(x, ¢, #) which implies that
the measure-valued weak entropy solution does not depend on the third parameter. Thus it is a weak entropy solution and (I8)
also implies the uniqueness of the weak entropy solution of Problem (T). |
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In the sequel we prove the Kato inequality, Proposition I}

Proof. We first recall the definition of a mollifier.
Definition 3 (Mollifier). Let p be a nonnegative, real-valed function belonging to C(‘J”(Rd ) and having the properties

1. p(x) =0if |x]| > 1;

2. /p(x)dx= 1.

Rd
For example,
) = {kpe‘ﬁ il < 1.
0 otherwise,
where k, > 0 is chosen so that the condition [2]is satisfied. Let N > 1, we define the function py(x) = N 4 (N x) which is
nonnegative, belongs to C(‘)”(IR" ), and satisfies

—0; 1.
l. py(x)=0if |x| > >

2. /pN(x)dx= 1.
Rd

py s called a mollifier and is such that supp py = (—%, %)d.

We suppose that p, and p, are two mollifier sequences in T¢ and R respectively, with suppp, C [—2,0]‘1 and
m

supp p,, C [—%,O]. Suppose that p, is a mollifier sequence with supp p;, C [—l, %]. For example, one can choose p,,(x) =
mf p(mx + 1), p,(x) = np(nx + 1) and p,(x) = Ip(Ix). Remark that |p,| < Cm? , |p,| < Cnand |p,| < CI for some constant
C and that p, is an even function for all /. Let u, be the solution of the associated parabolic problem in the sense of Definition
We use the notations &t = i(x, ¢, @) for a measure-valued solution and &, for the corresponding initial condition, and set
AL 1= p,(0(x,t,a) — k) and Bﬁ{ 1= py(u.(y,s) — k). Next, we deduce two inequalities based on (I0) and (T3) respectively. We
choose n = 5; € A such that

1 ifr>96
ni(r) = sin(g—;) if |r] <6
-1 ifr<—6

in the inequality (TO) as well as in the inequality (T3). Note that 7} is an even Lipschitz continuous function. In the inequality
(T0), we replace the test function @(x, 1) by @(y, s)p,,(x — ¥)p,(t — s) and then multiply it by Bi and integrate k on R, y on T¢
and s on (0, T') and write last the term coming from the stochastic integral to obtain

E ///”lg(ﬁo(x) - k)Y, s)p,(—5)p,,(x — y)deﬁ(dkdyds

|Or R T4

[ 1
e / / / / N5(@(x, 1, @) = K)p, (1 = $)0,0(y, $)p,,(x — )dadxdiBdkdyds

[Or R Or 0 i

B 1
+E / / / / ns(0(x, t, a) — k)p(y, $)0,p,(t — $)p,,(x — y)dadxdtBidkdyds

[Or R Or O i

B 1
+E ////F”é(ﬁ(x,t,a),k)v-pm(x—y)Vx(p(y, s)pn(t—s)dadxdthcdkdyds
0, & 0, 0

B 1
+E / / / / F((x,t,a),k)v -V p,(x —y)p,t — oy — s)dadxdtBﬁcdkdyds
Oy R O 0
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L E / / / / LG 1 0) = D@0 1), (= D, = 9Py, )0, ¥)dadxd1B,dkd yds|

IRIO

/////ng(u(x t,a) — k)g(t(x, t, a))da@(y, s)p,,(x — ¥)p,(t — s)dxd W (x, t)Bldkdyds]
Or R 0

=L+ L+ L+ L+ I+ 1+ 1

>0.

Next in (I3)) we change the variables (x, 1) to (v, 5), replace @(y, s) by @(, $)p,,(x — y)p,(t — s) and write last the term coming
from eAu,, then multiply by AI and integrate on «, k, x and ¢, to obtain

E / / / 152 (y) = K)p(y,0)p,()p,,(x — )dy / Al dadkdxdt

QTRT"

+E ///’15(“ Wy, s) = k)p,(t = s5)d; (p(y,s)pm(x—y)dyds/Aldadkdxdt
Qr R Or |

+E ///né(u (¥, s) = k)o,p,(t — s)(p(y,s)pm(x—y)dyds/A’dadkdxdt

Oy R Op

+E ///F”é(u W, 8), k)v-p,(x— y)Vy(p(y,s)pn(t—s)dyds/A’dadkdxdt
QT R Op

+E ///F”b(u (3:8), )V - Vyp,(x = oy, s)pn(t—s)dyds/Ala’adkdxdt
|Or R O |

1
+%E l / / / 1 (v, 8) = K)g*Ue(y, ))p(x = Y)p,(t = $)p(y, )Q(y, y)d yd's / Aﬁcdadkdxdt]
or R O 0

T
+E l / / / / M5ue(y, 5) = K)gW (¥, )Py, )pp(x = ¥)p,(t = AW (y, 5)dy / Ajcdadkdxdz]

—¢E l///ﬂg(u 0, 8) =)V, u (v, )V, [@(y, s)pm(x_Y)]Pn(f—S)dde/Aldadkdxdt]
QT R QT

=Nt Lt D+ s+ Jo+Jp+ g

>0.

We will show that the sum of I, + J; fori = 1,2, ..., 7 and of the term Jg converges to the left-hand-side of Kato inequality (T6).
More precisely, we should prove that

lim limlim lim lim [/, + J,] = /luo — iyl e0)dx |, (19)

m—o0 €0 6—0/—>00 h—0
Td

lim hn&(l;n(l)}lm lim[I, + J,] = ///lu(x t,a) —0(x,t, p)|0,p(x,t)dad fdxdt |, 20)

I+ J;=0, 1)
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11
lim lir% }sir% llim lim[I, + J,]=E / / / F(u(x,t, p),a(x,t,a))v - Vo(x,)dad fdxdt |,
Or 0 0

lim limlim lim lim [I5 + J5] =0,

m—o00 €0 6—0/—00 n—00

limlim lim lim lim [16 +Jg+I; + J7] =0,

e—06—0 m—00 [>00 n—00

and
lim limlim lim lim Jg = 0.

m—00 €—0 6—0[/—00 h—00

(22)

(23)

(24)

(25)

We refer to” for the detailed proofs of (T9) - (23) and of (23). Here we will only prove (24). Since we are dealing with a Q-

Brownian motion instead of a one-dimensional Brownian motion, the proof of (24) is new with respect to the proofs given in%.

2

However, let us remark some simple facts. The partial derivatives d,¢(y, s) and V,@(y, s) in the terms I, and I, respectively
vanish. Therefore I, = I, = 0. Moreover, since ¢ € (0,T') and since the support of p,, is included in R, the term J; vanishes.

Let us now prove (24). We start by proving the following result.

Lemma 3. J, vanishes.

Proof. We set G = p, (x — y)p,(t — s), and use that supp p, C R™. We have

T 1
J; =E ////ng(ue—k)g(ue)(p(y,S)Q:l"dW(y,s)dy/Aidadkdxdt
Or R 0 T¢ 0

T 1
=//E //n(;g(us)(ue—k)(p(y, s)gn’"dW(y,s)dy/Aida dkdxdt.
Or R 0

t T4

We set |
a(t) = / A da
0
and
7(s) = gu Iy, — K)p(y, 5)p,(x = y)p,(t = 3),
to obtain

T T
E / &) / F()AW () |dy = / Y a0 a0 / 7()dp,(s) |dy.
1 Ta =1 1

Td
Then using that
T

T
E 56(1)/77(3)dﬂ,~(S) =E[a(®)]E /77(S)dﬁ,~(S) =0
for all j, we deduce that J; = 0.

Next we study the limits of the sum of the Itd correction terms I + J,.

Lemma 4. We have the following limit properties:

1
I+ Jg > %E l/ / / / ny (@(x, 1, a) — k)g>(@(x, 1, a))p,,(x — ey, HO(x, X)p,(u (v, 1) — k)dadkdyd xdt

Or R T4 0

|

1
+ %E l / / / 1y (u (3, 1) = K)g* U (3, 0)p,,(x — Yoy HO(y, y) / pi(8(x, 1, @) = k)dadxdtdkdy]
0

Oy R T4
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- 00 %E l/ / / ny (@(x, 1, a) — u (y, 0)g*@(x, t,a))p,,(x — ey, HO(x, x)dadxdtdy]

T4 O0p 0

1
+ %E l / / / ) ((x, 1, @) — u (3, 1)) U (3, D)p,(x = V(3. DO, y)dadxdtdy] :

Td Or O

Proof. We justify the limit as n — co. We set G = p, (1 —s)p,,(x—y) and AL = p,(0(x,t,a) — k). We define A, as the difference
of Iy + J¢ and the limit term and perform a change of variables from k to u.(y, s) — k when y and s are fixed to obtain

A =—E l / / / / 7 (Cx, 1, @) = K)Z2@0x, 1, @), (x = V)P, (1 = )3, O, x)dtpy (1, (. s)—k)dkdydsdxdt]

Or R Or O

E / / / / ) (A(x, 1, a) = k)g>D(x, 1, @))p,,(x — Y@y, NO(x, x)p; (U (y, 1) — k)dadkdydxdl]
R T4

T

1
+%E / / / 1 Ue(y, 5) = K)g*Ue(y, ))p(xX = Y)p,(t — $)p(y, YOy, y)dyds / Aidadkdxdt]
-0, R O
—%E / / / 1 (v, 1) — K)g* Uy, 0)p,,(x = NPy, DO, y)dy / A;dadkdxdt]
O R T4 0

:% l/ / / / 715 '(f(x, t,a) — u,(y,s)+ k)gz(ﬁ(x, 1, a))Qf(p(y, $)0(x, x)dxdtdap,(k)dkdyds]

0, R 0, 0
- %E ////ﬂé’(u(x 1) — u (v, 1) + k)g*@x, 1, 0))p,,(x — Moy, NO(x, x)p,(k)dxdtdadkdy]
0, R Ta
+ %E / / / (15 (. 8) = K)&* W (3, 5)) = i w (v, 1) = K)g* (. )]G @(y, $)O(y, y)d yd s / Aidadkdxdtl
Or R Or 0
+ %E ///n;’(u 3. 1) = )& W (. DG @y, 5) — P(¥. DO, y)/A’dadydsdkdxdt]
Or R Op
T
- %E / / / 1y ue(y. 1) = k)g* (u.(y, t))pm(x—y)[l - / p,,(t—S)dSI @y, H0(y, y)dy / Aidadkdxdt]
0 R Td 0 0

1
_1 E l/ / / / [n"s’(ﬁ(x, ta) —u (y,s)+ k) —n @(x,1,0) —u(y, 1) + k)g?(a(x, t, a)]

Or R Or 0

X Gy, $)O(x, x)p,(k)dxdtdadkdyds]

1
SE l / / / / ny (A(x, 1, @) = u (v, 1) + k)g*((x, 1, )G [o(y, 5) — (3. D] Q(x, X)pl(k)dxdtdadkdde]

Or R Or 0
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-5 E l/ / // '@(x, 1, @) — u (3, 1) + K)gAA(x, 1, a))p,,(x — )
R T

I

T

X 1—/pn(t—s)ds (p(y,t)Q(x,x)p,(k)dxdtdadkdy]
0

- 1
+ %E / / / 1y Uy, s) = k) [gz(ue(y, 5)) — g2 (u (y, t))] oy, )0, y)dyds / Aidadkdde]
_QT R QT
+ %E / / / [ﬂé’(ue(y, s) — k) = (u (y, 1) — k)] g u.(y, )G o(y,5)0(y, y)dyds / Aidadkdxdt]
'QT R QT 0
- 1
+ %E / / / ny (u (1) = k)g* (3, )G [@(y. 5) — (v, DIQ(y, y)dyds / Ajdad kdxdt]
'QT R QT 0
- T
- %E ///ng’(ue(y, 1) — k)g* U (y, )y, DOy, »)| 1 — / p,(t = s)ds|p,(x — y)dy/ Aidadkdxdl] .
-0r R T¢ 0 0

Therefore, as 11(’5' is bounded and Lipschitz-continuous, ¢ € C and |Q(x, x)| < A, for all x € T¢, g is a bounded function, we
have

1
A . N m
Al SLE / / / min@l1n o 4,3, 9) — ., DDEA@Cx, 1, )G p(y, $)dadxdrdyds

Or Or 0
C(@)Al . ).
ny (A(x, 1, @) — u (3, 1) + k)g~(U(x, 1, )p,,(x — y)dadxdtp,(k)dkdy
Or R T4
+ — E L/ / / / /né’(ﬁ(x, t,a) — u (3, 1) + k)g*(@(x, 1, @)p,,(x — )y, t)p,(k)dadxdtdkdy]
2 'H'd

llny Iloo I
+

/ / / [ (., ) — g% (y.1)] G p(y, s)dyd s / Aldadkdxdt

Or R Or

1

A

+— E l / / / min(2[|7} lloos |1 (v, $) = (v, DDE* W (y. NG, @ (y, $)dyd's / A’kdadkdxdr]
Or Or R 0

+ c(@A,

E / / / 1y (v, 1) = K)g> (v, D)p,,(x = y)dydss / Al dadkdxdt
R T4 0

Or

‘ 1
g l/ / //ﬂg/(ue(y, 1) — k)g* (U (y, )Py, D)p,,(x — y)dy/ Aidadkdxdt]
~ 0

71 ///mm(ZIIn lloos It (v, 8) = u (v, D> ((x, 1, )G (v, s)dad xdtd yd s

r Or 0
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A A
—c((” ;) / / g @(x, 1, @))dadxds [+ —2—" ((M) “E / / / g2(a(x, 1, a))dadxdt

T-2/n Td

(@A 115l

5 E / / (g% (3, 9)) — &2 (v, )]p,(t — s)dydsdt

0

N C((p)/\1

//mln(2lln lloos 14D, 8) = u (¥, Hg* W (. 1))p,(t — 5)d yd sdt

(@A 1115 1l o 5 Ay IIn
+ TE / g u(y,))dydt | + ———— / / g2 (y, )y, dydt
T-2/n Td
c(m (p,Al,M ) l i
/ / / / i . 1103 ) — 10, (9. Dyt — s)dadxdrdyds
QT Td .
c((p,Al,M)
P A / / iU . 1100 8) = 4, D)t = s)dydsd
0
c(p.n Ap)
+—‘S / / 2w, (3, 8)) — g2 (v, )1p,(t — s)dydsdt
c(o.mi . A)
+—37—JQWI

=B, + B, + By + B,.

We will prove the five terms tend to O respectively. For the term By,

E '////mm(2||17(s loos [t (¥, 8) — 1t (y,t)|)pn(t—s)dxdtdadyds]

_QT T4

=E //// /mm(zlln loos 14 (35 ) — u (3, D))p,(t — 5)ds dxdtdady].

“Td Td

We denoted by A, (1) = /mln(2||11 [l oos 2y, 8) — u (¥, 1)|)p,(t — s)ds. Therefore

|An(t)| S /lue(y’ S) - us(y’ t)lpn(t - S)dS
0

<Cn / (3 8) = u (3, )]s

=2

n

Since for almost all (w, y, @) fixed, s = u.(-, s) € L*(0,T) C L'(0,T), by Lebesgue differentiation theorem, almost every 7 is a
Lebesgue point such that

g / lu (y, 5) — u (y,0)|ds — 0

=2
n
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as n — oo, We thus deduce that A, (7) tends to O for almost every ¢ € [0, T]. And since |A,(f)| < 2M 2||11 l» by Lebesgue’s
dominated convergent theorem

c(m, o, A ,M )
lim B, = 21 lim E ////A (tdxdtdady

Td w
C(m ¢9A1’M ) 1
= //// lim A, (t)dxdtdady
Td Td A
=0.

We use the same argument to proof that lim B, = 0. As for the integral Bj,
n—oo

C(@, 71:5,, A1 s M

B;| <
|B:| < .

T
C,)

/ /|M€(y, s)—u, (v, )|p,(t — s)dsdydt
Or 0

which tends to 0 as n tends to co. The last term B, tends to O as n tends to co. We prove thus the limit as » tends to co. One can

also justify the limit as / — oo in a similar way as in%.

O
Next we study the stochastic integral term, namely 1.
Lemma 5.
lim Tim 1; = / / / ny (U(x, 1, @) — u (y, ))g@(x, 1, @)g(u (y, )da | p,(x = y)p(y, HO(x, y)d ydxdt.
Or T4
Proof. Using the same type of arguments in the proof of Lemma for a given s, setting n > % and
~ 2
a(s) = pyluc(s = =, y) = k)
and
7= / / (0 — k)g(a(x, 1, a))dap,(t — s)dx,
d
we deduce that
l / / / / / ny(0(x, 1, @) — k)g(@(x, 1, a)dap,(t — s)dxd W (x,)¢(y, 5)
Or R Td 2
X p(x = »)p;(u( s—g)—k)dkd ds
Pm ypiuy, " y (26)

// la(s)/y(t)dW(x t)] dkdyds

=0.
Therefore subtracting equality (26) from the expression of I,, we deduce that

I,-0

=E l/// / /ng(u(x t,a) — k)g(h(x, t,a))dap,(t — s)dW (x, )@y, $)p,,(x — y)dxp,(u.(y, s) — k)dkdyds

0p R Td 2

n
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-E / / / / / ny(A(x, 1, @) — k)g(@(x, 1, )dap,(t — $)dxdW (x, )@y, $)p,,(x — »)p; U (v, s — —) — k)dkdyds
R

Or T (2
=B / / / / / ny(A(x, 1, @) — k)g@(x, 1, a))dap,(t — s)dW (x,1)p,,(x — y)dx
Or R T4 ¢ Z

xw%w@muxw—m—m%@»—%—mymwwl

We define A, = eAu, — div(vf(u,)) and apply 1t&’s formula, Lemmato the function G(X, t) = p,;(X). Setting

X0 =uy1, w=A, 0=g
then

G(X(0),1) = p/(X(1))

Gx(X(1),1) = p(X(1))

Gxx(X(®),1) = p] (X (1))
G(X(®,H=0

we deduce that for almost all y € T¢ and almost all s € (0, T), with n > %

m%@ﬁ—@—m%@J—%—@
= / p,(u(y,0) = k)A(y,0)do + / py(u (y, 0) = k)gu (y,0))dW (y,0)

N

+%/¢m&wpm£@mwmmww

S s

2
s—=
n

ERTSY

+%/M@mww#@mwmmm%.

Thus

l/// / /’75(“(x t, @) — k)g((x, t, )dap,(t — s)dW (x,1)p,,(x = y)dx@(y, s)

IRTdsz

s

X ;—k[/p;(ue(y, o) — kA (y,0)do + / p(u (y,0) — k)gu (y,6))dW (y,0)

2

2
§— =
n

s—
n

s

+ % / Py (v, 0) = k)g*(u (v, 0))O(y, y)da]dkdde]

2
s—=
n
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K 1
=El / / ;—k / / / ny((x, 1, ) — K)g@(x, 1, a))dap,(t — s)dW (x,1)p,,(x — y)dxqp(y, s)
Or R Td 2 0

s—=
n

N N

X [ / p . (y,0)—k)A.(y,0)do + / P (y,0) — k)gu(y,o)dW(y,o)

+ % / Pl (uc(y,0) — k)g*u (v, 6)Q(y, y)da]dkdde]

2
s—=

s 1
=—E l/ / / / /ng'(ﬁ(x, 1, a) — k)g((x, 1, a))dap,(t — s)dW (x,1)p,,(x — Yy, s)dx
0

O R Td 2

N N

X [/ pi(u(y,0) = k)A(y,0)do + / pi(u(y,0) = k)g(u(y,0))dW (y,0)

2
§—= s—=
n

+1 / Pl (U (y,0) — k)g*(u(y,0)Q, y)do]dkdyds]

2
s=2
=0+ + 10
In the following, we prove the limits
liml;, =0 and lim [; = 0;
and
llim lim [,
1
=— / / E / ny (@(x, 1, a) — u (v, 0)g@(x, 1, 0)gu (v, D)da | p,,(x — »O(x, (y, )dxd ydt.
Or Td 0

We start by the estimate of [;. Setting
1

GI] ‘= / ﬂ:;/(ﬁ(x’ Z a) - k)g(ﬁ(xs [N a))dapn(t - S)pm(x - )’)(P(y, t),

1
0

[e9]
and recalling the assumption that Z ﬂjllejlliw(w) < A,, and using the properties that |p,,| < Cm? , |p,| < Cnand |p,| < ClI
j=1
for some constant C, Cauchy-Schwarz inequality and the It isometry, we obtain

N N

[0, = ///E /GuldW(x,t) /p,(us(y,a)—k)Ae(y,a)dO' dxdkdyds
R T¢

2
r v B

2 —
n

01—

1
2\ 2 2
N N

3/// E /GnldW(x,t) E /p,(ug(y,a)—k)Ag(y,a)dG dxdkdyds

Or R T4 6_2 _2
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o=

1
2\ 2 2
N

s/// E Z\/}Tjej(x)/Guldﬁj(t) E /p/(ug(y,d)—k)Ag(y,O')dO' dxdkdyds
=1

Or R T4 s—2 _2
n

n

01—

s/// Z/ljez(X)E //(17 (@(x, 1, @) — k)’ g*(@)dapl(t — $)@” p,,(x — y)dt

Oor R T4 -2 0

n .

2
s s

X / ldo E / P (y,0) — k)AX(y,0)do || dxdkdyds

2 2

—— s—=

n n

T
<C(V/A, minl / / / / / / (! (@(x, 1, @) — k))2g>(@dadt
0

2
T x—yl<i R -2

1=

s 2

2
x|E / L orni<t AL 0)do || dkdxdy

2
§— =
n

<C()V/Amil\/n / / / / El / / (! (@(x, 1, @) — k)*g>(A(x, 1, @))dxdtdad kd yd s

d
T4 Jx-yl<+ R -2

<C(@,n5)\/Am®i\/n / / / / / g2(0(x, 1, a))dadtdxd yds

d
T4 fx-yll<s  |s-2

+ C(@)VA1/n / / / / (lno-ki< A2 0)dodkd yds

+C((p)\/_\/_// /Ag(y,a)dadyds

.S—-
n

A e

Sc<<p,:15)l\/A_1 [M2
N

which tends to 0 as n tends to co. The Lemmaﬁin section [4|ensures that || A, || L2(0.T)xQxT) is bounded. Using a similar idea
and the fact that |Q(x, y)| < A, for all x, y € T* we prove that lim [; = 0.
n—oo
We now consider the term [,. Using the Itd isometry, we obtain:

=—E l/ / / / / '(A(x, 1, a) — k)g(Q(x, 1, @))dap,(t — s)dW (x,1)@(y, $)p,(x — y)dx

Or R Td g

:nv

N

X / pi(u(y,0) — k)g(u (y,0)dW (y,0) |dkdyds
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=— /// l //ngf(u(x t,a) — k)g(a(x, t, a)dap,(t — s)dW (x, ,)>

Oy R T4 2
n

s

x ( / i.(3.0) = g1, (7. ))dW (3, a))] 9(3.5)p,,(x = y)dxdkdyds

/ / / l Zﬁehw / / n@Cx, 1, a) — K)g@(x, 1, @)dap,(t — )dB;(1)5ig)
R T4

T

x Z View / P13, @) — K)glu (. a))dﬁj(o))] 003, 5)p(x — y)dxdkdyds

S—

/ / / / / ny (U(x, 1, @) — k)g(a(x, 1, a))dap,(t — $)p;(u (. 1) — k)gu (v, 1))dt
R T4

T

X (p(y, )P, (x = NO(x, y)dxdkdyds

n— oo —/// [/ n(;'(ﬁ(x,t,a)—k)g(fl(x,t,a))dapl(ue(y,t)—k)g(ue(y,t))]
R T

T

X @y, )p,,(x — Y)O(x, y)dxdkd ydt

= - / / [ / ny (A(x, 1, @) — u (y,1)g((x, 1, @))g(u.(y, t))da} @, )p(x — Y)O(x, y)dxdydt.
Or T
We check the limits in details. We define respectively A, the difference between [, and the limit value on »; and A, the
difference between the limit value on » and the limit value on /. Therefore using that supp p,, C [—%, 0]

- T 1
- / / / E / / ﬂ(;,(fl(x, 1, a) - k)g(ﬁ(x’ [N a))dapn(t - S)pl(ue(y’ t) - k)g(ue(y’ t))dt:|
R T4 |0 0

Or

X @(y, $)p,(x — y)O(x, y)dxdkd yd s

[ 1

+ / / /E / ﬂg’(ﬁ(X, 8 a) - k)g(ﬁ(x» 1, a)dapl(uc(y’ t) - k)g(ue(yv t)):|
R T4

Or | 0
X @(y,1)p,,(x — y)O(x, y)dxdkd ydt

1
/ / / / / ng’(ﬁ(x,t,a)—k)g(ﬁ(x,t,a))dap,(ue(w)—k)g(ug(w))}

T4 R T4 0

T

X / Py, 8)p,(t = S)dS] Pm(x = O, y)dxdkd ydt
0

1
+ / / / E[/ n(’s'(ﬁ(x, Z a) - k)g(ﬁ(x’ [ a)dapl(ue(y’ t) - k)g(ue(y’ t)):|

Or R T4 0
X @(y, )p,(x — Y)O(x, y)dxdkdydt
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/ / / [ / ngm(x,r,a)—k)g(ﬁ(x,t,a»dap,(ue(y,t)—k>g<u€<y,t)>]

Oy R T4

T

X [(p(y, - / @(y, 8)p,(t — S)ds] Pm(x — ¥)O(x, y)dxdkd ydt

0

/ / / |:/ ’L;’(‘Al(x, t’ a) - k)g(ﬁ(x’ t’ a))dapl(ue(y’ t) - k)g(ue(y’ t))]

Or R T4

X / [o(y, D) = @(y, )] p,(t = s)dsp,(x — y)O(x, y)dxdkdydt

1
+///E[/ n; (A(x, 1, @) — k)g@(x, t, a)dap(u (v, 1) — k)gu,(y, f))]

Oy R T¢ 0
T
X oy, 1) [1 - / pn(t — S)dS] pn(x = Y)O(x, y)dxdkdydt.
0
So that

C((p)/\l R .
[A,] < 1 (U(x, 1, @) — k)g(U(x, 1, a))dap,(u (y, 1) — k)gu.(y, 1)
R T4

l

X p(x —y)dtdxdkdy

+A1//// [/nﬁ’(ﬁ(x,t,a)—k)g(ﬁ(x,t,a))dapl(ue(y,z)_k)g(ue(y’,))}

2‘[[11

X qo(y, Dp,(x — y)dtdxdkdy

C((p)/\1 "o R
<S— ns @(x, 1, @) —u (y. 1) + K)g(a(x, 1, a))dap,(k)gu(y. 1))
R T4

T

X pm(x — y)dtdxdkdy

+ A / // / [/ n;’(ﬁ(x, t,a) —u,(y, 1)+ k)g(a(x, 1, a))dap,(k)g(u.(y, t))}

Z‘H'dR

X @y, 0)p,(x — y)dtdxdkdy

C A
(@, ’75) 1// l/ (ﬁ(x,t,a))dag(ue(y,t))]pm(x—y)dtdxdy

QT Td

+C(yHA, / / / { / g(i(x, 1, a))dag(u.(y, t))] @y, 1)p,,(x — y)dxdydt

21p1 Td

C A
(o, ’75) 1 ///E [g @x, 1, @) + g2u,(y, t))] dap,,(x — y)dtdxdy

Or T4
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+CUDA, / / / / E 22 1,0)) + £, (7.1)] 0. Do (x — ydadxdyds

T2Td‘[d

C(o.ni.T)
<S——— A M2

which tends to 0 as n — oo. This complets the proof of the limit on #, we then proof the limit on /.

/ / / / :s/(ﬁ(x’ t’ a) - k)g(ﬁ(xs t’ a))dapl(ue(y’ t) - k)g(ue(y9 t))]

Or R T
X @, )p(x — Y)O(x, y)dxdkd ydt

/ / / ny (@(x, 1, 0) — u (v, 0)g@(x, 1, )gu (v, ))da
Op Td
X @y, )p,,(x — Y)O(x, y)dxdydt

/// /{ﬂ A(x, 1, ) — u (y,1) + k) — 0] (@(x, 1, ) — u (y,1)) }

Or R T4
X g(u(x, 1, @))dag(u.(y, t))] Py, )p,,(x = Y)O(x, y)dxdkdydt.

Using the Lipschitz-continuity of #;’ and the fact that supp p; C [—%, %],

| Ay] <e(gHA, /// /Iklg(fl(x,t,a))dam(k)g(ue(y,f))(P(y,t)/)m(x—y) dxdkdydt
R T4

T

C(n )A1

// / g((x, 1, a)dag(u.(y, 1)e(y, Dp,(x — y) |dxdydt

Or T

c(ny. o)
<—2— A M2|T|

which tends to zero as | — oo. O

Combining Lemma [3} ] and [§] yields
lim lim [Ie +Jg+ I, + J7] = hm hm [16 + Jg + I7]

=00 n—o00

l/// 2(@x, 1, @)y W(x, 1, @) = u (3, 0)p,(x = Dy, t)Q(x,X)dadydxdt]

Or T4

"2 El/ / / Oy (u(x’t’a)_”s(y’f))l)m(x—J’)(P(y,f)Q(y,y)dadydxdt]

Or T

/ / / ny (A(x, 1, @) — u (v, 0)g(@(x, 1, 0))gu (v, D)da [ @(y, D), (x = YO(x, y)d ydxdt

Qr T4

=—E / / / 4, [g@x. 1, @)e; (x) = glu (v 0)e; )] 1 @Cx. 1. 0) = 4 (3, D)p,(x = V(. Ddadydxdt |.
j=1

Or T
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In the following, we prove the lemma
Lemma 6. There holds
limlim lim lim lim [Ie +Jg+ 17] =0.

e—=06—-0m—o00 [—>0c0 n—>0

Proof. We remark that

3 4, [g@x. 1, a0))e;(x) - glu (v, e, ()]
j=1

=Y 4 [(g@Cx. 1. @) — gu (. D))e;(x) + g (v D)(e; () — ;)]
j=1

<20(x,x) [g@(x.1,0)) — g (. +2M2 Y 4 [e;00 - ;)]
=1

so that
lim lim [Ig + Js + I

/=00 n—00

=% : / / Z 4; [g(atx, 1, a))e;(x) — gu (y,1)e ,»(y)]2 1y (A(x, 1, @) — u (y,1))p,(x — )@(y, )d yd xdt
|Or T4 i=l
1 . 2 27
<5 E / / 20(x, x) [g@(x, 1, @) — g(u (v, )] 1} @(x, 1, @) — u (y,1)p,,(x — Y)p(y, Nd yd xd1
[0, T

+ %E //2Mg2 Z‘{ A [e;(x) - ej(y)]2 ny (0(x, 1, @) — u (v, 1))p,,(x — Y(y, Ndydxdt |.
0, T¢ =

First we estimate the first term on the right hand-side of (27), since supp#; C [~6,8] and 0 < 1} < 27/,

% E / / 20(x, %) [g(@(x, 1, @) — glu (v, )] 0 @(x, 1, @) = 4, (7, ), (x = V(. Dd ydxdt

Or T

N 2 ~
<ACE / / (8 —u)" nf @Cx, 1, 0) = u (v, 0)p,(x = Yy, Ndydxdt

O Td

<A C28°E / / 1y (0(x, 1, @) — u (. 1)p,,(x — Y@(y, Nd yd xdt
QT T4

<2zACI5E / / Pm(X = V)@(y, )dydxdt
QT '[|'d

§277A1C§5 / oy, Hdydt,
Or
which tends to 0 as 6 tends to 0. In what follows, we prove that the second term on the right-hand-side of (27)) tends to O as
m — oo, namely
T (s
lim M> A 20l @Cx, 1, @) — u (v, 0)@(y, Ddxdydt = 0 (28)
lim M (X =) D 4 e, () — ;)] (@, 1, @) — u (v, )y, H)dxd ydt = 0.
0 T T i=1
We recall that

o0

2
> AllelZ <A,
Jj=1
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Then for each €; > 0, there exists K|,, such that for all K > K|,

oo

Z A [e (x)— e(y)] <2 Z /lez(x)+2 Z AjeZ(y)

j=K+1 j=K+1 j=K+1 (29
S 61’

we choose K > K|, to divide the infinite sum into 2 parts

lim MZ///pm(x y)Zﬂ [e (x)— e(y)] ;1 '(Q(x, 1, @) — u (v, )y, H)dxdydt

m—oo Td E)
=,%g§oM ///pm(x—y)zﬂ e;(x) = &;)]” 1} (W(x, 1, @) — (v, 0)p(y, N xd yt (30)

‘[rd Td

+ lim M} / / / Pk =) Y A [e(0) — ;0] @Cx, 1, @) = u, (v, 0)p(y, Ddxd ydr.

m—oo .
Td Td j=K+1

We study the first term on the right-hand side of (30). Using the fact that supp p,, C [—ZL, ZL]d’ as well as the fact that
m’ 2m
e; € C(TY), setting x — y := z and (¢;(x) — e;())* := f;(2), we deduce that

lim M2///pm(x y)z/l [e (x) — e(y)] ;1 (u(x,t,a)—ue(y,t))(p(y,t)dxdydt
‘H’d

K
2 2 lim / / / 3302 (D O 1,@) = (3, ) p(v, N zd ydt

'[d T

=

=Y M? lim / / / A€ T s et en) S (M @Gk, 1, @) = 1, (5 D)oy, D zd yd

1 m—oo

~.

‘H’d Td

K
Z lim ////1 mik e 'T'J(Tew |T|<1}f( )n '@, 1, @) = u (3, D)oy, t) dydt

Td Td

K
ZM lim ////1 k,e ""){{Tew |f|<1)f( )'7 '(@(x, 1, @) = u (y, ))@(y, )drdydt

Jj=1 Td Td

As for the second term, we use (29) to obtain,

lim M7 / / / Pm(X =) Z [e;00 — e, 0] 1 (. 1, @) = (v, 1)y, D xdydt

'I]"’ Ta Jj=K+1

<eM, 2 hm / / / P(x = ) (U(x, 1, @) — u (y,))(y, )d xd ydt
Td Td
<eM, T|—|]—d|||’1 I Lo co.myxray 1@ Loo 0757 )-
In view of (30),

lim M?> / / / pm(x—y)z,i e;(x) —¢; (y)] 1 (A(x, 1, a) = u (v, )@y, Ndxd ydt

m-—oo
0 T4 T4

27 d
<51M T|T |||’1 Il oo cray 1@l oo ey
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foralle; > 0, i.e.

lim M7 / / / P =) Y 4 ;) = ;)] 1/ (@(x., 1, @) — u (v, 0)p(y. dxd yd1 = 0.
j=1

0 Td Td
Recall that

lim lim [Ig + J, + 1]

I|—>00 n—00

1

=% E / / / 2 [glax, 1, a)e;(x) — gl (v, 0)e, (0]’ 1 @Cx, 1, @) = u (v, )p(x = V(y, Ddadydxdt |,
o, 7 0 7!
and in view of (27)), we deduce that
limlim lim lim lim [I; + Jg + I;] = 0.

e—06—0 m—o0 [->00 n—co

which complete the proof of Lemma 6] O

7
Passing to the limits in Z{If +J;} +Jgbyn,l, 6, and m, we obtain

i=1

0<E /luo — | p(0)dx
Td

r 11
+E ///|u(x, t,p) —u(x,t,a)|0,¢(x,t)dad fdxdtx
Or 0 0

11
+E / / /F(u(x, t,p),a(x,t,a))v- Vo(x,t)dadpdxdt |,
0 0 0
which completes the proof of the Kato inequality. O

4 | EXISTENCE AND UNIQUENESS OF THE STRONG SOLUTION OF THE ASSOCIATED
PARABOLIC PROBLEM

In this section, we prove the existence and uniqueness of the strong solution of the associated stochastic nonlinear parabolic
problem; to that purpose we apply a time discretization method.

Definition 4. We say that u, is a strong solution of the problem

P du, — eAu dt + div(vf(u,))dt = gu )dW inQxT4x(0,T), 31)
u (x,0) = us(x) forall xeT¢
with initial condition u(x) € H'(T?), if u, satisfies
1. u, € L®(0,T; L*(Q; LAX(T9)) n L2(0, T; L>(Q; H'(T%))) is an L*(T%)-adapted process to the filtration (F,);
2. for almost all € (0, T), P-a.s. there holds,
t t t
U (1) = U + € / Au,ds — / div(vf(u,)ds + / g(u)dW (s), (32)

0 0 0
in L2(T9).

We suppose that ug — u, strongly in L*(T?) as € — 0, where y;, is the initial condition of Problem (T)). The following result
is the analog of Proposition A.2 in”.
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Theorem 2. Let ¢ > 0 be arbitrary. Problem (P€) admits a unique strong solution.

We first perform an implicit time discretization with At = T'/N. The scheme is as follows: for a given small positive constant
At and uf in L*(Q; H'(T?)), F, ,-measurable, find U, in L*(Q; H'(T)), F{,41)5,-measurable, such that P-a.s. and for all v in
H'\(TY)
/ [, —uSv + At(EeVul, - Vo — fus, V- Vo) dx = / W)W, — W,) dx (33)
Td Td

where W, = W (t,) = Z \/ 4;B;(1,)e;(x); we remark that uj = ug(x). Before pursuing the proof of the Theorem, we first show

=
the existence of the sequence {us } im0

Lemma 7. If Ar <

2e , Problem (33) possesses a unique solution u® € L3(Q; H'(T?)).
(ch)z n+
Proof. We set V. = L*(Q; H'(T), F a0 dP), H = L*(Q; L*(T?), F,41)a- d P); suppose that u, € H and define the
application T, by i = T,(.S) for all § € H where u € V satisfies the variational problem,

/(u —u v+ At(eVi- Vo — f(S)v- Vo)dx [=E /g(ue)U(I/VnH - W,)dx (34
Td
for all v € V. Since g(u,) and W,,, — W, are independent variables a.e. in T and E [I/Vn = VVn] = 0, so the right hand side
of (34) equals to 0. We define the bilinear form
a(u,v) =E /uv + AteVu - Vodx
Td _
and the linear form .

I(v) =E /u;z)+ Atf(S)v-Vovdx|.

T4 i

We apply the Lax-Milgram theorem for a(-, -) and /(-) in the space V to deduce that T, is a well-defined map. Next we write the
difference of the equality (34) for a function .S, and the corresponding solution u{ and for a function S, and the corresponding

solution u2, and set v = u1 - u to deduce that

/lu — i |2+At€|V(u - 2)Izabc

= ArE / (VF(S) = VI(Sy) - V(@ —aS)dx

which implies that

E /IT(S1)—T(Sz)|2+%IV(T(S)—T(Sz))lzdx

<—E /|Vf(S)—Vf(Sz)| dx |,

where we have used Young’s inequality ab < Zia + Ebz for a, b € R. Thus if At < _2 T, is a strict contraction from H
€

Ve
to H and the result of the Lemma(7]follows from the Banach fixed point theorem. O

Next, we prove some a priori estimates.

Lemma 8. We define Nel

At
u™'(@) = E Uy 1 Larenan @)
n=0
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where N = T'/At, then we have the following estimates
[t | L0712 @121y < Chs
IVu® |l 2o iz < Cas
where the constant C; depends on uj, A;, M, and T', and the constant C, depends on €, uy, A;, M, and T'. Thus,
1A o2 oy < €

for a constant C which depends on e, uj, A, M and T'. We define the linear interpolation function

W = Z [ it [t = (n= DA+ 65| - Lumyarman: (35)

so that 7*" is also bounded in L2(0,T; L*(Q; H'(T9))) n L*(0,T; L>(Q; L>(T?))), and u*" — u?' converges to 0 in
L*(0,T; L*(Q; H'(T%))).
Thus there exist a subsequence of {Ar} which we denote by {Ar;} and functions u € L*(0,T; L*(Q; H'(T?))), f, €
L2(0,T; LX(Q; LX(T9)) and g, € L2(0,T; L2(€; L2(T%))) such that
ubli =~y

and
At

utli =~y
weakly in L2(0,T; L*(Q; H'(T))) as At; — 0, and
f@Wh) = f, and gut) — g,
weakly in L2(0,T; L*(Q; LA(T9))) as Az; — 0.

Proof. Setting the test function v = u/ | in (33) and taking the expectation yields

1E /(|u;+1|2—|u;|2+|u;+1—u;|2)dx + AteE /|vu;+1|2dx - AtE /f(ufm)v-VuZde

2
Td Td Td (36)

=E / Wyt = WSS, —uS)dx [+E / (W — Wgu uldx |
d d

Set F(s) = / f(z)dr and use the fact that div v = 0; then for all functions v € H'(T9)

/f(u)v Vudx—/v VF(v)dx

Td

——/F(U)divvdx
Td
= 0.

Next we use () and (9) and that E / (W1 — W)g(;)u;dx | = 0, and the monotone convergence theorem to deduce that

B (W - W] = <Z[ B 1) = B0))e, (x))

=E lz‘, 4B, (tyr) = ﬂj<zn))2e§(x>] (37)

J=0
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=) E lﬂ,—(ﬁ,(rnﬂ) - ﬂj(tn))zef(x)]
j=0
= ArQ(x,x) < A At
Applying Young’s inequality and (37) yields
/ W1 — Wgw ) (u; | — u;)dx
1 € é € €
—E / (W1 = W, g*(w)dx |+ S E / () — g dx (38)
Td Td
At €2
E [g2W)] O(x, x)dx + = E (un+1 —u)dx |,
‘[[d
= s 1
for all & > 0. We choose & = - and deduce from (36) that
1
EE / (|qu+1|2 - |u§|2 +lus,, — ufl|2) dx |+ AteE /IVufl+1|2dx
Td
<AtE / g (ue)Q(x xX)dx |+ - E ‘/(unJrl — ue)zdx (39
T4 i
<A AI/E [gz(ue)] dx+ — E /(un+1 - ue)zdx .
Td
We denote by ||-|| the norm in L?(T%), change the index in (39) to k and sum from O to n — 1, n > 1, to obtain,
SE[IEI?] + Z E [llug,, — utll’] + Ate Z E Ve, 117
n—1
1 €112 en)12 (40)
SISURSEEI Ll
1
gzuugu2 +MTM;.
so that
E [l ] < € (1)
where the constant C; depends on uy, A, M < and T, and does not depend on »n. Thus
E [Il7@)I’] = E[lIlf @) — fOI]
< CLE[lul] 42)
< CiC,
for all n. We recall the definition Nt
ud' = Z Up o1 Liuarmenyan (43)
n=0
where N = T /At. In view of (#I]), we obtain
14Nl L1122y < C (44)
and by (40) we deduce that
\/EHVMAI ”LZ(O,T;LZ(Q;LZ(—[W))) < C2 (45)
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where the constant C, depends on C,. In turn (@4) and (3] imply that

16l 20 rsz2@um oy < € (46)
for a constant C which depends on € and T'. In view of (0) and (@T)
7% = w1 L2(0.T;L2(QxT4))
nAt
/ (uy — s 1)2 nAt ) L—1yarnandidx
Ta "=l Dar (47)

1
ngt 2 E [llu - Lln l||L2(Td)]
€112 2
SgAt(EHuoll +MTM,)
which converges to 0 as Atz tends to O.
Then we prove that
V(uAt _ E‘AI) N 0’
weakly in L2(0, T; L*(; L>(T9)?)).
Considering a test function ¢(x,?) = Z (p(x) 1[(,, Darnan With @(x) € H'(T?)?, so that ¢ € L*(0,T; H'(T%)%).

Using the definitions of ' and of 7"

B T
E / / V(@ — B2(x, H)dtdx
N

u
=F // <u B A =i - (n— DA —u,_ )‘p(x)ll(n—l)m,nm)dtdx
1 t

n=

N

DA
=E / Z / <1 - %) (Vus, = Vue_ Do(x)dtdx
'H"’ (n DAt

=E / Z(Vu - Vil _)g(x)dx

=—E %;/(u;—uz_l)divq)(x)dx
=17,

since by Cauchy-Schwarz inequality

E /(u;—u;_l)divgo(x)dx <E /(u;—u;_l)zdx E /ldiv<p(x)|2dx :
d | Td T

so that

z

, i
E / / V@t —2g(x, dtdx || = |E % / W —u_ ) div p(x)dx
n=1

N
S%Z{E /(u;—uz_l)zdx E /ldivqo(x)lzdx
n= Td Td

which converges to 0 in view of and this implies u®' — 72" converges weakly to 0 in L2(0,T; L*(Q; H'(T%))).
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As g is a bounded function, it implies that g(u®') is bounded in L?(0,T; L*(®; L?>(T%))) uniformly in Atz. A similar
computation,
E [If @I’] = E[Ilf @) = £FOI]
< C; E {llu,|I?] (48)
<Cicy,
yields that f(u®") is bounded in L*(0,T; L*(Q; L>(T%))) uniformly in At. In view of [@4), there exist a function u €
L*(0,T; L*(Q; H'(T))) and a subsequence {u*'} of {u*'} which converges weakly to u in L*(0,T; L*(Q; H'(T“))) as At,
tends to zero. Moreover (@2) and the assumption on g imply that there exist functions f, and g, and a subsequence of
{7}, which we denote again by {1}, such that f(u”") converges weakly to f, and g(u®'/) converges weakly to g, in

L*(0,T; L*(Q; L*(T?))) as At; tends to zero. This completes the proof of Lemma O
For later use, we define
- & [B, - B,
B =3 [%[r —(n— DA+ Bn_l] “yumnyar mar) (49)
n=1 J
where
el nAtj
B, = Z(WkH - Woglu) = / guhi(- = Aty)dW, (50)
k=0
0

in which we set 4 (s) = u®(0) = ug, for all s < 0. One can check that B € L®(0,T; L*(Q x T9)). Next, we identify the
weak limit of fot gw?i(s — At;))dW (s) when At; — 0 in L*(Q; L*(T%)) for all 1 € [0, T].

Lemma 9. We have the following limit property
t

t
/ WA (- = AL )AW (x,1) — / g, dW (x,1) 51)
0 0
as At;, weakly in L*(Q; L*(T%)) for all 1 € [0, T].

Proof. We set u™'i(s) = ug, forall s < 0.
We define the operator 7 as

TV = / VdW (x, 5) (52)
0

where W (x, t) is the Q-Brownian motion defined by (3).
In view of the Itd isometry, and the hypothesis (@), we have that
2

E /(?(U))de —E / /U‘dW(x,s) dx
0

Td Td

t 2
=E l/Zﬂ/ /U(X,S)dﬂj(s) e?(x)dx
0

Ta =1

t t
+/2dx ) VA e, (x)ejz(x)/U'(x, s)dp;, (S)/U(x, S)dﬁjz(S)]
Td J1#)2 9 A

Y1

1

<AE / / U?(x, s)dsdx
0

Td

> jej.(x)> U2(x, s)dsdx |+ 0

Jj=1
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<A1 “U” LZ(QXQ )

This proves that T is a bounded operator from L*(Q x Q7) to L*(Q x T%). Let T L*(Qx T9) - L*(Q x Q) be the adjoint
operator of 7 ; then

(170}~ (o)
L2(QxTY) L2(Qx07)
forall y € L*(Q x T9). Next we set U" = g(u®'i(- — At;)). We recall that,

gwhi(-— A1) = g,

weakly in L?(Q X Q) along a subsequence as At ; tend to zero. Thus,

(w. T —a)) = (T e - )

- (7*% g,,)
LZ(QXQT)

= (. 7))

L2(QxT9) L2(Qx0r)

L2QxTd)
We conclude that along a subsequence

T (g (- — A1) =T (g,)  weakly in LX(Qx T,

as At; — 0, or in other words, in view of the definition B2 of T,

t

/g(umf'(' — At)dW (x,1) - /gudW(x, )]
0 0
weakly in L2(Q; L2(T%)) for all t € [0, T]. O

Lemma 10. For almost all ¢ € (0, T), P-a.s., there holds,

t t t

u(t) = ug +€/Auds —/div(vf”)ds+/gudW(s),

0 0 0

in (H' ('I]'d))/, where u is the weak limit of ' in L2(0, T; L*(Q; H'(T%))) and its weak-# limit in L®(0, T'; L2(Q; L2(T%))).

Proof. For all t € [0, T], there exists n such that t € [nAt I (n+ 1)At j). We return to and suppose that the test function
v € L*(Q; H'(T%)) and is F,-adapted, and sum k from O to n to deduce that P-a.s.

> /(u;+1 —uS)vdx + At 2/ (eVut,, - Vo— f(,,)v- Vu)dx
k=0
Td

k=0,
=) / [08 U)Wy — W) dx,
k=02,

which yields
/( ut, v —uSv)dx + At Z /(eVu Vo — @S, V- Voydx

=At, Z/ [Ug(uk) kel ]
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and by definition (43)) it is equivalent to

t

E / Wi (v — u§v)dx [+ E / / eVulli(s) — fWri(s))vds |- Vodx
'|]'d

Td 0 ~
—-E / / eVuri(s) — furi(s))vds |- Vodx (53)
Td nAtj
=E / / gwhi(s — At))dW (s) [vdx |- E / / guhi(s — At))dW (s) |vdx .
Td \0 T4 At

Next we estimate the terms involving the time integral on [nAf;, 7).

t t
E //eVuA’f(s)-Vvdsdx <E //’eVuAtf(S)‘VU’deX

Td nAt/ Td nAlj
, 1/2 . 1/2
2 A 2
<|E // IVU| dsdx E // |€Vu ’f(s)| dsdx
T¢ nAt; T4 nAt;

At
<e Atj”U”Lz(Q;H‘(Td))”u /(S)”LZ(O,T;L2(Q;H1(W)))-

We deduce from a similar computation that

t
. / / S@(s)vds - Vodx < eV ALl @ aallf @ N 207 120:02(T0))-

T4 nAt;

Also in view of (37),

t
E / / ghi(s — At;)dW (s) [vdx
T |nAt
~ 12 , 2 1/2
<|E / v’dx E / / guhi(s — At))dW (s)| dx
| T Td (At
- 2 172
t
=llvll 21214y | E / g(u;)/ldW(s) dx
Td nAt/
- \1/2
:“U”LZ(Q;LZ(T‘])) E /gz(uz)(W(t)—VI/n)zdx
| T4

SALGA M [0l 12012010y

We recall that as At ;= 0,

ut —u in LX0,T; L*(Q; H'(TY));
F@ty = f, in LX0,T; L(Q; LA(T)));
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/ ghi(s — At))dW (s) — / g, dW(s) in L*Q;L*(T%)forallt € [0,T],
0

and also using that #*' is bounded in L®(0, T'; L*(Q; L*(T%))), we deduce that for a.e. ¢ > 0, there exists a subsequence of
u®'i(t) which we denote again by ' (¢) which converges to u(t) weakly in L2(Q; L*(T9)). We let At; = 0in (53) to deduce that

t

E /u(t)vdx —E /u vdx|+€E //Vu Vvdxds|—E //fv Vuvdxds

T 0 (54)

=E //gudW(s)de

forall v e L*(Q; H ('[Fd)) and all ¢ € [0, T], so that

1

E / u(t)—/gu dW(s)|lvdx|—E /uf)vdx
T4 0 T¢
t t
+eE //Vu-Vvdxds -E //fuv-Vvdxds
0 Td 0 T4

which is equivalent to

1

E / u(t)—/gu dW(s)lvdx|—E /ugvdx
| T4

0 Td
[ ¢
+E / / < — eAu + div(f,v), u> dxds
(H])’,H]
[ 0 T¢
=0.
Thus for almost all ¢ € (0, T), P-a.s., there holds,
t t t
u(t) =ug(-)+e / Auds — / div(vf,)ds + / g, AW (s), (55)
0 0 0

in (H'(T%))". In the following we will identify £, and g,.

Lemma 11. Suppose that the hypothesis (3) holds for some positive constant A,. Then 9, [ﬁm, - EA’J] is bounded in
L*(0, T L*(Q; LA(T%))).

Proof. We setv = u - (W, — Wg) in (33) to obtain

n+l un - (I/I/n W)g(ue)”LZ('[rd

Ilu

+ Atje/ Vu, -V [uZH —u =Wy — I/Vn)g(u;)] dx

T4
=0, [ 1 vV [l = = Wy = W)
Td
=-Ay / [ ) = = Wy = WDg@)| v (s, ) - Vs dx
Td
1
SE ”u2+1 - ”Z - ( -W, )g(us)l|L2(-|]'d) + C(V Cf)(At )zllvun_H ||27(‘|]'¢l)d7
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so that we have :
( W)g(ug)”LZ('”'d)

5 ||un+1
— (W1 — W,)g )] dx (56)

+Atj€/Vun+1 Vu,, -

Td
<> C(v CHPIIVUs 172 ray
W,)ge)| dx | in (56), using the fact that E[(W (1,,,,) —

Next we estimate the term E / Vu, -V [“;+1 —ut - (W,

Td

W(t,)g(u)] = 0, we obtain
—ty = (W = W,)g(u)] dx

|: n+l n+1
E

1V 1 |

1
E |Ivun+1||L2('[|'d)d + ”V(un_H e)”Lz('[rd)d

—-E /( vl — WOV —uy) - Ve(u )dx

(57
—-E / VW, =W, - Viu, — u)g;)dx
| T4

1T

ZE E _”V”,,_H ||L2('[|'d)d ”V(un_H €)||L2(‘H'd)d “ Vu, ”LZ(‘H'd)d

- A At ”Vg(ug)”LZ(‘ﬂ'd)d AZAt ”g(ug)”LZ(‘ﬂ'd)

where we have used that, in View of (37),

. /( w1 = WV =) - Ve(u,)dx

€ 1 € €
<E / (W1 %)2|Vg(un>|2dx+z / V@, —u)*dx
‘[|'d

€ 1 € €
g/E[(Wn+1 - W*| E[IVe@)I?] dx + ZE /lV(unH —u)|*dx
Td Td

SAlAtj/E“Vg(ufl)P] dx+%E /|V(un+1—u;‘)|2dx .

Te T
- ue)g(u;)dx] in a similar fashion by using @ This

One can obtain an estimate for the term E [ /W VW, — W -V, |
yields (57). Next we substitute (37) into (36) to deduce that,

E [l = 5 = Wosr = WSOy | + Aty B 190512, 100
<A, (A1) E [||Vg<u€)||m)d] + Ay(A1 P E [Ig@)I, )| + CO.Cp0A1 P E [nvM,,+1 -

1
1V sy + I = ) ]
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We sum the above inequality on the variable n from 0 to N — 1 and use Lemma §]to deduce that

N-1 € c_ (W W) g(ué &
s, == W = W) 6 ¢ SV E f1va,, -

E Atj E [|| - At . ”iZ(-[[d) +¢E [”VMN ”iZ(‘u’d)d] + E E ['lv(un+1 - un)”iz(ﬂ")" “]
o j n=0

] (58)

N N
<CW,Cp. e DAY Y B[IVUE IR | + € B [IV851E s | + Aottie D E (8@ IR
n=1 n=0

S Cs
where C depends on v, Cy, C,, Ay, A,, uy and €. We take the difference of (33) and (@9) to deduce that

N Tu —u,_,— (B, —B, )
7Y — gAY = Z [ n n—1 s n n—1 t—(m- I)Alj) + (un—l - Bn—l)] 1[(n—1)At/-,nAtj)’

n=1 J

which we differentiate with respect to ¢

N
0, [EA’/ _ EAtj] — Z

[u; - UZ—I -(B,—-B,_))

Atj ] [(n—1)At;,nAt ;)

(39)
i [ui —u_ =W, - Wn_l)g(uj_l)]
= [(n—=1)At;,nAt))
n=1 Atj ! "
where we have also used the definition of B, in (50). The result of Lemma [IT|then follows from (58). O

t

Lemma 12. / g,dW (s) is continuous in time and u defined as (33) is in C ([0, T'1; (H'(T4))').
0

Proof. We have proved that, for almost every w € Q,
A — B e L®(0,T; LX(TY));
o — Bl € 120, T; 12T < 12 (0,73 (H'(T)')
Using the fact that the embedding from L*(T¢) into (H' ('D'd))/ is compact, and applying the Theorem of Aubin-Lions-Simon
[cf. Y, Theorem I1.5.16], we deduce that the sequence {HA’/ - B4 } is relatively compact in C ([0, T);(H\(T? ))’). Therefore
t

t
A — B oy — / g,dW (s) strongly in C ([0, T]; (H'(T))') as At; — 0.If / g,dW (s) is continuous in time, then u(r) is

0 0
continuous in time. We define

t t
wix,1) = / gdW (.9 = Y [1,e,0 / £5,(5).
0 J=l 0
N t
wyxn =Y \//Tjej(x)/gudﬁj(s)
Jj=1 0

forall N € N. Thus forall 1 < N < M, M, N € N, by Doob’s inequality and It isometry,

E

sup (w,(x,1) — wy(x, t))z] <A4E [(wy(x,T) — wy(x,T))]

0<t<T

(60)

j=N+1

M T
=4 ) /ljef(x)/E[gz] ds.
0



TADAHISA FUNAKI ET AL | 35

Recalling the assumption that z Alle; II? ) <A, and using the fact that g, € L*(0,T; L*(Q; L*(T9))), we deduce

Loo(Td

T T
2.2 _ 2.2
2 //ejgudsdx =E //Zﬂjejg dsdx
= T4 0 J=1
T
<AE //gidsdx
Td 0
< 00,
so that in view of (60)
E [ sup |lw), (®) - wN(T)“Lz(W] S/de[SllP (WM(I)—WN(T))Z]
0<i<T 0<i<T
Td
" T
<4 Y AE //ej.gudsdx
J=N+I A
- 0.

as N < M and N — oo. This implies with the help of Borel-Cantelli’s lemma that {w  (f)} has a Cauchy subsequence {w ./ (f)}
in C([0, T, L*(T%)), P-a.s.. Therefore since {wy,} converges to w in C([0, T, L>(T¢)), it follows that w € C([0, T], L>(T%)).
t

AsP-ass., u— / g,dW (s) is in C([0, T], H'(T¢)), we deduce that P-a.s., u € C([0, T], H'(T4)'). O
0
Next we identify f, to f(u), g, to g(u) and u to u,.

Lemma 13. We have that u*'/ — u strongly in L*(0, T; L*(Q; L*(T?))) as At; — 0. In particular, this implies that that f, = f ()
and g, = g(u). And u is a strong solution of Problem ¢, we will denote it by u,.

Before proving the Lemma|[I3] we cite the It6’s formula which will be used in the proof of Lemma

Lemma 14 (1t0’s formula cf1%1), Let X, € L*(Q,F,P; L2(T%) and Y € L*([0,T] x Q,(H'(T9))"), Z € L*([0,T] x
Q, L*(T%)), both progressivly measurable. Define the continuous (H ' (T%))’-valued process X by:
t t

X)) =X(0)+ / Y(s)ds + / Z(s)dW(s), 0<t<T,
0 0
and the following It6’s formula holds for the square of its L?-norm P-a.s.

1

2 —
IXOR iy IX Oy +2 [ (YO.X@) s

0 (61)

t

+2 / (x@. 2w s)), / Z (70e,. J>L2(W)ds

0
And we show a preliminary estimate.

Lemma 15. There holds

T
lim sup / e E [lu®i 0)||?] dr
At;—0
T ¢
<T||u0||2+2// e E /fv Vudx dsdt+2//e_”E /gug(u)Q(x,x)dx dsdt
Td 0 0 Td
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T

T 1t T ¢t
—//e‘”E /g (W)Q(x, x)dx a’sdt—c// e E [[|ull*] dsdt - 26//e_”E[||Vu||2] dsdt.
0 0 0

Td 0 0

Proof. We start from (38), choosing € = 1 and deduce from (36)) the following counterpart of (39),

1 ¢
SE /(|u;+1|2—|u;|2+|u;+1—un|2)dx +At;cE /|vu;+1|2dx
Td
1

zAt E /g W)O(x, x)dx |+ = E /(u L~ U6 dx

Td

—cnlAt;

which we slightly simplify and multiply by e i. This implies that for all nonnegatlve ¢ and integer n,

E /e'C"At/|u;+]|2—e'c("'l)A’f‘lufllzdx +2eAte™ "M B /qulelzdx

Td

<Ate " E /g W)O(x, x)dx |+ [e7"A — =" DAL| E /lu [*dx|.
Td
We sum this inequality for k from O to n and also use the inequality

ook _ e DA ¢ Ay ek,

for all fixed ¢ and At o obtain

n
e E [[lus,, IP] + 2eAt; Y ek E (|| Vg
k=0

et 1]

n

<E [||u0||2] + At Z e kAL R /gz(uZ)Q(x, x)dx | — cAt; Z e kA R [||MZ||2]
k=0 v k=0

Thus, we use the definition of " in (@3)) which converges weakly to its limit to deduce that

(n+1)At;
e E (e, I17] + 2e / e E [IVu®i|*] ds
0
<E [llugll?] + At, E / 2% (uy)O(x, x)dx (62)
Td
nAt/ nAtj
+/e‘”E /gz(uA’/)Q(x,x)dx ds—c/e_”E[lluA’fllz] ds.
0 T 0

Next we remark that for t € [nAt o (n+ 1)At j), the expression below is nonnegative
(n+1)A1,
0 <(e™" — ™) E [|lut,, I*] + 2e / e CE[IVuti|?] ds

t
t nAtj

+/e‘“E /gz(uA'f)Q(x,x)a'x ds+c / e‘”E[HuA’J‘lIZ] ds

nAt Td (—Ar))+
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since each term is nonnegative; combining it with (62) yields

t
e E [lut 0)II7] + 2¢ / e E[IIVu® ] ds

0
t

<llupll* + At, E / g2 (uy)O(x, X)dx |+ / e E / 22WrHO(x, x)dx |ds

Td 0 T4
(1—Ar)*

—c / e 'E [lluA’f ||2] ds.
0
Using the fact that 4"/ is bounded in L®(0, T, L*(Q; L>(T%))), we obtain
t
e E [[l® (0)1?] +2¢ / e E[IVut|?] ds
0

t

<llugll® + At A, g2 + / OB / )0, x)dx | ds
0 Td

t t

+e / e B [[lu®1?] ds—/e‘”E[IIuA’/HZ] ds

(1— A1)+ 0

t t

§||u0||2+/e'”E /gz(uA’f‘)Q(x,x)a’x ds—c/e'”E[lluA’fllz] ds+ CAt;.

0 T 0

We recall that for all v € H(T9), there holds / f(v)v - Vudx = 0, and also use that a* = (a — b)> — b* + 2ab to obtain
Td
t
e E [[lu® 0)]*] + 26/9_”E [IIV@™s —w)l*] ds

0
t t

+4€/e‘”E /VuAt/Vudxds —2€/e_”E[||Vu||2]
0

0 T
t

—Z/e_”E /[Vf(uA’f)—vf(u)]V[uA’f —uldxds
Td

0
t

S||u0||2+CAtj+2/e‘”E /f(uA’f)v-Vu ds
‘|]'d

0
t t

+2 / e “E / f@yv-Vutidx |ds +2 / e E / g )g(w)O(x, x)dx |ds
0 Td 0 Td
t t
- / e E / 22 WO(x, x)dx |ds + / e E / (g™) — gw)*O(x, x)dx |ds
0 0 Td

Td
t t t

—c/e_”E[HuA'f—u”z] ds—2c/e_”E /uA’fudx ds+c/e_csE[||u||2] ds.

0 0 T 0

(63)
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Note that there exists c,;, = C(v, f, g, €,A;) > 0 such that, for ¢ € (c,, +o0) and At ; small, it holds that

t t
—2e / eCE[IV@® —w?*| ds +2 / e S B [(v/ W) = vf @)Vt — )] ds

0 0
t t

+ / e “E /(g(uA’/) — gw)*O(x,x)dx |ds — c/e_”E [lIuA’/ - u||2] ds
Td

0 0

t

<(—2e +¢) / e “E [lIV(um/ - u)||2] ds + i / e “E [llvf(uA'f') - Vf(u)||2] ds
0

0
t t

+ A /e_”E [||g(uA'f) - g(u)||2] ds—c / e “E [||uA’f - u||2] ds

0 0
1

<-¢ / e E[IVW —w|?] ds.
0
Next we substitute the upper inequality in (63 and integrate from 0 to T to obtain,
T

T ¢t
/e‘C’E[HuA’/(I)HZ] dl+e//e‘”E[||V(uA’/ — w)||?] dsdt
0 0

0
< Tluyll* + CT At
t

T t [ T
+2 / / e “E / F@AYY - Vu|dsdt +2 / / e “E / f@yv - Vuridx |dsdt
0 0 | Td 0 0

Td
T t [ T t
+2//e_”E /g(uA’f)g(u)Q(x,x)dx dsdt—//e_”E /gz(u)Q(x,x)dx dsdt
0 0 | T 0 0 Te
t B T t
—2c /e‘”E /uA'fudx dsdt+c//e‘”E[||u||2] dsdt
0 | Te 0 0
t [ t

Tt~ s TT—
o\

T
e E / Vul'iVudx |dsdt + 2e / / e B [||Vull?] dsdt.
0

| T4 0

t

T
We pass to the limit as A7; — 0, and also use the facts that e / / e “E [llV(uA’f‘ - u)llz] dsdt >0
0 0

and that / f()v - Vodx = 0 to obtain

Td
T
lim sup / e E [|lut (1)|I?] dt
At; -0
0
T 1 T i
§T||u0||2+2//e_”E /qu-Vudx dsdt+2//e_”E /gug(u)Q(x,x)dx dsdt
0 0 T 0 0 T4

t t t

T T T
—//e‘“E /gz(u)Q(x,x)dx dsdt—c//e‘”E[Hqu] dsdt—2€//e‘”E[||Vu||2] dsdt,
0 0 0 0 0

T 0

(64)



TADAHISA FUNAKI ET AL | 39

which completes the proof of the Lemma[T5]

Next, we use this result to prove Lemma We apply the 1t6’s formula, Lemma [cf."}, Theorem 4.2.5] and also using the
equality (4.2.28) in'l, to deduce that

t t

e B [|lu()|?] +2e/e—”E[||Vu||2] ds—Z/E /e_”vfu-Vu dxds

0 0 Td
. . (65)

=E [|luol1?] —c/e'”E[||u(s)||2] ds+/e'”E /gfg(x,x)dx ds.

0 0 T
We integrate (63) on time interval [0, T') which yields

T 1t
T||u0||2+2//e_”E /fuv-Vudx dsdt
0 0
T t T ¢t
—25// e E [||Vul? dsdt—c//e‘”E[Hqu] dsdt (66)
0 0 0

0
T
=/e—C’E[||u(t)||2] dt—//e_"sE /gfg(x,x)dx dsdt.
0 0O o0 Td
We substitute (66) into (64) to obtain
T T ¢ T
lim sup / e E [Ilui@)lI*] dr + / / e E / (g, — gW)*O(x, x)dx |dsdt < / e B [llu()l?] dt,
Atj—>0 2 2 9
which yields the inequality
T T
lim sup / e B [Iluti0)|*] dt < / e B [|lu()|?] dt. (67)
Atj—>()
0

In what follows, we prove that "/ converges to u strongly in L2(0, T; L>(Q x T¢)). We have that

lle™/2 ™ — w)||?

T

=E /e‘“ /(uA’f —w)W™ — w)dxdt

L2(0,T;L2(QXT7))

T

=E / / (e~ uPr)2dxdt |- 2E / / uwridxdt |+ E / / e~ Pdxdt|.

L 0 T4
Passing to the limit and using (67), we deduce that

. —ct/2,, At;
Al llem ™ =0 ripnrey

<0,

so that also

: At; —ct/2 At; _
hm ”u u“LZ(OT LZ(QXTd)) S hm ”e (Ll J u)”LZ(OT LZ(QXT")) 0

Finally we prove that f, = f(u) and g, = g(u). Since f is L1psch1tz continuous we have
If @) = f@D 20712010y < Crllt = ™| 20 7212074 -

Using the fact that [lu—u®' || 20112 ©xTd) — 0 we deduce Il f @~ f@b)| 2. 2@xtdy — 0. Hence, fWA) = f(u)strongly
in L*(0,T; L*(Q x T%)) as At; — 0, which in turn implies that f, = f(u). A similar proof implies that g, = g(u).
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Thus for almost all ¢ € (0, T), P-a.s., there holds,

t t t

u(-,t) = uf) +e€ / Auds — / div(vf(u))ds + / g(w)ydW (s), (68)
0 0 0
in (H'(T? ))’. Next we prove that this equality also holds in L2(T%). Since
t
A — B~ u(-,1) — / gwydW (s)
0
is in L2(0,T; L*(T%)), we have that u(-, 1) — fot gw)dW (s) € L0, T; L*(T%)) P-a.s.. We also remark that fot div(vf(u))ds €
L*(T?) for all ¢ ; therefore using that for almost all r € (0,T), P-a.s.,

t t t
e/Auds =u(-,t) — /g(u)dW(s)+/diV(Vf(u))ds —ug,
0 0 0

we deduce that e fot Auds € L*(0,T; L*(T%)).
This completes the proof that for almost all # € (0, T'), P-a.s., there holds,

t t t
u(-,t) = uf) +e€ / Auds — / div(vf(u))ds + / gw)ydW (s), (69)
0 0 0
in L2(T?), therefore u is a strong solution in the sense of Deﬁnition which can be denoted by u,. O

Lemma 16. ¢Au, — div(vf(u,)) belongs to L*(0, T; L*(Q; L*(T%))).
Proof. According to Lemma [11|and the facts that 727 — u, weakly in L2(0, T; L*(Q; L*(T%))) and B/ — fot g(u)dW (s)

in L*(Q; L*(T%)) for all ¢, we obtain that o, [EA’/ - EA’J] converges up to a subsequence to 0, [ue - fot g(ug)dW(s)] in
L3(0,T; L3(Q; L2(T%))). As

t

0, |u, — / gu)dW (s) | = eAu, — div(v f(u,)),
0
we obtain that eAu, — div(vf(u,)) € L*(0,T; L*>(Q; L*(T¢))). This result is used in the proof of Lemma O

The uniqueness of the strong solution

Finally, we prove the uniqueness of the strong solution of Problem (P¢). Let u{ and uj be two strong solutions of Problem (P¢),
and take the difference of the equations for u{ and uS. This yields for almost all 7 € (0, T),

t t

ui(t) —uy(t) = / eA(u| —uj)ds — /(div(vf(uf)) —div(vf(us))ds
0

0
+/(g(u§)—g(u§))dW(x, 5).
0

We apply Itd’s formula, Lemmato the function G(X,1) = || X ||i2 T4y We define
X(0) = ul() — (1), w = €AW — ) — (v u)) — div(vf @), 0 = g(u) — g(u)
to obtain
_ 2
Ox(X(@),1) =2X(1)
gxx(X(t)’ =21
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GX@®,n=0

and then
”ue(t) - uz(t)”LZ('[rd)

=2e /(A(ui —u5), Ui —u5) pacpay — 2 /(div(vf(u‘;)) = div(vf(uy), u] — u3) 1270y
0 0

+2 /(g(ui) - g(ug), UT - ug)y(vf!)dW(" s)+ / Z<[g(u€) - g(uz)] /1, > € '>L2(W)ds-
o /=0
Next we take the expectation to obtain the following estimate

E (160 = 450121 |

1

<-2¢E /IlV(u —uz)lle(W) —-2E /(div(vf(uf))—diV(Vf(ug)),uf—ug)ds

0

+2E /(g(ui)_g(u;)9ui _u§>dW(xa S) + Zi ”e ”Loo('ﬂ'd) /”g(ue)_g(uz)”LZ(Td) B
0

so that
E 10 - w5012, | +2¢ B / VG = )R,
<2VE //IV(M — || f W) — fuyldxdt |+ A C, E /Ilu uZIILz(W) ,
0 T
which combined with Gronwall’s lemma yields the uniqueness result. [
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