N

N

Unsteady micropolar fluid flow in a thin domain with
Tresca fluid-solid interface law
Mahdi Boukrouche, Laetitia Paoli, Fatima Ziane

» To cite this version:

Mahdi Boukrouche, Laetitia Paoli, Fatima Ziane. Unsteady micropolar fluid flow in a thin do-
main with Tresca fluid-solid interface law. Computers & Mathematics with Applications, 2019,
10.1016/j.camwa.2018.08.071 . hal-02159138

HAL Id: hal-02159138
https://hal.science/hal-02159138
Submitted on 22 Oct 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License


https://hal.science/hal-02159138
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Version of Record: https://www.sciencedirect.com/science/article/pii/S0898122118305042
Manuscript_82af5fefe3fbfd7073e33257d1d89fa6

Unsteady micropolar fluid flow in a thin domain with
Tresca fluid-solid interface law

M.Boukrouche?, L.Paoli®*, F.Ziane”

@ Univ Lyon, Université Jean Monnet Saint-Etienne, CNRS UMR 5208, Institut Camille
Jordan, F-42023 Saint-Etienne, France
b Université des Sciences et de la Technologie Houari-Boumédiéne (USTHB), Bab Ezzouar,
Algeria

Abstract

We consider a micropolar fluid flow in a two-dimensional domain. We as-
sume that the velocity field satisfies a non-linear slip boundary condition of
friction type on a part of the boundary while the micro-rotation field satisfies
non-homogeneous Dirichlet boundary conditions. We prove the existence and
uniqueness of a solution. Then motivated by lubrication problems we assume
that the thickness and the roughness of the domain are of order 0 < ¢ << 1
and we study the asymptotic behaviour of the flow as e tends to zero. By using
the two-scale convergence technique we derive the limit problem which is totally
decoupled for the limit velocity and pressure (v°,p°) on one hand and the limit
micro-rotation Z° on the other hand. Moreover we prove that v°, p° and Z°
are uniquely determined via auxiliary well-posed problems.

Keywords: Micropolar fluid, Tresca friction law, asymptotic analysis,
two-scale convergence
2010 MSC: 35Q35, T6A05, 35K86, 76D08, 76M50

1. Description of the problem

Several industrial problems involve nowadays complex fluids like polymers,
colloidal fluids, ferro-liquids or liquid crystals. Such fluids contain suspensions
of rigid particles that undergo rotations and the classical Navier-Stokes theory is
inadequate since it does not take into account the effects of the micro-structures.
The micropolar fluid model has been introduced by A.C. Eringen in [10] in order
to describe the macroscopic behaviour of such fluids under the assumptions
that the particles are randomly oriented or spherical and the deformation of the
particles is neglected. The unknowns are the fluid velocity u = (uq, ua, us), the
pressure p and the micro-rotation field w = (w1, wa, ws) which can be interpreted
as the angular velocity field of the micro-particles. Then the equilibrium of
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momentum, of mass and moment of momentum lead to a system of coupled
partial differential equations for the triplet (u, p,w) (see [10] or [2, 3, 11, 15]).

Motivated by lubrication problems we consider a flow in an infinite journal
bearing. The cross section of the domain is thus given by the gap between two
non-concentric discs which is much smaller that the discs radii. After a radial
cut the fluid domain can be represented as

Q° x (—00,400), Q0 ={(21,22) ER* 0< 21 <L, 0< 2z <eh(z)}
where L > 0 and h° is a function of class C*° which is L-periodic in z; such that
0<hpm <h®(z1) <hpy forall 2y €R.

By assuming that the flow and the external excitation fields do not depend on
the coordinate along the longitudinal axis of the bearing we obtain a 2D problem
given by

uj — (v + v)Au® + (uf - V)u® + Vp® = 2p,rot(w®) + ¢ in (0,7) x Q° (1)
div(u®) =0 in (0,7T) x Q¢ (2)

wi — aAw® + (v - V) 4+ 4r,w® = 2v,rot(u®) + ¢°  in (0,7) x Q° (3)
with the initial conditions
u®(0,-) = ug, w(0,:)=w; in Q°

where T' > 0, v, v, and « are three positive physical parameters and u® =
(ui(t,2),u5(t, 2)), w* = w§(t,z). Let us emphasize that the choice v, = 0
would allow to decouple the two first equations from the third one and we
would recover the Navier-Stokes system for (u®,p®). For this reason v, is called
the micro-rotation viscosity while v is called the Newtonian viscosity of the
microplolar fluid.

We decompose 9Q° as Tg = {z € 09° : 20 = 0}, T§ = {z € 90° : 29 =
eh®(z1)}, and T'S is the lateral part of the boundary. Due to the original geom-
etry of the flow domain, we have

u®, w®, p° L-periodic with respect to 2.
A first study for non-homogeneous Dirichlet conditions on I'y and non-standard
free boundary conditions on I'; has been proposed in [7]. Nevertheless, experi-
mental studies ([16, 12]) have shown that non-linear slip boundary conditions of
friction type are more realistic for such complex fluids. Hence we will consider
in this paper non-homogeneous Dirichlet boundary conditions on I'{ and Tresca
friction boundary conditions for the fluid velocity on I'y i.e.

u® = (Up(t),0) on (0,T) x I']



where U is a given function of the time variable and
u-n=0, |r-o(pf)-n| <k on(0,T)xTIy
with

|7 o(u®,p%) - n| < k® = u® -7 =so(t)
|7-0(us,pf) -n|=k*=u-7=s0(t) — AT -0(u,p)-n, A>0

where k¢ is a positive given function defined on (0,7) x Ty and s is a given
function of the time variable corresponding to the Tresca friction threshold for
the shear stress and the velocity of the inner cylinder of the journal bearing,
respectively (see [9]). We have denoted as 7 and n the tangent and ouward
normal unit vectors to the boundary and o(u®, p®) = (04;(u®,p%))1<i j<2 is the
Cauchy stress tensor defined as

(us, p°) “0ij + (v + ) c')uerau; 1<i,j<2
O—ZJU',IJ - p (¥ v Vp aZj 82’1' ’ _Za]_ .

For the micro-rotation field we assume
w®=Wy(t) on (0,T)xTj, w* =0 on (0,T)xTy

where W, is a given function of the time variable.
In order to obtain a variational formulation of the problem we introduce the
following functional spaces. Let

i (e 2 . . . .. _ _
Ve = {v € (C (Q )) : v isL — periodic in 21, Ve = 0,v-ny, = 0},
H* = closure of V* in (LQ(QE))2, V¢ = closure of V* in (H! (QE))Q,

Vi, ={veV®:divo=0in Q},
and for the micro-rotations

HY = {ZeC>(Q): Z is L— periodic in 2, Zlpoore = 0}

H® = closure of H"® in L?(Q°), H"“° = closure of H"* in H'(Q°)
endowed with the inner products

[[0,0]] = (Vv, V) + (VZ,Vy) forall o= (v,Z) and © = (p,v) in VE x H"",
[0,0] = (v, ) + (Z,¢) forall v = (v,Z) and © = (p,) in H® x HO",

and the corresponding norms [[0]] (resp. [0]) for all o € V& x H (resp.
He x H%). We introduce also

a(v,0) = (v +1,)(Vo, Vo) + (VZ, V),
R(7,0) = —2v,.(rot Z, ) — 2v,(rot v, ) + 4v,.(Z, ),



where (+,-) denotes the inner product of (LQ(QE))d withd=1,d=2ord=14
and

B(v,u,0) = b(v,u,9) + b1 (v, w, ) = Z/ VigL gojdz—i—Z/ Vig wdz

i,j=1
for all o = (v, Z), 4 = (u,w) and © = (p,v) in V= x H"".
Then we define new unknown velocity and micro-rotation fields as
ve(t, z) = u°(t, z) — U°(t,22)e1 in (0,T) x QF,
ZE(t,z) = w(t,2) — WEo(t, 2z2) in (0,T) x Q°,

where U¢ and W¢ are two extensions of U and W given by

UP (£ 22) = s0(8) + (Un(t) = so(8)U*(22) = so(t) + (Uo(t) = so(®)td (2),
WE(t 20) = Wo(t)W?(22) = Wdt)W(%),
with functions U € C*°(R) and W € C*(R) such that

U) =U'(0) = 0 =w(0),
and

UX)=W(X)=1 VX € [hm, hu]
It follows immediately that

U®(t,0) = so(t),

US(t,eh* (1)) = Uo(#). %—Z(t, 0) =0,
We(t,0) =0, We(t,eh*(z1)) = Wo(t),

for all (¢,21) € (0,T) x (0, L). Moreover o(u®,p®) = o(v,p°) on (0,T) x I.
By multiplying (1) and (3) by test-functions and applying Green’s formula
we obtain the following variational formulation of the problem

Problem (P¢) Find (v¢, p®, Z¢) such that

¢ = (v°,Z°) € L>®(0,T; HS x H** )N L?(0,T; V5, x H®),

p° € H'(0,T; L§())
and
6 T T
21,0, > +/ a(65,®)9dt+/ B(#°,5°,0)0 dt
a1t D/(0,1),0(0.7)  Jo o
/ ©)0 dt + j°(pf + v°) — j°(v°) > / (p°, div )@ dt

0

/ 0)0 dt VO =

= (p,9) € Ve x H“, V0 € D(0,T)



with the initial condition
v°(0,-) = 95 = (v§, Z5) = (ug — U%(0,-)e1,wg — W=(0,-)),
where

(F(7°(1)), ©) = —a(&°(t),©) — B(E°(¢),0°(t), ©) — B(v°(t), &°(t), ©)

“RE®,0)— (X 1),0] + (1), 0)

ot
with € = (U%e, W*), f* = (f°,¢°) and

T
JS(w) = / kS |w| dz dt vw € L*(0,T; (LZ(FO))Z).
0o Jro

Let us emphasize that we identify ¢f + v* and v® with their trace on I'y in the
definition of j°(pf + v°) and j°(v°).

The paper is organized as follows. In Section 2 we prove the existence and
uniqueness of a solution to problem (P¢) for any € > 0. Then motivated by the
asymptotic behaviour of thin flows we study the limit as ¢ tends to zero. Having
in mind that the roughness of the domain depends also on &, we consider the
particular scaling of a roughness in inverse proportion of the thickness as usual
in lubrication theory ([6, 7]). In Section 3 we establish some a priori estimates
for the v®, p° and Z°¢ and we apply the two-scale convergence technique to
get a limit velocity v°, pressure p° and micro-rotation Z°. Finally in Section
4 we derive the limit problem and we prove that v°, p® and Z° are uniquely
determined through auxiliary well-posed problems.

2. Existence and uniqueness for (P¢)

Theorem 1. Let (U, Wy, s0) € (Hl(o,T))3, e e (L2((0,T) x Q9))2, ¢° €
L2((0,T) x Q°), k¢ € L>=(0,T;LL(Ty)) and (v§, Z§) € H x H®". Then

problem (P°¢) admits an unique solution.

PROOF. In order to establish the existence of a solution we replace Tresca
functional j© by some regularization j; (7 > 0) and we consider the condi-
tion “dive® = 0” as a constraint. Hence we introduce the doubly penalized
problem

Problem (Pys) Find (v];, Z;5) such that

Uiy = (i, Zos) € L°(0,T5 H® x H*T) N L2(0,T; Ve x H"Y)



and

a ~E T ~E T ~E ~E
<§ [”né’ o], 0>D'(0,T),D(0,T) " /0 Ta(vm;, Ot + /o B(vm;, Ond: O)b b

N 1 oo .
+2/¥ (vpsdivups, <p)9dt—|—§/o (Zpsdivups , )0 dt + 5, (vr5, 00)
1. . . T » T B
:/0 (—gdlvvng,dlvgp)é’dt—i-/o (}"(vm;),@)edt—/o R(055,0)0 dt

VO = (p,4) € VS x HY, V9 € D(0,T)

with the initial condition
y,5(0) = v

where
T
jf;(w)z/ / kS /2 + w2 dzdt Yw € L*(0,T; (LQ(FO))Q)
0 T'o

and j'; (w, ¢f) denotes the Gateaux derivative of j& at w in the direction @f.

1
Let us observe that —gdivvfﬂs (6 > 0) can be interpreted as an approximate pres-
17 e
sure while the two terms B / (vpsdivogs, ¢)6 dt and B / (Zysdivugs , )0 dt
0

are added for technical reasons. Indeed, in this approximate problem the veloc-

ity is not anymore divergence free. Hence the trilinear term B (@f] 5 Ungo O) does
not vanish anymore when we choose © = Ups and these two additional terms
are introduced in order to cancel with B(v;;, vy, ©) when © = Uy

Then we prove the existence of a solution to Problem (Pig) by using a
Galerkin method. Indeed let (®;);>1 and (¥;);>; be Hilbertian bases of V¢
and H'°, respectively such that (®;);>; and (¥;);>1 are orthogonal for the

inner product of (H'(Q2° ))2 and H'(€QF) and orthonormal for the inner product

of (LQ(QE))2 and L?(QF), respectively. Then for all m = (my, mg) with m; > 1
and mo > 1 we let

my m2
Vasmy (6:2) = Y 0555, (0251 (2), Zism, (8:2) = Y Zs, () W5,(2)

Jji=1 J2=1

such that 055, = (V55 Z;

o r5m,) Satisfies

00 5. B B B 1 .

|:(;t7 @]:| + a(v;(?m? @]) + B(Uiﬁm’ v;émﬂ @]> + §(v;6mdlv /U;Sm ) q)jl)
1 Vs sm - P
+§(Zs(smdlv ’Uf?(;m , \sz) + / ksn(s—]l2 ledt
T'o ,,72 + |,U€ | (4)

) \/ ném

= (—gdiVU;(;m 5 le@]l) + (.F('ljf]ém)7 (—)J) - R(’D;(gm, ®j)
V@j = (q)jl7\11j2)7 V(jl,]é) S {1, o ,ml} X {1, ey mg}



with the initial condition

Tf}&m (O) = ﬁgm = (vgmlv ngg) (5)

where v, and Z§,, are the orthogonal projections of v§ and Z§ on the finite-
dimentional subspaces (®q,...,D,,,) and (Uy,..., ¥, ) with respect to the
inner product of (LQ(Q‘Q))2 and L?(QF), respectively. The nonlinear differential
system (4)-(5) for the scalar functions (vys; . Zps;,)1<j <my,1<j<m, admits a
unique maximal solution in (H*(0, Tm))mﬁm2 with T,,, € (0,7].

By choosing v5,, as test-function we obtain

1. . _ _ _ _
= (75dlvv7€]<5m ) dlvvf]&m) + (‘F(vfjém)v vf}ém) - R(v;5m7 vf]&m)
and we recover the same energy inequality as in [7] i.e.

10
55(““25m”&2(95))2 + HZ'qumH%?(Qg)) + v+ Vr)||VU;5m||%L2(Qs))4

1, .. _ _ _ _
+O‘HerE]6m”%L2(QE))2 + g”dlv v;émH%?(QE) < (FO55m)s Usm) — R(0sms Vpsm)-

Therefore we infer that that T,, = T and there exists a constant C > 0 inde-
pendent of m, § and n such that

[Efﬁm(t)]Q + k/o [[if](sm(s)]fds + %/0 ||div v;(gm(s)||2ds <C Vte|0,T]

where k = min{v, a} (see Theorem 2.2 in [7]).

Moreover, for all © = (p,) € Ve x H", let O, = (©m;, ¥m,) Where @,
and 1, are the projections of ¢ and ¢ on (®q,...,®P,,,) and (Uy,...,T,,,)
with respect to the inner product of (HI(QE))2 and H'(QF), respectively. Since

(®,);>1 and (¥;),;>1 are orthonormal for the inner product of (LQ(QE))2 and
L?(QF) we have

ove ove 0Z¢ 07zt
nom _ nom ném _ ném
( (% 7@) - ( 8t ,(pm1> Y ( (% Y ) - ( (915 7’(/)77’7,2)

and with the same kind of computations as in Theorem 2.2 in 7] we obtain

due 07
e, e [ s
Ot Mwarsrwer Ot Mpasso,raney)

where C' > 0 is a constant independent of m and 7 (see also Lemma 4.2 in [5]).



Then by using compactness arguments (see Theorem 2.2 in [7] and Theorem
4.4, Theorem 6.1 and Theorem 6.3 in [5]) we pass to the limit as mq, mo tend
to 400, then as ¢ tends to zero and finally as n tends to zero.

In order to prove uniqueness of the solution to Problem (P¢), we use Sobolev’s
inequalities. Indeed, since ¢ C R?, there exists a constant C(£2°) > 0 such that

|b(w, w, w)| = [b(u, w, )| < ullFrageye lwll @@
< Q) Jull 2oy lullvellwlve  V(u,w) € Vi, x VE,

and
|b1(U7wﬂ/’)’ 1:/2|5(U7¢7w1)/|2§ HU1||/(2L4(Q€))2\1|;12’||L4(Q€)||1/)||H1(QE)
< C(Qe)HuH(LZ(Qs))Q||UHV52Hw||L2(QE)||w||H1,E||,(/)HH1’E
V(u, w, ) € Vi, x (H)".
Hence B(v¢,7°,-) € L? (0, T, (VEXHLE)’). By using the same technique as in
8—8
€ L30T (Vi x H™))
which implies uniqueness of the solution and ©° € C([0,T]; H® x H'®). [ |

Lemma 3.1 and Proposition 3.1 in [4] we infer that 5

ov®

ot

Remark 1. Since

e L*(0,T; (V5, x HY)") we have

d .. T 0v°
<—[v ,@],9> - <— @e> dt
ot D’(0,T),D(0,T) o Ot ~~/ (Vs xHL=),VE xHL®
(S]

for all © € Vi x H"® and for all & € D(0,T). By density of D(0,T) ®
(Vi % H%) into L? (0, T Vi, % Hl’e) we may consider any test-function © €
L2(0,T; V5, x H-%).

3. A priori estimates and two-scale convergence limit

As usual in lubrication theory the roughness of the flow domain depends also
on € and is inversely proportional to its thickness (see [6, 7]). Hence we assume

from now on that h®(z1) = h (zl, %) with

L
— €N, h:(z1,m)+— h(z1,m) is L — periodic in z; and 1 — periodic in 7
€

and h € C°°(R?) is bounded from above and from below by two positive real
numbers hps and h,,.

z
Let us observe that the roughness introduces a rapid scale variable “L in the

€
horizontal direction. So motivated by the asymptotic behaviour as € tends to
zero we introduce the following scaling

22

eht(z1)

Y1 =z, Y=



which transforms Q° into the rectangle Q@ = (0,L) x (0,1) and we let I'; =
[0,L] x {1}, I'y, = {0,1} x [0,1]. With the chain rule we obtain

o 1.9 9 9om 88y2_8+<y28h5>8

0z chedys’ Dz Oy Om 0w dxn Oy \ he oy ) Oy

and we introduce the differential operator b, - V as

o)

0 Y2 Oh® 1 def
g (1.2 .
021 ( " he 8y1 ) F) v

9y2

We can now consider the unknown velocity, pressure and micro-rotation
fields as functions of the time variable ¢ and the original space variable (z1, z2)
or as functions of ¢t and the new rescaled space variables (y1,y2). For the sake
of notational simplicity we will still denote them as v®, p* and Z¢ whatever we
choose as space variables i.e.

vS(t, 21, 29) = 0% (t 1, €l (y1)y2) V(T 2

t 0,T) x °
= vg(ta ylayQ) V(t,y) € (

and similarly

pe(t,z) = pa(t7y)7 Ze(taz) = Zg(t,y)
[t 2) = [ (ty), g°(t2) =g"(ty).

We obtain the following a priori estimates.

Proposition 1. Let us assume that €2f° is bounded in (L2((O,T) X Q))S,
ev§ is bounded in (LQ(Q))3 and €k® is bounded in L>(0,T;L°(Ig)). Let
(Uo, Wo, s0) € (H1(07T))3. Then there exists a constant C > 0 independent
of € such that

[ (be - vvf)HLz((o,T)xQ) =G, (ebe - VZE)HLz((o,T)xQ) =G, (6)
€ e
H o e H 0 <c, (")
dya L2((0,T)x Q) A2 L2((0,T)x )
o o ez c .
1l r2oryxa) ~ € 1 |2 0myxa) ~ €

105 lz20.my ) < Cs 1 Z%MI20myxey <€ EXllp°la-10,1:220) <C - (9)
fori=1,2 and
[villzz(0,1yxr0) < C (10)

where v is identified with its trace on T'g.



PROOF. In Problem (P¢) we choose the test-function © = —°1g 5 with s €
[0,7] and we get:

/< >Va CHLEY Vs, XHIEdt—&-/ a(v%,0%) dt

/ (v°,0%,0° dt+/ R(v¢,v° dt+/ / k°|v®| dzidt
0 Lo~~~

>0

s/p div o) —/0 a(€,7) d —/OB@,v,v)dt

/ 56 %) dt — / R(E°,°) dtf/o [5: ]dt+/s[f5,17€]dt

Then we rewrite all these integrals by using the rescaled variables (yi,y2)
and we apply Young’s inequality and Gronwall’s lemma to derive (6)-(9). The
reader is referred to Proposition 3.2 and Proposition 3.3 in [7] for the detailed
computations. Finally by using Poincaré’s inequality

awl
e, < Hay

L2(Q)
for all w in the closure in (Hl(Q))2 of V with
V= {U € (C’O"(ﬁ))2 t visL — periodic in y1, v, =0,v-ny = O}
we obtain (10). |

In order to keep some information at the limit about the dependence of the
flow with respect to the rapid scale oscillations of the boundary we choose to
apply the two-scale convergence technique, introduced by G. Nguetseng ([18])
and G. Allaire ([1]) in the framework of elliptic partial differential equations and
extended later on to time-dependent problems (see for instance [17, 13, 19, 7]).
For the convenience of the reader let us recall the definition and main results of
two-scale convergence.

Let O be an open bounded subset of R? with d > 1, Y = [0, 1],

Cr(Y)={peC™ (RY) : ¢ is Y-periodic},
and
Hﬁl (Y) = closure of CBX’(Y) in Hl(Y).

Definition 1. A sequence (w®).sq of LQ((O,T) X O) (resp. H~! (O,T; LQ((’))))
two-scale converges to w® € L?(0,T; L*(O x Y)) (resp. w® € H~1(0,T; L*(O x
Y))) if and only if

lim/ / (t,y)p t) dydt = / / Ot,y,m)e(y, n)0(t) dndydt
e—0 O><Y

10



for all § € D(0,T), for all p € ’D(O;CQ’O(Y)). In such a case we will denote
w® —— w’.

Remark 2. We may consider less regular test-functions namely test-functions
in C([0, T];C(O;C4(Y))) (resp. C§([0,T];C(O;C4(Y)))). With Lemma 1.3 in [1]
we obtain immediately that any sequence (w®).so with w®(t,y) = w (t,y7 g)
for all (t,y) € (0,T) x O and w € C([0,T];C(O;C4(Y))) two-scale converges to

w.

Theorem 2 (Theorem 4.2 in [7]). Let (w®).5o be bounded in L?((0,T) x O)
(resp. in H='(0,T;L*(0))). There exists w® € L*(0,T;L*(O x Y)) (resp.
w® € H*1(07T; L?(O x Y))) such that, possibly extracting a subsequence still
denoted (w®)c>0, we have

w® —— wP.
Then, having in mind the previous a priori estimates for v* we obtain
Proposition 2 (Two-scale limit of the velocity). Let us assume that €2 f¢

is bounded in (L*((0,T) x Q))S, evg is bounded in (LQ(Q))‘3 and €k*® is bounded
in L°°(0,T; L(Ty)). Let (Uy, Wo, s0) € (H'(0,T))°.

2 o’
There exist v° € (L2 (0,T; LQ(Q;HQ(Y)))) such that —

Y2
2 2
Y))) and vt € <L2 (0,75 L* (2 x (0, 1)5Hﬁl(0’ 1)/R))) such that, fori=1,2:

e (L2 (0,T; LX(€2 x

c 0 ovs N oY n v} eavf oY
S v, , .
! ’ Y2 dy2 ~ On2 oy om

Furthermore v° does not depend on 1, v° is divergence free in the following
sense

oY oh o ol
By ) 2L — gy 2y ) 2L 4 902
(y1,m) an Y2 an (y1,m) T

=0 in (0,7) x 2 x (0,1),
and satisfies the following boundary conditions

v =0 on (0,7)xT; x(0,1), v*-n=v=0 on (0,T)x Ty x (0,1).
Moreover

v§ —— 0} on (0,7) x 'y x (0,1).

PROOF. The first part of the result is obtained as in Proposition 4.3 in [7] and
there remains only to establish the properties of v° on the boundary.
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With (10) we know that the sequence (v (-, -, 0))e>0 is uniformly bounded in
L?((0,T) x I'g) = L?((0,T) x (0, L)) hence it admits a two-scale limit, denoted
as & = &(t,y1,m ). We choose ¢ € C (ﬁ; Cge(0, 1)) and 6 € D(0,7T):

yl
/ / 5 ) ) dydt = / / Ve (¢ ) o(t) dydt
/ / vi(t, 41,0 (yl,O, yl) 0(t) dydt.
We pass to the limit as ¢ tends to zero:
/ / a t Y m)p(y, m)0(t) dndydt
Q><Y y2

+// af(t,y,n)w(y,m)@(t)dndydt
0o Jaxy 972

=0
T
0
—— [ [ ) 5 )00 dndy
To QxY Y2
_/ / §(tay17771)90(y1707771)9(t) dnldyldt
0 0,L)%(0,1)

With Green’s formula we get

v =¢ on (0,7) xTyx(0,1), v =0 on (0,T)x Ty x (0,1).

0
Starting now from / / UQ Yy yl) (t) dydt we obtain also
8y2 9

v9 =0 on (0,7)x (TouUTy) x (0,1).

Similarly we have

Proposition 3 (Two-scale limit of the micro-rotation). Assume that € f¢
is bounded in (L*((0,T) x Q))3, evg is bounded in (LQ(Q))3 and €k® is bounded
in L°°(0,T; L(Ty)). Let (Uy, Wo, s0) € (H'(0,T))°.

ZO
There exist Z° € L*(0,T; L*(%; Hﬁ1 (Y))) such that 2— € L*(0,T; L*(2 x Y))
Y2

and Z' € L? (O,T; L? (Q x (0, 1);Hﬁ1(0, 1)/R)) such that

. 0o 0Z° 0z° oz* 0z* 02°
A e A —— + , € —— .
2 Oy2 O Oy om

Furthermore Z° does not depend on e, and Z° = 0 on (0,T) x (ToUT'1) x (0,1).
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Proposition 4 (Two-scale limit of the pressure). Let us assume that 2 f¢
is bounded in (L*((0,T) x Q))d, et is bounded in (LQ(Q))3 and €k is bounded
in L (0,T; L(Ty)). Let (Uy, Wo, s0) € (H'(0,T))°.

There exists p° € H‘l(O,T; L?(Q x Y)) such that, possibly extracting a subse-
quence still denoted (p®)eso, we have

e2p® —— .

Moreover p° depends only on t and yi, p° € H*I(O,T; H&(O,L)), —-— €
L*((0,T) x (0,L)) and

L 1

/ Pt 1) (/ h(yh??l)d771> dyr =0 inD'(0,T).

0 0
PROOF. The reader is referred to the proofs of Proposition 4.4 and Proposition
4.5 in [7].
4. The limit problem

There remains to identify the limit problem for (v°,p° Z°). Let us recall
the definition of the differential operator b, - V:

0
Y2 3}16) e
b.-V=11-==
< he Oy, 9
Jy2
We observe that
g Y2 oh Y1 oh (! >
b Vi —et(y)— — 22 (22 LA I LAS
¢ Yi E8y1 ) h(yl,y?l) (eayl (y ) o ( 5) 8y2 )
8’[10 Y2 oh ll

oy o
Fyr. ) Dy ) (ay (m)+ 5. (y,n)>

for i = 1,2. Hence we get a limit differential operator defined as

—-— — -
6771 (yv 771)

9
_ Y2 8h) 8771
b-V=1[1-2—
< h Om 0
9y2
such that
- Y2 oh 81}1
b - Vs b-Vo? J
ebe - Vv; -— v; . 9 9
and similarly
- Oh 0Z"
be - VZ° b.vz0  RIL
€ - h 8’!71 8772

13



The appropriate functional framework for the limit problem is thus given by

V= {so e (C= (00, 1)))2 t ¢ isL — periodic in y1, ¢}, =0,

P Npryxo,1) — 0,

=~ = 8@1 8h 0501 5‘@02 . }
Viio=3¢€V: h——yp——-—+-—=0inQx(0,1)¢,
! {SD o Pom oy Oy 1)

- 2
Viiw = closure of Vi, in <L2 ([0, L]; F)) ,

~ ~ ~ 2
Vouain = {# € Vain* Pleyion =0} Voin = closure of Vo, in (L2(10, LI F) ),
for the velocity field and for the micro-rotation field

H' = {z/) € C™(@;65°(0,1)) = ¢ is L — periodic in g1, ¥y o). 0n = 04

Héﬁ = closure of H' in L*([0,L}; F),
with

F= {cp € L*((0,1); H{ (0,1)) : g—i € L*((0,1) x (0, 1))} :

Then we obtain first

Proposition 5. Let (Uy, Wy, s0) € (Hl(O,T))3 and assume that 0§ is bounded
in (L? (Q))3 Let us assume moreover that there exist f € (C([0, T);C(€2;C4(0,1)))?,
g € C([0,T];C(;C4(0,1)) and k € C([0,T);C([0, L];C4(0,1))) such that k takes
its values in R}, f, g and k are L-periodic in y, and

Efty)=f (t,y, %) , gty =g (t,y, %) , eki(ty) =k (t,yl, %)
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for all (t,y) € [0,T] x Q. Then v°, p° and Z° satisfy

T 2 1 0v?
v+, hBVv? bV, -
Wt [0 2 (00506 e+ 5

T _ _ 1920
+a/ / h(b-vzo)(b-vw +78—8— 0 di dydt
Qx( 01)

h dya 0
/ / —hgple dm dydt
Qx(0,1) 8y1
1 6U 8@1

—(v+uv) / / hB-VU b-V1) + ————— )0 dydydt
Qx(0,1) ( I 1) h Oya QYo ) !

—a/ / h(b- VW) - V¢)+la—w—w)9dmdydt
Qx(0,1)

+/ / fOh dndydt + / / gyOh dndydt,
0 Jax(0,1) 0 Jax(0,1)
W0 € D(0,T), VO = (1) € Voaiw x HL,,

) 0 di dydt

(11)

where

U(t,y1,y2,m) = so(t) + (Uo(t) — so(t)U(h(y1,m1)y2),

W(t,y1,y2,m) = Wo(t)W(h(y1,m1)y2),
for all (t,y1,y2,m1) € [0,T] x Q x [0,1].

PROOF. Let © = (¢, 4) € Vo.aiw X H' and let ©F = (¢, ¢°) with

)=z, 2 2 +L@(2 il) L2 A
v - Vehe(z) € he(z1) oy 7 e a1 Yehe(z) e ) P

%)

and ¢°(z) = w( he( 1)’
ately that ©F € V¢ x H' and for any 6 € D(0,T) we have

) for all (21, 22) € Q°. We can check immedi-

75 (Fp%0 +v°) — 55( / / k(| £ %0 + v°| — |[v°]) dzydt = 0.
To
We get
T T T T
—/ [176,@5]9’dt+/ a(@s,(%s)@dt—i—/ B(@E,Tzf,@s)ﬁdt—i—/ R(5°,0°)0 dt
OT 0 0 0
:/ ) div<p5)0dt+/ (F(5°), 0°)0 dt.

0 0

Hence we may perform the same computations as in Theorem 5.1 in [7]: we
rewrite these integrals in terms of (y1,y2), we multiply by & and we pass to the
limit as € tends to zero. |
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We may observe that the time variable appears now as a parameter in (11).
Moreover by choosing test-functions © = (0,%) € Vj giv X H&ﬁ we obtain a
variational equality for Z° leading to the following limit problem:

Problem (Pz0) Find Z° € L*(0,T; Hy 4) such that
L

L —
OL/ Ay, (ZO7 1/’) dyl = *05/ Qyy (W(t)a d}) dyl
0

0

L
+ / ( / g(t,yl,~,->h(y1,~>¢dmdy2> dy Ve HY, Vae te0,T]
0 Y

where a,, is the bilinear symmetric form defined for all y; € [0, L] by

1 Ow o
h(y1,-) Oy2 Oys )dmdy2

a(w,0) = [ (b, )b V) b- V) +
V(w, ) € F2.

Let us emphasize that we recover the same limit problem for Z° as in [7]:
this is not surprising since the coupling terms in Problem (P¢) involve only first
order derivatives so they disappear at the limit leading to a decoupled problem
for (v%,p%) on one hand and Z° on the other hand. As a consequence we have:

Proposition 6 (Proposition 5.2 in [7]). Under the assumptions of Proposi-
tion 5 the limit micro-rotation field Z° is uniquely given by

Zo(t7y17y27771) = WO(t)Zél (92»771) + Z752y1 (y27771> a.e. in (O,T) X €2 x (07 1)

where z € H} o and ZtQ,yl € H ¢ are the unique solutions of the following

aumlzary cell problems:

Ay, (Z;pd)) = TGy, (W(h(yla ))71/)) Vi/) € H(%,yl,ﬁ

and
ay, (25, 0) :ofl/yg(t,yl’.7 h(yy, ) dmdys Vo € H,,
with
Hg,, 4 = closure of {1/} € C([0,1;C°(0,1)) = P gryniony = 0} in F.

Going back to (11) and choosing © = (¢,0) € Vo,4iv X Hg; we obtain

(y+u)/T/ 22: hb-Voo)(B- v 4)+la”?8‘pi)ed dydt
" Q><(O 1) ’ 7T R Oy 0y )Y
/ / —hgplﬁ dm dydt
Qx(0,1) oy (12)

- —_— T 18U8g01
—(v+wv) h(b-VU)(b-V 0 dny dydt
( /O/M,l)(( )6 Vi) + 3 5 220 dmdy

T
+ / / fobhdmydydt V6 € D(0,T), Yo € Voain.
Qx(0,1

16



Here the test-functions do not satisfy the same boundary conditions as v°

on 'y so (12) is not a variational problem for (v°,pY). Nevertheless, starting
from (12) we introduce also well-posed auxiliary cell problems for the velocity.
More precisely for all y; € [0, L], we let

V,, = {so e (€= ([0,1];¢5°(0,1))) + @(1,-) =0, ¢2(0,-) =0 on (0,1)},

~ ~ 01 Oh 0p1  Opo . }
Vyaio =40 €V Ay, )22 g Py ) 2L L 922 gy
y1.d {80 f (1 )3771 Y2 an (11 )8y2 0s

%yl,div = {‘P € vyl,div : ¢1(0,-) =0 on (0, 1)}7

Vi, div = closure of Vyljdw in F?, Voyi,div = closure of %yl,div in F?
and
2
ay, (w,0) = (V+v,) Y ay, (wi, 1) Y(w, ) €V, 4
i=1

Then, for all (t,y;) € [0,7] x [0, L], we define w] ,w?

3 )
y1o Wy Wiy, 1M Voyl-,dw as
the unique solutions of

a’?,/1 (wgl;p(p) = - /Y h(y17 )901 dnldyQ VSO € bel,div

ay, (Wi, ) = —ay, (U(h(y1,"))e1,9) Vo € Voy, div

and
dy1 (w?,yl ’ 90) = /Y f(ta Y1, )h(yh )‘P dnldyQ VSO S VOyl,di'w

By observing that a,, is coercive on V,, 4;, uniformly with respect to y; (see
Proposition 5.2 in [7]), the continuity properties of h, U and f imply that the
mappings y; — w;I and y; — wzl belong to Cﬁ([O,L];VOyhdw) and (t,y1) —
w}, belongs to C([0,T7; Cs ([0, L]; Voy, aiv) ). So we decompose v° as

8 0
Ot g1, y2,m) = a—Zl(t,yl)w;l (y2,m) + (Uo(t) — SO(t))wil (y2,m) (13)

+wt3,y1 (927771) + w*(t, Y1, Y2, 771) a.e. in (OaT) X € x (07 1)

with w* € L*(0, T} Vai). With the definition of w , w7 and w}, we infer that

L
/ C_Lyl (w*(t7y1a ) ')a (p(ylv %y )) dyl =0 V()O € VO,cliv: Va.e. t € (O7T)
0

17



which may be interpreted as an orthogonality property with respect to Vj qiv
and we let

L
Viie = {w € Vaio / ay, (Wyr, ), 0(y1,+,)) dyr =0 Ve € Vo,dw} .
0
Then we obtain that the limit pressure p° satisfies a Reynolds equation.
More precisely
Proposition 7. Under the assumptions of Proposition 5 the limit pressure p°

can be decomposed as p°+p* with p°(t,-) and p'(t,-) given as the unique solutions
in Hﬁl((), L) of the stationary Reynolds problems

L 950
op” O _ )
/0 a*yla*yl“y*wiv"”il)dyl:*<U°<“*50<“>/0 Gy (0, ,)

81& 1
0 5y1ay1(wy1’wt”1)dy1
and
g [ (v )
——ay, (W, ,w, )dy; = —_ wi(t,y1,-, Yh(y1,-) dnd d
o Oy Oy v (W, yl) 1 o oy \Uy 1y, )Wy, ) dindys | dys

for all 4 € H}(0, L) such that

L 1
J (/ h(yl,nndm) dyr =0 Vae te(0,T) i=0,1
0 0

PrOOF. Let 6 € D(0,T), ¢ € C§°([0, L]) and ¢°(z) = (1) forall z = (21, 22) €
Q¢. Recalling that div,v* = 0 in ¢ we have

/ / . (gl’i gf (taz)) Ve (2)0(t) dzdt
B _*/ / T(t,2)5—(2)6(t) dzdt
/0 /Ulty )h<y17y> 0(t) dydt.

By passing to the limit as ¢ tends to zero we get

T
0
0= / / 0ty ) 2L (s, m)0(E) dmydydt. (14)
Qx(0,1 8yl

18



With (13) we infer that

L 950
op° oY (/ ) )
1 Oy h(yr,-) dnidys | d
o Oy Oy1 wa1,1 (yl ) n1dy2 m

=—ay, (w;l,w;l)
L ad) )
+ [ (Uo(t) = so(t) 5— wy, 1h(y1,-) dmdyz | dyx
0 Oy Y

=—ay, (wy, ;w3 )

L 87,[} ,
* 0 87y1 thyl,lh(yl,')dmdyQ dyl

=—ay, (wy wi, )

L
)
+/ o (/ wi‘(tyh-,-)h(yh-)dmdyz) dy1 =0 Vae. te(0,T).
0o On Y

Moreover let ¢, € %yl,div be given by

2 20,2
y3(y2 — 1) Oh Y3 (y3 — yz))

1 ) = ’ ) v 3 S Yv, A € O,L .
Py (y2,m) ( h(y1,771) 78771 (y1,m) h(y1,771) (y2,m) Y1 €| ]

We have
1 _ _ 1/2/_ 1/2
12 % (wgl/lv‘Pyl) < (ay1 (w;pw;l)) (ayl(@yn@m)) Vyi € [0, L]

and the mapping y1 — Gy, (¢y, , Py, ) is continuous from [0, L] to R}. Hence

1

1
: _ w
144 miny, ¢(0,1) Gy, (©y, Py, )

yl)

< ay, (w1 Vy; € [0, L]

Y1’

and we may conclude. |

Remark 3. We may observe that p' depends linearly and continuously on w*
i.e. there exists Q € L.(V,, Hlil (0,L)|r) such that p' = Q(w*).

It remains to identify the limit problem for v°.

Theorem 3. Let (Uy, Wy, so) € (HI(O,T))3 and f € (C([0,T];C (4 C4(0,1)))2,
g € C([0,T];C(;C4(0,1)) and k € C([0,T);C([0, L];C4(0,1))) such that k takes
its values in R}, f, g and k are L-periodic in y, and

e Y e Y € Y
ef(ty) =f (Ly, ?1) , g (ty) =g (t,y, ;1) , ek (ty) =k (t,yu ?1)
for all (t,y) € [0,T] x Q. Let us assume moreover that eZ§ is bounded in

L2(Q) and that u§ satisfies the following compatibility condition: there exists
U € C=(R) such that

UO)=U'(0) =0, UX)=1 YX € [hm, hn]
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and

u = s0(0)er + (Un(0) — so(0))U (%2) er.

Then the limit problem for v° is given by
Problem (Pyo)

//% v, dyldt+/ / D (/hyh wldmdm) dy, dt
1
/ / k(i + 0% — [0]) ddyndt > — / / ayy (Ter, o) dydt
OL)><(01)

+/ / </ fh<pdmdy2) dyidt Vo € L*(0,T; Vaiy).
0 0 Y

Proor. With the compatibility condition for uj we may choose the extension
U* given by

U#(t22) = s0(t) + (Uo(t) = so(t) (2)

3

which implies v§ = 0.
Now let ¢ € Vi, and ©° = (¢°,0) with

(T ) G Ay (s ),
v - Vehi(z) € he(z1) oy 7 e 1 Vehe(z) e ) P

for all (21, z2) € Q°. We have ©° € Ve x H' and we introduce this test-function
n (P¢). Then we introduce ©° = (—v°,0) as test-function in (P°) and we add
the two inequalities. For all § € D(0,T) we get

T T T
—/ [fﬁ,@a]e’dtJr/ a(@i@f)edwr/ B(v°,9°,0°)0 dt
0 0 0
T T
+/ R(@E,Ga)edt—/ R(v%, (v°,0)) dt + j°(¢°0 + v°) — j°(v°)
0

0
<j=(¥°8)

T T
ZjE(UE)Jr/ (%, diV(pE)thJr/ (F(v%),0%)0dt
0 0

T —& € T 5 € 1 € 2
- [ 0 dtt ) [ (90,90 b+ 0 (D ey

| ——
>0

We rewrite the integrals in terms of (y1,y2) and we multiply by €. Then we pass

to the limit as € tends to zero by using the same techniques as in Theorem 5.1
T
in [7] (see also Proposition 5), except for the quadratic term 5/ (Vo®, Vo) dt

0
for which we apply Proposition 1.6 in [1], the boundary term £;j°(©°6) which
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T
converges to / / k(t,y1,m) |e1(y1,0,11)0(t)| dnidy;dt thanks to Re-
0,L)x(0,1)

mark 2 and for the boundary term £j°(v®) for which we apply the following
lemma.

Lemma 4. Let (w®):50 be a bounded sequence of L?(0,T; L*(0,L)) and let us
denote as w® € L*(0,T; L*((0,L) x (0,1))) its two-scale limit. Then

T L T
lim inf/ / !wg(t7y1)|dy1dt2/ / |w®(t, y1, m)| dmydydt.
0.Jo Jo 0o J(,L)x(0,1)

PROOF. Let us denote as ¢ the convex, proper and continuous function defined
by ¢(s) = |s| for all s € R. The Yosida approximation of A = 9¢ is defined by
Ay = {V@\} with ¢ € C*(R;R) given by

|s — 2|2
2)

oa(2) = inf (¢(S) "

) VzeR, VYA>O0.
seR

With the usual properties about the subdifferential of convex functions (see for
instance Proposition 2.6 and Proposition 2.11 in [8]), we know that ¢, is convex,

Vo, is %—Lipschitz continuous and
0 < ¢a(z) < 9(2), lim oa(z) = #(2) VzeR. (15)
—

Now let A > 0. For all € > 0, by using the convexity of ¢, we have

/ / “(t, 1)) dyldt>/ / o (w(t, 1)) dyrdt
/ / ¢,\ t Y1, — )) dy,dt
/ / Vﬁb,\ f YL, — )) (ws(ta y1) — (t yh*)) dy,dt

for all w € D((0,T) x (0,L) x (0,1)). Then we pass to the limit as £ tends to
zero: the left hand side of the previous inequality is bounded, so it admits a
limit inf while the right hand side admits a limit and we obtain

hmlnfs_,()/ / “(t,y1) dyldt >/ / w(t,y1,m)) dyrdt
0,L)x
+/ / Ve (w (ty1,m)) (w°(t,y1,m) —w(t,yl,m)) dyrdt.
o J©,0)x(0,1)

Using again the convexity of ¢, we infer

hmmfs_m/ / “(t,y1) dyldt >/ / (t yl,m)) dy, dt
0,L)x(0,1)

Jr/o /0 Lyx(o.D) Vdu (W’ (t,y1,m)) — Vo (w (t,yhm)))

w(t,yr,m) — w° (t,y1,m)) dydt.
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Since w® € L*(0,T; L?((0, L) x (0 ,1))) L?((0,T)%(0,L) x(0,1)) we may con-
sider a sequence (wQ)yen € (( T) x (0,L) x (0,1)) which converges strongly
to w® in L2((0,T) x (0,L) x (0,1)). Thus

lim inf / / “(t,y1) dyldt >/ / w (t, yl,m)) dydt
=0 0,L)x (0 1)

for all A > 0. Finally we pass to the limit as A tends to zero with Lebesgue’s
theorem. ]

‘We obtain

//ayl 0, o — 0 dyldt+/ / o (/hyl, soldmdm)edyldt

] et = [ [, Terp )
0,L)x(0,1)
/ / f(f —0"hdndydt V8 € D(0,T), V€ Vaio
0,L)xY

and we conclude by using the density of D(0,7T) ® Ve into L?(0,T; V) and
(14). [ |

Remark 4. We may weaken the compatibility condition on u§ by assuming
only that (eu§)e>o converges to zero in (L? (Q))2

By replacing v° by its decomposition (13) we obtain a limit problem for w*
and we have

Proposition 8. Under the assumptions of Theorem 3, w* € L*(0,T; V) is
the unique solution of the variational inequality

b( ,so / / (\SD—HU | — Jw* |)d771dy1dt+T( )>0 16
(0,L)x(0,1) (16)
VSO € L2(0 T de)
with

b(w, ) //aylwsodyldw// 8y1 ayl)am(w;ﬁw ) dyndt

T L
//8 (/ h%dmdyz) dyldt+/ / ay, (Uex, ¢) dyrdt
Y1 0o Jo
—/ / </ fhwdmdyz) dy1dt
0 0 Y

for all ¢ € L*(0,T; V) and for all w € L*(0,T;V},).
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Proor. With straighforward computations we obtain (16) and it remains only
to prove that (16) admits a unique solution. Since Q € EC(V;‘Z—U,H;(O,L)‘R)
it is clear that b is a bilinear continuous mapping on L?(0,T}; Vi,). Moreover
ay, is coercive on V, 4y for all y; € [0, L] uniformly with respect to y; (see
Proposition 5.2 in [7]) which implies that b is coercive on L?(0,T;V}, ) and we
may conclude by applying for instance Theorem 8.5 in [14]. |

As a consequence of the uniqueness of w*, we can state:

Theorem 5. Let (Uy, Wy, so) € (HI(O,T))3 and f € (C([0,T];C(;C4(0,1)))?,
g € C([0,T];C(9;C4(0,1)) and k € C([0,T);C([0, L];C4(0,1))) such that k takes
its values in R}, f, g and k are L-periodic in y, and

2 re o & 2 € o & 5 o &
€ f (tay) - f (t7y7 c ) y €49 (tay) =g (tay7 < ) ) ek (tvyl) =k <tay17 c )
for all (t,y) € [0,T] x Q. Let us assume moreover that eZ5 is bounded in

L?(Q) and that u§ satisfies the following compatibility condition: there exists
U € C=(R) such that

UO)=U'0)=0, UX)=1 VX € [hp,hnr]
and

u = s0(0)er + (Up(0) — so(0))U (%2) er.

Then the whole sequences (£2pf)es0, (V5)es0 and (Z¢)eso satisfy the following
convergence:

ep® —— pY + pt
op° opt
0 2 3
= —ayl wil + Uy — so)wy1 +wy,, + —ayl wil + w*

= 0_ 1 2
75 == 77 =Woz,, + 21y,
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