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I. Introduction

The Ben Guerir open pit phosphate mine produces N 14 = different ores ( 1..N) i = that are extracted from as many homogeneous layers. Each layer i is characterized by specific values α ci of geological components c ( 1..6) c = (see table 1). The extracted ores are inputs used to produce blended ores (outputs j, 1..J) j = whose component composition cj β must comply with a quality chart (see a sample of such a chart in table 2). Those blended ores, whose variety is increasing, are used downstream in the phosphoric supply chain (SC) of OCP, which owns the largest phosphate ore deposits in the world. 

Component c

Output j

In the OCP integrated supply chain, the blending problem is more complex than that faced by companies sourcing inputs from the market for the following two reasons: a. Phosphate market development trends are characterized by an increased diversity of the technical specifications of the required grades, in a highly competitive market. This leads to production to order, wherever the associated production lead time is commercially acceptable (which is the case for OCP's SC). b. The ores extracted from the different layers are transported to a single stripping station before conveyor transport to the blending area to be stored in one of the 14 stocks dedicated to the different qualities of extracted ores (Fig. 1). Since this process of separation and transport does not allow any mixing, this leads to sequential feeding of these stocks. The allocation of storage space to the 14 extracted ores varies over time but can be considered as known during a period of a few weeks. In case of insufficient storage for a given quality, the extracted ore concerned is temporarily stored in a remote dumping stock, in the vicinity of the stone screening plant, before being retrieved when the space becomes available. These steps are costly and add no value.

Fig. 1. Phosphate Supply Chain of Ben Guerir

The definition of the optimal composition of blended products, which minimizes the product costs, was one of the very first problems to be addressed by linear programming in the 1950's and this remains the single focus of the industrial management and operation research text books .

The stability of product composition obtained by blending is rational in a steady state where the needs to be satisfied and conditions of acquisition of the inputs are stable and unrestricted (although this "steady state" needs to be reassessed once or twice a year). OCP, however, is not in this situation and the fixed composition of output blends causes loss of efficiency and effectiveness. We will show how to take advantage of the multiple opportunities for flexible product blending to enhance system performance.

In section II, we present our analysis of the literature. Our proposed blending models are described in Section III. Section IV illustrates the importance of blending flexibility and discusses some of the factors explaining why, for optimization reasons, blended ore composition cannot be stable. We end with a short conclusion (Section V).

II. Literature review of blending problems

The articles we analyzed deal with blending issues in various sectors, namely mining [START_REF] Chanda | Optimal blending of mine production using goal programming and interactive graphics systems[END_REF] [9] [START_REF] Williams | A Practical Application of Linear Programming in the Mining Industry[END_REF], agri-foods [START_REF] Steuer | Sausage Blending Using Multiple Objective Linear Programming[END_REF] [14] [START_REF] Yoon | Linear Programming in Blending Various Components of Surimi Seafood[END_REF], milling [3][8], chemistry [START_REF] Ashayeri | Blending modelling in a process manufacturing: A case study[END_REF][7][6] [START_REF] Montante | Blending of miscible liquids with different densities and viscosities in static mixers[END_REF], tanker [START_REF] Bengtsson | Robust planning of blending activities at refineries[END_REF] [4] [START_REF] Oddsdottir | Procurement planning in oil refining industries considering blending operations[END_REF], cementitious [START_REF] Kural | Identification and control of the raw material blending process in cement industry[END_REF]. All the articles reviewed were evaluated mainly with reference to the following three criteria: • The type of input feeding: there are two types of feeding: 1. Blending units fed through single conveyors, which defines a sequential (successive) arrival of inputs. This is illustrated by the case of bulk grain Blending [START_REF] Bilgen | A mixed-integer linear programming model for bulk grain blending and shipping[END_REF], semicontinuous blending of materials [START_REF] Goldsmith | The theoretical performance of a semi-continuous blending system[END_REF] and blending of raw materials to produce raw cement meal [START_REF] Kural | Identification and control of the raw material blending process in cement industry[END_REF]. A parallel feeding of the inputs is illustrated by the case of fertilizer blending [START_REF] Ashayeri | Blending modelling in a process manufacturing: A case study[END_REF], crude oil [START_REF] Bengtsson | Robust planning of blending activities at refineries[END_REF] [START_REF] Oddsdottir | Procurement planning in oil refining industries considering blending operations[END_REF], sausages [START_REF] Steuer | Sausage Blending Using Multiple Objective Linear Programming[END_REF], coking coal [START_REF] Williams | A Practical Application of Linear Programming in the Mining Industry[END_REF].

• Blending objective: this defines whether blending is carried out under a rationale of: 1). Pull flow which means that blending is performed in order to meet a specific need expressed by an internal or external client (Make-toorder); this case is illustrated by articles [START_REF] Bengtsson | Robust planning of blending activities at refineries[END_REF] [START_REF] Williams | A Practical Application of Linear Programming in the Mining Industry[END_REF]. 2). Push flow which means to produce for stock or make to stock, which is the case in articles [START_REF] Ashayeri | Blending modelling in a process manufacturing: A case study[END_REF] [10].

[3] [5] [8] [12] [13] [14]

•

The optimization criterion: differs from article to article, depending on the type of blending. Some articles adopt the optimization criterion for either production or running costs as illustrated by articles [START_REF] Ashayeri | Blending modelling in a process manufacturing: A case study[END_REF] [4] [9 [START_REF] Yoon | Linear Programming in Blending Various Components of Surimi Seafood[END_REF]. Others seek to minimize the cost of transport [START_REF] Bilgen | A mixed-integer linear programming model for bulk grain blending and shipping[END_REF], or maximize profit as illustrated by articles [START_REF] Bengtsson | Robust planning of blending activities at refineries[END_REF] [START_REF] Oddsdottir | Procurement planning in oil refining industries considering blending operations[END_REF]. Other papers dealing with blending focus on quality [START_REF] Montante | Blending of miscible liquids with different densities and viscosities in static mixers[END_REF] [7], while others combine cost and quality criteria [START_REF]Application of chance-constrained programming based on multi-objective simulated annealing to solve a mineral blending problem[END_REF] [8] [START_REF] Stokes | Optimal Feed Mill Blending[END_REF] or the three criteria cost, quality and profit [START_REF] Steuer | Sausage Blending Using Multiple Objective Linear Programming[END_REF]. Moreover, the minimization of penalties incurred due to any deviation from target values is also a resolution criterion addressed in certain articles [START_REF] Chanda | Optimal blending of mine production using goal programming and interactive graphics systems[END_REF] [6] [START_REF] Kural | Identification and control of the raw material blending process in cement industry[END_REF]. Based on our analysis of the articles we were able to confirm that our paper addresses a blending issue that combines several features: inputs with characteristics that differ over time, irregular availability and sequential feeding of input stocks with limited capacity. These constraints must be taken into account in order to make to order with a sequential feeding of output stocks. Moreover, our paper differs from the literature reviewed on grounds of the resolution criteria we adopted which, in addition to cost, addresses the issue of scarcity, which roughly consists in the conservation of the BPL-rich layers.

III. Formulation of the Blending Problem

In its classic formulation, blending aims at defining the optimal mixture of selected inputs in a set of N possible inputs ( 1..N), i = taken in quantities i x to obtain quantity D i i x = ∑ of a unique output that complies with the composition's specifications. The weight of component c in the output obtained by blending, β α

c ci i c x = ⋅
∑ may have to belong to a range of values. In this static modeling, input i has an acquisition cost i γ and the problem here is to find the blend that minimizes the cost of acquisition

i ij i j x γ ∑ ∑ .
Since the problem variables are continuous, there is an infinite number of possible solutions or none, if the problem is unfeasible.

The particular context of the supply chain in which the blending problem occurs (sequential feeding of inputs, make-to-order) leads to a dynamic reformulation of this problem based on splitting time into periods ( 1..T) t = . The scheduling of a set of K production orders fulfilled in parallel blending processors is assumed to be already established and compliant with processor availability; this leads to ignoring the processors in our formulation. The order variable ik x corresponds to the weight of input i included in the weight D k of order k, for output λ k , which leads to constraint [START_REF] Ashayeri | Blending modelling in a process manufacturing: A case study[END_REF].

D ik k i x = ∑ (1)
Since the output portfolio changes rapidly, the constraints on the structure of the components are described generically in 3 tables of parameters for each component c of output j: Eq β cj , Min β cj et Max β cj . These parameters take a positive value if component c constrains the composition of output j, the first in the case of equality and the other two in the case of inequality. All these composition constraints are given by relation [START_REF] Bengtsson | Robust planning of blending activities at refineries[END_REF], which is easily used in a problem formulation using an AML (Algebraic Modeling Language) which allows to use predicates in the generation of variables and constraints.

Eq Eq Min Min

Max Max α β D , |β 0 α β D , |β 0 α β D , |β 0 k k k k k k ci ik k c c i ci ik c k c i ci ik c k c i x k x k x k λ λ λ λ λ λ ⋅ = ⋅ ∀ ≠ ⋅ > ⋅ ∀ ≠ ⋅ < ⋅ ∀ ≠ ∑ ∑ ∑ (2) 
The fulfillment of order k leads to the withdrawal of inputs during periods t such as δ 1 kt = (otherwise, this Boolean equals 0); the duration of withdrawal is noted ν k ( δ ν )

kt k t = ∑
. Changes in stock 0 it S ≥ of input i at the end of period t depends on the initial stock 0 S i , the supplies A it′ available at the beginning of the period t t ′ ≤ and the withdrawals of this input during periodt t ′ ≤ . It will be assumed here that withdrawal is constant over the ν k withdrawal periods (otherwise it is necessary to introduce dated coefficients, which does not change the size of the problem). Relations (3) reflect this flow conservation constraint.

, ,

/ ν , , 0, ,

kt i t i t it ik k k it S S A x i t S i t δ - = = + - ∀ ≥ ∀ ∑ (3) 
We will examine two formulations of the dynamic blending problem; the second formulation complements the first one in an attempt to avoid, through flexible blending, any unnecessary costs due to temporary storage (cf. § III.2).

III.1 General formulation ignoring blending area storage constraints

In the productive system under review, direct blending costs are not very sensitive to the solution, which lead us to look for the best solution while sparing future resources. This approach amounts to preserving the scarcest ores at the end of period T. In our numerical examples, we use arbitrarily the weighting system

1 i i γ α = ,
where the index c=1 corresponds to the BPL content, which leads to objective-function (4).

T (

)

i i i Max S γ ⋅ ∑ (4) 
In order to assess the different blending options available, some variants of this general model are used. They include as many orders as available processors and they leave time considerations aside, which implies input feeding as stocks 0 S i is deemed sufficient. The result is a static problem with five variants. Variants A to D concern the blending problem for a single order 0 j , without any input availability issue; variant E relates to multiple orders where there are availability constraints.

-Variant A: Is a basic static model with a single order, using objective-function 

i ij i Min x γ ⋅ ∑ (5) 0 0 0 D , j ij ij z x i ⋅ < ∀ (6) 0 H ij i z = ∑ (7) 
-Variant D: setting to 0 the stock for the most requested input in the current solution, and identification of an alternative new blend; this process, which complies with the minima of variant B, starts from the solution corresponding to the lowest value of H found in variant C and goes on until it is no longer possible to find a solution.

-Variant E: also static, covers several orders fulfilled simultaneously and assesses the impact of insufficient availability of inputs to achieve optimal solutions for variant A.

III.2 General formulation taking into account the storage constraints in the blending area

Dumping storage of input i takes place as soon as the stock exceeds threshold Max S i . The variable it y , possibly null, determines this surplus by relations [START_REF] Karmarkar | Grade Selection and Blending to Optimize Cost and Quality[END_REF].

Max 0, ,

it it it i y i t y S S > ∀ > - (8) 
The benefit of avoiding such dumping storage prevails on that of preserving stocks of the ores deemed most valuable. The system used to calculate the cost of dumping storage is irrelevant so long as dumping can be avoided (as the corresponding partial cost in the objective function is null). We shall use storage cost η , proportional to both the duration of the dumping storage and to stored quantities. This leads to replace relation (4) by relation [START_REF]Application of chance-constrained programming based on multi-objective simulated annealing to solve a mineral blending problem[END_REF].

T (η )

it i i t i i Min y S γ ′ ′ ⋅ + ⋅ ∑ ∑ ∑ (9)

IV. Illustration of blending flexibility

We illustrate below blending flexibility first in a static context (production during a single period), then in a dynamic context.

IV.1 Blending flexibility in a static context

We illustrate the importance of blending flexibility first in the case of a single output ( §a), then in the case of multiple outputs ( §b). We use the data from tables I and II. Variant A. the optimal blending solutions (Fig. 2) were obtained successively and independently, using objective function ( 4), for each one of the products.

Fig. 2. Independent optimal solutions

Variant B. The minimal and maximal shares of the different inputs in manufacturing each output, where all inputs are deemed available, are given in table 3. This in fact undermines the scarcity criterion based on BPL content, since one observes that TBT cannot be produced without C3sup and SA2, and that BG requires C3sup, while both inputs have the lowest BPL content. Furthermore, YCC must include C2sup, a substance that has the median BPL content of all inputs. 

Table. 3. Minimal and maximal quantities of inputs for each output

i =1 C3sup i =2 SA2 i =3 C3G i =4 C1 i =5 C0 i =6 C4 i =7 C5 i =8 C2sup i =9 SB i =10 SX i =11 C3inf i =12 C1Exp i =13 C2Exp i =14

Inputs i

Outputs j

TBT j =1 YCC j =2 BG j =3
Variant C. This represents successively for each output the range of the number of inputs that are adequate to produce a given output. The results are shown in Table 4. The minimum number of inputs required to produce an output may be less than that found in the optimal solution for variant A, at the cost of undermining performance. (Case of YCC which can be manufactured with just 2 inputs and of BG which can be made with just 3 inputs.) For TBT, this minimum number corresponds to that of the optimal solution. For each output, the maximum number of inputs indicated in this table cannot be exceeded without violating the composition specifications for the relevant output. In conclusion, the number of inputs used to produce an output can be much higher than the number of inputs used without constraint (variant A).

Table. 4. Possible blends depending on a compulsory number of inputs to be used

i =1 C3sup i =2 SA2 i =3 C3G i =4 C1 i =5 C0 i =6 C4 i =7 C5 i =8 C2sup i =9 SB i =10 SX i =11 C3inf i =12 C1Exp i =13 C2Exp i =14 C6 2 inputs 37.61 62.39 - - - - - - - - - - - -
Variant D. This represents successively the impact of zero stocks for some inputs for each output (the positive minima of variant C being retained). This places us before a highly combinatorial problem ( k 14 C problems). Therefore, we have opted for a scenario where i) we start from the optimal solution found with stocks set to minimum in table III, the others being at 100; ii) we set to zero initial stock for the most requested input in the previous optimal solution; iii) we look for the new optimal solution, and if one is found, we return to ii), if not we stop. Following the approach explained in variant D, we reach the following conclusions:

Table. 5. Possible blends depending on input availability

i =1 C3sup i =2 SA2 i =3 C3G i =4 C1 i =5 C0 i =6 C4 i =7 C5 i =8 C2sup i =9 SB i =10 SX i =11 C3inf i =12 C1Exp i =13 C2Exp i =14
For output TBT, when setting simultaneously the stock for the two inputs C3sup and SA2 to their minima, we don't obtain a feasible solution. Therefore, we address these stocks successively. As a matter of fact, when first setting the stock of input C3sup at its minimum, we still come out with a possible blend using the quantities of both two inputs C3sup and SA2. The second step, when setting stock of input SA2 to a minimum, again we obtain a feasible solution that involves consumption of input C0. Lastly, while keeping SA2 stock to a minimum and setting stock of input C0 to zero, we don't find any solution enabling production of output TBT. As for product YCC, this can be obtained when setting initial stock of input C2Exp to its minimum. In this case, the solution found uses an important quantity of input C1Exp. As a second step, while maintaining stock of C2Exp to its minimum and putting stock of C1Exp to zero, we don't find any possible blend to produce output YCC.

For product BG, we note that when setting stock of input C3sup to its minimum, a solution that involves consumption of inputs SA2 and C3G is still possible. However, while maintaining stock of C3sup to a minimum and successively setting SA2 and C3G stocks to zero, we don't come up with a feasible solutions in either case.

To conclude, output production is still possible where some inputs are not available (within the minima shown in Table III). b) Blending flexibility within the framework of a several outputs Variant E. This deals with three orders fulfilled simultaneously, for equal quantities of 100, with each input availability remaining set at 100. The aggregation of input consumptions for the solutions found in variant A leads to stock-out of SA2 (table 6). Considering that constraint (6) leads to new blends for which the selected optimization criteria involve input SA2 shortage for output BG.If we completely change input allocations (table 7), we obtain blends that are very different from those of Table 6. To conclude, the blends of outputs produced simultaneously depend on input availability.

IV.2 Dynamic Blending Flexibility

Let us arbitrarily consider the blending of 6 orders fulfilled by 2 blending units running simultaneously. The time split selected is 16 half-days. The processor speed is 10 units / half day. We consider that during the last scheduled period of an order there is no input supply as this final period is dedicated to the completion of the final mixture. Table 8 presents the data for the production sequence problem: initial stocks of inputs, (sequential) feeding of input stocks.

Table. 8. Problem Data

i =1 C3sup i =2 SA2 i =3 C3G i =4 C1 i =5 C0 i =6 C4 i =7 C5 i =8 C2sup i =9 SB i =10 SX i =11 C3inf i =12 C1Exp i =13 C2Exp i =14 C6

V. Conclusion

The multiple blending options enabled by dynamic blending management, based on orders and input stocks and feeding changes improve effectiveness (more opportunities to meet demand) and efficiency (avoid costly operations without added value), compared with monitoring based on standard blend structures. This flexibility can also be used in extraction control, as the coupling of customer demand (downstream of blending) and phosphate extraction (upstream of blending) should not be deemed rigid. We also note that our proposed modeling can easily be tailored to include both granularity (important in the later stage of chemical transformation) and order scheduling (considered as known in this paper).

1 ijz

 1 k = in the weight of 0 j , which leads, in our example, to 28 optimizations per output studied.-Variant C: forcing the blending process to use a predetermined number H of inputs; in this context; the binary variable 0 = if input i is used, which is obtained with relation (6); the additional constraint[START_REF] Jonuzaj | Designing optimal mixtures using generalized disjunctive programming: Hull relaxations[END_REF] forces the number of inputs used in the blending to be H. In variants B and C, objective-function (4) is replaced by objective-function (

a)

  Blending flexibility within the framework of a single output In variants A to C, we use D 100, prevents the risk of stockout and allows considering ij x as percentages.

  

Table . 1

 . . Input composition (extracted ores) in % of their weights ( α ci )

						Component c	
				c =1	c =2	c =3	c =4	c =5	c =6
				BPL	MGO	SIO 2	H 2 O	CO 2	Cd/B (ppm)
		i =1 C3 sup 50.01%	0.99%	26.61%	0.00%	3.70%	8.00
		i =2	SA2	57.87%	0.65%	8.00%	0.00%	7.74%	15.00
		i =3	C3G	58.95%	0.94%	17.19%	0.00%	5.36%	9.00
		i =4	C1	59.50%	1.15%	9.50%	0.00%	4.50%	15.00
		i =5	C0	59.50%	1.20%	8.61%	0.00%	5.20%	13.00
		i =6	C4	59.50%	1.49%	11.74%	0.00%	4.83%	10.00
	Input i	i =7 i =8 C2 sup 60.00% C5 59.60%	1.70% 0.91%	9.79% 11.50%	0.00% 0.00%	7.72% 5.08%	16.00 12.00
		i =9	SB	61.50%	0.80%	8.00%	0.00%	5.24%	10.00
		i =10	SX	63.00%	0.80%	11.00%	0.00%	5.50%	10.00
		i =11 C3 inf 64.00%	1.12%	10.00%	0.00%	4.95%	8.00
		i =12 C1 Exp 65.50%	1.13%	7.50%	0.00%	4.25%	12.00
		i =13 C2 Exp 65.50%	0.65%	8.00%	0.00%	4.61%	13.00
		i =14	C6	65.72%	1.23%	6.00%	0.00%	4.95%	9.00
	Table. 2. Sample of specifications of outputs composition ( cj β )
				c =1	c =2	c =3	c =4	c =5	c =6
				BPL	MGO	SIO 2	H 2 O	CO 2	Cd/B (ppm)
		j =1 TBT 54.00-56.00 <=2.00	<=15.00	-	-	-
		j =2 YCC	> 64.00	<= 1.00	<= 8.00	< 12.00 5.00 -6.00 12.00 -18.00
		j =3 BG		57.90	< 1.40	<=13.50	-	-	< 11.50

inputs 35.15 59.85 5.00

The use of objective-function (4) leads to the solution described in Table IX. We note that the blends of the three TBT orders are different, which has to do with the structure of the problem data since blending now depends on input availability and on the fact that outputs are competing for consumption of the same inputs. 10. Without taking into account the costs incurred by C1 Exp dumping storage (green dotted line of Fig. 3), an overrun at period 12 (red continuous line, solution of §a) is observed. Taking these costs into account in objective function [START_REF]Application of chance-constrained programming based on multi-objective simulated annealing to solve a mineral blending problem[END_REF] changes total consumption for this input and smoothes consumption in order to meet the availability constraint. All blends are accordingly changed. Taking storage constraints into account to avoid non value-added operations is an additional source of blending change.