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Schrodinger operators with Leray-Hardy potential
singular on the boundary

Huyuan Chen*

Laurent Véron T

Abstract

We study the kernel function of the operator u — L,u = —Au + #u in a bounded

smooth domain Q C Rf such that 0 € 09, where p > —NTZ) is a constant. We show the

existence of a Poisson kernel vanishing at 0 and a singular kernel with a singularity at 0. We
prove the existence and uniqueness of weak solutions of £,u = 0 in €2 with boundary data
v + kdy, where v is a Radon measure on 092\ {0}, & € R and show that this boundary data
corresponds in a unique way to the boundary trace of positive solution of £,u = 0 in €.
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1 Introduction

We denote by £,, the Schrédinger operator defined in a domain 2 C RN by

7
Lyu:=—Au+ WU,
where p is a real constant and N > 2. This operator which is associated to the Hardy inequality
has been thoroughly studied in the last thirty years. When the singular point 0 belongs to €2, it

appears a critical value
N —2)\?
ILLO = - T

and the range of the parameter p in which the operator is bounded from below is [pg, 00). This
is linked to the Hardy inequality
C2
/VCP +po | —=mdr >0 forall ¢ € C57().
Q ozl

Furthermore this inequality is never achieved if €2 is bounded, in which case a remainder was
shown to exist by Brézis and Vazquez [4]. When X is a Radon measure in {2, the associated
Dirichlet problem
Lyu=\ in €,
{ u=20 on 0N

is studied in its full generality in [8] and [9] thanks to the introduction of a notion of very
weak solution associated to some specific weight. Thanks to this new formulation an extensive
treatment of the associated semilinear problem

Lyu+gu)=X in Q,
u=20 on 01},

where g : R — R is a continuous nondecreasing function, is developed in [9].

In this article we assume that the singular point of the potential lies on the boundary of the
domain 2, and we are mainly interested in the two problems:
1- To define a notion of very weak solution for the problem

= 1 Q
{E#u 0 in Q, (1.1)

u=v on 0,

where v is a Radon measure on 912, and more generaly on 02\ {0};
2- To prove the existence of a boundary trace for any positive £,-harmonic function, i.e. solution
of £L,u =0 in © and to connect it to the problem (1.1).

The model example is 2 = RY := {z = (z/,zy) € RV x R : 2y > 0} although it is not a
bounded domain. There exists a critical value

N2

- (1.2)

B> p =
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This value is fundamental for the operator £, to be bounded from below since there holds,
2
/ V¢ + Ml/ %d:r >0 forall ¢ € Cg°(RY). (1.3)
RY RY |z

The analysis of the model case is explicit. Let (r,0) € Ry x Sf ~! be the spherical coordinates
in Rf , then, if (1.2) is satisfied, there exist two different types of positive £,-harmonic functions
vanishing on ORY \ {0},

(r,0) = 1461 () and Bp(r,o) { e trEme
r,o)=T o) an r,o) = N .
” 1 " P G o) i =,

where (o) = %\" generates ker(—A’ 4+ (N — 1)) in H&(Sﬂf‘l), and where

2N N? 2N N?
Qy = a+(M):T+ ,U+T and a_ := Oéf(/l):T* IUJ+T (15)

Put dvy,(z) = 7, (z)dr. We define the v,-dual operator L}, of £, by

L£i¢=—A¢— j(VW, V() forall ¢ € C%Rf), (1.6)
17

and we prove that ¢, is, in some sense, the fundamental solution of
Lyu=0 in RY,
u=0dp on ORY,

since it satisfies
/ Gl Cdyu(x) = cu((0) for all ¢ € CL(RY) N M (RY)
=y

such that pL},¢ € L™ (RY), where ¢, > 0 is a normalized constant and p(x) = dist(x, 052). Here
p(z) = ry when Q = RY.

When Rf is replaced by a bounded domain €2 satisfying the condition
(C-1) 0€0Q, QCRY and (z,n) = O(|z|*) for all z € 9,

where n = n, is the outward normal vector at z, inequality (1.3) holds but it is never achieved
in the Hilbert space H} (). Note that the last condition in (C-1) holds if  is a C? domain. It
is proved in [5] that under the assumption (C-1) there exists a remainder under the following
form:

¢? 1 ¢?
Ve + dxz/ —dz for all { € C(Q), 1.7
JACRY R o212 (o] Ry ) ) o

where Rq = max |z|. Then there holds
zE

68 := inf {/ <|Vv|2 + 'u2v2> dr v € Ccl(Q),/U2d:L‘ = 1} > 0.
Q |z Q
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This first eigenvalue is achieved in H{ () if u > p1, or in the space H(Q) which is the closure

of C1(Q) for the norm
v vllE@) = / <|Vv|2 + M1202> dx,
Q |z

when p = pp. In the sequel we set

8 - H(Q) if p=p.

Moreover, under the assumption (C-1) the imbedding of H,(f2) in L?*() is compact (see e.g.
[6]). We denote by fyf} the positive eigenfunction, its satisfies

{ /J“fyf} = Efffyff in €, (1.8)
fyff:O on 00\ {0}.
We prove in Appendix that there exist ¢; = ¢;(Q, 1) > 0, j = 1,2, such that
(4) (@) = cip(a)|z]*+ 7 (1 +o(1)) as @ =0,
(i7) ’V’Y/?(x)‘ < 027;?(53) for all z € Q. (1)

This function will play the role of a weight function for replacing v,. Next we construct the
Poisson kernel Kf} of £, in © x 092. When p > 0 this construction can be made by truncation
as in [18], considering for € > 0 and A € M (0N) the solution u, of

n
max{e?, |z|?}
U=\ on Of).

—Au+ 0 in €,

By a more elaborate method, we also construct the Poisson kernel when p; < g < 0. It is
important to notice that when p > 0 the kernel has the property that

KM2z,00=0 forall z€Q\{0} (1.10)

by [18, Theorem A.1]. Because of (1.10) it is clear that the Poisson kernel cannot be the tool for
describing all the positive £,-harmonic functions. Our first concern in this article is to clarify
the Poisson kernel of £,,.

We first characterize the positive £,-harmonic functions which are singular at 0.

Theorem A Let Q2 be a C? bounded domain such that 0 € O and pu > p1. If u is a nonnegative
L,,-harmonic function in 2 vanishing on By, (0) N (02 \ {0}) for some 19 > 0, then there exists

k > 0 such that
lim

B GV X
a—0 p(z)|x|*-—1 ’
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if p > pp and
N
o JelTu(z)
2—=0 p(z)In|z|

)

if =

Actually the above convergences hold in a stronger way. In order to prove that such solutions
truly exist we construct the kernel function (bf} (see [13] for the denomination) which is the
analogue in a bounded domain of the explicit singular solution ¢, defined in Rf .

Theorem B Let Q be a C? bounded domain satisfying (C-1) and p > p1. Then there exists a
positive L,,-harmonic function in Q, which vanishes on 0\ {0}, which satisfies

gi)f}(x) = p(z)|z|* (1 4+ 0(1)) as x— 0, (1.11)

if p> 1, and N
Oy () = p(@) ||~ Z (| Infz]] +1)(1 +0(1)) as z— 0, (1.12)

if po=p1.
As in the model case, we define the 'yf}—dual operator of £, by

2

Li¢=—AC— TQWVS’ V¢) + £5¢ for all ¢ € CHH(Q).
M

The following commutation formula holds

Lu(72¢) =1l LiC. (1.13)
Corollary C Let Q2 be a C? bounded domain satisfying (C-1) and > p1. Then qﬁg is the unique
function belonging to L*(£, p_ldvff), which satisfies

/Q ul;Cdys = keu((0)  for all ¢ € X,(9), (1.14)
where d’y};2 = ’yf}dx, here and in the sequel the test function space
Xu(Q) = {¢ € CQ) : 7,}¢ € Hu(Q) and pLi¢ € L®(Q)}.

Furthermore, if u is a nonnegative L,-harmonic function vanishing on 0Q \ {0}, there exists
k > 0 such that u = k:qﬁff

We denote by 9t(£2; 753) the set of Radon measures v in €2 such that

sup{ [[cas¢ e @), 02 ¢ <02 [l < 4o,
Q Q
If v e M (Y ’yf}) the measure ’yf}u is a nonnegative bounded measure in €. Put

Gyg(x) WQ(x —tng) WQ(x —tng)
Q 14 : 1% : 14
B, (x) = ~om. th%h = thr(])rgr i)’ Vz e o\ {0} (1.15)
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and from (3.2) and (1.9), we have that
cr]zle+—t < Bf}(x) < cieglz|*+~t for x € 00\ {0}. (1.16)

As a consequence, the following potential function plays an important role in defining our bound-

ary data. Denote
Bu(x) = |z|*+~ 1 for z € RV \ {0}. (1.17)

The set Radon measures A in 92\ {0} such that

sup {/ Cd|A|: ¢ € C(002\ {0}),0< (¢ < ﬁu} ::/ Bud|A] < +oo
89\ {0} 89\{0}

is denoted by M (9N \ {0}; 5,). The extension of A € M, (902 \ {0}; 5,) as a measure S, A in 02
is given by

/ Cd(BuA) = sup {/ VB v € CaldR) {0}), 0 < v < g} for all ¢ € CL(0Q), ¢ >0
o0 o2

and B\ = Bury — BuA_ if X is a signed measure in M(ON \ {0}; B,), and this defines the set
M(0R; B,,) of all such extensions. The Dirac mass at 0 does not belong to M (0€2; B,), but it is
the limit of sequences of measures in this space in the same way as it is a limit of measures in
M, (02 \ {0}; B,). In the next result we prove the existence and uniqueness of a solution to

{ Lyu=v in Q, (1.18)

u=M\+kdg on 0f).

Thanks to (1.7) the Green kernel Gf} is easily constructible. If v € E)J?+(Q;'yf}) and \ €
M(0R; B,,) the following expressions are well defined

K@) = [ Kies)ixe) and GRpl(e) - /ﬂ GOz, y)dv(y).

Our main existence result is the following.

Theorem D Let Q be a C? bounded domain satisfying (C-1) and p > py. If v € ier(Q;yf}),
A € M(09Q; B,) and k € R, the function

u =G V] + K[\ + ke, = H}[(v, A, k)] (1.19)

is the unique solution of (1.18) in the very weak sense that u € Ll(Q,p_ld’yi}) and

/Q ulrCdys = /Q Cd(~iv) + /8 di(ﬁf}A) + ke, C(0)  for all ¢ € X, (Q). (1.20)

In the next result we prove that all the positive £,-harmonic functions in ) are described
by formula (1.19) (with v = 0).
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Theorem E Let Q be a C? bounded domain such that 0 € 0 satisfying (C-1), u > p1 and u
be a nonnegative L, -harmonic functions in Q. Then there exist X € M(0KY; B,) and k > 0, such
that
_ k0 Q _
u =K, [\ + k¢, =H,[(0,\ k)]

The couple (X, ko) is called the boundary trace of w.

The rest of this paper is organized as follows. In Section 2, we introduce the distributional
identity of £, harmonic function ¢, in Rﬂ\_’ . Section 3 is devoted to build the Kato’s type
inequalities, to construct Poisson kernel and related properties. Section 4 is addressed to classify
the boundary isolated singular £, harmonic functions in a bounded domain, i.e. Theorem
A and to show the existence and related distributional identity in a (C-1) domain: proofs
of Theorem B and Corollary C. We classify the boundary trace for general £, harmonic
functions and give the existence of £, harmonic functions with the boundary trace (\,kdo):
Theorem D and Theorem E respectively in Section 5. Finally, we show Estimates (1.9) and
(3.2) in Appendix.

In a forthcomming article [10] we develop our observations to study qualitative properties of
the semilinear problem

Lyu+g(u)=0 in Q,
{ U=\ on 0f,

when the origin lies on the boundary of 2 and A is a Radon measure defined in proper way.

2 The half-space setting
Let RY := {z = (2/,zy) € RN "I xR : xn > 0}, (r,0) € Ry xS} 7! be the spherical coordinates
in Rf and A’ is the Laplace Beltrami operator on S™V~!. Then

N -1

1
Lyu=—=0pnu— ———0u— —QA'u + a
r T

—u.
)
If u(r,0) = r¢(0) is a (separable) solution of £,u = 0 vanishing on ORY \ {0}, then ¢y, satisfies

—A"y = Mhy in SYTLi=SNTIORY,
p =0 in oS ~ SN2,

where )\ is a constant which necessarily belongs to the spectrum
081_1(_A/) = {)\k = k(N + k- 2) ke N*},
and o = a4, g — is a root of
a®+(N—-2a—A,—pu=0. (2.1)

The fundamental state corresponds to k2: 1, in which case since A\; = N — 1, existence of real
roots of (2.1) necessitates u > 3 = —NT = 1 and we denote a3 + = a4 and a; - = a_. Note
that this value is connected to the boundary Hardy

2
/RNWF - ’”/R . >0 forall ¢ € C(SYH).

N [zl
+ +
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If this condition is fulfilled, the two roots ay and a_ corresponding to £ =1 and A; are

2—-N 2—-N

oy =———+/u—p and o = —— —\/pu— 1. (2.2)
2 2

The corresponding positive separable solutions v,, and ¢, of £,u = 0 vanishing on 8Rﬂy \ {0}
are defined by (1.4). We set dv,(z) = yu(x)dz and define the operator L}, by (1.6).

Proposition 2.1 The function ¢, belongs to Lloc(Rf,p_ld’yu). It satisfies
/ oul Cd’yu x) =c,C(0) forall e XM(RJ_X), (2.3)

where N _
1{\/M—M1|S_| if p> p,
‘b =nN _ .
s [SYY if w=m
and X,,(RY) = {g € C.(RY) : pLiC € LOO(M)}.
Proof. Let ¢ € X,(RY), € > 0 and set B = B.(0) NRY, (BH)° = B¢(0) NRY and I' =
0B.(0)N @f, by direct compute, we have that

0= /( B:r)cgvuﬁugbudx

= * 9% % 8%

_ /( OuLiCdyu(x) + C(0)A(e)

Bt)

1

and n = —e 'z on 'Y, and

—2,/,u—u1/N 1:E?VdeLO(e) if >,
SN -

Ale) = * (2.5)
—/ 23:dS + O(e) if p=p,
st
together with the fact that /N lx%\,dS = 5% [S¥ 1|, which implies (2.3)-(2.4). O
Sk

3 The Poisson kernel

In this section we assume that € is a bounded C? domain included in B; (which can always be
assumed by scaling) and 0 € 0f2.
We let Jf} € H,(€2) be the unique variational solution of

Lyu= - in Q and w=0 on 09, (3.1)
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where p*(z) = min{l%, p}. We prove in Appendix that there is ¢3 > 1 such that
"
'yf} < af} < 037/5} in Q. (3.2)

Note that Jf} € C?(Q2\ {0}) is a positive classical solution of (3.1) with zero Dirichlet boundary
Q

d
condition on 092\ {0}, i.e. af} =0 on 092\ {0}. Moreover, % < 0on o0\ {0}. We set

Q
o
n= —g in §,
i
which satisfies )
E;n = ; in Q. (3.3)

This function play a key role in the sequel. Clearly, n € C%(Q\ {0}) and 1 <7 < ¢y in Q\ {0}
by (3.2).

We start with the following identity of commutation valid for all A € 9MM(9€; B,,) and ¢ €
Cl,l(ﬁ)

Q
— / o) d\= [ Cd(BIN) forall ¢ € CV (), (3.4)
o On o0

where 5{} is defined in (1.15) with the asymptotic behavior (1.16) near the origin.
The following inequality extends the classical Kato inequality to our framework.

Lemma 3.1 Assume N >3 and pu > p1 or N =2 and p > p1. Then for any f € LI(Q,’yf}d:c),
h € L%@Q,Bf}d:c), there exists a unique weak solution u to

Lou=f mn €,
{ u=h  on 99 (3:5)
in the sense that
/ ulh Cdyst = / fedvyi + / h¢dBS for all ¢ € X, (Q). (3.6)
Q Q o0
Furthermore, for any ¢ € X,(R2), ¢ >0, there holds
[uigicng < [ sotuscang+ [ juicass (37)
Q Q o0
and
/Q utLhCdy,) < /Q sgn., (u) fCdvs + /8 Qh%d,@’f}. (3.8)

Proof. Uniqueness. Assume that u is a weak solution of (3.5) with f = h = 0. Then for any
¢ € X,,(€2) there holds

* Q _
/Qu,C#Cd’yH = 0.
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Let ¢ € C°(§2), and v € H,(2) be the variational solution of
,.YQ
Lv= %gb and wu € H,(Q).

Then v € C>®(Q), |v] < HQZ)HLooaf}; the equation is satisfied everywhere and in the sense of
distributions in Q. Clearly w := ('yf})_lv belongs to C'*°(£2) and satisfies

Thus,

Zdy? = 0.
QP

Since ¢ is arbitrary, we have that u = 0.

Ezistence and estimates. We proceed by approximation as in [8, Prop. 2.1]. We assume that
{(fu,hn)} C CHQ) x CE(092\ {0}) is a sequence which converges to (f,h) in Ll(Q,fyf}dx) X
L%@Q,ﬁf}dm). We set V(z) = |z|72, denote by K§ the Poisson potential of —A in Q and
consider the approximate problem

(3.9)

Lywy, = fn— MVKg[hn] in Q,
wy, =0 on Of).

Near 0, we have VK[hy](z) = O(%7), hence, it N > 3, VK{[ha] € L3(Q). Tf N = 2,
the function =z — % belongs to the Lorentz space L?°°(f2) which is the dual of L?1(1).
Since H,(Q) C L*1(Q) by (1.7), it follows that H}(Q) C L**°(Q). Hence, by Lax-Milgram
theorem there exists a unique w, € H,(£2) such that (3.9) holds in the variational sense. Then
Uy, = Wy, + Kg[hn], which has the same regularity as w,, satisfies

{ Luun = fn in Q,

1
Up, = hp, on 0f). (3.10)

For o > 0, we set

0 it -5 if [t >0,
me == 2 .
= if |t| <o.

Then m, is convex, |m.(t)| < 1 and m/ (t) —signg(t) as o | 0. Let ¢ € CH1(Q), ¢ > 0. We
have that

/Q (Vs V(¢ (un )y D) + iV ool (un 1) d

= /QCme(un)'yf}fnd:c — ,u/QV]Kf)2 [hn]Cmg(un)'yf}da: =: R(0).
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By the fact u, = wy, + K{[h,], we have that
R(0) = [ (Vun, V(Cm () D)o — [ (TRE{h), V(Crm ()
+ u/QVunCm;(un)v,?dx — uAVKg[hn]Cmé(un)vﬁd$
= /Q Vg |*ml (un )¢y + /Q (Vg (un), V(Cyp))da + p /Q VupCm), (un )y, de

~ 1 [ VElhn)im) (un)yfhd
Q

>~ [ mo(w) A+ | Qm(,(hn)c%”fds 10| VG (ol
~ 1| VG hal oy (w1 o

> [ matuicart - /8 o ()3 g1 | V(s 1) = 10)) 26
~ it | VG [huly (w2

thus, we obtain that

/ Q Q
< /Q G () fudh® + /6 o)A

Since m, is convex, u,m. (u,) — my(u,) > 0. Hence for u > 0, we can let ¢ — 0 in (3.11) and
obtain (3.7).
For u € [u1, 0), we note that

|un |
0< unmﬁ,(un) — Mg (un) < ﬁx{lumg}

and

0< /V (untmf (un) —ma (un)) Cdvy) < HCHQLOO/ | IR VR Ry, (3.12)
@ {lun|<c}

Hence if N > 3, or N =2 and p > p; = —1, the right-hand side of (3.12) tends to 0 as 0 — 0
and then we obtain (3.7). The proof of (3.8) is similar.
Applying estimate (3.7) to u, — up,, we obtain for all ¢ € X,(Q2), ¢ >0,

i — i, c*Cvas/ Fo— Cdvﬂ+/ B — hon | CAB2.
/Q\ ccai < [ i+ | | CdBS
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For test function, we take 7, the solution of (3.3), then

[ < [ pdof s [ o)

Therefore {u,} is a cauchy sequence in L*(£, p_ldfyf}) with limit w. Since u,, satisfies (3.10), we

let n go to infty in
L dn = / (o foda + / CB2hndS
/f\l ’ " Q " o0 "

and obtain (3.6). O

Lemma 3.2 Assume A € M(0Q; ) and ¢ € X,(Q), then there holds

% M _
/Q <£ﬂ< - WC) K2[Ndy® = /a (g

Proof. Note that d(ﬁip\) is equivalent to d(5,A) by (1.16). By (1.13) we have almost everywhere
in €,

(z;:c _ ‘;‘,c) K§[A72 = (zmﬁo - ‘5,27&) K§[A] = ~A(2OKE.

If we assume that A\ vanishes in a neighborood of 0 we derive from (3.4)

o Q
/A QORI da = —/ () 4 — CA(BON).
oo On 0
Since ’yf} <£;C — #Q ) is bounded, we obtain the result first if A is nonnegative by considering
the sequence {XBg A} and letting € — 0, and then for any A = AT — \~. O

We observe also that the existence of the Green kernel follows from Lax-Milgram theorem
which gives the existence of a unique variational solution in H, () to

—Au—i—ﬁu—f in €,

u=20 on 0f).

We denote by Gf} the Green kernel and by Gf} the corresponding Green operator defined by
) = Jo Gyl(x,y) f(y)dy.
3.1 Construction of the Poisson kernel when > 0

For the sake of completeness, we recall the construction in [18]. For ¢ > 0, we set V(z) =
max{e2,|z|72} and Vo(z) = V(z) = |z|~2, and if A € M(IN), let u. be the solution of

—Au+ pVeu =0 in €,
U=\ on Of).
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Then

u(z) = [ Kil(z,y)d\(y) = K [\
o0

We obtain by the maximum principle,
Kl <K, <K forall p>p' >0and ¢ >e>0,
where K is the usual Poisson kernel in  and there exists

Kf}(w,y) = ll_r% Kﬁe(aﬁ,y) for all (z,y) € Q x 0.
Therefore we infer, firstly by monotone convergence if A > 0, and then for any A € 9M(9N), that

lim uc(z) = u(z) = Kf}(x, y)d\(y) for all x € Q. (3.13)
e—0 90

Since V is finite in B¢ N, for any = € Q, Kf}(:c,y) > 0 for all y € 92\ {0}. Letting G§ be the
Green kernel in €2, there holds

)+ 1 / G )Veue(w)dy = | K (a,y)d\(y).
Q oN

If A > 0, we have by Fatou’s lemma,

/Gg(x,y)V( u(y)dy < hmmf/GO z,y)Ve(y)ue(y)dy. (3.14)
Q

Combined with (3.13) it yields

)+ /L/G z,y)V(y)u(y)dy < K (x,y)d\(y) for all z € Q.
o0

Since the function u + uGf}[Vu] is nonnegative and harmonic in ©, it admits a boundary trace
which is a nonnegative Radon measure A* and there holds

x) + ,u/ G (z,y)V(y)u(y)dy = | Kz, y)d\*(y) for all x € Q. (3.15)
Q o0N

Because of (3.14), we have that 0 < \* < X and the measure \* is the reduced measure associated
to A. Since (3.15) is equivalent to

u(z) = [ K} x,y)d\*(y),
15)9)
there holds

K (z,y)d(X — X*)(y) = 0.
o0
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This implies that A = A\* in 99\ {0}. With the notations of [18], we recall that
Sing, () := {y € 90 : Tz € Q s.t. Kﬁ(xo,y) =0}

CZ,: = {y € 0N : /QKé)(:c,y)V(:z:)p(x)dx = oo} .

Actually, if y € Sing,, (), Kf}(mo, y) = 0 for any xp € Q by Harnack inequality. Clearly 0 € Zy
and if y # 0 the integral term in the definition of Zy is finite. Hence Sing, (?) C Z,, = {0}.
Since for any truncated cone Cj s € €2 with vertex 0, there holds

dx
V(z)——— = o0,
/Cv'oyg |1" - y|N72

it follows by Ancona’s result [18, Theorem Al] that 0 € Sing,, (€2). Finally

Q _
K, (,0) =0 forall z€Q.
3.2 Construction of the Poisson kernel when p; < <0
For e > 0 and A € C(99), A > 0 we denote by w = we » the variational solution in H,(£2) of

—Aw + pVew = —pV.KEA] in €,
w=20 on Of).

Then we y > 0 and u = ue ) = we + ng[)\] satisfies

—Au+ pVeu =0 in €,
3.16
{ U=\ on 0f). ( )
Since —Au, y + puVu <0, there holds from Lemma 3.1
/ ue Lyt < / ACdB; for ¢ € X,(Q), ¢ >0
Q o0
and in particular
Ue A 1 Q Q
—=dry,; < / Ad(nB,)). 3.17
/Q p " Jaa g (3.17)
Ife >€ >0and X >\ >0 we have
Aue Auez /
_SeA L X (Ve — V) <0,
Ue, ) Ues N/
Since
Aue A Aue’ A 2 2
_ ) 9 _ ’ , d
/Q ( Ue,\ " Ue N (e = e x )l
u 2 Ue! N 2
B / ‘vua/\ e Vue x| + ‘Vuelv)‘/ - Ve \ de,
{UE,AZUG/N} uelv)‘/ uea)‘
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= A () is constant on the set {z : ue(z) > ue v (z)}. If this
set is non-empty we get a contradlctlon since it is strictly included in 2. Therefore the mapping

(Ea /\) = Ue, )

is decreasing in € and increasing in A.

Next we can assume that A € 9t (0€) vanishes in By N 9N and that {\,} C C(99) is a
sequence of functions which converge to A in the weak sense of measures. We denote by wuc x,
the solution of (3.16) with A replaced by A,. Since p < 0, oy < 1, p_l'yf} ~ Jzfe+—t > ROFT
where R,, = max{|z|: z € Q}. Hence

/ue,xndl‘ < Cs/ And(nBE) < col| Mlam(any-
0 20

Hence ue ), and Viu ), are uniformly bounded in L'(Q). From standard regularity estimates

N
the sequence {ue, fnen is bounded in the Lorentz spaces L¥-1"°(Q) and weakly relatively
compact in L'(Q) (see e.g. [12]). This implies that, up to a subsequence, ucy, converges in
L'(Q) and a.e. in Q to a weak solution u, ) of

—Au+ puVeu =0 in €,
U= A on 0,

that is a function which satisfies

/Q(—UQAAC + pVeue \Q) do = — (mgfld)\ for all ¢ € Cé’l(ﬁ). (3.18)

Furthermore (3.17) holds (with the same notation). For test function ¢ in (3.18), we take ( = 6;

be the solution of
{ *Aal =1 in Q,

01 =0 on Of.

0
/uE \dx = —,u/Vu6 A\O1dx —/ @d/\
Q 89

By the monotone convergence theorem we obtain that Viue x — Vuy in LY(,61dx) by letting

Then

e — 0 and 90
/uAda? = —,u/ Vuy61dx —/ —1d/\
Q o0 0
Hence
/ (=AC + pV ) urds = — % n for all ¢ eyl (D).
Q anOn

We also have

/ e, LCdy, = p / (V = Vo)uep, Cdvit + / (AndpB for all ¢ € X,(9).
Q Q o0
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Since u,,y, converges in L'(£2) we obtain if ¢ > 0,

N B Q Q Q
/Q UerLiCdr? = /Q (V = VJuerCdy + /8 Gl < /a ()

by using the fact that pu(V — Vi) < 0. When € — 0, u, ) increases and converges to some uy in
LY(Q, p_ldvfz), which satisfies

/u)\ﬁlt(dvl? < / Cd(ABLY)  for all ¢ € X,(Q), ¢ > 0.
Q a0
For § > 0 denote by (s the solution of

LG = Xo,L£,,¢ where Q5 ={z € Q:p(z) > 0}.

As € X, (), |£7¢] < c10p, hence (5 € X, (Q), [Gs] < cron and (s — ( when § — 0. Furthermore,
since c¢11|z| is a supersolution for ¢1; > 0 large enough, 75(z) < ¢11|z|. Hence

. 1
/ UeLCd? = p / L enGadn® + / Cd(MBD).
Qs o0

{|z|<e} |$|2

Because |z| 2ue|Cs| < c11p M ue y and uey — uy in LY, pfldvﬁ), we derive that

_ 1
lim TUeaGdyy =0,
=0 J{jz)<e} |7]

which implies

L5¢dySt = d(2\BD).
/Q(SUA Cdy, /3945 (AB,)

Letting § — 0 we obtain by monotonicity

* Q _ Q
/Q N /8 GO, (3.19)

Finally, if A € M (09, B,,) we replace it by A\s = x B§>\ and denote by uy; the weak solution
of
—Au+pVu=0 in €,
U= A on 0f).

The mapping 6 — u), is monotone. Hence, by the monotone convergence theorem u), increases
and converges to some wuy in L'(€Q, p_ldyff) and clearly uy satisfies (3.19) for all ( € X,(€2).

4 The singular kernel

In this section we construct the singular kernel qbf} and prove that it satisfies estimates (1.11)-
(1.12) and it is associated to Dirac mass at 0. Up to a rotation we can assume that the inward
normal direction to Q at 0 is ey = (0’,1) € RV~ x R. Hence the tangent hyperplane to 9Q at
0is ORY =RV~1 For R > 0 set B, = {/ e RV"! : |2/| < R} and D = B}y x (—R, R). Then
there exist R > 0 and a C? function 6 : Bf — R such that 90N D = {z = (2/,2n) : oy =
§(z') for ' € BR} and QN Dp = {z = (', zn) : (2') < xny < R}. Furthermore V6#(0) = 0.
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4.1 Classification of Boundary isolated singularities

We characterize the positive solutions of £,u = 0 which vanish on 92\ {0}.

Lemma 4.1 Let u > py and u € C*(Q\ {0}) be a positive solution of L,u =0 in Q vanishing
on O\ {0}. Then there exist a > 0 and c12 > 0 such that

u(x) < cpalz| =4 p(x) for all z € Q\ {0}. (4.1)

Proof. This is a direct consequence of Boundary Harnack inequality [3, Th. 2.7].

Proposition 4.2 Assume that u > p1 and u € C%(Q\ {0}) is a positive solution of L,u = 0,
vanishing on 0Q \ {0} satisfying (4.1) with a > —a_. Then the following convergences hold in
cHsYh:
(i) If p > p1 and a = —a_, there exists c13 > 0 such that
lim ulr,)
r—0 7ro%-

= 131 as r— 0. (4.2)

(ii) > p1 and a > —a_ there exist T > a + a_ depending on a and p, and c14 > 0 such that

u(z) < cplz| "M p(z)  for all z € )\ {0}.

Proof. Step 1. Straightening the boundary. We define the function © = (01,...,0x) on Dr by
yj =0j(x) =2;if 1 <j < N—-1and yy = On(z) = 2y — 0(z’). Since DO(0) = Id we can
assume that © is a diffeomorphism from Dpr onto ©(Dpg). We set

u(z) = u(y) for all z € D}, = By x [0, R). (4.3)
Then
Ugja; = Uyjy; — 200, Uy,yy — Oy Uyy + ngaywyzv for1<j<N-—1, (4.4)
Ugyzy = Uyyyy '
and
At + | V0| ity gy — 2(V0, Vil ) — iy AO — Wa ~0. (4.5)

We use here the spherical coordinates (r,0) in the variable y and we recall that A’ is the
Laplace-Beltrami operator on S¥~! and V’ is the tangential gradient on S™V~! identified with
the covariant derivative via the isometric imbedding S¥~1 & RY which enables the formula,

1
Vi(y) = <ﬂrn + TV'&) (r,o) with n=|y| ly.
After a lengthy computation the details of which can be found in [12, p 298-300] we obtain
%1y, [1 - 20,(n, en) + |VO*((n, en))?]
+ri, [N —1—r(n,en)A0 +7r|V0)? ((V'((n,en)), en) — 2(V'0,V'((n,en))))]
+(V'u, en) [-rA0 + 26, — |[VO[*(n,en)] + 7(V'd,, en) [20, + 2|V0|*(n, en)]

"
S =0.

—2<V/'a, V’9><n, eN> + <V’(<V’&,eN>), ‘V&‘Qe]\] — 27’71V’9> + AI'INL — W
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Next we set
a(r,o) =r""(t,o) with t=1Inr,

and we assume that
a#——. (4.6)

We notice that
N N—1
=32 = 3 2% 4 (on — 0(2'))? = 2] — 2en6(2) = [oP(1+ O(r)) as r— 0
j=1 j=1
= |z*(1 + O(e!)) as t — —oo0.

By a straightforward computation we find that v satisfies the following asymptotically au-
tonomous equation in (—oo, 7] x SY

(T+e(t,)vg+ (N —2—2a+e(t,")ve+ (ala+2—N) — pu+es(t,))v

4.7
+ Av + (VIU, 64(t, )> + <V/’Ut, 65(t, )> + <V’(<V”L),GN>), Gﬁ(t, )> =0, ( )

where the €; satisfies

e (8, )] + 18ke (8, )] + [V'ej(t, )| < case”. (4.8)
This is due to the fact that |0(2")| = O(]2|?) near 0.
Step 2. The convergence process. Since v is bounded in (—oo, 7] X Siv ~! and vanishes on
(—o0, o] % 8Sf ~! and all the coefficients are continuous functions, we obtain that v is bounded
in W24([T —1,T + 1] x S¥~') independently of T < ro — 2, for any ¢ < co. Hence v is bounded
in any CV7([T —1,T + 1] x Sf_l) for any 7 € [0, 1). Differentiating the equation and using the
standard elliptic equations regularity, we obtain that v is bounded in W34([T —1, T +1] x S]I -1

and in C>7 ([T —1,T+1] x Sffl). We consider the negative trajectory of v in C} (Sﬁfl) defined
by

()= [J {ot.)}

t<rp—1

By the previous estimates and the Arzela-Ascoli theorem, it is a relatively compact subset of

CE(SY™Y), hence its limit set at —oco (or alpha-limit set), denoting A(7_(v)), is a non-empty

connected compact subset of C} (Sﬁ ~1). Multiplying (4.7) by v; and integrating on Sf ~1 yields
1 2 1 2
N —2—2a+ e — -0 | vidS — - Opezv“dS
gN-1 2 2 sN-1
+ +

— % [/sfl (;!W!z - % [a(a+2 = N) — p+ e3]v* — %(1 +q)v§> dS] (4.9)

—/SNl (V'v, e4) + (V' €5) + (V' ((V'0, en)), €6)) v2dS.
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Next we integrate over (—oo,ry) for some ry large enough so that

1 1
’N—2—2a+62—28t61 §|N 2 —2al >0,

here we use the crucial assumption (4.6). Since all the terms on the right-hand side of (4.9) are
integrable on (—oo,r2) because of (4.8) and the bounds on v, we obtain that

/ /N v 2dS < oc. (4.10)

Differentiating (4.7) with respect to t and using the estimates on v and the €; we obtain (see

[12, p. 302] for a similar calculation)
T )
/oo/flvttds < 00. (4.11)

Because v; and vy are uniformly continuous on (—oo, 7], we infer from (4.10) and (4.11)

t_lir_noo (”Ut( )||L2(SN 1y + [|ou (2, )HL? SN 1)) =0.

Therefore the set A(7-(v)) is a compact connected subset of the set of nonnegative solutions of

Aw+(a(a+2-N)—pw =0 in SY,
=0 on 9SY~t.
Step 3. The case a(a+2—N)—pu = N —1. The set A(T_(v)) is a subset of ker(—A’— (N —1))Iy

in H¢(SY™') and more precisely A(7_(v)) = {my1 : m € I*} where I* is a compact interval of
[0,00). We set

X(t) = /S olt,)pnds.

Then X satisfies that

X"(t)+ (N —2-2a)X'(t)+ F(t) =0, (4.12)
where
F(t) = /N 1 [Gl(t, ')Utt + 62(ta ')Ut + 63(ta ')U + <V,,Ua 64(75, )>
sN-
+<V’Ut, 65(t, )> + <V,(<V/U, eN>), 66(t, ))] 1/11dS
Then |F(t)] < cige!. We consider a sequence {t,} converging to —oo and c¢* € I* such that

X(t,) — ¢*. Since X'(t) and X" (t) converges to 0 as t — —oo, we integrate (4.12) on (ty,t)
and let n — oco. Then we get

X'(t)+ (N —2—2a)(X(t) — ) +0(e) =
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Letting t — —oo yields X (t) — ¢*. Hence we have proved that

lim o(t,:) =c"Yy in Cl(Sf_l).

t——o0

Step 4. The case a(a+2— N) —u# N — 1. Clearly A(7_(v)) = {0} and

lim v(t,") =0 in CYSY™). (4.13)

t——o0
Furthermore, since we have assumed a > —a_, there holds actually a > —a_. We recall that

A is the k-th eigenvalue of —A’ in H} (Sffl) and put

o0
Hj, = ker(—A" — A\ Id) = span{pg.1, k.2, -, Pk,j,) and H&(Sf_l) = ke_alHk.

We denote
Pi(z) = 2% 4+ (N — 2)x — pt — A

Then Pi(a—) = 0 and Py(a—) = A1 — Ay <0 for £ > 2. Since a(a+2— N)—pu# N —1 by
assumption, we define a partition of N* by setting

Ny ={keN':a(a+2—-N)—pu—XA>0}, No:={keN':a(a+2—-N)—p—X <0}

and
Wi= & Hp and Wo = & Hj.
keNy kEN>
Then
/ 2
_/Sf_lcpA wdS > ’V/Sﬁ_lgo dS for all ¢ € Wo, (4.14)
where

y=p+ My, —ala+2—N) >0 with ko = inf N.

We denote by P; the orthognal projector onto W; in Hg (S]X*l) and set v = Plv+ Pov = v1 4 vs.
Then the projection of (4.7) on to Wy is

(v2)et + (N =2 —2a) (v2) + (a(a +2 = N) — p) v + Alvy = F(t, ),

where I} satisfies the same estimates (4.8) as €;. Then, using (4.8) and (4.14)

2 t 2
/Nl(vg)ttvgds +(N—-2- 2a)/N1(v2)tvgdS - fy/vaQdS > —cyv7e (/N1v2d5>
Sy S¥ + St

Put Y (t) = ||va(t, .)HLz(qu), because

N|=

/S (02)w2dS = Y/(HY (1) and / (va)uvadS = V(Y (),

N—
S+
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we obtain the following differential inequality
Y+ (N —-2—-2a)Y' —qY > —ci7e’ in D'(—o00,73).

The characteristic roots of the equation y” 4+ (N — 2 — 2a)y’ — vy = 0 are

1
Ay, — :a+§ (2—N—\/4u+4)\k2+(]\f—2)2) = Qp,— +a<0 and
(4.15)

1
bt = A+ 5 (2 N+ VAt D, + (N = 2)%) = g, i +a> 0,
where the ay, 1 are the roots of equations (2.1) with & = k2. The solutions of
2"+ (N —2—2a)2 — vz = —c7e’ in D'(—o0,73).

endow the form z(t) = Ae'%2.— + Be!%2+ + cigel if ay, 4 # 1 or 2(t) = Ae'™2— + Be! + Cte! if
ay, + = 1, for some explicit constant cig depending on ci7 and the coefficients in the equation.
Since Y (t) — 0 when ¢ — —oo by (4.13), it follows from the maximum principle that

Y (t) < croe'®™2+ + crgel if ap, . #1, or Y(t) < cyltle’ if ap, =1 for t <ro.

Then using standard elliptic equations a priori estimates, initialy in LQ(Sf ~1), then in Lp(Sf -1
and finally in CT(Sffl), we obtain that for ¢ < r3,

tak + t 1
cor1e"%2:F 4 co9e if ap, + #1,
[[va(t, ')”01(8171) < : . (4.16)
cosltle if ag, 4+ =1,
where r3 < r9 — 1.
For the components in W; we have

vilt,) =3 > wri()er;(), (4.17)

keN1 1<j<jk

where the ¢y, ; form an orthoromal basis of Hj. Then
wy (N =2 =2a)w,; + (ala+2 = N) — p— \p) wyj = Fij(t). (4.18)

The characteristic roots of equation z” + (N — 2 — 2a)z’ + (a(a+2—N) — pu— Xg) z = 0 are
given in (4.15) with a general k, ay— = a + oy — and a; 4+ = a + ag 4+ where a1 are the roots
of (2.1). They have same sign (including 0) since a(a +2 — N) — pr — A\, > 0, furthermore, their
sum is positive since N — 2 — 2a < 0, as a consequence of a > —a_. By standard calculation
the solution of (4.18) has the form

Jak + _ e(tfs)ak,

0_(t—s
Wy, ;(t) = myet®+ 4 moet® - — / c Fy. ;(s)ds. (4.19)
t Ak + — A —

Since |Fy, ;(s)| < co4€® there holds

0 (t—s)ap+ _ ,(t—s)ak—
/ ¢ ¢ Fy j(s)ds
t

A+ — Qf —

|t]e! ifap_ =1
< .
= { max{e!, '~} ifap_ #1 (4.20)
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In particular, if k; = max Ny, then ag, + = min{ag 4 : k € N1 }.
We assume first that ag, — > 0. Combining this fact with (4.17) and (4.20) we obtain
e itag,_ =1

\
HUI (t7 )HLOO(Sffl) S C26 { maX{et, etakl 7} lf akl B 7£ 1 (421)

Furthermore, because of the explicit formulation and (4.8), the left-hand side of (4.20) can be

replaced by ||v1(t, ')H(Jl(Sle)‘ Combining (4.16) and (4.20) we obtain the result since v(t,-) =0
+

on (—oo,r1) x 9SY L.
Next we suppose that ag, -~ = 0. Then for k = k1, (4.19) endows the form

Wi 5(£) = maetr+ 4y —

0
/ (=9 + _1)Fy, i(s)ds. (4.22)
Ak + Jt

This implies that

0
wkhj(t) — m2 + / Fkhj (S)dS = Aklyj as t — oo.

Ak +J -0

Jk
If Ay, ; # 0 it would imply that Z A, %k, ,j 18 a nonzero eigenfunction of order k; > 1, hence

j=1
it changes sign and it would imply that v changes sign at —oo (notice that all the other terms
wy,;(t) tends to 0 exponentially because of (4.19)-(4.20)). Hence Ay, ; = 0 and (4.22) endows
the form

1 0 t
w5 (t) = mye it — / eI 1y, 4 (5)ds _/ Fy j(s)ds.
Ak + J¢ —00
Because .
/ Fy, j(s)ds = O(e") as t — oo,
—00

we conclude that for & = ki, there holds

|t|e! if ap, + =1,
wg, (1) < ¢ ’
‘ kh]( )‘ = 27{ maX{et,etak1’+} if Ahy 4+ £1
and finally we infer (4.21), which complete the proof. O

Proof of Theorem A. Assume that u € C?(Q\ {0}) is a positive solution of £,u = 0 vanishing
on 00\ {0}.

Case 1: pn > py. We claim (4.2) holds for some ¢13 > 0.

By Lemma 4.1, (4.1) holds for some a > 0. If a < —a_, then (4.2) holds with ¢;3 = 0. If
a = —a_, then (4.2) holds by Proposition 4.2-(i). Hence we are left with the case a > —a_. As
in the proof of Proposition 4.2 we define k; and ko. By replacing a by a’ = a + €, we can assume
that ag, + # 1 and ay, — # 1, to avoid the resonance complication in (4.16) and (4.21), hence

HU(t, )”01(81\77_1) S Cor7 (etak2,+ + €t(lk1,— + et) .
+
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Furthermore ko = k1 + 1 and

1
Uy + = Ahy = = 5 (\/4u + 4Nk 11+ (N —2)2 + \/4u + 4N\, + (N — 2)2) >0,
which yields
ta, — t

H’U(t, ')HC’l(Sf_l) < cog (e k1,— 4+ e ) .
This implies that u satisfies

u(w) < eag (|21 +[]'7%) p(2).
We iterate this procedure up to obtain

u(z) < egole|® p(x)

and we conclude as in the proof of Proposition 4.2, Step 3. O

Case 2: = pp. In this case, the difficulty comes from the fact that there is no dissipation
of energy in (4.9) for a = —a_ = % But from the above iterative procedure in the Case 1,

we could obtain could obtain that for some ¢ € (0, 1),

N72_6

u(@) < eqife|” > " p(a).
We finally show that there exists c3o > 0 such that
. Nezu(r,-)
;%T 2 Inr = 6321/}1( ) (4.23)

in Cl(Sf_l) and

lim r2 ur(r, ) = I = Z)esz (G1Q) (4.24)

r—0 Inr 2

uniformly in Sf -1
Note that (4.7) reduces that
(1+ e () vy + ea(t)vy + (N — 1+ e3(t))v + A'v
+ (V'v,eq(t,.)) + (Vo e5(t,.)) + (V' ((V'v,en)), e6(t,.)) =0,

in (—oo,rp) X S_i]\_ffl, vanishes on (—o0,7() X 8814\_771 and the €; verify (4.8), and

v(t,0) < c33e”
Since the operator involved in the equation is uniformly elliptic we have by standard regularity
theory
”U||02,6([T71,T+1}ngfl) T Hvt”m,é([ﬁl,ﬂungfl) T Hvtt||C5([T71,T+1]><Sf’1)

< 034||U”L<><>((T—2,T+2)x8f‘1

< cg5e T,
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for any T' < rg + 3. We set

then
X"(t)+ F(t) =0, (4.25)

where
F(t) = /gNl(qvtt + €2V + €3V + <V/’U, 64(t, )> + <V/’Ut, €5<t, )) + <V,<<V”U, eN>), €6<t, ))) ’lﬁlds

Hence
|F()| < c36et )t (4.26)

This implies that X’(¢) admits a limit cg7 < 0 when ¢t = —oo and

lim t_lX(t) = C37.

t——o0

Set

Wy= & ker(Al + A\ ld),
E>2

and denote by vs the orthogonal projection of v onto Ws. Then
Vot + (N — 1)’02 + A/’Uz = Fg(t, -), (427)

where
|Fy(t, )] < egget O,

Since Ao = 2N, the function Y (t) = |jva(t, -)HL2(SN_1) satisfies in D’'(—o0,r7)
+

V" — (N +1)Y > —cgel91,

Because Y (t) = o(e VN1 when t — —o0, it follows by the maximum principle that Y (¢) =
O(eVNHI 4 c(0=0t) — O(e(1-9t), Using again the standard regularity estimates for elliptic
equations, we derive

(10, (4.28)

TS T T p———
Combining (4.25) and (4.27) we derive (4.23). Since v(t,-) = X (t)11 + va(t,-) it follows from
(4.28) that

lim w(t,-) = 371 uniformly in Sf_l.
t——00

N4

Thus, the indentity u,(r,-) =772 (25%0(¢, ) + (¢, -)) implies (4.23) and (4.24). O



Schrédinger operators with boundary singular potential 25

4.2 Existence and uniqueness

Proof of Theorem B. We recall that (2 satisfies the condition (C-1) and ORY is tangent to
02 at 0. Let u, be the solution of

Lyue =0 in Qc:=Q)\ B,
uc=0 on 0QNB, (4.29)
ue = ¢, on QNIB..

Since Q2 C Rf, ue < ¢y in Q and

Oue
on

L %
QNI B. on

<0, (4.30)
QNOBe

where n = ¢ 1x. Furthermore, if 0 < € < €, u¢|anoB. < Uc|onoB.= du, hence ug < u, in Q.
There exists qﬁﬂ = lir% ue and gbﬁ is a nonnegative solution of £,u = 0 in €2 which vanishes on
€E—

00\ {0} and is smaller than ¢,. Therefore,

¢Q
limsup -+ < 1. (4.31)
|| =0t Pu

Let ¢ € X,(92), ¢ > 0, then for n’ = —ﬁ = —n, we have that

x

ou i aC
— Q — * Q € H QY
0= /QEC’Y/L Lyucdr = /ﬂeue[’ugd’m + /{9&"m ( C + (C on’ + Y on’ ue | dS.

Using (4.29) and (4.30), we obtain

d¢y; T aC
/Qeuﬁﬁucdﬁ = /83609 < on C (C In + % on Qbu s

We take ¢ =1, hence £,¢ = EQ and we get

09’ 87
EQ ed Q > / M Q e ds > 2 / ds —
“/qu = fopna ( on # d)“ R o(L),
in the case p > 1, and

¢y 37 N
BQ/uedQ>/ —K — 1y ds><—1> 2dS — o(1),
" Ja. T = aB.n \ On o ¢ 2 s{f*lwl @)

in the case pu = 1. Since ue < ¢y,

ueyy, <Adp =r""Nyi € LN(Q).
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Therefore, by dominated convergence theorem, we conclude that

2\/M+M1/N ids it p> o,
Sk

0} /Q Gildy, > (4.32)

N 9 _
<2 — 1> SN71¢1dS if pu=p.
+

We infer that the function d)f} is nonzero. It is a positive solution of Eugéf} = 0 in Q which
vanishes on 90 \ {0}. It follows from Theorem A that there exists k£ € [0, 1] by (4.31) such

that Q( )
¢ (x
lim —F——-— =k if
250 p(@) el s
¢y (@)

=—k if uw=u.
;rlg(l)p(x)\ﬂ_N/an\x] R

Next we show that £ = 1. In fact, if k¥ < 1, there exists ¢y > 0 such that for any € € (0, ¢),

E+1

e < =6,

and then

k+1
lim / / ued'yQSEQ/ PndrySt <
MQ{ H 9 H o K2 T

e—0t

N /S RS i > g,
+

N 9 .
(2 - 1> SN_1¢1dS if = p,
+

which contradicts (4.32). Thus, (1.11) and (1.12) hold true. O

Proof of Corollary C. Identity (1.14). As a consequence of Proposition 4.2, for any ¢ € X,(2)
and € > 0, we set Q. = QN B; and then there holds

0—/9nyffﬁu¢ffdm

Lo Q¢
_ Q px _ 2 Q Q
_/Q¢ £ Cd% /QﬂaB€< On pr"—|r<7 " On C >¢>

Using Proposition A.1, we have that

o0}, 0 0C s
/QHBBE ( S+ (% = +c ) qsﬁ) dS = —C(0)A(e)(1 + o(1)),

where A(e) is defined in (2.5).
The uniqueness follows direct from Kato’s inequality (3.7). O
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5 The Dirichlet problem
Proof of Theorem D. Note that in Section 3.2 for A € 9M(9K2; 5,,), problem

Lyu=0 in €,
U=\ on 0f)

has a unique solution, denoting Kf}()\), which verifies the indentity

/KQ Lidyy) = / CA(ABS)  for all ¢ € X,(9).
Moreover, problem

Lyu=v in €,
u=20 on 0f)

has a unique solution, denoting (Gf}(l/), which verifies the indentity

/ KN L5 Cdvs = / Cdvy! for all ¢ € X, (Q).

Together with Corollary C and the linearity of operator £, we have that Kf}()\) —i—Gﬁ(V) + kol
is a weak solution of (1.18) satisfying (1.20) and the uniqueness follows directly from Kato’s
inequality (3.7). O

Our final part is to classify the boundary data for nonnegative £,-harmonic function.

Proof of Theorem E. Let Q be a bounded C? domain and u be a nonnegative £,,-harmonic
function in €. We now show that there exists a nonnegative measure A on 992\ {0} and k£ > 0
such that

u =K\ + ko, (5.1)

For € > 0, the term p|z|~2 is bounded in Q. = QN B{. Hence the exists a nonnegative Radon
measure A, such that « is the unique solution of

Lyu=0 in Q,
U= Ae on 0f)..

Furthermore A is the boundary trace is achieved in dynamical sense, see [14] and references
therein. Hence for any ¢ € C'(2) vanishing on B, there holds

lim [ w(dS = Cd)e,
6—=0 Jx; 20N Be

where X5 = {x € Q: p(x) = 6}. If we write

Ae = AcloonBe +u0noB.
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it proves that for 0 < ¢ < €, A LBQQBSZ Ae' 60N Be- This defines in a unique way a nonnega-
tive Radon A on 99 \ {0} measure such that (5.1) holds for all ¢ € X,(€) vanishing near 0.
Furthermore pu € L'(€2,) for any € > 0. Denote by K% the Poisson potential of £, in Q.. Then

ulo,= K Aloonpe] + K [ulonos. -

For 0 < € < ¢, one has that K%’ [Aer loonBe, ] [onaB. > 0. Therefore Kf}e' [Aer loanBe,] > Kf}é [AeloonBe]
in Q.. Hence

. Q. ) .

ll_r}r(l)Ku Aeloanse] = K,/[A] <u in Q.

Next we aim to characterize the behaviour at 0. By contradiction, we assume that

lim sup / udﬂf} = lim udﬂf} = 00.
=0 JOnaB. =0 .JonaB.,

Then for any m > 0, there exists a sequence {e,, 1} C R’ tending to 0 and a sequence {{,, 1} C
R% tending to oo such that

/ min{u,ﬂmk}dﬂf} =m.
QNOB.,

. Qe
Set Ty = min{ulonan,, s bmk} and set upy, p =Ky, ™ [Tm,kaaBek]' Then
Uk S U in €,
and we recall that

LB — ¢, (1 + o(1
/Q o, R = a1 200,

where ¢, is the constant defined in (2.4). Combining the boundary Harnack inequality with the
standard Harnack inequality, one infers

O $H@) Uy i) ) () o)
o) = Y000 S () 20 = ) (52)
Q
M €L m,k( )

for all z,y €  such that |z| = |y| > 2¢. If we set g?)g(x) = ¢ (( and Uy, (x) = u, then
p x

(5.2) becomes

G (@) (@) O ()
Ca7 < C46 qgff(y) < o 1 (9) < caq ng(y)

Assume for a while that we have proved that there exists # > 0, independent of m and k
such that for for any

< cu5. (5.3)

[ nad(p82) 20 nad(p52) =om. (5.4)
0Bae, NQ 9B., NQ

If we assume that for 6 < 2ey,,

~ C
2 z/ oild (pBl) = L,
K QNoB; © ( H) 2
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one has for k£ > ko,

3 Om 0 9
G d (0B 297712/ ¢ud (pB
/908326,C ( ,u) 2¢u QNIB2e, g ( '“)
Since C45
~Q < &5 0
P (x) < ” ¢, (y)
and
U () > Carlm 1 (),
we derive
R k(:r)/ 4(082) > 97”0465)9(33)/ d(pB2).
car ’ 9Bsc,, N0 BT 2eueas T Janos,., '
Therefore

U k() > 048mq§2(x) for all x € Q s.t. |z |= 2¢,

and c4g > 0 is independent of m and €;. This implies by the maximum principle and letting
€ — 0,
w() > Up () > 048m¢2(a:) for all = € Q. (5.5)

Since m is arbitrary we obtain a contradiction. Hence there holds

lim sup/ udﬁf} = lim udﬁf} =my < 0. (5.6)
=0 JOnaB. «—0.J0naB.,

Then inequality (5.5) holds without truncation with m replaced by m,,. We recall that
we = K¥[ulonon.] = ulo.~K¥F[Acoonpe]  in Qe (5.7)

Case 1: We first assume that m, > 0. Then (5.4) combined with the maximum principle yields

[ wades?) = [ wad(e8?) 20 wd (o82) = bma(1 +o(1)
8B, N0 8Bae, NQ 9B, N0
with W = p~lwe. Inequality (5.3) is replaced by
1Q ~ 70
x x
car < c46 ~g < U.JG(CE < cu qu( ) <cg5 in Q. (5.8)
QZ);L (y) w€(y) m (y)

Therefore, for e, small enough and |z| = 2¢y,

we(x)/ d(pBil) < 045/ e, (y)d (pB3}) < 2casmy
OB, N0 0B, N

4045'rnu/ e Q degqcqsmy e Q
< — o (y)d (pBy) < ————d,(2) d(pB;) ;
¢u Jop,ra " (0F5) cucar " Jop, no (05)
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which implies

4
We, () < wgf)ﬁ(m) = 049mu<;52(x) for x € QN OBy,. (5.9)
CuCar
Hence 4
We, (z) < wgbf}(x) = 04gmu¢ff(x) for z € QN IBy,. (5.10)

CuCav
Since we, and ¢, are L£,-harmonic in Qs , and vanishes on 02N By, it follows that inequality

(5.10) also holds for any = € g, . By definition w, = Ki}’“ [ulonos,, |, hence

Qe
Ky [ulonos,, J(z) < C4gmu¢’8(l‘) for z € Qg . (5.11)

Next we obtain the estimate from below. From (5.8), with |z| = 2¢y,

. N CariMy
We, (2) d(pB) > cur e, (y)d (pBY) > a7

2
9B., NQ 0B, NQ

Ca7My 3200 d Q C47Ca4 My 7y d Q)
> e | P 080) = i) / ol )

ey, deyeys

Hence
C47C44M
wek(x) =z %(}52(%) = C50mu¢8(5€) for x € QN aBgﬁk.

nC45

It follows that
Qe
K" [ulonos,, J(z) 2 C5Omu¢2(a?) for x € Q. (5.12)

From (5.7), (5.12) and (5.11) we infer
C50mu¢2 < uLQ% —K%’“ e, Lanng] < 048mu¢2 in Qg . (5.13)
This implies, by letting €, — 0,
csomydyy, < u— KA < cusmady,  in Q.

Therefore, the function v — Kf} [A] is £,-harmonic and positive in 2 and it vanishes on 0. By
Corollary C, it implies that it coincides with cqﬁf} for some ¢ > 0 (and in that case csom, <
¢ < cgomy,).

Case 2: Assume m, = 0. Following the same inequalities as in Case 1, (5.9) is replaced by: for
any 0 > 0 there exists kg > 0 such that for k > kg,

We, (7) < 69%)2(3:) for x € QN OBy, .
Hence (5.13) is transformed into
ey, Q-
0 < ula, —Ku™ A loonse | <0¢,  in Q.

Letting successively €, — 0 and 6 — 0 yields u — Kf} [A] = 0in Q, which ends the proof. O
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Appendix: Estimates (1.9) and (3.2)

Proposition A.1 Assume Q is a bounded C? domain such that 0 € O satisfying condition
(C-1) and let 78 be defined by (1.8) and normalized by ”’}/I?HLQ(Q) =1. Then

lii% rl_c“”yf}(r, J=c; in C’lloc(Sffl)

and N
1

2

lim TﬁO‘*’yﬁr(r, )=c ( ) 11 locally uniformly in Sf_l.
r—0

Proof. Since oy + (N —2)ay — pp+1— N =0, the function z — w(x) = |z|*+ satisfies
Lw(z) = Lyw— Ef}w =lz|***(N-1- €8|x|2) in R\ {0}.

Furthermore, Vw € L} (RY). Let Ry > 0 such that N —1 > foRg and m > 0 such that mw >

'yf} on QNBf . Then the function ('yff
in the dual of H,(Q2). Hence

/Q <|V(’}/{L2 —mw)y|* + <|§2| - ES) (’yf} — mw)i) dx <0.

Therefore (’yf} —mw)4 < 0, which implies that

—muw)4 belongs to H,(€2) and satisfies E”(fyf} —mw)y <0

0 <7 (x) < mlz|* forall z€Q.
Then we proceed as in the proof of Proposition 4.2. We flatten the boundary near 0 and set
u(t,o) = 7““*5/3(7‘, o) with ¢t =Inr,

where the function 7}//? is defined similarly as @ in (4.3). Then v is bounded in (—oo, Tp] X Sf -1
and it satisfies
(I+e1(t,))ou + (N =24 204 +€(t,.)) v+ (g (ay + N —2) — p+es(t,.) + thfo) v
+ Alv 4+ (V'v,eq(t,.)) + (Vo e5(t, ) + (V' ((V'v,en)), e(t,.)) =0,

instead of (4.7). It vanishes on (—oo, Tp] x 9SY ! and then ¢; satisfies again (4.8).

Case 1: u > p1. The energy method used in proof of Proposition 4.2 applies with no
modification and we infer that there exists c5; > 0 such that

U(t, ) — C511/)1 as t — —oo

in C! (Sffl) and v;(t,.) — 0 uniformly in Siv*l. If c51 = 0, we can prove, as in Proposition 4.2-
(ii) that there exists 7 > 0 such that

fyf}(a;) < cso|x|*tTT for all z € Q. (5.14)
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Iterating this process, we infer that (5.14) holds for any 7 > 0. For k& > 1, let oy 4 be the
positive root of (2.1) and put wg(z) = |z|* +. Then

ﬁﬂwk(x) = \x!akﬁ_? ()\k — 62\1‘]2) in RN \ {0}.

Since A\, — 00, as k — 0o, we choose k such that \; > 62 (diam(2))?. Hence wy, is a supersolution
of £,,. Because ’yf}(x) = o(wg(x)) near x = 0, it follows that ’yf}(:c) < eo(wg(x)) for any x € Q.
Hence 'yf} = 0, which is a contradiction. Finally it implies that ¢5; > 0, which yields (1.9)-(i).
Because the convergence holds in C' 1(5’5 1 and v(t,.) — 0, we infer

PR, - -Q

}1_13(1)7“ VA, (r,.) = cs1 (ag e + V')

Z

||
Case 2: p = p1. Set v(t,.) = r%flu(r,.) with ¢ = Inr and X(t) = /N 1v(t,.)1/11d5 and
sN-

where e = % . This implies the claim.

obtain again (4.25), where F(¢,.) satisfies (4.26). Since X't) — 0 and X is bounded, it follows
that X (¢) admits a limit ¢s9 > 0 when ¢ — —oo. As in the proof of Theorem A, we infer that

. _ ; 1(@N-1 - _ . . QN-1
tl}_moov(t,.) =cst1 in C7(S{7") and tl&r_noovt(t, .) =0 uniformly in S}7".

If c5o = 0 we derive a contradiction as in the first case. O
Proof of (3.2). Since p* < l%, then comparison principle implies that Uf} > 73 in . Next we
I

show crf} < cwf} in Q. In fact, we only have to show this inequality holds in a neighborhood of
the origin.

Case 1: the boundary is flat at the origin. We first prove above inequality when € is flat in
a neighborhood of the origin, i.e. Bf x [0,R) C @ C RY for some R > 0.

For 7 € R, denote

wr(x) = |z|"zy and W, (z) = |z|"2% in RY,
and direct calculation shows that
Lywr () = [u—7(T+N)|z[" 22y, Lub-(2) = [u—7(1+N+2)]|z| 223 —2|2|” for z € RY.

Let .
( ) Way—1 — 3Way -1 if ay >0,
r) = N-2 2 - :

’LUa+_1 — mwa+ - mwa+_1 if oy < 07

by resetting R € (0, 1] such that @ > 0 in RV~ x (0, R].
When a4 > 0, we have that p — (ay —1)(ay — 1+ N) =0 and

L) = s 2] 35, + a1 > [o] L,
thus there exists t; > 0 such that t;u > Uf} on QN (RY=! x {R}) and

L, (tiw)(x) > ty|z|o+ L > Euo*f}(:n) in QN (RY! x (0,R))
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By comparison principle, we have that
Jf} <tu

which, together with the inequality u < 2¢;w,, —1, implies that 08 < cwf}.
When ay € [25%,0) if N > 3,

Lya(x) = gixrey (204 +2+ N)|z|[* 2oy + ghga|z)* P2 + ghglef*

Y

4, _ _
( (N+2)(2a++2+N) Nof:_2) 2|+ ey + g el

2 ‘a+—1'

N3l
The remaining of the proof is similar to the previous one and we omit it.

Case 2: the boundary is not flat at the origin.

We define the function © = (01, ...,0y) on D by y; = 0j(z) =z;if 1 <j < N —1 and
yn = On(z) = xy — 0(2'). Since DO(0) = Id, we can assume that O is a diffeomorphism from
Dp onto ©(Dpr). We set

ui(x) = u(y) for all y € D}, = By x [0, R).

Then by (4.4) and (4.5), we have that

(~Bua(a) + L )un(e) = (o) + a) + O (1D + o))
Then by resetting R > 0 small and the calculation in Case 1, we have that
Lui(x) > exslz|™ ™, Vae @_I(DE).

By Hopf’s Lemma, there exists to > 0 such that tou; > of} on ©~YdB} x [0,R)) and by

compactness of @*1(§/R x {R}), there exists t3 > 0 such that tzu; > Uf} on @*1(§;% x {R}).
Applying comparison principle, for some t4 > max{tq,t3}, we have that

afz <t in© (D)
and we have af} < cyyf} near the orgin. O

Proposition A.2 Under the assumption of Proposition A.1, there exists cs3 > 0 such that

lim 71— a*o’f}(r ) =cs31  in C'ZIOC(SJJ_]A) (5.15)

r—0

and
lim r~ o' (r,.) = <1 - ) 11 locally uniformly in Si\_f*l. (5.16)

r—0 wr
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Proof. We follow the proof of Proposition A.1, flattening the boundary near 0 and defining a

new function &f} as previously. By (3.2), the function
v(t,o) = r*a+&f}(r, o) with ¢t =lInr,

is bounded and it satisfies
(I+e(t,)vg + (N =2+ 204 +e(t,)) ve + (ar(ar + N —2) — u+e3(t,-)) v
+ Ao+ (V'v,eq(t, ) + (Vo e5(t, ) + (V((V'v,en)), es(t, ) = e'm(t, ),
instead of (4.7), where the function m is bounded as well as its gradient. Then v satisfies the

same bounds as the ones in the proof of Proposition 4.2. The only difference is that the energy
estimate (4.9) is replaced by

1 1
/ <N 2720 te - 8t61> vpdS — / dresv®dS
gN-1 2 9 N
* +
_ 4 ! 2_ 1 2 1 2
= [/Sﬂ\r"l <2WU| 3 [ap(ay +2—N) — p+eg)v® — 5(1 + 51)%) dS]

- /N—l ((V'v,e4) + (V' e5) + (V' ((V'v,en)), €6)) v2dS + et/N_lm(t, Ju(t,.)dS.
s s

Therefore, if 2ay # N — 2, we conclude that (4.10) holds, and (4.11) follows. We infer (5.15)
and (5.16) as in the proof of Proposition 4.2. When 2ay = N — 2, the proof of (4.10) and (4.10)
in the case 2ay = N — 2 is carried out as in the proof of Proposition 4.2-Step 3. O
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