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SENSITIVITY OF SUPERSONIC ORC TURBINE INJECTOR DESIGNS TO FLUCTUATING OPERATING CONDITIONS

Keywords: r Reduced: normalised respect to critical conditions, c Critical thermodynamic property, 0 Total/reservoir thermodynamic property

The design of an efficient organic rankine cycle (ORC) expander needs to take properly into account strong real gas effects that may occur in given ranges of operating conditions, which can also be highly variable. In this work, we first design ORC turbine geometries by means of a fast 2-D design procedure based on the method of characteristics (MOC) for supersonic nozzles characterized by strong real gas effects. Thanks to a geometric post-processing procedure, the resulting nozzle shape is then adapted to generate an axial ORC blade vane geometry. Subsequently, the impact of uncertain operating conditions on turbine design is investigated by coupling the MOC algorithm with a Probabilistic Collocation Method (PCM) algorithm. Besides, the injector geometry generated at nominal operating conditions is simulated by means of an in-house CFD solver. The code is coupled to the PCM algorithm and a performance sensitivity analysis, in terms of adiabatic efficiency and power output, to variations of the operating conditions is carried out.

NOMENCLATURE

p Pressure. ρ Density. T Absolute temperature. R g Specific gas constant. a Speed of sound. v s Specific volume. γ Specific heat ratio. M Mach number. ϕ Flow angle evaluated between the velocity vector and the streamwise direction. φ Leading edge angular extension. G Massflow rate. V Velocity magnitude. H t Nozzle throat half-height. Θ Blade vane stagger angle. R Radius for the design of the convergent. ch Axial chord. β a Leading edge attach angle. Blade thickness. θ Stagger angle. H Specific enthalpy. S Specific entropy. η is Isentropic efficiency. β Expansion pressure ratio. M w Molecular weight. P Power output per unit of depth. n Total number of random parameters. N p Order of the chaos polynomial. P P CM Number of collocation points. µ Mean. σ 2 Variance.

INTRODUCTION

The use of dense gases as working media in turbomachinery, referred to as Organic Rankine Cycle (ORC) turbines, is proposed as a method of recovery of variable energy sources such as waste heat from industrial processes. Whereas a traditional Rankine Cycle operates with steam as the working fluid, ORC turbines use an organic fluid such as hydrocarbons, silicon oils or other organic refrigerants. The low critical temperature, high density and elevated heat capacities of these fluids result in high suitability for low temperature operation, even as low as 80 o C [START_REF] Maizza | Unconventional working fluids in organic rankine-cycles for waste energy recovery systems[END_REF]. Furthermore, the slope of the saturated vapor line for organic fluids eliminates the risk of condensate at the turbine outlet, without heating the working fluid into the superheated vapor region. ORCs represent a promising technology for the development of widely distributed, small yield (from 5 kW to 1 MW) thermal energy conversion devices [START_REF] Hung | A review of organic rankine cycles (orcs) for the recovery of lowgrade waste heat[END_REF]. Proposed heat sources for ORC turbines typically include variable energy sources such as solar thermal collectors or waste heat from industrial processes. As a result, to improve the feasibility of this technology, the resistance to variable input conditions must be taken into account at an early stage of the development process. In this way, it is possible to overcome the limitation of deterministic calculations that neglects the effect of uncertainties in design variables and/or design parameters. The sensitivity of the design with respect to variations of the design parameters, like geometrical tolerances or fluctuations of the operating conditions can be measured through the statistics such as mean and variance (or standard deviation) of a response. Hereafter, statistics will always designate mean and variance (see e.g. [START_REF] Cinnella | Robust optimization of dense gas flows under uncertain operating conditions[END_REF][START_REF] Hercus | Robust shape optimization of uncertain dense gas flows through a plane turbine cascade[END_REF]). In order to assess the influence of variability of operating conditions, thermodynamic and geometrical parameters on the performances of a ORC epxander, firstly an accurate deterministic design methodology for ORC expanders has been developed and tested. The methodology, taking properly into account dense gas effects, is based on a generalized method of characteristics (MOC). The MOC is well known as a powerful tool to solve hyperbolic partial differential equation systems and, in inverse design, can be advantageously used to design the nozzle divergent shapes [START_REF] Zucrow | Gas dynamics[END_REF][START_REF] Délery | Handbook of compressible aerodynamics[END_REF][START_REF] Ali | Numerical solution for the design of minimum length supersonic nozzle[END_REF]. This problem has been widely faced in classical gasdynamics, however only in recent years it has gained interest for real gas problems due to the great improvements in the dense gases thermodynamic modelling.

In this work the MOC algorithm allows to design supersonic nozzles under dense gas effects. Besides, a geometrical post-processing is applied in order to design the ORC axial injector vane shape. This methodology is coupled with an algorithm for the uncertainty quantification applied to the computational fluid dynamics, that implements the Probabilistic Collocation Method (PCM). The purpose is to evaluate the sensitiveness of the performances of ORC expanders designed with the new methodology to stochastic variations of the design parameters. Secondly, the injector performances at nominal point are evaluated by means of an in-house CFD solver equipped with a set of equations of state (EOS), suitable for real gas calculations. Finally, an uncertainty quantification analysis is carried out by coupling the numerical solver with the PCM algorithm and evaluating the sensitivity of injector performances to variability of operational, geometrical and thermodynamic parameters.

DENSE GAS DYNAMICS

Dense gases are defined as single phase vapors in thermodynamic conditions close to saturation curves, characterized by complex molecules and moderate to large molecular weights. When the thermodynamic conditions are such that pressure and density are sufficiently low, any gaseous substance can be considered in the dilute gas region and described with the well known equation of state of perfect gases:

p = ρRT (1)
However, in many practical turbomachinery applications, such as ORC systems, the working fluid thermodynamic conditions are close to the critical point and the real gas effects, due to strongly non-linear molecular interactions, are no more negligible. In this case Eqn. ( 1) is modified by introducing a compressibility factor Z = p/ρRT , which is always below 1 for real gases and measures the deviation from the ideal gas behaviour, for which Z = 1.

For pure substances, Z can be calculated as a function of the reduced thermodynamic properties (i.e. normalized with respect to critical point properties), according to the law of corresponding states. Such calculations are based on simple molecular dynamics models [START_REF] Van Der Waals | The law of corresponding states for different substances[END_REF]. For more complex molecules, simple EOS are no longer accurate and the use of more complex multi-parameter EOS is required. Examples of such multi-parameter EOS are given later.

The dynamics of dense gases can be described through a key thermodynamic property, known as the Fundamental Derivative [START_REF] Thompson | A fundamental derivative in gasdynamics[END_REF]:

Γ = a 4 2v 3 ∂ 2 v ∂p 2 s = 1 + ρ a ∂a ∂ρ s (2)
The study of Eqn. ( 2) provides informations about the behaviour of thermodynamic properties and represents a measure of the rate of change for the local speed of sound. The value of Γ and its sign are good revealers of local dense gas phenomena. In flow regions where Γ > 1, the gas shows a classical behaviour: the speed of sound drops in isentropic expansions, rises in isentropic compressions and only compression shock waves are allowed. So, by virtue of the Second Law of Thermodynamics, it can be shown [START_REF] Bethe | On the theory of shock waves for an arbitrary equation of state[END_REF] that only negative variations of the specific volume are possible across a shock. This is the case of perfect gases described by Eqn. ( 1), having a constant Γ = (γ + 1)/2. If 0 < Γ < 1, it is possible to observe a reverse behaviour with respect to the previous one, but still only compression shock waves are allowed although the related shock losses are lower. Fluids characterized by a region of negative Γ values in the vapor phase are called Bethe-Zel'dovich-Thompson (BZT) fluids and can show strongly non-linear behaviour close to the critical conditions and the saturation curves. When Γ < 0, compression shock waves are forbidden and only expansion shock waves are physically possible [START_REF] Cramer | Transonic flows of bethe-zel'dovich-thompson fluids[END_REF]. This phenomenon is theoretically predicted for a small amount of organic fluids (siloxanes, heavy hydrocarbons, heavy fluorocarbon such as PP10, PP11, PP25 etc.) in particular thermodynamic conditions and it will not be investigated here.

Another important feature of dense gases resides in the viscous behaviour, that is very different from the light gases one. Indeed, this is intermediate between that of liquids, for which viscosity tends to decrease with increasing temperature, and that of gases, with an opposite variation. The dynamic viscosity µ and the thermal conductivity κ cannot be considered independent from temperature and pressure in the real gas regions. In a similar way, the approximation of a constant Prandtl number P r does not hold any more. Its behaviour tends to be controlled by variations of the isobaric specific heat c p , the thermal conductivity showing variations with temperature and pressure similar to viscosity. In the supercritical regime, where c p becomes large, strong variations of P r can be observed, in contrast with the behaviour of perfect gases. The viscous behaviour of dense gas flow has been discussed in [START_REF] Cinnella | Inviscid and viscous aerodynamics of dense gases[END_REF].

GOVERNING EQUATIONS

We consider the conservation equations for singlephase, inviscid, non reacting flow, written in integral form for a control volume Ω with boundary ∂Ω:

d dt Ω w dΩ + ∂Ω f • n dS = 0 (3) 
In Eqn. (3), w is the conservative variable vector, where w = (ρ, ρv, ρE) T n is the outer normal to ∂Ω, and f the flux density:

f = ρv, -pI + ρvv, ρvH T
where v is the velocity vector, E the specific total energy, H = E + p/ρ the specific total enthalpy, p is the pressure, ρ is the density and I is the unit tensor. The preceding equation are completed by a thermal equation of state:

p = p (ρ(w), T (w)) ( 4 
)
where T is the absolute temperature, and by a caloric equation of state for the specific internal energy e. In this work the thermodynamic behaviour of ORC working fluids is described through the Peng-Robinson-Stryjek-Vera (PRSV) cubic EOS [START_REF] Stryjek | Prsv: An improved peng-robinson equation of state for pure compounds and mixtures[END_REF], which has been proven to represent a good compromise between accuracy and computational cost (see, e.g. [START_REF] Congedo | Shape optimization of an airfoil in a BZT flow with multiple-source uncertainties[END_REF]). In this case, the caloric behaviour is modelled by assuming that the isocoric specific heat in the dense gas limit follows a simple power law. The robustness of this equation with respect to more complex and potentially more accurate multi-parameter equations of state of the Span-Wagner type [START_REF] Colonna | Multiparameter equations of state for selected siloxanes[END_REF][START_REF] Colonna | Siloxanes: A new class of candidate Bethe-Zel'dovich-Thompson fluids[END_REF][START_REF] Colonna | Multiparameter equations of state for siloxanes[END_REF] has previously been discussed [START_REF] Congedo | Shape optimization of an airfoil in a BZT flow with multiple-source uncertainties[END_REF]. In the PRSV model, Eqn. ( 4) is replaced by:

p = R g T v -b - a v 2 + 2bv -b 2 .
(

) 5 
where p and v denote respectively the fluid pressure and its specific volume, a and b are substance specific parameters related to the fluid critical-point properties p c and T c . To achieve high accuracy for saturation pressure estimates of pure fluids, the temperature-dependent parameter a in Eqn. ( 5) is expressed as:

a = 0.457235R 2 g T 2 c /p 2 c • α (T ) (6) while b = 0.077796R g T c /p c ( 7 
)
These properties are not completely independent, since the EoS should satisfy the conditions of zero curvature and zero slope at the critical point. Such conditions allow computing the critical compressibility factor Z c = (p c v c )/(RT c ) as the solution of a cubic equation. Note that the correction factor α is given by:

α (T r ) = 1 + K 1 -T 0.5 r 2 (8) 
with

K = 0.378893 + 1.4897153ω -0.1713848ω 2 + 0.0196554ω 3 (9) 
The parameter ω is the fluid acentric factor. The caloric behavior of the fluid is approximated through a power law for the isochoric specific heat in the ideal gas limit:

c v,∞ (T ) = c v,∞ (T c ) T T c n ( 10 
)
with n a material-dependent parameter.

DENSE GAS SOLVER

In the numerical simulations presented in this work, the governing equations are discretized using a cell-centered finite volume scheme for structured multi-block meshes of third-order accuracy, which allows the computation of flows governed by arbitrary EOS [START_REF] Cinnella | Numerical solver for dense gas flows[END_REF]. The scheme is obtained by correcting the dispersive error of the classical second-orderaccurate Jameson's scheme [START_REF] Jameson | Numerical solutions of the euler equations by finite volume methods using runge-kutta time-stepping schemes[END_REF]. To preserve the high accuracy on non-Cartesian grids, the numerical fluxes are constructed by using weighted discretization formulas, which take into account the mesh deformations [START_REF] Rezgui | Thirdorder accurate finite volume schemes for euler computations on curvilinear meshes[END_REF]. This ensures to achieve third-order accuracy on moderately distorted meshes and second-order accuracy at least on highly deformed mesh. The equations are then integrated in time using a four-stage Runge-Kutta scheme. Local time stepping, implicit residual smoothing and multi-grid accelera-tion are used in order to drive the solution to the steady state. The accuracy of the numerical solver has been already demonstrated in previous works [START_REF] Cinnella | Numerical solver for dense gas flows[END_REF][START_REF] Cinnella | Aerodynamic performance of transonic bethe-zal'dovich-thompson flows past an airfoil[END_REF].

METHOD OF CHARACTERISTICS FOR DENSE GASES

In order to achieve a fast preliminary design of supersonic turbine nozzles we develop a design tool based on the MOC. The resulting geometry can be further improved using shape optimization method, however this is beyond the scope of this paper. The MOC for dense gases is developed under the hypotheses of 2D, homentropic, steady flow. By stating the initial value problem, the conservation laws can be written as follow [START_REF] Délery | Handbook of compressible aerodynamics[END_REF]:

dy dx = ± 1 √ M 2 -1 (11) dϕ ± M 2 -1 dV V = 0 (12) 
where the sign " + " denotes a left-running and " -" a rightrunning characteristic line; the coordinates (x, y) are evaluated on a generic characteristic curve. Eqn. [START_REF] Cramer | Transonic flows of bethe-zel'dovich-thompson fluids[END_REF] represent the local slope of the characteristics; Eqn. ( 12) are compatibility relations stating conservation of momentum along the characteristics. Equations ( 11)-( 12) are obtained without hypotheses on the EOS and can be solved simultaneously with the numerical procedure described in the following. First of all, the MOC is initialized by the definition of the following design parameters: upstream total (reservoir) conditions (p 0 , T 0 ); target pressure distribution along the nozzle axis p(x); design massflow rate G.

The calculation of the throat region, where the flow is transonic, is carried out by implementing Carriere's method [START_REF] Carriere | Dynamique des gaz[END_REF], adapted to real gases. In this way, the first characteristic curve is calculated. Multi-parameter EOS based on Helmholtz free energy are used for taking carefully into account the dense gas effects.

For the organic fluid considered in this study, the reference multi-parameter EOS contained in the software NIST-REFPROP ver. 9.1 is used [START_REF] Lemmon | NIST Reference Fluid Thermodynamic and Transport Properties -REFPROP Version 9[END_REF]. In the following, we refer to these equations by the acronym REF.

Equations ( 11)-( 12) are numerically solved, based on a Heun predictor-corrector algorithm, of second order accuracy. By taking two consecutives points (p -1), p on the same characteristic, the finite difference form of the compatibility Eqn. ( 12) is:

A(V p -V p-1 ) ± (ϕ p -ϕ p-1 ) = 0 ( 13 
)
where A is the arithmetic average between points (p -1) and p of the quantity A = √ M 2 -1/V . Solving Eqn. ( 13), along with the Eqn. [START_REF] Cinnella | Inviscid and viscous aerodynamics of dense gases[END_REF], results in an iterative procedure that provides the variables (V, ϕ) and the coordinates (x, y) of points lying on the considered characteristic line. The procedure described above is used to march along characteristic curves inside the nozzle and it is stopped when the massflow across the considered characteristic matches the design one. In this way the nozzle shape is determined. Although the calculations required for the REF model are more complex than the ones required for other gas models, this algorithm remains very fast and only few seconds are required for obtaining results on a single-processor machine. When the chosen total conditions are such that the nozzle expansion goes through the multi-phase region of working fluid considered, the preceding algorithm fails to converge. When this happens, the nozzle design is simply restarted by choosing new total conditions for which no two-phase regions are formed.

PROBABILISTIC COLLOCATION METHOD

The stochastic analysis used to determine the system response to input parameter variation is the non-intrusive Probabilistic Collocation Method (PCM) with a subsequent Lagrange interpolation, as developed by [START_REF] Loeven | Probabilistic collocation: An efficient non-intrusive approach for arbitrarily distributed parametric uncertainties[END_REF]. To illustrate the non-intrusive PCM implementation procedure, we consider the following uncertain differential equation system:

L (x, θ, φ) = f (x, θ) (14) 
Let us decompose the solution φ into deterministic: φ i (x, t), and stochastic:

h i (ξ ξ ξ(θ)), components: φ (x, t,ξ ξ ξ(θ)) = P P CM i=1 φ i (x, t) h i (ξ ξ ξ(θ)) ( 15 
)
where φ i (x, t) is the deterministic solution at the collocation point ξ s (θ i ). In the PCM, p is the order of the quadrature polynomial and the number of collocation points is given by P P CM = p n , where n represents the total number of random input variables. The term h i is the Lagrange interpolated chaos polynomial of order N p = p -1 that passes through the P P CM collocation points:

h i (ξ ξ ξ(θ)) = n s=1     N p k=1 k =i ξ s (θ) -ξ s (θ k ) ξ s (θ i ) -ξ s (θ k )     (16) 
The collocation points are chosen as the roots of a quadrature polynomial of the same type of chaos polynomials adapted for the solution expansion. These in turn are selected according to the Askey scheme [START_REF] Xiu | Modeling uncertainty in flow simulations via generalized polynomial chaos[END_REF]. A decoupled deterministic CFD simulation is carried out at the p collocation points for each uncertain parameter, permuted by a full factorial design, resulting in P P CM = p n independent deterministic simulations. With all of the deterministic simulations completed, the output statistics can be calculated using a reconstructed Monte Carlo (RMC) method on the Lagrange interpolation. A large number (N RM C ≈ 10000) of values of ξ s (θ) are selected from the uniform distribution of each input parameter and substituted into Eqn. ( 16). This equation rapidly reconstructs h i , which is inserted into Eqn. [START_REF] Colonna | Multiparameter equations of state for selected siloxanes[END_REF]. Finally, the statistical moments of each output parameter distribution can finally be calculated using the classical definitions on the sample generated by the RMC method.

DETERMINISTIC RESULTS

An application of the MOC algorithm at nominal operating conditions is here proposed. The prescribed working fluid is the 1,1,1,3,3-pentafluoropropane, well known as R245fa. This is a dry organic fluid suitable for ORC applications, non-toxic and with no ozone depletion potential. The nominal operating conditions are chosen very close to the critical point in order to involve dense gas effects in the design process. Here, the pressure distribution along the nozzle center-line is defined in order to match a pre-defined exit Mach number, M e (see Tab. 1). The massflow G is defined per unit of length in the spanwise direction. These operating conditions are representative of a typical small scale axial ORC action turbine (≈25 kW), where the entire enthalpy jump is elaborated in one single stage. As a consequence, the turbine is heavily loaded and strongly supersonic flow develops in the nozzle blade vanes. The MOC allows to design the nozzle divergent. The design is completed by adding the convergent part, the shape of which is simply derived from geometrical considerations. Being the flow in the divergent supersonic, any geometry of subsonic nozzle convergent leads to the desired pressure ratio and massflow. The convergent is obtained as a concatenation of circular arcs whith a radius R defined such that R/H t > 6 [START_REF] Délery | Handbook of compressible aerodynamics[END_REF] (see Fig. 1). For this application, the MOC algorithm provides a nozzle throat-to-exit pressure ratio of 7.3 and a Mach number field described by the isocontour lines in Fig. [START_REF] Van Der Waals | The law of corresponding states for different substances[END_REF]. These results have been accurately verified by means of comparisons with results obtained for Euler calculation in the same geometric and operational conditions. The MOC results are shown to be in good agreement with the Euler ones, with slight differences but all below 1% (see Fig. 34). 

Blade vane design and testing

Once that the complete nozzle geometry is obtained, a further geometrical post-process is applied in order to get the desired axial injector shape. Knowing the main geometrical features of the turbine, such as the axial chord ch, the stagger angle θ and the blade pitch (c-c') (see Fig. 5), the blade vane is designed in the following way:

1. The suction side (d-e) is obtained by rotating the NODEC nozzle geometry by the angle θ in clockwise 

Fine mesh 384x64

FIGURE 6. COMPARISON TEST BETWEEN MACH NUM-BER CONTOUR PLOTS FOR A COARSE MESH (TOP) AND A REFINED MESH (BOTTOM).

Inviscid simulations have been carried out for the fine structured mesh. The inlet reduced total pressure and temperature, and a periodicity condition at inter-blade boundaries are imposed. A no-match joint condition is applied to the branch-cut on the wake whereas an extrapolation condition is applied at the supersonic outlet. A slip condition involving a second order multi-domain extrapolation of the pressure from the inner cells is used. In order to assess numerical accuracy of the solutions further analysed, a preliminary mesh refinement study has been carried out. The inviscid results for a coarse structured mesh (192 × 32 cells) in terms of Mach number and static-to-total pressure ratio profiles along the blade wall (see Fig. 67) have been compared with those obtain for a fine structured mesh (384 × 64 cells). The two solutions show only slight differences in terms of pressure ratio estimated to be under 2%. Then, numerical results on the finer grid are analysed in terms of both the overall characteristics of the flow fields generated through the machine (see Fig. 8) and the performance parameters of interest: isentropic efficiency η is (computed as the real-to-ideal static enthalpy drop ratio); power output per unit depth P . The flow is strongly supersonic and two weak oblique shock waves depart from the trailing edge: one impinges the suction side of the bottom blade, the other one interacts with the free stream downstream the vane. The flow accelerates up to Mach 2 in the nozzle exit section A e , as predicted by the MOC design. Afterwards, the flow continues to expand guided by the suction side wall on the bottom and from a free stream surface on the top. This effect leads the flow to Mach numbers higher than expected (up to M ≈ 2.7). The flow is then weakly decelerated passing through the oblique shock. In addition to that, the shock induces an important deflection in the exit flow angle (see Fig. 9), which differs of about 60% from the geometrical one. This phenomenon needs to be taken carefully into account in the turbine stage design. The flow behaviour is also influenced by dense gas effects. As shown in Fig. 10, the flow starts to expand from thermodynamic conditions which are quite far from the saturation curves. This results in weak dense gas effects at the beginning, as confirmed by the fact that Γ is greater than 1 in the subsonic part of the blade vane. During the expansion, the flow approaches the upper saturation curve and Γ becomes lower than unity. As a consequence, the speed of sound increases during the expansion and the growth of the Mach number is slowed down. In the final part of the expansion Γ increases again above unity and dense gas effects disappear. Finally, the injector performances are provided in Tab. 3.

STOCHASTIC RESULTS

In this section, the MOC algorithm previously described is coupled with the PCM algorithm in order to quantify the variability of the nozzle shape geometries and performances under variable operating conditions. In the following we assume that all of the input random parameters, like the total pressure and temperature upstream of the turbine, are independent. If some of the parameters were to be correlated, the method could be still applied by treating one of the parameters as random and by computing the other ones using the correlation law. For the MOC application, the parameters with the greatest effect on the nozzle design are: the inlet total pressure p 0 and inlet total temperature T 0 (then, n = 2). As first approximation, a uniform continuous distribution is considered. Then, once defined the input parameters range variability (a, b), the main statistics mean µ and variance σ are calculated as follows:

µ = a + b 2 ( 17 
)
σ 2 = (b -a) 2 12 ( 18 
)
A variation of ±3% of the reduced inlet total conditions around the nominal point (p 0 r = 0.98, T 0 r = 1.13) is preliminarily considered. This choice allows to avoid the fall in the gas-liquid co-existence region of the state diagram during the gas expansion, which could implies issues from the numerical point of view. Indeed, for the ORC application here considered, the dense gas behaviour is studied by choosing nominal operating conditions as close as possible to the saturation curves (see Fig. 11) and their perturbations have to be accurately evaluated in order to avoid multi-phase expansions. By considering a second order Lagrange interpolated chaos polynomial, the total number of collocation points (and, then, of deterministic simulations) is P P CM = 9. The results are obtained again for the R245fa working fluid and they are firstly analysed from a geometrical sensitivity point of view. All the calculations are performed by keeping the target massflow constant and equal to 20 kg/s. The variability of the operating conditions induces a variability in the output nozzle design. In this case, the prescribed variation of operating condition results only in a slight modification of the nozzle geometry with respect to the one obtained at nominal operating conditions (see Fig. 13), with a maximum variation of only 0.01% of the exit-to-throat area ratio with respect to the mean value (nominal point). This shows that the MOC design is not strongly affected by the variability of the reservoir conditions when the mass-flow ratio is kept constant, which was expected for a perfect gas. For real gases, these variations lead essentially to modifications of the nozzle shape in the throat region. Due to this considerations, we should expect that the sensitivity to variations of the main flow quantities, such as the Mach number, is very low. Indeed, inspection of top Fig. 12, displaying the percent coefficient of variation of the Mach number, the peak of variability of the solution, located close to the nozzle center-line, is of about 0.01%, which is negligible. Bottom Fig. 12 shows the mean Mach number field applied to the mean nozzle shape and it is very similar to the one obtained for the nominal operating conditions. In order to investigate the effect of large perturbations of the inputs conditions while avoiding to cross two-phase regions during the expansion, the Beta continuous distribution is selected because of its higher versatility. Indeed, by setting up its parameters to generate a non-symmetrical distribution, the Beta pdf can be advantageously used for increasing the inputs variability obtaining collocation points quite far from the saturation curves. The four Beta parameters α, β, ā, b (with α, β the pdf shape parameters and ā, b the lower and upper base interval limits) are estimated and fitted on the imposed input mean and variance. Now, a coefficient of variation of 8% respect to the nominal point (p 0 r = 0.98, T 0 r = 1.13) is considered. In Fig. 14 an increase of the geometric variability is shown. However, it remains still quite low with variations of the shape below 1%, even if the percent variation (see Fig. 15) is one order higher than before. This effect could be related to a substantial non-sensitivity of the MOC algorithm to input variations. Besides, the choice to impose a constant design massflow for all the calculations implies to keep the exit-to-throat nozzle area ratio constant. Then, the only variations for real gas applications are due to the termodynamic model and to the variability of the specific heats ratio inside the nozzle. This results only in slight variations of the nozzle geometry in the accelerating part. This analysis has been carried out also for the injector geometry, by coupling the inviscid dense gas solver with the PCM algorithm. In this case however, the inlet total conditions are varied with a fixed outlet pressure, leading to mass-flow variations. We then expect to observe a stronger impact of input uncertainties on the output solution. The results are shown in Fig. 16 and Fig. 17 under the form of percent coefficient of variation and mean Mach number, respectively. The mean flow field is similar to that obtained with the deterministic code described above and the same observations can be addressed. Nevertheless, significant variability of the Mach number can be observed by analysing the coefficient of variation. Some zones of high uncertainty are located in correspondence of the oblique shocks and wake departing from the trailing edge, with contributions between 4% and 10%. The highest variability zone is located on the stagnation point at the blade leading edge, with a contribution of about 16%. lution and implements the evaluation of the Sobol' indices for each source of uncertainty [START_REF] Tang | Global sensitivity analysis for stochastic collocation expansion[END_REF] and aims to identify the main contributors to the total variance estimated with the full-factorial PCM algorithm. Even though the PCM represents a numerically expensive method, it is very accurate [START_REF] Congedo | Efficient robust optimization techniques for uncertain dense gas flows[END_REF] and is here implemented for obtaining a reference solution. Comparisons with other more efficient uncertainty quantification methods are in progress and will be discussed in the future.

In this problem five uncertain input parameters are taken into account: two operating conditions (p 0 r , T 0 r ) and three geometric factors (angle of attach β a , blade stagger angle θ and blade thickness ). In this set the thermodynamic parameters have been neglected in order to reduce the space parameters and save computational cost. Indeed, as shown by other authors [START_REF] Congedo | Efficient robust optimization techniques for uncertain dense gas flows[END_REF], the thermodynamic model plays a marginal role in this kind of application. In this way, by considering a second order Lagrange interpolated chaos polynomial, the total number of collocation points (and, then, of deterministic simulations) is P P CM = 3 5 = 243. The results are obtained in the same hypotheses of the two-parameter calculations: uniformly distributed input parameters; operating conditions variability of 3% respect to the nominal point (p 0 r = 0.98, T 0 r = 1.13). It has been imposed a variability of 1% around the base injector shape for the geometric parameters. These values agree with the common geomet-ric tolerances for turbomachinery applications. In Fig. 19 the mean Mach number field is shown. It is qualitatively similar to those previously obtained with other simulations and no further considerations will be carried out. More significant informations are provided by Fig. 18, where the Mach number percent coefficient of variation is shown. The amplification factor given by the exit-toinlet CoV M ratio, evaluated for the Mach number, is about 0.667. This value states the existence of a damping effect of the upstream uncertainties provided by the injector system. Besides, even though the level of uncertainty for the operational input parameters is the same of the uniform two-parameter case, the variability of the output reaches higher level which are comparable with those obtained with the Beta distribution calculation. This result could be explained by asserting that the introduction of , and most of all, variations of the pressure ratio have increased the global level of uncertainty. To verify this claim the ANOVA analysis can helps to evaluate the contribution of the single uncertain parameters to the global variance. Here only first order Sobol' indices are evaluated and the second order parameter interactions are neglected. In Fig. 20 the five Sobol' indices are shown. It is clear that the operating conditions (p 0 r , T 0 r ), with greatest importance of the inlet total pressure, and the geometric parameters (β a , ) give a great contribution to the final value of the Mach number variance. On the contrary, the stagger angle θ seems to have a negligible action. In Fig. 21 the percent contribution to the variability of the nozzle blade performances by means of isentropic efficiency and power output, for each input parameter, is shown. The histogram confirms the importance of the operating conditions on the final results, along with minor contributions given by the blade thickness and the angle of attach.

CONCLUSIONS

In this work a fast methodology design for supersonic nozzle blade vanes of ORC axial turbines has been developed and tested for accuracy analysis. The design process, based on the method of characteristics (MOC), takes into account the complex behaviour of the ORC working fluids, characterised by strong dense gas effects under the operating conditions of interest. The MOC is generalized to the real gas case and accurate multiparameter equations of state are used to model the gas thermodynamic behaviour. Then, numerical simulations are carried out for the blade vane design at nominal operating conditions near to the critical point for the ORC suitable R245fa working fluid. It is shown that there is the presence of dense gas effects which have an impact on the injector performances. Indeed, by analysing the fundamental derivative behaviour, shock intensity is lower than in the ideal gas case and this effect has positive consequences on the main performances. An uncertainty quantification analysis is then carried out by studying the sensitivity of the MOC algorithm to the variability of the operating conditions. It has been shown that the MOC method is quite robust to variations of the magnitude of 8% , for a given mass flow ratio.. Further tests could be performed by increasing even more the input variability and changing the target massflow rate in order to variate the exit-to-throat nozzle area ratio and assess the limits of the MOC robustness.

In the last part of the paper a ANOVA decomposition anal-ysis is carried out to identify the greatest contributions to the variance of the Mach number and, ultimately, of the injector performances such as isentropic efficiency and power output. The results show a great influence of the operational parameters and of two geometrical ones, as the blade thickness and the angle of attach, on the output performances.
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TABLE 1 .

 1 NOMINAL OPERATING CONDITIONS FOR THE MOC ALGORITHM.

TABLE 2 .

 2 GEOMETRICAL PARAMETERS FOR THE IN-JECTOR DESIGN.The injector shape designed with the technique described above, has been tested in the numerical solver under the nominal operating conditions of Tab. 1. Further geometrical design parameters are provided in Tab. 2.
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