
HAL Id: hal-02155478
https://hal.science/hal-02155478v1

Submitted on 19 Sep 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License

Finite element modelling of hardening concrete:
application to the prediction of early age cracking for

massive reinforced structures
Laurie Buffo-Lacarriere, Alain Sellier, Anaclet Turatsinze, Gilles Escadeillas

To cite this version:
Laurie Buffo-Lacarriere, Alain Sellier, Anaclet Turatsinze, Gilles Escadeillas. Finite element modelling
of hardening concrete: application to the prediction of early age cracking for massive reinforced
structures. Materials and structures, 2011, 44 (10), pp.1821-1835. �10.1617/s11527-011-9740-y�. �hal-
02155478�

https://hal.science/hal-02155478v1
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr


Acc
ep

te
d 

M
an

us
cr

ip
t

Finite element modelling of hardening concrete: application to the 
prediction of early age cracking for massive reinforced structures

Abstract This article presents finite element mod-

elling to predict the early age cracking risk of

concrete structures. It is a tool to help practitioners

choose materials and construction techniques to

reduce the risk of cracking. The proposed model

uses original hydration modelling (allowing com-

posed binder to be modelled and hydric consumption

to be controlled) followed by a non-linear mechanical

model of concrete at early ages involving creep and

damage coupling. The article considers hydration

effects on this mechanical model, which is based on a

non-linear viscoelastic formulation combined with an

anisotropic, regularized damage model. Details of the

numerical implementation are given in the article and

the model is applied successively to a laboratory

structure and to a massive structure in situ (experi-

mental wall of a nuclear power plant studied in the

framework of the French national research project

CEOS.fr).

Keywords Early age � Mechanical behaviour �

Creep � Damage � Numerical modelling

1 Introduction

The early age cracking of structures is a serious

concern in the construction industry. The occurrence

of localized cracks in structures during the construc-

tion phase lead to possible aspect problems some-

times difficult to accept by structure’s owners. On

another hand these cracks can lead to durability

problems if their opening is excessive. In this context,

the purpose of the work presented here is to supply to

practitioners with a numerical simulation tool able to

quantify the early age cracking pattern of structures

in situ. This tool can then be considered as a relevant

help in the process of choosing appropriate concrete

formulations and construction techniques to prevent

or limit cracking.

With this aim, initial work was performed to

predict the evolution of hydration in structures cast

using composed binders (cement and pozzolanic

additions) [10]. The physicochemical phenomena

occurring as hydration develops can be causes of

early age cracking. Based on a multiphasic approach,

the hydration model allows several solid phases

(cement and additions) to be investigated under

different environmental conditions. It was built in a

finite element framework to predict the hydration
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evolution not only in endogenous conditions but also

in real conditions, where the effects of water

exchange, solar radiation and wind are properly

taken into account.

The realistic prediction of hydration degrees,

temperature and water content obtained with the

hydration model can then be used in the early age

mechanical model to assess the cracking of struc-

tures. Early age cracking of concrete structures will

occur under the effect of stresses that are conse-

quences of hydration in real environmental condi-

tions. Many physical phenomena have to be

considered in order to model the occurrence of this

early age cracking:

– variation of the mechanical properties induced by

binder hydration (hydration degree a predicted by

the model presented in [10]

– internal strains imposed by the variations of

temperature in the concrete (temperature T pre-

dicted as presented in [10]),

– damage behaviour of concrete, which governs the

occurrence of cracking,

– delayed behaviour of concrete (research per-

formed during recent decades shows that precise

modelling of delayed phenomena needs to take

relatively complex behaviour into consideration

[1], both for autogenous behaviour and for

delayed strains induced by drying. This last part

is not treated in this article, which focuses on

massive elements, but has been presented and

validated in [27]). In fact in massive structures,

the thermal strains are greater than the autoge-

nous shrinkage, and the drying concerns only a

few part of the volume, such as these two last

aspects can be negligible in this context.

2 State of the art

In the aim of adapting concrete mechanical models to

hardening materials, Bažant [2] has proposed the

solidification theory. This uses a homogenization

method based on the progressive formation of new

hydrates. The hardening concrete is considered as a

composite that includes aggregates, hydrated paste

and non-hydrated paste, in which each component

has its own rheological model with characteristics

that are constant over time. The global properties of

the hardening material are then managed through the

variable proportions of each component. This solid-

ification theory has been widely used since it was first

put forward, with many behaviour laws [18, 20, 23].

Another, easier to use, approach considers the

evolution laws for mechanical characteristics within

the behaviour laws. This method is employed in

several codes (CESAR-LCPC, 4C-TEMP&STRESS)

but the laws used in these codes do not consider the

non-linear behaviour of concrete. Nevertheless, this

non-linearity could strongly influence the early age

behaviour of the structure and consequently its

cracking risk. That is why several authors propose

early age non-linear behaviour models depending,

through their parameters, on hydration [16]. They are

based on incremental basic creep laws, elastoplastic

laws [31] or even creep-damage coupled laws [3].

The authors demonstrate the prediction capabilities of

their models from an analytical point of view.

However the numerical implementation of such

models in a finite element code can sometimes lead

to problems, as discussed in the first part of this

article where a complete procedure for the imple-

mentation of a mechanical model of hardening

concrete is explained. After a general presentation

of the mechanical modelling, the constitutive laws

will be developed in incremental form (including

creep laws) so that the model can be used for

hardening materials. Moreover, the numerical imple-

mentation considers the particularity of the updating

of internal variables according to the hydration

development. Finally, the incremental and non-linear

formulation is applied to predict, through finite

element modelling, the behaviour of a ‘‘laboratory

structure’’ and of a real reinforced massive structure

at early age.

3 Modelling the behaviour of hardening concrete

In order to take account of the different creep rates of

concrete subjected to deviatoric or hydrostatic

pressure [1], stresses and strains are divided into

these different types of stress. For each one, the

instantaneous elastic module (level 0 in Fig. 1) is

associated with a non-linear viscoelastic module

(levels 1 and 2 in Fig. 1) based on Acker and Ulm’s
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proposals. Each level considers a particular behaviour

of concrete:

– level 1, which represents paste and aggregate

viscoelastic behaviour, it is responsible for the

reversible part of creep,

– level 2, which models C–S–H viscous behaviour

corresponds to the irreversible part resulting from

sliding between C–S–H layers.

According to the damage definition of [19] and in

order to take account of the connection between

rheological behaviour and damage, the stress is the

‘‘effective stress’’ ð~rÞ It is used here in an anisotropic

damage model to assess the stiffness decrease due to

cracking.

3.1 Constitutive laws

3.1.1 Incremental formulation of rheological laws

When concrete rheological properties are modified

according to the chemical state of the material, the

effective stresses are evaluated as the sum of

effective stress increments observed since the start

of loading (Eq. 1).

~r ¼

Z

t

0

_~r sð Þds ð1Þ

The stress increment is calculated according to the

corresponding strain using an adaptive differential

formulation needed for chemically evolving concrete

and presented in [27]. First, the total strain increment

is decomposed according to the different rheological

levels (Fig. 1 and Eq. 2 for the medium part):

_eðsÞ ¼ _e
ðsÞ
0 þ _e

ðsÞ
KV þ _e

ðsÞ
M þ _e

ðsÞ
th ð2Þ

where _eðsÞ is the total strain increment for the medium

part, _e
ðsÞ
0 is the strain increment of the elastic level

(level 0 in Fig. 1), _e
ðsÞ
KV is the strain increment of the

viscoelastic level (level 1 in Fig. 1), _e
ðsÞ
M is the strain

increment of the non-linear viscous level (level 2 in

Fig. 1), _e
ðsÞ
th is the thermal strain increment (only for

volumetric change part).

It is evaluated through the temperature fields

depending on a thermal model coupled with the

hydration modelling.

Viscoelastic behaviour is represented by a set of

constitutive relations written with effective stresses.

The equation governing the behaviour of the

elastic level (0) is thus written:

_~rðsÞ ¼ k0 _e
ðsÞ
0 ð3Þ

where k0 is the instantaneous elastic modulus used in

level 0 of the spherical part of the stress.

At level 1, the viscoelastic behaviour of concrete is

expressed by a Kelvin–Voigt model that uses laws of

elasticity and viscosity in terms of stress increment:

_~r
ðsÞ
KV ¼ kKV _e

ðsÞ
KV þ _g

ðsÞ
KV _e

ðsÞ
KV þ g

ðsÞ
KV€e

ðsÞ
KV ð4Þ

where kKV and g
ðsÞ
KV are respectively the elastic

modulus and the viscosity of the Kelvin–Voigt level

(level 1 in Fig. 1) of the medium part of the stress.

It should be noted that, in this relation, the viscous

part has to be in a total differential form, unlike the

elastic part. This is a consequence of the solidification

theory: a new elastic hydration product is not subjected

to the current strain since this strain state is its reference

configuration, which explains the absence of a term

including the variation of the elasticity coefficient

multiplied by the current strain in Eq. 3. In contrast, a

viscous hydration product can be immediately sub-

jected to a strain velocity (second term in Eq. 4).

At level 2, the viscosity law is also written, for the

above reasons, in terms of stress increment:

_~r
ðsÞ
M ¼ _g

ðsÞ
M _e

ðsÞ
M þ g

ðsÞ
M €e

ðsÞ
M ð5Þ

where g
ðsÞ
M is the viscosity of the Maxwell level of the

medium part of the stress.

ηΜ(ε)

kKV

0
~σ ′

ηKV

(2) –Viscous level 

           (Maxwell non-linear) 

(0) – Elastic level 

(1) – Viscoelastic level 

           (Kelvin-Voigt linear) 

Kσ ′~
Vσ ′~

Mσ ′~

Fig. 1 Rheological model
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The compatibility between the stress increments

introduced in Eqs. 2–4 finally leads to the following

system:

k0 _e
ðsÞ
0 ¼ _g

ðsÞ
M _e

ðsÞ
M þ g

ðsÞ
M €e

ðsÞ
M

_g
ðsÞ
M _e

ðsÞ
M þ g

ðsÞ
M €e

ðsÞ
M ¼ kKV _e

ðsÞ
KV þ _g

ðsÞ
KV _e

ðsÞ
KV þ g

ðsÞ
KV€e

ðsÞ
KV

_eðsÞ ¼ _e
ðsÞ
0 þ _e

ðsÞ
KV þ _e

ðsÞ
M þ _e

ðsÞ
th

8

>

>

<

>

>

:

ð6Þ

For the deviatoric part of the stress, the same

development is made, replacing (s) by (d) and k by

l (except for thermal strain of course, where _e
ðdÞ
th ¼ 0).

3.1.2 Non-linear creep modelling

The specificity of rheological modelling is that it

takes account of progressive C–S–H gel consolida-

tion due to the creep strain. This consolidation is used

as an amplification factor of the model’s viscosities

which enables the long-term strain–time shape curve

observed by Brooks [8] to be reproduced.

Moreover, the consolidation corresponds to an

understandable phenomenon: Under the hydrostatic

pressure part of the stress, theC–S–H layers come closer

together during settling and, consequently, the viscous

forces due to water micro-transfers and the cohesion

forces are increased, leading to the macroscopic

viscosity increase [27]. As the same C–S–H are also

responsible for the deviatoric phenomena, the shear

viscosity is also affected. Another cause of the non-

linearity observed is the strain hardening, which corre-

sponds to the progressive hampering of strain by rigid

inclusions like aggregates and crystallized hydrates.

The viscosity of the Maxwell stage (Eq. 7) is

thus modified by the consolidation function Cc

depending on the strain of the level under consider-

ation (Eqs. 8, 9) [27].

g
ðs;dÞ
M ¼ gðs;dÞ0m � Cc ð7Þ

The consolidation coefficient is chosen as an expo-

nential function to be compatible with the long-term

creep observed by Brooks [8]:

Cc ¼
g
ðSÞ
M

g
ðsÞ0
M

¼
g
ðDÞ
M

g
ðdÞ0
M

¼ exp
e
ðsÞ
M

�

�

�

�

�

�

ekM

0

@

1

A ð8Þ

where e
ðsÞ
M is the strain of the Maxwell module (level 3

in Fig. 1) associated with the hydrostatic pressure.

e
ðs;dÞk
M is a characteristic strain that manages the

consolidation speed.

This modelling of consolidation leads to a perma-

nent decrease of the creep speed under the effect of a

medium load.

Note that, according to previous works [9], the

consolidation coefficient must be updated according

to the hydration development using the following

equation, which has the consequence that new hydra-

tion products appear without consolidation, thus

leading to a decrease in the averaged coefficient of

consolidation on the hardened phase.

oðCcÞ

oa
¼ �

Cc

a
ð9Þ

3.1.3 Damage modelling

The anisotropic damage modelling used in this work

was initially developed by Sellier [26] and recently

adapted to justify the thermodynamic validity of the

proposed approach. Before introducing the damage

variables and associated criteria, several definitions

need to be recalled.

The effective stress used in the damage model is

evaluated as the sum of the effective stress coming

from the rheological model (integration of _~r over the

time step). This formulation is restricted to unsatu-

rated concrete here. The effective stress is split into

tensile and compressive stresses so as to reproduce

the different behaviour of concrete under tension and

compression (Eq. 10).

~r ¼ ð~rci þ ~rtiÞ � e~i � e~ið Þ ð10Þ

where ~rci ¼ ~ri � ~rij jð Þ=2; ~rti ¼ ~ri þ ~rij jð Þ=2 and e~i is

a principal direction.

Each part of the stress (compressive and tensile

parts) is then used to calculate the elastic strain

(Eq. 11) and the damage variable (Eq. 12) needed to

evaluate the apparent stress.

The tensile and compressive elastic strains are then

defined by Eq. 11.

eerij ¼
1þ t0

E0
~rrij �

t0

E0
tr ~rrð Þ � dij ð11Þ

where: r = c for compression and r = t for tension,

E0 and t0 are the elastic modulus of the sound

material.
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The damage model is based on a damage variable

(second order tensor in traction, in order to take

account of the concrete anisotropy, and scalar in

compression) which represents the cracking density

in an elementary volume of material [19]. The

evolution law for the damage is inspired by the

Weibull law [26] classically used to describe

the effects of defects in brittle materials [14]. For a

principal direction i, Eq. 12 is obtained and leads to a

behaviour law of the form presented in Fig. 2.

dri ¼ 1� exp �
1

mr

�rri
~rru

� �mr
!

ð12Þ

where: r = t (tension) or c (compression), �rri is the

equivalent stress that characterizes the material stress

history. It is evaluated with failure criteria according

to the sign of the main stresses. For tensile damage,

the Rankine criterion is used while, for compressive

damage, it is the Drucker–Pragger criterion,

expressed with the effective stresses. mr and ~rru are

material parameters fitted using uniaxial compressive

and tensile tests.

Note that, according to [9], and for the same

reasons as mentioned to justify Eq. 9, the damage

variable must be updated according to the hydration

development using the following equation.

oD

oa
¼ �

D

a
ð13Þ

The apparent stresses are deduced from the elastic

strains and damage variables as indicated in the

following paragraphs.

As the tensile damage variable is tensorial, the

tensile behaviour law rt eetð Þ is written in different

ways for the normal stresses and for the shear

stresses.

In the main directions of the tensile damage tensor,

the normal stresses are expressed as:

rtii ¼
ð1� dcÞE0

Dn

1

ð1� dtiÞð1� dtjÞ
� t02

!

eetii

"

þ t02 þ
t0

1� dti

� �

eetjj þ t02 þ
t0

1� dti

� �

eetkk

�

ð14Þ

where:

Dn ¼
1

ð1� dtiÞð1� dtjÞð1� dtkÞ

� t02
1

1� dti
þ

1

1� dtj
þ

1

1� dtk
þ 2t0

!

ð15Þ

For tangential stresses, the behaviour law is written as

follows:

rtij ¼ l0eetij � ð1� dcÞð1�maxðdti; d
t
jÞÞ ð16Þ

For each stress, the damage variable d
c is introduced

in tensile behaviour law in order to generate an effect

of the compressive damage on the tensile stresses.

The compressive damage is applied globally to the

behaviour law because of its isotropy. The apparent

stresses are written:

rcij ¼ ð1� dcÞ k0 � trðeecÞ � dij þ 2l0eecij

h i

ð17Þ

The total stress is obtained directly from the tensile

and compressive principal stresses:

r ¼ r
c
þ r

t
ð18Þ

The behaviour law presented in Eqs. 17, 18 reproduces

the different behaviour of concrete under tension and

compression and the rigidity restitution observed on a

compressive test performed on a concrete previously

damaged in tension. These properties are illustrated

with a cyclic loading test in Fig. 3.

The localization problem induced by the softening

behaviour of concrete (observed in tension and com-

pression in Fig. 3) is managed using a method inspired

by Hillerborg [17], which modifies the post-peak part

of the behaviour law in order to control dissipation.

This modification is carried out by a proportional

transformation of the post-peak strains.

0.0

0.5

1.0

1.5

2.0

2.5

0.00 0.05 0.10 0.15 0.20 0.25 0.30ε (mm/m)

σ (MPa)

( )md 1exp1 −−≥
Localized cracking

Microcracking

Fig. 2 Tensile behaviour law of concrete
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3.2 Evolution of the mechanical properties

Recent years have seen the development of many

theoretical methods able to predict the evolution of

mechanical characteristics through numerical predic-

tion of the hydration development combined with

homogenization techniques [6, 25, 28, 30, 34]. Most

of these models first predict the development of

cement paste microstructure using microstructural

models such as CEMHYD3D [5] or HYMOSTRUC

[32]. Then, the concrete mechanical properties are

evaluated from these paste microstructural modifica-

tions by means of homogenization techniques.

These methods have demonstrated their capacity

to predict the evolution of the elastic properties of

hardening concrete techniques [6, 25] but are not yet

applied to predict creep characteristics and strengths.

It seems difficult to apply homogenization techniques

to predict a composite strength according to the

strength of each phase, the major difficulty being to

include the non-linearity appearing along the phase

interfaces in the homogenization techniques. While

waiting for progress in homogenization techniques,

the development of concrete mechanical properties is

modelled according to the evolution of a single

averaged hydration degree (determined according to

the hydration degrees of each phase of the binder).

3.2.1 Mechanical percolation threshold

In the early hours of hydration development, the

concrete is subjected to strong microstructural

changes. At casting time, the concrete can be consider

as a fluid in which anhydrous grains and aggregate are

in ‘‘suspension’’ in water. The transition from the fluid

material to a solid that will be able to transmit an

imposed deviatoric stress is made by progressive

hydration of anhydrous components, which leads to the

formation of a coherent material. In order to charac-

terize the changes that cause this transition from fluid

to solid, the notion of percolation threshold is intro-

duced. This percolation threshold between solid phases

corresponds to a critical hydration degree, which leads

to the formation of a first percolation pathway.

To measure it, the experimental evolution of

mechanical properties can be used (elastic modulus

or compressive strength, see for instance Fig. 4). In

this case, it is called the ‘mechanical percolation

threshold’. Based on a numerical approach, Torrenti

et al. [30] show that the mechanical percolation

threshold is slightly different from the percolation

threshold of solid phases because it involves not only

the notion of solid skeleton continuity but also

cohesion between percolated solid phases. It is thus

this mechanical threshold that must be considered in

the modelling of the mechanical property variations.

Recently Sanahuja et al. [25], starting from previous

work by Bernard et al. [6], proposed a homogeniza-

tion procedure to compute this threshold. The

numerical approach of Torrenti et al. [30] and the

homogenization techniques are compatible and give

similar values for the threshold [29]. In the following

section, the threshold is assumed to be measured or

computed by one of these approaches.

3.2.2 Creep properties at early age

The evolution of the elastic characteristics according

to hydration development can be fitted by Eq. 19.

-60

-50

-40

-30

-20

-10

0

10

-6.E-03 -5.E-03 -3.E-03 -2.E-03 0.E+00

ε  (m/m)

σ (MPa)

(1) 

(2) 

(3)

(0) 

start 

Fig. 3 Model response to a cyclic loading test

0

15

30

45

0.0 0.2 0.4 0.6 0.8 1.0

α

Rc (MPa)

Mechanical 

percolation threshold

Fig. 4 Example of Young’s modulus variation (for a mortar
with E/C = 0.5)
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These laws are inspired by the Young’s modulus

evolution law proposed in [22, 24] cited by [13, 15]

or [12].

k0 að Þ ¼ kth
a� as

1� as

� �2=3

and l0 að Þ ¼ lth
a� as

1� as

� �2=3

ð19Þ

where: kth and lth are the theoretical elastic charac-

teristics of the completely hydrated concrete; they are

the fitting parameters. as is the hydration degree that

characterizes the percolation threshold. hXi is the

positive part of X(X if X[ 0, 0 elsewhere).

In order to limit the number of fitting parameters

and for physical reasons, the evolution of the creep

parameters is considered to be similar to that of the

instantaneous elastic parameter (presented in Eq. 19).

The medium creep parameters are thus proportional

to k0 while the deviatoric creep parameters are

proportional to l0. The first application of the

proposed model on a CEM I cement based concrete

will show, through an incremental creep test at early

age, that this assumption allows the tests to be fitted

without any additional parameters. Moreover, pro-

portionality between the viscosities of the short term

creep module and the elastic parameters is also

assumed to be as in De Shutter’s works [4, 12],

which implies that the characteristic time of creep is

independent of the hydration degree. This second

assumption was also verified experimentally as

shown below.

3.2.3 Strengths at early age

The variations of the concrete compressive and

tensile strengths are fitted by Eq. 20 from [20, 24]

cited by [13, 15] or [12, 33].

Rc að Þ ¼ Rcth
a� as

1� as

� �

and Rt að Þ ¼ Rtth
a� as

1� as

� �2=3

ð20Þ

where: Rcth and Rtth are the theoretical strengths of

the completely hydrated concrete, as characterizes the

percolation threshold. This percolation threshold is

unique because it is intrinsic to the material. It should

take the same value as the one used for the elastic

modulus.

4 Numerical implementation

4.1 Principle

The behaviour of hardening concrete is predicted by

successively solving a multiphasic hydration model

and the mechanical model presented in this article.

The physicochemical phenomena due to hydration

and the mechanical behaviour of concrete at early age

are weakly coupled because the mechanical state

does not influence hydration development (at the

stress level that can be encountered in this case). The

multiphasic hydration model is first solved as

presented in techniques [10] and the results are used

to update the mechanical characteristics and internal

variables as indicated above.

The non-linear mechanical model is then solved

step by step. The resolution method at each time step

can be divided into nine stages:

1- The imposed mechanical strain is decomposed

into a medium and a deviatoric part.

2- The creep internal variables (strains, consolida-

tion coefficients) are recalled.

3- The mechanical characteristics are updated

according to the hydration degree at the time

step. (Eqs. 19, 20)

4- The strains are decomposed into elastic, visco-

elastic and viscous parts and the effective

stresses are evaluated by resolution and integra-

tion of the rheological system using an original

method that will be presented in the next section.

(Eq. 6)

5- The rheological internal variables are updated

according to stress and hydration development.

(Eq. 9)

6- The effective stresses are decomposed into

tensile and compressive stresses.(Eq. 10)

7- The damage variables are recalled and updated

according to stresses and hydration ((Eqs. 12,

13) solved by time finite difference method).

8- The apparent stresses are determined and passed

to the finite element code for the nodal force

calculation.

9- The apparent stresses are determined and passed

to the finite element code for the nodal force

calculation.
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4.2 Original method for the calculation

of strain increment

The set of equations modelling the creep behaviour

(Eq. 6) must be integrated at each time step in order

to be implemented numerically. As there is no

general analytic solution, an approximate integration

is proposed using the following two approximations:

– The history of the three level strains is approx-

imated by polynomial functions of time (defined

for each time step).

– A variational formulation of differential equations

is built using a constant weight function. This

function is integrated on the time step so as to

obtain a linear system in which solutions are the

coefficients of the polynomial functions used in

the approximation of the strain history.

The continuity of strains and stresses between two

time steps is ensured by the following five equations,

in which 0? represents the beginning of the current

time step and 0- the end of the previous ones.

e
ðsÞ
0 ð0�Þ ¼ e

ðsÞ
0 ð0þÞ

e
ðsÞ
KVð0

�Þ ¼ e
ðsÞ
KVð0

þÞ

e
ðsÞ
M ð0�Þ ¼ e

ðsÞ
M ð0þÞ

8

>

>

<

>

>

:

and
~rðsÞð0�Þ ¼ ~rðsÞð0þÞ

~rVðsÞð0�Þ ¼ ~rVðsÞð0þÞ

(

ð21Þ

With the two sets of equations (Eqs. 6 and 21), eight

equations are available for the determination of the

polynomial functions defining the three strains (elas-

tic, Kelvin Voigt and Maxwell levels). The Kelvin

Voigt and Maxwell strains must be approximated by

second order polynomial functions (parabolas with

three parameters for each strain) because the viscous

modules of each level introduce an acceleration term

into the incremental behaviour law. This necessary

choice means that the strain of the elastic level can be

approximated only with a linear function (two

parameters). In this development, the total strain

history is imposed by the finite element code; it is

actually approached by a linear function according to

the values at the beginning and at the end of the time

step.

Once the eight parameters are found, the strains

and stresses of each level can be determined at the

end of the time step.

5 Test of the model on a laboratory structure

5.1 Presentation of the structure

The model was applied to a ‘‘massive laboratory

structure’’ in order to assess its early age cracking

risk. The application chosen was the construction site

of the Naga-Hammadi dam. This construction was

first used to test the capability of the hydration model

to predict the temperature evolution of composed

binder concrete in a 27 m3 block [10]. The aim of the

study was to verify that no early age cracking would

occur due to the effect of temperature development in

concrete elements. As it was not technically possible

to instrument the test block used in the field for the

hydration validation so as to measure the strains in

the block, a complementary laboratory test, repre-

sentative of the thermal gradients observed on the test

block, was designed. It was a massive structure at

laboratory scale (60 cm diameter cylinder) made with

the same binary binder as the test block in the field of

the Naga Hammadi dam.

5.1.1 Material characteristics

The structure was cast with a binder composed of

60% CEM I and 40% fly ash. The concrete formu-

lation is given in Table 1.

In order to predict the early age mechanical

behaviour of the structure, the variation of the

degrees of hydration of the two anhydrous phases

(cement and fly ash) first had to be predicted using

the multiphasic model presented in [10] (the param-

eters of this model are given in Table 2).

Table 1 Concrete formulation

Material Content (kg/m3)

Cement (CEMI 42.5N) 210

Fly ash 140

Sand 0/4 mm 763

Gravel 4/16 mm 567

Gravel 16/32 mm 574

Plasticizer 4

Effective water 131
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The development of the mechanical characteristics

of the concrete was then predicted, as described

previously, according to the evolution of an average

hydration degree. The parameter fitting of the char-

acteristic evolution laws (Eqs. 19, 20) was performed

on measurements of mechanical characteristics at

several dates during the hydration. The theoretical

mechanical characteristics (corresponding to an

hydration degree of one) obtained are reported in

Table 3, the percolation threshold is found for

a = 0.12.

Because of the physical variations of concrete in

the first stages of hydration, the thermal dilatation

coefficient changes rapidly during this structuring

period [7]. Nevertheless, experimental results show

that this coefficient quickly converges to its final

value [21]. It was therefore assumed to be constant

beyond the percolation threshold and equal to

10-5
�C-1.

5.1.2 Experimental devices

The structure was first protected from heat exchanges

with environment by lateral and horizontal insulation

(10 cm of glass wool on the lateral face and 5 cm of

expanded polystyrene on the horizontal faces). It was

then placed in a temperature controlled room (Fig. 5).

For the first 20 h, the room temperature was fixed

at 30�C. It was lowered to 7�C when the lateral

insulation was removed. The thermal gradient

between the core and the surface was thus more

pronounced.

As shown in Fig. 5, the structure was equipped

with thermocouples and strain gauges placed halfway

up it.

5.2 Results and discussion

The hydration prediction was first validated indirectly

by comparing the calculated temperature variations at

the core and surface with the measurements given by

the thermocouples. This comparison is presented in

Fig. 6 and shows rather good concordance between

model and experiments.

The strain induced by these temperature variations

at early age was measured by strain gauges embedded

halfway up the specimen (Fig. 5). The measurements

were compared with the results obtained using the

early age behaviour model implemented in the finite

element code Castem [11]. Figure 7 shows quite

good concordance between the experimental and

model results

The model application also allowed us to study the

stress and damage variation in the structure during

Table 2 Parameters of the hydration model [10] for the con-
crete used in the laboratory structure

Clinker FA

Chemical parameters

Ai 7.16 9 107 1.32 9 1012

Bi 1.717 7.139

ni 0.521 0.172

qi (kg/m3) 3224 2200

Ri (m3/m3) 1.83 1.94

Qch (g/g) 0.27 -0.93

Eai/R (K-1) 5100 6800

Thermal parameters

kc (J/(h m K)) 6480

cc (J/(kg K)) 900

qc (kg/m3) 2433

QT
th (J/g) 437 570

Hydric parameters

DW0 (m
2/s) 2 9 10-13

p (m3/l) 0.05

QW
th (g/g) 0.32 0.75

Table 3 Mechanical parameters for the concrete used in the
laboratory structure

as 0.12

k0? (GPa) 47

l0? (GPa) 35

kKV? (GPa) 178.6

lKV? (GPa) 80.5

g
sð Þ
KV1 (GPa s) 2.44 9 107

g
dð Þ
KV1 (GPa s) 1.81 9 107

g
sð Þ
M1 (GPa s) 4.06 9 107

g
dð Þ
M1 (GPa s) 6.05 9 107

e
sð Þk
M (m/m) 1.4 9 10-4

e
dð Þk
M (m/m) 8 9 10-2

Rc
?

(MPa) 62.6

Rt
?

(MPa) 4.2

aT (�C-1) 10-5
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the test. As the formwork did not block the structure

displacements, stresses were induced only by

mechanical strain gradients. So, it can be seen in

Fig. 8 that only weak rhh stresses were observed

before the formwork and insulation were removed (at

20 h). These weak stresses were the consequences of

the low thermal gradient resulting from the small heat

loss through the insulation. These stresses did not

lead the structure to crack, as can be observed in

Fig. 9 at 20 h (damage variable close to zero).

Once the thermal insulation and formwork had

been removed, the observed thermal gradient between

the core and the surface led to the development of a

system of self-balanced stresses rhh with a tensile

stress on the surface due to contraction, which was

strongly constrained by the core. This stress increased

up to 26 h (5 h after removal of the insulation) (see

Fig. 8). It induced non-localized micro-cracking on

the surface because the damage variable observed in

the h direction (see Fig. 9) remained less than that

associated with the peak of the tensile behaviour law

(equal to 0.3 at this time, see Fig. 2). This numerical

prediction was confirmed by visual observation,

which did not reveal any localized cracking.

When the structure temperature became lower than

the reference temperature observed at the instant of

the percolation threshold (26�C), the strain on the

surface became negative and led to an inversed self-

balanced stress system with a compressive stress on

the surface and a tensile stress at the core. This

Insulated structure 

placed at 30°C (from 0 to 20h)
Structure without lateral insulation placed at 

7°C (from 20 h to 7 d)

30 cm 

T Measure 

ε Measure  

60  

cm 

5 cm of 

polystyrene 

concrete 

5 cm of 

polystyrene

60  

cm 

40 cm

10 cm of 

glass wool 

Fig. 5 Test procedure

0

10

20

30

40

0 1 2 3 4 5 6 7

Time (d)

T (°C)

Tc measured

Ts measured

Tc (Model)

Ts (Model)

Fig. 6 Evolution of the surface temperature (Ts) and the core
temperature (Tc) according to time (full line model results,
symbols measurements)

-300

-200

-100

0

100

200

0 1 2 3 4 5 6 7

Time (d)

ε rr (µm/m)

Measurements

Model

Fig. 7 Evolution of the strain halfway down the structure
according to time (full line model results, squares mea-
surements)
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residual self-balanced stress system remained at very

low values and decreased with time due to the stress

relaxation induced by concrete creep.

6 Application to cracking risk assessment

of structure in the field

6.1 Presentation of the structure

The field structure chosen for this study was a

massive experimental wall built by EDF on the site of

the Civaux nuclear power plant in France. The wall is

1.2 m wide, 1.9 m high and 20 m long and has a

plane of symmetry at mid-length that justifies mod-

elling only one half of the structure (Fig. 10).

The wall is reinforced by two reinforcement planes

located at 5 cm from the lateral faces, and contains

vertical, regularly spaced holes reserved for the

prestressing cable guide tubes as presented in Fig. 10.

On the figure, it can be seen that, for hydration

simulation, the bottom slab and a part of the soil were

modelled as it was necessary to reproduce the thermal

transfer between concrete and soil well. This transfer

leads to a lower increase of temperature in the bottom

of the wall than at the core.

The concrete used for this structure was designed

to withstand the high stresses that can be observed in

a nuclear plant. It was an HPC concrete cast with

cement and silica fume (HPC formulation in

Table 4). During the early age behaviour of the

structure, the concrete may be subject to damage

caused by the restrained thermal shrinkage induced

by the heat released by the cement hydration.

Therefore, EDF chose to build an experimental wall,

representative of the nuclear plant walls, in order to

20 h 26 h 86 h

T

C

C

T
-0.2

0.07

-0.1

-1.2

1.3

0

-3E-2

4E-2

2E-3

C

T
Fig. 8 Evolution of the
stress rhh on the half-
structure

20 h 26 h 86 h

0≈d
0. 42=d0≈d

0. 62=d0≈d

0

0.24

0.13

0

0.26

0.13

0

1
E-5

6E-6

Fig. 9 Evolution of the
damage variable on the
half-structure (the
localization occurs for
damage equal to 0.3)

x

y

z

10 m

Tubes for 

prestressing

Fig. 10 Mesh and
transversal section view of
the Civaux wall
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evaluate the risk of early age cracking. The fitted

parameters are given in Table 5 for the hydration

model [10] (convective exchanges coefficient taken

equal to 19.8 kJ/h m2 K) and in Table 6 for mechan-

ical parameters of totally hydrated concrete (perco-

lation threshold). The steel is considered elastic

(Esteel = 20.3 GPa and msteel = 0.3)

6.2 Results and discussion

After the fitting of hydration parameters on a

Langavant test (quasi adiabatic test), the multiphasic

hydration model was applied to the structures with

the mesh presented in Fig. 10 and in situ conditions

(convective exchanges with the surroundings).

The temperature variations obtained at the core

and near the surface are presented in Fig. 11. The

model correctly reproduces the temperature in the

field. It can be seen that, because of its large

dimensions, the structure undergoes a large increase

in temperature, mainly in the core. The surfaces

experience thermal transfer by convection with the

environment and have a lower temperature than the

core.

Table 4 Concrete formulation of the HPC wall

Material Content (kg/m3)

Cement CPJ 55 PM 266

Silica fume 40.3

Arlaut gravels

12.5/25 890

4/12.5 209

0/5 873

Plasticizer (Rhéobuild) 9.08

Effective water 161 l

Table 5 Parameters of the hydration model [10] for the con-
crete used in the HPC wall

Clinker FS

Chemical parameters

Ai 4.27 9 106 1.24 9 1018

Bi 2.97 6.08

ni 0.260 0.483

qi (kg/m3) 3106 2200

Ri (m3/m3) 1.98 0.69

Qch (g/g) 0.31 -1.47

Eai/R (K-1) 4000 11600

Soil thermal parameters

ks (J/(h m K)) 2340

qs (kg/m3) 2000

cs (J/(kg.K)) 800

Concrete thermal parameters

kc (J/(h m K)) 6480

cc (J/(kg K)) 950

qc (kg/m3) 2448

QT
th (J/g) 454 850

Hydric parameters

DW0 (m
2/s) 0.74 9 10-13

p (m3/l) 0.05

QW
th (g/g) 0.37 0.85

Table 6 Mechanical parameters for the concrete used in the
HPC wall

k0? (GPa) 27.2

l0? (GPa) 16.7

kKV? (GPa) 104.2

lKV? (GPa) 38.9

g
sð Þ
KV1 (GPa s) 3.56 9 107

g
dð Þ
KV1 (GPa s) 2.01 9 107

g
sð Þ
M1 (GPa s) 9.00 9 107

g
dð Þ
M1 (GPa s) 7.28 9 107

e
sð Þk
M (m/m) 2.8 9 10-5

e
dð Þk
M (m/m) 2 9 10-2

Rc
?

(MPa) 80.1

Rt
?

(MPa) 4.13

0
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0 20 40 60 80 100 120
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surface 

Fig. 11 Variation of temperature in the core and near the
surface (line model, rectangles experiments)
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This difference between surface and core temper-

atures observed in Fig. 11 generates a system of self

balancing stresses with tension at the surface and

compression at the core. On this structure, this leads

to stresses too small to produce superficial cracks just

after the formwork removal.

The cracking observed on the structure 96 h after

casting (see Fig. 12) was due to the global cooling of the

wall that led to internal thermal contraction. As these

strains were restrained by the bottom slab on the wall

base, they produced tensile stresses in the entire wall,

with higher values at the core (where the temperature

reached itsmaximal value). The crackwas initiated near

the prestressing cable guide tubes, which constitute

weak points in the structure and consequently concen-

trate stresses, favouring crack initiation. Fig. 12 high-

lights the good concordance between the model results

and the observations made in situ.

In the proposed model, the crack opening can be

evaluated by the discontinuity of the horizontal

displacement of the node element including the

localized strain corresponding to the crack. The values

of crack opening for different distances to the surface

are shown in Table 7. It can be noted that the crack

opening is partially restrained by the reinforcement

near the surface and is maximal in the core. In the field,

only 1 crack was observed (Fig. 12) with a crack

opening value of 100 lm. The crack openings obtained

with the proposed model globally reproduce the order

of magnitude but underestimate the opening value.

This underestimation may be explained by the fact that

the modelling of adherence between steel and concrete

was not considered to be affected by hydration or

damage (except indirectly by the variation of concrete

tensile strength in the damage model used in the finite

element surrounding the reinforcement mesh). Another

explanation of this underestimation may be that the

thermal dilatation coefficient was modelled as constant

and equal to 10-5 whereas it was higher at very early

age (just before the percolation threshold) and conse-

quently led to higher thermal expansion. These obser-

vations encourage us to envision further studies on the

physical phenomena occurring near the percolation

threshold (fluid–solid transition of the cement paste), a

period which seems to play an important role in the

mechanical behaviour and the cracking risk.

7 Conclusion

This article presents simulation tools to help practi-

tioners to choose construction processes and concrete

0

1

x

y

z

(a): Numerical 

results on half 

structure at 96h

(b): Experimental observations on the entire wall 

Fig. 12 Longitudinal damage field (dxx) 96 h after casting and experimental observations

Table 7 Mechanical parameters for the concrete used in the
HPC wall

Near the vertical reservation (y = 63 cm) 72.6 lm

At y = 35 cm 62 lm

At the reinforcement map (y = 7 cm) 16.3 lm
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compositions of structures so as to control the risk of

early age cracking. Using the results of a hydration

model, the early age mechanical behaviour model

proposed here analyses the mechanical aspects of any

concrete structure subjected to the consequences of

hydration (temperature rise, thermal gradients, varia-

tion in mechanical characteristics). The proposed

mechanical model is based on coupling between a

creep and a damage behaviour law. The creep model is

based on non-linear viscoelastic incremental laws with

characteristics modified by hydration development. It

has been shown that the dependence of creep model

parameters on hydration can be reasonably approxi-

mated by a variation law similar to those used for

elastic moduli. The evolution law of the creep model

parameters was firstly tested on an incremental creep

test which proved its capability to reproduce the creep

behaviour of a hardening concrete. The effective

stresses assessed through the rheological model were

then used in an anisotropic damage model. In this

model, particular attention was paid to ensuring that

not only the parameters but also the internal variables

evolved according to the hydration. The cracking risk

of a structure is thus evaluated through the evolution of

the damage variable. According to the tensile behav-

iour law, localized cracks only appear if the damage is

higher than a characteristic value corresponding to the

peak of the behaviour law; when this threshold is

exceeded, a strain localization controlled by a Hiller-

borg procedure appears, and the crack opening can

then be deduced from the nodes displacement of the

corresponding finite element. The model was success-

fully applied to validate a concrete formulation used in

an actual building site and to the prediction of early

age cracking of a massive reinforced structure.
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