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FRT PRESENTATION OF THE ONSAGER ALGEBRAS

PASCAL BASEILHAC∗, SAMUEL BELLIARD∗∗, AND NICOLAS CRAMPÉ†,∗

Abstract. A presentation à la Faddeev-Reshetikhin-Takhtajan (FRT) of the Onsager, augmented Onsager
and sl2-invariant Onsager algebras is given, using the framework of the non-standard classical Yang-Baxter
algebras. Associated current algebras are identified, and generating functions of mutually commuting quan-

tities are obtained.
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1. Introduction

Introduced by L. Onsager in the investigation of the exact solution of the two-dimensional Ising model
[O44], the Onsager algebra is an infinite dimensional Lie algebra with two known presentations. The original
presentation is given in terms of generators {An, Gm|n,m ∈ Z} and relations (see Definition 4.1). A second
presentation1 is given in terms of two generators A0, A1 satisfying the so-called Dolan-Grady relations (4.5)
[DG82]. Later on, it was shown that the Onsager algebra is isomorphic to a fixed point subalgebra of the

affine Kac-Moody algebra ŝl2 under the Chevalley involution [D91, R91].

In the context of mathematics and quantum integrable systems, a q−deformed analog of the Onsager

algebra has been introduced in recent years [T99, B04]. It is isomorphic to a coideal subalgebra of Uq(ŝl2)
[BB09] (see also [K12]). Similarly to the classical (undeformed) Onsager algebra, two presentations are
known, which can be viewed as q−deformed analog of the original presentations of Onsager [BK05, BK17]
and Dolan-Grady [T99, B04]. Other types of algebras have been later on considered in the literature: the
augmented (q−)Onsager algebra [IT09, BB12, BC12] and the Uq(gl2)−invariant q−Onsager algebra [BB17].

Given the known automorphisms of Uq(ŝl2), these other types of q−Onsager algebras can be understood

as different coideal subalgebras of Uq(ŝl2). For all these different types of q−Onsager algebras, a third
presentation is also identified [B04, BS09, BB17] using the framework of the quantum reflection algebra
[S88]. Based on this presentation, one obtains current algebras for the q−Onsager algebras [BS09] that
found applications in the solution of the open XXZ spin chain [BB12]. This third presentation gives also a
tool to derive explicit examples of tridiagonal pairs [T99] or to conjecture a Poincaré-Birkhoff-Witt basis for
the q−Onsager algebra [BB17], besides the so-called zig-zag basis of Ito-Terwilliger [IT09].

By analogy with the family of q−Onsager algebras that admit a presentation within the framework of the
quantum reflection algebra, it is thus natural to search for this ‘missing’ presentation of the classical Onsager
algebras. In this letter, we answer this question. Namely, it is shown that all classical Onsager algebras
admit a presentation within the framework of the non-standard classical Yang-Baxter algebras. This link
offers a new perspective to study the related integrable systems.

This letter is organized as follows. In Section 2, the framework of the classical Yang-Baxter algebra T

(with central extension) and the non-standard classical Yang-Baxter algebra B is settled. Automorphisms of
T are considered, which are used to construct homomorphisms from B to T . Also, based on solutions of the
classical reflection equation, a different homomorphism is proposed. Then, two commutative subalgebras
of B are identified. In Section 3, we construct some of the simplest explicit examples of non-standard

classical Yang-Baxter algebras B related with the affine Kac-Moody algebra ŝl2. First, we introduce some

necessary material. Different known presentations of ŝl2 are also recalled: the Serre-Chevalley presentation
[K85], the Cartan-Weyl presentation [GO86] and the so-called FRT presentation (in honour of Faddeev-
Reshetikhin-Takthadjan [FRT87]). As an application of the results of Section 2, it is shown that known

1The connection between the Dolan-Grady construction and the original Onsager algebra was understood by J.H.H. Perk
in 1982 [P87].
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automorphisms of ŝl2 are easily recovered from the automorphisms of the classical Yang-Baxter algebra.
Then, three different non-standard classical Yang-Baxter algebras are considered. In each case, the map to

subalgebras of ŝl2 is described in details. In Section 4, it is shown that these three non-standard classical
Yang-Baxter algebras are isomorphic to the Onsager algebra, the augmented Onsager algebra and the sl2
invariant Onsager algebra, respectively. In each case, our construction provides an FRT presentation. Their
corresponding current presentations are displayed. Finally, as an application of the FRT presentations, we
derive generating functions of mutually commuting quantities for each of the Onsager algebras. Concluding
remarks are given in Section 5.

2. Classical Yang-Baxter algebras and commutative subalgebras

In this section, we introduce the basic definitions of the standard and non-standard classical Yang-baxter
algebras, denoted T and B, respectively. See Definitions 2.2 and 2.4. A class of automorphisms of T is
exhibited in Proposition 2.1, and the homomorphic image of B into the fixed point subalgebra of T under
this automorphism is described in Proposition 2.2. A different homomorphic image of B into a subalgebra
of T is also given in Proposition 2.3, based on solutions of the classical reflection equation. Finally, two
different commutative subalgebras of B are displayed, see Propositions 2.4 and 2.5.

2.1. Classical Yang-Baxter algebras. The classical Yang-Baxter equation appeared as a limit of the
quantum inverse scattering method [S80] and became quickly popular [BD82, D83, S83]. In this letter, we
use two slightly different definitions (see Definitions 2.1 and 2.3).

Definition 2.1. The matrix r(x) ∈ End(CN ⊗ CN) is called a classical r-matrix if it satisfies the skew-
symmetric condition r12(x) = −r21(1/x) and the classical Yang-Baxter equation

(2.1) [ r13(x1/x3) , r23(x2/x3) ] = [ r13(x1/x3) + r23(x2/x3) , r12(x1/x2) ]

for any x1, x2, x3. Here, r12(x) = r(x) ⊗ II , r23(x) = II ⊗ r(x) and so on.

For a given skew-symmetric r-matrix r(x) that satisfies the classical Yang-Baxter equation, we now intro-
duce the Lie algebra T with central extension c. Generically, this algebra is called the classical Yang-Baxter
algebra. Note that this algebra can be understood as a classical analog of the algebra introduced in [RS90].

Let {Eij | 1 ≤ i, j ≤ N} denotes the standard basis of End(CN ) (i.e. the N×N matrices with components
(Eij)kl = δikδjl). Below we use the Einstein summation convention by omitting the sums over the repeated
indices i, j.

Definition 2.2. Let r(x) ∈ End(CN ⊗ CN ) be a classical r-matrix. T is the Lie algebra with generators2

{c, t±[ℓ]
ij | 1 ≤ i, j ≤ N, ℓ ∈ Z}. Introduce:

(2.2) T+(x) = Eij ⊗
∑

ℓ∈Z

t
+[ℓ]
ij xℓ , T−(x) = Eij ⊗

∑

ℓ∈Z

t
−[ℓ]
ij xℓ.

The defining relations are:

[T±(x), c] = 0 ,(2.3)

[T±
1 (x), T±

2 (y)] = [T±
1 (x) + T±

2 (y), r12(x/y)] ,(2.4)

[T+
1 (x), T−

2 (y)] = [T+
1 (x) + T−

2 (y), r12(x/y)]− 2c r′12(x/y)x/y .(2.5)

Remark 1. The Jacobi identity of the Yang-Baxter algebra T follows from the classical Yang-Baxter equa-
tion and its derivative. The latter reads:

[ f13(x1/x3) + f23(x2/x3) , r12(x1/x2) ] = [ f13(x1/x3) , r23(x2/x3) ] + [ r13(x1/x3) , f23(x2/x3) ]

where f(x) = xr′(x).

The presentation of the commutation relations (2.3)-(2.5) of a Lie algebra T is called a FRT presentation
in honour of the authors Faddeev-Reshetikhin-Takhtajan [FRT87].

A class of automorphisms of the Lie algebra T is now considered.

2According to the examples, the range of ℓ will be restricted.
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Proposition 2.1. Let r(x) be a classical r-matrix with the additional property r12(x) = −r12(1/x)t1t2 and
U(x) be a N ×N invertible matrix satisfying

U(x)t = ǫ U(1/x) and U1(x)U2(y)r12(x/y) = r12(x/y)U1(x)U2(y) for ǫ = +1 or ǫ = −1.(2.6)

Then, the map θ : End(CN )⊗ T → End(CN )⊗ T such that

T±(x) 7→ U(x) T∓(1/x)t U(x)−1 ∓ cxU ′(x)U(x)−1, c 7→ −c ,(2.7)

where (.)t stands for the transposition in End(CN ), provides an involutive automorphism of T .

Proof. First, we show that θ is an automorphism. The action of θ on (2.3) is trivially computed. Consider
the action of θ on (2.4). After straightforward simplifications, the corresponding equation reduces to:

[ xU ′
1(x)U1(x)

−1 + yU ′
2(y)U2(y)

−1 , r12(x/y)] = 0.(2.8)

Similarly, consider the action of θ on (2.5). The corresponding equation reduces to:

2
x

y

(
U1(x)U2(y)r

′
12(x/y)U1(x)

−1U2(y)
−1 − r′12(x/y)

)

+
[
xU ′

1(x)U1(x)
−1 − yU ′

2(y)U2(y)
−1 , r12(x/y)

]
= 0.

It is easy to show that these last two equations follow from linear combinations of the derivatives of (2.6)
either with respect to xd/dx or with respect to yd/dy. It remains to show the involution property. One has:

θ2(T+(x)) = U(x)(θ(T−(1/x)))tU(x)−1 + cxU ′(x)U(x)−1

= U(x)(U(1/x)T+(x)tU(1/x)−1)tU(x)−1 + cxU ′(x)U(x)−1

+c
1

x
U(x)(U ′(1/x)U−1(1/x))tU(x)−1.

Then, we use the first equation of (2.6) and its derivative with respect to xd/dx, which gives U ′(x) =
−ǫU ′(1/x)t/x2. The equation above simplifies to θ2(T+(x)) = T+(x). We show similarly θ2(T−(x)) = T−(x)
(and θ2(c) = c), which concludes the proof. �

2.2. Non-standard classical Yang-Baxter equation and the algebra B . The non-standard classical
Yang-Baxter equation can be understood as a generalization of the classical Yang-Baxter equation (2.1).

Definition 2.3. The matrix r(x, y) ∈ End(CN ⊗ CN ) is called a non-standard classical r-matrix if it is a
solution of the non-standard classical Yang-Baxter equation

(2.9) [ r13(x1, x3) , r23(x2, x3) ] = [ r21(x2, x1) , r13(x1, x3) ] + [ r23(x2, x3) , r12(x1, x2) ]

for any x1, x2, x3.

In the case where the non-standard classical r-matrix depends on only one parameter r12(x, y) = r12(x/y)
and is skew-symmetric r12(x, y) = −r21(y, x) then the non-standard classical Yang-Baxter equation reduces
to the standard one (2.1).

For a given r-matrix r(x, y) that satisfies the non-standard classical Yang-Baxter equation, we now intro-
duce the Lie algebra B.

Definition 2.4. B is the Lie algebra with generators {b[ℓ]ij | 1 ≤ i, j ≤ N, ℓ ∈ Z}. Introduce:

(2.10) B(x) = Eij ⊗
∑

ℓ∈Z

b
[ℓ]
ij x

ℓ .

The defining relations are:

(2.11) [ B1(x) , B2(y) ] = [ r21(y, x) , B1(x) ] + [ B2(y) , r12(x, y) ] ,

where r(x, y) satisfies the non-standard classical Yang-Baxter equation (2.9).
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Note that the Jacobi identity for B is guaranteed by the fact that the classical r-matrix in (2.11) satisfies
the non-standard classical Yang-Baxter equation (2.9). Although this r-matrix is not in general skew-
symmetric the Lie bracket of B is still anticommutative.

Given an automorphism θ of T , a realization of the algebra B into a fixed point subalgebra3 of T is now
considered.

Proposition 2.2. Assume r12(x) = −r12(1/x)t1t2 , U(x) is a solution of (2.6) and θ is defined by (2.7).
The map ψθ : B → T such that

(2.12) B(x) 7→ T+(x) + θ(T+(x)) = T+(x) + U(x) T−(1/x)t U(x)−1 − cxU ′(x)U(x)−1 ,

with

(2.13) r12(x, y) = r12(x/y) + U1(x) r
t1
12(1/(xy)) U1(x)

−1

is an algebra homomorphism.

Proof. See the proof of the Proposition 2.3 which is more general according to the Remark 2. �

In the following, we denote by T θ ⊂ T the image of the algebra B by the homomorphism ψθ. Let us
remark that in the previous proposition, we may have considered B(x) 7→ T−(x) + θ(T−(x)). However, it
defines an isomorphic subalgebra.

To conclude this Section, we would like to point out that other subalgebras of T , that are not necessarily
fixed point subalgebras, may be considered as well. Indeed, along the lines of [Sk06b], let us consider a
special case of the classical reflection equation [S87, eq. (2)].

Definition 2.5. The matrix k(x) ∈ End(CN ) is called a k-matrix if it is a solution of the following equation

(2.14) r12(x/y)k1(x)k2(y)− k1(x)k2(y)r12(x/y) = k1(x)r
t2
12(xy)k2(y)− k2(y)r

t2
12(xy)k1(x)

for a given skew-symmetric r-matrix r(x) satisfying r12(x) = −r12(1/x)t1t2 .
Remark 2. The matrices U(x) solving (2.6) are examples of k-matrices.

We are now in position to give a generalization of Proposition 2.2.

Proposition 2.3. For a given k-matrix k(x), the map B → T such that

(2.15) B(x) 7→ T+(x) + k(x) T−(1/x)t k(x)−1 − cxk′(x)k(x)−1 ,

with

(2.16) r12(x, y) = r12(x/y) + k1(x) r
t1
12(1/(xy)) k1(x)

−1

is an algebra homomorphism.

Proof. Inserting (2.15) into (2.11) and using (2.4), (2.5), one identifies r12(x, y) as (2.16). Also, one finds a
term in c with coefficient:

2xy
(
k1(x)r

′t2
12 (xy)k2(y)− k2(y)r

′t2
12 (xy)k1(x)

)
− x

[
r12(x/y) + k2(y)r

t2
12(xy)k2(y)

−1 , k′1(x)k1(x)
−1
]
k1(x)k2(y)

+ y
[
k′2(x)k2(x)

−1 , r12(x/y)− k1(x)r
t2
12(xy)k1(y)

−1
]
k1(x)k2(y).(2.17)

To show that this coefficient vanishs, we use the reflection equation (2.14) from which we deduce:

k1(x)
−1r12(x/y)k1(x)k2(y) + k1(x)

−1k2(y)r
t2
12(xy)k1(x) = rt212(xy)k2(y) + k2(y)r12(x/y),

k2(y)
−1r12(x/y)k1(x)k2(y)− k1(x)k2(y)

−1rt212(xy)k2(y) = k1(x)r12(x/y)− rt212(xy)k1(x).

Using these two equations, the condition on the coefficient (2.17) yields to the constraint:

[r12(x/y), xk
′
1(x)k2(y) + yk1(x)k

′
2(y)] − xk′1(x)r

t2
12(xy)k2(y)− yk1(x)r

t2
12(xy)k

′
2(y)

+ xk2(y)r
t2
12(xy)k

′
1(x) + yk′2(y)r

t2
12(xy)k1(x)

− 2xy
(
k1(x)r

′t2
12 (xy)k2(y)− k2(y)r

′t2
12 (xy)k1(x)

)
= 0.

Taking linear combinations of the derivatives of (2.14) either with respect to xd/dx or with respect to yd/dy,
one finds that this constraint is satisfied. �

3Also called twisted algebra, where the twist is the automorphism.
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Note that the r-matrix defined by (2.16) is a solution of the non-standard classical Yang-Baxter equation
(2.9), as shown in [Sk06a].

The homomorphic image of B defined in Proposition 2.3 is a Lie subalgebra of T that is not necessarily
a fixed point subalgebra. It is denoted by T k.

2.3. Commutative subalgebras. Two commutative subalgebras of B are now identified. The first subal-
gebra has already appeared in the literature. The second subalgebra, which is new, will be of interest in the
analysis of further sections.

The following proposition has been proven in [J89, HKW92, H95] to prove the integrability of the Gaudin
models [G83] and has been generalized in [CRT04].

Proposition 2.4. The following generating function in the universal enveloping algebra of B

(2.18) t(x) = tr
(
B(x)2

)
=
∑

ℓ,p∈Z

b
[ℓ]
ij b

[p]
ji xℓ+p

satisfies

(2.19) [t(x) , t(y)] = 0 .

Proposition 2.5. Let r(x, y) be a solution of the non-standard classical Yang-Baxter equation (2.9). Let
M(x) ∈ End(CN ) be a solution of the following equation

(2.20) [tr1(r12(x, y)M1(x)) , M2(y)] = 0 .

Then,

(2.21) b(x) = trM(x)B(x)

satisfies

(2.22) [b(x) , b(y)] = 0 .

Proof. Multiply (2.11) on the left by M1(x)M2(y) and take the traces in the spaces 1 and 2 to get

[b(x) , b(y)] = tr12M1(x)M2(y)
(
r21(y, x)B1(x) −B1(x)r21(y, x)

)

+tr12M1(x)M2(y)
(
B2(y)r12(x, y)− r12(x, y)B2(y)

)

= tr1M1(x)tr2

(
M2(y)r21(y, x)

)
B1(x)− tr1tr2

(
r21(y, x)M2(y)

)
M1(x)B1(x)

)

+tr2tr1

(
r12(x, y)M1(x)

)
M2(y)B2(y)− tr2M2(y)tr1

(
M1(x)r12(x, y)

)
B2(y)

= tr1

[
M1(x), tr2

(
M2(y)r21(y, x)

)]
B1(x) + tr2

[
tr1

(
r12(x, y)M1(x)

)
,M2(y)

]
B2(y) .

The cyclicity of the traces is used to prove the previous relations. Then, by using (2.20), one concludes the
proof. �

Remark 3. Note that t(x) and b(y) do not necessarily commute.

3. FRT presentation of fixed point subalgebras of ŝl2

In this section, based on one of the simplest example of classical Yang-Baxter algebra T associated with

ŝl2, we present four different explicit examples of non-standard classical Yang-Baxter algebra B. Firstly, the

Serre-Chevalley and Cartan-Weyl presentations of the affine Kac-Moody algebra ŝl2 are recalled. Secondly,

the FRT presentation of ŝl2 is given and the automorphisms of Proposition 2.1 are described, see Corollary
3.1. Finally, using Propositions 2.2 and 2.3 we obtain the FRT presentation for four different homomorphic

images of B. They are identified with certain fixed point subalgebras of ŝl2.
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3.1. Presentations of ŝl2 . The affine Kac-Moody algebra ŝl2 has been studied extensively in the mathe-
matics and physics literature [K85, GO86] (see also [L93]), where two presentations are usually considered.
The so-called Serre-Chevalley presentation is generated by {x+i , x−i , ki|i = 0, 1} subject to the commutation
relations

[ki, x
±
j ] = ±aijx±j , [ki, kj ] = 0, [x+i , x

−
j ] = kjδi+j ,(3.1)

[x±i , [x
±
i , [x

±
i , x

±
j ]]] = 0 for i 6= j,(3.2)

where δi = 0 if i 6= 0 and δ0 = 1. The element c = k0+ k1 is central and the entries of the Cartan matrix are

given by a00 = a11 = 2 and a01 = a10 = −2. Alternatively, the Cartan-Weyl presentation of ŝl2 is generated
by {en, fn, hn, c|n ∈ Z} subject to the commutation relations

[en, em] = [fn, fm] = 0 ,(3.3)

[hn, em] = 2en+m , [hn, fm] = −2fn+m,(3.4)

[hn, hm] = 2 c n δn+m , [en, fm] = hn+m + c n δn+m,(3.5)

where c is central. Recall that the isomorphism from the Serre-Chevalley to the Cartan-Weyl presentation
is given, up to automorphism, by (see e.g. [L93]): k1 7→ h0, x+1 7→ e0, x−1 7→ f0, k0 7→ −c−h0, x+0 7→
f−1, x−0 7→ e1, c 7→ −c.

We give now an equivalent presentation of ŝl2 using the generic construction exposed in Section 2.1. In
this goal, let us introduce the following classical (traceless) r-matrix for x 6= 1 associated with the affine

Kac-Moody algebra ŝl2:

(3.6) r(x) =
1

x− 1




− 1
2 (x+ 1) 0 0 0

0 1
2 (x+ 1) −2 0

0 −2x 1
2 (x+ 1) 0

0 0 0 − 1
2 (x+ 1)




which satisfies the classical Yang-Baxter equation (2.1) and the following relations

(3.7) r12(x) = −r21(1/x) = −r12(1/x)t1t2 .

The affine Kac-Moody algebra ŝl2 admits a third presentation, called an FRT presentation, using the
results of the previous section4. Namely, by defining:

T+(x) =

(
h0/2 2f0
0 −h0/2

)
+
∑

n≥1

xn
(
hn 2fn
2en −hn

)
,(3.8)

T−(x) =

(
−h0/2 0
−2e0 h0/2

)
+
∑

n≥1

x−n

(
−h−n −2f−n

−2e−n h−n

)
,(3.9)

the relations given in Definition 2.2 are equivalent to the relations (3.3)-(3.5). Let us remark that the traces
of T±(x) vanish.

3.2. Automorphisms of ŝl2 and fixed point subalgebras. We now describe explicitly the automor-

phisms obtained from Proposition 2.1 in the special case of ŝl2.

Proposition 3.1. Let the r-matrix be defined by (3.6). The only solutions of the equations (2.6) are given
by:

(3.10) U =

(
k 0
0 −k∗

)
for ǫ = 1 or U(x) =

(
0 1/

√
x

±√
x 0

)
for ǫ = ±1,

where k, k∗ are non-zero scalar parameters.

Proof. By direct computation. �

4We expect this presentation appears in the literature, although we could not find a reference.
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In the following, we study the automorphisms of ŝl2 denoted by θ1 (resp. θ2) obtained from (2.7) with
the particular solution for (2.6)

(3.11) U =

(
1 0
0 −1

)
(resp. U(x) =

(
0 1/

√
x

−√
x 0

)
).

We restrict ourselves to these particular solutions since the subalgebras obtained for the more general cases
of U(x) (3.10) are isomorphic to the ones we get from (3.11).

The following corollary is deduced from the explicit form of T±(x) given in (3.8)-(3.9) and relation (2.7):

Corollary 3.1. The action of the automorphisms θ1, θ2 on the generators in the Cartan-Weyl basis of ŝl2
is such that:

θ1(en) = f−n, θ1(fn) = e−n, θ1(hn) = −h−n and θ1(c) = −c ,(3.12)

θ2(en) = e−n+1, θ2(fn) = f−n−1, θ2(hn) = h−n + cδn and θ2(c) = −c .(3.13)

In the Serre-Chevalley basis, these automorphisms are given by θ1(x
±
i ) = x∓i , θ1(ki) = −ki and θ2(x±i ) =

x∓1−i, θ2(ki) = −k1−i.

Note that solely solving the relations (2.6), two well-known automorphisms of ŝl2 are recovered. In
the literature, the automorphism θ1 is called the Chevalley involution, whereas the automorphism θ2 is a

composition of the outer automorphism of ŝl2 and the Chevalley involution.

According to the choice of automorphisms of ŝl2, an FRT presentation for two different fixed point

subalgebras of the affine Kac-Moody algebra ŝl2 can be constructed. First, we consider the fixed point

subalgebra ŝl2
θ1
. Using (3.8), (3.9), by straightforward simplifications the element (2.12) is written as5:

(3.14) B(x) =

(
0 A0

0 0

)
+
∑

n≥1

xn
(
Gn A−n

An −Gn

)
7→ T+(x) + θ1(T

+(x)) = T+(x) + U T−(1/x)t U−1,

where the generators An, Gn are such that:

(3.15) An 7→ 2(en + f−n) and Gn 7→ hn − h−n .

Now, consider the second solution of (3.11). For this choice of automorphism, the element B(x) is written
as:

B(x) =

(
K0/2 Z

−

0

0 −K0/2

)
+
∑

n≥1

xn

(
Kn Z

−

n

Z
+

n −Kn

)
(3.16)

7→ T+(x) + θ2(T
+(x)) = T+(x) + U(x) T−(1/x)t U−1(x) − cxU ′(x)U(x)−1,

where the generators Kn, Z
+

n+1, Z
−

n , for n ∈ Z≥0, are such that:

(3.17) Z
+

n+1 7→ 2(en+1 + e−n), Z
−

n 7→ 2(fn + f−n−1), and Kn 7→ hn + h−n + cδn .

3.3. Classical reflection equation for ŝl2 and fixed point subalgebras. Previously, we identified two

different subalgebras of T as fixed point subalgebras of ŝl2 under the action of certain automorphisms. In

this subsection, using Proposition 2.3 we obtain two other known fixed point subalgebras of ŝl2 .

Proposition 3.2. Let the r-matrix be defined by (3.6). The most general k-matrix solution of the classical
reflection equation (2.14) is given by:

(3.18) k(x) = η(x)

(
α(x − 1/x) β + γ/x
−β − γx δ(x − 1/x)

)
,

where α, β, γ and δ are scalar parameters and η(x) is an arbitrary function.

Proof. By direct computation. �

5The central charge c does not appear, as the derivative of U is vanishing.
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Remark 4. For α = 1, δ = −1 and β = γ = 0, (resp. β = γ and α = δ = 0) the k-matrix (3.18) becomes
proportional to the matrix U (resp. U(x)) given in (3.11).

By using Proposition 2.3 with the k-matrix (3.18), a subalgebra of ŝl2 is defined depending on the four
parameters α, β, γ and δ. As examples, we consider the two following choices for k(x).

Example 1. For k(x)
∣∣∣
α=δ=γ=0
β=η(x)=1

=

(
0 1
−1 0

)
= κ+, the homomorphism (2.15) becomes

(3.19) B(x) =

(
H0/2 F 0/2

E0/2 −H0/2

)
+
∑

n≥1

xn
(
Hn Fn

En −Hn

)
7→ T+(x) + κ+ T−(1/x)t κ−1

+ ,

where the generators Hn, En, Fn, for n ∈ Z≥0, are such that:

(3.20) En 7→ 2(en + e−n) , Fn 7→ 2(fn + f−n) and Hn 7→ hn + h−n .

This subalgebra is denoted by ŝl2
κ+

.

Example 2. For k(x)
∣∣∣
α=δ=β=0
γ=η(x)=1

=

(
0 1/x
−x 0

)
= κ−(x), the homomorphism (2.15) becomes

B(x) = x−1

(
0 F̃0/2
0 0

)
+

(
H̃0/2 F̃1

0 −H̃0/2

)
+ x

(
H̃1 F̃2

Ẽ0/2 −H̃1

)
+
∑

n≥2

xn

(
H̃n F̃n+1

Ẽn−1 −H̃n

)

7→ T+(x) + κ−(x) T
−(1/x)t κ−(x)

−1 − cxκ′−(x)κ−(x)
−1,

where the generators H̃n, Ẽn, F̃n, for n ∈ Z≥0, are such that:

(3.21) Ẽn 7→ 2(en+1 + e−n+1) , F̃n 7→ 2(fn−1 + f−n−1) and H̃n 7→ hn + h−n + 2cδn .

This subalgebra is denoted by ŝl2
κ−

.

By using the commutation relations (3.3)-(3.5), one finds that both ŝl2
κ±

are isomorphic Lie algebras.

Note also that ŝl2
κ+

(resp. ŝl2
κ−

) can be viewed as the fixed point subalgebra of ŝl2 under the action of the
Lusztig automorphism in the Cartan-Weyl presentation en 7→ e−n, fn 7→ f−n, hn 7→ h−n and c 7→ −c (resp.
en 7→ e−n+2, fn 7→ f−n−2, hn 7→ h−n + 2cδn and c 7→ −c). However, let us emphasize that the Lusztig
automorphisms cannot be written in the form of Proposition 2.1.

4. The Onsager algebras and current algebras

In this section, it is shown that the three non-standard classical Yang-Baxter algebras (2.11) associated
with (3.14), (3.16) and (3.19) provide an FRT presentation for the Onsager algebra, augmented Onsager
algebra and the sl2-invariant Onsager algebra, respectively. In each case, the corresponding current presen-
tations are derived. Using the FRT presentation, we also derive the corresponding commutative subalgebras.
In particular, this provides a new derivation of the well-known mutually commuting quantities in integrable
models generated from the Onsager algebra such as the Ising [O44] or superintegrable chiral Potts models
[GR85, D91]. For the augmented Onsager algebra, it gives classical analogs of the mutually commuting
quantities constructed in [BB12].

4.1. The Onsager algebra revisited. Introduced in the context of mathematical physics on the exact
solution of the two-dimensional Ising model [O44], the Onsager algebra is known to admit at least two
presentations. The first presentation which originates in Onsager’s work [O44] is now recalled.

Definition 4.1. The Onsager algebra O is generated by {An, Gm|n,m ∈ Z} subject to the following relations:

[An, Am] = 4 Gn−m ,(4.1)

[Gn, Am] = 2An+m − 2Am−n ,(4.2)

[Gn, Gm] = 0 .(4.3)



FRT PRESENTATION AND ONSAGER ALGEBRAS 9

As the Lie bracket is anti-symmetric, [A0, An] + [An, A0] = 0. From (4.1), note that

G−n +Gn = 0.(4.4)

Note that a second presentation is given in terms of two generators A0, A1 subject to a pair of relations,
the so-called Dolan-Grady relations [DG82]. They read:

[A0, [A0, [A0, A1]]] = 16[A0, A1], [A1, [A1, [A1, A0]]] = 16[A1, A0].(4.5)

Theorem 1. The non-standard classical Yang-Baxter algebra (2.11) specialized for

(4.6) B(x) =

(
G(x) A−(x)
A+(x) −G(x)

)

with

G(x) =
∑

n≥1

xnGn, A−(x) =
∑

n≥0

xnA−n, A+(x) =
∑

n≥1

xnAn(4.7)

and the r-matrix given by

(4.8) r12(x, y) = r12(x/y) + U1 r
t1
12(1/(xy)) U

−1
1 where U is given by (3.11),

provides an FRT presentation of the Onsager algebra.

Proof. Inserting (4.6) into (2.11), one has:

[ G(x) , G(y) ] = 0 ,(4.9)

[ G(x) , A+(y) ] =
2x(1− y2)

(x− y)(xy − 1)
A+(y) +

2y

x− y
A+(x) +

2xy

xy − 1
A−(x) ,(4.10)

[ G(x) , A−(y) ] =
2x(y2 − 1)

(x − y)(xy − 1)
A−(y) +

2x

y − x
A−(x) +

2

1− xy
A+(x) ,(4.11)

[ A+(x) , A+(y) ] =
4xy

1− xy
(G(x) − G(y)) , [ A+(x) , A−(y) ] =

4x

x− y
(G(x) − G(y)) ,(4.12)

[ A−(x) , A−(y) ] =
4

xy − 1
(G(x) − G(y)) .(4.13)

Define

G(x) =
∑

n≥1

xnGn, A−(x) =
∑

n≥0

xnA−n, A+(x) =
∑

n≥1

xnAn .(4.14)

Then, we extract from (4.9)-(4.13) the complete set of relations satisfied by the generators An, Gm for
n,m ≥ 1. Consider (4.12), (4.13). Expanding around y = 0 both sides of the three equations and identifying
the power series, one obtains equivalently:

[
An, Am

]
= 4sign(n−m)G|n−m|,

[
A−n, A−m

]
= 4sign(m− n)G|n−m|,[

An, A−m

]
= 4Gn+m,

[
An, A0

]
= 4Gn for any n,m ≥ 1.

Consider the r.h.s of (4.10). Around y = 0, one has:

2x(1− y2)

(x− y)(xy − 1)
A+(y) = −2

∞∑

m=1

m−1∑

n=0

x−nymAm−n − 2

∞∑

m=1

m∑

n=1

xnymAm−n

whereas

2y

x− y
A+(x) +

2xy

xy − 1
A−(x) =

∞∑

n=1

∞∑

m=1

xnym(2An+m − 2Am−n)

+ 2

∞∑

m=1

m−1∑

n=0

x−nymAm−n + 2

∞∑

m=1

m∑

n=1

xnymAm−n.

Combining all terms together with the l.h.s of (4.10), one gets equivalently:
[
Gn, Am

]
= 2Am+n − 2Am−n for any n,m ≥ 1.
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The similar analysis for (4.11) gives:
[
Gn, A−m

]
= 2A−m+n − 2A−m−n and

[
Gn, A0

]
= 2An − 2A−n for any n,m ≥ 1.

Finally, from (4.9) we immediatly obtain:
[
Gn, Gm

]
= 0 for any n,m ≥ 1.

It remains to show that the algebra generated by An, Gm is isomorphic to the Onsager algebra. With the
identification

An = An and Gn = sign(n)G|n| for any n,m ∈ Z,(4.15)

one obtains the defining relations of the Onsager algebra (4.1)-(4.3). �

Remark 5. The fixed point subalgebra of the loop algebra of sl2 under the action of θ1 (see relations (3.12))

is isomorphic to the Onsager algebra O [D91, R91]. For ŝl2
θ1
, the isomorphism is given by (3.15).

Note that the relations (4.9)-(4.13) provide a current presentation for the Onsager algebra.

Using the general results presented in Section 2.3 (see Propositions 2.4, 2.5), the generating functions of
the elements in the commutative subalgebras of the Onsager algebra are easily derived. On one hand, by
Proposition 2.4 we routinely obtain:

Proposition 4.1. The generating function

(4.16) tons(x) = 2G(x)2 +A+(x)A−(x) +A−(x)A+(x)

is such that [tons(x), tons(y)] = 0 for any x, y.

On the other hand, by Proposition 2.5 it follows:

Proposition 4.2. Let κ, κ∗, µ be arbitrary scalars. The generating function

(4.17) bons(x) = (κ+ κ∗/x)A+(x) + (κ+ κ∗x)A−(x) + µ(1/x− x)G(x)

is such that [bons(x), bons(y)] = 0 for any x, y.

Proof. First, one shows that

(4.18) M(x) =

(
µ/x κ+ κ∗/x

κ+ κ∗x µx

)

is a solution of the relation (2.20) with the r-matrix given by (4.8). From (2.21), we immediately get
(4.17). �

Remark 6. Expanding the generating function bons(x) in x, one produces the well-known mutually commut-
ing quantities of the Onsager algebra O [O44, GR85, D91]. For k = 0, 1, 2, . . . , the coefficients of the power
series are given by:

(4.19) Ik = κ(Ak +A−k) + κ∗(Ak+1 +A−k+1) + µ(Gk+1 −Gk−1) .

4.2. The augmented Onsager algebra revisited . The augmented Onsager algebra has been introduced
in [BC12] as a classical analog of the augmented tridiagonal algebra of the first kind [IT09, page 5-6], also
called the augmented q−Onsager algebra in [BB12, BB17].

Definition 4.2. [BC12] The augmented Onsager algebra Oaug is generated by {Kn, Z
±
m|n,m ∈ Z} subject

to the following relations

[Z+
n , Z

+
m] = [Z−

n , Z
−
m] = [Kn,Km] = 0 ,(4.20)

[Z+
n , Z

−
m] = 4(Kn+m +K−n+m+1) , [Kn, Z

±
m] = ±2(Z±

n+m + Z±
−n+m) ,(4.21)

Kn −K−n = 0 , Z+
n − Z+

−n+1 = 0 and Z−
n − Z−

−n−1 = 0 .(4.22)
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Let us point out that, from the defining relations (4.20)-(4.21), it is possible to show that the three
generators K0, Z

±
0 satisfy:

[Z±
0 , [Z

±
0 , [Z

±
0 , Z

∓
0 ]]] = 0, [K0, Z

±
0 ] = ±4Z±

0 .(4.23)

These latter relations can be viewed as the classical analog of the relations in [IT09, page 5] or [BB12, eqs.
(3.22)].

Theorem 2. The non-standard classical Yang-Baxter algebra (2.11) specialized for

(4.24) B(x) =

(
K(x) Z−(x)
Z+(x) −K(x)

)

with

(4.25) K(x) = K0/2 +
∑

n≥1

xnKn , Z−(x) =
∑

n≥0

xnZ−
n , Z+(x) =

∑

n≥1

xnZ+
n ,

and the r-matrix given by

(4.26) r12(x, y) = r12(x/y) + U1(x) r
t1
12(1/(xy)) U1(x)

−1 where U(x) is given by (3.11),

provides an FRT presentation of the augmented Onsager algebra.

Proof. Inserting (4.24) into (2.11), one has:

[ K(x) , K(y) ] = 0 , [ Z+(x) , Z+(y) ] = 0 , [ Z−(x) , Z−(y) ] = 0 ,(4.27)

[ K(x) , Z+(y) ] =
2y(x+ 1)(y − 1)

(x− y)(xy − 1)
Z+(x) − 2y(x2 − 1)

(x− y)(xy − 1)
Z+(y) ,(4.28)

[ K(x) , Z−(y) ] =
2y(x2 − 1)

(x− y)(xy − 1)
Z−(y)− 2x(x+ 1)(y − 1)

(x− y)(xy − 1)
Z−(x) ,(4.29)

[ Z+(x) , Z−(y) ] =
4x

(x− y)(xy − 1)

(
(x+ 1)(y − 1)K(x) − (x− 1)(y + 1)K(y)

)
.(4.30)

Define

(4.31) K(x) = K0/2 +
∑

n≥1

xnKn , Z−(x) =
∑

n≥0

xnZ
−

n , Z+(x) =
∑

n≥1

xnZ
+

n .

Then, we extract from (4.27)-(4.30) the complete set of relations satisfied by the generators Kn, Z
−

n , Z
+

m for
n ≥ 0,m ≥ 1. Consider (4.30). Expanding around y = 0, equivalently we get:

[
Z

+

n , Z
−

m

]
= 4(Kn+m +K |n−m−1|) for any n,m ≥ 1.

Consider (4.28). Around y = 0, we get:
[
Kn, Z

+

m

]
= 2(Z

+

n+m + Z
+

n−m+1) for any 1 ≤ m ≤ n,
[
Kn, Z

+

m

]
= 2(Z

+

n+m + Z
+

−n+m) for any m > n ≥ 0.

Consider (4.29). Around y = 0, we get:
[
Kn, Z

−

m

]
= −2(Z

−

n+m + Z
−

−n+m) for any m ≥ n ≥ 0,
[
Kn, Z

−

m

]
= −2(Z

−

n+m + Z
−

n−m−1) for any 1 ≤ m < n,
[
Kn, Z

−

0

]
= −2(Z

−

n + Z
−

n−1) for any n ≥ 1.

Finally, from (4.27) we immediately obtain:
[
Kn,Kn′

]
= 0,

[
Z

+

m, Z
+

m′

]
= 0,

[
Z

−

n , Z
−

n′

]
= 0 for any n, n′ ≥ 0, m,m′ ≥ 1.

It remains to show that the algebra generated by Kn, Z
±

m is isomorphic to the augmented Onsager algebra.
With the identification

Kn = K |n|, Z+
n = Z

+

n if n ≥ 1, Z+
n = Z

+

−n+1 if n ≤ 0,

Z−
n = Z

−

n if n ≥ 0, Z−
n = Z

−

−n−1 if n < 0,

one obtains the defining relations of the augmented Onsager algebra (4.20)-(4.21). �
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Corollary 4.1. The augmented Onsager algebra is isomorphic to the fixed point subalgebra ŝl2
θ2

generated
by (3.17).

Note that the relations (4.27)-(4.30) provide a current presentation for the augmented Onsager algebra.

Generating functions of elements in the commutative subalgebras of the augmented Onsager algebra are
now derived. By Propositions 2.4 we routinely obtain:

Proposition 4.3. The generating function

(4.32) taug(x) = 2K(x)2 + Z+(x)Z−(x) + Z−(x)Z+(x)

is such that [taug(x), taug(y)] = 0 for any x, y.

On the other hand, by Proposition 2.5 it follows:

Proposition 4.4. Let τ, ν, ν∗ be arbitrary scalars. The generating function

(4.33) baug(x) = τK(x) + ν(1 + 1/x)Z+(x) + ν∗(x+ 1)Z−(x)

is such that [baug(x), baug(y)] = 0 for any x, y.

Proof. One shows that

(4.34) M(x) =

(
τ ν(1 + 1/x)

ν∗(x+ 1) 0

)

is a solution of the relation (2.20) with the r-matrix (4.26). From (2.21), we immediately get (4.33). �

Remark 7. Expanding the generating function baug(x) in x, one produces mutually commuting quantities of
the augmented Onsager algebra Oaug. For k = 0, 1, 2, . . . and the convention Z+

0 = Z−
−1 = 0, the coefficients

of the power series read:

(4.35) Iaugk = τKk + ν(Z+
k + Z+

k+1) + ν∗(Z−
k−1 + Z−

k ).

4.3. The sl2-invariant Onsager algebra. In this subsection, we introduce an algebra that we call the sl2-
invariant algebra. This algebra is viewed as the classical analog of the Uq(gl2)-invariant q−Onsager algebra6

introduced in [BB17, subsection 2.4].

Definition 4.3. The sl2-invariant Onsager algebra Oinv is generated by {Hn, En, Fn|n ∈ Z} subject to the
following relations

[En, Em] = [Fn, Fm] = [Hn, Hm] = 0,(4.36)

[Hn, Em] = 2(En+m + E−n+m) , [Hn, Fm] = −2(Fn+m + F−n+m) ,(4.37)

[En, Fm] = Hn+m +H−n+m .(4.38)

As a consequence of the commutation relations (4.36)-(4.38), linear relations among the generators
{En, Fn, Hn|n ∈ Z} can be exhibited. Define:

En = En − E−n, Fn = Fn − F−n, Hn = Hn −H−n.(4.39)

From (4.38) and (4.36) one gets

[Fn,Em] = [En,Fm] = [En,Em] = [Fn,Fm] = 0.(4.40)

Using (4.38) with n = 0 we have Hm = 1
2 [E0, Fm]. Applying the Jacobi identify we obtain

[Hn,Em] =
1

2
[[E0, Fm],Em] = 0, [Hn,Fm] =

1

2
[[E0, Fm],Fm] = 0.(4.41)

Also, using the commutation relations (4.37), we find

[Hn, Fm] = [Hn, Em] = [Hn, Hm] = 0.(4.42)

6In the context of the half-infinite XXZ spin chain, the Uq(gl2)-invariant q−Onsager algebra algebra characterizes the hidden
non-Abelian infinite dimensional symmetry of the Hamiltonian with Uq(gl2)-invariant (special diagonal) boundary conditions
(for the finite open XXZ spin chain, see [PS90]). This motivates the terminology used in [BB17] and here. In the defining
relations of the sl2-invariant algebra, one recognizes the sl2-subalgebra (4.45).
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Thus, according to (4.40), (4.41) and (4.42) the elements {Hn,En,Fn} with n ∈ Z belong to the center of
Oinv. Finally, observe that the commutation relations (4.37) imply

[Hn,Fm] = −2(Fn+m + F−n+m), [Hn,Em] = 2(En+m + E−n+m).(4.43)

Together with (4.41), it follows Fn+m + F−n+m = En+m + E−n+m = 0 for all n and m. In particular, for
n = 0 one gets Em = Fm = 0. It implies Hm = 1

2 [E0,Fm] = 0. As a consequence, in the algebra Oinv the
following linear relations hold:

En − E−n = 0, Fn − F−n = 0, Hn −H−n = 0.(4.44)

From the defining relations (4.36)-(4.38), one finds that the six generators H0, E0, F0, H1, E1, F1 satisfy
the relations:

[H0, E0] = 4E0, [H0, F0] = −4F0, [E0, F0] = 2H0,(4.45)

[H0, E1] = [H1, E0] = 4E1, [H0, F1] = [H1, F0] = −4F1, [E0, F1] = [E1, F0] = 2H1,(4.46)

[H1, [E1, F1]] = 0.(4.47)

Note that these relations are the classical analogs of [BB17, eqs. (2.18)].

Theorem 3. The non-standard classical Yang-Baxter algebra (2.11) specialized for

(4.48) B(x) =

(
H(x) F(x)
E(x) −H(x)

)

with

(4.49) H(x) = H0/2 +
∑

n≥1

xnHn , E(x) = E0/2 +
∑

n≥1

xnEn , F(x) = F0/2 +
∑

n≥1

xnFn ,

and the r-matrix given by

(4.50) r12(x, y) = r12(x/y) + κ+ rt112(1/(xy)) κ
−1
+ where κ+ is given in Example 1,

provides an FRT presentation of the sl2-invariant Onsager algebra.

Proof. Inserting (4.48) into (2.11), one has:

[ H(x) , H(y) ] = 0 , [ E(x) , E(y) ] = 0 , [ F(x) , F(y) ] = 0 ,(4.51)

[ H(x) , E(y) ] = 2

(x− y)(xy − 1)

(
x(y2 − 1)E(x)− y(x2 − 1)E(y)

)
,(4.52)

[ H(x) , F(y) ] = − 2

(x− y)(xy − 1)

(
x(y2 − 1)F(x)− y(x2 − 1)F(y)

)
,(4.53)

[ E(x) , F(y) ] =
4

(x− y)(xy − 1)

(
x(y2 − 1)H(x) − y(x2 − 1)H(y)

)
.(4.54)

Define

(4.55) H(x) = H0/2 +
∑

n≥1

xnHn , E(x) = E0/2 +
∑

n≥1

xnEn , F(x) = F 0/2 +
∑

n≥1

xnFn .

As we proceed by analogy with the previous cases, we omit the details. With the identification

Hn = H |n|, En = E|n|, Fn = F |n|,

one obtains the defining relations of the sl2-invariant Onsager algebra (4.36), (4.38). �

Corollary 4.2. The sl2-invariant Onsager algebra is isomorphic to the fixed point subalgebra ŝl2
κ+

generated
by (3.20).

Note that the relations (4.51)-(4.54) provide a current presentation for the Onsager algebra.

Generating functions of elements in the commutative subalgebras of the sl2-invariant Onsager algebra are
now derived. By Propositions 2.4:

Proposition 4.5. The generating function

(4.56) tinv(x) = 2H(x)2 + E(x)F(x) + F(x)E(x)
is such that [tinv(x), tinv(y)] = 0 for any x, y.
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By Proposition 2.5, it follows:

Proposition 4.6. Let µ0, µ1, µ2 be arbitrary scalars. The generating function

(4.57) binv(x) = µ0H(x) + µ1E(x) + µ2F(x)

is such that [binv(x), binv(y)] = 0 for any x, y.

Proof. One shows that

(4.58) M(x) =

(
µ0 µ1

µ2 0

)

is a solution of the relation (2.20) for the r-matrix (4.50). From (2.21), we immediately get (4.57). �

5. Concluding remarks

In this letter, it is shown that the classical Onsager, augmented Onsager and sl2-invariant Onsager algebras
fit into the framework of the non-standard classical Yang-Baxter algebras. Using this framework, an FRT
presentation is identified in each case. A current presentation is obtained and the generating functions for
elements in their commutative subalgebras are constructed.

Here, we mainly focused on different types of non-standard classical Yang-Baxter algebras associated with

one of the simplest affine Kac-Moody algebra ŝl2, and their explicit relations with the Onsager algebras.
However, it is clear that the framework proposed in Section 2 can be easily applied to any higher rank affine
Lie algebra and their fixed point subalgebras. Although not discussed in this letter, an FRT presentation and
associated current presentations for any of the higher rank classical Onsager algebras [UI95, BB09] could be
derived in this framework. Another generalization of the construction presented here would be to consider
automorphisms of order greater than 2. Indeed, such automorphisms have been studied for the rational
r-matrix in [CY07] and provide interesting integrable systems.

In view of the recently proposed presentation of the q−Onsager algebra in terms of root vectors [BK17]
satisfying a q−deformed analog of the Onsager’s relations (4.1)-(4.3), it is tempting to reconsider the connec-

tion between the quantum reflection algebra and coideal subalgebras of Uq(ŝl2) [MRS03] or the q−Onsager
algebra [B04, BK05] in light of the results presented here. Besides the two Examples 1, 2, it is also natural

to ask for an interpretation of the homomorphic image (2.15) in terms of ŝl2 subalgebras for the the most
general solution (3.18) of the classical reflection equation (2.14).

From the point of view of applications to quantum integrable systems, the FRT presentation for the
Onsager algebras and related current presentations offer a different perspective for the analysis of well-
known integrable models such as the Ising or superintegrable Potts model. For instance, by analogy with
the analysis of [BB12], a free field realization of the Onsager’s currents may be considered to solve the
spectral problem for the mutually commuting quantities (4.17) and study correlation functions of local
fields. In particular, it would be nice if it could provide a derivation of the celebrated Painlevé equations
[P80, MPW81, FZ03] for the Ising model based on the Onsager algebra.

Some of these problems will be considered elsewhere.
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