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FRT PRESENTATION OF THE ONSAGER ALGEBRAS

PASCAL BASEILHAC*, SAMUEL BELLIARD**, AND NICOLAS CRAMPET:*

ABSTRACT. A presentation & la Faddeev-Reshetikhin-Takhtajan (FRT) of the Onsager, augmented Onsager
and slp-invariant Onsager algebras is given, using the framework of the non-standard classical Yang-Baxter
algebras. Associated current algebras are identified, and generating functions of mutually commuting quan-
tities are obtained.

MSC: 81R50; 81R10; 81U15.
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1. INTRODUCTION

Introduced by L. Onsager in the investigation of the exact solution of the two-dimensional Ising model
[O44], the Onsager algebra is an infinite dimensional Lie algebra with two known presentations. The original
presentation is given in terms of generators {A4,,, G,,|n,m € Z} and relations (see Definition [1]). A second
presentationl] is given in terms of two generators Ag, A; satisfying the so-called Dolan-Grady relations (4.3])
[DG82]. Later on, it was shown that the Onsager algebra is isomorphic to a fixed point subalgebra of the
affine Kac-Moody algebra sl> under the Chevalley involution R9T].

In the context of mathematics and quantum integrable systems, a g—deformed analog of the Onsaggr
algebra has been introduced in recent years [T99, B04]. It is isomorphic to a coideal subalgebra of Uy(slz)
BB09] (see also [K12]). Similarly to the classical (undeformed) Onsager algebra, two presentations are
known, which can be viewed as g—deformed analog of the original presentations of Onsager [BK05, [BK17]
and Dolan-Grady [T99, [B04]. Other types of algebras have been later on considered in the literature: the
augmented (g—)Onsager algebra [IT09] and the Uy(gly)—invariant g—Onsager algebra [BB17].

Given the known automorphisms of Uq(;l\g), these other types of g—Onsager algebras can be understood

o~

as different coideal subalgebras of U,(slz). For all these different types of ¢—Omnsager algebras, a third
presentation is also identified using the framework of the quantum reflection algebra
[S88]. Based on this presentation, one obtains current algebras for the g—Onsager algebras [BS09] that
found applications in the solution of the open XXZ spin chain [BB12]. This third presentation gives also a
tool to derive explicit examples of tridiagonal pairs [T99] or to conjecture a Poincaré-Birkhoff-Witt basis for
the g—Onsager algebra [BB17], besides the so-called zig-zag basis of Ito-Terwilliger [IT09).

By analogy with the family of g—Onsager algebras that admit a presentation within the framework of the
quantum reflection algebra, it is thus natural to search for this ‘missing’ presentation of the classical Onsager
algebras. In this letter, we answer this question. Namely, it is shown that all classical Onsager algebras
admit a presentation within the framework of the non-standard classical Yang-Baxter algebras. This link
offers a new perspective to study the related integrable systems.

This letter is organized as follows. In Section 2, the framework of the classical Yang-Baxter algebra .77
(with central extension) and the non-standard classical Yang-Baxter algebra £ is settled. Automorphisms of
J are considered, which are used to construct homomorphisms from 2 to .7. Also, based on solutions of the
classical reflection equation, a different homomorphism is proposed. Then, two commutative subalgebras
of A are identified. In Section 3, we construct some of the simplest explic/it\ examples of non-standard
classical Yang-Baxter algebras & related with the afﬁ/n\e Kac-Moody algebra slo. First, we introduce some
necessary material. Different known presentations of sl are also recalled: the Serre-Chevalley presentation
[K85], the Cartan-Weyl presentation [GO86] and the so-called FRT presentation (in honour of Faddeev-
Reshetikhin-Takthadjan [FRT87]). As an application of the results of Section 2, it is shown that known

IThe connection between the Dolan-Grady construction and the original Onsager algebra was understood by J.H.H. Perk
in 1982 [P87].
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automorphisms of ;l\g are easily recovered from the automorphisms of the classical Yang-Baxter algebra.
Then, three different non-standard classical Yang-Baxter algebras are considered. In each case, the map to
subalgebras of ;l\g is described in details. In Section 4, it is shown that these three non-standard classical
Yang-Baxter algebras are isomorphic to the Onsager algebra, the augmented Onsager algebra and the sly
invariant Onsager algebra, respectively. In each case, our construction provides an FRT presentation. Their
corresponding current presentations are displayed. Finally, as an application of the FRT presentations, we
derive generating functions of mutually commuting quantities for each of the Onsager algebras. Concluding
remarks are given in Section 5.

2. CLASSICAL YANG-BAXTER ALGEBRAS AND COMMUTATIVE SUBALGEBRAS

In this section, we introduce the basic definitions of the standard and non-standard classical Yang-baxter
algebras, denoted 7 and 4, respectively. See Definitions and [Z4l A class of automorphisms of .7 is
exhibited in Proposition 2.1l and the homomorphic image of £ into the fixed point subalgebra of .7 under
this automorphism is described in Proposition A different homomorphic image of 4 into a subalgebra
of 7 is also given in Proposition 2.3] based on solutions of the classical reflection equation. Finally, two
different commutative subalgebras of % are displayed, see Propositions [2.4] and

2.1. Classical Yang-Baxter algebras. The classical Yang-Baxter equation appeared as a limit of the
quantum inverse scattering method [S80] and became quickly popular [BD82 D83 [S83]. In this letter, we
use two slightly different definitions (see Definitions 2.1] and 2.3)).

Definition 2.1. The matriz v(z) € End(CN @ CN) is called a classical r-matriz if it satisfies the skew-
symmetric condition r12(x) = —re1(1/x) and the classical Yang-Baxter equation

(2.1) [ T13(z1/23) , ros(@2/x3) | = [ ris(x1/w3) + ras(w2/w3) , T12(21/72) |

for any x1,x2,23. Here, r12(x) =r(x) @ I , ro3(x) = I @ r(z) and so on.

For a given skew-symmetric r-matrix r(x) that satisfies the classical Yang-Baxter equation, we now intro-
duce the Lie algebra .7 with central extension ¢. Generically, this algebra is called the classical Yang-Baxter
algebra. Note that this algebra can be understood as a classical analog of the algebra introduced in [RS90].

Let {E;; | 1 <4,j < N} denotes the standard basis of End(CY) (i.e. the N x N matrices with components
(Eij )kl = 0i1051). Below we use the Einstein summation convention by omitting the sums over the repeated
indices 1, j.

Definition 2.2. Let r(z) € End(CYN ® CN) be a classical r-matriz. 7 is the Lie algebra with generatord
+[e

{e,t5; ) | 1 <i,5 <N,leZ}. Introduce:
(2.2) THa) =By oY et 17@) = B0 ¢t
LeL LEZ
The defining relations are:
(2:3) [T*(x),c] = 0,
(2.4) [T (2), T3 (y)] = (T3 (2) + T3 (y), raz(2/y)]
(2.5) [T17(2), Ty (y)] = [T (2) + Ty (y),m2(z/y)] — 2y (x/y)z/y -

Remark 1. The Jacobi identity of the Yang-Baxter algebra 7 follows from the classical Yang-Baxter equa-
tion and its derivative. The latter reads:

[ f13($1/$€3) + f23($2/563) ) 7‘12(901/252) ] = [ f13($1/$€3) ) 7“23(962/!103) ]+ [ 7“13(!101/563) ) f23($2/563) ]

where f(x) = zr'(z).

The presentation of the commutation relations (2.3)-(23) of a Lie algebra .7 is called a FRT presentation
in honour of the authors Faddeev-Reshetikhin-Takhtajan [FRI8T].

A class of automorphisms of the Lie algebra .7 is now considered.

2According to the examples, the range of ¢ will be restricted.



FRT PRESENTATION AND ONSAGER ALGEBRAS 3

Proposition 2.1. Let r(x) be a classical r-matriz with the additional property r12(x) = —ri2(1/z)"2 and
U(x) be a N x N invertible matrixz satisfying

(2.6)  Ux)' =eU(l/z) and Ui(2)Us(y)riz(z/y) = riz(/y)Ui(2)U2(y)  for e =+1 ore=—1.
Then, the map 0 : End(CN) @ 7 — End(CN) ® 7 such that

(2.7) TH(z) = Ux) TT(1/2)' U(x)™ F caU'(2)U(z)™t, ¢ —c,

where ()¢ stands for the transposition in End(CY), provides an involutive automorphism of 7.

Proof. First, we show that 6 is an automorphism. The action of 6 on (23) is trivially computed. Consider
the action of 6 on (24). After straightforward simplifications, the corresponding equation reduces to:

(2.8) [2U1(2)Us(2) ™" +yUs(y)U2(y) ™", r12(2/y)] = 0.
Similarly, consider the action of § on ([21]). The corresponding equation reduces to:
x _ _
22 @2 (u)ria(e/9)Ui (x) Wa(y) ™ = ria(/y))

+[ aU(@)Ur ()" — yUs(y)Ua(y) ", r12(z/y)] = 0.

It is easy to show that these last two equations follow from linear combinations of the derivatives of (Z.0])
either with respect to xd/dx or with respect to yd/dy. It remains to show the involution property. One has:

O(T*(x)) = U@)OT(1/2)))'U(x)"" + cal' (@)U (2) ™
= U@UADT @)U /2) U () + el (@)U ()
+céU(x)(U’(1/;v)U_1(1/:10))tU(x)_1.
Then, we use the first equation of (Z6]) and its derivative with respect to xd/dxz, which gives U’(z)

—eU’(1/z)t /22, The equation above simplifies to 62(T+(z)) = T (x). We show similarly 6?(T~ (z)) = T~ (
(and 6%(c) = ¢), which concludes the proof.

O& |

2.2. Non-standard classical Yang-Baxter equation and the algebra % . The non-standard classical
Yang-Baxter equation can be understood as a generalization of the classical Yang-Baxter equation (2.1).

Definition 2.3. The matriz T(z,y) € End(CYN @ CV) is called a non-standard classical r-matriz if it is a
solution of the non-standard classical Yang-Baxter equation

(2.9) [Tis(x1,23) 5 Teg(wo,x3) | = [ Tar(zx2,x1) , Tig(wi,x3) |+ [ Tes(x2,23) , Tia(21,22) |
for any x1,x2, x3.

In the case where the non-standard classical r-matrix depends on only one parameter 712(z,y) = ri2(z/y)
and is skew-symmetric T12(x, y) = —T21(y, =) then the non-standard classical Yang-Baxter equation reduces
to the standard one (21]).

For a given r-matrix 7(z, y) that satisfies the non-standard classical Yang-Baxter equation, we now intro-
duce the Lie algebra %.

Definition 2.4. % is the Lie algebra with generators {b%] | 1<i,j <N,le€Z}. Introduce:

(2.10) B(z)=E; @Y bia’ .
LEL

The defining relations are:

(2.11) [ Bi(x) , Ba(y) | = [Ta1(y,x) , Bi(z) |+ Ba(y) , T12(z,9) |,

where T(x,y) satisfies the non-standard classical Yang-Bazter equation (Z.9).
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Note that the Jacobi identity for & is guaranteed by the fact that the classical r-matrix in (ZI1)) satisfies
the non-standard classical Yang-Baxter equation (2.9). Although this r-matrix is not in general skew-
symmetric the Lie bracket of # is still anticommutative.

Given an automorphism 6 of .7, a realization of the algebra 4% into a fixed point subalgebraE of 7 is now
considered.

Proposition 2.2. Assume ria(x) = —ri2(1/x)"*2, U(x) is a solution of (2.8) and 0 is defined by [2.7).
The map g : B — T such that

(2.12) B(z) = T (2) +0(T*(2)) =T (z) + U(x) T~ (1/2)" U(x)™! — caU'(2)U(x) ",
with
(2.13) Tia(,y) = ra(z/y) + Ur(z) riy(1/(zy)) Ur(z)~!

is an algebra homomorphism.
Proof. See the proof of the Proposition 2.3] which is more general according to the Remark O

In the following, we denote by .79 C .7 the image of the algebra B by the homomorphism 9. Let us
remark that in the previous proposition, we may have considered B(x) — T~ (x) 4+ 6(T(x)). However, it
defines an isomorphic subalgebra.

To conclude this Section, we would like to point out that other subalgebras of .77, that are not necessarily
fixed point subalgebras, may be considered as well. Indeed, along the lines of [SkO6D], let us consider a
special case of the classical reflection equation [S87, eq. (2)].

Definition 2.5. The matriz k(z) € End(CY) is called a k-matriz if it is a solution of the following equation
(2.14) ria(z/y)ki(@)k2(y) — ki(@)ka (y)riz(z/y) = k(@) (@y)ka(y) — ka(y)riy(zy)ki (z)

for a given skew-symmetric r-matriz r(z) satisfying r12(x) = —r12(1/z) 2,

Remark 2. The matrices U(z) solving [28) are examples of k-matrices.
We are now in position to give a generalization of Proposition

Proposition 2.3. For a given k-matriz k(x), the map B — 7 such that

(2.15) B(x) = T (z) + k(z) T~ (1/2)" k(x)™' — cak/(x)k(z) ",
with
(2.16) T12(z,y) = ria(e/y) + ki(z) 1151/ (2y)) ka(a) ™"

is an algebra homomorphism.

Proof. Inserting [2.15]) into (Z.11]) and using 2.4)), 2.3)), one identifies T12(x,y) as (Z.16]). Also, one finds a

term in ¢ with coefficient:
2y (k1 (23 (ey)ka(y) — ka3 (s (@) —  a[ra(efy) + ks ()rt(@y)ks(y) ™, K@)k (2)" ki (2)ka(y)
(2.17) + y[ka(@)ka ()7t ria(a/y) — k(@) (ey)ki(y) " k(@) ks (y)-
To show that this coefficient vanishs, we use the reflection equation (ZI4]) from which we deduce:
ki (@)~ e (e /y)k (@)ka(y) + k(@) ke (y)rs (ey)k () = 113 (zy)ka(y) + k2(y)ra(z/y),
ka(y) ™ tria(x/y)ki (@)ka(y) — ki (@)ka(y) i3 (ey)ka(y) = ki(@)riz(z/y) — ri3(zy)k (z).
Using these two equations, the condition on the coefficient (ZI7) yields to the constraint:
[r12(2/y), ok (@)ka(y) + yki(2)ky(y)]  — okl (2)ri3(ey)ka(y) — yk(2)ri3 (zy)ks(y)
+ wha(y)rig(ey)k (@) + yky(y)ri3(ey)ki (z)
— 2ay (ki (2)r]3 (xy)ka(y) — k2 ()15 (zy)ki (@) = 0.
Taking linear combinations of the derivatives of ([2.14]) either with respect to xd/dx or with respect to yd/dy,

one finds that this constraint is satisfied. O

3Also called twisted algebra, where the twist is the automorphism.
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Note that the r-matrix defined by (216 is a solution of the non-standard classical Yang-Baxter equation
[239), as shown in [Sk06a].

The homomorphic image of % defined in Proposition is a Lie subalgebra of .7 that is not necessarily
a fixed point subalgebra. It is denoted by .7%.

2.3. Commutative subalgebras. Two commutative subalgebras of % are now identified. The first subal-
gebra has already appeared in the literature. The second subalgebra, which is new, will be of interest in the
analysis of further sections.

The following proposition has been proven in [J89, [HKW92| [H95] to prove the integrability of the Gaudin
models [G83] and has been generalized in [CRT04].

Proposition 2.4. The following generating function in the universal enveloping algebra of A
e
(2.18) t(z) = =3 el ptee
£, pEL

satisfies

(2.19) [t(z) , t(y)] =0.

Proposition 2.5. Let 7(x,y) be a solution of the non-standard classical Yang-Bazter equation (2.9). Let
M(z) € End(CN) be a solution of the following equation

(2.20) [tri(Ti2(z, y) Mi(2)) , Ma(y)] =0.

Then,

(2.21) b(x) = trM(z)B(x)

satisfies

(2.22) [b(x) , b(y)] =0.

Proof. Multiply (2I1)) on the left by Mj(x)Mz(y) and take the traces in the spaces 1 and 2 to get
[b(z) , b(y)] = triaMi(z)Ma(y)(F21(y, ©) Bi(x) — Bi(z)T21(y, x))

+tr1o My () Ma(y) (Bz(y)Tr2(2, y) — T12(z,y) Ba(y))

= tri M (2)trs (Ma(y)raa (v, @) ) Bu (@) — trutrs (Fau (y, ) Ma(y) ) Ma () B ()
+iratry (712(% y)M; (I)) M>(y)Ba(y) — traMa(y)tr: (Ml (@)T12(z, y))Bz(y)

— tr [Ml (), trs (Mg(y)Fgl (v, a:))] Bi(x) +try [trl (m(x, y)M; (g;)) My (y)] Ba(y) .

The cyclicity of the traces is used to prove the previous relations. Then, by using ([2.20)), one concludes the
proof. O

Remark 3. Note that t(x) and b(y) do not necessarily commute.

3. FRT PRESENTATION OF FIXED POINT SUBALGEBRAS OF sly

In this section, based on one of the simplest example of classical Yang-Baxter algebra 7 associated with
s/l\g, we present four different explicit examples of non-standard classical Yang-Baxter algebra #. Firstly, the
Serre-Chevalley and Cartan-Weyl presentations of the affine Kac-Moody algebra ;l\g are recalled. Secondly,
the FRT presentation of 5/2\2 is given and the automorphisms of Proposition [2.I] are described, see Corollary
Bl Finally, using Propositions and [2.3] we obtain the FRT presentation for four different homomorphic
images of #. They are identified with certain fixed point subalgebras of 5/2\2
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3.1. Presentations of ;l\g . The affine Kac-Moody algebra ;2\2 has been studied extensively in the mathe-
matics and physics literature [K85, [GO86] (see also [L93]), where two presentations are usually considered.

The so-called Serre-Chevalley presentation is generated by {z;, x; , k;|i = 0,1} subject to the commutation
relations

(31) [kl, Ij:] = :I:auzzr]i, [kl, kJ] = O, [.I:r, I;] = kjéiﬂ-,

(32) [, [, [a7, 2] =0 for i#j,

where §; = 0 if i # 0 and dg = 1. The element ¢ = kg + k; is central and the entries of the Cartan matrix are

given by agp = a11 = 2 and ag1 = a19 = —2. Alternatively, the Cartan-Weyl presentation of sly is generated
by {en, fn, hn,cln € Z} subject to the commutation relations

(33) [enaem] = [fnufm] =0,

(34) [hna em] = 2€n+m s [hna fm] = _2fn+ma

(3.5) [P, hn] = 2¢nnim »  [€ns fm] = hngm + €1 6ntm,

where ¢ is central. Recall that the isomorphism from the Serre-Chevalley to the Cartan-Weyl presentation
is given, up to automorphism, by (see e.g. [L93]): k1 — ho, 21 €0, 2z = fo, ko> —c—ho, xf —

f-1, Ty —el, c— —c

We give now an equivalent presentation of ;l\g using the generic construction exposed in Section 211 In
this goal, let us introduce the following classical (traceless) r-matrix for « # 1 associated with the affine

Kac-Moody algebra ;l\gi

—3(z+1) 0 0 0
1 0 Lz +1) -2 0
= 2
(3.6) @ =3 0 2z Lz+1) 0
0 0 0 —3(x+1)

which satisfies the classical Yang-Baxter equation (1) and the following relations
(37) 7‘12(1‘) = —7‘21(1/,@) = —7‘12(1/,@)“152 .

The affine Kac-Moody algebra s/l\g admits a third presentation, called an FRT presentation, using the
results of the previous sectiorl]. Namely, by defining:

ho/2  2f h 2f
+ _ 0 0 n n n
(3.8) T (x) = < 0 —h0/2> + Z:lx <2en ")
_ ~ (=ho/2 O nf —hon —2f_,
the relations given in Definition 22 are equivalent to the relations [B3)-(B5). Let us remark that the traces
of T*(x) vanish.
3.2. Automorphisms of s/l\g and fixed point subalgebras. We now describe explicitly the automor-

phisms obtained from Proposition 2.1 in the special case of sls.

Proposition 3.1. Let the r-matriz be defined by (34). The only solutions of the equations (2.0) are given
by:

(3.10) U_(]S _(]l) fore=1  or U(I)_(ii’ﬁ 1/8/5> for e = +1,

where k,k* are non-zero scalar parameters.

Proof. By direct computation. |

We expect this presentation appears in the literature, although we could not find a reference.



FRT PRESENTATION AND ONSAGER ALGEBRAS 7

In the following, we study the automorphisms of ;l\g denoted by 61 (resp. 63) obtained from (7)) with
the particular solution for (Z.6])

(3.11) U= ((1) _01) (resp. U(z) = (—?/5 1/8/5)).

We restrict ourselves to these particular solutions since the subalgebras obtained for the more general cases
of U(z) (BI0) are isomorphic to the ones we get from BII]).

The following corollary is deduced from the explicit form of T#(z) given in (.8)-(3.9) and relation 2.7):

Corollary 3.1. The action of the automorphisms 601,02 on the generators in the Cartan-Weyl basis of ;l\g
is such that:

(3.12) 61(en) = f-n, 01(fn) = e—n, 01(hyn) = —h_p and 61(c) = —c,
(3.13) Oa(en) = €—ni1, O2(frn) = f-n—1, O2(hy) = h_p + b, and B2(c) = —c.
In the Serre-Chevalley basis, these automorphisms are given by 61 (z) = x7, 0, (k;) = —k; and Oa(2F) =

.IiF_Z-, 92(]431) = —klfi.

Note that solely solving the relations (2.8), two well-known automorphisms of sly are recovered. In
the literature, the automorphism 6, is called the Chevalley involution, whereas the automorphism 65 is a
composition of the outer automorphism of sls and the Chevalley involution.

According to the choice of automorphisms of s/l\g, an FRT presentation for two different fixed point
subalgebras of the affine Kac-Moody algebra slo can be constructed. First, we consider the fixed point

—~6
subalgebra sly . Using B3), B3), by straightforward simplifications the element (ZI2)) is written adl:

(3.14)  B(z) = (8 ZOO) + ;x" (%Z fa) =TT (@) +6,(TH(2) =T () +U T~ (1/z) U,

where the generators A,., G, are such that:

(3.15) A= 2(en+fn) and G, hy —h_y, .

Now, consider the second solution of ([BI1]). For this choice of automorphism, the element B(x) is written
as:

 (Ko2  Z, wl(Kn Z,
(316)  B(z) = < % _F2/2>+7§1x <7+ _K)

= T (x) 4+ 0x(TT () =T (x) + U(z) T~ (1/2)! U (z) — calU'(z)U ()1,
where the generators FH,ZIH,?;, for n € Z>g, are such that:

(3.17) 7:;1 = 2(enq1 +en), Zy = 2(fu+ fon1), and Kp > hy +hop 4+, .

3.3. Classical reflection equation for ;l\g and fixed point subalgebras. Previously, we identified two
different subalgebras of .7 as fixed point subalgebras of sly under the action of certain automorphisms. In
this subsection, using Proposition we obtain two other known fixed point subalgebras of sis .

Proposition 3.2. Let the r-matriz be defined by (30). The most general k-matriz solution of the classical
reflection equation (2.17) is given by:

o o=t ("G00 G

where «, B,y and & are scalar parameters and n(x) is an arbitrary function.

Proof. By direct computation. 0

5The central charge ¢ does not appear, as the derivative of U is vanishing.
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Remark 4. Fora=1,0=—-1and  =~v=0, (resp. 8 =7 and a = § = 0) the k-matriz BIJ) becomes
proportional to the matriz U (resp. U(x)) given in B.II).

By using Proposition with the k-matrix [BI8]), a subalgebra of sly is defined depending on the four
parameters «, 8,7 and §. As examples, we consider the two following choices for k(x).

Example 1. For k(a:)’ = ( 0 1> = K4, the homomorphism (28] becomes

AN
_ (Ho/2 Fy/2 w(Hn Fa + - t.—1
(3.19) B(z) = <Fo/2 o/ +Y z 7. )~T () + ky T~(1/2)t KT,

n>1
where the generators H,,, E,, F,, for n € Z>q, are such that:
(3.20) E,—2en+e ) , Fo—=2(fn+fn) and Hyw hy+h_y,

This subalgebra is denoted by ;l\g’i+

Example 2. For k(z)’ N = < 0 1/$> = k_(z), the homomorphism (ZI5) becomes

I V5 K 4 B e A B o G
(x) T~(1/2)" k_(2)"! — car’ (z)r_(x)7!,

where the generators ﬁn, En, ﬁn, forn € Z>q, are such that:

(3.21) En 2(ens1+ens1) > Fnr2(faci+ fone1) and Hy — hy + h_p + 2c6,
This subalgebra is denoted by ;l\g’{7

By using the commutatlon relations (33)-(@B3), one finds that both sly © are isomorphic Lie algebras.

Note also that slg (resp Slg ) can be viewed as the fixed point subalgebra of slg under the action of the
Lusztig automorphism in the Cartan-Weyl presentation e, — e_,, fn +— f—n, hn — h_,, and ¢ — —c (resp.
€n ¥ €—ni2y fn = fon—2, hn — h_p + 2¢d, and ¢ — —c). However, let us emphasize that the Lusztig
automorphisms cannot be written in the form of Proposition 211

4. THE ONSAGER ALGEBRAS AND CURRENT ALGEBRAS

In this section, it is shown that the three non-standard classical Yang-Baxter algebras ([2.11]) associated
with (BI4), I8) and BI9) provide an FRT presentation for the Onsager algebra, augmented Onsager
algebra and the sla-invariant Onsager algebra, respectively. In each case, the corresponding current presen-
tations are derived. Using the FRT presentation, we also derive the corresponding commutative subalgebras.
In particular, this provides a new derivation of the well-known mutually commuting quantities in integrable
models generated from the Onsager algebra such as the Ising [044] or superintegrable chiral Potts models
[GR&5, DI1]. For the augmented Onsager algebra, it gives classical analogs of the mutually commuting
quantities constructed in [BB12].

4.1. The Onsager algebra revisited. Introduced in the context of mathematical physics on the exact
solution of the two-dimensional Ising model [O44], the Onsager algebra is known to admit at least two
presentations. The first presentation which originates in Onsager’s work [044] is now recalled.

Definition 4.1. The Onsager algebra O is generated by { A, G |n, m € Z} subject to the following relations:
(41) [AnuAm] =4 Gpom ,

(4.2) [Grn, Am] = 2A04m — 2A0m—n ,

(4.3) [GrnyGm] =0



FRT PRESENTATION AND ONSAGER ALGEBRAS 9

As the Lie bracket is anti-symmetric, [Ag, An] + [An, Ao] = 0. From (@IJ), note that
(4.4) G_n+Gr=0.

Note that a second presentation is given in terms of two generators Ap, A1 subject to a pair of relations,
the so-called Dolan-Grady relations [DG82]. They read:

(4.5) [Ao, [Ao, [Ao, A1]]] = 16[Ay, A1], [A1, [A1, [A1, Aol]] = 16[A1, Ao].

Theorem 1. The non-standard classical Yang-Baxter algebra (2.11) specialized for

w9 w0 = (85 268)

with

(4.7) G(z) =D a"Gn, A (2)=) a"A,, At)=) a"4,
n>1 n>0 n>1

and the r-matriz given by

(4.8) Tr2(z,y) = riz(z/y) + U 51/ (zy)) Uyt where U is given by B11),
provides an FRT presentation of the Onsager algebra.

Proof. Inserting (6] into (ZIT), one has:
(4.9) [G(x), G(y) ] =0,

(1 —y? i

@10)  [6), A7) | = LAt + @)+ A @),
@11 16, A )= A )+ A ) AT
@12 [AN@), AT | = TG - G) (A @) A )] = S (0) - Ow)).
@13 (4@ A )] = =6 - )
Define
(4.14) G(z)=> a"Gn, A (2)=> a"A,, AT(@x)=> a"4,

n21 n>0 n>1

Then, we extract from (L9)-(@I3) the complete set of relations satisfied by the generators A, G,, for
n,m > 1. Consider (@.12]), (@.I3). Expanding around y = 0 both sides of the three equations and identifying
the power series, one obtains equivalently:

[Zn,zm} = d4sign(n — m)6|n,m|, [Z_n,Z_m] = 4sign(m — n)a‘n,m‘,
[Zn,Z_m} = 4Ghim, [Zn,Zo] =4G, for any n,m > 1.
Consider the r.h.s of ({I0). Around y = 0, one has:
21’(1 _yz) co m—1 B
—_— =-2 T Y A — 2 AT W
T PP b3S
whereas
2y 2zy i _ _
AT A ) = 3 a0y )
oo m—1
—|—2Z Zaj "™ A n—!—ZZZJJ”ymAm -
m=1 n=0 m=1n=1

Combining all terms together with the Lh.s of ([£.I0), one gets equivalently:
@n,zm] = 2Zm+n —24,,_, for any mn,m > 1.
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The similar analysis for (1) gives:
[Gn,Am] =24 pin —24_p—n and  [Gy, Ag] =24, —2A4_, forany n,m>1.
Finally, from ([@3) we immediatly obtain:
Wmém} =0 forany n,m >1.

It remains to show that the algebra generated by A,,, G,, is isomorphic to the Onsager algebra. With the
identification

(4.15) A, =4, and G, =sign(n)G, for any n,m € Z,

one obtains the defining relations of the Onsager algebra (.1])-(@3]). O

Remark 5. The fized point subalgebra of the loop algebra of slo under the action of 61 (see relations (312))
—0

is isomorphic to the Onsager algebra ¢ [D91], [R91]. For sly ", the isomorphism is given by (313).

Note that the relations (£9)-(£I3) provide a current presentation for the Onsager algebra.

Using the general results presented in Section (see Propositions [Z4] [ZH]), the generating functions of
the elements in the commutative subalgebras of the Onsager algebra are easily derived. On one hand, by
Proposition 2.4 we routinely obtain:

Proposition 4.1. The generating function
(4.16) " (x) = 2G(2)? + AT (2) A~ (z) + A (2) AT ()
is such that [t°"(x),t°"*(y)] = 0 for any x,y.
On the other hand, by Proposition it follows:
Proposition 4.2. Let k,k*, u be arbitrary scalars. The generating function
(4.17) b (@) = (k+ 5" /2) AT (2) + (K + £72) A7 (2) + p(1/2 — 2)G(2)
is such that [b°™%(x),b°" (y)] = 0 for any x,y.

Proof. First, one shows that
_(wle wtRe
(4.18) M(z) = <A+A*x L )
is a solution of the relation ([220) with the r-matrix given by @8). From [221)), we immediately get
@1a). O

Remark 6. Ezpanding the generating function b°™*(x) in xz, one produces the well-known mutually commut-
ing quantities of the Onsager algebra € 044, [GR85] [DIT]. For k =0,1,2,..., the coefficients of the power
series are given by:

(4.19) Iy =k(Ap + A_k) + K" (Akg1 + A_gy1) + (Grg1 — Gi—1)

4.2. The augmented Onsager algebra revisited . The augmented Onsager algebra has been introduced
in [BC12] as a classical analog of the augmented tridiagonal algebra of the first kind [IT09, page 5-6], also
called the augmented g—Onsager algebra in [BB12, IBB17].

Definition 4.2. [BC12] The augmented Onsager algebra 0“9 is generated by {K,, Z:|n,m € Z} subject
to the following relations

(4.20) [Zszrv Z;Z] =12,.,Z,] = [Kn, Kn] =0,

(4.21) 2, 2,) = AE i + Konimi1) s Ky 23] = 2220 + 25, 40)

(4.22) Ky—K ,=0, Z{—2%,,=0 and Z; -2, ,=0.
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Let us point out that, from the defining relations (A20)-(2I]), it is possible to show that the three
generators K, Zg[ satisfy:

These latter relations can be viewed as the classical analog of the relations in [[T09, page 5] or [BBI12| egs.
(3.22)].

Theorem 2. The non-standard classical Yang-Baxter algebra (2.11) specialized for

o= (£, %)

with

(4.25) K(z)=Ko/2+ Y a"K, , Z (&)=Y 2"Z, , Z'(x)=) a"Zl,
n>1 n>0 n>1

and the r-matriz given by
(4.26) Tr2(z,y) = riz(z/y) + Ur(z) 51/ (zy)) Ur(x)™r  where U(z) is given by BI1),

provides an FRT presentation of the augmented Onsager algebra.

Proof. Inserting ([@24)) into (2I1I), one has:

(4'27) [/C(CL‘) ) K:(y)]:O ) [Z+(CL') ) Z+(y)]:O ) [Z_(‘T) ) Z_(y)]zo ,

_ e+ Dy -D oy 2@ 1)

3 o 2y(a® 1) oy 2o+ Dy —1) "
4z
T(x - = ((x — r) — (x— .

(4.30) [Z27(z), 27 (y) ] T E— ((z+ 1Dy - DK(x) — (z—1)(y+1DK(y))
Define
(4.31) K(z) = Ko/2 + Z "K, , Z (z)= Z "7, , Zt(x)= Zx"?Z .

n>1 n>0 n21

Then, we extract from ([£.27)-([@30) the complete set of relations satisfied by the generators K, Z,, , 7; for
n > 0,m > 1. Consider [30). Expanding around y = 0, equivalently we get:

[7:,7;} = 4(Kpim+ FIn—m—l\) for any n,m > 1.
Consider (£2]). Around y = 0, we get:
[Fn,f;u = 2(7:+m —|—7:,m+1) forany 1<m<n,
[fn,i,m = 2(7:_“” + 7tn+m) for any m >mn > 0.
Consider [£29). Around y = 0, we get:
KnZ,) = —2(Zpym+Z_pim) forany m>n>0,
(Kn.Zy| = —2(Zpym~+Zpym_1) forany 1<m<n,
Kn.Zy| = —2(Z,+Z,_,) forany n>1.

Finally, from (£27]) we immediately obtain:
(K, Kn] =0, [7;,7;,} =0, [Z,,Z,]=0 forany n,n' >0, mm >1.
It remains to show that the algebra generated by K, 7?; is isomorphic to the augmented Onsager algebra.
With the identification
K,=Ku, 25 = Zy it n>1, zF=2",,, it n<o,
Zy = Z, if n>0, Z,=72_,, if n<o0,
one obtains the defining relations of the augmented Onsager algebra (Z20)-(Z.21]). O
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—0
Corollary 4.1. The augmented Onsager algebra is isomorphic to the fixed point subalgebra sly ’ generated
by (3.17).
Note that the relations ([@27)-(@30) provide a current presentation for the augmented Onsager algebra.

Generating functions of elements in the commutative subalgebras of the augmented Onsager algebra are
now derived. By Propositions 2.4] we routinely obtain:

Proposition 4.3. The generating function
(4.32) t79 (z) = 2K (x)? + Z1(2) 27 (2) + 27 (2) 21 ()
is such that [t*%9(x),t*9(y)] = 0 for any x,y.

On the other hand, by Proposition it follows:
Proposition 4.4. Let 7,v,v* be arbitrary scalars. The generating function
(4.33) b9(x) = TK(z) + v(1 4+ 1/2) 2T (2) + v* (2 + 1) 27 ()
is such that [b*“9(x),b*9(y)] = 0 for any z,y.

Proof. One shows that
B T v(l+1/x)
(4.34) M(z) = (I/*(CC +1) 0
is a solution of the relation (Z20) with the r-matrix (£20). From (ZZI]), we immediately get [@33]). O
Remark 7. Expanding the generating function b*“9(x) in x, one produces mutually commuting quantities of

the augmented Onsager algebra 0“*9. For k =0,1,2,... and the convention Zar = Z_, =0, the coefficients
of the power series read:

(4.35) I =1Ke +v(ZF + Z5 ) + v (2 + Zy)).

4.3. The slo-invariant Onsager algebra. In this subsection, we introduce an algebra that we call the sls-
invariant algebra. This algebra is viewed as the classical analog of the Ugy(gl2)-invariant g—Onsager algebr
introduced in [BBI17] subsection 2.4].

Definition 4.3. The sly-invariant Onsager algebra 0™ is generated by {H,,, E,, F,|n € Z} subject to the
following relations

(4.36) [E,, En) = [Fn, F]l = [Hn, Hyn] =0,
(437) [Hn7 Em] = 2(En+m + E—n-l—m) ’ [Hnu Fm] = _2(Fn+m + F—n—i—m) )
(438) [En, Fm] = Hn+m + H—n-‘rm .

As a consequence of the commutation relations (30)-([3])), linear relations among the generators
{En, F, Hy|n € Z} can be exhibited. Define:

(4.39) E,—FE,—FE_,, F,=F, —F, H,=H, —H_,.

From (438) and (430) one gets

(4.40) [Fn, En] = [Bn, Frn] = [En, En] = [Fn, Fr] = 0.

Using ([@38) with n = 0 we have H,, = 3[FEy, F},]. Applying the Jacobi identify we obtain
1 1

(4-41) [HmEm] = 5[[E05 Fm]vEm] =0, [HnaFm] = 5[[E05 Fm]va] =0.

Also, using the commutation relations ({37, we find
(4.42) [H,, Fy] = [Hy, En] = [Hy, Hy] = 0.

6In the context of the half-infinite XXZ spin chain, the Uq(gl2)-invariant ¢g—Onsager algebra algebra characterizes the hidden
non-Abelian infinite dimensional symmetry of the Hamiltonian with Uq(gl2)-invariant (special diagonal) boundary conditions
(for the finite open XXZ spin chain, see [PS90]). This motivates the terminology used in [BB17] and here. In the defining
relations of the sla-invariant algebra, one recognizes the sla-subalgebra (Z.45]).
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Thus, according to (40), (£41) and (£42) the elements {H,,E,,F,} with n € Z belong to the center of
0. Finally, observe that the commutation relations [@37) imply
(4-43) [Hna Fm] = _2(Fn+m + an+m)a [Hna Em] = 2(En+m + Efner)-

Together with (A1), it follows Frim + F—pm = Epngm + By, = 0 for all n and m. In particular, for
n = 0 one gets E,, = F,, = 0. It implies H,,, = %[EO,IE‘m] = 0. As a consequence, in the algebra & the
following linear relations hold:

(4.44) E,-FEF_ ,=0 F,—-F,=0, H,—H_,=0.

From the defining relations (£36)-(.38), one finds that the six generators Hy, Fo, Fo, H1, E1, F1 satisfy
the relations:

(4.45) [Ho, Bo) = 4Fo, [Ho, Fo] = —4Fy, [Eo, Fo] = 2Ho,
(4.46) [Ho, E1] = [Hy, Eo] = 4By, [Ho, Fi] = [Hy, Fo]l = —4F, [Eo, 1] = [E1, Fo] = 2H,,
(4.47) [H,,[E1, 1] = 0.

Note that these relations are the classical analogs of [BB17, eqs. (2.18)].
Theorem 3. The non-standard classical Yang-Bazter algebra (Z11) specialized for

z) F(z
(4.48) B(z) = (?((x)) _75( %)
with
(4.49) H(x)=Ho/2+ > a"H, , &(x)=Ey/2+Y a"B, , Flz)=F/2+ Y a"F,,
n>1 n>1 n>1
and the r-matriz given by
(4.50) Tio(z,y) = ri2(z/y) + kv 7151/ (2y)) 651 where k4 s given in Example [,

provides an FRT presentation of the sla-invariant Onsager algebra.

Proof. Inserting [@A8)) into (1), one has:

(4'51) [H(‘T)vIH(y)]:O ) [g(x)vg(y)]zo ) []:(I),]:(y)]zo )
2 2 - z) —y(a? —
(4.52) [H(z), E(y) | = m(ﬂf(y DE(z) — y( 1)5(3/)) )
2 o no o
(4.53) [H(z) , Fy)]= (x—y)(ajy—l)( (v° = DF(z) —y@@® - DF () .
4
(4.54) [E(x), Fly)]= W(ﬂc(?ﬁ —DH(z) — y@® - DH(y)) -
Define
(4.55) MH(z)=Ho/2+ > a"H, , E@)=Eo/2+ Y a"E, , Flx)=Fo/2+ > a"Fy.

As we proceed by analogy with the previous cases, we omit the details. With the identification
H,=H,, E,=Ey, F,=Fy,
one obtains the defining relations of the slz-invariant Onsager algebra ([@36]), [£31). O
Corollary 4.2. The sly-invariant Onsager algebra is isomorphic to the fized point subalgebra ;l\gN+ generated
by B.20).
Note that the relations (£EI)-(@54) provide a current presentation for the Onsager algebra.

Generating functions of elements in the commutative subalgebras of the slo-invariant Onsager algebra are
now derived. By Propositions 2.4

Proposition 4.5. The generating function
(4.56) t"(z) = 2H(z)? + E(2) F(x) + F(2)E(z)
is such that [t™(z),t"(y)] = 0 for any z,y.
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By Proposition 2.5 it follows:

Proposition 4.6. Let po, p1, o be arbitrary scalars. The generating function
(4.57) b (2) = poH(z) + mE () + paF (@)

is such that [b""(z), 0" (y)] = 0 for any x,y.

Proof. One shows that

(4.58) M(z) = <“0 ’61>

H2
is a solution of the relation (Z20) for the r-matrix [@350). From [221), we immediately get (Z5T). O

5. CONCLUDING REMARKS

In this letter, it is shown that the classical Onsager, augmented Onsager and slz-invariant Onsager algebras
fit into the framework of the non-standard classical Yang-Baxter algebras. Using this framework, an FRT
presentation is identified in each case. A current presentation is obtained and the generating functions for
elements in their commutative subalgebras are constructed.

Here, we mainly focused on different types of non-standard classical Yang-Baxter algebras associated with
one of the simplest affine Kac-Moody algebra ;l\g, and their explicit relations with the Onsager algebras.
However, it is clear that the framework proposed in Section 2 can be easily applied to any higher rank affine
Lie algebra and their fixed point subalgebras. Although not discussed in this letter, an FRT presentation and
associated current presentations for any of the higher rank classical Onsager algebras [UI95, [BB09] could be
derived in this framework. Another generalization of the construction presented here would be to consider
automorphisms of order greater than 2. Indeed, such automorphisms have been studied for the rational
r-matrix in [CY07] and provide interesting integrable systems.

In view of the recently proposed presentation of the g—Onsager algebra in terms of root vectors [BK17]
satisfying a ¢g—deformed analog of the Onsager’s relations ([@1))-[@3]), it is tempting to reconsider the connec-

—~

tion between the quantum reflection algebra and coideal subalgebras of Uy (sl2) [MRS03| or the ¢g—Onsager
algebra [B04], BK05] in light of the results presented here. Besides the two Examples[I] [ it is also natural
to ask for an interpretation of the homomorphic image (2I5) in terms of ;l\g subalgebras for the the most
general solution ([BI8) of the classical reflection equation ([2I4]).

From the point of view of applications to quantum integrable systems, the FRT presentation for the
Onsager algebras and related current presentations offer a different perspective for the analysis of well-
known integrable models such as the Ising or superintegrable Potts model. For instance, by analogy with
the analysis of [BB12], a free field realization of the Onsager’s currents may be considered to solve the
spectral problem for the mutually commuting quantities (£I7) and study correlation functions of local
fields. In particular, it would be nice if it could provide a derivation of the celebrated Painlevé equations
[P80, MPWR&I1l [FZ03] for the Ising model based on the Onsager algebra.

Some of these problems will be considered elsewhere.
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