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The lattice kinetic scheme (LKS), a modified version of the classical single relaxation time (SRT)
lattice Boltzmann (LB) method, was initially developed as a suitable numerical approach for non-
Newtonian flow simulations and a way to reduce memory consumption of the original SRT approach.
The better performances observed for non-Newtonian flows are mainly due to the additional degree of
freedom allowing an independent control over the relaxation of higher-order moments, independently
from the fluid viscosity. Although widely applied to fluid flow simulations, yet no theoretical analysis
of LKS has been performed. The present work focuses on a systematic von Neumann analysis of the
linearized collision operator. Thanks to this analysis, the effect of the modified collision operator on
the stability domain and spectral behavior of the scheme are clarified. Results obtained in this study
show that correct choices of the “second relaxation coefficient” lead, to a certain extent, to more
consistent dispersion and dissipation for large values of the first relaxation coefficient. Furthermore,
appropriate values of this parameter can lead to a larger linear stability domain. At moderate and
low values of the viscosity, larger values of the free parameter are observed to increase dissipation
of kinetic modes, while leaving the acoustic modes untouched and having a less pronounced effect
on the convective mode. This increased dissipation leads in general to less pronounced sources of
non-linear instability, thus improving the stability of the LKS.

PACS numbers: 47.11.-j
Keywords: lattice Boltzmann; lattice kinetic scheme; turbulent flows; computational fluid dynamics

I. INTRODUCTION

The lattice Boltzmann method, due to its simplicity
and efficiency on parallel clusters1, has become a nu-
merical tool of choice for computational fluid dynamics.
Throughout the past three decades, it has been extended
to a wide range of applications from simple incompress-
ible flows to more complex configurations involving mul-
tiple phases, compressibility, heat transfer and multiple
species2–8. In line with the many applications of this
scheme, several modified versions of the original formu-
lation have been presented in the literature9. The ma-
jority of these modified LB schemes were developed and
proposed with the aim of extending the stability domain
of the solver in order to access higher Reynolds and/or
Mach numbers at reasonable costs. They include (but
are not limited to) approaches such as the entropic lat-
tice Boltzmann method (ELBM)10–18, the multiple re-
laxation (MRT)19–31, the central moments (CM) or cas-
caded LBM32–39, the regularized (RLBM)40–50 and the
Cumulant method51–54. In addition to these collision
models, several numerical discretizations have been used
to numerically solve the lattice Boltzamnn equation, see
for example55–66 among many other works.

The LKS, initially developed as a way to reduce mem-
ory consumption in LBM 67, is a modified version of the
SRT collision operator which allows for an additional re-
laxation coefficient (called second relaxation coefficient

throughout this manuscript) for higher-order kinetic mo-
ments. This approach has mostly been applied to cases
involving large variations in the diffusion coefficient (vis-
cosity for flow solvers), such as non-Newtonian flows
68–70, multi-phase flows71–74, thermal flows 75 and vis-
cous fingering in porous media 76,77. In all these examples
the viscosity (or species and thermal diffusion coefficient)
spans a rather large interval of values. As such the first
relaxation coefficient (the only one in the SRT method)
might take on values well above 1, which usually leads
to non-negligible errors and unstable simulations. This
is mainly due to the fact that for large values of the first
relaxation coefficient, higher order terms in the macro-
scopic PDE recovered by the LB method dominate over
terms of orders ε and ε2, also referred to as the Euler
and Navier-Stokes level terms50,78. The studies and re-
sults published in past studies78, showed that the LKS
can be perceived as an efficient way to postpone the onset
of these higher order moments effects. Although widely
used, and already extended to advection-diffusion solvers
79–82, no formal analysis of the operation mode of this
collision operator along with the effect of the second re-
laxation coefficient has been provided in the literature.
Only general guidelines concerning the limits of this pa-
rameter have been provided83, and the stability of the
scheme in the case of the advection-diffusion equation
has been presented84.
Following a previous work where an asymptotic anal-
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ysis of LKS (comprising second and third-order) was
presented 78, this work aims at providing a detailed
analysis of the behavior of the scheme at non-vanishing
wavenumbers. To that effect, the linearized collision
operator is studied using the von Neumann analysis
method20,36,50,85–90. The von Neumann analysis is first
used to assess the stability domain of the SRT operator,
with equilibrium distribution functions (EDF) of orders
two, three and four50. Then, the same analysis is applied
to the LKS operator for different values of the second re-
laxation coefficient. The maximum accessible Mach num-
ber with the LKS for various values of the viscosity along
with the corresponding optimal choices of the second re-
laxation coefficient are finally found. To get further in-
sights into the operation mode of the LKS, the effects
of the second relaxation coefficient on the dispersion and
dissipation curves are also systematically studied. The
results obtained through the spectral studies are corrob-
orated by simulations of canonical test-cases such as the
doubly periodic shear layer and the Taylor-Green vortex.

II. NUMERICAL SCHEMES

A. Single relaxation time BGK

For both numerical methods studied in this work (SRT
and LKS), the discrete time evolution of populations fα,
with a velocity cα and located at (x, t), is defined as:

fα (x+ cαδt, t+ δt)− fα (x, t) = Ωα (x, t) (1)

where (for the SRT model) the collision operator, Ωα, is
the discrete BGK operator:

Ωα (x, t) = −1

τ

(
fα − f (eq)

α

)
(x, t) , (2)

with τ the discrete relaxation coefficient (for the space
and time-discretized Boltzmann equation). The latter is
related to the kinematic viscosity ν through

τ =
ν

c2sδt
+

1

2
,

with cs being the isothermal (Newtonian) speed of sound

whose dimensionless value is csδt/δx = 1/
√

3 for lattices
of interest (D2Q9 and D3Q27), and where δt and δx de-
note the time-step and grid sizes respectively. The dis-

crete EDF f
(eq)
α is defined as an nth order truncated series

of Hermite polynomials91–93 :

f (eq),n
α = wα

n∑
m=0

1

m!c2is
a(eq)
m : Hm,α, (3)

where a
(eq)
m and Hm,α are respectively the ith order Her-

mite polynomial and coefficient tensors (of rank m), wα
is the weight associated to the discrete velocity cα as
obtained from the Gauss-Hermite quadrature, and “:”

represents the Frobenius inner tensor product. In the
context of the present study, EDFs of order two, three
and four will be considered. The corresponding isother-
mal coefficients are given as:

a
(eq)
0 = ρ, (4a)

a
(eq)
1,i = ρui, (4b)

a
(eq)
2,ij = ρuiuj , (4c)

a
(eq)
3,ijk = ρuiujuk, (4d)

a
(eq)
4,ijkl = ρuiujukul, (4e)

and the Hermite polynomial tensors are defined as:

H0,α = 1, (5a)

H1,α,i = cα,i, (5b)

H2,α,ij = cα,icα,j − c2sδij , (5c)

H3,α,ijk = cα,icα,jcα,k (5d)

−c2s (cα,kδij + cα,jδik + cα,iδjk) ,

H4,α,ijkl = cα,icα,jcα,kcα,l (5e)

+c4s (δijδkl + δikδjl + δjkδij)

−c2s(cα,kcα,lδij + cα,jcα,lδik + cα,jcα,kδil

+cα,icα,lδjk + cα,icα,kδjl + cα,icα,jδkl).

The macroscopic moments, ρ and ui, are computed as:

ρ =
∑
α

fα, (6)

ρui =
∑
α

cα,ifα. (7)

B. Lattice kinetic scheme

The LKS collision operator is similar to that of the
SRT:

Ωα = − 1

λ

(
fα − f (eq,LKS)

α

)
, (8)

where the so-called second relaxation coefficient λ relates
to the fluid kinematic viscosity ν as:

λ−A = τ =
ν

c2sδt
+

1

2
. (9)

λ can be seen as a free parameter where A is a constant
fixed by the choice of the free parameter, while λ − A
is fixed by the kinematic fluid viscosity. For the sake of
clarity, in the remainder of this manuscript we will refer
to a second viscosity in the model, denoted η, which is
directly related to the free parameter and defined as:

λ =
η

c2sδt
+

1

2
. (10)
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This second viscosity η is not a physical parameter and
especially not to be confused with the fluid bulk viscosity
(designated by ζ, equal to 2

3µ for a monatomic gas, µ be-
ing the dynamic viscosity, in the SRT 3D model, and left
unaffected by the modified collision operator in LKS78).
The equilibrium distribution function is then defined as:

f (eq),LKS
α = f (eq),n

α +
A

2c4s(A− λ)
Π(neq) : H2,α (11a)

= wα

n∑
m=0

1

m!c2ms
a(eq)
m : Hm,α

+
wαA

2c4s(A− λ)
Π(neq) : H2,α, (11b)

where in addition to the SRT equilibrium state f
(eq),n
α

(at order n), we have a contribution proportional to the
second-order non-equilibrium moment:

Π(neq) = Π−Π(eq) =
∑
α

cα ⊗ cα
(
fα − f (eq)

α

)
. (12)

Interestingly, thanks to Eq. (9), and using the conserva-
tion of mass

a
(neq)
0 = 0,

one can rewrite Eq. (11a) using Hermite coefficients

f (eq),LKS
α = f (eq),n

α − A

τ

wα
2c4s
a

(neq)
2 : H2,α. (13)

This is the starting point to link the LKS with the orig-
inal regularized collision model40,41, as demonstrated in
App. A.

III. VON NEUMANN STABILITY

In this section, through the use of the von Neumann
linear stability analysis method, the stability of the LKS
and SRT collision operators are assessed. Furthermore
the effects of the free parameter on the stability and
dispersion–dissipation properties of the LKS are studied.

A. Von Neumann stability analysis formalism

In the present work, the von Neumann (VN) stability
analysis aims at studying the time evolution of a per-
turbation f

′

α that is injected into the lattice Boltzmann
equation after its time and space discretization. This
perturbation is assumed to have the form of a monochro-
matic plane wave, whose propagation speed and attenu-
ation rate will be obtained as a result of the VN analysis.
If the resulting attenuation rate is positive then the am-
plitude of the perturbation will grow over time. This
will eventually result in an unstable numerical scheme

for the set of parameters considered (τ , Ma, etc). On the
contrary, the LBM will be linearly stable if it remains
negative.

As a consequence, the VN stability analysis can be
used to evaluate the linear stability domain of a LBM
for a given set of parameters in an a priori manner.
More specifically, the VN analysis can be used to ob-
jectively evaluate the stabilization properties of a par-
ticular collision model as long as its assumptions (small
amplitude of the perturbation, periodic domain, uni-
form grid) remain valid. It has been widely used in the
past years to evaluate the stability properties of the lat-
tice Boltzmann method. Interested readers are referred
to20,36,86–90,94–100, among other sources.

Starting with a Taylor-McLaurin expansion around a
mean flow state, f̄α:

fα ≈ f̄α + f
′

α, (14)

Ωα(fα) ≈ Ωα|f̄α + Jαβf
′

β , (15)

where Einstein’s summation rule over β is used. In addi-
tion, Jαβ is the Jacobian of the collision operator evalu-
ated about f̄β , i.e,

Jαβ = ∂fβΩα|f̄β .

Placing these expressions into the discrete LB time-
evolution equation:

f
′

α (x+ cαδt, t+ δt)− f
′

α (x, t) = Jαβf
′

α (x, t)

−
(
f̄α (x+ cαδt, t+ δt)− f̄α (x, t)− Ωα|f̄α

)︸ ︷︷ ︸
=0

, (16)

and taking out the last terms on the RHS one gets:

f
′

α (x+ cαδt, t+ δt) = (δαβ + Jαβ) f
′

β (x, t) , (17)

where δαβ is the Kronecker delta function. Using the SRT
collision operator, we can then re-write the linearized
time-evolution equation as:

f
′

α (x+ cαδt, t+ δt) =[(
1− 1

τ

)
δαβ +

1

τ
J

(eq),n
αβ

]
f

′

β (x, t) , (18)

with J
(eq),n
αβ = ∂βf

(eq),n
α |f̄β and f̄β = f

(eq),n
β (ρ̄, ū). To

compute the Jacobian matrix of the second-order EDF,
knowing that ∂fβfγ = δβ,γ , the following expressions can
be used:

∂fβa
(eq)
0 = ∂fβ (ρ) =

∑
γ

δβ,γ = 1, (19)

∂fβa
(eq)
1 = ∂fβ (ρu) =

∑
γ

cγδβ,γ = cβ , (20)
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∂fβa
(eq)
2 = ∂fβ (ρu⊗ u) = −a

(eq)
1 ⊗ a(eq)

1

(a
(eq)
0 )2

+
a

(eq)
1 ⊗ cβ +

(
a

(eq)
1 ⊗ cβ

)T
a

(eq)
0

. (21)

Eventually, the Jacobian matrix of the second-order EDF
reads as

J
(eq),2
αβ = wα

(
H0,α + H1,α :

cβ
c2s

+ H2,α :
∂fβa

(eq)
2

2c4s

)
.

(22)
The extension of this development to higher order EDFs
(i.e. third and fourth order) is given in Appendix B.

Following the previously-derived equations, the addi-
tional term within the EDF of the LKS can be rewritten
thanks to:

∂fβa
(neq)
2 = H2,β − ∂fβa

(eq)
2 , (23)

so that

J
(eq),LKS
αβ = J

(eq),n
αβ − A

τ

wα
2c4s

H2,α :
(
H2,β − ∂fβa

(eq)
2

)
.

(24)
The last step of the VN analysis is to assume that per-
turbations f ′α are monochromatic plane waves :

f ′α = Fα exp [j(k · x− ωt)], (25)

where Fα is the wave amplitude, j is the imaginary unit,
||k|| = k is the wave number, and ω is the complex time
frequency of the wave. k is related to the wave length
of f ′α, whereas =(ω) and <(ω) are related to its atten-
uation and propagation speed (dissipation and disper-
sion, studied in details in the next sections). By injecting
these perturbations into Eq. (17) one obtains the follow-
ing eigenvalue problem of size V (the number of discrete
velocities) :

MF = exp (−jω)F . (26)

F is the eigenvector composed of all amplitudes. It is
tightly related to the eigenvalue exp (−jω). M is the
matrix associated to Eq. (17). In the present work, this
matrix can be expressed as :

M = E [δ + J ] , (27)

with

Eαβ = exp[−j(cα · k)]δαβ . (28)

For the SRT collision mode, the Jacobian matrix J is
defined as :

JSRT,n
αβ = −1

τ

(
δαβ − J (eq),n

αβ

)
, (29)

whereas for the LKS, we end up with

JLKS
αβ = − 1

λ

(
δαβ − J (eq),LKS

αβ

)
. (30)

It is important to notice that the matrix M , and a for-
tiori the eigenvalue problem (26) itself, depend on: (1)
the mean flow (ρ̄, ū), (2) the wave number (kx and ky
in 2D), and (3) the relaxation coefficient τ or equiva-
lently the kinematic viscosity ν. This means that for
each set of these parameters the eigenvalue problem needs
to be solved to obtain the corresponding values of <(ω)
and =(ω). Doing so, the spectral properties (dispersion
and dissipation) can be obtained for any given collision
model. In the particular case of the LKS, a second relax-
ation parameter λ is used to postpone the onset of the
high-order moments belonging to the lattice Boltzmann
dynamics. By solving its related eigenvalue problem, it
is intended in the present work to further quantify the
impact of this second relaxation parameter, and improve
the spectral properties of the LKS in a consistent way.

B. Linear stability domain

The classical SRT-BGK operator with a second-order
EDF in the context of the LB method is known to
have a very restricted stability domain (in terms of the
maximum Mach number) for small values of the non-
dimensional viscosity. Furthermore, various studies have
shown that including higher-order terms of the Hermite
expansion in the EDF can have a non-negligible effect on
the stability domain50,101.

As a first investigation, the stability areas of the dif-
ferent order EDFs with the SRT collision operator are il-
lustrated in Fig. 1 for very large variations of the dimen-
sionless kinematic viscosity νδt/δ

2
x. The stability plot

10−5 10−4 10−3 10−2 10−1 100
0

0.2

0.4

0.6

0.8

νδt/δ
2
x

M
a

2nd order

3rd order

4th order

FIG. 1: Effects of the EDF order on the linear stability
domain of the SRT collision model.
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are defined following the protocol described in a previ-
ous study101, which consists in computing the maximal
Mach number for which the growth rate =(ω) remains
negative over the entire upper side of the Fourier space,
i.e., [kx, ky] ∈ [−π, π] × [0, π]. This interval is spaced
with ∆k = 0.02, and the orientation of the mean flow
(with respect to the x-axis) goes from 0 to π/4 (steps
of π/45). The eigenvalue problem has been solved for
a non-dimensional viscosity taking on the following 12
values :

νδt/δ
2
x = {1× 10p, 5× 10p}, p ∈ J−5, 0K.

As shown in Fig. 1, the maximum allowed Mach num-
ber drastically decreases for non-dimensional viscosities
below 10−2. Furthermore, it can be seen that while us-
ing a third-order EDF does not improve noticeably the
stability behavior, the use of a fourth-order EDF has
a non-negligible effect on the stability domain. This is
counter-intuitive since the use of third-order terms helps
reducing the number of error terms (O(Ma3)) in the vis-
cous stress tensor, whereas the fourth-order term should
not have any impact at the leading order on the macro-
scopic behavior of the LBM50,101. Knowing this, one may
wonder if alternative approaches to deriving the discrete
EDF might allow us to further improve the linear stabil-
ity of the SRT-LBM. In particular, equilibria obtained
through the principle of maximum entropy12,102–104 have
not been studied from the LSA viewpoint yet. Such a
study is out of the scope of the present work, but results
concerning their impact on the stability of the SRT-LBM
will definitely be discussed in a future work.

As discussed in the introduction, and based on high
order asymptotic analyses presented previously78 along
with numerical examples, the free parameter in the LKS
is expected to have an effect on the stability domain,
as it provides independent control over the relaxation
of higher-order moments. To that end, the effects of
this parameter have been evaluated through a system-
atic von Neumann analysis. In these studies, the sec-
ond non-dimensional viscosity related to the relaxation
of higher-order moments takes on the same values as the
first non-dimensional viscosity, resulting in a total of 144
studied configurations. The obtained results for EDFs of
orders two, three and four along with the corresponding
stability maps are displayed in Figs. 2 and 3.

In all three cases, the additional degree of freedom pro-
vided by the LKS collision operator has a huge impact
on the stability domain of the LBM. As compared to the
SRT collision model (η = ν), the stability area drasti-
cally decreases for large values of the non-dimensional
viscosity (νδt/δ

2
x & 10−2) when the second parameter

is fixed to very low values (ηδt/δ
2
x . 10−4). Further-

more, the opposite behavior is observed when ηδt/δ
2
x is

fixed to values greater than 10−2, while νδt/δ
2
x . 10−4.

When it comes to the impact of the EDF order, one can
notice that the third-order EDF does not really help im-
proving the linear stability of the LKS, except for very
large values of both dimensionless parameters. On the

contrary, the fourth-order EDF drastically improves the
moderate to low viscosity regime (νδt/δ

2
x . 10−3) for

most values of the second parameters (ηδt/δ
2
x . 1); this

is in agreement with the results obtained previously for
the SRT operator. The effects of both EDF order and
the LKS collision operator are better shown in Fig. 4.
Although a major issue, linear stability does not guaran-
tee an optimal behavior for the numerical scheme, espe-
cially for under-resolved features where most numerical
schemes are known to exhibit non-physical velocities at
higher wavenumbers. To better qualify the behavior of
the SRT collision operator and the effect of the LKS, the
dissipation–dispersion behavior of the convective mode
are studied in the next subsections.

C. Dispersion–dissipation behavior

Through the linear stability analysis presented in the
previous section, it has been established that for both
LKS and SRT, the discrete time-evolution operators
might be stable for relatively high Mach numbers in
this range of physical viscosity if the second parameter
λ is properly adjusted. However, the numerical stabil-
ity along with the asymptotic analysis do not necessarily
guarantee the recovery of the correct flow physics for any
grid configuration; they only guarantee the convergence
of the numerical scheme towards the continuous solution
in the limit of vanishing wavenumbers.
The present subsection will focus on clarifying the effect
of the free parameter for non-vanishing wavenumbers by
looking at the dispersion curves on the kx axis, assum-
ing the background velocity is parallel to this axis (i.e.,
ky = 0). Futhermore, only results obtained with fourth-
order EDFs will be considered as they yield the largest
stability areas (and given that they have been shown to
have a beneficial effect on dispersion–dissipation proper-
ties50,90,101).
To better understand the limitations for simulations with
large variations in the relaxation coefficient (apart from
the stability domain), the dispersion and dissipation of
the convective mode in the SRT collision operator for
different values of the non-dimensional viscosity and a
given Mach number of 0.1 are shown in Fig. 5. As seen
in this figure, while for values of the non-dimensional
viscosity up to 0.1 the dispersion and dissipation curves
follow closely the asymptotic curves up to kxδx ∼ π/2,
for larger values the discrepancies appear much sooner,
around π/8 for νδx/δ

2
t = 0.5 and π/16 for νδx/δ

2
t = 1.

This reflects the fact that for high values of the kinematic
viscosity, or equivalently of the relaxation coefficient, the
continuum limit, upon which the Chapman-Enskog as-
sumption relies, is not valid anymore. Consequently, the
LBM does not converge towards the correct macroscopic
behavior for high values of the kinematic viscosity, even
for moderate values of the wave number. One can even
show that under these conditions the lattice Boltzmann
equation itself does not recover the proper macroscopic
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10−5 10−4 10−3 10−2 10−1 100
0

0.2

0.4

0.6

(a)

νδt/δ
2
x

M
a

10−5 10−4 10−3 10−2 10−1 100

(b)

νδt/δ
2
x

10−5 10−4 10−3 10−2 10−1 100

(c)

νδt/δ
2
x

FIG. 2: Stability areas of the SRT ( ) and LKS with EDFs of (a) second, (b) third and (c) fourth order, for
different values of the free parameter: ηδt/δ

2
x = 5( ), 1( ), 5× 10−1( ), 1× 10−1( ), 5× 10−2( ),

1× 10−2( ), 5× 10−3( ), 1× 10−3( ), 5× 10−4( ), 1× 10−4( ), 5× 10−5( ), 1× 10−5( ).

10−5 10−4 10−3 10−2 10−1 100
10−5

10−4

10−3

10−2

10−1

100

(a)

νδt/δ
2
x

η
δ t
/
δ2 x

Ma=0.05

0.1

0.2

0.3

0.4
0.5

0.6

0.7

10−5 10−4 10−3 10−2 10−1 100

(b)

νδt/δ
2
x

10−5 10−4 10−3 10−2 10−1 100

(c)

νδt/δ
2
x

FIG. 3: Stability maps for EDFs of order (a) two, (b) three and (c) four (, color codes are the same for all figures).

behavior for high wave numbers50.

From a practical point of view, if one still wants to
simulate flows with high values of the kinematic viscos-
ity, then all flow feature must be well resolved (e.g. for
νδx/δ

2
t = 1, smallest features must be resolved by at

least 32 grid points) in order for the scheme to correctly
capture the physics (i.e., the correct signal propagation
speed).

At large first non-dimensional viscosity coefficients and
moderate Mach numbers (typically encountered in non–
Newtonian flow simulations), Navier–Stokes level dynam-
ics are only correctly recovered for very well–resolved fea-
tures, as shown previously. To see the effects of the choice
of the free parameter in such configurations, dispersion–
dissipation curves on the kx axis are studied for different
combinations of νδt/δx

2 and ηδt/δx
2. The corresponding

results are shown in Fig. 6. Looking at the upper row it

is observed that the choice of the free parameter affects
the dispersion curve. Referring back to results shown in
Fig. 6, it is readily observed that optimal choices of the
free parameter can improve the dispersion behavior of
the scheme for large values of the non-dimensional relax-
ation coefficient. For example, setting ηδt/δx

2 to 0.5 in
the first cases (νδt/δx

2 = 1) extends the usable portion
of the kx axis from π/16 to π/8. This would potentially
reduce: (1) the number of grid points by a factor of 23 for
a typical 3-D simulation, and (2) the number of iterations
required to simulate a prescribed physical time (whatever
the scaling used for the computation of the time step).
The same observation also holds for other values of the
first non–dimensional viscosity (values leading to first re-
laxation coefficients above 1). In all cases, in agreement
with asymptotic analyses, setting the second viscosity to
lower values (lower than the hydrodynamic viscosity) im-
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FIG. 5: Effects of the first relaxation coefficient on (a)
spectral dispersion and (b) dissipation for the SRT

collision operator.

proves the spectral behavior of the dispersion curve.

The choice of the free parameter has also an effect on
the long wavenumber region of the dispersion curves. For
the SRT collision operator, after reaching a maximum,
the dispersion curves switch direction and come back
down towards the x–axis at long wavenumbers. On the
contrary, for the LKS, below a certain value for the sec-
ond viscosity this change of sign of the dispersion curve
slope is not observed anymore. This phenomenon is inter-
esting because it coincides with a modal “curve-veering”
type interaction in the dissipation curves. While lower
values of the free parameter usually lead to higher dis-
sipation at higher wavenumbers, below a certain thresh-
old, due to modal interaction (with a kinetic mode) the
convective mode changes direction. This effect can be
observed in all three cases shown in Fig. 6. For instance
for the leftmost case: for ηδt/δ

2
x=1.0 and 0.5 the disper-

sion curve slope changes sign around π/8; however, for
ηδt/δ

2
x=0.32 and 0.2 this is not observed anymore. Look-

ing at the corresponding dissipation curve it is readily
observed that for the latter cases, the convective mode
interacts and collapses with a kinetic mode at around
π/8, while this interaction is not observed for the other
two configurations. In some cases, this modal interac-
tion leads to the convective mode taking on eigenvalues
with a positive imaginary part, thus leading to a linearly
unstable simulation. The case with νδt/δx

2 = 0.3 and
ηδt/δx

2 = 0.05 displayed in the lower leftmost sub-figure
in Fig. 6 showcases such a behavior. In this subfigure, one
can observe that ηδt/δx

2 = 0.05 leads to lower dissipation
above kx = π/4 as compared to ηδt/δx

2 = 0.167; in the
former case the convective mode curve interacts with a
kinetic mode and as a result its slope changes sign. One
can therefore conclude that for such configurations (large
non-dimensional viscosities) the free parameter can be
chosen to maximize either dissipation of high wavelength
features or the wavelength resulting in acceptable devi-
ations of the spectral velocity from the asymptotic one.
The latter concept is illustrated in Fig. 7. Choosing the
spectral speed error tolerance to be 10% (dashed black
lines in Fig. 7), it is observed that setting ηδt/δ

2
x to 0.2

yields the best results for the configuration displayed in
Fig. 7, as it extends the range of wavenumbers with co-
herent propagation velocity from π/4 to approximately
π/2.
On the other end of the spectrum, for vanishing physical
non-dimensional viscosities, the choice of the free param-
eter has very minor effects on the spectral behavior of
the dispersion curve. It can, however, be used as a way
to maximize dissipation of kinetic modes. A thorough
study of the spectral behavior at moderate Mach num-
bers shows that the dissipation of the acoustic modes is
not affected by the choice of the free parameter. The
convective mode experiences changes in dissipation cen-
tered around 3π/4. Larger values of the free parameter
lead to lower dissipation around this wavenumber, even-
tually leading to linear instability above a certain thresh-
old. All kinetic modes experience higher dissipation for
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2
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parameter; Choices of the free parameter and the color
coding are the same as in the rightmost cases in Fig. 6.

larger values of the free parameter. The interplay be-
tween the different modes and the choice of the free pa-
rameter for low non-dimensional viscosities and moderate
Mach numbers detailed in this paragraph are illustrated

in Fig. 8. The stabilizing effect of over-dissipation of ki-
netic moments has readily been established through the
regularized LBM. But the linear stability analysis of the
LKS and the corresponding dissipation curves show that
at vanishing non-dimensional physical viscosities, setting
λ = 1 can lead to reduced linear stability domains. The
free parameter can therefore be chosen as the value max-
imizing dissipation of kinetic modes while resulting in
a linearly stable scheme (based on the maximum Mach
number in the considered simulation).

As a conclusion, using a thorough linear stability anal-
ysis and a study of the dispersion-dissipation curve the
following can be established: (a) the stability domain
(maximum stable Mach number) as a function of the
first and second relaxation coefficient for different orders
of the EDF, (b) the effect of the choice of the free pa-
rameter on dispersion and dissipation for large values of
the non-dimensional viscosity, and (c) the effect of the
free parameter on dissipation of the different hydrody-
namic and kinetic modes for small values of the non-
dimensional viscosity. To better understand these effects
and the impact of over-relaxation of kinetic modes on
sources of non-linear instability the next section will fo-
cus on using the LKS for two canonical fluid dynamic
test-cases, namely the doubly periodic shear layer and
the 3-D Taylor-Green vortex.
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can not be clearly distinguished as they exactly fall onto each other.

IV. NUMERICAL SIMULATIONS AND
RESULTS

Throughout this section, only collision models based
on the fourth-order EDF will be considered as it led to
the widest stability area and seemed to have a benefi-
cial impact on dispersion properties. The effect of the
order of the EDF on spectral properties is illustrated in
Appendix C. Simulations are performed with the D2Q9
(for 2-D) and D3Q27 (for 3-D) stencils. While the double
shear layer test-case aims at further evaluating the stabil-
ity domain of collision models of interest, the simulation
of the turbulent Taylor-Green vortex is conducted to in-
vestigate the impact of the second relaxation parameter
λ on higher wavenumbers.

A. Doubly-periodic shear layer : Non-linear effects

The double shear layer is a well-known test-case used
in particular to establish the ability of numerical schemes
to cope with unresolved flow features. It was for instance
used by Brown & Minion to assess: (1) the stability of
a number of finite-difference schemes, and (2) their abil-
ity to deal with under-resolved gradients that induce the
generation of spurious Gibbs oscillations105,106. It can be
perceived as a tool to enrich results derived through lin-
ear von Neumann analysis, as non-linear effects are read-
ily observed in this test-case. The main numerical arti-
facts appearing in this test-case (spurious vortices) have
also been identified as small wavelength effects resulting
from nonlinear truncation error terms of the discretized
solvers105,106.

This 2-D flow is made up of two longitudinal shear lay-
ers, located at y = L/4 and y = 3L/4, and that evolve in
a doubly-periodic simulation domain of size L×L. Peri-
odicity allows to study the stability properties of the bulk

solver without any effects from boundary conditions107.
As a result of a small perturbation introduced in the ve-
locity field (perpendicular to the shear layers), the shear
layers roll-up –due to a Kelvin-Helmholtz instability– and
eventually generate two counter-rotating vortices. For
many numerical schemes, the under-resolved simulations
of this test-case result in additional spurious vortices, ul-
timately leading to divergence (in some cases the addi-
tional vortices are effectively dissipated and do not lead
to blow-up). Given that the formation of the additional
vortices have been identified as non-linear effects, cases
leading to numerical blow-ups through these numerical
artifacts are interesting to study (especially when insta-
bilities are not predicted by the linear analysis). The ve-
locity field is initialized through the following functions:

ux =U0 tanh
[
α
(
0.25− | yL − 0.5|

)]
,∀y (31a)

uy = U0δ sin
[
2π
(
x
L + 0.25

)]
, ∀x (31b)

where U0 is the mean flow speed, α controls the thickness
of the shear layer and δ determines the amplitude of the
perturbation.

In the present work, Grad’s approximation is used to
reduce spurious oscillations generated by the initializa-
tion step15,108:

fα (t = 0) ≈ f (eq),4
α + f (1)

α , (32)

where the non-equilibrium part f
(1)
α is computed as

f (1)
α =

1

2c4s
a

(1)
2 : H2,α, (33)

using

a
(1)
2 = −ρc2sτ

(
u⊗∇ + u⊗∇T

)
, (34)

the latter being evaluated through a second-order, cen-
tered finite-difference approximation. Looking at the
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νδt/δ
2
x ηmaxδt/δ

2
x

1 × 10−5 1 × 10−3

5 × 10−5 1 × 10−3

1 × 10−4 1 × 10−3

5 × 10−4 5 × 10−3

1 × 10−3 1 × 10−2

TABLE I: Values of ηmaxδt/δ
2
x used for the LKS-1

configuration

Chapman-Enskog equations, this expression corresponds
to a first-order approximation of the population, fα ≈
f

(0)
α + εf

(1)
α , with a leading-order error of ε2f

(2)
α . This

fact is important as it leads to non-negligible dissipation
at the start of the simulation for low-resolution cases109.

To establish a non-linear stability map similar to the
one derived through the VN stability analysis, simula-
tions for different sets of parameters (Mach number, non-
dimensional viscosity, and second relaxation coefficient)
have been systematically conducted at three different res-
olutions, namely 128 × 128, 256 × 256 and 384 × 384.
The studies are performed using three different resolu-
tions. As pointed out in a previous study 50, the fully
periodic boundary conditions result in a simulation span-
ning a limited area of the Fourier space (i.e., kx and ky
between π and 2π/N , where N ≥ 2 is the number of
grid-points), effectively filtering out some of the higher
wavenumber instabilities. The maximum velocity in LB
units is changed in each case to match the corresponding
Mach number, the amplitude of the perturbation is kept
constant at 0.05 (changes in δ lead to significantly higher
maximum Mach numbers in the domain), and α takes on
values between 80 and 600, resulting in an initial shear
layer thickness as thin as the grid-size. Consequently,
the presence of long wavenumber and under-resolved fea-
tures is forced in these simulations, in order to increase
the probability of getting spurious vortices105,106.

For LKS only two scenarios for the second
viscosity (free parameter) are considered, namely
ηδt/δ

2
x=ηmaxδt/δ

2
x and 0.05, ηmaxδt/δ

2
x being the value

corresponding to the widest stability area. The values
used for ηmaxδt/δ

2
x are given in Table I. The resulting

stability domains are depicted in Fig. 9. The stability of
each configuration was assessed by monitoring the kinetic
energy over 50tc. As shown in this figure, the SRT col-
lision operator is not stable for non-dimensional viscosi-
ties below 5× 10−5. For the LKS operator on the other
hand, simulations were stable down to 1 × 10−5. Look-
ing at the large gap between the von Neumann stability
domain and that obtained via the double periodic shear
layer test case, and putting the results next to previous
sections on dispersion–dissipation behavior, it can be ob-
served that non-linear effects have a more pronounced ef-
fect on the stability area at lower viscosities for the LKS
configuration with the free parameter tuned for optimal
linear stability. For the other LKS model (with the sec-
ond viscosity fixed at 0.05), the DPSL stability domain

10−5 10−4 10−3 10−2 10−1 100
0

0.2

0.4

0.6

0.8

νδt/δ
2
x

M
a

VN SRT

DPSL SRT

VN LKS-1

DPSL LKS-1

VN LKS-2

DPSL LKS-2

FIG. 9: von Neumann stability domain (VN) vs.
stability domain for the double periodic shear layer
(DPSL) test-case for the SRT operator and the LKS

with maximum linear stability (LKS-1) and
ηδt/δ

2
x=0.05 (LKS-2).

is relatively close to its corresponding linear stability do-
main, as the larger value of the free parameter damps
the kinetic modes much faster; as seen in Table I the free
parameters in LKS-1 are always smaller than 0.05.

B. 3–D Taylor–Green vortex

The 3-D Taylor-Green vortex configuration is another
fundamental canonical problem to study vortex dynam-
ics and turbulent flow transition. This problem consists
of an all-around periodic cubic simulation domain, ini-
tialized using the following equations:

ux = U0 sin(x∗) cos(y∗) cos(z∗), (35a)

uy = − U0 cos(x∗) sin(y∗) cos(z∗), (35b)

uz = 0, (35c)

p =p0 +
ρ0U

2
0

16 [cos(2z∗) + 2][cos(2x∗) + cos(2y∗)],(35d)

where normalized coordinates are computed as
(x∗, y∗, z∗) = (x/L, y/L, z/L). As for the previous
test-case, populations are initialized using Grad’s
approximation.

To better observe and clarify the effects of the free pa-
rameter on both the stability domain and dissipation of
kinetic modes, this configuration, with a Reynolds num-
ber Re=1600 and fixing U0 at 0.1, is modeled at three
different resolutions, i.e. 323, 643 and 1283, for different
values of the second relaxation coefficient. The results are
then compared to well-resolved simulations (i.e. 3843 and
5123) using the SRT operator. In all cases the simulations
are conducted over a period of 30tc, where the character-
istic time is defined as tc = L/U0. The energy spectra
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were computed using the ANAFLAME library110 where
the energy spectrum tensor Eij is computed through:

Eij(k) =
1

(2π)
3

∫∫∫
e−jk·xRij(x)dx, (36)

where the correlation tensor Rij(x) in homogeneous tur-
bulence is defined as:

Rij(x) = u
′
i(x0)u

′
j(x0 + x), (37)

where u
′

is the velocity fluctuation, x0 position in space
and x the distance and the overbar is an average over
space.

Looking at the energy spectra at t = 10tc displayed
in Fig. 10, it is readily observed that the choice of the
free parameter, λ, in agreement with theoretical anal-
yses presented in previous sections, only affects higher
wavenumbers. The effects of higher-order moments dis-
sipation for under-resolved simulation are clearly observ-
able in Fig. 11, where the iso-surfaces of the z-component
of the vorticity for the 15 different configurations studied
in this section are displayed (only the upper left quad-
rant is shown). Indeed, for smaller values of the free
parameter, the flow field is polluted by large wavenum-
ber features, most probably caused by dispersion error of
small-scale under-resolved features. This can be clearly
seen by comparing these iso-surfaces with the one ob-
tained from the 5123 resolution simulation, displayed in
Fig 12. Given that for all three considered resolutions the
grid-size is larger than the smallest scale, large wavenum-
ber features (under-resolved with k ≥ π/2) are created
and – if not dissipated – will pollute numerically the flow
field. The presence of under-resolved features in these
simulations is further demonstrated by looking at the
energy spectra of the reference simulations (resolutions
3843 and 5123).

V. CONCLUSIONS AND DISCUSSION

In this work, following a previous study on the asymp-
totic limit of the lattice kinetic scheme where the ef-
fects of introducing the additional term in the EDF on
higher order dynamics were established, the behavior of
the scheme for non-vanishing wavenumbers is studied
through a von Neumann analysis of the linearized col-
lision operator. Through a systematic study of the imag-
inary part of the eigenvalues (i.e., growth rate), the linear

stability domain is established. Furthermore, by compar-
ing the results from different orders of the EDF and dif-
ferent choices of the free parameter in the LKS collision
operator, configurations resulting in optimal linear sta-
bility properties are presented. It is shown that the use
of a fourth-order EDF along with the appropriate choice
of the free parameter can have a non-negligible effect on
the stability domain of the solver, especially for vanish-
ing non-dimensional viscosities. To further quantify the
impact of the EDF on the linear stability of LBMs, it
is planned to extend the present study to exact 12,102

and approximated 103,104 EDFs derived from the princi-
ple of maximum entropy. Corresponding results will be
presented in a future paper.

Dispersion and dissipation curves of the LKS collision
operator for different values of the free parameter are
also studied to clarify its performance for simulations
with large non-dimensional physical viscosities. These
curves show that an appropriate choice of the free pa-
rameter can improve such simulation in two ways: (a)
increasing dissipation at higher wavenumbers (where the
scheme exhibits inconsistent dispersion properties result-
ing in the generation of spurious waves), and (b) improv-
ing dispersion properties. Guidelines for the choice of
the free parameter in these cases are given. In the limit
of vanishing non-dimensional physical viscosities, the lin-
ear analysis shows that dispersion curves are not affected
by the choice of the free parameter. In the dissipation
curves, however, larger dissipation of the kinetic modes
is observed for larger values of the free parameter. Above
a certain threshold (around 3π/4) the convective mode
becomes unstable.

Now that the effects of the free parameter on linear
stability, dispersion and dissipation of different modes
(acoustic, convective, and kinetic) for non-vanishing
wavenumbers have been established, the free parameter
can be tied to a local flow-state indicator to guarantee
stability and optimal dispersion-dissipation. As an ex-
ample, the entropic stabilizer following the KBC13,14 for-
mulation could be a potential candidate to automatically
determine locally the optimal value of the free parameter.
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13 I. V. Karlin, F. Bösch, and S. S. Chikatamarla, Phys.

Rev. E 90, 031302 (2014).
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Appendix A: Relationship with other collision operators

Owing to the fact that the LKS equilibrium state was designed to recover the correct viscous stress tensor, while
the relaxation coefficient λ was used to freely control the relaxation of high-order moments, one may wonder if the
LKS model could not be related to an already existing collision model that would accomplish the same task. To find
this link, let us start from the LKS collision model (8):

ΩLKS
α = − 1
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fα − f (eq),LKS
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2

)
: H2,α, (A1)

where the second RHS term only impacts the relaxation of the nonequilibium second-order moment of populations,
i.e, the viscous stress tensor. All third- and fourth-order moments are then relaxed through the free parameter λ.
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This kind of behavior is quite common in the LB community, and is usually expressed in the form of a MRT collision
model. By rewritting Eq. (A1), one obtains

ΩLKS
α = −

N∑
n=0

1

τn

1

n!c2ns

(
an − a(eq),LKS

n

)
: Hn,α, (A2)

where τn is the relaxation coefficient related to Hermite coefficients of order n. More specifically, τ2 = τ and
τ3 = τ4 = λ for the LKS model (values of τ0 and τ1 are only relevant in the context of external forcing28). From
Eq. (A2), one clearly recognizes the MRT collision model expressed in the Hermite polynomial expansion framework
that was originally introduced by Shan and Chen111. This relationship is very important since it means that all
systematic derivations, that were obtained in the context of Hermite polynomial expansion, can be applied to the
LKS approach. In other words, the extension to any kind of physics or lattice can be done in a straightforward
manner93.

In addition, when λ = 1 one further recovers the original regularized collision model40,41, which was shown to
improve the stability of LBMs in various configurations43–46. This might explain why a value of λ close to 1 helped
improving the numerical stability of the LKS model without impacting its accuracy78.

Appendix B: Jacobian of Hermite coefficients at equilibrium

Hereafter, Jacobian expressions of high-order Hermite coefficients at equilibrium a
(eq)
n (n > 2) are derived. Starting

with third-order coefficients at equilibrium,

∂fβa
(eq)
3 = −2

a
(eq)
1 ⊗ a(eq)

1 ⊗ a(eq)
1
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+
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1 + a
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(a

(eq)
0 )2

. (B1)

Following the same steps, the Jacobian of the fourth-order coefficients can be expressed as

∂fβa
(eq)
4 = −3

a
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1 ⊗ a(eq)
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1
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Appendix C: Effect of higher-order Hermite polynomials in the EDF on dispersion-dissipation

The off-diagonal component of the stress tensor recovered by the classical lattice Boltzmann formulation with the
SRT collision operator and a second-order EDF are known to deviate from the Newtonian fluid stress tensor for large
values of the Mach number following O(Ma3). An asymptotic analysis shows that introducing the third-order Hermite
polynomial in the EDF can eliminate the leading-order error term in the stress tensor9,38,47,49,112–114. This effect can
also be observed in the spectral behavior of the scheme, namely the spectral speed and dissipation50,101. This fact is
illustrated in Fig. 13 for three different Mach numbers, i.e. Ma=0.1, 0.3 and 0.5 for a non-dimensional viscosity of
νδt/δ

2
x = 1× 10−2.
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FIG. 13: Effect of the Mach number on propagation speed (a, b and c) and dissipation (d, e and f) for SRT collision
operator with (from left to right): second, third and fourth-order EDFs
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