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STABILITY OF THE LAUGHLIN PHASE AGAINST LONG-RANGE
INTERACTIONS

ALESSANDRO OLGIATI AND NICOLAS ROUGERIE

ABSTRACT. A natural, “perturbative”, problem in the modelization of the fractional quan-
tum Hall effect is to minimize a classical energy functional within a variational set based on
Laughlin’s wave-function. We prove that, for small enough pair interactions, and asymp-
totically for large particle numbers, a minimizer can always be looked for in the particular
form of uncorrelated quasi-holes superimposed to Laughlin’s wave-function.

CONTENTS

6.1 The Hewitt-Sav iaconis- R 29
6.2. Energy estimates on the support of the limit measurd...................... 30
6.3. Incompressibility estimate for the limit measure and proof of Theorem Bd. 32

......................................................................... 35

1. INTRODUCTION

The fractional quantum Hall effect (FQHE) occurs when a gas of interacting electrons
is confined to two space dimensions and subjected to a strong external magnetic field,
perpendicular to the confinement plane [14], [IT], 12} 4T], [I7]. Under these conditions, the Hall
resistance exhibits a quantized behavior by forming a series of plateaus in correspondence

Date: February, 2020.
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to particular rational values of the filling facton]
_hep
N €0 B '

While the integer quantum Hall effect (IQHE, integer values of the filling factor) can, in first
approximation, be understood in terms of non-interacting electrons, the origin of the FQHE
(special fractional values of the filling factor) lies in inter-particle interactions. It was first
recognized by Laughlin [15] [I6] that the origin of the FQHE is a very remarkable strongly
correlated phase that the gas exhibits in its ground state, for certain special values of v.
It was then proposed, and later confirmed experimentally [38] [6 26] that within this phase
the gas presents quasiparticle excitations with fractional charge. They are also believed to
have fractional statistics [T, 25].

At the basis of our theoretical understanding of the FQHE is Laughlin’s wave-function
which, for a system with filling factor v = 1/¢ with ¢ € N, and subjected to an external
magnetic field B, reads

N
Uiau(21, .-+, 2N) = CLau H(Zz - Zj)zefBZ’:l l2il*/4, (1.1)
1<j
The variables 21, . .. 2y are complex coordinates of N particles in R?, which is here identified

with the complex plane, and ¢y, is a L?-normalization factor. Wy,, was proposed as a
variational trial wave function for the ground state of the many-body Hamiltonia

N

HM =%

j=1

2
(—ivggj - gxf> + V()| + )\Z W(x; — ;) (1.2)

1<j

acting on the Hilbert space L?(R?Y). Our assumptions on the external (describing trapping

and /or the effect of impurities in the sample) potential V : R? — R and on the interaction

W : R? — R will be specified later, together with the role of the coupling constant A > 0.
The argument leading to (L)) is based on the following two requirements:

e For a very strong external magnetic field B, the leading scale is the magnetic kinetic
energy. Hence, it is energetically convenient for each particle to occupy the lowest
Landau level (LLL), i.e. the ground eigenspace of the magnetic Laplacian. This

allows to restrict the action of H]%M from L2(R2V) to ®" § where

9 = {(z) = f(2)e PP/ € L2(R?) | £ analytic}. (1.3)

e Once the kinetic energy has been fixed by the reduction to the LLL, one assumes
that the next leading scale is given by the interaction W. If it is repulsive and
strong enough at short range, then it forces the wave function to vanish whenever
two particles meet. In order for this prescription to be compatible with (L3]) the
behavior for z; ~ z; must be ~ (z; — z;)* for somd] integer ¢.

1p is the electron density, B the magnetic field, the rest universal constants.

2Spins are assumed to all be polarized by the magnetic field.

3The parity of the integer ¢ allows to differentiate the statistics of particles, namely, a Laughlin wave
function with even ¢ describes bosons, while odd values of £ correspond to fermions.
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We remark that these prescriptions to derive (L) actually yield the larger space

Eé\fB = {\I/F = F(21,.,28)%Lau(21, - . ., 25) € L*(R*Y) | F analytic and symmetric}.
(1.4)
Indeed, any ¥Up € EéYB belongs to @" $ and vanishes at least as (z; — z;)! when z; ~ z;.
We shall refer to F' as a correlation factor. We require it to be symmetric for ¥ to have
the same symmetry (bosonic or fermionic) under variable exchange as Wi,ay.

The energy of a generic W is (we subtract the magnetic kinetic energy, which is just a
constant within the LLL)

EnalVF] = <xI/F(ZV () + A" W(ay — 2 (\IJF> (1.5)

1<j

and we define (B > 0 and ¢ a positive integer will be fixed throughout the paper)
E(N,)\) = inf{EN,)\[\pr] | Up € L)', / W) = 1}. (1.6)
R2N

The motivation for the above variational problem is as follows: assuming that the two
previous requirements are indeed imposed by the energy scales of the problem, what kind
of ground state does the system actually choose, within the huge space (4] ?

This has a flavor of degenerate perturbation theory, where one looks for the lowest
eigenstate of a perturbed Hamiltonian, within the ground eigenspace of the unperturbed
part. Here the “unperturbed part” should be the magnetic kinetic energy, plus the short-
range part of the interaction. We assume these set the main energy scales. It is be-
lieved /conjectured that (approximately, for the real model, exactly, for some toy models)
the ground state space (4] for this unperturbed part is protected by a finite energy gap,
independent of N (see [30] for more discussion). We are thus investigating the problem
perturbatively, at energies below this (conjectured) energy gap.

In Laughlin’s theory, his wave-function (III) plays the role of a new “vacuum”. Crucial
to the arguments is the nature of the excitations of this vacuum, and their quasi-particle
nature. It is argued that such quasi-particles excitations can be described by wave-functions
of the form

\I!f(zl,..., Z] \IJLau Zl,...,ZN) (17)

sz

where f is a polynomial in a single variable. The function W, clearly vanishes in corre-
spondence of the zeroes of the polynomial f. This is interpreted as having added quasi-
holes [I5] 16] on top of the Laughlin wave function, the latter being interpreted as the
vacuum state for quasi-holes. These quasi-holes carry a fractional charge corresponding
to 1/¢ of the clectron’s chargd], and they are expected to behave as anyons [I, 25] with
statistics parameter —1/¢. The aim of this work is to show that the energy (L8] can be
reached (asymptotically, for large particle numbers) by restricting to the above sub-class,
consistently with the physical picture of quasi-holes generation.

4Two quasi-holes at the position zo are interpreted as one quasi-hole with double charge at the position zo.
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We define the minimal energy within this class as

epN;A):inf{aMAmgq|@f<ﬁtheﬁnn1¢:z>, |mfF::1}. (1.8)

R2N
Notice that, clearly,

E(N,)\) <e(N,)\), (1.9)
since e(N,\) is the minimal energy in a smaller domain than the one corresponding to
E(N,\). We aim at proving that actually

|E(N,)) ~e(N,)) as N — oo with \ fixed. (1.10)

This means that it is never favorable to add correlations through F' in order to minimize
the external potential energy and the interaction energy. Furthermore, the lowest energy is
attainable with uncorrelated quasi-holes exciting the Laughlin wave function.

In previous papers [22], 23] 36], the case A = 0 was considered, i.e. it was assumed that
restricting the variational set to (L4 rendered the interaction energy negligible compared
to the potential energy. There (LI0) was proved for external potentials varying on the
characteristic scale of the Laughlin function (a technical assumption that we shall also
make, see below for further discussion).

In the present contribution we consider the effect of W, and prove (I0) for suitably
scaled potentials V' and W and a sufficiently small coupling constant A. This means that
the Laughlin phase (perturbation of the Laughlin function by uncorrelated quasi-holes, as
in (L)) is stable against both external potentials and the long-range part of the interaction
(the short-range part is supposed to have been taken into account by restricting to (L4])).

Acknowledgments: We thank Jakob Yngvason for useful discussions. Funding from the
European Research Council (ERC) under the European Union’s Horizon 2020 Research
and Innovation Programme (Grant agreement CORFRONMAT No 758620) is gratefully
acknowledged.

2. SETTING AND THEOREMS

2.1. Main results. We now present the precise setting in which we prove (L.I0]) and discuss
further this main result and its corollaries.
For any Uy € Eév g let us introduce the associated reduced densities

N
p%k)(zl,.,,,zk) = (k) / (Wr(21, s 2k 2hp1s o 28) P d2pg - - dan (2.1)
R2(N—k)

for k =1,...,N. Notice that we are choosing the convention

It was proven in [23] (see also [34], B5] for earlier partial results) that the Laughlin fluid
satisfies an incompressibility estimate. More precisely, for any Wp € Eé\f p» the associated
one-particle density satisfies 5

) s 5 (22)
in a suitable sense of local averages. This is a rather nontrivial rigidity property: no matter
how complicated the correlation factor ' might be, it cannot locally compress the liquid’s
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density beyond a universal threshold. The proof of ([2.2]) relies on the plasma analogy,
a useful mapping of the problem known since Laughlin’s work [I5] [16]: the many-body
density of ¥ can be mapped to a classical Hamiltonian for N particles in 2D. Within this
framework, a generic F', due to its analyticity, plays the role of the potential generated by
a positive charge distribution (see [23, Section 2.3]). Since the N classical particles are also
(by convention) positively charged in the plasma analogy, one can expect that the overall
effect of F' is to decrease the density pg) with respect to the case F' = 1. The analogue of
[22)) for this latter case had already been argued [I5], and then rigorously derived [32] [33].

We remark that the Laughlin phase naturally occupies a length scale of order N'/2, as

can easily be seen by combining [ pg) = N with ([22]). We then define new densities with
rescaled lengths according to

Nk:
k

k) _ 4
fourt? =1

We also introduce rescaled potentials v and w through

o(z) =V (mx) (2.4)

Note that we set

and

w](\g;) =W <\/N$) , with w(—z) = w(x). (2.5)

From now on we will only work in the scaled variables x = z/v/N. The notation we
introduced allows to bring (LH]) to the form

watrl =N | [ @i [[ v ean). eo

The definition of w in (2.5) effectively puts us in the mean-field regime, by making the
two contributions to (2.0) formally of the same order. Recall that the reduced many-body
ground state energy is

R2N
and the energy within states with uncorrelated quasi-holes is
e(N,\) = inf{gm[\yf] | U of the form () | / 2 = 1}.
R2N

As customary in the study of asymptotic properties of many-body systems, a crucial role is
played by the associated effective mean-field model. Let us define the functional

A
EMF[)] = /R o(pla)de + 5 / /R , wle = p)ula)n(y)dody (2.7)

for any probability density p such that the integrals make sense. This is the mean-field
version of ([2.6) (having ignored the N multiplicative factor), in that the two-body density
has been replaced by the uncorrelated product of one-body densities.
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We will show that the minimal energy attained by £M¥ is related to both E(N,\) and
e(N,\). However, the mere minimization of EMF under the sole mass constraint [ u = 1
would be insensitive of the fact that variational states for E(N,\) and e(N, \) satisfy the
incompressibility bound (22]). For this reason, we define the ‘flocking’ energy as

B
ﬂO:' MF < < — / = . .
E mf{é’ ] |0< < 57" RQ,u 1} (2.8)

The upper constraint is precisely the one in (2.2)). We use the word ‘flocking’, since (2.8])
is the minimal energy for a functional where confining and repulsive terms compete, and
there is an overall constraint on the maximal density. This mechanism resembles the one
occurring in models for bird flocks.
Minimization problems similar to (2.8]) have been studied in [5] and [10], although within

a slightly different setting, namely when v = |- |Pxp for some p > 0, hence with a dependence
on u. Depending on the parameters of the problem, the behavior of a minimizer pu,, can
exhibit three phases:

e ‘Liquid phase’: |{un, = B/2nl}| =0,

e ‘Intermediate phase’ [{0 < p, < B/2nl}| > 0 and [{un, = B/27l}| > 0,

e ‘Solid phase”: {0 < p,, < B/2wl}| = 0.
It was proven in [5] and [I0] that, for v = | - |P % p and for suitable values of p, the value
of the mass constraint [y = M discriminates between the phases: for small enough M
any minimizer is in the liquid phase, while for large enough M any minimizer is in the
solid phase. In our setting, the parameter which governs the behavior of minimizers is the
coupling constant. The flocking energy (28] with A = 0 coincides with the classical bathtub
energy [2I, Theorem 1.14], namely the minimal possible energy in an external potential
achievable by densities of fixed mass with upper and lower constraints. It is well-known
that for this problem the minimizers are always in the solid phase, and saturate the upper
constraint almost everywhere on their support.

We now present our assumptions on the potentials v and w.

Asumption 2.1 (The external potential).
There exists a fized function v € C?*(R%RY) such that

V(z) = v(ﬁ)

We assume that v has a finite number of critical points, all of which are non-degenerate.
We also assume that v has polynomial growth, i.e.,

lz|* < v(z) < |z for |z| large enough (2.9)
for somet > s> 1.

Asumption 2.2 (The interaction potential).
There exists a fized even function w € W2 (R2 R) (two bounded derivatives) with

w(x) — 0
|z| =00

ot ()

such that
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Our main result is stated next. Note that we do not assume w, nor the coupling constant
A, to have a sign. The case most relevant to FQH physics has Aw > 0 but our proofs allow
for attractive potentials as well.

Theorem 2.3 (Energy of the Laughlin phase).
For V- and W satisfying the assumptions presented above there exists A\g > 0 such that, for
‘)\‘ g )\07
E(N,\)
lim —————= =1. 2.1
Ngnoo B(N, )\) ( 0)

From the proof we can deduce properties of (quasi-)minimizers:

Theorem 2.4 (Convergence of densities).
Let F be a (sequence of) correlation factors such that the associated YV € EéYB satisfy

5N,)\[\IJF] :E(N,)\)-i-O(N) (2.11)

as N — oo. Assume |A| < Xg as in Theorem[Z.3. Then there exists a probability measure P
supported on the set of minimizers of the flocking problem (Z8)) such that, for every k € N,

p) — / pErdP (1)
{n | EMF[p]=Efo}

weakly as probability measures as N — oo.

2.2. Remarks. As explained before, the scaling we chose in (2.3]) is motivated by the fact
that it renders potential and interaction energies of the same order of magnitude, so that
Theorem 2.3lis not a perturbative statement. On the other hand, the regularity assumptions
on the data of the problem are mostly of a technical nature. In this section we further discuss
these aspects.

Scaling of the problem. Although our Assumptions 2-TH22 do not cover it (see below),
it is instructive to think of the original, unscaled potentials as

V(@) = —poxt ||

i.e. the interactions are electrostatid] and the external potential is generated by a fixed
density of charge —pext. Since the system lives on a thermodynamic length scale o< v/N it
is natural to scale pext as
Pext = ,U'ext(N_l/zx)-
A scaling of length units, using (Z3]), then gives, for these choices,
1 1 A 2
evalvr] =N [[ [—uexm)uﬁm’(y) +20P )| dedy. (212)
R2xR2 | — Y| 2

The scaling (2.6) used for our main theorem mimics the above, where the two terms are
also of the same order.

Link with filling factor. In (2I2]), increasing A is equivalent to decreasing piext. Neutrality
(or almost-neutrality) considerations for the full system (p®* minus the electrons’ charge)
make it natural to expect (or demand) that the latter be in relation with the electron

Recall that we consider 3D electrons confined to 2D, so the Coulomb potential should be the 3D one.
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density, so that increasing A (decreasing fiext) is related to decreasing the filling factor.
From this point of view it is important that the system stays of the form “Laughlin plus
quasi-holes” for |A\| < Ag. This is one of the ingredients of Laughlin’s explanation of the
quantization of the Hall conductivity for filling factors close to 1/n (and not just equal
to 1/n). This is indeed what we prove, in a simplified model at least. It is also natural
to expect the restriction to small (but independent of N) values of A to be necessary:
for larger values/lower filling factors, the system should form another FQH ground state
(e.g. a Laughlin state with higher exponent), corresponding to another plateau of the Hall
conductivity.

Indeed, the variational set (I4]) contains states corresponding to filling factors lower than
(=1, for example Wy, with exponent £ + 2 which is ¥, with

F2(Z1’ cee ,ZN) = H(ZZ - ZJ)Q'
i<y
This state intuitively has a smaller interaction energy (since it vanishes faster than (z;—z;)*)
than quasi-holes states. Our result says that, for small coupling constants, it is favorable to
generate quasi-holes without changing the £ exponent. The fact that, for small A, increasing
£ increases the total energy can be explicitly seen in the following simple case. Assume that
v and w are positive and radially symmetric, and that w > 0. Then one can prove that the
flocking problem (2.8)) has the unique minimizer

B
Hmin = ol HD(O,R)

where the radius R of the disk is fixed by normalization. On the other hand, the (normalized)
wave-function Wy, coincides with the Laughlin wave-function with filling factor (¢ + 2)~!,
and therefore its density ,u%) is known (see, e.g., [33, Theorem 3.1 and Proposition 3.1]) to
satisfy
m_ ., B 4
HF, om(l +2) D(0,R")

in the weak sense of probability measures. The two above equations mean that the Laughlin
state with exponent ¢ (F' = 1) gives the best energy, while the Laughlin state ¥, does not.

Singular interactions. The main restrictive assumption we make is the smoothness of w
in Assumption This is certainly not satisfied in the Coulomb case we just described.
There are a few reasons why our main results are nevertheless relevant for 2D electron gases:

e The finite (although small) thickness of the gas in the direction perpendicular to the
plane yields a smoothing of the Coulomb interaction’s singularity at short distances,
see e.g. the discussion in [14] Section 2.2].

e It is likely that the restriction to the lowest Landau level (a fortiori the emergence of
Laughlin’s function) is valid only on length-scales large compared to the interparticle
distance. At short distances, specific correlations could be formed to avoid the
singular part of the interaction. See [20] 39] for results in this direction in a related
situation.

e The Jastrow factor in (L)), i.e. the product HKj(zi—zj)é, should kill the singularity
of the true Coulomb interaction, allowing to replace it by an effective, smoother,
potential W.
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In any event, as indicated in our title, our main concern is the stability of the Laughlin phase
against the long-range part of the interaction, which is certainly present in the coulombic
one, but neglected in the derivation of the ansatz. See [24] for mathematical results on 2D
electron gases with the true Coulomb interaction.

Perturbations on mesoscopic length scales. For simplicity we consider a model with
potentials scaled in such a way that they affect the shape of the electron droplet on macro-
scopic length scales, comparable to the size of the full system. Physically it would be
relevant to allow for modifications on much smaller length scales (with the limitation that
they should still be much larger than the typical interparticle distance). See [36, Section 5]
for comments in this direction. The main bottleneck for a mathematical analysis of such
situations is to improve the incompressibility estimates of [23]. For the pure Laughlin state
F =1, the results of [I8] 19, B, 2] go in this direction.

2.3. Sketch of proof. Let us now list the main ingredients of the proofs of Theorem
and Theorem 2.4l There are three main steps:

e The incompressibility estimate (Z2]), which holds for any correlation factor F', sug-
gests that the flocking energy (2.8]) is a lower bound to the full energy E(N, ).

e For small enough A we prove that the flocking minimizers are in the solid phase, i.e.
their density takes only the values 0 or B/(2n/).

e For any solid flocking minimize] p,, we can construct a recovery sequence of
“Laughlin plus quasi-holes” wave functions of the form (7)) whose (rescaled) density
converges to fiy,.

The first point shows that E(N,\) £ N Efo. The second and third taken together show
that, for A small enough, e(N,\) S NE@. Since obviously E(N,\) < e(N,\) this gives
the scheme of proof for Theorem Theorem 4] requires some more tools, in particular
the classical de Finetti-Hewitt-Savage theorem [I3], and in fact its constructive proof due
to Diaconis and Freedman [7].

The first point is the most important. In fact, we need not only justify (Z2)) in a rigorous
way, but also understand why a mean-field approximation is valid for a lower bound, leading
to the flocking energy (Z8]). The key is to prove that the empirical density of a state
of the form (L4) satisfies ([2.2)) with large probability. This is an improvement over the
incompressibility estimates derived in [22] 23]. The latter only gave a bound in average,
as stated informally in ([2.2]). We supplement this information with deviations estimate in
Theorem [4.1] below and deduce the

Theorem 2.5 (Lower bound to the many-body energy).
Suppose Assumptions [21] and [Z3 hold. For any Vg, we have

EnalUr] = NEW (1 — ON3HVE)/44) (2.13)
for any ~v > 0.

The second point of the overall strategy, concerning the flocking minimizers, is reminiscent
of results from [5] [10]. We shall prove the following:

Theorem 2.6 (Solid phase of the flocking problem).
Suppose Assumptions [Z1] and hold. Then:

6Actually, any function taking only the values 0 and B/(27()
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(1) There exists a minimizer for the problem (2.8)).
(13) There exists N\g > 0 such that, for any |\ < o, any minimizer p, is in the solid
phase, i.e.

B
o, = 2—716]12 a.e.

for some open set ¥ C R?.

Theorem is proven in Section [8l The main idea is that on any patch of liquid phase
0 < pm < B/(27l), the external potential and the mean-field potential must for optimality
add up to a constant. But for small enough A the variations of the mean-field potential
cannot possibly cancel those of the external potential, because of the flocking constraint.

The third point of the overall strategy is

Theorem 2.7 (Upper bound to the many-body energy).
Let 1*°! be any fized probability measure on R? in the solid phase, i.e., whose only values are
zero and B/2wl. Then there exists (a sequence of) polynomial(s) fs, indexed by a positive

parameter 6 — 0, such that
N—oo

e(N,\) < Ena[P ;] < NEMF[] (1 + CN*1/4+’Y> . (2.14)
for any v > 0.

Basically the above follows by adapting the methods of [36], but we have to handle in
addition the two-body term of the energy, absent in the aforementioned reference. We
remark that requiring ! to be in the solid phase is crucial. Indeed, essentially any trial
state of the form (7)) constructed from uncorrelated quasi-holes leads to a density of such
a form.

We will prove (2I3) in Section [ and (ZI4]) in Section Bl We explain here how com-
bining Theorems 2.0H2.612.7] yields the proof of Theorem Theorem [2.4] requires other
ingredients, provided in Section

Proof of Theorem [2Z.3. First, recall that E(N, ) < e(N, A) as already stated in (IZ9]). More-
over, under the assumptions of Theorem 23] there exists by Theorem a minimizer
of the flocking problem in the solid phase. Hence, we are allowed to choose p°' = i, in

[214), and we have

gMF[Msol] _ gMF[Mm] _ Eﬂo
By combining ([2I3]) and (2.I4]) we deduce
NE(1 - CNHYRA) < B(N, ) < e(N,A) < NE®(1+CN"Y4Y) (2.15)
which proves Theorem O

3. SOLID-PHASE MINIMIZERS OF THE FLOCKING PROBLEM

This section is devoted to the proof of Theorem Recall that we are considering the
functional

A
M) = /R2 v(@)u()de + 3 //me w(z — y)p(r)p(y)dedy
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on the variational set
B
M=pueLl'R)NLPRY)|0< pu< —
2ml
and the minimization problem
Eﬂozinf{EMF[u] \MGM,/ u:1}. (3.1)
R2

A priori, the set L'(R?) is not closed with respect to the weak topology, and this would
not allow to deduce that minimizing sequences have a weak limit (up to a subsequence).
On the other hand, we can see the above minimization problem as defined on probability
measures j such that

ﬁduv—u}O, and / w=1.

27l R2
The first condition actually implies that every such p is absolutely continuous with respect
to the Lebesgue measure, and that its density u(x) satisfies 0 < p(z) < B/27¢ on R?. This
implies that the set M, as a subset of L!(R?), is closed under the weak topology.

3.1. Existence of minimizers. This is fairly straightforward. See e.g. [37, [40] for back-
ground and [5] 10, 23] for similar problems. Since v and w are continuous and bounded
below, a monotone convergence argument shows that the map u ~— EMF[4] is lower semi-

continuous. Since v(z) — 400, any minimizing sequence must be tight as a sequence of
|z| =00

probability measures, and converge to an element of M with mass 1. By lower semiconti-
nuity this gives the existence of a minimizer for (B.1).

3.2. Solid phase. We now prove that, for small enough coupling constants, the minimizers
are in the solid phase. For any p € M, define the total potential

Q, =v+ Aw*p. (3.2)
Clearly, by Young’s inequality, Assumption implies the

Lemma 3.1 (Bounds on the mean-field potential).

For w € W%(R?) and p € L'(R?) we have
Jw s plloo < CullpllLr

<
< Cyllpllp (3.3)

Ofwp|| < Cullullp
o
for any unit vector y and for a constant Cy, > 0 that depends only on w.

Lemma 3.2 (Variational inequalities).
Let pu be a local minimizer of EMY on M. Then there exists v € R such that, for almost
every x,

P,(x) <7y if px) = %
() =7 if0 < plx) < % (3.4)

Oulx) =7 if ulx) = 0.
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Proof. The proof is a straightforward adaptation of [5] Lemma 4.2]. The variational in-
equalities are obtained in the standard way by testing the energy of . := p+ecp with e > 0
a small number and ¢ a (say smooth) function satisfying

@ = 0 where 4 =0
@éOwhereu:%

fR2‘P:0'

To lower order in ¢ the condition for p. to have a larger energy than p is

/RQ(U—F)\w*M)(p}O.

This being so for any ¢ as above proves the claimed variational inequalities. O
We now complete the proof of Theorem

Proof of Theorem[2.4, Item (ii). Pick a global minimizer p,, and define

A= {$€R2|O<Mm($)<%}.

We will show that A has measure zero for a range of coupling constants. Assume first that
A does not accumulate to any critical point of v, i.e., there exists ¢; such that

|t —ap| >c1 >0 VreA,
where (z1)y, is the finite set of critical points of v. This implies the existence of ¢y such that
[Vo(z)| >co >0 Vze A

Let us assume that A is an open set. Then, since by (B3.4) ®,,, is constant on A, we can
differentiate and obtain

Vu+ AVw * iy =0 on A. (3.5)

By taking Aj = c2/||Vw * i, || we see that last two formulae are in contradiction for any
Al < A due to

C2

ca < |Vo(z)| = |\|Vw <\ Vw <—F——
[Vo(z)[ = [All pn| < Aol i Vos gl

\Vw * Mm‘ < co.
This excludes the possibility of A being open and non-empty, and more generally of A
containing an open set.

We still have to rule out the case in which A has positive measure without containing open
sets. However, if a function belongs to VV&)’C1 , then its gradient vanishes almost everywhere
on the pre-image of any point (see, e.g., [2I, Theorem 6.19] or [10, Proposition 4]). It is
easy to see that ®, belongs to I/Vli’c1 since v € C? and the term containing w is controlled
in Whee c Wlicl » using ([B3]). Hence we have that (3] still holds almost everywhere on A,
and we encounter the same contradiction as above for |A| < Aj.

Consider now the case where A might accumulate to critical points {1, ...,z } of v. The
latter are non-degenerate by Assumption 21l Then, for k € {1,..., N}, at the critical point
x, there exists a direction g, along which the second derivative of v at xy, is different from
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zero. Since v € C?, this is true in a neighborhood of each zy, i.e., there exist c3,ks Ca ke > 0
such that
32

Wv(m)u,:xk > c3p, Vo€ D(vg,car) (3.6)
Yk

for any k =1,..., M, where D(a, R) is the disk of center a and radius R.
Define the set

A\U (Tkscan) NA),

i.e. the set A from which we removed a nelghborhood of each critical point of v to which A
accumulates. On A’,

|z — x| > cq = mkin047k > 0,

which implies |Vu(x)| > ¢5 > 0 for some ¢5. We can then replicate the above argument and
deduce that A’ has zero measure for |A\| < \j with A\ = ¢5/||Vw * fim]|co-

On Dy, (car) N A, in turn, we can differentiate ([B4) twice along the yj, direction, thus
obtaining

0? 0?
a—ﬂzv(:c) + )\ayzw * Uy = 0. (3.7)

This formula is valid almost everywhere even if D(xy,cs) N A does not contain an open
set since, as above, it only requires ®,, € W12 ! (see again [10], Proposition 4]). Notice that
(92 ®,,. € L follows because v € C? and (9A W fim € L C Lt due to (33). By choosing

loc

/// C3.k

el

we see that ([B.6]) and (1) are in contradiction for [A| < A{/, and hence By, (c4,r) N A must
have zero measure. The proof is concluded by taking
Ao = min {Xo, AG, A1, - - -5 A0 s

because, by what we discussed, A must have zero measure for |[A\| < Ag. Notice that
0> 05 Ao i i > 0, whence A\g > 0. O

3.3. Slightly perturbed problems. In Section @ we will need to consider the minimiza-
tion of EMF with a perturbed upper constraint. We now prove a result of continuous
dependence on such perturbations. Define

B
Mez{,ueLl(RQ)ﬂLoo(]RQ)wéu (1+¢)— le}
2l

and
Ef° = inf {EMY (1] | p e M.} (3.8)

Lemma 3.3 (Dependence on the flocking constraint).
There exists a constant C' > 0 such that for any € > 0 small enough we have

Efe < Eflo < Efie 4 e
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Proof. The inequality
Ei‘lo < Eﬂo
is trivial in view of the definition of the variational sets.
To prove the opposite inequality, let us fix a minimizer p. for [B8). We will construct a
suitable trial function for the problem with € = 0 by starting from p. and removing all the
mass that exceeds the upper constraint B/27¢. Define

B
9= {ue> 57}
© M€>27T€
B
1= > —|Q
/]Rz'u€ /QE'ME> 27T€| el

B
wl’

2
B B
< = _ )<
< i0d(0 a5~ 57) <

Let K be a measurable compact set such that

- B 1/f
/’1/6\27_‘_6 ’K‘ Qg&

on K. Clearly such a set must exist, in view of the normalization of y.. Define

~ Ik
= -1 — .
M= e QEfE+|K| /sts

fore o fonm

B
e 71( gm on R2\Qa
B
510 on QE

Notice that

and therefore, by defining
Je = pe —

we have

By construction it satisfies

and

It is thus a suitable trial function for the minimization problem with £ = 0. Hence

EﬂoggMF[ﬁ]ZgMF[ue]—/ﬂ vaJr(/Q fe)%/KU
+>\//RQXR2 w(z —y)[ ~ pee) - (v) 10, () + (/Q f€>%(x)1§g)

~ (] ) pearto o 2p o0, ) et )+ 2( [ 1) O oy

It is easy to see, using (B3] for the w-terms, that every summand except for EMF[u.] can
be estimated from above by

C fe <Ce
Qe

This implies
Efo < MY ] + Ce = E° 4 Ck,
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which concludes the proof. O

For the minimization problem with perturbed upper constraint, we will also need to
consider a functional with an external potential which is modified at large distances. For
any L > 0 let us denote by Sy, the square of side 2L centered at the origin,

Sp=[-L,L]?

By our assumption (Z9), if L is large enough, we can certainly construct a new potential
Uy, of the type

v(x) r e S
U(z) = q || T ¢ Spq
C!(R?)-interpolation between v(z) and |z| = € Sp41\ S

with the properties

v UL (3.9)
VULl < CL (3.10)
Ur(x) = |z| > L, for x ¢ Si. (3.11)

Let us define, for any probability measure p such that the integrals make sense,

Ep ] = /ULd/H % /w(w — y)dp(z)dp(y).

We have the following result, proving that such a modification of the external potential does
not play a role. Neither does the removal of the upper constraint at large distances.

Lemma 3.4 (Perturbed problem at large distances).
For L large enough we have

inf {S%AF[M] | pe PR?), (1+ 5)%@5 —pu=0on SL} = Eflo, (3.12)

Notice that we extended the minimization set to generic probability measures which
are bounded above by the Lebesgue measure when restricted to Sy, in order to ensure the
existence of minimizers. However, this means that trial measures for the problem (BI2)
do not have a density in general (because they might have an atom outside of Sr). They
nevertheless do have a density when restricted to Sy, and such a density is bounded above
by B/2nl. For any i, we will call that density s, ().

Proof. We have

B
inf {SFF[M] |p € P(R?), (1+¢&)=—dx—p>0on SL}

2ml
< inf {SMF[M] | e P(R?), (1+ E)Ed.%' —p=0on SL}
’ 27l
B
< MF 2 S — flo
< mf{E (1] | € P(R?), (1+e)—2ﬂgdaz ,u/O} EZ°,

where the first step follows from Uy, < v and the second one is due to the fact that adding
the constraint at large distances reduces the variational set.
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Let us prove the opposite inequality. Let the measure ,u,(# ) be a minimizer for the L-
dependent problem, i.e.,

. B
inf {(‘%/IF[M] | e P(R?), (1+ 6)ﬁdaz —p>0on SL} = EMFLL0. (3.13)

The existence of such a minimizer follows by the same arguments as previously (notice that
by construction Uy, is lower semicontinuous). Assume that, for L large enough, the support

of ,u% ) i entirely contained in Sy. Then we deduce

EMF i) = eMF[(B)] > Efie,

where the first equality is due to v = Up on & and the second one is the variational
principle. This completes the proof in view of (BI3]).

We thus aim at proving that, for L large enough, the support of ,u% ) is entirely contained
in §;. Assume for contradiction that, for a sequence of L’s accumulating at +oc, there

exists a (sequence of) set(s) ¥, of positive measure, entirely contained in R?\ Sy, and such

that
/ dutb > 0.
3L

We will show that moving mass from 3 to the interior of Sy decreases the energy, hence

violating minimality of ,u,(# ). To do so, we first show that ,u% ) does not saturate the upper
constraint on the whole Sy. Indeed, if there exists ¢ € (0, (1 + ¢)B/2x/] such that the

(Lebesgue) measure of the set {z € Sp| ,ugf‘)SL (x) = ¢} tends to infinity as L — oo, then

(L)

integrability of u;,” is impossible.
Hence, for every ¢ € (0, (1 + ¢)B/2n/{],

[{z €Sy ugj')& (z) > ¢}| < C  uniformly in L. (3.14)

Let us fix ¢ € (0, (1 4+¢)B/2n(]. As a consequence of ([3.14]), for every L large enough there
exists a set Ry, with the following properties:

(1) ,ugﬁ)(x) < con Rp;

(2) |Rz| = C independent of L;

(3) each Ry, is entirely contained in a ball whose radius is a constant independent of L,
i.e., there exists C' > 0 independent of L such that

R, Cc {zeR?||z|<C} VL. (3.15)

The catch is that, even though the set on which ,u,(# ) approximates its upper bound might
‘pulsate’ when the value of L changes, by occupying different regions of Sy, still, there will
always be a set where ,u,(# ) is far from the upper constraint and this set can always be picked
within the same fixed bounded region.
Define the measure Lo d
~ L L) R GT L
o=l — i+ Ry /EL duy).

/dﬁ:l—/ dﬂggu/ ) — 1.
R2 )3 )3

By definition we have



STABILITY OF THE LAUGHLIN PHASE AGAINST LONG-RANGE INTERACTIONS 17

Moreover,
M%J) on R\ (X, URy)
=<0 on Xr,
(L) | lrydw d (L) d g dz d (L) R
Um” + RL| ‘[EL WU < cax + RL| fEL Hm on fvy,.

We may now choose X7, small enough so that fis, (z) < (1 + ¢)B/2n¢, which makes it an
admissible trial measure for the minimization problem (B.I3]). Therefore

ENF L) = 2 (i), (3.16)

However we also have
d
NV = D)~ [ Vndalf) + e [ U (o)
X |RL| Ry,

—nl =g, (L) W\ g (L) LR, (y)dy
A / /R el =)~ @, )+ ( /2 ) Y () FE

+2du") (2)du ()

m |3 m |3
21p, (2)dz Lr, (y)dy
2 dut)) " L L .
- </2L ki) Rl Ryl

Since w is bounded, it is easy to see that every term containing w can be bounded from
above by
C d,u%).
3L
Moreover, by Il we know that Uy (z) > L for z € ¥y, and Ur(x) = v(z) < C for x € Ry,
by (BI5). We then deduce

ENF (] < EMF [P — L /E i+ [ auih),
L L

which, for L large enough, implies
exr [l < e ).
This contradicts (B.I6]), and the proof is complete. O

4. ENERGY LOWER BOUND

The aim of this section is the proof of Theorem Given Vp € Eév g let up be the
associated N-body probability measure in rescaled units of lengths, i.e.,

MF(.%'l,...,xN):NN|\I/F(\/N1'1,...\/N1'N){2. (4.1)
Define the up-probability of a Borel subset (event) I' € R?V as

Pp(T) = /p”F'
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For any configuration Xy = (z1,...,2x) € R?Y we will denote the corresponding empirical
measure by

1 X
Empy, = N Zém'
i=1

The following statement gives an estimate on the probability of configurations whose
empirical measure violates the incompressibility bound ([2.2)).

Theorem 4.1 (Probability of violating the incompressibility bound).

Let Q denote any open set with Lipschitz boundary, and, for any o > (=3 + v/5)/4, let
Q, denote its dilation around some origin by a factor r = N. Let upr be the probability
measure associated to Vp € Eé\,[B' Then, for any e > 0,

B|Q -
Pr <{XN € RQN‘ / Empy, > (1+¢) ;Wg‘ }) < e=CeNVe, (4.2)
Qr

The constant C' in (4£2) depends on the geometrical details of the unscaled set €. A
key ingredient for the proof is the incompressibility bound [23, Theorem 2.1], which in the
notation of Theorem [Tl reads

) o Bl
/| ) < S o)), (43)

where

and that our new estimate ([4.2)) is a deviation bound for this expectation bound.

Remark 4.2 (Scales on which incompressibility holds).
During the preparation of this work we became aware of an imprecision in the paper [23].
It is claimed in Theorem 2.1 there, that the incompressibility bound, in the rescaled version
[#3), holds for scales up to > 1/4. This does not however follow from the proof of
Theorem 2.1 which is presented in [23].

More precisely, after (5.50) there, one should actually deduce (5.51) in the form

1 (2+49)8
2+2d 242
After choosing o/ and 3 arbitrarily close to «, and ¢ arbitrarily small, one finds that - can
be picked arbitrarily close to (1 + 2«a)/(2 4+ 2«). Hence, the remainder terms in the right
hand side of (5.50) are of order O(N~1/(+20)+2) By comparing this with the main term,
which is of order N~'*29 one deduces that the remainders are actually negligible only for
a > (=1 ++/5)/4. By rescaling units of lengths one deduces that (@3) holds precisely for
the range of o which is considered in Theorem E1] i.e., a > (—3 +/5) /4.

This small imprecision is only due to the localization procedure in [23, Section 5.2]. The
bounds of [23] Section 5.1], valid under small additional localization assumptions, are correct
as stated. o

’y:
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Proof. Let us consider the case in which |€2,| is a disk of radius r, and let x, be the
corresponding characteristic function. To deduce the result for more general sets one simply
replaces characteristic functions of disks with those of general open sets. We denote by x, s
the regularization of x, on a scale §, chosen so that

1AXr6lloe < CO72 (4.4)
and
Xr < Xr,s < Xr4s- (4.5)
We first rewrite pup as a Gibbs measure. By the definition (41]) we notice that
1
ur(z1,...,xN) = Eexp(—NH(ml,...,xN)), (4.6)
with
al 4l 4
H(zy,...,zN) = Z 25| — BN Z log |z; — x| — mlogF <\/Nx1,...,\/NxN)
7j=1 1<i<y<N
and the normalization factor
Z= exp (—NH(x1,...,xn))dz1...dey
RAN

is the corresponding partition function. Hence pup is the Gibbs measure for H with temper-
ature N1
Let us define the perturbed Hamiltonian

N
Hy(z1, ..., on) = H(z1,. .., 258) — % 3 xesai),
i=1
the associated partition function at temperature N—!
Ze = /exp(—NHs(xl, coo,xy))dzy ... dey.
and the associated Gibbs measure
s 1= Zi exp(—NHs(z1,...,2N)).

s

According to this notation pg = pp.
We also introduce the free-energy functional

Pl = [ BuC0) + 7 [ () o (X)
with
P, :inf{fs[,uﬂ /Mz 1, u>0}.

Note that, for any positive function p on R?Y with unit integral

Fslp) = Fslps] + N7 11 (log p — log ps)

R2N
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and Jensen’s inequality implies that the last term is > 0 with equality if and only if p = pus.
This proves the classical fact that ps minimizes Fs and it follows that

F,=—N"1log Z,,

which is the classical relation between free energy, temperature, and partition function.
Let us show that ,ugl) satisfies an incompressibility bound analogous to (£3]). By adding

and subtracting to Hy the term

N
S
WHAXT,(SHOOZ\%'\?

j=1

we write
s N
Hsm,...,m):(1+mqur,5nw)[Zw Zlogm— 1]+ W, zw),
7j=1 Z<j

where ¢ = (1 + oz [[Axrslloc) "1 and

N
4 s 1
Wi(z,...,an) = — g log F (VN$1,---,VN$N) -z > (Xr,a(fﬂj) + Z\|Axr,5||oo|ﬂfj|2)
=1

is superharmonic in each variable because the last two terms taken together are. We rec-
ognize that, apart from an irrelevant multiplicative factor, Hy has the same structure that
H has, with a modified £ and a different superharmonic function. Hence, one can replicate

the proof of (£3]) from [23] so as to get
/ p < 210,11+ Oy + on (1), (4.7)
Now, we notice that, for any s > 0,
oN Bl$y|
Pr(s Xy €R | EmeN (1+6) )
733‘97"‘
<e (1+€)/€XP (S/Q EmPXN)dMF(XN) (4.8)

B\Qr\

<e? (1+e )/exp (S/XT,(SEmeN)dIU’F(XN)’

ST

where the first inequality follows from the bound 1 < e*®, which holds whenever sx > 0,
and the second inequality comes from (435]). Notice that (L8] is Markov’s inequality applied
to exp{s [ xrsEmpyx, }. We will focus on estimating the integral on the right.

Within the above notation we recognize that

Z _
/eXp <S/Xr,6 EmeN>dluF(XN) —z =€ Nt (4.9)
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We estimate Fy by writing

Fy= / Hys — Xrapt) + / 15 10g f1s
> Fo— / e

S
= FO - Xr+5ﬂgl)

where the first inequality holds by minimality of Fy and the second one follows from (Z.3]).

Hence ([£9) yields, using (4.1,

/exp (S/XT,JEmPXN)dMF(XN) S exp <S/Q Mgl))

provided we choose

r>§ and 1> ——= 52]\72

Since r = N, the above relations are satisfied for s = N? with 8 < 2a+2. Plugging (@I0)
into ([A.8) yields

eo({0 €3 [ w140 22}) <o (- 22 i)

By recalling that |Q,.| = 7N2* and a > (=3 +1/5)/4, we deduce that we can always choose
5, depending on «, so that

BIQ -
PF({XN e RV / Empy, > (1+6)M}> < o—CeNYs 1,
Qr 2l

which proves the result. ]
We now provide the
Proof of Theorem [Z3. Let us divide R? into squares of side N® with 0 > o > (=3 +/5)/4,
and denote the k-th square by Si. Let us consider a number L > 0 of the form
L =nN*®
for some n € N, and define by Sy, the square [—L, L]? of side 2L and centered at the origin.
Notice that the number of Si-squares within the set Sy, is 4n?. We will later choose L large

enough but independent on N, which boils down to suitably choosing the (large) integer n.
Let us also define

B|S,
Ap = {XN e R?V| Empy, <(1+¢) 2| g| Vk such that Sy C SL},
Sk ™

and A = R?\ Ay.
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We start by estimating the measure of the set A7. We have

ur(a) =2e | U { [ Bowy, > 0052 )

SkCSL Sk

i.e., the measure of A} is the probability of the union of all events of the type “the integral
over the k-th square is bigger than (1 + ¢)B|Sg|/27¢”. Hence, by the union bound and by
Theorem [4.1]

4n?
pr(AL) < ,;PF(/Sk Empy, > (1 +€)2—7T€>
4n? 4.11
< Zexp(—CaN‘/g_l) ( )
k=1

= CL?’N % exp ( — C&?N\/g_l).

Now, by a straightforward computation we can express the many-body energy in the
form

_ A w(0)
1 _ MF _ _ (2) _
N enalr] = [ ¥ Bmp Jdur(Xn) = 5 [ wle = (@ )dady - A5

> / EMF[Emp . Jdjur(Xy) — CNY,
having used ||w||« < C and [ ,ug) = 1 in the second step. We split the integral by writing

[ e B e ) = [

[ M B, e (i) + / EMF(Emp y Jdjur (X)
L

A
> ; EMF[Empy, Jdpr(Xy) — Cpr(Af),
L

where we used that the potentials in EMF are uniformly bounded below in the second step.
As a consequence we find

N_15N7)\[\I’F] > / EMF[EmeN]dMF(XN) —CN_l —C,MF(A%). (4,12)
Arp
By ([239), for L large enough, we can consider Uy, of the type
v(x) x €S
Ur(z) = q |=| z ¢ Sii
C!(R?)-interpolation between v(z) and |z| = € Sp41\ S

satisfying the properties (33), (I0), (II). As in Section B} we denote by EMYF the
functional EMF with v replaced by Ur. Since v > Uy, we can write

N7'EnAlWr] > [ & [Empy, Jdur(Xy) — CN~! = Cup(A7).
AL
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We now perform a Riemann sum approximation on the whole of R2?, by replacing the
empirical measure Empy, with the piece-wise constant function XN whose value in the
k-th square is

~(Xn) . _ ‘[Sk Empx,,
Hlse = 75

Notice that (X~) satisfies

/ pe =1
R2

ﬁ(XN) >0

B
X < (1+ 5)2—6 on every S, C [-L, L]?.
T

This yields (recall that L is independent of N)
N el > [ I e () - ON*(I Wl + [ VUL e) — ON 7 = ()
L
= | E R )dpr(Xy) = CLN® = Cpup (A7),

Arp
(4.13)

where the constant C7, in the right hand side is due to (B.10).
Due to the above properties of iX~) we have

_ ) B o
ENF ) > int { €} (1] | 1 € P(R?), (1+2)5—dw—p >0 on Sy} = EP,

the equality having been proven in Lemma B4 for L large enough but finite. Recall that
Ef° is the flocking energy with perturbed upper constraint defined in (3.8]). Recall also that
by Lemma

Efo > pfo _ Ce,
and therefore
N715N7>\[\IIF] > EﬂOIU,F(AL) — CLN® — Ce — C,uF(ACL)
Using up(Ar) =1 — pp(AS) and then (II) we deduce
N7'enalUp] = E% — CLPN ™2 exp (= CeNV5™) — OLN® — Ce.

We choose ¢ = N~!. In this way we can neglect the exponential because L is large but
fixed. Since a > (=3 + v/5)/4 we obtain

N_lgN)\[\I’F] > Eﬂo o CN(—3+\/5)/4+’Y

for any v > 0. This concludes the proof. O
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5. ENERGY UPPER BOUND

Now we prove Theorem 2.7l Let us write a generic polynomial [ as

_CNH Z— qu/2

Given the corresponding ¥ of the form (IEZI), the associated N-particle probability density
in rescaled units of length pif (see (@) can be written as

1
pr(x, ..., oN) = EefNHN(ml"“’xN), (5.1)

where the partition function Z is a normalization factor and

Hy(x1,. ., ZN Z(qulog p” §|$z|2> NZIOg]x

i=1 j=1 k<t

(5.2)
K — Te|

Hence iy is the Gibbs state for the Hamiltonian Hy at temperature T' = 1/N. Hy is
the energy of NV two-dimensional particles interacting among themselves and with J fixed
point particles a; through the 2D-Coulomb kernel —log| - |, and trapped by an external
harmonic potential. The charges ¢; will be eventually chosen to be equal to 2/N, but the
above notation will allow the reader to draw a direct comparison with the results of [36],
Section 3].

The mean-field functional associated to the electrostatic Hamiltonian H is, for a given
probability measure p,

J 1 B 1
2
= E q; log + —|z|° | p(x dx+€// x)log —— p(y)dzdy.
/R? = T e — ay 2‘ | RoE? [z —y| H)

(5.3)
As discussed in [36, Sect. 3-4] and [33], as N — oo, there exists a unique normalized
minimizer ,u‘}l satisfying

E$ = inf {gel[u] | >0, /M - 1} = P [uF)- (5.4)

Moreover, ,u?l only assumes the values zero and B/27/.
Let us define the 2D electrostatic energy

1 1
D == log ——— dxd
o) =3 [[, ole)os =—ot)dzay

for all o for which the integral is well defined (for example o such that [ |log|z|||o(z)|dz <
+00)

Lemma 5.1 (Bounds using the electrostatic energy).
Let py and pg be probability densities such that D(uy — po, p1 — p2) < +0o. Then, for any
test-function x1(x),

| [ () = ma@)a@ide] < [9xalle Dl oo = )2 (655)
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and, for any test-function x2(z,y),

‘ //R2xR2 (1 (@)pa (y) — po(2)p2(y)) xa2(z, y)dedy| < CD(p1 — pa, 1 — pi2) /2

(5.6)
x sup || Vxa(-, )| 2
y

Proof. We will prove the statement for smooth and compactly supported p;(x) and pa(x).
The general result is then obtained by a density argument. Note that

D(p1 — p2, i1 — p2) = 0

when fRQ w1 = fRQ 2, see [37, Chapter I, Lemma 1.8]. Assume for the moment that x; is
differentiable and denote

1
V=—o_log|.|[*(u — p2).
Then, since
—AV =1 — po

[, (@) = @i = [ Vi) V(@)
and by Cauchy-Schwarz

| [ (@) = mae)at@is] < 9l vV,

=1l ] [ (%2 [ i) - pa)is)

2 |z —yl

< (Ve [ o ) ez |

2 |x — 2|

= C||Vxull2 [/RQ /RQ rim(m(y) — h2(y))dy
< (8 [ ) - wana)]

x —z|

= Vxall 2D (p1 — pgy 1 — p2) 2.

The result is then extended by density to test functions with Vy; € L?.
To prove ([B.0]) we can safely assume xo(z,y) = x2(y, x), because the contribution of the
antisymmetric part would integrate to zero. We have

//R2 o (1 (@)pr (y) — pa()p2(y)) x2(z, y)dady
- //szRz ('ul () + 2 (x)) (,u1 (y) — ,U2(y))X2($, y)dzdy,

and hence, by (G.5]),

‘//RQX]RQ (1 () (y) = /‘2(9”)M2(y))X2(ﬂU,y)dxdy‘

< Dlr = iz = 2) 2|9 [ xales) (s () + o)),
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The Cauchy-Schwarz inequality together with [ p; = [ 2 = 1 yields

|9 [ et o)nto) + pata) ]|, < Coup [Tl

which concludes the proof. ]

The first main result of this section is the following proposition, showing that iy approx-
imates u’}l in the sense of reduced densities.

Proposition 5.2 (Mean-field approximation of ¥y).
Let f be a polynomial and ,u( ), uf) be the one- and two-body densities associated to Wy of
the form (). Then, for any test functions x1 and x2,

log N\ 1/2 B
1 [ @) - i @nitois] < () vl + NV walie, 61

(2) el el < log N\1/2 ‘
‘//R?XRQ (/‘f (z,y) Mf(x)ﬂf(y))X2($ay)d$dy‘ < C( N ) st;p||VX2( ENIFE

(5.8)
+ ONTsup |[Vxa(-, y)| poe
y
Moreover, we have the pointwise bounds
0< Mgfl)(x) < Ce—NC’(\x\Q—logN)
(5.9)

0< Mg?)(x’y) < Ce*NC(\:v\2+|y\2710gN)

~X

Proof of Proposition [.3. The bound (5.7)) corresponds exactly to [36, Eq. (4.1)], which in
turn is based on [33] Theorem 3.2] and we refer to those papers for the complete proof. The
argument is based on the free-energy functional

Flul =&l + 5 [ wl)logn(e (5.10)

at temperature N1 associated with the electrostatic energy functional 5?1 (G3). Let us
denote by ,u?ibbs the unique minimizer of ]-"J?l among probability measures.

In order to prove (0.8]), we notice that an intermediate step for the proof of (B.7)) is the
bound

D (Iu?ibbs _ Iu?l”u?ibbs _ e1> CN-L. (5.11)

This corresponds to [36, Eq. (4.4)]. We also import, directly from [33, Remark 3.3] (see
also [31, Lemma 7.4])

(2) | Gibbs Gibbs < log N\ 1/2 ‘
‘//R?XRQ (5" (z,y) — pg ™ (x) (?/))X2(l“,y)dl“dy‘\0( I ) sngng(,y)HLz

+CNY2sup [ Vxa(, 9)| o
Yy
(5.12)
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Moreover, by (£.6]) and (&.17),

‘//R o @) — 1 @) ) xalw, y)dedy| < ONT2sup [V, 9) e
Y

(5.13)
Hence, (B.8)) is proven by decomposing

(2) el el

T,Y) — x y))xe(x,y)dxdy
L 6P e - @)ty
[ ) = a0 ot v)dady
R2xRR2
s @) - i@ @) (e pdsdy
R2xR2
and then using (.12 and (BI3).

We are only left with the proof of (5.9]), which is obtained analogously to the proof of
[36l Eq. (4.2)]. There one first obtains (cf. [36, Eq. (4.14)])

0 < u§PP(a) < CeNCRIE, (5.14)
This estimate is then carried over to one- and two-particle densities as in the proof of [33]
Eq. (3.16)]. More precisely, at the end of Section 3.3 of [33] the following formula is obtained

N

Mf(xlw B 71'N) < eC’NlogN HM?ibbs(xj)-
j=1

By integrating with respect to all but one or two variables one gets

(1)(.%') < eCNlogN Gibbs(x)

Ky Ky
2 i i
MSE )(x7y) < eCNlogNMJ(; bbS(x)MJ(; bbS(y)7
which directly imply (.9) due to (5.14). O

Having at hand Proposition which shows proximity of ,ugcl) and ,uel the missing in-

gredient is a link between I ! and the measure %! of Theorem 2771 This is provided by the
following result.

Proposition 5.3 (Inverse electrostatic problem).

Let 11°! be, as in Theorem [2.77, a probability measure whose only values are 0 and B/2r(.
There exists a (sequence of ) polynomial(s) fs indexed by a N-dependent parameter § > 0
such that, for any test-functions x1 and X2,

| / i @)x(@)dr| < ON VAV 2 (5.15)

‘//R G D) () = 1 @) (1) o (@, y)dady| < N7V sup [V p) 2.
Yy
(5.16)
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Proof. Proposition is proven analogously to [36, Prop. 3.1], the main difference being
that the role of the bathtub minimizer pg is now played by ;*°!. One can anyway repeat all
the steps and deduce

Dt — pf p — pf) < ONTHE,
The result is then brought to the form (B.I5]) and (5.I6]) using Lemma B.11 O

We can now provide the

Proof of Theorem [2.7 Let us introduce xin and Xout, sSmooth partition of unity with xip
supported in the disk D(0,2log N) and oyt identically zero in the disk D(0,log N). We
can choose them so that

Hinn”oo + ”VXinHoo < ClogN,

which implies, by the growth assumption (2.9]),

||V(X1HU)HLP
||V(X1nw)||L7’

NG

N (5.17)

<C
<C

for any 6 > 0 and p € [2, +0o0].
Let fs be the sequence of polynomials provided by Proposition We have

e(N.N) _ Enally]
N N

= [xnlen@@ds+ 5 [ @@t - pu e @)y

+ [ xin(a)ola) (6 (@) - (2 ) do

42 / Xin (%) Xin (y)w(z — y) (Mﬁ) (z,y) — us"l(w)us"l(y))dwdy

2
+ / Xout (2)0(2)n (2)dz

+ A / Xin (%) Xout () (@ — y) ) (2, y)ddy

A
45 [ Xow @ hwle  y)u? o )dedy,

(5.18)

Since p°! is a fixed probability measure with compact support, the first line in the right-
hand side of (5IR) coincides with EMF[15°] for N large enough. To estimate the second

and third lines we use (&.7), (5.8)), (&.I15), (5I6), together with (B.I7), thus obtaining
| [ onta)ota) () @) - e ) da| < N

% ‘/Xin(x)Xin(y)w@ -y) (Mﬁ) (x,y) — MSOI(x)MSOI(y))dxdy‘ < ON-1/4+7

for any v > 0. The remaining three terms are estimated using (5.9]). For example

‘/Xout qu&)( )dm‘ g/ e—CN(|m|2_1ogN)|x|s
|z[>log N
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is exponentially small as N — oo, and the same for the other terms. We obtained
(N, A) _ ENA[Yy]

N N
for any v > 0, which concludes the proof. O

< EMF[,U,SOI](l + N—1/4+'y)

6. CONVERGENCE OF DENSITIES

6.1. The Hewitt-Savage and Diaconis-Freedman Theorems. We start by recalling
the Hewitt-Savage Theorem [I3] [7] for N-body states, see [29] 28] 27] for more details. We
will denote by P(X) the set of probability measures over a set 3. We shall use the fact that
the de Finetti-Hewitt-Savage can be approximated by the Diaconis-Freedman construction:
given a symmetric probability measure uy over R4V, d > 1, we define the probability
measure P, over P(R?) by

/ @(0)dP,y (o) := /cp(EmeN)d,uN(XN), (6.1)
P(R?)
for any ¢ € CO(P(R?)) or, by a slight abuse of notation,

PMN(U) = 50:EmeNdMN(.%'1,...,1‘N), (6.2)

R2N

We then have the

Theorem 6.1 (Hewitt-Savage in large N limit).

RN and let its k-marginal ,ug\];) be defined

by integrating over N — k d-dimensional variables. Assume that ug\lf) 18 tight:

Let un be a symmetric probability measure over

lim sup sup (1 - ,ug\l,) (B(0, R))) = 0. (6.3)
R—oo NeN

Extract a subsequence such that ,ug\lf) — € P(R?) as measures. Then, along this (not-

relabeled) subsequence,
(1) There exists a unique probability measure P € P(P(R?)) such that for any fived

k€N,
k
) = HERdP(p). (6.4)
P(RT)
(2) Let P,y be defined in @1 and P the measure such that (64l holds. We have that
P, —P (6.5)

weakly as measures on P(RY).

Elements of proof. If R? is replaced by a compact subset, the proof is contained in [29} 28,
Chapter 2]. The compactness assumption can be removed by a one-point compactification
argument that can be found in [27].

As for Item 2 of the statement, see again [29, 28, Chapter 2] for the case where R? is
compactified. First extract a subsequence along which

PNAP,
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for some probability measure P’ on P (@) We recall the Diaconis-Freedman bound

(k>_~<k>H < okk—1) 6.6
HMN PNy N (6.6)
where we used the total variation norm
I —vlrv = 2sup {|u(A) —v(A)| | A€ T}
and denoted
v = [ udpy(n) (6.7)
P(R?)

It follows that P’ = P. Indeed, passing to the limit in (G8]), the restriction of P’ to P(R?)
must be P. But the latter is a probability measure, so P’ must charge only P(R%). O

6.2. Energy estimates on the support of the limit measure. As a preparatory step
for the proof of Theorem 24 we will show in this subsection that the limit measure P
which Theorem [6.T] associates to a many-body minimizing sequence only charges probability
measures whose energy is smaller than Efl°.

For any & > 0 define the function U : P(R?) — R as

Us(u) = {1 if EMF[u) > B +6  or if EMF[u] is not defined (6.8)

0 if EMF[] < Efe 4 6.

Notice that Us is also defined on probability measures that do not satisfy the upper con-
straint p < B/27¢ of the flocking problem The following lemma will be used later in
order to apply a weak version of Fatou’s lemma.

Lemma 6.2 (Weak-* lower semicontinuity of Uy).
For any sequence of probability measures p, converging weakly-x as Radon measures to p
we have

lim inf Us (1) > Us (1)

Proof. We have mentioned in Section B that EMF is lower semicontinuous. Hence
Us 1(0) = {n € PR?) | M7 [u] < B + 6}

is closed. It follows that {u € P(R?)|Us(u) < a} C P(R?) is closed for any o € R, which
is lower semicontinuity of Us. O

Proposition 6.3 (The limit measure of minimizing sequences charges low ener-
gies).
Let W be a minimizing sequence for the many-body energy (LH), i.e.,

ENAYF] = E(N,A) +o(N)
as N — co. Let P be the limit measure associated to |V p|* via Theorem [61. Then

EMF) < E"f P -qe
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Proof. We want to apply Theorem to |Up|?2. We only have to prove the tightness
condition (6.3)) for ,uSI,l; But, for R large enough,

— ) = v(@) x)dx ! -1 Eﬂoi—i_c
L POR) = [ S < i (el <

The first inequality follows from the growth of v in ([Z9) and the boundedness of w. The
second one is clear since we proved in the previous sections that

E(N,\)

lim — pflo

N—oo

for A small enough.
Denote now Py, the measure over P(R?) associated to |¥r|? via ([GI). We first claim
that, for any fixed § > 0,

[ UsudPy ) < 67+ Dox() (6.9)
P(R2)

Let us define the set
Z5 = {Xn € R* | eMF[Empy ] > E™° + 5},
From the definition (6.1]) of Py, we deduce

| UstwdPuc () = () (6.10)
P(R2)

In order to obtain an estimate for up(Zs), our proof now goes through computations similar
to those in the proof of ([2I3]) at the end of Section @l In particular, importing directly

([£12]), we have

N71ENATp] > / EMF[EmPXN]dMF(XN)+/ EVV[Empy, ldur(Xn)

ALNEs ALNES (6.11)
—CN~L
where
Ap = {XN e R?V| Empy, < (1 —|—€)BQ|5;| VEk such that Sy C SL},
Sk

Sy1, is the square [—L, L] x [-L, L] and Sj is the k-th square of side N* of a tiling of Sr.
We now use the definition of =5 in the integral on Ay, N Zj to get

/ EMF[Empy Jdup(Xn) > (B + 8)up(AL N Es).
ArLNZs

Notice also that

pr(AL NEs) = pr(Es) — pr(AL N Es) 2 pr(Es) — pr(AL),
and we can use ([LII) to estimate pu(A%). Furthermore, in the integral on Ay N E§, we

perform a Riemann sum approximation as explained in the proof of (ZI3]) when passing
from ([@I2) to (£I3). After repeating the same steps, this procedure yields

/ EMF[Empy Jdur(Xn) = E™up(AL NES) — Ce — CN™.
ALﬂEg
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Hence, we can bring (6.I7)) to the form
N7LEnA[TF] > BT + up(E5) — CSL2N"20=CNV" =1 _ oNo _ e,
Since we chose a minimizing sequence W we have, by the upper bound (2.14]),
N7YENAITF] < E™ +on(1)

as N — oo. Combining the last two inequalities we find that we can choose ¢ = N~! and
L large enough such that

dur(Es) < (14 0)on(1).
Using (6.10]), this completes the proof of ([6.9]).

Next, since Py, converges weakly as measures to P as in (6.5, the integral

/ Us(1)dPy (1)
P(R?)

has a positive and weakly lower semicontinuous function Us (see Lemma [6.2]) integrated
against a weakly converging sequence of measures. We are within the assumptions of [4]
Chapter 1, Section 2, Problem 2.6] and [8, Theorem 1.1] which yield the Fatou-like lemma

limin [ Us(dPar) > [ Us(ndPla),
N—ro0 P(R2) P(R2)

whence

[ Uswire > [ UsndPl) - ox (1)
P(R2) P(R2)

Combining with ([69]) we deduce

[ UslwdP () < (145 o),
P(R2)
whence, passing to the limit N — oo,

/ Us(p)dP(p) <0
P(R2)

The subsequent limit § — 0 proves the desired statement. U

6.3. Incompressibility estimate for the limit measure and proof of Theorem 2.4l

Proposition 6.4 (Incompressibility estimate for the limit measure).
Let W be a minimizing sequence for the many-body energy (L5, i.e.,

ENAYF] = E(N,A) + o(N)

as N — co. Let P € P(P(R?)) be the limit measure associated to |¥p|? by Theorem [G1l.
Then, P-almost everywhere,

< —.
H 27l
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Proof. For any k € N and Q C R?, define the set

k k
B|Q
ko = {XN € RQN‘ (/Q EmeN> > ((1 +€)%> }

Without loss of generality, since balls form a basis for Borel subsets of R?, we will assume
that Q is a ball. Since Jj o = Ji,0, Theorem [A]] implies immediately

pr(Jra) < e=CeNYT

Notice that the C' on the right of the last inequality depends on the set 2, which we will
however keep fixed. We write

/]R2N (/QEmeN)kdﬂF(XN) _ /

c
Jk,Q

+/J ( /QEmPXN>deF(XN) (6.12)

BIQINE | cenvi-
271'6) te

(/QEmeN>deF(XN)

)

< <(1 +¢)

having used [, Emp xy < 1 for the second term.
Let P be the measure on P(R?) that Theorem associates to pp. We will show that

/p([[@) </§2“)de(“) < (%)k (6.13)

Let us denote by xq the characteristic function of 2, and let xq ¢ be its regularization
on a small scale . Let {0y be the dilation of €2 by a factor (1 + ) and let xq, be the
corresponding characteristic function. We can pick these functions so as to have

X < X009 < XQy- (6.14)

/p(Rg) (/QN>de(M) < /73(R2) (/xw N>de(M)

= [ u +on ()

< / ui + on (1),
Qk

9

where the first step is due to ([6.I4]), the second is due to Theorem [6.T] (and the bound (6.6]),
notice that xq s is continuous and compactly supported), and the third again to (EI4]). We
remark that the error on (1) might depend badly on . Now, by (6.0) we have

[ = [ 7+ ot
Q ok

k
9

Then

Furthermore, notice that

~(k) _ k
/ng P = /]R?N (/9,9 EmeN) dpr(XN).
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By putting together the last three estimates we get

/7>(R2) </Q,U>de(M) < /sz </m EmeN>kduF(XN)+0N(1)

BiQy|\k | _cenvi-r
2m/ ) te
having used ([6.12)) for the second step. We can choose, for example, ¢ = N~1, which allows
to take the limit N — oo first. The subsequent limit ¥ — 0 finally yields (6.13]).

The proof is then completed by an argument already appearing in [0, Theorem 2.6].
Assume for contradiction that there exists a set K C P(R?) such that P(K) > 0 and
w(Q) > |2 B/2r¢ for some ball Q C R? and for every u € K. We have, by ([6.13),

k
A(%) dP(pn) < 1.

27l

[ -5
QM 27T£

on the whole of IC, the above inequality is absurd for large enough &k and therefore it must
be that

< ((1+€) +on(1),

Since

B|Q|
Q) < P - ae.
) < 5 a.e
This is actually equivalent to having the density of u bounded from above by B/27¢ almost
everywhere, and the proof is complete. ]

We are finally ready to prove Theorem 2.4

Proof of Theorem[2.4} Let ¥ be a minimizing sequence as in (Z.11]). By Theorem [6.T]there
exists P such that, for every k € N,

upy — / udP ()
P(R?)

weakly as measures as N — co. The fact that P is a probability measure follows from the

second part of Theorem if we show that the sequences of densities ug) are tight. For

fixed € > 0, let B(0, R:) be the ball of radius R. and centered at the origin. We have

1P (B0, R.) x B(0,R.)) > 1— 2/ e
B(0,R.)°

However, since by our assumption (29]) the external potential v grows at infinity, we have

flo
m 1 / o) EOFC
/B(O,RE)CMF v(Re) JB(0,R.)e Hr v(R.)

having used in the second step that (recall that w € L)

// w(z — y)pie (z,y)dedy > —C
R2 xR2
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together with the fact that the sequence pp minimizes the energy. Hence, for R. large
enough, (Ef° 4+ C)/v(R.) < ¢ and we have

12 (B(0,R.) x B(0,R.)) > 1— 2

for all N. Tightness of all other marginals follows.
By Proposition and Proposition we know that P must be concentrated on

B
{MEMF[MKEH",/ u=1}ﬂ{u!0<u<— a-e-,/ u=1}-
R2 27'('6 R2

This is equivalent to saying that P is concentrated on the set of minimizers of the flocking
problem (2.8)), which completes the proof. O
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