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Abstract

The present work focuses on vibration energy harvesting to replace chemical batteries as power supplies in wireless autonomous
sensors. More particularly, this article deals with nonlinear inertial oscillators and more precisely bistable harvesters, which offer a
wide bandwidth compared to linear structures. These harvesters require AC-DC electronic interface to be able to supply wireless
sensors or small intermediate storage elements (used to smooth the power demand). However, few studies have investigated the
influence of AC-DC circuits on bistable harvesters. This work therefore focuses on developing the first analytical model able to
predict the frequency response of a bistable harvester coupled to one of these interfaces: the SECE circuit (Synchronized Electric
Charge Extraction). This mathematical model includes subharmonic behaviors, stability analyses to small disturbances and the
analyses of the stability robustness of high orbits characterizing their capability to handle external disturbances in real conditions
without falling on a low orbit. The model is then validated experimentally with a buckled beam bistable harvester with piezoelectric
conversion. The latter shows that the use of SECE circuit leads to multiply the mean extracted power from 1.3 to 2.2 compared to a
direct connection to the load. The reachable frequency range is nevertheless divided by 1.5.

Keywords: Vibration - Energy harvesting - Bistable - SECE - Analytical model

I. Introduction

With the spreading of IoT devices such as wireless sen-
sors and sensor networks, many recent works were de-
voted to the search for an alternative to the use of chemi-
cal batteries for the power supply of autonomous wire-
less sensors. More particularly, this study focuses on
devices able to harvest the ambient vibration energy
through electromechanical conversion. Vibration energy
is indeed present in many different industrial environ-
ments (including indoor environments) where the market
of wireless sensors expands for data acquisition, health
monitoring, etc.. The use of these vibration energy har-
vesters instead of chemical batteries will lead to more
compact wireless sensors (no more need to embed big
quantities of energy with the sensor), with a greater au-
tonomy (no more need to periodically replace the empty
batteries during the sensor lifetime), and able to work
in more severe environments (high temperature for ex-
ample). More specifically, it can be noted that energy
harvesting can also be used to address the issue of self-
discharge of primary batteries that limits the device’s
lifespan.

In this context the scientific community has proposed
different kind of architectures for these harvesters [1]. In
order to conceive devices with a unique point of fixation
on the vibration source, studies focused on inertial oscil-

lating harvesters. Among them, linear harvesters offer
good performances at their resonant frequency. Never-
theless, the output power of these devices rapidly col-
lapses if the frequency of the source slightly changes over
time. To deal with this problem, the scientific community
proposed to use nonlinear harvesters which possess a
wider useful frequency range [2]. This work focuses on
a promising and simple solution in terms of bandwidth:
the bistable harvester [3].

The interface circuit between the vibration energy har-
vester and the device that needs to be power supplied
is also a key point: the first one produces AC voltage as
the second one usally requires DC voltage supply. The
simplest circuit ensuring the AC-DC conversion is the
bridge rectifier followed by a filtering capacitance. Nev-
ertheless, this circuit is not optimal for harvesters with
a low electromechanical coupling coefficient. Some non-
linear circuits have thus been proposed in the literature
as the parallel SSHI (Synchronized Switch Harvesting
on Inductor) [4], the series SSHI [5, 6] and the SECE
(Synchronized Electric Charge Extraction) [7]. All these
pioneer circuits are based on a technique initially devel-
opped by Richard et al. for vibration damping [8]. For
a comparison review, the reader may refers to the work
of Guyomar et al. [9]. Some more complex circuits have
also been introduced since then. However, the pioneering
circuits mentioned above are still relevant today because
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they offer a simple and effective approach [10, 11].

However, these interface circuits have mostly been
analysed on linear harvesters on which they show good
results. Still few articles propose to study their influence
on bistable harvesters. Among them Liu et al. focused
on the OSECE circuit, Chen et al. on the series SSHI
circuit and Alari et al. on the parallel SSHI circuit [12–14].
Nevertheless, no study has yet proposed any analytical
model for a bistable harvester coupled to an AC-DC
interface circuit.

The objective of this work is therefore to develop the
first analytical model able to predict the frequency re-
sponse of the bistable harvester coupled to one of them:
the SECE circuit. This particular AC-DC circuit has been
chosen for two main reasons: (i) it shows promising re-
sults on low coupled linear harvesters as the mean power
extracted is multiplied by four compared to the use of a
simple bridge rectifier [7]; (ii) it allows a decoupling be-
tween the harvester and the load, thereby removing the
need of adjusting the load impedance to maximize the
power harvested. The construction of this mathematical
model will be introduced in the next section and then,
experimentally validated in the following section. The
model will then be used to evaluate the contribution of
SECE circuit on bistable harvester by comparing it to a
bistable harvester directly connected to the load.

II. Analytical model

This section presents the construction of the mathemat-
ical model predicting the frequency response of the
bistable harvester (with piezoelectric conversion) cou-
pled to the SECE circuit. It will allow to isolate all the
possible steady-state behaviors thanks to the harmonic
balance method including the subharmonic behaviors for
which the mass oscillates with a frequency lower than
the excitation (n times lower for subharmonic n). Theese
particular behaviors have indeed been highlighted for
their capability to enhance the global bandwidth of the
bistable harvester (especially subharmonic 3) [15, 16].
The mathematical model will also include two criteria
to characterize the different behaviors: their stability to
small disturbances and their stability robustness. The
latest criterion has been used by the authors in a previous
study and gives the sensitivity of high orbits (inter-well
behaviors) to non-small disturbances [16]. The more
robust the high orbit, the less sensitive to external dis-
turbances and therefore the easier to maintain over time
without falling on a low orbit. A threshold will be exper-
imentally defined for this criterion above which the high
orbits will be considered as robust enough to be used for
energy harvesting in real conditions.

The harvester principle and the schematics of the elec-
trical circuit are illustrated in Figure 1. The mechanical
part is a one degree of freedom bistable oscillator com-

posed by only one piezoelectric converter in order to
facilitate the assembly process of the prototype. Con-
trary to the buckled beam bistable harvester introduced
by Liu et al. [17], the piezoelectric converter is here
located on the side of the oscillator rather than along
the moving beams. This choice has been preferred to
reduce its displacement that can damage the electrical
connections while its deformations remain the same. The
beams on either side of the mass are doubled to remove
one unwanted degree of freedom: the rotation of the
mass around the axis perpendicular to the plane of the
diagram.

Figure 1 also depicts, on a time signal, their expected
behavior when the mass is on a high orbit. The variable
x corresponds to the position of the mass with respect to
the frame, ±x0 its two stable positions, v is the voltage
across the piezoelectric converter, I its output current, R
represents the load resistance and vDC the voltage across
its terminals. The different steps are numbered on this
time signal from one to eight: in step 1 the piezoelec-
tric converter is in open circuit (the switches S1 and S2
are open: I = 0). The voltage therefore follows the
evolution of the mass displacement until it reaches a
maximum (the piezoelectric converter is charged with
energy). Once this maximum of displacement and volt-
age has been reached, the switch S1 is controlled to close
(step 2). The piezoelectric converter then discharges its
energy into the inductance L1. During this phase, the
diode D1 is blocked which leads to a decoupling between
the converter and the smoothing capacitor C1. Once all
the energy has been discharged (v = 0), the switch S1 is
controlled to open (step 3). The piezoelectric converter
passes to open circuit while the inductance L1 discharges
its energy (by continuity of the current in the induc-
tance) in the smoothing capacitor (the diode D1 becomes
conductive). The voltage of the piezoelectric converter
then follows the evolution of the mass displacement un-
til it reaches a minimum: the piezoelectric converter
is charged with energy with a reverse polarity. Once
this minimum displacement and voltage is reached, the
switch S2 is controlled to close (step 4). The piezoelec-
tric converter discharges into the inductance L2 then the
switch S2 is controlled to open (step 5). The converter
passes to open circuit while the inductance L2 discharges
its energy (by continuity of current) in the smoothing
capacitor C2 and so on.

There are four different phases per period of mass
displacement for which the energy is extracted from
the piezoelectric converter to the inductance L1 or L2:
between steps 1 and 2, 3 and 4, 5 and 6, and 7 and
8. Each of these extractions starts when the electrical
energy stored in the piezoelectric converter in open cir-
cuit reaches a maximum. Indeed, these extractions start
when the piezoelectric converter reaches a maximum of
compression (steps 1 and 5) or a maximum of elongation
(steps 3 and 7). The energy extracted is then stored in
the smoothing capacitors C1 and C2 which continuously
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Figure 1: Bistable harvester and SECE circuit schematics with their expected behavior. The bistable harvester is illustrated in two different equilibrium positions:
one of its two stable positions x = ±x0 and its unstable position x = 0.

discharge into the load resistance. The value of their
capacitance is chosen so that the RC circuit period is
significantly larger than the mass displacement period.
The voltage vDC can therefore be considered as constant
over time. The SECE circuit introduced in Figure 1 is
slightly different from the common SECE circuit that can
be found in literature. It allows a better adaptation to
low voltages because the quantity of diodes is reduced
removing the bridge rectifier. Their behaviors remain
however identical.

II.1. Formulation

This study focuses on the common harmonic 1 behavior
and subharmonic behaviors for which the mass oscillates
at a frequency n times lower than the excitation (subhar-
monic n). Examples of these behaviors are presented in
Figure 4. The general form of the mass position x over
time is therefore written as a Fourier series of order N
with a fundamental angular frequency equal to ω/n:

x(t) = a0 +
N

∑
k=1

{
ak cos

(
k

ω

n
t
)
+ bk sin

(
k

ω

n
t
)}

(1)

The variable a0 represents the mean value of the mass
position. For low orbits (intra-well oscillation), a0 ≈
±x0 with ±x0 the two stable positions of the bistable
oscillator and for high orbits (inter-well oscillation), a0 =
0. The mechanical part of the harvester is driven by the

following equation:

M(ẍ + A cos(ωt))

= −2k
(

2L− 2
√

l2 − x2
)

piezo length variation

x
l
− µẋ− 2αv

x
l

(2)

With M the inertial mass, L the horizontal distance sep-
arating the mass from the frame, l the length of each
rigid four beams, k and µ the stiffness and the damping
coefficient of the oscillator, α and v the force factor and
the voltage of the piezoelectric converter. The constants
A and ω represent the magnitude and the angular fre-
quency of the vibration source (sinusoidal acceleration).
The term αv reflects the influence of the piezoelectric
converter on the mechanical part. This study will focus
on low buckling bistable harvesters which can experi-
ence high orbit oscillations on a wide bandwidth for low
excitations [3]. Hence, x is supposed to be small com-
pared to L. Then, the stiffness term of Equation (2) can

3



be simplified to:

−2k
(

2L− 2
√

l2 − x2
) x

l

= −2k
(

2L− 2
√

L2 + x2
0 − x2

)
x√

L2 + x2
0

= −2k

2− 2

√
1 +

x2
0 − x2

L2

 x√
1 + x2

0/L2

= −2kx

(
−

x2
0 − x2

L2 + o
(

x2

L2

))(
1− x2

2L2 + o
(

x2

L2

))

= −2kx

(
−

x2
0 − x2

L2 + o
(

x2

L2

))
(3)

The mechanical part of low buckling bistable harvester
is therefore modeled by the following Duffing-type equa-
tion:

M(ẍ + A cos(ωt)) =
2k
L2 (x2

0 − x2)x− µẋ− 2αv
x
L

(4)

The SECE circuit must now be equated to determine
a new relationship between x and v which will allow to
solve the system. The behavior law of the SECE circuit
is defined in a piecewise fashion: its expression changes
discontinuously as a function of the diodes states (con-
ductive or blocked). However, the system will be analyt-
ically solved with the harmonic balance method which
requires non-piecewise expressions valid for every work-
ing point. The solution chosen to address this problem
is to model the steady-state behaviors considering that
the voltage signal can be seen as a sum of two signals:
the voltage in open circuit and a square signal. This
decomposition is shown in Figure 2 and can be written
as follows:

vsteady-state = vopen circuit

depends on x

+ vsquare

depends on x

(5)

This expression gives a new relationship between x and
v which can be used to analytically solve the system with
the harmonic balance method. Indeed vopen circuit has a
non-piecewise expression and vsquare can be approached
by a truncated Fourier series.

The square signal fronts reflect the extractions of en-
ergy from the piezoelectric converter which occur when
the mass position is zero (the piezo is fully compressed)
or when the mass position reaches a maximum or a min-
imum (the piezo is fully elongated). It has to be noted
that, for a bistable harvester in open circuit, the maxi-
mum voltage reached by the piezoelectric converter is
not necessary equal to its minimum voltage. The first
one appears when the elongation of the converter is max-
imum (i.e., when the mass position reach an extremum)
and the second one when the compression is maximum
(i.e., when the mass position is zero). This elongation
and this compression are directly linked to the distance

between the mass position and its stable position |x− x0|
which is not the same when the mass position is zero or
when it reaches an extremum.

The piezoelectric converter is equivalent to a current
generator (proportional to the speed of its length varia-
tion) in parallel with a capacitor. In open circuit, this law
becomes:

C0v̇open circuit = α
d
dt

(
2L− 2

√
l2 − x2

)
piezo length variation

(6)

With C0 and α the blocked capacitance and the force
factor of the piezoelectric converter. This equation can
be approached considering that l2 = L2 + x0

2 and that x
is small compared to L (bistable oscillator with a small
buckling level) to give the following expression:

C0v̇open circuit = 2α
x
L

ẋ (7)

⇒ vopen circuit =
α

C0L
(x2 − x2

0) (8)

The constant of integration has been chosen to impose
a voltage equal to zero when the mass is on a stable
position. The square signal can be written as a Fourier
series. Its amplitude Θs and its frequency must be equal
to the amplitude and the frequency of vopen circuit and its
mean value os equals, in absolute value, to the mean of
vopen circuit (but with an opposite sign):

vsquare = os + Θs
4
π

+∞

∑
k=0

1
2k + 1

sin
(
(2k + 1)

(
2ω

n
t + φ

))
(9)

with

Θs =
vmax − vmin

2

=
α

2C0L

((
|x|max

2 − x2
0

)
−
(
|x|min

2 − x2
0

))
=

α

2C0L

(
|x|max

2 − |x|min
2
)

(10)

and

os = −
(

vmin +
vmax − vmin

2

)
= − α

C0L

(
|x|min

2 − x2
0

)
− α

2C0L

(
|x|max

2 − |x|min
2
)

=
α

2C0L

(
2x2

0 − |x|max
2 − |x|min

2
)

(11)

The value of |x|min and |x|max depends on the studied
orbit as shown in Figure 3. In particular |x|min = 0 for
high orbits contrary to low orbits.

The phase of the square signal φ still needs to be de-
termined as a function of x. When the mass position
reaches a maximum, the square signal must go down
and be equal to zero. Hence, when the mass position
reaches a maximum, the phase of all the sinus in the
Fourier series must be equal to π. The phase φ can
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therefore be determined knowing the instants on which
the mass position reaches a maximum. To simplify the
reasoning, these instants are calculated considering that
the mass position can be approached by its fundamental
component. The relevance of this assumption is justified
by the examples shown in Figure 4. In this Figure, three
different behaviors of the bistable harvester in open cir-
cuit are shown: the common harmonic 1 low and high
orbits and the subharmonic 3 high orbit. Each example
details, for the considered behavior, the mass position
over time as well as its fundamental component. They
have been obtained numerically solving the system com-
posed by Equations (4) and (8) with the parameter values
corresponding to the prototype which will be introduced
in the experimental section. The fundamental component
of the subharmonic n behavior can be written as:

xfundamental(t) = a1 cos
(ω

n
t
)
+ b1 sin

(ω

n
t
)

=
√

a2
1 + b2

1 sin
(ω

n
t + ψ

)
(12)

with

ψ = tan−1
(

a1

b1

)
+ π (if b1 < 0) (13)

The instant on which the mass reaches a maximum is
called t1. The mass displacement phase in t1 is therefore
equal to π/2:

ω

n
t1 + ψ =

π

2
mod[2π] (14)

⇒ t1 =
(π

2
− ψ

) n
ω

mod
[
2π

n
ω

]
(15)

The phase of all the square signal sinus terms must
then be equal to π in t1. In particular, the phase of the
fundamental one yields:

2ω

n
t1 + φ = π mod[2π] (16)

⇒ 2ω

n

(π

2
− ψ

) n
ω

+ φ = π mod[2π] (17)

⇒ φ = 2ψ mod[2π] (18)

In conclusion, the steady-state behavior of the bistable
harvester coupled to SECE circuit is governed by the

combination of Equation (4) and Equation (5) giving:

ẍ +
ω2

0
2

(
x2

x2
0
− 1

)
x +

ω0

Q
ẋ +

2α

ML
xv = −A cos(ωt)

v =
α

C0L
(x2 − x2

0)

+os + Θs
4
π

Nbis

∑
k=0

1
2k + 1

sin
(
(2k + 1)

(
2ω

n
t + 2ψ

))
(19)

with 
ω0 =

x0

L

√
4k
M

Q =
x0

L

√
4kM
µ

(20)

The constants ω0 and Q correspond to the natural angu-
lar frequency and the mechanical quality factor of the
equivalent linear oscillator obtained for a small excitation
of the bistable oscillator inducing small displacements
around one of its two stable positions (x = x0 + ∆x with
∆x << x0) [17]. The general solution sought for this sys-
tem is the subharmonic n behavior written in the form
of a Fourier series of order N:

x(t) = a0 +
N

∑
k=1

{
ak cos

(
k

ω

n
t
)
+ bk sin

(
k

ω

n
t
)}

(21)

In this case, the constants of the square signal are given
by the following equations:

Θs =
α

2C0L

(
|x|max

2 − |x|min
2
)

os =
α

2C0L

(
2x2

0 − |x|max
2 − |x|min

2
)

ψ = tan−1
(

a1

b1

)
+ π (if b1 < 0)

|x|max = |a0|+
√

a2
1 + b2

1

|x|min = |a0| −
√

a2
1 + b2

1 (low orbit)

|x|min = 0 (high orbit)

(22)

Here again, |x|min and |x|max are calculated consider-
ing that the mass displacement can be approached by
its fundamental component in order to simplify their
expressions. The relevance of this assumption can be
checked on the examples shown in Figure 4. Similarly to
the Fourier series of the mass displacement, the Fourier
series of the square signal is truncated at a particular

Figure 2: Decomposition of the voltage accross the piezoelectric element for the bistable harvester coupled to SECE circuit in steady state.
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Figure 3: Values of |x|min, |x|max, vmin and vmax according to the studied orbit.

order Nbis. For the mass displacement, all the angular
frequencies above Nω/n are neglected. Hence, all the
angular frequencies above Nω/n are also neglected in
the square signal:

(2Nbis + 1)
2ω

n
= N

ω

n
(23)

⇒ N = 4Nbis + 2 (24)

The two equations of the law governing the behavior of
the bistable harvester coupled to the SECE circuit (Equa-
tion (19)) can be combined in a single equation which
only depends on the unknown x (mass displacement).
An approximated solution can then be found for this
single equation thanks to the harmonic balance method.
The solution has to be searched in the form of a trun-
cated Fourier series which is detailed in Equation (21).
For more details on the application of this method, the
reader may refer to the similar analytic analyses used
for a bistable harvester (with electromagnetic coupling)
connected to a simple resistance [16]. Each approximated
solution that comes up with this method is defined by a
unique set (as0, ask, bsk) with k ∈ [[1, N]]. They all corre-
spond to possible steady-state subharmonic n behaviors
of the bistable harvester coupled to SECE circuit for an
excitation A cos(ωt):

xs(t) = as0 +
N

∑
k=1

{
ask cos

(
k

ω

n
t
)
+ bsk sin

(
k

ω

n
t
)}

vs(t) =
α

C0L
(xs(t)2 − x2

0)

+os + Θs
4
π

Nbis

∑
k=0

1
2k + 1

sin
(
(2k + 1)

(
2ω

n
t + 2ψ

))
(25)

It has to be noted that several solutions may coexist for a
given excitation due to the nonlinear nature of the gov-
erning law. The harvester will stabilize on one of them
according to its initial conditions (initial position, ini-
tial speed and initial voltage). To obtained the complete
frequency response, the approximated solutions of Equa-
tion (19) have to be determined in this way for different
angular frequencies of the excitation ω and for different
kind of steady-state behaviors (i.e., different values of n).

II.2. Stability to small disturbances

The stability of the different steady-state behaviors xs are
then analyzed thanks to the common study of stability to
small disturbances. Thus, a small disturbance z is added
to the mass displacement in the form of a pulse at the
instant t0 (z(t0) and ż(t0) are different from zero). The
solution xs is stable to small disturbances if and only if z
tends toward zero:

x(t) = xs(t) + z(t) with ||z(t)|| << ||xs(t)||

and pulse =

(
z(t0)
ż(t0)

) (26)

The Equation (26) is injected in Equation (19) governing
the behavior of the bistable harvester coupled to SECE
circuit and linearized for small z to give the differential
equation governing the disturbance:(

ż(t)
z̈(t)

)
=

[
0 1

m −ω0

Q

](
z(t)
ż(t)

)
(27)

⇔
(

ż(t)
z̈(t)

)
= M(t)

(
z(t)
ż(t)

)
(28)

with

m =
ω2

0
2

+
2α2x2

0
C0ML2 −

(
3ω2

0
2x2

0
+

6α2

C0ML2

)
xs(t)2 − 2α

ML

{

os + Θs
4
π

Nbis

∑
k=0

1
2k + 1

sin
(
(2k + 1)

(
2ω

n
t + 2ψ

))}
(29)

From there, the stability to small disturbances can be
determined with the Floquet theory and the Lyapunov
exponents. For more details on the application of this
method, the reader may refer to the similar analytic anal-
yses used for a bistable harvester (with electromagnetic
coupling) connected to a simple resistance [16]. The sta-
bility of the different steady-state behaviors xs can finally
be determined with the eigenvalues (β1, β2) of the re-
solvent matrix R(2T, 0), obtained after two numerical
integration of Equation (28):

R(2T, 0) =
[(

z1(2T)
ż1(2T)

)(
z2(2T)
ż2(2T)

)]
(30)
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Figure 4: Difference between the mass displacement signal (polychromatic) and the signal of its fundamental component. This numerical study has been done
with an excitation of 30 Hz for harmonic 1 high and low orbit and with an excitation of 60 Hz for subharmonic 3 high orbit.

with
(

z1(0)
ż1(0)

)
=

(
1
0

)
numerical integration of−−−−−−−−−−−−−−→

Equation (28) from 0 to 2T

(
z1(2T)
ż1(2T)

)
(

z2(0)
ż2(0)

)
=

(
0
1

)
numerical intégration−−−−−−−−−−−−−−→

Equation (28) from 0 to 2T

(
z2(2T)
ż2(2T)

)
(31)

and

xs stable ⇔
{
|β1| < 1

|β2| < 1
(32)

II.3. Stability robustness

It is now possible to determine the stability to small dis-
turbances of the different behaviors xs of the bistable har-
vester coupled to SECE circuit. However, the behaviors
which are stable with this criterion, do not necessarily
have the same sensitivity to bigger disturbances. The
latter can indeed appear in real condition applications or
can be brought by the mechanical defaults of the proto-
type. In particular, these bigger disturbances may cause
a destabilization of high orbits which would collapse on
a low orbit. The different high orbits do not have the
same sensitivity to bigger disturbances. A criterion tak-
ing this aspect into account have been used in a previous
study: the stability robustness [16]. The more robust the
high orbit, the less sensitive to bigger disturbances and
therefore the easier to maintain over time without falling
on a low orbit. A threshold can then be defined for this
criterion above which the high orbits will be considered
as robust enough to be used for energy harvesting in real
conditions.

A disturbance z is added to the stable high orbits in
the form of a speed pulse Λ at the instant t0. This distur-
bance is not considered anymore as small compared to
the mass displacement:

x(t) = xs(t) + z(t) and pulse =

(
z(t0)
ż(t0)

)
=

(
0
Λ

)
(33)

If the speed pulse Λ is small, we come back to the small
disturbance analysis therefore z will tends toward zero
because the studied high orbit is stable. If we increase

the speed pulse Λ (in absolute value), this high orbit
will end up being destabilized and fall down on a low
orbit. The minimum speed pulse Λmin which destabilizes
the high orbit will characterize the stability robustness.
More particularly, this criterion is defined by the ratio
between the minimum energy that this pulse must have
to destabilize the high orbit and the average amount
of energy provided by the excitation during one period
(normative value):

Robustness =

1
2

MΛ2
min

Eexcitation
(34)

with

Eexcitation = − 1
n

∫ T

0
MA cos(ωt)ẋsdt (35)

Thus, the objective is to determine Λmin. Equation (33)
is injected in Equation (19) governing the behavior of
the bistable harvester coupled to SECE circuit to give the
differential equation governing the disturbance:(

ż(t)
z̈(t)

)
= M(t)

(
z(t)
ż(t)

)
︸ ︷︷ ︸

linear term

(36)

+

 0

−
(

ω2
0

2x2
0
+

2α2

C0ML2

) (
3xs(t)z(t)2 + z(t)3)


︸ ︷︷ ︸

nonlinear term

The matrix M(t) is the same as the one introduced in
the small disturbance analyses. From this equation, it
is possible, thanks to a reductio ad absurdum, to deter-
mine the minimal speed pulse Λmin which will cause the
divergence of the disturbance z:

Λmin =
δ0 − Bδ2

0 − Dδ3
0[

C
]
(1,2)

(37)
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with

δ0 =
−B +

√
B2 + 3D

3D

B =

(
3ω2

0
2x2

0
+

6α2

C0ML2

) [
C
]
(1,2)

max
t0∈[0,T]

|Ψ|

D =
1

2λ

(
ω2

0
2x2

0
+

2α2

C0ML2

) [
C
]
(1,2)[

C
]
(1,2)

= max
t0∈[0,T]

t∈[t0,t0+2T]

∣∣∣eλ(t−t0)
[
R(t, t0)

]
(1,2)

∣∣∣
(38)

and

λ = −max((ln(β1), ln(β2))

2T

Ψ =
N

∑
k=1

{
ask

λ2 + ω2
k
(λ cos(ωkt0)−ωk sin(ωkt0))

+
N

∑
k=1

bsk

λ2 + ω2
k
(λ sin(ωkt0) + ωk cos(ωkt0))

}
T = 2πn/ω

ωk = kω/n

(39)

The methodology that leads to this result is entirely de-
tailed in the similar analytic analyses that have been
conducted for a bistable harvester (with electromagnetic
coupling) connected to a simple resistance [16]. The
reader may refer to this study for more details. The influ-
ence of the SECE circuit, which comes from the square
signal, only appears in the expression of the matrix M(t).
Hence, the influence of the SECE circuit on the calcu-
lation of the minimal speed pulse Λmin appears in the
calculation of the coefficient

[
C
]
(1,2)

and in the calcu-

lation of the coefficient λ both linked to the resolvent
matrix R(t, t0) of M(t).

The mathematical model of the bistable harvester cou-
pled to SECE circuit is now complete. It allows to pre-
dict the frequency response of the harvester detailing all
the reachable steady-state subharmonic behaviors. This
model also includes two characterization criteria for the
different behaviors: their stability to small disturbances
and their stability robustness (i.e., their robustness to
external disturbances in real conditions). An experimen-
tal analysis has been conducted to validate this model.
The next section introduces this experimental analysis.
The analytic and experimental results are gathered in
Figure 9 in the following section.

III. Experimental analysis

This section introduces the experimental set up and the
prototype developed to measure the influence of the
SECE circuit on the bistable harvester and to validate the
mathematical model presented in the previous section.
Pictures are shown in Figure 5.

The combination of the frame, the mass, the steel
beams and the converter Piezo harvester forms the bistable
harvester, subject of this study. The actuator Piezo
buckling modifier is not used in this experiment (short-
circuited). Its stiffness being chosen big compared to
Piezo harvester’s one, its influence on the harvester behav-
ior is neglected. The beams on either side of the mass
are doubled to remove one unwanted degree of freedom:
the rotation of the mass around the axis perpendicular
to the plane of the diagram. To get the bistable configu-
ration, these beams are buckled thanks to the nut which
allow translating the threaded rod in the direction of the
mass. The buckling level of the bistable harvester is then
adjusted with this nut and kept low thus validating the
assumption made to establish the mathematical model
illustrated in Figure 1.

From a technical point of view, the prototype was
obtained by cutting a single block of APX4 steel by elec-
trical discharge machining in order to reveal the mass,
the beams and the frame. The two piezoelectric converter
are then added. The pivoting links, visible in Figure 1,

Figure 5: Prototype of the bistable harvester (buckled beams) with a piezoelec-
tric converter ("Piezo harvester") connected to a SECE circuit. The actuator
named "Piezo buckling modifier" is not used here and is short-circuited. Its
influence on the behavior of the harvester is neglected (its stiffness is much
larger than the "Piezo harvester"’s one). The time step imit of the acquisition
card used (Dspace: 100 µs) implies high inductance values. The two coils used
are therefore relatively large in order to keep the electrical losses acceptable.
The optimization of these coils is not part of this study.
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are here ensured by the flexibility of the thin steel beams
(flexible bonds). These flexible bonds have a negligible
effect on the stiffness and damping of the bistable har-
vester and can therefore be modeled as pure pivoting
links. Indeed, (i) the potential energy stored in these
flexible bonds is small compared to the potential energy
stored in the Piezo harvester (for low buckling configura-
tion) and (ii) the mechanical losses in these bonds are
negligible thanks to the material used (APX4 steel).

The Piezo harvester is a piezoelectric converter from
Cedrat Technologies called APA 120S (Amplified Piezoelec-
tric Actuator). The electromechanical coupling factor of
these actuators is indeed better than the one of a simple
piezoelectric patch glued on a the beams because the 33
mode is used. They are composed by two elements: an
elliptical stainless steel shell and a stack of interdigital
piezoelectric ceramics (PZT) placed on the main axis of
this shell. The elliptical shape acts as a mechanical trans-
former. It amplifies on the long axes the stress applied
on the short axes. On the contrary, it reduces on the long
axes the strain applied on the short axes. This shell thus
allow to optimize the use of the piezoelectric ceramics
which can handle strong stresses but small strains. The
main dimensions of this prototype are detailed in Table 1.

The parameters (ω0, Q, C0, α) of the bistable harvester
have been identified on the prototype following the
methodology presented by Badel et al. [18]. This method-
ology consists on measuring the complex admittance Y
of the Piezo harvester around the natural frequency of
bistable harvester without any external excitation. The
measured admittance is then used to adjust the different
parameters of the following expression:

Y =
I
V

= jC0ω

1 +
k2

m

1− (ω/ω0)2 + j
ω/ω0

Q


k2

m = 4
( x0

L

)2 α2

MC0ω2
0

(40)

Figure 6 shows this adjustment between the measured
admittance and the theoretical admittance. The value
of all the parameters of the prototype and of the SECE
circuit are summarized in Table 2. The electromechan-
ical coupling factor is given for the equivalent linear
oscillator obtained for a small excitation of the bistable
harvester inducing small displacements around one of

Table 1: Prototype main dimensions.

Elément Value Unity

Inertial mass weight 17.3 g
Inertial mass dimensions 16× 16× 8.0 mm3

APX4 steel block thickness 8.0 mm
Steel beams thickness 0.070 mm
Horizontal beams length 25 mm
Vertical beams length 17 mm
Piezo harvester stiffness 0.30 N.µm−1

Figure 6: Admittance adjustment in order to identify the parameters
(ω0, Q, C0, α) of the prototype.

its two stable positions (x = x0 + ∆x with ∆x << x0)
[17].

The prototype has been installed on a shaker which
provides a sinusoidal acceleration of constant amplitude
set at 2.5 m.s−2. The position of the mass and the po-
sition of the frame have been measured thanks to two
laser displacement sensors. The voltage at the termi-
nals of the Piezo harvester and at the terminals of the
resistance load have been measured with two differential
voltage probes. The switches of the SECE circuit have
been controlled to close on extrema of the Piezo harvester
voltage (on maxima for switch S1 and on minima for
switch S2). They have been controlled to open when
the Piezo harvester voltage reaches zero. The frequency
response of the bistable harvester coupled to the SECE
circuit has then been explored analyzing the frequency
ranges of the different steady-state behaviors with the
following method: (i) the excitation is set at a frequency
where the studied behavior exists; (ii) force pulses are
applied to the mass imposing square voltage pulses to
the Piezo harvester (20 ms and 30 V) until the studied

Table 2: Parameters of the bistable harveter prototype and SECE circuit.

Parameter Symbol Value Unit

Stable positions ±x0 ±0.50 mm
Mass-frame distance L 25 mm
Inertial mass M 17.3 g
Natural angular frequency ω0 121 rad.s−1

Mechanical quality factor Q 87 –
Excitation magnitude A 2.5 m.s−2

Excitation frequency ω 15− 85 Hz
Piezo harvester force factor α 0.068 N.V−1

Piezo harvester blocked capacity C0 1.05 µF
Coils inductance L1 - L2 500 mH
Smoothing capacitors C1 - C2 1.00 µF
Load resistance R 100 kΩ
Electromechanical coupling factor k2

m 2.74 %
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behavior is reached The force pulses indeed destabilize
the steady-state behavior and potentially lead to a an-
other steady-state behavior coexisting at this particular
frequency; (iii) once the studied behavior is reached, the
excitation frequency is slowly and smoothly increased or
decreased to explore its frequency range without desta-
bilizing it.

For this study, only the most interesting behaviors for
energy harvesting have been investigated: the common
harmonic 1 high orbit which proposes the working point
with the maximum mean harvested power and the sub-
harmonic 3 high orbit which allows widening the global
bandwidth of the bistable harvester since its frequency
range appears where the harmonic 1 behavior can not be
reached [15]. Figure 7 and 8 show examples of time sig-
nals of these two behaviors obtained both experimentally
and with the model constructed in the previous section.
Experiment and theory are here in good agreement. The
square signal, used in the decomposition of the theoret-
ical Piezo harvester voltage, has been approached at the
order Nbis = 10. Hence, the theoretical mass displace-
ment has been sought as a Fourier series truncated at the
order N = 42 as stated in Equation (24).

IV. Results and discussion

Figure 9 shows both the experimental and the theoretical
frequency responses of the bistable harvester coupled
to the SECE circuit. These frequency responses focus
on the two most interesting behaviors for energy har-
vesting: harmonic 1 high orbit and subharmonic 3 high
orbit [15]. These frequency responses only detail the
working points defined as stable with the stability to
small disturbances analysis. Four different quantities are
drawn to characterize these two orbits as a function of
the excitation frequency: (i) the amplitude of the mass
oscillations; (ii) the phase of the excitation displacement
when the position of the mass reaches a maximum; (iii)
the stability robustness; (iv) the mean extracted power
(theory and experiment) and the mean harvested power
(experiment).

For the theoretical curves, the phase of the excitation
displacement when the position of the mass reaches a
maximum is calculated as follows. First, to simplify the
reasoning, the mass position signal is approached by its
fundamental harmonic component. The reader may refer
to Figure 4 to check the relevance of this assumption.
This fundamental component can be written as:

xfundamental(t) = a1 cos
(ω

n
t
)
+ b1 sin

(ω

n
t
)

=
√

a2
1 + b2

1 cos
(ω

n
t + ψ

)
(41)

with

ψ = tan−1
(
−b1

a1

)
+ π (if a1 < 0) (42)

The instant on which the mass position reaches a maxi-
mum is called t1. Hence, the phase of the mass position
at t1 is equal to zero:

ω

n
t1 + ψ = 0 mod[2π] (43)

⇒ t1 = −ψ
n
ω

mod
[
2π

n
ω

]
(44)

The excitation is a monochromatic acceleration A cos(ωt).
Then, the excitation displacement is A/ω2 cos(ωt + π).
The phase of the excitation displacement when the posi-
tion of the mass reaches a maximum (at t1) is therefore:

Phase = ωt1 + π mod[2π]

= −nψ + π mod[2π] (45)

Figure 9(b) details the value of this phase for each be-
havior. If this phase is zero, then the displacement of
the excitation reaches a maximum when the position of
the mass reaches a maximum. If this phase is π, then
the displacement of the excitation reaches a minimum
when the position of the mass reaches a maximum. It
is important to note here that the calculated phase is
the phase of the excitation displacement. This phase is
generally positive: the frame displacement is ahead of
the mass displacement.

The powers shown in Figure 9(d) are split in two dif-
ferent types: the mean extracted power and the mean
harvested power. The mean extracted power corresponds
to the sum of all the extracted energy during one period
of the mass oscillation when the switches are closed (four
extractions in total). This sum is then averaged over the
time of this period:

〈Pextracted〉 =
4
2

C0 (vmax − vmin)
2 2πω

n
(46)

With vmax and vmin the maximal and minimal voltage
of the Piezo harvester in open circuit, ω the excitation
angular frequency and n the order of the considered
subharmomnic behavior. The mean harvested power
corresponds to the mean power converted in the load
resistance R:

〈Pharvested〉 =
v2

DC

R
(47)

Contrary to the mean extracted power, the mean har-
vested power takes into account the electrical losses dur-
ing the energetic transfers from the piezoelectric con-
verter to the capacitor through the inductance. The ex-
perimental analysis evaluates both types of power while
the theoretical analysis only predicts the extracted power
as it does not consider those electrical losses. The exper-
imental measurements show a mean harvested power
of between 50 % and 90 % of the mean extracted power
(50 % for the subharmonic 3 behavior at 44 Hz or for the
harmonic 1 behavior at 16 Hz and 90 % for the subhar-
monic 3 behavior at 58 Hz or for the harmonic 1 behavior
at 34 Hz).

In Figure 9(b), the phase of the excitation displacement
when the position of the mass reaches a maximum shows
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Figure 7: Time signal examples for harmonic 1 high orbit of the bistable harvester coupled to SECE circuit for an excitation of 2.5 m.s−2 at 26 Hz.

Figure 8: Time signal examples for subharmonic 3 high orbit of the bistable harvester coupled to SECE circuit for an excitation of 2.5 m.s−2 at 48 Hz.

an interesting particularity: it increases monotonously
from zero at the beginning of the theoretical frequency
range of each behavior until π/2 at the end of their fre-
quency range. This particularity have been highlighted
by Harne et al. for harmonic 1 high orbit [19] and ex-
tended by the authors to all the odd subharmonic behav-
iors [16]. When the bistable harvester stabilizes on one
of these behaviors, it is now possible to determine if the
harvester is close to the beginning or close to the end
of its theoretical frequency range measuring the phase
of the excitation displacement when the position of the
mass reaches a maximum. This phase can therefore be
used to characterize the theoretical cutting frequency of
these behaviors (i.e., the end of the theoretical frequency
range): the latter is reached if and only if the phase of
the excitation displacement is equal to π/2 when the
position of the mass reaches a maximum.

In Figure 9(c), the curves indicate the stability robust-
ness of each behavior so their capacity to handle exter-
nal disturbances without falling on a low orbit. The
threshold above which the behavior will be considered
as robust enough for energy harvesting in real conditions
is determined ensuring a good correlation between the

experimental cutting frequencies and the model predic-
tions. Indeed, the theoretical cutting frequencies (defined
by π/2 phases) could not have been reached experimen-
tally. The measured frequency ranges of the different
behaviors are systematically shorter than the theoreti-
cal predictions of the model which does not include the
stability robustness. When this criterion is added, the
experiment and the theory finally show similar results,
thus validating the relevance of the mathematical model
developed for the bistable harvester coupled to SECE
circuit.

V. Comparison with and without the SECE
circuit

Figure 10 shows a comparison between the frequency
responses of the bistable harvester coupled to the SECE
interface circuit (color curves) and the bistable harvester
directly connected to the resistive load (light curves).
These frequency responses only detail the most inter-
esting behaviors for energy harvesting (harmonic 1 and
subharmonic 3 behaviors [15]) and only keep the parts of
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Figure 9: Theoretical and experimental frequency responses of the bistable harvester coupled to SECE circuit for an excitation amplitude of 2.5 m.s−2: (a)
mass oscillations amplitude for the different behaviors (b) phase of the excitation displacement when the position of the mass reaches a maximum (c) stability
robustness (d) mean extracted power (theory and experiment) and mean harvested power (experiment).

their frequency range which are defined as stable (with
the stability to small disturbances analysis) and robust
enough to be maintained over time in real conditions
(with the stability robustness analysis). The theoretical
model used to predict the frequency response of the
bistable harvester directly connected to the resistive load
is similar to the one developed here. It corresponds to
the model used in a previous study for a bistable har-
vester with electromagnetic conversion [16], adapted to
piezoelectric conversion. The resistance has been cho-
sen to maximize the mean power converted (impedance
adaptation: R = 1/C0ω0 = 7.83 kΩ).

For a given behavior at a given frequency, the mean ex-
tracted power appears to be bigger with the SECE circuit.
Reasoning on the theoretical curves, for harmonic 1 be-
havior, adding the SECE circuit leads to a multiplication
of the mean extracted power by 1.4 at 15 Hz (103 µW
compared to 75 µW without the SECE circuit) and by

2.2 at 30 Hz (1024 µW compared to 467 µW without the
SECE circuit). For subharmonic 3 behavior, adding the
SECE circuit leads to a net gain of 1.3 at 33 Hz (24 µW
compared to 19 µW without the SECE circuit) and 1.7 at
62 Hz (190 µW compared to 113 µW without the SECE
circuit).

The maximum mean extracted power is similar with
the two circuits: 1024 µW at 30 Hz (harmonic 1) com-
pared to 1174 µW at 40 Hz (harmonic 1) without the
SECE circuit (value taken from the theoretical curves).

On the other hand, the SECE circuit reduces the use-
ful frequency range of each behavior (i.e., the frequency
range stable and robust). Reasoning again with the the-
oretical curves, the frequency range of harmonic 1 be-
havior is divided by 1.5 (from 25 Hz to 16 Hz) while
the frequency range of subharmonic 3 behavior is di-
vided by 1.5 (from 45 Hz to 29 Hz). This reduction in
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Figure 10: Theoretical and experimental frequency responses of the bistable harvester coupled to SECE circuit (color curves) or directly coupled the resistive load
(light curves) for an excitation amplitude of 2.5 m.s−2: (a) mass oscillations amplitude for the different behaviors (b) phase of the excitation displacement when
the position of the mass reaches a maximum (c) stability robustness (d) mean power.

frequency range is due to the global reduction in the
stability robustness of each behavior when adding the
SECE circuit (Figure 10(c)). Indeed, the latter increases
the mean extracted power without changing the ampli-
tude of the mass oscillation (Figure 10(a)). The extra
power therefore comes from the vibrating source: the
mechanical coupling between the bistable harvester and
the source is increased. Thus, the phase of the excitation
displacement when the position of the mass reaches a
maximum is getting closer to π/2 (Figure 10(b)). The
bistable harvester extract more energy from the source
but its behaviors get closer to their theoretical cutting
frequency, thus reducing their stability robustness and
therefore, their accessible frequency range.

The frequency range on which the bistable harvester
offers a mean extracted power above 100 µW (mean
power required to supply a wireless sensor consuming
450 mJ per transmitted packet [20] with, on average, one

packet sent every 1.25 h) also decreases when adding
the SECE circuit. It goes for theoritical curves from
41 Hz without the SECE circuit (22 Hz for the harmonic 1
behavior and 19 Hz for the subharmonic 3 behavior) to
26 Hz with the SECE circuit (16 Hz for the harmonic 1
behavior and 10 Hz for the subharmonic 3 behavior).

The conclusion of this comparison is therefore mixed.
The SECE circuit is profitable on the frequency range
[15Hz − 31Hz] and [41Hz − 62Hz] offering mean ex-
tracted powers 1.3 to 2.2 times bigger. Connecting
the bistable harvester directly to the resistive load is
profitable on the frequency range [32Hz − 40Hz] and
[63Hz− 78Hz] where it allows to reach behaviors that
are not robust enough with the SECE circuit to be main-
tained over time. In terms of integration, the SECE circuit
is nevertheless advantageous thanks to its continuous
output voltage vDC and thanks to the fact that it allows
the harvester and the load to be decoupled. Thus, the
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SECE circuit is adapted to supply energy to wireless sen-
sors without worrying about any particular impedance
adaptation to maximize the extracted power from the
vibration source.

VI. Summary and Conclusion

The objective of this study was to construct an analyt-
ical model able to predict the frequency response of a
bistable harvester coupled to a SECE interface circuit.
The first part thus details the construction of the model
which includes the study of the subharmonic behaviors
that widen the global bandwidth of the harvester (in
particular the subharmonic 3 behavior). The different
steady-state high orbits (inter-well behaviors) are then
characterized by their stability to small disturbances and
by their stability robustness reflecting their capability to
handle external disturbances in real conditions without
falling on a low orbit. The frequency response predicted
by this mathematical model showed a good agreement
with the experimental analysis conducted in this study,
thus validating its relevance.

Then, the analytical model has been used to compare
the bistable harvester coupled to the SECE circuit and
the bistable harvester directly connected to the load. The
results show that the mean extracted power is 1.3 to 2.2
times bigger with the SECE circuit all over its reachable
frequency range (stable and robust enough). However,
this reachable frequency range is divided by 1.5 com-
pared to the one reachable with a direct connection to
the load. The use of SECE circuit therefore increases
the mean extracted power but decreases the global band-
width of the bistable harvester. The SECE circuit remains
nevertheless advantageous in terms of integration thanks
to its continuous output voltage, ideal for wireless sen-
sors supply, and thanks to the decoupling that it offers
between the harvester and the load (no impedance match-
ing required to maximize the extracted power).

It would be now interesting, in a future work, to extend
the analytical model developed here to other AC-DC cir-
cuits such as the bridge rectifier or the SSHI circuit in
order to establish a fair comparison between them for
bistable harvester. It would also be interesting to investi-
gate the influence on the bistable harvester of a partial
SECE circuit which would only extract a part of the en-
tire energy of the piezoelectric converter at each voltage
extrema. The mean power extracted could therefore be
decreased in order to adjust the ratio between extracted
power and bandwidth of the harvester.
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