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LITTLE AND BIG ¢—JACOBI POLYNOMIALS AND THE ASKEY-WILSON
ALGEBRA

PASCAL BASEILHACT, XAVIER MARTIN', LUC VINET*, AND ALEXEI ZHEDANOV®*

ABSTRACT. The little and big g-Jacobi polynomials are shown to arise as basis vectors for representa-
tions of the Askey-Wilson algebra. The operators that these polynomials respectively diagonalize are
identified within the Askey-Wilson algebra generated by twisted primitive elements of l,(sl(2)). The
little g-Jacobi operator and a tridiagonalization of it are shown to realize the equitable embedding of
the Askey-Wilson algebra into 4, (sl(2)).

MSC: 81R50; 81R10; 81U15; 39A70; 33D50; 39A13.
Keywords: Askey-Wilson algebra; Tridiagonalisation: Orthogonal polynomials

1. INTRODUCTION

This paper indicates how the little and big g-Jacobi polynomials [KS96] occur in the context of
representations of the Askey-Wilson algebra. This structure was originally identified in [Z91] as the
algebra generated by the Askey-Wilson operator and the multiplication by the independent variable; its
representations were shown to account for the bispectral properties of the Askey-Wilson polynomials.
It has thereafter appeared in various contexts.

The little g-Jacobi polynomials [KS96] have received algebraic interpretations some time ago, either
as matrix elements of co-representations of the quantum group SL,(2) [VS88, K89, MMNNUSS| M91]
or equivalently [FV93], as matrix elements of q-exponentials in the generators of the quantum algebra
Ug(sl(2)) [EVI3D]. The big g-Jacobi polynomials have been connected to quantum 2-spheres [NM90].
We shall provide here a rather different algebraic setting for these g-polynomials as basis vectors for
modules of the Askey-Wilson algebra.

On the one hand, consider twisted primitive elements in $,(sl(2)) [K93|, [KJ9g|. It is known that
such elements provide an embedding of the Askey-Wilson algebra in $l,(sl(2)) [GZ93]. Take the
holomorphic realization of £,(sl(2)) and a specialization of the generators, it will be seen that the
operators of which the little and big g-Jacobi polynomials are eigenfunctions belong to this realization
of the Askey-Wilson algebra.

On the other hand, the polynomials of the Askey scheme and especially those under consideration
here, are solutions of bispectral problems. It has been shown recently how algebraic Heun operators
can be associated to any such problems |[GVZ17]. For some choices of the generic parameters, the
resulting Heun operator can be one of those corresponding to the polynomials of the Askey tableau
and this provides a procedure often referred to as tridiagonalization to construct and
study higher special functions from simpler ones. Clearly, bilinear combinations of the bispectral oper-
ators of classical polynomials will be tridiagonal in the eigenbasis . The main point is that such Heun
operators generate when combined with one of the operators entering in the bispectral problem, an
algebra that encodes the properties of the higher functions/polynomials. This algebraic viewpoint on
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tridiagonalization has been developed recently. The 4-parameter Wilson polynomials have thus been
recovered and analysed in that perspective through the tridiagonalization of the 2-parameter hyperge-
ometric operator [GIVZ16]. Similarly the characterization of the 4-parameter Bannai-Ito polynomials
could be retrieved by observing that the embedding of the Bannai-Ito algebra into the superalgebra
0sp(1,2) involved tridiagonalizing the operator of which the little -1 Jacobi polynomials are eigen-
functions [BGVZ17]. It is hence natural at this point, to complete the picture by determining how
the Askey-Wilson polynomials lend themselves to a tridiagonalization analysis. This is one of the
goals of this paper. Typically one would work with the differential or difference operator of which
the polynomials are eigenfunctions. This will also be the main approach here. It should be said that
tridiagonalization can as well be applied to recurrence operators. As a matter of fact, it has already
been shown that the recurrence coefficients of the Askey-Wilson polynomials can be obtained from
those of the big g-Jacobi polynomials from the tridiagonalization of the recurrence operator of the
latter polynomials [TVZI7].

It will be seen that the tridiagonalization of the g-difference operator, of which the little g-Jacobi
polynomials are eigenfunctions, leads to the Askey-Wilson algebra in the fashion described above. It
will be further observed that if the equitable presentation of l,(sl(2)) is called upon [[TWOG, T15],
the little gq-Jacobi operator and its tridiagonalized companion turn out to naturally take the form that
generators of the Askey-Wilson algebra have when symmetrically embedded in $f,(sl(2)).

The paper will be organized as follows. After having provided some relevant facts about l,(sl(2)),
the Askey-Wilson algebra and its embedding in ${,(sl(2)) are presented in Section 2. In Section
3, the little g-Jacobi polynomials are introduced via their g-difference equation, which is identified
under special choices of the parameters as the eigenvalue equation for one generator of the Askey-
Wilson algebra through the realization inherited from that of ;(sl(2)). The eigenfunctions of a
companion generator of the Askey-Wilson algebra are obtained and the expansion of the little g-Jacobi
polynomials in this eigenbasis will be shown to yield an explicit expression of these polynomials. The
tridiagonalization of the little g-Jacobi operator will be carried out in Section 4. This will provide
an operator that is tridiagonal on the little g-Jacobi polynomials and that generates a new Askey-
Wilson algebra together with the original little g-Jacobi operator. This will be obtained by noting
that these operators take the known form of the Askey-Wilson generators under the embedding
in $,(sl(2)) in terms the equitable generators of this quantum algebra [T15]. In Section 5 we shall
turn to the big g-Jacobi polynomials and show that they are eigenfunctions of the same generator
as for the little ones, in the initial embedding of the Askey-Wilson algebra in l,(sl(2)) albeit with
different and more general choices of the parameters. Their explicit expression will also be obtained
as in section 3. As supplementary information, we shall show in Section 6 that a large class of big
g-Jacobi polynomials can be obtained via tridiagonalization from special little g-Jacobi polynomials.
The paper will end with a summary and outlook in Section 7.

1.1. Notations. In this paper, we fix a nonzero complex number ¢ which is not a root of unity. We
will use the standard g-shifted factorials (also called g—Pochhammer functions) [KS96]:

n—1

(1.1) (@;q)n = [ (1 —adh).

k=0
2. THE ASKEY-WILSON ALGEBRA AND ITS EMBEDDING IN ,(sl(2))

We shall recap in this section the basic tools that shall be used in the remainder of the paper:
first the standard Chevalley presentation of $l,(sl(2)) and second the equitable one, together with
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isomorphisms between the two. The realization of {,(sl(2)) in terms of g-difference operators will
then be recalled in subsection 23] and the Askey-Wilson algebra will be introduced via its embedding
into U,(sl(2)) in subsection [2.4]

2.1. The Chevalley presentation of (,(s/(2)). The Chevalley presentation of {,(sl(2)) consists of
three generators denoted Si, s3. They satisfy

q233 o q—233
(2.1) [s3,54] = +£54 and [S4,5-] = p——
The central element of l,(sl(2)) is the Casimir operator:
—1,2s3 —283
(2.2) =94 T 19" 5.9

(¢—q7')?
2.2. The equitable presentation of {l,(sl/(2)). The equitable presentation of {,(sl(2)) consists of
three generators denoted X,Y, Z [I[TWO0G].
gXY —q¢ 'YX B @Y Z—q'ZY B ¢ ZX —q'XZ B
q—q! q—q! q—q!
In Lemma 5.1], an isomorphism with the presentation (2] is given. Here we will use a special
case. In our notation, it reads:

1.

(23) Yy l=v ly =1, 1, 1,

(2.4) X = ¢ —(¢—q "Hg"*S1q,
Y = ¢,
7 = q—253 + (1 - q_2)ql/25_q_83.

2.3. The ¢—difference operators realization of i,(s/(2)). An irreducible infinite dimensional
representation V,, with 2v ¢ Z, can be realized by g—difference operators acting on the space of
formal power series f(z) = > keZ, p2* in the variable z. The lowest weight vector corresponds to 1.

Define T (f(2)) = f(g™'2). There exists an homomorphism [S83]:

(2.5) q** = q Ty, q g T,
21/T_ _ —21/T T —T
S+ ’—>Z(q q_l +)’ S_ — _Z—l( _;‘)
(¢—q1) (¢—q7")

On V,,, the eigenvalue of Q (2.2)) is given by:
(q21/+1 +q—2u—1)
(¢—q1)?
Note that if 2v € Z,, the representation becomes reducible as (S, )**! = 0. The corresponding
invariant subspace of polynomials of degree 2v.

(2.6) wy =

2.4. The Askey-Wilson algebra. We now turn to the Askey-Wilson algebra and its embedding in
y(sl(2)). Let co,o, 1,1, €0, €1, po, 11 be arbitrary scalars. Define:

(2.7) Wo = ¢0S+q° +7TS_q* + €0q>*® + o,
Wi = aSiq¢®+eS ¢+ €1q7 %% + 1.
A third operator, namely

(2.8) Gy = ¢gW1Wo — ¢~ ' Wy



4 PASCAL BASEILHACT, XAVIER MARTINT, LUC VINET*, AND ALEXEI ZHEDANOV®:*

is constructed. By straightforward calculations, one finds:
(2.9)  G1=9152 +325-¢ % + 935-¢" + 95514 " + 95514 + 9447 + 954> + gs;,
where g;,i = 1,..,6 and g5, g are expressed in terms of ¢;,¢j,€j,j =0, 1:
g1 =cc1(¢® —q7?),
= 2 -2 - -1 = 2 2\ 1 - -1
g2 ="%oe1(q" —q “)g+tpci(¢—q ), gs=7tieo(q" —q 7)g +mclqg—q ),
g =mocr(g—q "), g5=meolg—q "),
T 1 = —1
ctiq” (9+4q) 1 cicoq(q+q7) 1
g1 =— — +melg—q ), gp=—————+melg—q ),
(¢—q7") (¢—q7")
g6 = (c120q + cot1q™ ) (g — ¢ )Q + (eoer + popn) (g — g7 ).
Proposition 2.1. Wy, W1, Gy satisfy the Askey-Wilson algebra:
[Wl,Wo]q = G,
[WO, Gl]q = poWi +wWy + v (WoWr + WiWy) + ’71W02 + No,

[G1, W], = pWo + wWi + 71 (WoWi + WiWo) + W7 + i,

where

po = —cocolg+¢ ) —uila—a")?, p=—avlera ) —pila a7

w = (¢—q g6 —2pomlqg—q ">

Y = mlg—q " m=mlg—q ">

m = (g+q ") (cotoer(q — g 1)*Q — eo(gereo + g 'eotr)) — polg — ¢~ 1)ge + coolg + g ) + pipa(q — g~
m = (g+q ") (c1tieolqg — ¢ 1)*Q — e1(geoes + ¢ tero)) — palg — ¢ Vg + poerilg +q ) + pipolg — g~
Proof. Straightforward, using (Z1]) and (2:2I). O

In the text below, we consider successively special values of the structure constants of the AW
algebra. In each case, a realization of Wy, Wi, Gy in terms of l,(sl(2)) Chevalley generators is given.
For a first choice of ¢;,¢;, €;, u; namely pg = ¢g = ¢; = 0 the operator G will be denoted by él. It
is diagonalized by the little g-Jacobi polynomials. For a second choice of ¢;,¢;, €;, p;, namely pog =
co = 0 the operator (g1 is diagonalized by the big g-Jacobi polynomials. In both cases, the elements
Wo, W1, Gy satisfy the ‘reduced’ relations:

(W1, Wo]q = G,
[WO,G1]q = wWo +nWg + o,
(G, Wl]q = mWo+wWi +n(WoWy + WiWo) + m,

where the structure constants are specializations of p;,w,v;,7; as given above.

3. THE LITTLE ¢—JACOBI POLYNOMIALS

We shall now make precise the circumstances under which the little g-Jacobi polynomials are eigen-
functions of G4 and form a representation basis of a specialized Askey-Wilson algebra. Given the
ensuing specific choice of parameters, the eigenfunctions of W will be determined to be g-Pochammer
symbols. It will be observed that Gy acts bidiagonally on these functions, as well as on monomials,
and this will entail explicit expressions for the little q-Jacobi polynomials.
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3.1. The second order g-difference operator G;. If we now compare the operator G of 29

using (2.0) with (3.12.4) of [KS96], one has:

~ 93¢ " 1 _ g2q¢" 1
(3.1) G = Gl’gé=9:§=gl=0 = <7— + 919 2”) Ti + <—ﬁ; +g5¢* ) T?

(g—q ')z q—q
Ao BO
(937" — 92¢") 1
*( G—qh = %)
Co

Proposition 3.1. For the specializatz'orﬂ gh = g5 = g1 =0, the ‘reduced’ operator G is diagonalized
by the little g—Jacobi polynomials.

Proof. Denote the little g-Jacobi polynomials as:
y(2) = pu(z:0,b:¢°)

They satisfy the second-order g-difference equation:

g 2" (1 = ¢*") (1 = abq®™ )y (2) = B(2)y(¢*z) + B(2)y(q *2) — (B(2) + B(2))y(=2),

where

1
B(z) = —a=+abg?
z
B(z) L
z) = ——
Z bl

The exact relation between the parameters g; and the parameters entering in the little g-Jacobi
polynomials is as follows:

Giy(z) = (95¢® (¢ " + abg®* ™) + g6) y(2)

and
g3 ¢ g4 1 5 9 1
——, b=——(¢—q¢ )¢" " and == (¢g—q )"

3.2 a=—-—— ,
(3:2) g5 (¢ —q71) 93 g5

O

3.2. Eigenfunctions and the explicit expression of the little ¢—Jacobi polynomials. First,
we construct the eigenfunctions of Wy in ([27)) for gh = g5 =g1 =0 .

Lemma 3.1. For ¢g = pug =0, one has:

(3.3) Wofn(z) = Anful(z) with X\, = 60q2(n—u) and  fn(2) = <;_0(1 - q2)q_,}_lz§q2>
0

n

Proof. Considering (2.7)) for ¢o = p10 = 0 and using (2.5]), the action on the monomials 2" reads:

2
—u+11_qn

Woz" = A\2" 4+ v,2" 1 with A, = €0 ™™ and v, = Gyq 1_ 2"
—dq

"We choose ¢o = €1 = po = 0 in Z7).
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Let fn(z) be such that Wy f,(2) = Ay fn(2). Define f,,(z) = > o0 an,s2°. The action of Wy on f,,(2)
gives the recurrence relation:

)\nan,s = )\san,s + Vs410pn 541

The solution reads
()\n - )\0)()\71 - )\1) e ()\n - )\s—l)
VilVo -+ Vg
€0 on—v—1 ° (q—2n; qz)s
= ano((1- .
. <( ! )Coq > (% ¢%)s
from which, setting o, o = 1 and using the ¢g—binomial theorem [KS96], we finally obtain 33]). O

(3.4) Qps = Qppo

On the eigenfunctions of Wy, we now consider the action of G.

Lemma 3.2. One has:

(3.5) C1fn(2) = anfu(2) + bufo1(2)
with
an = g5¢*(q"%" + abg®?) + ge,
bn _ _g5q2uq—2n(1 o q2n)(1 o q2nb)‘

Proof. Recall (3I)). The Lh.s. of (3.1]) reads:
Gifulz) = (210(1 —0¢*"22) (1 — 0¢*"2) + Bo(1 — v0q 22)(1 — 702)
+Co(1 —02)(1 - 70(12"_22)) (1 =70¢%2) -~ (1 = 70q*""2),
where we have denoted v = (1 — ¢®)g~"~!. The r.h.s reads:
(an(1 = 702)(1 =700 2) 4 ba(1 —702)) (1 —70¢°2) - -+ (1 — 00" *2).
Equating both sides of the equation (B.6]), the coefficients a,, and b,, are determined uniquely. O

Remark 3.1. Observe that the coefficient a,, coincides with the spectrum of Gi, as expected (él 18
lower triangular in the basis {fn}).

Next, we are interested in the overlap coefficients between the eigenfunctions of Wy (the f,(z)) and
the eigenfunctions of G (the little g-Jacobi polynomials).

Proposition 3.2. One has:

(3.6) (7 0,05¢%) Z%sfs

where

ngnn=1) (4265 ¢%)n (72" ¢%)s(abg®™2; ¢ )sqzs‘
(®a;¢%)n  (¢°65¢%)s(q%:¢2)s

(3.7) Vs = (—470)”
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Proof. By Prop. Bl recall that p,(z;a, b;¢?) are eigenfunctions of G; with the identification B2).

Consider the expansion (3:6). The action of G on p,(2;a, b; ¢?) gives the recurrence relation:
anYn,s = AsYn,s T bs—l—l'yn,s—l—l-
The solution reads

(an —ao)(an —ay) - (an —as—1)
biby - - bs :

Tn,s = Tn0
By straightforward calculations, one finds:

(an —ao)(an —a1) - (an —as—1) = (—g5¢*)°q*C"V (72" ¢*)s(abg™ 2 ¢%)s,

bibo- b = (—g5¢®) " T(6:0%)s(0%: P)s.
Setting the normalization such that:
2b. q2)
38 no = (— 25 —n —n(n—l) (q ) n
(3.8) Ym0 = (—q°b)"q o
we get ([B.7]). O

Remark 3.2. The expansion formula (3.8) coincides with (2.46) of [K94] with ¢ — ¢*:

¢ ", q"ab,¢*bz 5 o

2 2
“n—nin—1) (@“0;¢%)n
( 1)( ) 3¢2 q2b70 yq,4q

(39)  palza,b5¢) = (—¢°0) g (o ),

Remark 3.3. Note that the little g-Jabobi operator Gy is also bidiagonal in the monomial basis z".
By analogy with the proof of Lemma 3] one can retrieve the following familar explicit expression for

the little g-Jacobi polynomial [KS96, eq. (3.12.1)] (see also [K94, eq. (2.45)]):
(3.10) pa(z:0,0:0%) = 21(¢7", ¢ ab, ¢’ a; g% ¢%2).

4. TRIDIAGONALIZATION OF THE LITTLE ¢—JACOBI OPERATOR AND THE EQUITABLE
PRESENTATION OF ,(sl(2))

Calling upon the equitable embedding of the Askey-Wilson algebra which will be recalled
next, we shall now make the observation that the little g-Jacobi operator and a tridiagonalization of
this operator realizes also the Askey-Wilson algebra.

Remark 4.1. Define
41)  g=0-g¢H¢"*7, g=—-¢*q—qgea', gi=g3'=b gs=0.
Then

(4.2) Gi = (1-q¢2)g"?b71S_q7 % —q73%(q — ¢ V)ea ' S_q¢* + bg** + b~ g2
= WY +b'Z4+qat(1-YZ),

where Y and Z are the equitable $1,(sl(2)) generators introduced in (2.7)).

Using the equitable presentation of £l,(sl(2)) (24]), by Proposition 1.1 and Lemma 3.4 in , one
gets:
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Proposition 4.1. Define

(4.3) A = aX+a 'V 4 gbe (1 - XY),
B = bY +b'Z+qea (1 -Y2),
C = cZ+c'X+qab'(1-2X).

The generators A, B, C satisfy the Askey-Wilson algebra:

4 ¢BC—q'CB  Aa+a )+ (b+b)(c+c?)
e T ¢+q! ’

3 qCA—qtAC  Ab+b Y+ (c+cHa+a™)
e T ¢+q! ’

Co gAB—q'BA  Ac+cH+(a+a)(b+b71)
q*—q? q+q7! ’

where A denotes the ‘normalized’ Casimir element
A=(g—q ")
Remark 4.2. In terms of the Chevalley generators of 4,(sl(2)), one has B = G, with (4-3) and
(44) A = —alg—q Ng"?S1q ™ +be ¢ — 1)q"2 1% + o ¢* + ag™ >,
C = (C+ c—l)q—283 _ ab_l(q +q—l)q—483 —|—ab_1(q _ q—1)2Qq—253
(1 q_2) (S_(Cq1/2q—83 _ q3/2ab—1q—333) _ S+(c_1q3/2q_83 _ ab—1q1/2q—333)) .

For the analysis to follow, let us introduce the operators O and O:

(45) O=(q—q g "S+q®(1—q )™, O=(¢g—q")g " g=5_(1—q g3,

where (1 —¢~2Vg*?%3)~1 is understood as a power series in the Cartan element of {1,(sl(2)). Note that
OO = 00 = 1. Also, the action of each operator on the space of monomials in z, according to (Z.35)),

is such that:
(4.6) O—z Oz L

Lemma 4.1. Consider A, B as the q—difference operators obtained from ({[.3) with (27). One has:

(4.7) A= a0B + BBO +~0 + 4,

with

48 L _a@®tab— g el (¢! ab — gt eT!)

() @ = - q2_q—2 ) 5— q2_q_2 ,
v o= b g 4 agtPY,

(q2u+1a+q—2u—1a—1 4 be + b—lc—l)
qg+qt '
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Proof. Recall that B = G is given by @2). Consider the r.h.s. of @XZ). The action of O on the
monomials S_g*3, ¢+2% is such that:

v v, —2s3 a7V v 283
08 = L84 o5 g0 L TEL
q—q q—q
S 450 i Csgmo= 107 q”+2q283,
q—q! q—q!
q233O — _(q . q—l)qu+2S+q33 + q2u+207 q—2330 _ (q . q—l)q—u—2S+q—33 + q—21/—20.
By straightforward calculations, we obtain:
aOB +BBO+~70+6 = —blq—q )" (a+Bg)S1q* + b q—q g " (a+ Bg?)Seq ™

—ca” g2 g (o + Ba?)g**s — b g2 (o + B H)g
+ (Oé(quy + b—lq—2y) + ﬁ(bq2y+2 + b—lq—2u—2) _1_,7) 9]

+ (b‘lq”_l/2 - ca_lq_”_g/z) (a+B)+0.

Compare the expression above with ([@4]), we obtain the constraints:

q—u+3/2

(a+B¢%)’
a(bq2” + b—lq—2u) + B(bq2”+2 + b—lq—2u—2) + = 07
<b_1q”_1/2 n Ca—lq—v—3/2) (a+B)+6=0

a=-b"q P (a+ Bg7?), e=-

from which we get (Z.8). O

This lemma thus states that the generator A of the equitable presentation of the Askey-Wilson
algebra is obtained from B by tridiagonalization. Stated differently, the upshot is that B ie. Gy
together with its tridiagonalization (A7) generate the Askey-Wilson algebra.

The tridiagonalized form of A can be inverted to express B in terms of A as follows.

Lemma 4.2. Consider A, B as the q—difference operators obtained from (f.3) with (24)). One has:

(4.9) B =a0A+ BAO +~0 + 4,
with
(4 10) Y _q—l(q3/2+uc _ q—3/2—ua—lb—1) 5 — (q—3/2+uc _ q—1/2—ua—1b—l)
q2 _ q—2 ’ q2 _ q—2 ’
No= bl g g2

(q2u+1b+q—2y—1b—1 —i—ac—i—a_lc_l)
q+qt '
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Proof. Recall A is given by (@4]). Consider the r.h.s. of [@J). The action of O on the monomials
S g3, ¢2%3 is such that:

08, = - ¢ Osuqs = 4+ q"q %
_1 ) _1 )
q—4q q—4q
S+q836 B qu o q—u—2q233 S+q—535 B _q—u 4 qu+2q—233
- _1 9 - _1 )
q—4q q—4q
q—2836 — _(q _ q—l)qV+2S_q—83 + q21/—|-267 q2836 _ (q _ q—l)q—u—25_q83 + q—2u—26.

By straightforward calculations, we obtain:
a@OA+BAO+70+68 = a Hg—q g "(a+Bg?)S-q" —alg — ¢ ")g"(a + Bg*)S_q~
—bc_1q3/2_”(oz + Bg g — aq”+1/2(oz + B2
+ (a(aq2” Fa i) + Blag®*? + alg ) + ¥)O
+ <aq1/2_” + bc_1q3/2+”) (a+B)+d.
Compare the expression above with ([A2]), we obtain the constraints:
c=—(a+q¢?B)** ™, b =—(a+¢Bag"t?,
alag®? +a 1) + Blag?*? + a1 ) £ 4 =0,
(aql/2_" + bc_1q3/2+”> (a+pB)+d5=0
from which we get (Z10]). O

5. THE BIG ¢—JACOBI POLYNOMIALS

We shall now carry for the big g-Jacobi polynomials an analysis similar to the one that was given
in Section 3 for the little g-Jacobi polynomials; namely, identify the specialization of the parameters
in G; that will lead to the big g-Jacobi operator, identify the eigenfunctions of Wj in that case,
determine the action of the restricted G on these functions and arrive at the explicit expression of
the big g-Jacobi polynomials by expanding one eigenbasis over the other.

5.1. The second order g-difference operator G;. Recall ([25]). By straightforward replacements,
from (29]) we get for the specialization?] gh = g4 =0:
—1 —v
919 1 934
(5.1) Gily—gi—g <7— —
s (@—a 1?22 (a—q)

Ao
919 1 g2q" 1 21/) 2
+ — — -+ g5q T
<(q—q‘1)2 22 (g—q7')z
By
<_91(q +q )1 (g =)l )

1 _
; + 949 21/) T-|2-

AT S M P2 g
(q—q1)% 22 (g—q %) =z

Co

Proposition 5.1. For g5 = g5 = 0, the operator G is diagonalized by the big g-Jacobi polynomials.

2We choose o = co = 0 in (7).
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Proof. Compare the operator G written as (5.1]) with the second-order g-difference operatOIE (3.5.4)
in [KS96]. Denote the big g-Jacobi polynomials as:

y(2) = Pa(2;0,b,¢;¢%)

They satisfy the second-order g-difference equation:

(5.2) ¢ *"(1—¢*™)(1 —abg*"*)y(z) = B(2)y(q°2) + B(2)y(q *z) — (B(2) + B(2))y(2),

where
B(z) = acq2i —a(b+ c)q21 + abg?
22 z ’

— 1 1
B(z) = acg*—= — 2- 41
() = aeg' 5~ (a+ P~ + 1,

The exact relation between the parameters g; and the parameters entering in the big q-Jacobi poly-
nomials is as follows:

Gry(z) = (95¢° (¢ + abq® ™) + g6 ) y(2)

—2v—3 —3v—-2 —v—2
(53) ac:g%, ﬂ(b"‘t):—@%, ab:%q_4’j—2, ﬂ+C:%%.
95 (a—q7") 95 (@ —q7") 95 95 (a—q71)

Remark 5.1. Note that if instead we would like to consider the spectral problem for the big q-Jacobi
polynomials

(5.4) y(g’b2) = Pu(q°bz;0,b,¢;¢%),
the substitution z — ¢*bz into (5.3) gives the following identification.:

ac g1 g vl alb+¢) g3 ¢ b — %q_4,,_2 atc g2 q7

02 g5 (q—q D b gs(g—q ) g b gslg—qY)
For the special choice ¢ = 0, note that the big g-Jacobi polynomial P,(q*bz;b,a,0;¢*) can be expressed
in terms of the little g-Jacobi polynomial p,(z;a,b;q?). See [KS96] for details.

(5.5)

O

5.2. Eigenfunctions and the explicit expression of the big ¢—Jacobi polynomials. Consider
the eigenfunctions of Wy in ([27) for ¢, = g4 = 0. They coincide with the ones given in Lemma [3.T]
On these eigenfunctions of Wy, we now consider the action of G.

Lemma 5.1. One has:

(5.6) G1fn(2) = anfu(2) + bufn-1(2)
with
a, = gsq2u(q—2n + abq2n+2) + ge,
bn — _95q2uq—2n(1 o q2n)(1 o q2na)(1 o q2”c).

3Here ¢%is q of [KS96].
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Proof. Recall (5I). The Lh.s. of (B.6]) reads:
Gifu(z) = (Ao(l — 700" 22)(1 — 706> 2) + Bo(1 — y0q 22)(1 — 702)
+Co(1 = 702)(1 = 706™"2)) (1 = 704%2) -+ (1 = 704" *2),
where 7o = £2(1 — ¢®)g7"~1. The r.h.s reads:
(an(1 —=702)(1 = 20¢”" 22) + bu(1 —702)) (1 —04%2) - - (1 = 0°"*2).
Equating both sides of the equation ([B.3]), the coefficients a,, and b,, are determined uniquely. O

Remark 5.2. Observe that the coefficient a,, coincides with the spectrum of G1, as expected (G is
lower triangular in the basis {fn}).

Next, we are interested in the overlap coefficients between the eigenfunctions of Wy (the f,(z)) and
the eigenfunctions of G; (the big g-Jacobi polynomials). The proof of the following proposition is
straightforward, by analogy with the proof of Prop.

Proposition 5.2. One has:

(5.7) P(q®bz;a,b,6;0%) =Y 9, fol2)
where
55) (72" ¢%)s(abg®" 25 ¢)s o,

’Y =
5 (@?a;42) (6% 42) s (025 6%)s

Remark 5.3. In particular, note that:
20, 2
ng—n(n=1) {4 b;¢")n
(5.9) (2 0,0:¢%) = (—¢%b)~ ( 1)§q2a'q2; Po(¢%b2;6,4,0;¢°).

6. A CONNECTION BETWEEN SOME BIG q—JACOBI POLYNOMIALS AND SPECIAL LITTLE q—JACOBI
POLYNOMIALS BY TRIDIAGONALIZATION

Much as in [IK11] and [IK12] we shall supplement the observations of the preceding section by noting
that a large class of big g-Jacobi polynomials can be obtained from a particular tridiagonalization of
the special little g-Jacobi operator with ([B.2)) for a = ¢2.

Lemma 6.1. Consider the little g-Jacobi operator Gi and the big g-Jacobi operator Gy of the form:

(6.1) Gi = 915% + 32507 + g35_¢" + 9aq”* + 954 >* + g,
(6.2) Gi = §2S-q % + §35-¢% + Guq®® + G50 + G-
For G3 = —q**2Gy, one has:
(6.3) Gy = fG10 +~7G1 ++9'0 +6
with (4.3) and
(64) B _ ( l/+lg +q v— 193) -
(¢ —aq (2394 — ¢*T355)
. N q" 29375 + 47 2 Gag2) N (2 2G4+ ¢* 2G5 + g6) (" g2 + ¢ 1 g3)
92( —2v— 394 _ q2l/+395) ’ (q _ q—l)( —2v— 394 _ q2u+3gs) ’

= 96 — VY6-
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Proof. Consider the Lh.s. of (3). The monomial S? is easily reduced in terms of OS_g*™*3, namely:

ql—u o ql/—l o
(6.5) 57 =—————05_q¢ %+ ——-05_q¢%.
q—q qa—4q
Consider the r.h.s. of (6.3]). Using:
(6.6) S_q7%0 = ¢*0S_q~% — 62q”+1, S_q¢%0 = ¢ 20S_q¢* — 62(]_”_1,
by straightforward calculations, for a slightly more general combination we obtain:
aOG, + BG1O+9CL +70+6 = —(a+B¢°)(qg—q )¢’ 525

+ (a4 Bg7*) g —q g Ga+733) S-q*
+ (—(+ Bg*) (g — ¢ )" G5 +7G2) S—q*
+Y940°% + 7G5q > + vg6 + 6
+ ((a+ Bg)gs + (a + Bg%)G2q* %) OS_g*
+ (a4 Bg72)guqg™ ™ + (o + Bq*)Gs¢” + (a+ B)js +') O
—B(Gag" " + Gsg 10"
Comparing the r.h.s and Lh.s of (6.3)), we identify:
(6.7) g1 =—(a+B¢*)(q—q " "G,
g2 = —(a+ B¢*) (g — ¢ )q" G5 + 32 ,
g3 = (o4 Bq ) —q " )g " Ga+ 73 ,
94 =794, 95 =795, 96 =g+ 0
together with the constraints:
(6.8) G2q" T +G3g" =0,
(a+ Bg2)gs + (o + Bq*)g2q™ > =0,
(4 Bg )dag > + (a4 B4*)756” + (a+ B)ds +7' = 0.

The first constraint gives j3 = —¢**72§s. Inserting in the second constraint, one gets a = 0. The
other equations imply (G.4]). O
Note from eq. (B2) that the condition g3 = —¢?***2§y implies that a = ¢?. Thus, for a large

parameter set, big g-Jacobi polynomials can be constructed from little - Jacobi polynomials with
that special value of the parameter a by using the one-sided tridiagonalization introduced in [IK11
and [IK12].

7. CONCLUSION

This paper has shown how the little and big g-Jacobi polynomials form bases for representations
of the (specialized) Askey-Wilson algebra. The starting point has been the embedding of the Askey-
Wilson algebra in $,(sl(2)) realized in terms of g-difference operators. It then proved possible to
identify within the model the defining operators of the polynomials; once this was done the algebraic
structure could be used to obtain, for instance, the explicit expressions of these polynomials in a simple
fashion. The realization was also instrumental in the observation that the little g-Jacobi operator and a
tridiagonalization of this operator realized together the Askey-Wilson algebra since they could readily
be identified as generators in the equitable embedding of this algebra in 4, (si(2)).
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It should similarly prove interesting to adopt the somewhat opposite viewpoint, that is to start
from the little and big g-Jacobi operators and their tridiagonalizations and to look at the conditions
for these operators to form Askey-Wilson algebras. Recall that the most general tridiagonalization
of the ordinary Jacobi operator led to the standard Heun operator [GVZ17]. The program thus
suggested would therefore involve certain g-analogs of the Heun equation. An interesting question
that is complementary to those pursued in the present paper is: under what specializations will these
g-Heun operators form Askey-Wilson algebras with the original operators. We plan to pursue this
matter in a future publication.

Acknowledgements: We thank Paul Terwilliger for comments. L.V. would like to express his
gratitude for the hospitality extended to him by the Institut Denis-Poisson of the Université Francois-
Rabelais de Tours as Chercheur Invité where most of this research was carried out. The research
of L.V. is funded in part by a discovery grant from the Natural Sciences and Engineering Research
Council (NSERC) of Canada. P.B. is supported by C.N.R.S. Work of A.Z. is supported by the National
Science Foundation of China (Grant No.11771015).

REFERENCES

[BGVZ17] P. Baseilhac, V. X. Genest, L. Vinet, A. Zhedanov, An embedding of the Bannai-Ito algebra in U(osp(1,2))
and —1 polynomials, Lett. Math. Phys. 108 (2018) 1623-1634, arXiv : 1705.09737.

[FV93] R. Floreanini, L. Vinet, Quantum algebras and g-special functions, Ann. Phys. 221 (1993) 53-70.

[FV93b] R. Floreanini, L. Vinet, On the quantum group and quantum algebra approach to g-special functions, Lett. Math.
Phys. 27 (1993] 179-190.

[GIVZ16] V. X. Genest, M.E.H. Ismail, L. Vinet, A. Zhedanov, Tridiagonalization of the hypergeometric operator and
the Racah-Wilson algebra, Proc. Am. Math. Soc. 144, (2016), 5217-5226.

[GVZ17] F. A. Griinbaum, L. Vinet, A. Zhedanov, Algebraic Heun operator and band-time limiting, arXiv: 1711.07862.

[GZ93] Ya. I. Granovskii, A. S. Zhedanov, Linear covariance algebra for SLq(2), J. Phys. A: Math. Gen. 26 (1993),
L357.

[IK11] M.E.H. Ismail, E. Koelink, The J-matriz method, Adv. Appl. Math., 56 (2011), 379-395.

[[K12] M.E.H. Ismail, E. Koelink, Spectral analysis of certain Schrédinger operators, SIGMA, 8 (2012), 61-79.

[ITWO06] T. Ito, P. Terwilliger, C-w. Weng, The quantum algebra $,(sl(2)) and its equitable presentation, J. of Algebra
298 (2006) 284-301/arXiv:math/0507477.

[K89] T. H. Koornwinder, Representations of the twisted SU(2) quantum group and some g-hypergeometric orthogonal
polynomials, Indag. Math., 51, (1989), 97-117.

[K93] T. H. Koornwinder, Askey-Wilson polynomials as zonal spherical functions on the SU(2) quantum group, SIAM
J. Math. Anal., 24 (1993), 795-813.

[K94] T.H. Koornwinder, g-Special functions, a tutorial, Representations of Lie groups and quantum groups, V. Baldoni,
M.A. Picardello (eds.), Longman Scientific and Technical, 1994, pp. 46-128, larXiv:math/9403216|

[KJ98] H.T. Koelink, J. Van der Jeugt, Convolutions for orthogonal polynomials from Lie and quantum algebra repre-
sentations, STAM J. Math. Anal. 29 (1998) 794-822, larXiv:q-alg/9607010!

[KS96] R. Koekoek, R. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and its q—analogue,
arXiv:math.CA/9602214v1.

[MMNNUS88] T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, K. Ueno, Representations of quantum groups and a
g-analogue of orthogonal polynomials, C.R. Acad. Sci. Paris Ser. I Math., 307 (1988) 559-564.

[M91] T. Masuda, K. Mimachi, Y. Nakagami, M. Noumi, K. Ueno, Representations of the quantum group SUq4(2) and
the little g-Jacobi polynomials, Journal of Functional Analysis 99 (1991) 357-386.

[NM90] M. Noumi, K. Mimachi, Quantum 2-spheres and big q-Jacobi polynomials, Comm. Math. Phys. 128 (1990),
521-531.

[S83] E.K. Sklyanin, Some algebraic structures connected with the Yang-Bazter equation. Representations of quantum
algebras Func. Anal. Appl. 17 (1983) 273-284.


http://arxiv.org/abs/math/0507477
http://arxiv.org/abs/math/9403216
http://arxiv.org/abs/q-alg/9607010
http://arxiv.org/abs/math/9602214

ASKEY-WILSON ALGEBRA REVISITED AND TRIDIAGONALIZATION 15

[TVZ17] S. Tsujimoto, L. Vinet, A, Zhedanov, Tridiagonal representations of the g-oscillator algebra and Askey/Wilson
polynomials J. Phys. A: Math. Theor. 50 (2017), 235202.

[T11] P. Terwilliger, The Universal Askey-Wilson Alebra and the Equitable Presentation of $lq(sl(2)), SIGMA 7 (2011)
099, larXiv:1107.3544|

[T15] P. Terwilliger, The Lusztig automorphism of {4 (sl(2)) from the equitable point of view, J. Algebra Appl. 16 (2017)
1750235, arXiv: 1509.08956.

[VS88] L. L. Vaksman, Ya. S. Soibelman, Function algebra on the quantum group SU(2), Funk. Anal. Priloz., 22 (1988)
1-14.

[291] A.S. Zhedanov, Hidden symmetry of AskeyWilson polynomials, Teoret. Mat. Fiz. 89 (1991) 190-204.

T InsTITUT DENIS-POISSON CNRS/UMR 7013 - UNIVERSITE DE TOURS - UNIVERSITE D’ORLEANS PARC DE GRAM-
MONT, 37200 Tours, FRANCE
E-mail address: pascal.baseilhac@idpoisson.fr; xavier.martin@idpoisson.fr

* CENTRE DE RECHERCHES MATHEMATIQUES UNIVERSITE DE MONTREAL, CNRS/UMI 3457, P.O. Box 6128,
CENTRE-VILLE STATION, MONTREAL (QUEBEC), H3C 3J7 CANADA
E-mail address: vinet@CRM.UMontreal.CA

¢ DEPARTMENT OF MATHEMATICS, INFORMATION SCHOOL, RENMIN UNIVERSITY OF CHINA, BEIJING 100872, CHINA
E-mail address: zhedanov@yahoo.com


http://arxiv.org/abs/1107.3544

	1. Introduction
	1.1. Notations

	2. The Askey-Wilson algebra and its embedding in Uq(sl(2))
	2.1. The Chevalley presentation of Uq(sl(2))
	2.2. The equitable presentation of Uq(sl(2))
	2.3. The q-difference operators realization of Uq(sl(2))
	2.4. The Askey-Wilson algebra

	3. The little q-Jacobi polynomials
	3.1. The second order q-difference operator 1
	3.2. Eigenfunctions and the explicit expression of the little q-Jacobi polynomials

	4. Tridiagonalization of the little q-Jacobi operator and the equitable presentation of Uq(sl(2))
	5. The big q-Jacobi polynomials
	5.1. The second order q-difference operator G1
	5.2. Eigenfunctions and the explicit expression of the big q-Jacobi polynomials

	6. A connection between some big q-Jacobi polynomials and special little q-Jacobi polynomials by tridiagonalization
	7. Conclusion
	References

