N

N

Asymptotic approach for backward stochastic
differential equation with singular terminal condition *

Paulwin Graewe, Alexandre Popier

» To cite this version:

Paulwin Graewe, Alexandre Popier. Asymptotic approach for backward stochastic differential equation
with singular terminal condition *. 2020. hal-02152177v2

HAL Id: hal-02152177
https://hal.science/hal-02152177v2

Preprint submitted on 11 Mar 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02152177v2
https://hal.archives-ouvertes.fr

Asymptotic approach for backward stochastic differential

equation with singular terminal condition*

Paulwin Graewe'! and Alexandre Popiert?

Deloitte Consulting GmbH, Kurfiirstendamm 23, 10719 Berlin, Germany
2Laboratoire Manceau de Mathématiques, Le Mans Université, Avenue O. Messiaen,
72085 Le Mans cedex 9, France

March 9, 2020

Abstract

In this paper, we provide a one-to-one correspondence between the solution Y of a
BSDE with singular terminal condition and the solution H of a BSDE with singular
generator. This result provides the precise asymptotic behavior of Y close to the final
time and enlarges the uniqueness result to a wider class of generators.
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1 Introduction

This paper is devoted to the study of the asymptotic behavior of the solution of backward
stochastic differential equations (BSDEs) with singular terminal condition. We adopt from
[24] and [29] the notion of a weak (super) solution (Y, Z) to a BSDE of the following form

1
—dYy = — f(Y)dt + \edt — ZpdWy (1)
¢
where W is a d-dimensional Brownian motion on a probability space (€2, F,P) with a filtra-
tion F = (F;)s>0. The filtration I is the natural filtration generated by W and is supposed
to be complete and right continuous. The particularity here is that we allow the terminal
condition & to be singular, in the sense that £ = +o00 a.s.
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Fédération de Recherche Mathématique des Pays de Loire FR CNRS 2962.
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Since the seminal paper by Pardoux and Peng [26] BSDEs have proved to be a powerful
tool to solve stochastic optimal control problems (see e.g. the survey article [8] or the
books [28, [33]). BSDEs with singular terminal condition provide a purely probabilistic
solution of a stochastic control problem with a terminal constraint on the controlled process.
The analysis of optimal control problems with state constraints on the terminal value is
motivated by models of optimal portfolio liquidation under stochastic price impact. The
traditional assumption that all trades can be settled without impact on market dynamics is
not always appropriate when investors need to close large positions over short time periods.
In recent years models of optimal portfolio liquidation have been widely developed, see,
e.g. [1L 2, 10, 1T, 17, 22], among many others. In [4], the following problem is considered:
minimizing the cost functional

0=k |[ (1= 1R+ AP s @

over all progressively measurable processes X that satisfy the dynamics

SQ
Xs:ac—i—/ X, du
0

with the terminal constraint that X = 0 a.s. Here p > 1 and the processes n and A are non-
negative and progressively measurable. In this framework the state process X denotes the
agent’s position i in the financial market. At each point in time ¢ she can trade in the primary
venue at a rate X; which generates costs [(p— 1)n]P~* \Xt|p incurred by the stochastic price
impact parameter 7. The term A\;|X;|P can be understood as a measure of risk associated
to the open position. J(X) thus represents the overall expected costs for closing an initial
position = over the time period [0, 7] using strategy X. In [4], optimal strategies and the
value function of this control problem are characterized with the BSDE

Y|V
—dY; = —t|nt’dt + \edt — Z,dW, (3)
t

with thn%Yt = 4o00. Here ¢+ 1 is the Holder conjugate of p. The function f : y — —y|y|?
%

is here a polynomial function. Variants of the position targeting problem have been
studied in [5], 14} 15, 32]. Note that these problems are particular cases of the stochastic
calculus of variations (see [3]).

Let us explain the methodology to obtain a solution for the BSDE . The most common
approach in the literature is the so-called penalization approach, see, e.g., [29], [30], [4], [14],
[24], and the references therein. The idea of the penalization approach is to relax the binding
liquidation constraint by penalizing open position in the underlying liquidation problem. In
[4], as in [24] for more general driver, the authors use the penalization approach, replacing
the singular terminal by a constant n and letting n go to +00. The convergence is obtained
by a comparison principle for solution of BSDEs (see [23] or [27]). In [I5], the approach
consists in the study of the precise asymptotic behavior at time T' of the solution Y of .
Roughly speaking, the major singular term of Y is then removed to obtain a non-singular
problem. The key of this asymptotic approach is to establish sharp a priori estimates of the



singular solution at the terminal time. In [I5], the authors consider a time-homogeneous
Markov setting and obtain the a priori estimates and uniqueness by establishing a general
comparison principle for singular viscosity solution to . These results are based on time-
shifting arguments, applied similar before in [29], which in general do not apply in a non-
time-homogeneous setting. However, it is outlined in [15] how the shifting argument may
be applied in non-Markov settings to obtain sharp a priori estimates of the singular solution
to (3). One major result of [15] is the uniqueness of the solution of (B)), under boundedness
assumptions on the coefficients p and A (see also [14]). This approach is also used in the
recent paper [I8, Section 4| to obtain uniqueness without the boundedness condition.

Let us outline in which directions our findings generalize some results from these papers.
In [24] the generator may depend also on Z in a non trivial way; here our generator has a
special form. However in the previously mentioned papers (see [24]) f is assumed to be a
polynomial function or of polynomial growth w.r.t. y, that is f(y) < —y|y|?. In the rest of
the paper we assume that

(A1) There exist three constants 0 < n, < n* and ||| > 0 such that a.s. for any t € [0,T]

e < <%, 0 <A <Al

(A2) The function f is continuous and non increasing, with f(0) = 0 and with continuous
derivative.

(A3) For any x > 0, the function
1
G(z) = / —dt 4
(z) =y (4)
is well-defined on (0, 00).

Note that if n and A are deterministic, the BSDE becomes an ODE and this condition
((A3)|is necessary and sufficient to ensure that the solution can be equal to +oo at time T,
but finite at any time ¢ < T. Under these assumptions, we prove existence of a minimal

solution (Y, Z¥") of the BSDE () (Proposition. The function f(y) = —(y+1)|log(y+1)[?
is an example satisfying [(A3)| but not covered by the preceding papers.

Our main result concerns the asymptotic behaviour and uniqueness of this minimal solu-
tion (Theorem [1)). Under some (sufficient) conditions[(C1)| (concavity and regularity), [(C2)]
to|(C4)| (behaviour near +00) on f and under the assumption |(H)|on n (Itd’s process), we

prove that Y is equal to: a.s.
}/t = ¢) (At) - ¢I (At) Ht7 vt € [07 T]? (5)
where

e for any t € [0,T]
T
1
At:E|:/ —ds
t s

3

7. (6)



e ¢ = G~ ! solves the ODE: ¢/ = f o ¢ with initial condition ¢(0) = +oo.

e The process H is the unique solution of a BSDE with terminal condition 0 and with
a singular generator FH in the sense of [20):

T T
Ht:/ FH(s,HS,Zf)ds+/ zHaw,. (7)
t t

Singular generator means that ftT |FH (s, h,z)|ds = +o0o. One singularity comes from the
explosion at time T and creates trouble only close to time 7. But in F¥ there are linear
terms including the martingale part of the process A. These terms have to be controlled on
the whole interval [0, 7], and not only on a neighborhood of T'. This is the reason of the
additional assumptions |[(C1)|to [(C4)|and |(H)| Let us emphasize that there were only two
results about uniqueness, namely [15, Theorem 6.3] and [18, Theorem 4.3| for the power

case f(y) = —yly|9, ¢ > 0. Uniqueness was proved by showing that any solution (Y, ZY) is
the value function of the control problem . Here the proof is based on the comparison
principle for BSDEs.
The asymptotic behavior follows from the boundedness of the process —¢'(A)H/¢(A) on
some deterministic neighborhood of T": a.s.
7).

cn=o(e [ ol (e

where the constant xk depends on the coefficients n, A and f. This inequality justifies the

decomposition : the dominating term at time 7" is ¢(A¢). Moreover if 7 is deterministic,
the solution of the BSDE (1)) with A = 0 is exactly ¢(A). Somehow the randomness and
the presence of A are considered as a perturbation of ¢(A) and the decomposition is a
kind of Taylor’s expansion of Y. Note that different decompositions could be considered
(see the end of Section (3| or the extensions developed in Section ; they all give the same

asymptotic behavior for Y at time T'.

As a consequence, we provide a new one-to-one correspondence between the BSDE (/1))
with singular terminal condition and the BSDE (7)) with singular generator. The main
drawback for BSDE with singular terminal condition is the lack of approximation scheme
with some rate of convergence. Indeed most of numerical schemes for BSDE are based on
backward induction starting at the terminal value. The correspondence between Y and
H could be a promising solution for numerical scheme, since the terminal value of H is
zero. The singularity of the generator of H is a serious obstacle. However the works made
on irregular terminal condition (see [I2] or [I3]) could be inspiring to construct numerical
schemes on the BSDE . This point is left for further research.

We also study two different cases. The first one is the power case f(y) = —yly|?. If n
is an Itd process, we follow the arguments of the paper [15] for a PDE and show that the

relation can be formulated as follows: a.s.

vt e [0,T], Y= (n)"9¢(T —t)— ¢/ (T —t)H}, 8)



where H? solves the BSDE with a singular generator F*:
T T
H} = / Fi(s, H) ds — / ZH aw,
¢ t
see Theorem [2l The interesting point here is that the unique solution H* is constructed by
the Picard iteration in the space

HO = {H € L®°(C(IT — 6, T;;R)) : ||H|3s < +00} (9)

endowed with the weighted norm

|Hllgs = || sup (T —t)2|H|

te[T—46,T)

(10)

o0

The constant & depends on ¢ and the norm of the coefficients 7 and A. This construction
has two main advantages: first we have a more accurate behavior of Hf at time T', secondly
this construction is more tractable for numerical approximation. Since H? is obtained by
a fixed point argument in a weighted space, we strongly believe that it could be a way to
compute H and thus Y.

The second case is an attempt to relax the assumptions on f (in particular concavity)
and on 7 (diffusion process). Instead of , we look at: a.s.
T—1t\ ~ ~
vte[0,T], Y;=o¢(4)—¢ <77*> H; = ¢(Ay) — ™ (t)H,. (11)
It is important to note that there is some asymmetry in since the first term with ¢ is

random, whereas the second with ¢* is deterministic. This method avoids assuming extra
assumptions on f but we loose uniqueness of the solution (see Theorem (3)).

The paper is decomposed as follows. In Section [2] we recall and extend several results
concerning the existence of the solution (Y,ZY) of the BSDE with singular terminal
condition +00 and provide some a priori estimates on this solution Y and on ZY .

Section 3| is dedicated to the decomposition and to the statement of Theorem
We explain our additional assumptions on the coefficients n and f of the BSDE (l1}). In
the subsection [3.1] the reader finds here several examples of functions f, for which these
hypotheses hold. In the part [3.2] we study the properties of the coefficients of the generator
FH and in the next subsection we prove the existence and uniqueness of the solution of
the BSDE with a singular generator and with terminal condition 0 (Equation @) and the
one-to-one correspondence between the solutions Y and H. The rest of the section (part
concerns the asymptotic behaviour of Y.

In Section 4 we study the power case and we prove that H¥ can be constructed by a
Picard approximation scheme. And we briefly explain how to handle without extra
conditions on f.

Finally in the appendix, the non-negativity assumption of A is removed and we give
a self-contained construction of the solution (H,ZH) (without any reference to Y) which
extends the existence result of [20].

In the continuation, unimportant constants will be denoted by C and they could vary
from line to line.



2 BSDEs with singular terminal condition

Let us introduce the following spaces for p > 1.

e DP(0,T) is the space of all adapted cadlagﬂ processes X such that

E| sup | X¢?P | < +oo.
te[0,7T

e HP(0,T) is the subspace of all predictable processes X such that

T £
(/ |Xt\2dt>
0

o SP(0,T) = DP(0,T) x HP(0,T) and §°(0,T) = (5, §7(0, 7).

E < 400.

Whenever the notation T'— appears in the definition of a process space, we mean the set of
all processes whose restrictions satisfy the respective property when T'— is replaced by any
T — e, e > 0. Let us define the notion of solution for a singular BSDE.

Definition 1 (BSDE with singular terminal condition) The process (Y, ZY) is a so-
lution of the BSDE with terminal condition 400 if:

e There exists p > 1 such that (Y, ZY) € SP(0,T-).

o Forany0<s<t<T,

t 1 t
s LT s

e Y, >0 for any t € [0,T],a.s. .
o A.s. limY; = +oo.
t—T
Minimality of the solution (Y, ZY) means that for any other process (}N/, Z ) satisfying the

previous four items, a.s. Y; > Y; for any t.
In the BSDE , the generator is of the form:

(wvtvy) = f(y) + At(w)'

1
M (w)
Recall that here and in the rest of the paper, the conditions|(A1)land|(A2)|hold. Supposing
that f is continuous and non increasingﬂ is coherent with the existence and uniqueness results
concerning monotone BSDEs (see [27, Chapter 5.3.4]). Note that if f(0) # 0, then

M-F)\t:if(y)_f(o)+/\t+@=@+Xu
Uz Tt Mt Tt

'French acronym for right-continuous with left-limit

2For monotone BSDEs, the classical assumption is: for some u € R and any (y,y') € R?, (f(y) —
FWN)y—1vy) < puly—y')? By a very standard transformation (see [27, Proof of Corollary 5.26]) we may
assume w.l.o.g. that y =0, thus f is non increasing.



provided that Xt > 0. The non-negativity of A is natural for the control problem and
leads to a more accurate expansion of Y. However it is not necessary (see Section in
the appendix for a short discussion on this point). Somehow and to summarize, the only
stronger condition on our type of generator is the regularity: f € C'(R).

Let us summarize the known results on the singular BSDE , assuming that the as-
sumptions [(A1)| and [(A2)| hold.

e From |24, Theorem 1], if f(y) < —yl|y|? for some ¢ > 0, the BSDE (/1)) has a minimal
solution (Y, ZY).

e From [15, Theorem 6.3|, if f(y) = —y|y|9, the solution is unique.

To obtain the existence of a solution, a key step is the existence of an a priori estimate
on Y (see [], [15] or [24]). Using the arguments of [I5] Proposition 6.1], we obtain that if
f(y) < —yly|?, any solution of the BSDE (|1)) satisfies:

sy [ (&) )

where p is the Holder conjugate of ¢ + 1.

]—"t] (12)

The goal of this section is to extend the existence result to a larger class of functions
f. Let us consider the ordinary differential equation (ODE): ¢y’ = — f(y) with the terminal
condition y(7T) = +oo. There exists a solution if and only if the function G given by
(4]) is well-defined at least on some interval (k,+00), with k = sup{y > 0, f(y) = 0},
meaning that f = 0 on [0,x]. Note that the function G is positive, strictly decreasing
and convex, such that G(co) = 0 and the smoothness of f implies that G(k) = +o0.
Then the solution y is given by: y(t) = G™Y(T —t) on [0,T]. Defining f*(z) = f(x + k),
G"(z) = G(z+ k) yields that G* is defined on (0, +00). Moreover the solution y is given by:
y(t) = GYT —t) = (G*)"Y(T — t) — k and solves 3y = —f*(y) together with y(T) = +oc.

Hence w.l.o.g. we assume from now on that holds. Recall that ¢ = G~ is
decreasing and C2 on (0, 00) and solves ¢/ = f o ¢.

Remark 1 In the inequality , the boundedness assumption can be replaced by
some integrability condition on A and n. Thereby weaker conditions are considered in [J)] or
[24] to obtain existence and in [18] for the uniqueness. However under|[(A3)| the required
integrability condition is not easy to determine. For small value of q, is finite if n is in
LY9(Q x [0,T)), that is not so far from boundedness.

Let us now give an upper bound on Y, similar to [15, Proposition 6.1] but again for a
general function f. Let us consider the function

_ 0o 1 o0 1
G(x) =/ dy:n*/ T W
e A+ L2 « —lAln* = f(y)
defined on the interval I = (f~(—||\||n*), +00). Since f is a function with continuous
derivative, G(f~1(—||A||n*)) = +oc. If we define ¥ = G~!, this function is well-defined on
(0, +00), with 9¥(0) = +00 and satisfies:
f(9)

9 = ||\ + —=. 13
[l - (13)



Note that the function ¢ strongly depends on n*, ||| and f.
Lemma 1 Assume that the process (U, ZY) satisfies the dynamics: for any ¢ > 0 and

0<t<T —¢

T—e 1 T—e T—e
Ui+ G =Ur—c + / [)\5 + Uf(US)] ds — / Osds — / zYaws, (14)
t E t t
where ¢ and © are two non-negative processes. Then a.s. for all t € [0,T),
0< U <HT —1). (15)

Proof. We proceed as in the proof of [15, Proposition 6.1], namely we shift the singularity.
Take any 0 < € such that 0 <T —e < T. The function (¢ (T —e —t), t € [0,T — €]) solves
the ODE: y(T — 6) = +o00 and

f(y)

* -

Yy ==l -

By the comparison principle again we have that U, < 9 (T —e —t) on [0,T — ¢]|. Since U
does not depend on €, we obtain that a.s.

vt e[0,T), U, <9(T—t).

This achieves the proof of the lemma. O
As a by-product, our proof implies that for any non-negative solution (Y, ZY) of the

BSDE ({1}, we have a.s. on [0,T7:
Y, < (T —t). (16)

Compared to , in the power case f(y) = —y|y|?, this estimate is less accurate. However
it holds for functions without polynomial growth. A typical example is f(y) = —(y +
1)|log(y + 1)|? for some ¢ > 1.

Proposition 1 Under Conditions |(A1l), |(A2)| and |(A3)|, the BSDE has a minimal
non-negative solution (Y, ZY) € $*(0,T—) such that holds.

Proof. The existence of a non-negative solution can be obtained by the same penalization
arguments as in [4] or [24]. We use the a priori estimate in order to obtain the conver-
gence of the penalization scheme on any interval [0, 7 — ¢]. Minimality can be proved as in
[24, Proposition 4]. Thus we skip the details here. O

Remark 2 (Generator depending on Z) Assume that the generator has the form:

(t,w,y,z) — M + M(w) + ((t, w, 2),

ne(w)

where there exists a constant C' such that for any (t,w, z,2")

0< g(t7w70) < 07 |C(t,w,z) - C(t7wazl)’ < C’Z - Z/|'



Using the Girsanov theorem, existence of a solution can be derived directly from Proposition

. Indeed if (Y, Z") is a solution of the BSDE (1)), then

vi=vor [P o as— [z [aw - 2 as
t s t

_ ‘) " oy
_Yu+/t [ ” +)\S+C(S,O)]ds /tZSdWS

where the process CZY s bounded by C and W is a Brownian motion under a probabilty mea-
sure Q equivalent to P. Moreover all results in this paper remain valid under this probability
measure Q equivalent to P.
We define the process A by @ Note that from the boundedness of n
1 1
—(T—t) <A < E(T—t). (17)

Let us add a lower bound on Y, similar to [4, Estimate 3.7] (see also [I8 Proposition 4.1]),
but for a more general driver f.

Lemma 2 The minimal solution Y satisfies a.s. for any t € [0,T],
Y > o (Ay). (18)
Proof. Indeed the process A satisfies

1
uiz

—dA; = —dt + Z{dW, (19)
for some Z4 € H2(0,T). For some L > 0, define AF = %—l—At. Since ¢ is a smooth function,
if Ul = ¢(AL), Tto’s formula leads to

1 1
—dUl = ¢'(AF) {mdwzf‘dwt} - §¢"(Af)(zf)2dt
- ;f (Uf)dt — %qb”(AtL)(Z;“)?dt + 2V aw,.
t

Note that ¢"(z) = f'(¢(z))f(¢(z)) > 0, thus 2¢”(AL)(Z)? > 0. Since UL = ¢(1/L),
from the comparison principle for monotone BSDE (see [27, Proposition 5.34|) and the
construction of Y by approximation, we obtain that Y; > U}. Passing through the limit on
L leads to the conclusion. g

To finish this section, let us give an estimate of ZY¥. Let us also emphasize that this
upper bound is valid for any solution of the BSDE (|1)), since the proof only uses the dynamics
on [0,7T) and the a priori estimate on Y, but not the construction by penalization of
Y. In the power case (f(y) = —yly|?), it is known (see [0, 29]) that

E K/OT(T - S)Q/q(zf)%zs)] < +o0.



Lemma 3 Assume that f is concave. Any solution (Y,ZY) € S*(0,T—) of satisfies

for all p € [1,400)
< 4o00.

E (/OT — /(%) (Z§)2ds>p

(f(¥s))?

Proof. From , Y remains bounded away from zero on [0,7]. Thus let us apply the

function G to Y:
_ _ (1 _ o [y
a6t = [y (i -a)ass [ ataw,
L —f) ya
3 ) Grogp @ v

Hence

[ aras o [ (2)u- [ oo

Now for p > 1, there exists C), such that

)

|
Jy Ty

CP0) e ) .
o< () Gl re) <6 <(G(Yt” T

From Equations and , since GG is non-increasing
0 < G(Yy) < G(o(Ar)) < G((T/ny))-

Taking the expectation and using BDG’s inequality we obtain for any ¢t < T
t_f/(Ys) Vo >p:| < T)
E 7Y\2q s 2
[(fo (f(Ys))Q( s ) s < G ((G(o(T/n.)))" + 7
s Y2 P2
(] gagp @ ras) ] -

Since — f’ is non-decreasing (that is f is concave), for any s € [0, 7]
0< L < ! < 1 < 400
T (Yo T = f1(0(As)) T —f(e(T/ny)) '

+ G,E

Therefore for any t < T

K/Ot _f,(YS)(ZZfds)p] < C+CE

([ e mrra)”|

(f(Ys))?
Using Jensen’s inequality if w = E [(fg (_f](c;/(:)/“‘)% (Zf)st)p} , w < C + Cw!/?, hence for any
t<T L »
—f'Ys) vye ) ]
E / Zg ) ds <C.
([ G

By monotone convergence theorem, we obtain the desired estimate.

10



Using the monotonicity of f and f’, using and , we get

T T = 9)/) e
E[(L T )

< +00.

1
L\
In the power case f(y) = —y|y|?, ¢(z) = <> ", Since 6(T —t) is equivalent to (T —t)~1/4,
qz

E [(/OT(T - 5)2/q+1(z§)2d5>} < +oo.

Hence this estimate is not optimal. Nevertheless it is sufficient for our purpose in the proof
of Proposition 2] in Section [3.3] below.

we have

3 Asymptotic behaviour: the main result

Recall that A is given by @ and satisfies and ¢ verifies: ¢’ = f o ¢. For

1
—dY, = —f(Yy) dt + \edt — Z) aW,
Ui

we make the ansatz (B]), that is ¥; = ¢(A4;) — ¢/(Ar)Hy. Hence we obtain the heuristic
dynamics of H, namely:

1 /
—dH; = m[f(¢(At)_¢(At)Ht)_f(( £) + (G(Ar)) ¢ (Ae) Hy] dt

N ¢4, (21
Tlear T 2wy A |
[63)(A,)(A)? <ZtA)2 A (A)) Z,;“ B
Ty ) B Ty a s e A
1
= — A) —¢'(A — A
Ty (60 = 6 A = J(6(A0) + T (@A ()
At ki (Z4)? K“t Kt (2 V28 H
+ _¢,(At) ? At 9 (1415> Ht +/€t EZt dt— Zt th, (20)
where (2)( ) (3)( )
1, (A o 4 (A
=Gy T TG
Note that from (18]) and since ¢’ < 0, H; > 0 a.s. Hence the dynamics of H is given by:
—dH, = FA(t,H,, zM)dt + zHaw,, (21)
where F# = F + L with
F(t,h) = @[f@(z‘lt)—ﬁ(flt)h)—f( (A1) + f'(¢(Ar))¢' (A) ] 1130, (22)
B At /i% (ZtA)2 Iit Iit Z ZA
L(t,h,z) = _¢,(At)+? o, + — 5 (At> h+k tAt (23)

11



L stands for the linear part of the generator of H, even if there is also a linear part in F"

oA, _ s,

h>0~ =
N Nt e

Note that the generator F' is singular in the sense of [20], since in general

T 1

Ky
——dt = +00.
/0 Mt A

It is proved in |20, Propositions 3.1 and 3.5] that the terminal condition on H should be
zero. Hence we adopt their definition (|20, Definition 2.1]) of a solution.
Definition 2 (BSDE with singular generator) We say that (H, ZH) solves the BSDE
@ if the relation holds a.s. for any t € [0,T] and if

1

T T 2
E / \FH(S,HS,ZdeS—i-(/ (Zf)%) < +00.
0 0

We add some additional conditions on f:
(C1) f is concave and of class C* on (0, +00).

[e9) -6
C2) There exist two constants § > 0 and R > 0 such that z — G(z) ™% = idy
(

—f(y)

is convexr on [R,+00).

(C3) If ¥° is the increasing and concave function ¥° : x — G~ (z=/%) for > 0, then
(—=f)o Y° is also increasing and concave on a neighborhood of +0o.

Let us emphasize that the conditions [(C2)|and [(C3)| only involve the function f on some
interval [R,+o00) and the value of R may be large. Under , we know that 0 is
increasing. From —f" is a non-decreasing function and there exists a rank such that
for any 2 greater than this rank, —f/ > 0. In other words (—f)o1? is an increasing function,
at least on a neighborhood of co. Hence the main assumption in is the concavity of
—f oy’

Finally our last condition on f is the following. Let us define for some p € (0,1), the

non-negative function h(y) = —f(y)G(y)'~*.

(C4) There exists p € (0,1) such that the function y — Y remains bounded on a neigh-

h(y)
borhood of +o0.

Again this property only depends on the behavior of f near +o0c. Note that

+o00 1 1 )
/y %dt = ;G(y) ;

thus 1/h is integrable on [1,4o00). It is known (see [16, Section 178|) that if h is non-
decreasing, then we have
lim —— — 0.
y—-+oo h(y)

12



Thus |[(C4)|holds. But since

L, [G"WG W) + (p— DG (y)?
(G'(y))? ’

the non-negativity of h’ is equivalent to the non-negativity of the second derivative of G”.

W(y)=Gy)™" [-f(y)Gy) — (1 - p)] = G(y)

In other words h is non decreasing if and only if G” is convex.
1
To state our main result, we assume some regularity on the process v := —. Let us
n

suppose that v is an [t6 process of the form:

Note that with Condition [(A1)} it is equivalent to assume that 7 is an Itd process. We also
consider the stronger case:
dye = b(ye) dt + o () dWr. (25)

In the rest of the paper we call [(H)| the next condition:
(H) The process 1/n satisfies

e cither the equation with bounded coefficients bY and o”;

e or the SDE where the functions b and o are Lipschitz continuous and o is
bounded.

Let us now state our main result.

Theorem 1 Under the hypotheses|[(A1)| to[(A3)], [[C1)| to [(C4)| and [(H)], the BSDE
has a unique solution (Y,ZY) (in the sense of Definition . This solution is given by :

a.s. i = ¢(Ar) — ¢'(Ar)Hy for any t € [0,T), where H is the unique solution of the BSDE
@ (in the sense of Definition @)

3.1 Examples

Let us study several functions f, ordered by their “non linearity”, and verify the conditions
of the previous theorem.

If f(y) = —(y+ 1)|log(y + 1)|9 for some ¢ > 1 and y > 0, all conditions (A1)} [(A2)]
and |(A3)| are verified and if p is the Holder conjugate of g then

Vo >0, G(z)= 7 i 1 log(z +1)'79,  ¢(x) = exp (((q — 1):}6)1_”) -1
qs//(l,)
¢'(x)

near zero and for any § > 0, G™9 is not convex. Somehow this function f is “not enough

Direct computations show that —

x = [(p—1)Pz7P + p| is not a bounded function

non linear”. In other words, for this class of functions, we only have existence of a minimal
solution (Proposition [I]).
All of the next functions verify [(C1)|to [(C3)}

13



1 1\«
e Power case: f(y) = —yl|y|? for some ¢ > 0. Then G(z) = g and ¢(z) = (qa:) !
The assumption [(C2)| holds for any § > 0 and

@) g+l V@) 1+2
¢'(x) ¢ = () ‘.

o Exponential case: f(y) = —(exp(ay) — 1) for some a > 0. Then
G(z) = —é log (1 —e ™) =G (2) = ¢(x).

And @) )
) (x)a:: are o1 ¢ (a:)agzax(l—&-e ) ~ o,

- ¢(x) e —1a—0 " ¢ () e —1 20

are bounded near zero. From the Lemmata [4] and [5] [(C2)] and [(C3)] hold.

e Normal case: f(y) = —exp(ay?) for some a > 0 and y > 0 (note that f(0) = —1 to
simplify the computations). Then

Glz) = \/j [1 ~ Nz 2a)] . o(z) = \/1%/\/—1 <1 - x\/§> :

where N(+) is the cumulative distribution function of the normal law. Thereby
¢ (z) = —explag(x)®), ¢ () = 2a6(x) (¢ ())?,
and with /a¢(z) = z/v2

@) arep(22) [ - N()] ~ L.

B ¢’ ({L‘) z—+00

using the classical tail estimate of the normal law. Hence x¢”(z)/¢'(x) is bounded
near zero and [(C2)| holds (again by Lemma [4).

Since
¢ (x) = 2a(¢/()*) + dag(z)¢ (v)0? (x),
Thus
@) ), o)
93 (x) o(x) ¢(z)

From |(C2)|and Lemma {4} the second term is bounded. Arguing as above yields to:
_x¢/(x) _ \/2aG< z >622/2
¢(z) =z V2a
From Lemma [5| [((C3)|is verified.

For all function direct computations show that lim, |

(C4)| holds.

— 0.
Z—r+00

Y

—— =0, for any p € (0,1). Hence
h(y) 01

14



3.2 Properties of the generator '/

Let us describe the properties of the generator F¥ given by and .
o FH(t h,z) = L(t,h,z), for any h < 0.

e [ is continuous and monotone w.r.t. h: for any h and h/,
1
(h— W) (F(t,h) = F(t, ') < —t—(h — )2,
ne A

since f is itself monotone.

For any |h| <,

. s JO(A) + ¢ (A)n)
[F( ) = F(1,0)] < FTEnT

e [ is linear w.r.t. A and z with
1,2 /7A 2 A
\L(t,h,2) — L(t, B, 2| < ”“t;t (AZ) R e IEd!

The process FH(-, 0,0) is equal to

1 ZA)2 A
FH(10.0) = L(t,0,0) = "t (Z)" N
OO =LE00 =50~ Fa)

Therefore, to deduce existence or uniqueness of the solution of , we cannot directly
use some results in [20] or in [27]. Indeed if we consider this BSDE (7)) with f = 0, we
get a linear BSDE. From our best knowledge, existence of a solution is proved only under
some exponential moment condition on the coefficients (see |27, Proposition 5.31]). Even
if we avoid the final time 7', then 1/A4 is bounded on [0,7 — €] (Inequality (17)), but
Z4 is only BMO. Hence the stochastic exponential of the martingale M = fo Zdes is
uniformly integrable. But controlling the exponential of the bracket of M is more difficult.
If ¢ = fOT 1/nsds is Malliavin differentiable, then we require that its Malliavin derivative
has exponential moments.

Let us emphasize if we do not control the quantity (Z4)?/A?, then from [20, Proposition
3.1], we may have infinitely many solutions.

3.2.1 On the coefficients k! and k2

To obtain some estimates on k%, i = 1,2, which depend essentially on ¢ and its derivatives,
we need additional conditions on f. Recall that ¢ is a positive function and it solves,
¢ = fop. Thus ¢ <0 and ¢ = (f o $)¢' > 0 from Assumption Note that the
functions ¢ and ¢’ are continuous and bounded on [e, +00) for any € > 0 and ¢’ never reaches
zero on compact subset on (0,00). Hence the processes x' and F(-,0,0) are bounded on
any time interval [0, 7 — €] for 0 < e < T" and are nonnegative. Moreover since ¢(0) = +o00,

15



the condition implies that ¢'(0) = f(400) = —o0. Using and we deduce
that A\/¢'(A) is bounded on [0, 7] by || A||(=¢'(T/ns))~ .

The next lemma provides a necessary and sufficient condition for the boundedness of

the process k.

Lemma 4 The next two assertions are equivalent.

1. There exists a constant § > 0 and R > 0 such that x — G(z)~? is convex on [R, +00)

(assumption |(C2)|).

2. The function ¢ verifies the next property: there exists K > 1 and o > 0 such that for

¢"(x)
all x € (0, 0]: |z <
e
The constants are related by: o =1/R and § = K — 1.
¢" () o _
Proof. Remark that = 7(z) < 0. Hence it is enough to show that there exists K > 0
x
¢"(z)
such that —zx () < K. W.lo.g. we can assume that K > 1. Now let us define ¢ by
T

o(z) = ¢(1/z) for any x > 0. Then

H() =50 (/2), (@)= ¢/ (1/x) + —3¢"(1/x).

Thus " Lo
x x
L@y 100/
¢'(z) z ¢'(1/x)
Hence to establish Lemma [4] it is sufficient to prove that there exists K > 1 and ¢ > 0 such

that for all t > 1/0 = R,

"
t
—twl( ) S0 K- _(K—2)
¢'(1)
Let us rewrite this condition in terms of the so-called Arrow-Pratt coeflicient of absolute
risk aversion by interpreting ¢ as utility function,
/"
'(t) o (K—-2)
t) :=— > — =: —a(t), 26
aplt) = =8 = L2 (26)
where the utility function to aj is given (up to positive affine transformations) by ug (t) =
tK=1. By a classical theorem due to Pratt ([31], see also [, Proposition 2.44]), Condition
holds if and only if

p=1oug (27)

for a strictly increasing concave function . As ¢ = G~!(1/-), Pratt’s condition is equivalent

W(t) =G ( _}(ﬂ) =G! (t—ﬁ) .

U

to

defines a strictly increasing concave function. In other words x G(IL‘)l_K is strictly
increasing and convex. This achieves the proof of the Lemma. (]
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Under the condition [(C2)] using (17), Ay < 1/R, if T — % <t < T. Thus the process

L | P
¢'(4)

coefficient is also bounded due to the regularity of f (Conditions|(A1l)|and [(A2)]).

A

is bounded on this interval: On the rest of the interval [0,77] this

From dB) = (f@ 0 ) ()2 + (f 0 ¢)p® < 0 and we deduce that 2 is also

nonnegative.

¢ ()
¢@ ()

Lemma 5 Assume that|(C1)|, |(C2)| and|(C3)| hold. Then the function x — —z is

a non-negative and bounded function on a neighborhood of zero.

Proof. Remark that 2¢®)(z)/¢® (z) < 0. The conclusion of the lemma is equivalent to
the boundedness from below of —z¢®)(z)/¢'(z) in the neighborhood of co with ¢(z) =
—¢'(1/x). From the proof of Lemma |4} we have

$(x) = () o ug) =% o ug

where 0 and ;ﬁ are increasing and concave. Note that we can assume w.l.o.g. that the
constant K is the same. Indeed if holds for some § > 0, the same condition holds
for any ¢’ > 4. Hence boundedness is equivalent to the existence of K > 1 such that
z +— G (z7/(E=1) (condition and (—f) o1)? are increasing and concave. O

Remark 3 Note that under|(C1)|, the boundedness of ks is equivalent to condition |(C3)|

Under to , the processes k' and k2 are non-negative and bounded.

3.2.2 Properties of Z4

In the linear part L of the generator F¥ given by , we also have to control the process
ZA. First note that the martingale (fg ZAdWs, t € [O,T]) is a BMO martingale (see [21])

and Z4 € H9((0,T)), ¢ > 1, due to the assumption that 7 is bounded from above and away
from zero.

Lemma 6 For any p € (0,1) and p > 1, we have

</0T <E425A1)+2ﬂ d8>p

Proof. Let us apply Ito’s formula to A'=7 on [0,T — ¢]:

T—e¢ - T—e 2?2
A = G [ e [ - aa g

E

< +o0. (28)

T—¢
4 / (1— p)(A) P ZAdW,.
t

17



Hence,

1_ T—c (Z4)2 B ., |
(2p)p/0 (543)1)+pd8 = A —-p) | o

Taking the expectation and using and the fact that t — (T'—¢)™" is integrable at time
T, we can apply Lebesgue monotone convergence theorem to get

E/OT (;Z:;)jpd 2R ((1‘110_)1/)” /OT ns(ils)"ds> < +oo.

Using for any p > 1 we obtain for some constant C, > 0,
T—e
1
ds
/0 ns(As)?

T—e A2
L e,
0 (Ag)tte

p p

|(Ar—2)' ~#P + |(Ao) ~*IP +

CP
T—e p
w0 @yeztam,
0
) . 1 /(T 1 P
< —p|P —pP|P _
< PP ([ )
T—e
- / (As)™
0

From the BDG and Holder inequalities, taking the expectation leads to

e (234)2 1-p|p 1-pp i ra s g
[, aswe] s e (f <As>ﬂd>]

1Y 1/2
+{E }

The function z + 2!~ is bounded on [0, 7/n.] by some constant C. Thus

1 p

—E
Cp

<

T—e
/ (A0 P Z2)%ds
0

1 T—e (ZA)2 p 1 ) 1 T 1 p
o) s) g < ANYPP L (T —pp . d
GE | = i g ([ e
T—e Ay P12
/2 (Zs)
+ C {E /0 (AS)des } .

In other words if . = IE ‘ T=e AZ)l)jp ds

, then there exists C' independent of € such that

0<% < C(l + (76)1/2)7

which leads to the existence of some constant C such that 4. < C. Using the monotone
convergence theorem, we obtain the desired estimate. g
From this estimate on Z#, using , we have for any p > 1

| A5e) )< ()= (] )

Thereby we deduce the next corollary.

< +00. (30)
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Corollary 1 Under Assumptions|(A1)|and|(C2)|, the process FH(-,0,0) belongs to LP(2 x
[0,T]) for any p > 1.

Proof. Since N

ki (Z{)? Y

2 A &' (Ay)’

immediate consequence of Inequality and boundedness of the coefficients A and ' due

toiAliandiC2il O

ZA
Recall that the generator ¥ depends on z linearly with a coefficient equal to x'! R We

FH(t,0,0) =

can control this term if we can apply Girsanov’s theorem, that is if the stochastic exponential

t ZA
of the martingale <t — / A—deS, t €0, T]) is uniformly integrable. Moreover in L, we
0 S

2
ZA
also have a term equal to x} k2 A—t h, which requires to control the quadratic variation of
t

the previous martingale. In general it seems to be difficult to handle these terms. However
under Assumption |(H)| we can overcome this problem.
Suppose that the process 1/n is given by and remark that:

T 1 T
At = E|:/ dS.Ft:|:E|:/ ’}/SdS.Ft:|
t s t
T s s
= E [/ (’yt +/ by du +/ JZqu> ds Ft]
t t t

= wWT-t)+E [/tT(T — u)b)du ]-'t} . (31)

If we denote

_ T
A, =E {/ (T — w)bldu
t

]:t )
then B B
ZA = o) (T —t) + Z#, with —dA; = (T —t)b)dt + Z}dW;.

Lemma 7 If Condition holds, there exist a deterministic time T <T and a positive
constant ¥ > 3V ||k, such that

T s 7A\2
Z
E |exp E/ < 2 > ds
[ < 7 o\ As
Proof. Since b7 and ¢7 are essentially bounded in and since~ZtA =0/ (T —1t)+ Z{T,

using , it is sufficient to prove the desired estimate only for Z4. Since b7 is essentially
bounded, then

< +o0. (32)

~ T ” N 20 [P
A <E (T —u) ||b7]| du|Ft| = N (T —t)°.
t
Ito’s formula leads to
A, A, ZA
—d = ——" __dt+b)dt L aw,.
((T—t)) U R Vi
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i
Hence we obtain that the martingale (Mu = / T : t)th, u € [0,T]> is a BMO mar-
0 _

tingale:

Yu € [0,T), |Mr — M, < 2||b"||(T — u) = sup E[\MT—Muy
u€(t,T]

fu] < 20||(T — 1).

Therefore we can choose T very close to T" such that the BMO norm of M on [f, T] is as
small as required. Using the Nirenberg inequality (see [2I, Theorem 2.2]), there exists a
constant ¥ depending on the BMO norm of M, such that

. T ZAZ 2
E |exp E/ = ds < 4o00.
7\ As

Precisely % should be smaller than the inverse of the 'BMO norm of M. Thereby choosing
T sufficiently close to T', we get Condition for ZA.

Let us now assume that the process 7 = 1/n solves the SDE , where b and o are
Lipschitz continuous functions defined on R. From [25, Theorems 2.2.1 and 2.2.2|, the

coordinate 7; belongs to D1 for any ¢ € [0,7T]. Moreover for any p > 1

sup E( sup |D7xyt|p> < 4o00. (33)
0<r<T  \r<t<T

The derivative D, satisfies the following linear equation:

t t
Dy = olw)+ / 5 (3) Dyysd W, + / b(s) Dyyads

for r < t a.e. and D,y = 0 for 7 > t a.c., where b(s) and &(s) are two bounded processes,
such that if 9 and o are of class C', they are given by:

b(s) = (0ub) (7). B(5) = (0w0) (7s)-

In this case £ = fOT(T —u)bldu is in D2 and by the Clark-Ocone formula, we have

Z4 = /t T(T —w)E [Dtbg .7-}} du = /t T(T —w)E [E(u)thyu

.Ft:| du.

Since (, = Dy, satisfies the linear one-dimensional SDE:

u

Co= o) + /t 5(s)CodBy + /t B(s)Cods,

an explicit formula for |(,| reads

Gl = lo(y)]exp [/tua(s)st—;/tug(sﬁds} exp [/tuii(s)ds}
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Since the function b is supposed to be Lipschitz continuous, bis essentially bounded. Thereby

_ T
e e [
t

— [Bllotl | T uwE oo | [ Bepas]

S ()| (7 — 12 = O(T — 1)o7 |

ft:| du

J au

IN

Finally it implies that

ZtA v ¥
Sl =l (1 (T 0)5),
where ¢7 is a bounded process. Hence Condition holds. ]

3.3 Proof of Theorem [1]

We suppose that the assumptions of Theorem [I| hold. First we prove the next result:

Lemma 8 For any € > 0, there exists a deterministic time T¢ € [0,T) such that a.s. for
any t € [T¢,T)

T -1 <0 (o) = 950, 3

Proof. Recall that ¥ = G~ solves with

~ ] o0 1
G(z) =/ dy:n*/ —a
( P Al = f(y)

and with 9(0) = 4+o00. But

~ _ * OO# = n* €T )2 - !
6e) = o | gy =@ MO | e

Therefore 7*G(z) < G(z) and

" N —_ 2 G($) — "Gz L(l‘)
G(x) < n*G(z)+ ||[M|(n") (=[N = f(z)) mG(2) <—||>\H77* —f(x)> .

We deduce that on the interval I = (R, +00), with R = f~1(—(1 + ¢)||A||n*), n*G(z) <
G(z) < (1 +¢)n*G(z), and thereby on the neighborhood of zero (0, G~1(R/n*)),

“Ha/m) < 9(2) < GTHa/(L+e)n")) = ¢la/((1+e)n)).

Thus provided that T¢ =T — G~YR/n*) <t < T, (T —t) < ¢(). O

ol As 1
Lemma 9 The non-negative process (WHS = ’{jl H,, se [O,T)) 1s integrable
Ns TlsAs
on £ x [0,T].
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T
Proof. From the a priori estimate on Y, we obtain that 0 < H; < (

using the very definition of x! we have
1 () () —
MsAs ns (=¢'(As)) m (9'(As))

Since ¢ is a non-increasing function, from the inequality , for any € > 0

() @ (T—s (2) T—5>
o) <o (T20) <o (120,

Moreover from Lemma {4 we know that for any y € (0,1/R) and 0 < a <1,

—¢'(ay) _ 1
—¢'(y) = uE

Since ¢’ is non-decreasing, with and a =n,./((1 +¢)n*),

~¢'(Ag) > ¢ (Tn‘ 3) > —a¥y/ (&;;}) .

1<

Therefore we obtain that on some deterministic neighborhood of T*:

PP (A0 (T — s) - (¢<2>¢> < T—s )

(¢'(As))? (0% ) \(A +e)n*

1
.. K
Hence we have a deterministic bound on — H. Now

nA

u ] ¢//¢ T_ g (T—t)/(n*) < ¢//¢>
— ds = d
/t n* ((@f)/)?)( n* ) ’ /(Tu)/(n*) (¢')? () de

and our result follows if (¢”¢)/(¢’)? is integrable at zero. Remark that

<¢>’ %
¢/ <¢/)2'

—t)

—¢'(At)

. Indeed

Hence the integrability is equivalent to the existence of the limit at zero of ¢/¢’, that is the

limit at infinity of y — y/(—f(y)). From [16], Section 178], since —f is non-decreasing, this

limit is equal to zero. This achieves the proof of the lemma.

We show that the BSDE has a solution on [0, 7.

0

Proposition 2 Under Conditions [(AT1)| to [(A3)| and [(C1)| to [(C4)], there exists a non-
negative process (H, Z1) solution (in the sense of Definition @ of the BSDE ().

Proof. Here we do not construct (H,ZM) from scratch, but we use the existence of a
minimal solution (Y, ZY) of . If we define H by , our previous computations show

that:

e The process (H, Z™) satisfies the dynamics given by on any interval [0,T — ¢].
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e H verifies an a priori estimate:

ﬁ(T—t) ﬁ(T—t)
O<Hes Z50y = Zoir—o/m)

Hence H is in D>(0,7—).
e Z1 belongs to H*(0,T—).

Thus we only have to extend the assertions on [0, 7. Corollary [I|and Lemma |§| imply that
!
— A
the processes F(-,0,0) and MH are integrable on € x [0,7]. Let us control the
n

term:
K “t Zt
[ 2 < At > Ht + t At Zt

We already know that x' and x? are bounded and that Z4 satisfies the inequality . Let
us precise the relation between Z* and ZY. Since Y = ¢(A) — ¢'(A)H, we have:

Z¥ = ¢ (A)Z{ — 6P (ANH Z{ — ¢ (AN Zf = & (Ay) (2] — [ (o(A)H 2] — ZH]

thus 1
and
ZH , Z4 1
(At)(if—p)ﬂ = 1= flAH] (A)(f A A AP 4
A
= (A" + w} Hy Zi + 1 z¥. (37

(AP | (A)+0)/2 7 ¢ (Ay)(Ap)(A=P)/27

Equation and the concavity of f leads to

—f'(¥s) =2 = f'(¢(4s)) =

Using Lemma Estimates , and leads to

( The >2K 1 1 _ 1 _ !
A+ ] (@A)~ (g (fste)) ~ VOT =07 = G0

Using Lemma [3] for any p > 1,

ol ULV DAY
[([ S Y] <u ([ LO0REY ]
[( o (¢'(Ar)2A; 0 (f(¥2))?
Combining , together this last estimate, we have
T
Kiky [ Z} Z
T -
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if we can prove that for some p > 1

o\
Sup ————
tejo.r] (Ae)t =7

Arguing as in the proof of Lemma [9] we know that

o .. H o (2NE (T - @)
0= s S g SN <n) “HT 8@ )T B

E < +00.

The last term is deterministic and if we prove that this term remains bounded on [0, T, the
result follows. Note that

o((T — 1)/ (2n")) _ o(x) B o(x)
—H@—0/@NT 0~ @)@ | @) f(oa)ae
Yy Y

—2) P f(y)Gy)r @) rh(y)”

with x = (T —t)/(2n*) and y = ¢*(x). From Condition [(C4)| we deduce that holds.
Up to now, we have proved that

f'(9(4s))

T _
E [/ |L(s, Hy, 21| + Hsds} + < +o0.
0 Tls

From , forany 0 <t < T
t
E(Hy) = E(H;) +E/ FH(s, H,, ZH)ds.

0

The a priori estimate (36| and the preceding arguments imply that there exists some con-

stant C' such that 5 T
—1
< H; <
V= t_c<—¢’> < 20~ >

and again we know that y — y/(—f(y)) tends to zero at infinity. Thus

lim E(H,) = 0.
Recall that
H H _ —1 _ A4 _
F5(t,Hy, Zy") = md (A7) [f(6(Ar) — &' (Ar)Hy) — f(#(Ar))]

- ;f'<¢<At>>Ht+L<t,Ht,zﬁ>

and since f is non increasing,
1 /
(A F(6(A) = ¢/ (A Hr) = f(9(An)] 2 0.
We deduce that

T ) » )
E[/O M[Jc(‘f’( 1) — &' (A)Hy) — f(6(Ay))] ds| < 4o0.
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Therefore, again from , forany 0 <t <T

t t
Ho—HtJr/ FH(S,HS,Zf)ds—/ zHaw,
0 0

t
J
By the Burkholder-Davis-Gundy inequality, we deduce that Z is an element of H'(0,T),
that is (H, Z™) is a solution of the BSDE on [0,T7. O
Note that we do not use the condition on 7. The additional assumption
supposed in Theorem [1|is sufficient to ensure uniquenes of the solution (H, ZH).

Proposition 3 Under[(AT)| to[(A3)], [(C1)] to[(C4)| and[(H)| there exists a unique process
(H,Z™) solution (in the sense of Deﬁm’tion@ of the BSDE (7).

and we deduce that

E [ sup
0<t<T

s:|<+OO.

Proof. Let us show first that any solution (I/{T , 2) of is non-negative. From the It6
formula for the non-positive part of H we obtain for ¢t € [7,T7:

_ T PN T
() < - / F(s, Ho, Z)1 g _ods + / (217,09
t - t

T 1 (7A\2 A A
As ks (Z) Z \ZA
g — - S S s H s : d
/t —¢'(As) * 2 A + 2 <As> +H$A HsSO §
T o~
+/ (Zs)1 <0@Ws
t s=

IN

T 1,2 AN 2 T A T
Kok Z <A - VAP ~
sfs ([ Zs H) ds—/ k12571 ds+/ Z dW,.
/t 9 <A5> \ A, Hs<0 ( )H<O

From the condition [(H)| Lemma [7] and the Novikov’s criterion, the martingale

£(Z4), = exp (/f Sis dw, +;/Tt( 12 (i{>2ds>, te[T,T],  (39)

is uniformly integrable. Using Girsanov’s theorem and the expression of the solution of a
linear BSDE (sce [27, Proposition 5.31]), we get that a.s. for any ¢ € [T, T], (fIt) =0.

Now we prove uniqueness of the solution. Consider (H, Z) is another solution of .
Since f is concave, we have for any h > 0 and h’' > 0:

F(41) = (W) = s [(0(A) = 6/ (40h) = F(6(40) + (6(4))0 (A1)
i 00 = & (A1) = 1(6(40) + F(6(40)8 (4]

= iy (0040 = (A0 = F(0(A) = &/ (AW + 1 (6(s) = &/ (A0 (A0 1)
) = SN = @A)

< 040 — 9 (A0) ~ F16(A)

Mt
SWithout , even the existence of a minimal solution for the BSDE @ is unclear.
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Hence if AH = H — H, AZ = 7 — ZH | then

T
(AH)* < / 7718{f’<¢<As>—¢'<AS>HS>—f’<¢<As>>}<AHs>+ds

t
T, 1.2 AN 2 A
Kk Z Z
slvs S AHS 1SAZH
B amanFan

But f’ is non-increasing, H > 0 and —¢’ > 0. Hence

T
1am,>0ds — / AZHE1 g s0dWs.
t

T [ 1,2 7 7AN\ 2 ZA T

(AHy)" < / [‘;s (AS > (AH,)* + HiASAZflAHszo] ds —/ AZF 1, >0dWs.
t S s t

Arguing as before yields that (AH)™ is equal to zero, that is H < H. Then uniqueness

holds on [T, T.

Let us extend uniqueness on the whole time interval [0, . If (H, Z) still denotes another
solution, then the two processes solve the same BSDE ([7)) on [0, T\] with the same terminal
condition Hg = ﬁf Since the generator of remains singular on /t\he whole interval (due
to the linear term), uniqueness on the rest of the time interval [0,77] is not trivial. But if
we define

= ¢(A;) — ¢'(Ay) Hy,

then Y is the first part of the solution of the BSDE () on [0, T | with the bounded terminal
ci)ndition P(Az) — Aqb’ (Af)f[f Since uniqueness holds for the BSDE (|1f), we deduce that
H = H also on [0,T]. O

To finish the proof of Theorem [, we only need to prove uniqueness of the solution
of the BSDE (1)) (in the sense of Definition . Let us consider (}?,2) solution of the
BSDE . Then it satisfies and the property of Lemma . Therefore if we define
H=(Y —¢(A)/(—¢'(A)), then this process H and the related Z¥ solve the BSDE (7)) (in
the sense of Definition [2). From the previous proposition, H= H, and thus Y =Y. This
achieves the proof of our main result.

Remark 4 In fact we can replace [(H)| by any condition such that the local martingale
defined by is a uniformly integrable martingale on some interval [T',T| and such that
we can apply Girsanov’s theorem.

3.4 Asymptotic behaviour
From (16]), —¢'(A;)H; < 9(T —t) and we already proved that on some interval 7,7,

—¢'(A)Hy < ¢ (T —1t)/2n%)
o(A)  — o((T—=t)/n)

Lemma 10 There exists a constant C,, depending on n* and n, such that for any t € [f, T,

—¢'(A) H,

0= P(Ar)

<Gy

26



Proof. Recall that since ¢ is non increasing, ¢(y) < ¢(ay). Moreover with 7 from the
very definition of —¢’, this inequality can be written as: —¢'(ay) < —a~%¢'(y). Integrating
this inequality (between y and 7) leads to:

play) < a'Fo(y) +C

for some constant C' > 0. Hence

1<

Since ¢(0) = oo, the conclusions follows from this inequality. O
Hence we have proved that the minimal solution Y of the BSDE satisfies a.s. on the
interval [T, T:
P(Ar) < Yi < d(A) (1 + Cy).

Furthermore if n or 1/n is an Itd process (condition [((H))), then using (31):

7))
= ¢(n(T—1)
+ E [/tT(T )b du ]—}] /01 o (Vt(T — )+ aE UtT(T — u)bldu }"tD da.

With and with Condition [(A1)| and for a bounded process b7, we deduce that there
exists a constants C' such that

P(Ar)

6 (wt(T ) +E UtT(T — u)bldu

ST 1)< <7t(T — ) + aE [/tT(T —w)b)du

) <esir-,
Thus
D(Ar) = ¢(w(T — 1)) — ¢ (T — t)re(T — t)°

with a bounded process x. And using to control ¢'(A), the asymptotic development
becomes: for some bounded process &:

Y=o (Tnf) (T = )R (T — 1) + ).

4 Some extensions

4.1 The power case f(y) = —yl|y|?

1

1+1/q
> and we assume that 7 is
qr

1\
In this case recall that ¢(x) = () and —¢'(z) = <
qz

an It6 process,
dn = b? dt + J? dWr, (40)

such that b7 € L>®°(Q x [0, T];R) and o7 € L2(Q x [0,T];RY). As mentioned as the end of
the preceding section, we consider
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and again from condition ¢ is an Tto process with drift b € L>°([0,7T] x Q;R) and
diffusion matrix o¢ € L%([0,7] x Q;RY). We replace (5] by (8):

Yy = Go(T —t) — ¢/ (T — ) H}' = ()9 6(T —t) — ¢/(T — t)H},

and we obtain the dynamics for H*:

—dH] = (=¢/(T =)™ | M+ o(T = )| dt -z aw,
L JGHT — 1)~ (T ) H]) — [(GOT ~ 1) + ' (GoT — )& ~nHf
(—¢'(T - t))"?t
= Pt HY)dt — ZHaw,, (41)
where F* can be rewritten as
# . >\t Qb(T B t) ¢
PO =gy ~ga-n"
v _ 2 1
+ 2D [ prGo(r 1) — o/ (T = 01) (1 - ) da
Up 0
where f”(y) = —q(q+ 1)|y|9 'sign(y). Since —¢'(z) = gf)(;ﬂ) and ¢(x)? = 1/(qx), we obtain
that !
i o (gt 1R 1( ah >Q‘1. < ah ) -
F*(t,h) = F*(t,0) T =12 /0 gt—i_iq(T—t) sign Ct+7q(T—t) (1 —a)da.
Moreover

Fi(t,0) = a(T — 1) [M(a(T = )"/ + 5]

Let us remark that this generator is again singular and that the second derivative of f is
not well-defined at zero if 0 < g < 1.

To establish local existence for , we don’t use monotonicity arguments. But instead,
we proceed very similar as in [I5] and carry out the Picard iteration in the space H? defined

by @ and .

Lemma 11 Let R > 0 and 6 € (0,(n:)Y9/(qR)) then for every H € Bys(R) we have
(F¥t, Ho))sepr—sm) € Lo([T = 6,T] x 4 R).

Proof. From our assumptions, F%(-,0) is bounded and thus in L>°([0,T] x Q;R). By
definition if H € Bys(R), then a.s. for any ¢t € [T — 6, T]

§q+1
qnx

‘Q‘i‘l H? R252.

qne (T —t)?

Note that § € (0, (1x)*/%/(¢R)) ensures that ¢; + aH;/(q(T —t)) > 0 for all t € [T — 5,77,
a€0,1]. And
1
J

-1
(lHt q

Gt q(T —1)

(- a)da < ()74 ]“ff) |
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The lemma is now proved. O
The preceding lemma allows to define by

[(H) = <E [/tT Fi(s, H,)ds

)
te[T—4,T)

the operator I' : Bys(R) — L>®(;C([T — 6, T); R)).

Lemma 12 For every R > 0 there exists a constant L > 0 independent of 6 € (0, ni/q/(qR))
such that

\F*(t, Hy) — F*(t,H})| < L|H; — H;|  Vte [T —6,T] YH,H € Bys(R), a.s.

Proof. We have for ¢ # 1

dF* _ 2(¢+1) H ! aH \'
—(t,H) = )2/0 (Ct+q( t)) (1—a)da

dH qn (T —t T—
(g D)(g-Dlgn  H? /1 (Ct o H )q_Q a(l—a)
qne (T —=1)* Jo T-t) oT-t)
Hence, there exists L > 0 such that
H(ﬁ(t, (T — t)QR)HOO <L Vtell-§1T).
The assertion then follows by the mean value theorem. O

R and 6 € (O,ni/q/(qR))). For R > 0 specified below choose L > 0 as in Lemma For
H,H' € Bys(R) it then holds for all t € [T — §,T]

We are now ready to prove that I' maps By (R) contractiv into itself (for appriate
2

T
[T(H), — T(H'),| < B [ | 1P )~ PG ) s

]-“t}
<(T = t)°LI|H — H'[|35.
This yields, as long as 0 < § < 1/(2L),
IPCH) = T s < Sl H — '
Hence, T is an 1/2-contraction on By (R) if § < 1/(2L). Furthermore, for H € Bys(R),
IT(H)e| < [T(H)¢ = T(0)e| + [T(0)e |
-2 rm [ [ [ -y o o - o] s

R
< (T =15 + (T = 1)°(6" 9" VIX]| + g6 ).

7

Thus, choosing R = 2(q"/7||A||+q||b¢[|oo) and & = min{1,1/2L, n/?/(qR)} yields |[T(H)|l5s <
R.
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Theorem 2 Ifn is given by , with b bounded and o in L, then the BSDE has
a unique solution (H¥, ZHu) on [0,T] such that:

sup (T—t)*Qle] < +o0.

t€[0,T)

[e.o]

Moreover fo ZH AW s a BMO-martingale. The relation and the uniqueness for the
BSDE (1)) hold.

Proof. Using the property of the map I', we deduce that there exists § > 0 such that there
exists a unique process H' € H? such that a.s. for any ¢t € [T — 4, T]:

T
H! =E U Fi(s,H) ds
t

7.

By the martingale representation, we obtain Z * and since H! € #°, from Lemma we
deduce that the martingale ff—é ZH QW is a BMO martingale.

In particular the random variable H%_ 5 is bounded. If we consider the BSDE (41)) start-
ing at time 7' — § from the terminal condition H%7 s» We can apply directly [27, Proposition
5.24] to obtain a unique solution (H?, ZHﬁ) on [0,T — 6] such that H* is bounded. O

4.2 Non concave case

The assumptions [(C1)|and [(C3)| are supposed to ensure the boundedness of the coefficient
k2 in the generator F'. To avoid this difficulty, we can modify the relation and consider

, that is:

n:¢m»—¢(ﬁf}&:¢m»—wwﬁp

Again from Lemma |2] we know that Y; > ¢(A;), thus j-\lt >0 a.s. And we deduce

T T

7o H/ . i} . H

b - /t FA (s, B,)ds /t z1aw,, (42)
where

~ 1 . /€3
FH(t,h) = o m [f(@(Ae) = 4" (0)h) = F(S(A] Lnzo + -~ h
A E%(Zf‘)z}
+[—w*(t)+ 2 4,

with

1 ¢(A) 3. T—1 o (T-t
e 2 s e\ ) 20

The estimates together with Lemma [4]lead to the boundedness of the coefficients &'
and k3.

Theorem 3 Under Conditions|(A1)| to|(A3)| and |(C2)|, the minimal solution (Y, ZY) of
the BSDE is given by , where (ﬁ, ZH) is the minimal solution of the BSDE .
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Proof. Define H on [0,7) thanks to and set Hp = 0 a.s. The same arguments as for
Proposition |2 imply that (f{ , ZH) is solution to the BSDE (42) (in the sense of Definition
2)). It is even easier since F does not depend on Z%. -

Assume that the BSDE has another solution (ﬁ, Z™). The first part of the proof
of Proposition |3 with straightforward modifications shows that H, > 0 as. We define
Y; = ¢(A;) —*(t)Hy. Thus (Y, Z) is a non-negative solution of the BSDE (D). Since (Y, 2)
is the minimal non-negative solution of (see Proposition , we have a.s.

VEe[0,T), ¢(A) <Y; <Y, = ¢(A) — () Hy.

Thus 0 < fIt < I;Tt. In other words H is the minimal solution of . ]

In the expansion of Y, there is an asymmetry between ¢(A;) which is random, and
the deterministic 4*(¢). This asymmetry has the advantage of avoiding the presence of Z¥
in the generator of H and of an extra term with the third derivative of ¢. However it leads
to the fact that we cannot interpret the bracket

3

K 1 *
T th + O [f(p(Ar) — ™ (t)h) — f(P(Ar))]

1 T—1t
= A) —Yr(t)h) — A +’<< )) *th}
— O F(o(A) =" (0)h) — f(¢(Ar)) + 17 | ¢ = ™ (t)
as the reminder to the first Taylor polynomial of f at ¢(A;). And without the other
hypotheses [(C1)], [(C3)] [(C4)| and [(H)| we cannot prove uniqueness of the solution.

5 Summary

Let us summarize our results. We suppose that [(A1)|to [(A3)| hold.

e Under the assumptions [(C1)] to [(C4)| and [(H)| Y can be developed as follows:

Vi = ¢(As) — ¢ (As) Hy

where H is the unique solution of the BSDE with singular generator . Hence
uniqueness of Y holds.

e In the power case f(y) = —y|y|? and if 1/n is given by (24), we can use (§):

i 1/q 1 4
V= — —  ___H
t <«T—w) Q@

where H? solves the BSDE .

e If we only have Y and H are related by :

T—1t\ ~
n—¢m»—w(n*)m
where H is the minimal solution of the BSDE .
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Remark that if 7 or 1/7 is an Ité process, then using :

)
= ¢(n(T 1))
+ E MT(T — w)b]du .7-}] /01 ¢’ <fyt(T —1) + aE UtT(T — w)bldu }“tD da.

From Condition |[(A1)] and for a bounded process b7, we deduce that there exists a
constants C' such that

p(Ar) = qb(%(T—t)JrEUtT(T—u)bgdu

*%Q/’,(T —t) < —¢ (ryt(T —t)+aE [/tT(T —u)bldu

ftD < —C¢'(T —t).

Thus
$(Ar) = ¢(y(T — 1)) — ¢ (T — t)ry(T — t)?

with a bounded process k. In other words, in the It6 setting, all developments coincide: we
can find some constant C' > 1 such that a.s. for any ¢ € [0, 7]

1~ -1
ol < Hy < CH,, éHf < H, < CH’.

Moreover from the construction of H*, we know that |Hf] < O(T —t)%. Using our
different asymptotics, the previous development of ¢(A) and uniqueness of the (minimal)
solution, we obtain that H, H and H verify also this estimate, which is better than (36)).

6 Appendix

We add here some additional results. The first one concerns the process Z4. Under

it is a corollary of Lemma [7]

Lemma 13 Forp > 2, if 1/n is given by and if b7 and o7 belong to L?P(Q x [0,T7),
the process Z4 /A belongs to H?P(0,T), that is

[ =)
—= | ds

o \ 2,

Proof. We consider the process A; := A;/(T — t), which satisfies the BSDE

T 1/77t—121t
—dA, =Ly
t Tt

E < 4o0. (43)

t— 24w, Ap=1/nr.

Since Z = ZA /(T —t), to verify it is sufficient to establish Z4 € H?(0,T). For the
later again it is sufficient to establish that the driver to A is in L?. (Here we used frequently
that 7 is bounded above and away from zero.)

To establish (1/n — A)(T — ) € L? we first check Kolgomorov’s criterion for 1/n: For
0<t<s<T, by Jensen and BDG inequality,

B/ = 1) < Cla— e | [ (7 + 1) i
t
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Hence, by Kolgomorov’s criterion, for any « € (0, %) there exits a random variable & €

L?P(Q) such that

[1/ne —1/ns| <&l =5l £,s €[0,T].
Therefore, using the mean value theorem,

T 2p T o 2p
T-—t
( o) J==|(f =)
which completes the proof. [l

The coefficient in the linear part h — L(t, h, z) of the BSDE (7)) is in H??(0,T). However
it is not sufficient to control z — L(t, h, z).

1/77t—f_1t
T—1

E <E < CE[£?P],

6.1 Non-negativity of A

From the comparison principle for monotone BSDE (see [27], Proposition 5.34|), any solution
of with a non-negative terminal condition is bounded from below by the solution (Y, Z)
of the BSDE with generator

filw, t,y) = (f(y) = £(0)) = (£(0) + Ae(w)) ™

M (w)
and terminal condition 0. Y is non-positive and if A is bounded, Y is also bounded. Thus
the negative part of Y is bounded and we can consider only the positive part of the solution.

If the sign of A is unknown, then Lemma [2| does not hold. However the minimal solution
of is bounded from below by the minimal solution (Y, Z¥*) of the BSDE with generator
f» and terminal condition +o00. And we can adapt the proof of Lemma (1] in order to prove
that there exist two functions J, and 9* = ¥ such that:

?9*(T - t) < (Y*)t <Y< ﬂ*(T - t)?

where 9, is the solution of the ODE:

with Ay < f(0) + At(w) < |A|| and 9,(0) = +00. Arguing as in the proof of Lemma [§ we
get that for any 0 < e < 1, on some deterministic and non-empty interval [T¢, T}, a.s.

(a=am) =1=(avaw)

6.2 Construction of the process H

Our aim is to prove that the BSDE has a solution (H, Z"), without using the existence
of Y. In other words we want to construct (H, Z¥) from scratch. Recall that the generator
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FH is given by FH = F + L with and

F(t,h) = d (D) [f(0(Ar) — ¢'(An)h) — fF(d(Ar)) + F'(6(Ar) ¢ (Ar)h] 1p>0,
A 1 ZA 2 1,2 ZA 2 ZA
Lt =~ AL (T ) g 2,
AN 2 A
= w H/%;;?<1Z4tt> ]’L—Flﬂgittz

The main properties of F¥ are summarized at the beginning of Section Note that
we cannot apply directly the results of [27], due to the singularity of F'¥ and the cases of
BSDEs with singular generator studied in [19) 20] are also not adapted to our problem.
Here again, we assume that the hypotheses[(AT)|to[(A3)] [(C1)]to[(C4)|and [(H)|hold.
Recall that from Corollary |1, = F(-,0,0) belongs to L?(Q x [0,7]) for any p > 1. From
Lemmata 4 and |5l ! and x? are non-negative and bounded processes. Finally from Lemma

and the Novikov’s criterion, the martingale defined by

t ZA 1 [t ZA 2 R
E(Z4); = exp / Kl AW, + / (k1) ( = > ds |, teT,T],
T A, 2 )7 A

is uniformly integrable. Using Girsanov’s theorem there exists a probability measure Q

equivalent to IP such that WQ = W — f K} i;: ds is a Brownian motion under Q. Under Q,
the BSDE becomes

T T
Ht—/ FH(s,HS)ds—/ ZHaw@,
t t

with

N 1,2 /7 AN 2
FH(t,h) = F(t,h) + oy + Lt (Z) .
2 Ay
To lighten the notations, the generator and the Brownian motion under Q are still denoted
FH and W. All expectations are considered under Q. A straightforward modification of

the proof of Lemma |7| shows that on some deterministic interval [f , T, there exists ¢ > 1

such that )
oo (o [ (2"
laf 5\ AL ) %

In order to construct the solution, we modify the function F'. Let us consider § > 0 and
g > 0 and define

E

< +o00. (44)

— Kll
FO(t,h) = mwlAt)[f<¢<At>—¢’<A?>h>—f<¢<At>>] Lizo + . e

with A? = A;_s. We consider the following BSDE

hlpso  (45)

T T
H, = / fo%(s, Hy)ds — / zZHaw, (46)
t t
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on the interval [0, 7] with

1,.2 AN 2
FO2(t, h) = FO(t, h) + wp + L (Zt> h.

We introduce an additional condition on f:

(C5) There exists some 0 < 7 < T such that for any r >0

[

Note that the integrand is non-negative. From , since the function ¢ is non-increasing,
(C5)|implies that for any » > 0 and any p > 1

/ f(d(Ay) +7) P
C¢(A)
This hypothesis |(C5)| depends only on the behavior of f on a neighborhood of +oco. In

particular if the function —f is submultiplicative: —f(x +y) < C(—f(x))(—f(y)) for some
fixed constant C, then

dt < +o0.

)

< 4-00.

—f (05 +7) —f (oLt
T <( — T, =
—¢'(57) —¢'(57)

Remark 5 (Comments on |(C5)|) In the section all functions are submultiplicative
(and thus holds), except f(y) = —exp(ay?). Nevertheless for this case
T—t

_f(—qbgi’(:’;ﬂt) < Cexp(ar?) exp(2ard(Ay)) = exp(ar?) eXp(2arG_1(7)),

And using

U
~
A

T _
exp(arz)/ exp <2arG_1 <T*t>> dt
T n

o0
< n*exp(arz)/ exp(2arz) exp(—az?)dz < +oo.
¢

Thereby |(C5)| holds also in this case.
Lemma 14 Assume that |(C5)| holds. Define

t 1
£ Kg “t “t Zt
= — ds.
He /7- 773A§ MR 2 < Ay > i
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Then there exists a unique solution (H%¢, ZH:%¢) to the BSDE such that a.s. for all
te[r,T]

T
t

ft:| )
and for any p € (0,q)

E

» T p/2
+( / 62“5|Zf’5’5|2d5>

Finally a.s. for anyt € [1,T], HE’E > 0.

sup ‘ ehs H;S’E
se[r,T]

< C,E

(j{Te“ikUAds>p].

Proof. Let us check that all conditions of [27, Proposition 5.24] hold (we keep also the
same notations). First we have for all (h,h')

(h=R)(fP5(t h) = [t 1)) < (h—1')?

Ii% +/<;%/<;? Zi,;A 2
777514% 2 At

Moreover if |h| < r

Flo(Ar) — ¢/ (A))r)

2R < Jwel +

i ek (2N
’I’]tA§ 2 At

—77t¢’(At)
kit @@(%ﬁg (A = SO/
< ol + AT + A, r o (A = L (t).

Note that % is bounded on [0, 7] and that w belongs to LP(2 x [0, 77]) for any p > 1. From

Condition using Estimate (44), we deduce that ®F also belongs to LP(Q x [0,7T]) for
any p > 1. Hence for p < ¢, using Holder’s inequality

( /T ! eﬂ%i(s)ds)p ePHT ( /T ' @ﬁ(s)ds>p]
<(E [equ‘%})f <E [(/TT Qﬁ(s)ds) f_‘?quqP < 4o0.

Using [27, Proposition 5.24], we deduce that there exists a unique solution (H%¢, Z:%¢) sat-

E <E

isfying the desired estimate. The non-negativity of H%¢ is obtained by comparison principle
(|27, Proposition 5.34]) since F*(-,0) > 0 a.s. O

Let us begin with an a priori estimate on H%¢. Recall that the function ¥ is defined just

before Lemma [I1

Lemma 15 For allt € [1,T),

0< H* < %. (47)

In particular H%® is bounded on any interval [T, T —0],0 <0 <T — 7.
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Proof. For fixed § and ¢, the dynamics of Yt(s’a = o(Ay) — gi)’(At)Hf’a is given by:

1 1
_avpe = ¢f(At)Edt + ¢/ (A)Z AW, — 50P (A2 dt

Ho* 1
= 0=t = 9 (AN ZL AW + 50 (A (2] 1]t
t
— ¢ (A)FOS(t, H¥)dt — ¢/ (A)) F(t,0)dt — ¢ (A)ay HOdt
— ¢/ (Ap) Zzoaw,.

Recall that

=

/ H _ / Ky (254)
—¢ (A F7(t,0) = Ay — & (At)? A, 9

no
<
A
(V)
K
—
D
g
N—

Since F%¢ is given by ,

~ (AP ) = [F(0) - (4] +

And

Therefore we obtain

4,
—dY* = [W(Yﬁ’f)m] dt — ¢ (a2t [1—““] dt

Ui Up Af
+ 040z = 6D (AN ZAH]E — o (40) 2] W

In other words the process Y satisfies the BSDE:

5 5 T—6 1 T—6 T—6 se
e = vPe, +/ [As + f(Y‘S’E)] ds — / Oyds — / zZY" aws,
t MNs t t
with a non negative ©. Using Lemma [T} we deduce that
Vie[rnT), Y2 <9(T-t).

This leads to the conclusion of the Lemma. O

Now by the comparison principle, for a fixed § > 0, since &; /n; > 0, (Hf € e >0)is
a increasing sequence when e decreases to zero, and for a fixed ¢ > 0, (Hf €, 5> 0)is a
decreasing sequence when § decreases to zero. Thereby for any £; < g9 and §; < do < 9 for
some § > 0, we have the following inequalities: a.s.

0< Ht(sl,sl < Hf2’61 < HE?

and
() < !161,52 < }161751 < H(S
_ t —_ t _ to
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where
HY =lim H)*. (48)
el0

Note that H® also satisfies . Now for a fixed € > 0, we define

Hf = lim H® 49

¢ = W Hy (49)
and

thlgii(r)lﬂf. (50)

Since H%E = 0 a.s., we have immediately that a.s. Hy =0 and for all ¢t € [7,T], H; > 0.

Proposition 4 There exists Z" € HP(0,T—), such that the couple (H,Z™) solves the
BSDE with generator F on the interval [0, T — 0] for any 0 < 6 < T.

Proof. Let us define ¢, = p(1 A (p — 1)). First we work on the interval 7, T7.
Step 1. Given €1 < €9 and 81 < 2, applying Ito’s formula to AH = HO1 — H%:22 on the
interval [t,T — 6], 6 > 0, leads to:

T—9
ep“t|AHt|p+62p/ ep“S|AHS\p—21AHS¢O|AZf]2d5
t
< ePﬁT’AHTia‘p

T—-6
—I—p/ €WS!AHs|p_21AH57A0AHs(f51’EI(S,Hgl’sl) _ f52’52(s,H§2’52))ds
t

T—6 1 p—1 R T—0
—p/ <a5 + 59 + 2) ePts|AHg|Pds — p/ ep“s\AH5|p*21AH5¢OAH3AZdeS
t Ns p t

with AZH = zHdu.e1 _ gHb2,e2 g1

R t 1% -1
,ut:/ <as+w+2p> ds.
0 ns0 p

Remark that from the monotonicity of f:

1 1
AHS(fél’El(S,Hgl’el) _ féQ’EQ(S,H§2’€2)) = AH, |: Rs e Ks H52,62:|

7781421 # 7751422 #
AH,

/ 51 61781 _ o 52 52,52 2
b, (049 — A HE™) = J(6(A) = /(AR HE) | + 0 (AH)
1 1 1 1
< [n:i? +as] (AH,)? + %AHS e [A? _ A?]
AH, 1( A01Y\ fyd2,e2) _ _ A1 AS2) 02,62
g TO(s) — 6 (AN HE) = (6(A,) — o/ (AF)H2)|

We denote

Afs = f((As) — ¢ (AP)VH>2) — F(H(As) — ¢/ (AP)HI>?).
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We deduce that

T—60
epm’AHt|p_|_02p/ ep“s|AHs|p_21AHS#0’AZ§I|2dS
t

,{1

T—6 1%
~ ~ —1
< ep'“T*9|AHT_9‘p +p/ ePHs |: 851 . KT . 2p } |AH3‘pdS
t nsAs ns0 p

T-6 ) P 5 1 1
s — S € —_—
w0 [ AR g AL 2<A§1 AE?) *

T-6
N AH,
+p/ ePM5|AHS|P—21AHS¢O gb/( ) Afsds
t

T—6
—p / ePls | AHg P21 apr, 20 AHsAZH dW .
t

Note that for any t < T — 0

A§1>T_t+€1>9+51>ﬂ
- n* A n*

By Young’s inequality

T-6 ) ,{; 5 1 1
s - — € —
p/t ePHs|AHg|P 1AHS;£0775 AH H**? <A§1 — A?) ds

T—6 N T—60 5 :‘il 1 1 p
< (p—l)/t ep“S\AHs|pds+/t ePHs [H252 5 (Aal A?ﬂ ds

and

—¢'(As)ns

T—9 T—9 1
p#sAHSPd Pls
ey [ emanpa [ [

Recall that k', 1/n are bounded on [0, 7] whereas 1/¢'(A) is bounded on [0, — 6]. From
Estimate , on the interval [0, T — 6], H*>2 is also bounded and we have:

AH,
/ 6p”3 |AH ‘p lAHsyéO Afsds
<

p
mm]

T—6
PP AH P + CQP/ P | AH [P 1 A 20| AZT [P ds
t

T—6 p
_ 1 1
< ePHT-0 | AHp_g|P + C/ [yAfslp + (Aal - A”) ] ds
t S s
T-0
—p/ PP | AH P21 apr, 20 AHAZH dW. (51)
t

The constant C depends on all bounds of our coefficients and on 6. This constant explodes
when 6 goes to zero.

Step 2. Let us fix ¢ = ¢1 = g9 > 0. Since for dy < 0, H%¢ < HY and H? satisfies the
estimate , using the dominated convergence theorem

T—-6
E / ep//'s
r

F(O(As) — &/ (APYVHP2) — F(¢(A,) — ¢/ (A2) =)  ds — 0,
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as 01 and Jo tend to zero. Therefore using and taking the expectation we deduce that
T-6
E/ ep”s]AHS\”’QlAHS#dAZf]ZdS
T
tends to zero when §; and do go to zero. Moreover remark that if
t o~
Ay = / Pl | AH P21 a g, 20 AHSAZE AW,
T

then the bracket [AEF/EO can be handled as in [7]: for any C' > 0

E([A]lT/_20> < QE sup PPt | AH, [P
2 te[r,7—0]

1

T 3

T—-6
E ( / €PPis | AH P21 5 gy, 20| AZH ]2ds> .
T

Thereby (H%¢, § > 0) is a Cauchy sequence:

E( sup ePP|AHP| —0
te[r,T—0]

as 01 and J9 tend to zero. Finally

T-0 p/2 T-60 p/2
E( / e%mzﬂ?ds) —E( [ <AHs>2-p<AHs>”-21AHs¢orAZf\2ds)

p(2—p)/2 T—0 p/2
<E sup et |AH| </ ePhs (AHs)p_2 1AH5¢O‘AZ§I’2dS>
te[r,T—0] T
(2—-p)/2 T—0 p/2
< {E ( sup ep”t|AHt|p>} {E/ ePls (AH,)P~2 1AHS;£0\AZ5|2ds}
te[r,T—0] T

IN

2 — _
2 Pp [ sup PPt |AH, P
te

T—-6
2 +5E / e (AH)P* 1o, 20| AZY Pds
[r,T—0] o

where we have used Hoélder’s and Young’s inequality with 2%2’ +£=1

Hence we obtain that (H%¢, Z7:9) converges in SP(7, T — 6) to some process (H¢, ZH*).
The process H€ is non negative and also satisfies the a priori estimate with H: = 0,
and we have forany 7 <t <T —-0<T

T—6 T—6 Kl T—6
Hf = H: o+ / weds + / —*_Htds — / ZHeqw,
t t nsAS t

T—0 1 / o )
+/t A, I (OAs) = ¢ (A)H) = [(9(45))] ds. (52)

Step 3. Let us prove the convergence of (H¢, ZH#) when ¢ tends to zero. The arguments
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are almost the same as in the second step. Indeed the formula becomes:

T—6
ep,U«t|AHt|P+C2p/ PP | AH P21 a g, 20| AZH |2 ds
t

_ T-6 1 1 \?
S epuT—9|AHT_0|p + C/t |:<14§1 — 1422> :| dS

T—6
—p/ ep“s|AHS|I’*21AHS¢0AHSAZ§dWS.
t

with AH = H®' — H®2 and AZH = zH=1 — 7He2 The conclusion follows from the same
arguments as in step 2.

Hence we have construct (H, Z™) solution of the BSDE (7)) on the interval [, T). Now
if we consider the BSDE on [0, 7]

T T
H, = H, +/ FH (s, H,)ds —/ zHaw,,
t t
we can apply directly [27, Proposition 5.24]. Indeed the terminal value H; is bounded, and
the arguments of the proof can be applied. O
Note that from and the arguments to prove , we obtain that for any € > 0, a.s.
on [0,7T)
0 < 00~ A < o (s ) (53)
(14¢e)n*
and

¢ T—t _ ¢ T—t . ¢ T—t _
0<H; <C ((1+;)nt) <C ((1+7€‘)nt) =C <(1+67)‘n t) ’ (54)
/ — / — —
o (5) o (dEe)  —(e(dEr))
Since f is a non positive and non increasing function, from|(A3)| the function y — —1/f(y)

is an integrable, non-negative and non increasing function. Thereby we know that (see [16),
Section 178])

Y

A 5 )

Arguing as in the proof of Proposition [2, we obtain that this solution (H, Z) is a solution
of the BSDE (7)) (in the sense of Definition . To summarize

=0.

Theorem 4 Assume that [(A1)| to [(A3)], [(C1)| to [(C5)| and [(H)| hold. There exists a
process (H, Z™), which is the minimal non-negative solution of the BSDE , that is:

e H is non negative and essentially bounded: for any0 <t <T,0 < Sup,eo,) Hs < +00
a.s. and

T
IE/ |FH (s, Hy, ZH)|ds < +o0.
0
e The process ZH belongs to H'(0,T) NHP(0,T—) for some p > 1.

o Forany0<t<T

T T
th/ FH(s,HS,Zf)ds—/ zHaw;,.
t t
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In particular

lim H; = 0= Hrp.
t—T

e For any (I;T, Z) solution of the BSDE (@, a.s. for anyt € [0,T], H, > H,.

Proof. The only thing to prove is the minimality. Let (ﬁ , Z ) be another solution of the
BSDE . The first part of the proof of Proposition (3| shows that His a non-negative
process.

Now for € > 0, from , the process AH = H — HF satisfies for any 6 > 0:

kL1 1\ ~ Kl klk2 (74 2
S — - — ) H s s 5[ =5 AH,
s (As Ai) i (nsAi‘é T (As)

T—0 1 , ~ / €
. /t g [ 0UAs) — 9 (ANL) = F(6(A) — 6/ (A0 )] ds

T-6 _
— / (Zs — 25)dw 2.
t

ds

T-0
AH; = AHT9+/
t

If
Vs = _d)l(lAs)ns [f(¢(As) - (bl(As)ﬁs) - f((z)(As) - ¢/(AS)H§)] AHS

then this process v is bounded from above by zero since f is monotone. Thus if

s sl klp2 /7A 2
T = u uvu [ “u d ,
t, exp (/t <?7uAZ + 9 <Au> U

by standard arguments concerning linear BSDE (see [23, Lemma 10| or [27, Proposition
5.31]), we have:

1aH,+0,

T-6 1
1 1 ~
AH; =E° |AHr ol 7—g +/ Zs <A - A€> H,T; sds ft} > EQ [AHT_(;IET_@ .7-}] )
t Ts s s

By Fatou’s lemma, letting 6 going to zero, we obtain that for any € > 0, fAIt > H7. Hence
the minimality of H is proved. O

The arguments developed above, with straightforward modifications, show the next re-
sult.

Proposition 5 Assume that (AT)] to [(A3)], [(C2)| and [(C5)| hold. There exists a process
(H,Z"), which is the minimal non-negative solution of the BSDE ({A2)).

Concerning uniqueness, from Proposition[3] the minimal solution of Theorem []is unique.
However in the preceding Proposition, the process (fl ,ZH ) solves a BSDE with singular
driver in the sense of [20]. As mentioned in |20, Proposition 3.1], uniqueness is not an
obvious property for such kind of BSDEs. In our case assume that (fI Z ) be another non
negative solution of the BSDE . Then

T _ . N T
AH;, = / [fH(s,Hs)—fH(s,Hs)] ds—/ (Zs — zHYaw,
t t
T T
= / I/SAHSds—/ AZ dW.
t t
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Hence we have a linear BSDE with singular generator with

Vg =

K3 1

T—s ' ~o ()

[F0(A) — 6" (V) = £(0(A.) = 0" (V)] - Lamso.

Nevertheless we cannot apply the result in |20, Propositions 3.1 and 3.5], since we don’t
know the sign of the drift v. The concavity assumption [(C1)| has a key role to obtain the
sign and thus uniqueness.

Remark 6 In the proof of Proposition we can define Hf = ltSiﬁ)l Hf. Then H; < Hf We

can prove that H' also satisfies the BSDE (or the BSDE ([42))). Since the BSDE ([)) has
a unique solution, H = H*. However for BSDE , it seems difficult to prove that these
two processes are equal. In other words, as remarked above, we don’t have any comparison
or uniqueness result concerning the BSDFE .
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