N
N

N

HAL

open science

Sampled-data adaptive observer for state-affine systems
with uncertain output equation
Tarek Ahmed-Ali, Koen Tiels, Maarten Schoukens, Fouad Giri

» To cite this version:

Tarek Ahmed-Ali, Koen Tiels, Maarten Schoukens, Fouad Giri.
server for state-affine systems with uncertain output equation. Automatica, 2019, 103, pp.96-105.

10.1016/j.automatica.2019.01.006 . hal-02151993

HAL Id: hal-02151993
https://hal.science/hal-02151993
Submitted on 22 Oct 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License

Sampled-data adaptive ob-


https://hal.science/hal-02151993
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Version of Record: https://www.sciencedirect.com/science/article/pii/S0005109819300068

Manuscript_96cc13b8123a4£7318714926dc85f4e

Sampled-Data Adaptive Observer for State-Affine Systems with Uncertain Output
Equation

Tarek Ahmed-Ali', Koen Tiels?, Maarten Schoukens?®, and Fouad Giri' "

! Normandie Université, UNICAEN, ENSICAEN, LAC, 14032 Caen, France
2 Department of Information Technology, Division of Systems and Control, Uppsala University, Sweden
3 Department of Electrical Engineering, Control Systems group, Eindhoven University of Technology, The Netherlands
* corresponding author phone: +33231567287; fax: +33231567340; e-mail: fouad.giri@unicaen. fr.

Abstract. The problem of sampled-data observer design is
addressed for a class of state- and parameter-affine nonlinear
systems. The main novelty in this class lies in the fact that the
unknown parameters enter the output equation and the associated
regressor is nonlinear in the output. Wiener systems belong to
this class. The difficulty with this class of systems comes from
the fact that output measurements are only available at sampling
times causing the loss of the parameter-affine nature of the
model (except at the sampling instants). This makes existing
adaptive observers inapplicable to this class of systems. In this
paper, a new sampled-data adaptive observer is designed for
these systems and shown to be exponentially convergent under
specific persistent excitation conditions that ensure system
observability and identifiability. The new observer involves an
inter-sample output predictor that is different from those in
existing observers and features continuous trajectories of the
state and parameter estimates.

Index Terms- Adaptive observer, Sampled-data nonlinear
systems

I. INTRODUCTION

The problem of simultaneous state and parameter estimation,
based on sampled measurements, is of great practical interest
since most physical systems are continuous-time and subject to
parameter uncertainty. It is also of great theoretical interest
because the existing observer design and analysis methods are
not applicable to specific nonlinear systems and their extension
to wider classes constitutes new challenges. The first adaptive
observers for nonlinear systems were not sampled-data, see e.g.
[1]-[4]. Their strong nonlinearity makes their direct
discretization a highly complex issue. In particular, there is no
guarantee that the performances of the original continuous-time
adaptive observers are preserved in their approximate discrete-
time versions. The first sampled-data adaptive observers, for
nonlinear systems, have been developed [5]-[7]. In [5], a class of
state affine systems was considered where the unknown
parameters come linearly in the state equation and the associated
regressor is output-independent. Then, an adaptive observer has
been developed using the so-called continuous-discrete design
principle. Accordingly, online state estimation is performed
using an (open-loop) estimator all the time, except for the
sampling instants. At these instants, the state estimate trajectory
is corrected using an observer (involving a feedback innovation
term). The parameter estimates are only updated at the sampling
instants (and kept constant on the rest of the time). It turns out
that both the state and the parameter estimate trajectories are
discontinuous. Nevertheless, the observer is exponentially
convergent, under persistent excitation conditions, if the
sampling interval is sufficiently small. A quite different adaptive
observer has been proposed in [6] for an almost similar class of
systems as in [5]. This adaptive observer involves an inter-

sample output predictor that is reinitialized at each sampling
instant using the output measurements. Its main feature is that
the state (resp. the parameters) estimates are generated using all
the time the same state estimator (resp. same parameter adaptive
law). Therefore, the trajectories of both the state and the
parameter estimates are continuous. Again, the observer
exponential convergence is ensured under PE conditions. A
common limitation of the (sampled-output) nonlinear adaptive
observers proposed in [5] and [6] is that they are not applicable
to systems with output-injection, i.e. those where the regressor
(entering the state equation) is output-dependent. This class of
systems has been considered in [7] where an adaptive observer,
involving inter-sample output-estimator, has been proposed.
Exponential convergence is established, under ad-hoc persistent
excitation conditions, provided the sampling period is
sufficiently small.

In this paper, the problem of adaptive observer design is
considered for a different class of nonlinear systems.
Specifically, the unknown parameters enter the output equation,
while they entered the state equation in the previous works.
Furthermore, the regressor (that is associated with the unknown
parameter vector) is output-dependent. Consequently, the system
affine nature with respect to the parameters is lost almost all the
time, because of the output sampling. Another difficulty with
this class of systems is that the output signal enters nonlinearly
in the output equation making impossible the construction of
dynamic inter-sample output-predictors like those in [8] or [7].
Therefore, a quite different static (inter-sample output) predictor,
reinitialized at sampling times, is designed in this paper.
Furthermore, the proposed adaptive observer includes a state
estimator and an adaptive parameter law featuring continuous
state and parameter estimate trajectories. The observer
exponential convergence is established, for small sampling
intervals, under persistent excitation (PE) conditions
guaranteeing system observability and identifiability. To the
authors’ knowledge it is the first time that an exponentially
convergent adaptive observer is developed for (nonlinear)
systems with unknown parameters in the output equation.

The paper is organized as follows: the class of systems under
study is described in Section II along with the observation
objectives; the observer design and analysis are presented in
Sections III and IV, respectively; simulation results are provided
in Section V; technical proofs are appended.

II. OBSERVATION PROBLEM STATEMENT

A. Class of Systems
The system under study is described by the following model:

(1) = A@u(0)x(t) +b(u(?)) , forall £>0 )
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V(1) = ex(t) +y (u(1), y(1))0 2
with,

Aw)eR™™; ceR™, HeR"” 3)
b(u) eR"; w(u, y)e R, 4)

with x(0) arbitrary, where u and y denote the system input

and output, respectively; x € R” is the state vector. All
quantities in (2)-(4), including the integer » and m, are known
except for the parameter vector . Furthermore, A(u), b(u),

and w(u,y) are C' functions. The input signal u is bounded
and the mapping u — x (defined by equation (1)) is L, -stable.
Then, it readily follows that, in turn the state x and the output
y are bounded. Note that signal boundedness is a usual

assumption in the literature of nonlinear observers. The output
equation (2) is only accessible to measurements at sampling
instants ¢, . The latter is any increasing sequence so that f, —

as k — oo . The maximum sampling step is & =sup(¢, —#;_;) -
k

Remark 1. 1) In case where the output signal y(z) is accessible
to measurements all the time (i.e. in the absence of output
sampling), the output equation (2) is said to be affine in the
unknown parameter vector € because the quantity (i, y) is
then fully known all the time. This is the case in most existing
works on sampled-output observers (adaptive or not), e.g.
[51,[6],[8]- The present observer design problem is much harder
precisely because the output equation (2) is no longer affine in
@ due to the output signal sampling. Indeed, except at sampling
times, both w(u(t),y(¢)) and @ are unknown making the

quantity y (u(t), y(¢))€ subject to a double uncertainty.

2) Another major difficulty of the present observer design
problem, compared to the previous works ([5]-[8]), is that the
output signal y(z) is implicitly defined by the output equation
(2). The implicit output definition makes it impossible the design
of inter-sample output predictors like those in [8],[16],[17].

3) To illustrate the practical interest of the class of models (1)-
(2), consider the following Wiener type system:

x(t) = Ax(t) +bu(t), w(t) = cx(t) (5)
y(1) = f(w(1) (6)
for some triplet (A4,b,c) of constant matrices with the

dimensions indicated in (3)-(4). That is, the system is constituted
of a linear dynamic part, represented by (5), followed in series
with a nonlinear static element described by (6). The latter might
be the nonlinear characteristic of a sensor. In the system
identification literature (e.g. [12],[13],[14],[15]), it is usually
supposed that the nonlinear function f(.) is invertible and its

inverse is parametrized as follows:
w(t) = £~ (n(0) = y(t) - ill// ()8, (7

with some known function basis {y/i; i=0,1--, m} where y(.)

is the identity function. Combining (7) and (5), one gets a model
in the form of (1)-(2). Finally, note that a nonlinear relation like
(6) practically stems from the nonlinearity of a sensor or other
components. Nonlinear characteristic components are usually
met in (renewable) energy systems, see examples in e.g.
[18],[19],[20],[21] m

B. Observer Objectives

The problem at hand consists in designing an observer that
provides accurate online estimates of the state x(¢) and the
parameter vectors & . State and parameter estimation must only
rely on the input signal u(¢f) and the sampled output
measurements y(¢,). A major difficulty in this problem is
induced by the term w (u(t), y(¢))@ in (2). Indeed, the parameter
vector € is unknown and the output y in w(.,.) is only

accessible to measurement at sampling times. That is, the term
w(u(t), y(¢))0 is subject to a double uncertainty all time, except
at sampling times. This double uncertainty makes currently
existing sampled-data adaptive observers inappropriate for the
system (1)-(2). Indeed, those proposed in [1,5] apply to state-
affine systems with unknown parameters in the state equation,
not in the output equation.

III. ADAPTIVE OBSERVER DESIGN

To get online estimates X(¢) and é(t) , of the state vector x and

the unknown parameter vector 6, we propose the adaptive
observer of Table 1.

Table 1. Proposed Adaptive Observer
3(1) = A@)R(0) +b(w) =S 0 (30) = y(10)+ ().

forall t, <t<t,,;k=0,12... (8)
P = k(1) + wulty), y(t; NO)

forall t, <t<t,,;k=0,12... 9)
W0 = ST eatt )bt - 60+ 20)

forall t, <t<t,,;k=0]12... (10)
S(t)=—pS(t)-S(t)A@w) - A" w)S(t)+ "¢ (11)

with arbitrary %(0) and S(0)=S"(0)>0, and p>0 is
arbitrary.

A1) = Aw)A6) =S~ ()" eAt) = ST () w (), y(t,))

forall t;, <t<t, ;k=012... (12)
with arbitrary 1(0) e R"™" .
é(z) =—ROYT ()V(1), forall 1>0 (13)
R(t) = R(t)- ROYT ()P ()R(t), forall £>0 (14)
W) =y ), y(t; ) + cAr)
forall t, <t<t,,;k=0,12... (15)

with arbitrary 6(0) and R(0)>0.

Clearly, the adaptive observer of Table 1 is composed of four
main parts:
(i) the state observer (8)-(10) providing the state estimates

x();

(i1)) the parameter estimator (13)-(15) providing the
parameter estimates é(t) (which is a least-squares with
forgetting factor equal to 1);



(ii1) the adaptive law (11) providing the observer matrix gain
MOk
(iv) the filter (12) providing the auxiliary (matrix) signal
A(t) e R™™.
Owing to the observer gain S(¢), we need it to be positive

definite all the time and staying away from the null matrix. This
issue has been investigated in [9]. To state the result established
there, the following definitions (also introduced there) are
recalled for convenience:

e The transition matrix @, (s,#) of the system (1) is defined as
the solution of the following system:

L, (5,0) = AP, (5,0, (16)
s

with @, (¢,¢) =1, where [ denotes the identity matrix.

e The observability Gramian associated to (1)-(2) is:

T(t,Tu) =" @) (5,00 c®, (s,0)ds (17)

Then, the existence result for (11) can be stated as follows [9]:

Lemma 1. Suppose the input signal u(¢) is such that, there exist
T>0, a,>0 and ¢, >0 so that:
Ain T, T, u)) >, , forall ¢ > ¢,

where

(18)
Amin () refers to the smallest eigenvalue of a matrix.

Then, there exists p, >0 and fg >0 such that, for any

S0)=S"(0)>0 and P> P, there exist
og(p)>0,8,>0,t,>T so that:
ag(p)] <S(t) < Byl , forall t21¢, (19)

where ag(p) is a decreasing continuous function of p M

Remark 2. 1) Note that property (18) constitutes a persistent
excitation condition on the input signal u(¢) that guarantees the

uniform observability of the system (1)-(2). In the sequel,
condition (18) will be assumed to be true so that one can make

use of (19). In [9], it was shown that a(p) = e #**™=) with
Ao = sup"A(u)” .

2) Another important remark is that output estimation between
two sampling instants cannot presently be performed using inter-
sample predictors, unlike in e.g. [8],[7],[13]. Indeed, those
predictors can be obtained when the output derivative y(¢) can

be explicitly expressed in function of the state x(z) only.
Presently, the derivative of y(¢) is a function of both x(z) and
y(t). This is a direct result of the fact that y(¢) enters the right
side of (2) m

IV. ADAPTIVE OBSERVER ANALYSIS
Let us introduce the following estimation errors:
() =) -x(t), O(t)=0(t)-0(), forall £>0
YO =y@®)—y(t,),forall t;, <t<t,,;k=012...

(20)
21)
One immediately gets from (9) and (2):

F(t) = K (1) +w ), Y6 O (),

forall ¢, <t<t,,,;k=012... (22)
Subtracting (1) from (8), one gets using (22):
xX(1) = A@)x (1) — Kex (1) = Ky (u(ty), y(@ DO @) +v(t)  (23)
Also, it readily follows from (13) and (22) that:
0(1)=0(1) = ~ROFT (O (1) +y (u(t), ¥(1)O (1),

forall t;, <t<t,,;k=012... (24)
Now, introduce the coordinate change:
() =X() - ()0 (1) (25)

Differentiating (25) with respect to time yields, using (23) and
(24):
() = A(u)z(t) - Kez(t, ) , forall t, <t<t,;k=012... (26)
Also, using (25) it follows from (22) that:
5(0) =Y ()0 (t) +cz(t) — (X -%(1,)),
forall t, <t<t,,;k=0,2... 27)

where W(¢) is as in (15). In turn, the quantity X(¢#)—X(#,) in
(27) develops as follows, using (25):
R =F(1,) = 2(0) = 2(6,) + A0 ()~ A(6,)0 (1)

= 2(1) - 2() +(20) - A1) P () + A0 (- 01,)

=2(0) = 2(1,)+ (A0 = AP (O + A1), B (s)ds
which together with (27) yields:
() =F(00 (1) +c2() ~ e(=(1) = 2(1,))

- (0= 20080+ A0 B5xs ).

fOI‘ all tk St<tk+];k:0,l,2...
Using (29), equation (24) becomes:

(28)

(29)

0(1) = ROV OW () (1) - ROV (1)ez(0)
+ROFO(0-21,) + RO OeA®)| 6 (s)ds
+ RO (1)c(A(1) - A1,))0 (1),

forall 1, <t <ty ;k=012... (30)

This equation is to be completed with the adaptation gain
equation (14). The complete error system, including (26) and
(30), is rewritten for future referencing:

2(t) = A(u)z(t)— Kez(t, ), forall ¢, <t <t,,;k=012... (31)
6(t) =—R(O)Y ()Y (DO (1) + R(t) ¥ (1)e(A(1) — (1)) (¢)
+ ROW(0)eAt,)| ’v 6 (s)ds —R(t)¥(1)e=(t,) »

forall ¢, <t<t,,;k=012... (32)
%R"(z) =R ()+¥" ()P (1) (33)
M) = AW A0 =S (0" cAlt,) = ST (O ((t,), ¥(t,))

forall ¢, <t<t,,,;k=012... (34)

The complementary equation (34) is identical to (12), this is
rewritten here for convenience. Equation (32) is equivalent to
(14), it is more convenient because it is re-expressed in terms of



the inverse gain R™'(f). The exponential stability of the error
system (31)-(34) is stated in the following theorem:

Theorem 1 (main result). Consider the system (1)-(2) and let it
be excited by an input signal u(¢) satisfying (18) so that (19)

holds. Consider the adaptive observer described by Table 1 and
the corresponding estimation error system described by
equations (30) through (33). Then, there exists a 4,, >0 such

that if 0 </ < h,, then the following properties holds:
1) The

exponentially to the origin.
2) The auxiliary matrix signal A(¢) is bounded.

transformed estimation error z(f) converges

3) If the input signal u(¢) is such that A(¢) is persistently
exciting in the sense that,

J‘;Hs‘PT(s)‘P(s)ds >ayl , forall 120
for some real constants 0 >0, oy >0, then the parameter
estimation error 6 (¢) exponentially converges to the origin.
4) Under the above conditions, the state estimation error X ()

exponentially converges to the origin.

Proof. See the Appendix.

V. SIMULATION

The proposed approach is illustrated on a Wiener system (see
Remark 1). A noise-free case is considered first. Afterwards, a
case with output measurement noise is considered.

The considered Wiener system is inspired on Example 1 in [14],
which considers a Wiener model that describes a valve for
control of fluid flow. The linear dynamic part is a continuous-
time equivalent (using zero-order-hold) of the discrete-time
model presented in [14]. The continuous-time model has state-
space matrices

A= [_4 _%], b= [3], and ¢ = [0 ?] The nonlinear

4 0
function in [14]is f(w) = \/ﬁ and its inverse is f ~1(y) =
. Ow
Vo1y

Ticosy® The results here are obtained for a system where
f1(y) is replaced by its least-squares fifth-order polynomial
approximation and where the data are simulated using
parameterization (1)-(2) and (7) instead of (5)-(6), since,
although the fifth-order polynomial f~(y) is invertible (see Fig.
1), it is in general impossible to find an analytical expression for
its inverse (as stated by the Abel-Ruffini theorem). To obtain a
perfect fit with the parameterization (7), this polynomial
approximation’s linear coefficient, say y, should be one. This is
achieved by dividing the linear block with y and replacing the
nonlinear block with f(yw). Note that a Wiener system with a

linear block with transfer function ic(sl — A)7'h and with a

nonlinear block f (yw) has the same input/output behavior as the
original system. Like this, there is a perfect fit with the
parameterization (7) with ¥, = —1, 3, = —y2, 3 = —y3,
Y, = —y*, ¥ = —y°, and with true parameters 8, = 1.4094 -
107%, 6, =-6.0928-10"3, @4, =3.3077-10"%, @,=
2.4600-107%, A, =7.1310-10"Y, and we can show
convergence towards these true parameters. The input consists
of 1000 samples of a white Gaussian noise with standard
deviation 0.202, which is selected such that the standard

4

deviation of the non-scaled intermediate signal w is 0.1 on
average. Note that this input is bounded and persistently exciting
for the considered Wiener system.

1

0.5

Output y
[=]

-0.5

-1 0.5 0 0.5 1
Intermediate signal w

Figure 1. The nonlinear block of the considered Wiener system.

Input and output signal measurements are collected over the time
interval Os through 100s, equidistantly sampled with time step
h = 0.1s. The system and the observer are simulated using
Matlab/Simulink with a variable time step, and with a maximum
step of 0.0002s. The simulation protocol is such that the system
initial state is zero, x(0)=0. The initial state estimates are

%(0)=x,(0)=1
él 0)= éz 0)= é3 (0)=0. The observer gains are fixed or
initialized as follows: p=1, S(0)=1,, R(0)= 10*7

A(0) is a zero nxm matrix, where [, and /,, are nxn and

and the initial parameter estimates are

and

m?>

mxm identity matrices, respectively.

From Figs 2 to 4, it is seen that the predicted output, generated
by (9), coincides with the true output at the sampling times. Note
that, after convergence is achieved, the output-predictor has a
zero-order-hold inter-sample behavior (Fig. 4), while before
convergence, it shows an integrating behavior (Fig. 3).
Furthermore, the state estimation error (Fig. 5) and the parameter
estimation error (Fig. 6) converge to zero. The trajectories of the
state and parameter estimates are continuous.

Next, a zero mean white Gaussian noise e(t) with a signal-to-
noise ratio (SNR) of circa 20 dB (there are slight variations
depending on the noise realization) is added as follows in (2):
y(t) = cx(t) + 1p(y(t))9 +e(t). Note that the parameter
estimation errors do not converge to a fixed value (Fig. 7). In
fortunate cases, the final parameter error is close to zero,
resulting in good estimates of the nonlinear block, while in
unfortunate cases, the error is large. This jumping up and down
of the parameter estimation errors can be counteracted by
decreasing the exponential forgetting. Removing the exponential
forgetting completely (by putting the forgetting factor equal to
zero, which corresponds to removing the first term in the right
side of (14)) results in parameter estimation errors that tend to
converge to a fixed value (Fig. 8). With the considered noise
setting and without exponential forgetting, no bias is expected as
the number of samples goes to infinity. When choosing the
exponential forgetting factor, a trade-off should be made
between parameter convergence and adaptability to system
changes.



VI. CONCLUDING REMARKS

The problem of sampled-data adaptive observer design has been
addressed for the class of state- and parameter-affine systems
described by (1)-(2). This class of systems is quite different from
those in the existing works (on adaptive observers) because the
unknown parameter vector & comes presently into the output
equation.  Furthermore, the corresponding  regressor
w(u(t), y(t)) depends on the output y(¢#) which is not accessible

to measurements, except at the sampling times. Then, the affine
character of the system is lost all the time. The proposed adaptive
observer is also quite different from the existing one. Among the
numerous differences one has: (i) the varying gain in the state
estimator (8), the inter-sample output-observer (9), the filter
generated by (12), the transformed regressor defined by (15)
used in the adaptive parameter law (13)-(14). The present work
offers several research perspectives e.g. accounting in the model
(5)-(6) for (output) delays and output-dependent state matrix
([13],[17]), the investigation of the problem where a nonlinearity
is present both in the state and the output equation, and the case
where the nonlinearity is memory [22],

Output

0 20 40 60 80 100
Time (s)

tue O sampled ======== predicted

Figure 2. True output and predicted output provided by the
observer which only has access to output samples. It is seen that
the predicted output converges close to the true output after a few
seconds.

Output

3.5 4 4.5 5
Time (s)

tue O sampled ======== predicted

Figure 3. Zoom on the true and predicted outputs around t = 4
s.

02F N
H
= 0
O

o2 INCE g

9.2 9.4 9.6 9.8 10 10.2
Time (s)
tue © sampled ======== predicted

Figure 4. The predicted output has perfectly converged, at
sampling instants, to the true output around t = 10 s.

1.5

0.5

Sum of squares of observation errors

0.5 1 1.5
Time (s)

Figure 5. The observed states perfectly converge to the true states
of the considered Wiener system.

800

[e23
o
o

Sum of squares of
S
o
o

parameter estimation errors

N
(=]
(=]

0 2 4 6 8 10
Time (s)

Figure 6. The estimated parameters converge to their true
counterparts.



2000

1500

1000

500

Sum of squares of
parameter estimation errors

0 20 40 60 80 100
Time (s)

Figure 7. The parameter estimation errors do not converge to a
fixed value in the presence of measurement noise
with forgetting factor one.

05¢

Sum of squares of
parameter estimation errors

0 20 40 60 80 100
Time (s)

Figure 8. The parameter estimation errors tend to converge to a
fixed value in the presence of measurement noise if
the exponential forgetting is removed.

APPENDIX. PROOF OF THEOREM 1

Proof of Part 1. Exponential stability of (27). Consider the
Lyapunov function candidate:

T t oty . 2
V,=z'Sz+[  [|2(&)| déds, for t; <t<t;,;;keN (35)
This can be rewritten as follows [10]:
V.t)=2"0S@z(@0)+ [ (s—t+h)2(s)| ds.
forall t;, <t<t,,;keN (36)

Using (25) and (11), one gets by differentiating (35):
V,=2"Sz+2"Sz 42" Sz 4 Wz - [, (s ds
= (A@)z(t)-S7'c"ez(t,))" Sz + 2" S(Aw)z(t) - S~ ¢ ez(t, )
+27 Sz +hzo)f - [ 2| ds
=z" (O)(Aw)" S +SAu))z-2z"c"ez(t,)
+ 27 (—pS = SA@u) - A" (u)S +c"¢)z
MO = [ [ ds
=—pz'Sz—z"c"cz— 2zTcTcJ:v z(s)ds + h”z'(t)"2 - Itt7h||2(s)||2ds
(37)

Let
t(t)y=t—t, forall ¢, <t<t,,;;k=012... (38)
Then, one has:
—z'cTez=22"c e[ 2(s)ds < (c I z'(s)ds)T cf! z(s)ds
1y ty Iy
t . T 0t .
(ol el e
< (Jt[—h ||z'(s)||ds)TcTc " JEs)|ds .
forall ) <t<t,,;k=0,12... (39)
using the fact that ¢t —7(¢) =¢; and 7(¢) < h (due to (38)).
Combining (37) and (39), one obtains:
V. <—pe Sz 17 (O el @) +h|zo)” - [ | s @40)
with:
10 =]" |&s)|ds forall 1 <t<ty,;k=012... (41)
By Jensen’s inequality, one has:
2 . 2
[l <l Je)l ds,
forall tk St<tk+];k:0,l,2... (42)

Now, let us focalize on the penultimate quantity on the right side
of (40). It follows from (31) that:

|20 = “(A(u) - S_IcTc)z(t) +87eTe(z(t) - z(zk))ﬂ ,
< ”(A(u) - S_lcTc)z(t)“ + Hs“cTc HES

<k (PO + ma (P 2(s)
forall 1, <t<t,,;;k=0,12... (43)
with
ki(p) =sup| @) =5 0e"e| .y (p)=as' (P’ (44

using (19). By Lemma 1, the real quantities x;(p) and x,(p)
are continuous increasing functions of p . Using (41) and (36),
inequality (43) implies:

2

[zl <267 (P + 263 ([, 265
<PV + (1)), forall 1 (45)
with:
K (p) = max[z’“ (”)) 26 (”)J (46)
S

where we have used (19). Using (45) and (42), it follows from
(40) that:

V.<—p" Sz x,h]_ |25 ds
+hlc (V.0 + @)~ [ |2 ds
<—pV 0+ p| (s—t+W)|z(s)| ds+x,h[[2()| ds
+hley (V.0 + PO)- ] [ ds
<=0 (h,p)V.(1) (1= h(x, + hicy(p)+ p))[_ [E(o)| s



forall 1, <t <t :k=0]12... (47)

with o (h,p)=p—hx;(p)>0 and «, = A (c'c), where we
have used the inequality 0 <s—¢+A <h (which holds for all

ty St<ty;k=012...). Given any real 0<g <1, there
exists a 4, >0 such that for any 0 </ </, one has
o.(h,p)>0 and l—h(K4+hK3(p)+,D)>0 (48)

Then, it follows from (47) that V, <
the subsystem (31) is exponentially stable and so z(¢) tends

—o_(p)V,(t) implying that

exponentially to the originas ¢ — .

Proof of Part 2. Introduce the notation A(f)=

[4(@)... 4, (0]

where the A °s denote the column vectors of A(r) e R™".
Similarly, we let:

w(u(t), y(t) =y, (), y(t) -y, u(ty ), y(E))] -

Then, the subsystem (34) can be rewritten in the following
disassembled form:

A(0) = A@)A,() =S ()" A (1) =S (e v, (u(t, ), y(2,)
forall 7, <t<ty,;k=012... (49)

Interestingly, the nominal system defined by (49) without the
disturbance input K, (u(t;),y(t;)) 1is identical to (31).

Therefore, we consider the following Lyapunov function, similar
to (36), to analyze the properties of (49):

V, = ASA + [ (s— e+ ) ds.

forall 1, <t <ty :k=012... (50)

where the argument ¢ has been (and will continued to be)
omitted to alleviate expressions. Just as for (37), we get the
following derivative:

V, ==pA Sk - A" ca, =22 c"c[ As)ds

A O = [ VAo ds =22 0] @) v )

(51
Following similar steps as those from (38) to (40), it follows
from (51) that:

v, <-pA S +xhf i) ds +aliof - |4 as

t—h
1
&l @), v Aol
forall t, <t <ty ;k=012... (52)

with &, =4, (c"c), where & is any positive real number.
Also, following the steps (43) through (47), it follows from (52):

Jao]=x o]+ w0 2)ds

+[s7 @ lw @, v
where k,(p) and x,(p) are as in (44). Just as we did with (45),

we obtain by taking the square of both sides of (53) and using
Young’s inequality:

o] <3solrof +3xof 4|

+ 3Bl v ) v )|

(53)

t . 2
<K (p)(Vl O+h[ 4 dsj
305 el ), v
forall t, <t<t; ;k=0L2...

357 (p)

N

(54

with x5(p) = max[ 3 ( p)J , where the last inequality

has been obtained using Jenssen’s inequality (as for (42)).
Combining (54) and (52) implies:

Vﬂ <—pV, (1) + pf_h (s—t+ h)"ii (s)”2 ds+ lth_h ”l, (S)"2 ds
+hics (p)(V,1 )+ h.[:fh “/1, (S)“2 dSJ

+3nB2 ey e ya = A ds

vyl @)y + “T(’”V 0)

< —[p—asT(p)—th (/J)JV;~ (0

~(1=lp-+x,+ ()] i (o) s
+GB2||” + Ow @)y

s (p)

<0, (h )V, O+ B2 + 22PNyt )yt )

_ (1 - h(P +x,+hiKs (p))).[[—h "/1" (S)" ds

forall £, <t<ty,;k=012... (55)

with o-,l(h,p)zg—h/cs(p). Let the free parameter £ be set

-1
such that %s (©) _ % and consider any 0<¢, <1. There exists

a &, >0 such that for any 0<% <#, one has:

c,(h,p)>0 and 1—h(p+K4+hK5(p))>0 (56)
Then, inequality (55) yields:
V(1)< 0, (h o)V, () + GHEZ] + 25 (p 28 O ey, e,
for all ¢, St<tk+1,k—0,1,2... (57)
which implies that V,(¢) is bounded and
limsup ¥, (¢) < {3};/33 o + 205 (p )J - (58)
. (h P) P

with . = sup|ly (u(t), y(z))||2 . Using (50) and (19), it follows
t

from (58):
limsup|2(0)| < 22, (h, p) (59)
with,
1
e ]
Ay (hy p) = e +
P = e s S(>

Replacing the various quantities in (60) by their explicit
expressions, the above bound rewrites as follows:



2

(p+2Tag, )
[3hﬂ§||c||z +LJ (61)
pa

u

(p+2Tay, )
l//maxe
ﬂ’M (h9 p) =

a, (5 —hxs(p))
We now establish an additional useful property that concerns the
bounding of the quantity A(¢#)—A(z,). To this end, one gets

integrating (49):
A1) = Alt,)

— [ Aw()2,(s)ds —[ [s (s)ds)cTcﬂi t,)

([ s @ds )T, ). 20,

forall t, <t <t,,;k=012...
Using (59) and (19), it readily follows from (62) that:
2@ =A@ < Z(h, p), forall ¢, <t <ty ;k=012...
with
A (h, ) = hayy oy, (h ) + herg (P |y (B p)

+hag (Pl (1, p)
which together with (63) gives:

limsup Z(h, p)=0

h—0

(62)

(63)

(64)

Proof of Part 3. It is shown in many places that, under the PE
assumption of Part 3 (of Theorem 1), the solution of (33) satisfies
the following property (e.g. [11]):

R'(t)>a,l ,forall t>0

for some real constant

(65)
o, >0. Consider the following
Lyapunov function candidate:

- ~ o2
Vo=0"R1O+[ (s—1+ h)‘@(s) ds (66)

Deriving this along the trajectory of (32)-(33) gives:

R71 ~ 2 t ~
T—ddt 0 +h ‘LHH(S)

=207 (Y)Y ()0 (1)+20 T (1)c(A(1) - A(2,))0 (1)

. ~ L~ - 2
V,=20"R"'0+6 o(t) ds

+20" WP (O] 0 (s)ds

20 ()P (t)ez(t,) —O R ()G +0 Y)Y (1)6
-,

=—0TOR (O -0T (O F()¥T ()0 (¢)
+207 ()Y ()c(A(1) - A(t,))0 (1)
+20T V(O (OeA,)| 0 (s)ds

+h‘ 6(t) s ds

< |? ;< 2
— 2§TT(t)qJ(t)cz(tk ) + h“@ o - J‘Hl H@ ()| ds,

forall t;, <t <t ;k=012...

(67)

Using (66) and Young’s and Jenssen’s inequalities, it follows
from (67) that:

Vo) SV, (0)+h] H§ &) ds— @7 OP@)’

+C@ OO +@||m ~affoo|
@ W) +—"\P(t)cj(tk I o (s)dsf
#5@" ) + ¥ el |-

’ ds

+ hH5 ol - [ ’_hué (s)

" 2* . p)
9

< —(1—| W (2)

R

_(1_;1_th]” g(s) zds
g t—h
~ ) ) K
—(1-35)@" ()Y (1))’ +é||‘l’(t)c|| |zl + hHG @ ,
forall t;, <t<t;,;k=012... (68)

with ¢ any real such that 1-3¢ <0, where we have used (65),
and (63). To find an upper bound of the last term on the right

side of (68), we take the square of both sides of (32) and apply
Young’s inequality:

H§ ol < Arayvow o o (t)”2

+4lrO Ol | -2 |[e o

2

+|ROY O |||’

J.:, 5 (s)ds

+4| RO @] 20|
< (oyy b + et el 2 o]

2
+a4hayl, ds

d 2 (),

2, (. p)|ze)|
forall 1, <t<t; ;k=0L2...

‘5 (s)

2 2
T4 Y

(69)

where the last inequality is obtained using Jenssen’s inequality.
Combining (69) and (68) gives, using (66) and the fact that
1-35<0:

2
ds

Ve(t) <=0y (h, p)V,(1) —Ks (h,p,t)J;t_h 5(3)

+ kg (hy p D)2t forall ¢ <t <ty ;k=012... (70)
with
N 2 )

(4

69(h7p) =

vha (et +aay e 2 (o)

(71)

4yl | A (e p)
(72)
(73)

2 22
"s(hapaf)=1—h—hw_
S

ey pot) = élqu(r)cllz +aha?yl | 2 (hp)

Using (63), it readily follows from (72)-(73) that:




limsup o, (4, p) = limsup x5 (h, p,t) =1 (74)
h—0 h—0

c||2 +dhalyl,, ||c||2 A2 (h,p) < oo (75)

max

0<K6(h,p,t)sl‘~l’2
S

with ¥ =sup|[¥(¢)| is finite due to (59) and (15). Given any
t

real number 0 < ¢, <1, it follows from (71) and (74) that there
exists a real number 0 </, <min(h_,h,) (where h, and h, are
as in (56) and (48)) such that, for any 0<% <A, one has:

0<o,(h,p)<l-g, and xs(h,p,t)>0 (75)
which together with (69) implies that:
Valt) < =(1=2,)V, (1) + x4, 020

forall t;, <t<t;,;k=012... (76)

It has already been proved that ||z(¢)| is exponentially vanishing.
Then, it follows from (70) that so is V,(¢). The same result
applies to 0 (¢) , due to (65)-(66).

Proof of Part 4. From (25) one gets "f(t)” < "z(t)” +||Z(t)||”5(t)”
which implies that X(¢) is exponentially vanishing because

z(t) and 0 (t) are so and ||l(t)|| is bounded.
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