N
N

N

HAL

open science

RECOVERING NAVIER-STOKES EQUATIONS FROM
ASYMPTOTIC LIMITS OF THE BOLTZMANN GAS MIXTURE

EQUATION
Carlo Bianca, Christian Dogbe

» To cite this version:

Carlo Bianca, Christian Dogbe. RECOVERING NAVIER-STOKES EQUATIONS FROM ASYMPTOTIC LIMITS
OF THE BOLTZMANN GAS MIXTURE EQUATION. Communications in Theoretical Physics, 2016. <hal-

02151781)

HAL Id: hal-02151781
https://hal.science/hal-02151781v1

Submitted on 10 Jun 2019

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to'flizition
HAL Authorization


https://hal.science/hal-02151781v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

RECOVERING NAVIER-STOKES EQUATIONS FROM ASYMPTOTIC
LIMITS OF THE BOLTZMANN GAS MIXTURE EQUATION

CARLO BIANCA AND CHRISTIAN DOGBE

ABSTRACT. This paper is devoted to the derivation of macroscopic fluid dynamics from
the Boltzmann mesoscopic dynamics of a binary mixture of hard-sphere gas particles.
Specifically the hydrodynamics limit is performed by employing different time and space
scalings. The paper shows that, depending on the magnitude of the parameters which
define the scaling, the macroscopic quantities (number density, mean velocity and local
temperature) are solution of the acoustic equation, the linear incompressible Euler equa-
tion and the incompressible Navier-Stokes equation. The derivation is formally tackled
by the recent moment method proposed by Bardos et al. [3] and the results generalize
the analysis performed in [4].

Keywords: Gas mixtures; Hydrodynamic limit, Asymptotic limit, Fluid equation,
Conservation law.

AMS Subject Classification (2010): 82C40, 76P05, 35Q35

1. INTRODUCTION

The mathematical derivation of the fluid mechanics equations from the dynamics de-
scribed at the mesoscopic scale is a hard challenge considering that the hydrodynamic limit
techniques require assumptions and tools of nonlinear analysis. The most famous method
for deriving the fluid dynamic description from kinetic equation is based on the definition of
two different scalings (parabolic/diffusive and hyperbolic) and subsequently on the so-called
small Knudsen number e (proportional to the mean free path) limit, which corresponds
to enhance the kinetic collision operator, responsible for the trend to the thermodynami-
cal equilibrium, at a factor 1/e. Specifically, in the diffusive scaling, a time scaling of the
same order than the scaling of the collision operator is considered; the asymptotic analysis
leads to parabolic equations (see, among others, papers [11], [21] and the references cited
therein) and specifically to the incompressible Navier-Stokes equations. The hyperbolic scal-
ing leads to conservation laws (or balance laws if source terms appear) [8]. The derivation of
the macroscopic equations is based on the moment method which, differently from the the
Hilbert and Chapman-Enskog expansion, consists in passing to the limit when the Knudsen
number vanishes in the local conservation laws of mass, momentum and energy. It is worth
stressing that, to the best of our knowledge, the moment method dates back to Bardos et
al. in [3].

In this context, it has been observed (see [22]) that if the Knudsen number Kn and
the Mach number go to zero with the same speed in €, the Reynolds number Re (which
is the ratio between the transport and viscosity effects) remains finite. Accordingly, the
following interpretation of the scaling can be considered: by scaling space and time as
e ! and €2 and the velocity field as €, the incompressible Navier-Stokes equations are
unchanged. In particular in [3], under suitable technical assumptions, it has been proved
that the incompressible Navier-Stokes equations are asymptotic limit of the Boltzmann
equation, see also [19].
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This paper is concerned with the derivation of macroscopic fluid dynamics from the meso-
scopic dynamics of a gas-particle system composed of two subsystems L and H of particles
that collide elastically (binary gaseous mixture) and having masses m" and m®. The related
distribution functions F* = F*(¢,z,v) and F® = FHi(¢,z,v), where ¢t > 0 is the time vari-
able, € R? is the space variable, and v € R? the velocity variable, are thus solutions of the
following Boltzmann equations system:

O F" + -V, F* = Q(F", F*) + Q(F®, F") (1.1a)
O F* + -V, F* = Q(F", F%) + Q(F*, F*) (1.1b)

where Q(F®, F¥) and Q(F*, F*), for {a,¢} € {L, H}, are the collisional integral operators
which model the collisions among particles of the same subsystem (self-collisions), while
Q(F*, F*) is the collisional term which model the collisions among the particles of the two
subsystems « and ¢ (cross-collisions) and it reads:

QU F)0) = [ [P WOF W) = @) @B @ v. V) doadw, - (1.20)
R3 §2
F(l)=F(t,z,v,), F@')=F(tx), F(u)=F{tazuv.), Fl)=F(tzv), (1.2b)

where v, v, are the pre-collisional velocity, v’, v), are the post-collisional velocity, where

S? is the 2d sphere in R3, w is an arbitrary unit vector, dw is the surface measure on it,
v := v, — v is the relative velocity, dw is the solid angle element in the direction of w,
B*® is the nonnegative differential-scattering cross section [9]. In particular in the present
paper, following Chapman and Cowling [10], we consider as B‘® the collision kernel that
corresponds to the hard-sphere gas case (cross-section):

Blo _ 1 (d“ +dt
C2V2r 2

where d® and d¢ are the atomic diameters of the particles of the two subsystems o and £.
The momentum and energy conservation equations

2
) [(vs —v)-w| w e S?, (1.3)

m®v’ +m, = m® + mtu,, m®' |2 + mHl|? = m||? + mlv.|?,
allow to derive the post-collisional velocities v’ and v:

, 2m’ , 2m*
vV=v+ ——(w-V)w, v, = v, —

e, (w-v)w. (1.4)

me + mt
The interested reader in the formal derivation of the above system is referred to Kogan
[18], Chapman and Cowling [10], Ferziger and Kaper [13], Hirschfelder et al. [17].

The outline of the present paper is as follows. After this introduction, Section 2 provides
the necessary background on the Boltzmann equations system for the binary mixture of
hard-sphere gas, including the main properties of the collisional operator and the linearized
Boltzmann operator. The hydrodynamic equations are derived in Section 3 which also
contains our main result. Section 4 is concerned with the proof of the main result. Finally
Section 5 deals with a critical analysis and future research perspectives including the possible
derivation of the limiting ghost effect system.

2. KINETIC THEORY OF BINARY GASEOUS MIXTURE: BACKGROUND

This section deals with the review of the main properties and results for the Boltzmann
equations system (1.1). The aim of this section is to summarize the basic tools necessary
for the derivation of the macroscopic fluid dynamics equations that will be performed in the
next section.
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The first step is to write the Boltzmann equations system (1.1) in compact form. Let
[-,:] denote a column vector so that F(t,z,v) = [F*, FY], writing the collision operator as

follows: O(FE. FL) + Q(F". 1)
¢ (F) = (Q(FL: FH) + Q(FH:FH)) (2.1)
the Boltzmann equations system (1.1) now reads:
0F +v-V,F=%(F). (2.2)
Moreover, for notational convenience, we set
QF = Q(F" FY), QY =Q(F"FY), Q™ =Q(F"F"), Q'=Q(F',F").

Bearing all above in mind, the following main properties of the collision operator @) are
summarized (see, among others, papers [16], [15], [24], [2], [12] for further details):

(i) Mass conservation:

/ QLdv =0, / Q"dv =0, / Q™dv =0, / Q%dv = 0. (2.3)
R3 R3 R3 R3

(ii) Momentum conservation:

QLmtvdv = 0, / (Q"mv + Q"™m"v)dv = 0, / Q" mvdv = 0. (2.4)
R3 R3 R3

(iii) Energy conservation:
QEmE|v|*dv = 0, /(QLHmLh}\Q + Q™ m|v|*)dv = 0, /QHmH|v|2dU =0. (2.5)
RS R3 R3
(iv) Entropy inequalities: For each function G = (Gt,GM)T € €5°(RT x R?) we have:
log G
@@ ogCluae = (40 (16)) <o, (2.6
(L2 (83))?2
where (-, -) denotes the inner product in (L?(R3))2.

(v) Local thermal equilibria: The distribution function which maximizes the entropy
(equilibrium distribution) has the form of a locally Maxwellian distribution, namely
(¢(G),log G) = 0 if and only if G reads:

L 3/2 2
L m _ v —u
" (27ﬂ9> eXp( B >

G= : (2.7)

H 3/2 2
uf m: _ ulv—ul
" (27#)) eXp( B >

where v* = v = u € R? is the mean velocity, 6* = 0% = § € RT is the local
temperature and n® = G“dv € RY is the number density of the gas . Note that

R3
n® > 0 guarantees the positivity of the distribution function and € > 0 ensures the
integrability with respect to v.

For simplicity we set:

me\ /2 v —ul?
M = Mipa y9)(v) = n® (27r0> exp (—ma 59 > , a € {L,H} (2.8)

o) = = M0 = () e (me ) acpm o)



4 C. BIANCA AND C. DOGBE

and ,
() = (2m) =322,
Therefore we have:

QL(ML,ML) _|_ QLH(ML,MH) — 0’ and QHL(MH,ML) _|_ QH(MH,MH) — O

The density n®, the mean velocity u® = u and the temperature 8 = 6 are such that

1 n
/M[na,u79] (v) | m*v |dv= men®u . (2.10)
m®|vl|? men®|ul? + 3k
The quantities m*n“u® and Wy, = %mano‘|u|2 + %/{9 are the momentum and energy

densities of the Maxwellian and & is the Boltzmann constant.
We further normalize the collision operator (1.2) as follows:

Q(F*, FY) = / |(ve — ), w| [FY(WL)F (V') — FO(v,)F*(v)]dwdv,. (2.11)
S+ xR3
Next, we define the standard perturbation F'® with respect to u as follows:
F=p+ /1, a € {L,H}. (2.12)

We then study the normalized vector-valued binary gaseous mixture Boltzmann equations
system for the perturbation

flt,z,v) = [fr(t, z,v), f(t,z,v)], (2.13)
which now takes the form
{0 +v-Vabf+Lf=T(f. f), (2.14)
where, for each given g = [g%, ¢!], the linearized collision operator in (2.14) reads:
L = [L" L") = [Lg, Hy| (2.15)
where C1yz (2QM (s pE gb) + QP (p, 3 (gt + )
“ro=n (QLH(M uE(g" + ) + 2Q™ (u, uég*‘)> ' (210)

Simple calculations show that £ can be decomposed in the standard way (see for instance
[14]) as: Lg = v(v)g — Kg, where K is a compact integral operator on the space of square
integrable functions, and the function v(v), called collision frequency, is a smooth function
growing at large velocities as the cross section that reads:

v(v) lv — u|p(u)dudw.
R3xS2
For g and h the nonlinear collision operator is
1 1 1 1
_ 12 Quzgh p2ht) + QT (pz gt pzht)
it (QLH(uégL, pEht) + QM (3 gt p2 b)) (217)
Let Lf\,l be the associated Hilbert space endowed with the usual L? inner product

() (2)),, = fesae s a1
&

The main properties of £ are summarized in the following lemma (see Proposition 2.1, pp.
635-638, [1]):

Lemma 2.1. Assuming the hard-sphere interaction for the collision kernel, we have:
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1. L is the sum of a diagonal operator f — vf and a compact operator IC. The domain
of L is given by

D) = {f + |+ o) 2 fllps, < oo}

. . . . . 2 .
2. L is a nonnegative self-adjoint operator in L7 ,:

o e

3. The kernel of L is a siz-dimensional linear space:
N = ker(L) = Span{¢;, i =0,...,5}

where

L. Li,.[2
o = (é) , o1 = <(1)> , Qiy1 = <:ZHZ:> , (1=1,2,3), ¢5= <2H5=2> .

4. Any function f € D(L) can be written as f = q5 + wy with g5 € ker(L) and
1
w € (ker(L£))* and we have (Lf, f)rm = ol|(1 + [v]) 2wy |

We will consider the basis

'(/)i(v) = ’Uiﬂl/Q(U)? (Z =12, 3) (220)
(Jo]* = 3)u'*(v),

and

' = Span{vo, ..., Y1}
We define P as the orthogonal projection L?(R3) to the null space M. With (¢, z,v) fixed,
we then decompose any function ¢(t,z,v) as
g(t,z,v) =Py(t,z,v) + (I-P)g(t, x,v). (2.21)

Then Py is called the hydrodynamic part of g and (I — P)g := P; the microscopic part.

Let’s now introduce the pseudo-inverse of the linear operator £. The Fredholm alternative
states that the equation

Lg = 0o, peR(L), geR(L) (2.22)
has a solution if and only if ¢ € M, in which case there is a unique solution in ¢ € N+
denoted by g = L71¢. The Fredholm property of £ implies that for every p € (1, 00)

L: LP(pudv) — LP(pudv)  is bounded,
and that for every £ € LP(udv) there exists a unique elr (1 dv) such that
LE=P&, PE=0.

For every £ € LP(udv) we define £L71¢ = fA where E is determined above. This defines an

operator £~! such that
L1 LP(pdv) — LP(pdv), is bounded,

L7 =P, over LP(udv), LL'=P; over LP(udv)
and M(L7Y) = N(L). The operator £~ is the unique pseudo inverse of £ with these
properties.

In what follows we denote the weighted inner product of i and g in Li (R?) with respect
to a given Maxwellian p by:

()= [ nw)go)nde (2.24)
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2.1. Moments and conservation laws. Macroscopic quantities such as the number, mo-
mentum and energy densities are defined as moments of the distribution function with
respect to the velocity. Specifically, the density n®, the mean velocity u® (m*n®u® is the a-
subsystem momentum density) and the energy density W of the subsystem « are computed
from the a-subsystem distribution function f as follows:

1

m*n*u® /F(JZ mava dv. (2.25)
a|U|2

The quantity m*n®u® is the a-species momentum denblty and W is the energy density.

Moreover the following fields can be defined:

c=v—u” (random velocity with bulk velocity w)

1
@ = 5/ cile|*F*dv (1=1,2), (heat flow vector)
R3

Pij = / cic; F%dv (i, =1,2), (stress tensor with components pf}).
R3

It is common to separate the drift motion (defined by the average velocity u®) and the
random kinetic motion (defined by the velocity c) in evaluating these integrals. By definition
of u®, one has

/v QvF*m%dv = m*n®u® @ u® + P

where
P := trace(p;;) = /(v —u*) ® (v —u*)m*Fdv, (1,7 =1,2),
and
1
/ ima|v|2vFo‘mo‘dv =W + P + Q“
with

e a2
:/%(U—UQ)FO‘dU.

The internal energy per particle e* and the temperature 0% of a-species gas are defined as:
v—u®|*F*dv 2.26
- / o — e (2.26)

where, unless otherwise stated, the domain of integration is the whole space of v (or of
the variable of integration). We define the mass density ¢* by 0 = m®*n®. We also
define global quantities for the mixture: the counterparts of the mixture, i.e., the molecular
number density n, mass density g, mass average velocity v, pressure p and temperature 6,
are expressed by a proper combination of the quantities above as

1
Z n®, 0= Z 0%, E =nkf = Z (pa+3u—vo‘|2>.
ac{L,H} ae{L,H} ae{L,H}
The following proposition holds true, see [12] for the proof.

Proposition 2.2. Let F* = F%(t,x,v) be a solution of the Boltzmann mizture system (1.1)
that is locally integrable and rapidly decaying in v for each (t,x). Then the mass, momentum
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and energy conservation laws hold:

3t/ F*dv + V, vF% v =0 (2.27a)
R3 R3
O [ m*vF%dv+V, [ m*v®@vF% v = mvQ(F, F*)dv (2.27b)
R3 R3 R3
1 1 1
O [ mo=|v]*F*dv + VI/ m® = |v| LPvF*dv = / m® = |v|?Q(F*, F*)dv (2.27¢)
w2 s 2 s 2

Bearing the previous notations for the thermodynamic fields in mind, these continuity
equations are, for the L-subsystem:

Ognt + V- (ntu) =0 (2.28a)
Or(mPntu) + V, (/v ® ’UFLdeU) o % (2.28b)

mL|,U|2
IWE + V- (/ 2’UFLd1)> = 9" (2.28¢)

and similarly for the subsystem H:

Ot + V- (nu) =0 (2.29a)
O (minfu) + V, (/v ® vFHdev) = ot (2.29b)

mH|,U‘2
OWE+ V- ( / 2vF“du) = 9", (2.29¢)

where Q¢ and 2% are the momentum and energy transfer rates toward the subsystem o

from the subsystem ¢:
Qa[ o N mey
(5e) = [ () o (2.30)

so that, because of the momentum and energy conservation properties of the unlike-collision
operators (2.4) and (2.5), we have

Q¥+ Qv =0, 24 2= (2.31)

3. DERIVATION OF THE MACROSCOPIC EQUATIONS

This section is devoted to the formal derivation of the macroscopic equations for the
density, momentum and temperature from the Boltzmann equations system for the binary
mixture hard-sphere gas.

As already mentioned in the introduction, the main aim of this paper is the asymptotic
derivation of macroscopic equations. In particular the derivation of different hydrodynamical
equations depends on the time and space scales employed. Specifically we consider the
following rescaled Boltzmann mixture equations system

1

YO, F 4 vV, F! = g1Q(F! FL) + gQ(Fg‘,Ff) (3.1a)
1

MO FE + vV, F: = gQ(FEL,FEL)Jr e Q(FL, FY), (3.1b)

where F*(t,z,v) = FO‘(E%, £,v), ¢ > 1 is a real parameter, ¢ > 0 is a real parameter that
can be interpreted as the Knudsen number or the mean-free path between two intermolecular
collisions, and v > 0 is the strength parameter of the scaling. It is worth noting that the

time scaling, which is related to the Strouhal number (ratio of the oscillation frequency to
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the bulk velocity), is introduced to suppress, when v # 0, the acoustic modes varying in a
faster timescale than rotational modes of the fluid.

In the hydrodynamic regime, where the Knudsen number vanishes, it is expected to
obtain a continuum limit and thus reaches statistical equilibrium. Specifically the paper
shows that, depending on the magnitude of the parameters which define the scaling, the
macroscopic quantities (number density, mean velocity and local temperature) of the two
subsystems are solution of the acoustic equation, the linear incompressible Euler equation
and the incompressible Navier-Stokes equation. The derivation is formally tackled by the
recent moment method proposed by Bardos et al. [3] and the results generalize the analysis
performed in [4].

It is worth stressing that we did not try to get all possible scalings. In particular, one
can easily derive simplified models to those we have here [4].

It is worth stressing that for the derivation of the rescaled equations system we can think
the solutions of (3.1a)-(3.1b) as scaled solutions of (1.1a)-(1.1b), that is, if F'*(¢,z,v) solves
the Boltzmann mixture equations (1.1a)-(1.1b) then the parabolic scaling F*(t,z,v) =
F O‘(E%, £, v) generates a solution of the dimensionless Boltzmann mixture equations system
(1.1a)-(1.1b) (see for instance [3], [20]).

In the hydrodynamic regime where the Knudsen number vanishes € — 0, it is clear that
the right-hand side of (3.1a) would become singular. The only possibility to avoid this

singularity is that

: HopHy _
Then, by (2.7), the limit must be a Maxwellian, namely,
Fy = M[n",u, 0], (3-3)

for some (n", u,0) which can be function of ¢ and x (similarly for the subsystem L).

If FX and FY¥ solve the binary gas mixture Boltzmann equations (3.1b) and (3.1a) then
FL satisfies the local conservation laws of mass, momentum, and energy:

1 v 0
o, [ FX | vmt | dv + div, / FEl v@omt | dv=etTtmt | Q(FL, FH) (3.4)
R3 Llo|2mt R3 vilv[*mt 2(Fz, FY)

and for F? one has:

1 v 0
€10, / FE{ vm? | dv+div, / Fl v@umt | dv=eim® | Q(FE, FL) | . (3.5)
R3 Llo|2mt R3 vifv[*mt Q(FL FY)

Since the solutions of the asymptotic equations are not guaranteed to exist or to be regular,
our proof is only formal. We assume that for each ¢ > 0, F is a solution of (3.1b) and
(3.1a) that satisfies the local conservation laws of mass, momentum, and energy, as well as
the local entropy relation. Assume that

Fe = F ae
as well as

/F;‘dv% F*dv, /vFeadv% vF%dv, /|U|2Ff‘dv%/ lv|2Fdv
in €(RT; 2'(R3)), while

/’U@UFgad’U—) v ®vFdv /v|v|2Fs‘1dv—>/ vlvPF*dv 2’ (R?)),
R3 R3 R3 R3

in ¢(R*; 2'(R?)), as e — 0.
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The small Mach number (ratio of the bulk velocity to the sound speed) is realized if F*
is close to an absolute Maxwellian. If one takes the standard Maxwellian, the distance from
this absolute Maxwellian can be scaled in the unit of the Knudsen number ¢ as

Fo(t,x,v) = po + Eﬁu},‘/z(v)g?(t',x,v), ae€{L,H} (3.6)

where 3 > 0 is the strength parameter of the scaling. The distribution function g can be
viewed as the microscopic response of the system to gradients of macroscopic variables.

Varying the magnitude of the two scalings, it yields different limits as ¢ — 0. Thus, one
can derive different fluid equations (and in particular incompressible models) depending on
the chosen scaling.

Before going further into the analysis, a linearization of F¢ is required. We will look for
the solution F near u, that is, the solution having the form

1 1
FE=p+ePuagh,  Fr=p+e™p2gl, (3.7)

with g¢ = O(1) as € — 0. Plugging the scaling (3.7) into the mixture system (3.1) to deduce
the governing equation of the new unknown ¢, one finds:

1 1 1
I ogl +v-V, gl = EL(gf) +e™ Mgk +p2 {e“q’”“QLH(u,u‘ng)
1 1 1
+ QM (T2 gl ) + GB”“QLH(WQE,WQS)} (3.8)
1 1 1
0, FF + vV, F! = EH(gf) +ePTI(gH) + p2 {f“‘*q‘ﬁQHL(u,u?gE)

1 - 11
+ e1Q M (u2gi ) + e +“QHL(M29?7M29§)}~ (3.9)

Here, €7 allows us to choose the phenomenon we want to emphasis. For notational conve-
nience, we set:

1 1 1 1

L) = p 2@ (o p~2g"), LG =p2Q" (w298 1) (3.10)
1 1 1 1

HT(g8) = 7 2Q™ " (u, p2g%) HE(g5) = 2Q" (u2 g8, 1) (3.11)
1 11 1 11

TP = 2Q M (n2gh, p2gt), TH(¢™) =p 2Q" (u2gt, n2gh). (3.12)

By varying ¢, 3 we can formally derive the systems of the fluids dynamics.

The main result of the present paper is to perform the asymptotic limit when ~, 3 > 0,
m > 1. Specifically, the evolution of (n®,u,6) is governed by the acoustic system for F#
and Incompressible Navier-Stokes equations for F.

We state the main result of this article.

Theorem 3.1. Let FL and F be a family of distribution solutions to the scaled mizture
systems (3.1b)-(3.1a) that satisfies the local conservation laws of mass, momentum, and
energy. Moreover, for «, 8 € {L,H}, assume that:

Fe—p
g8 = —=—— — f* in the sense of distributions, (3.13)

eV

and

sQaﬂ(gg‘,g?) — 0 in the sense of distributions
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/g?\/ﬁdv — /go‘\/ﬁdv, /vg?\/ﬁdv — /vgo‘\/ﬁ in € (RT; D(R?)),
RS RS RS RS

/v ® vgdy/pdv — /v ® vg*/pdv, /vg?\/ﬁdv — /’ugo‘\/ﬁdv in €(R*T; D(R?)),
R3 R3

3 R3

R
oPgeVado > [ oy ade, [ oloPgzado > [oloPeide in@(RYDE),
R3 R3 R3 R3
as € — 0. Then the asymptotic limit f := [fX, AT reads:

flt,z,v) =n(t, z,v) +v-ult,z,v) + 0(t,xw)%(|v|2 -3).
Furthermore

e If =0, B >0, (u,0) is solution of the linear compressible equation (the so-called
acoustic equation) for the subsystem H and solution of the incompressible Navier-Stokes
equation for the subsystem L:

I+ divu =0 i
e O | 4.va+ Vit = vAd
du+ Vo (n+0)=0 ot (3.15)
9 00 - _
o & L4V = kAG.
[“)tﬁ—i—gdlvu_O. ot +u-V0 = rAb

o Ifv>0and P >0, then u satisfies the divergence conditions

divu =0,
while nt and 0 satisfies
Va(nt +6) =0.
e If0<~v=1f <1, then the subsystem H is solution of the Incompressible Euler equation:
0
—u—|—u'Vu—|—VpH:O
ot
o0 (3.17)
— Vo =0
ac T ’

and the subsystem L is solution of the incompressible Navier-Stokes equation.

4. PROOF OF THEOREM 3.1

In this subsection, we study the group which governs the acoustic waves and then we will
pass to the limit in the equation of conservation of the momentum projected on the space
of divergence-free vector fields. We apply the strategy of Bardos et al. [3] to derive the
limiting equations.

e The Case v=0, f>0.

e For the subsystem H, we get the acoustic system from the Boltzmann equation. We
write (3.9) as

aH
(0 0 Tagt) = () 4 PTG PR 4 )

+eM TR (gi) (4.1)
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By letting e — 0 in (4.1), one finds that H(gi) = 0. Hence g(t,z,-) takes values in
Null(H), the null space of H. Because g is assumed to belong to L.>°(dt; L?(udvdz)), we
conclude that the limit gf has the form

QSZ{nH—Fv-u—l—(vj—g)@}\/ﬁv (4.2)

where nt, u and 0 are functions of ¢, z. In order to determine the dynamics of n, u, 8, we
project (3.9) onto {u!/2 vu!/?, (% — %) ©1/2}. The inner product of (3.9) with 1; gives
(y=0):

at/ gl dv + Vgc-/ vl ?gh =0 (4.3a)
R3 R3

8t/ vu1/2g§dv + Vz-/ v vul/Qggdv
R3 R3

= [ o2 [P ) + HE () + T ()] do (43b)
v 3\ v’ 3
zo_ 2 /2Hd . zo_ Y 1/2Hd
6’5/]1@3(2 2)u gedv + Vg R3”<2 2)u gedv
2 3
= [ (- 3) e et + ) + TG e (430
R3
Next, passing to the limit in both sides of this equality, we arrive at
8t/ pt?gtdv 4V, / ot ?gt =0 (4.4a)
R3 R3
at/ vpt?gfdv + VI-/ v @ ot 2gtdv =0 (4.4b)
R3 R3
v 3\ v? 3
- - 12g8d : — =2 ) p Pt = 4.4
at/Rs(z 2) gdv+ Ve Rsv(z 2) gdv=0 (4.4c)

Since g" = Pg!, the fluid variables associated with the fluctuation of the number density
ge is defined by:

= =g 0= ((5-3) ) v ©= [cwm o

Therefore, in the limit one has

2
Vm-/ v@ou?ddv = Vx-<v®2 (n“ +v-u+ <v - 3) 9) > (4.5)
R3 2 2

Observe that by our normalization, it follows that
Luw=1 A(lyPuw=1 (o’ n=3
(lojllvm® ) =1, j#m
(Jol*smy =15, (los|" ) =3, (ol m) =5
and in view of the identity
(092) = (W25 (Jo]?* = 3)) = (Gl (jo* = 3) I =1,

substituting the explicit formula for g% in the left-hand side of the identity above leads
to:

Ve (v@unt) =V, (n"I) = V,n" (4.6)
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the second term of (4.5) vanishes by the oddness of the integrand, while

Vo -w@v(dfof = 2)8) = Ve-lw@ o2 o — 2))0 = V,-(61) = V.0,  (47)
since
1y,,2 0
(vivjz|v|") = 551‘3*
Therefore,
Vg (n'+0) =0. (4.8)

This result is known as the Boussinesq relation. It says that the fluctuations in the
gradient of the density balance those in the gradient of the temperature.

Furthermore

0, (@) =0, (@%* (”22 - 2) 6)) = 6.

We conclude that (n®, u, 0) is solution of the following system
omt +divu =0
dpu+ Vo (n +0) =0 (4.9)

e For the subsystem L, we are concerned with the equation

1
eO Fr +v-V, Fr = EQ(Fva FE) + e+ 1Q"(FL, FY) (4.10)
FE=p+empusgt.
We get the incompressible Navier-Stokes equations. Indeed, the associated fluid dynamic
variables, mass density nt, bulk velocity ut and temperature 6. are expressed in terms of
their fluctuations as

nt=1+ent, ub=ci, 0.=1+¢eb" (4.11)
Averaging the equation for the species L over the velocity domain yields

20 {ge) +v-Valgl) = P HTMIHLE () + LT (ge)) + ePHITHTT (). (412)

According to our weak notion of solution for Boltzmann equation, this means that, for
any smooth function ¢(x) and any ¢1,te > 0,

/ dt/¢ (gt dxdtf//vrqﬁ (vgt)dzdt
t
= (Bra—mtl / / LH(g x))dxdt + 7T / / L (™), ¢(x))dxdt
t1 tl

T pratl / / (P (), 12 g8 () dardt (4.13)

/(;S (gh(t2)) — (gE(t1)) da:—//vxqﬁ (vgt)dzdt
= (Bta-mtl / / (LM(g x))dxdt + 7T / / (L5(g x))dxdt
t1 tl

+ 66+q+1/ / (T (g ,u295) o(x))dxdt. (4.14)
t1

or
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Taking the limit as € goes to zero, the first term on the left-hand side and the two terms
of the right-hand side vanish (since the integrand is uniformly bounded), while the second
one converges to

/JZ@ V.o (x) - (vg*)dzdt. (4.15)

Substituting the above relation in the expression for g“ and using the orthogonality of
the basis elements of the Nullspace of the operator L, we are left with

/:2 » Voo(z) - u(t, z))dzdt, (4.16)

that is,

V() - u(t,z) =0, (4.17)
satisfied in the weak sense stated above. This equation states the incompressibility of the
fluid-like limiting behavior of the Boltzmann flow, while n' and @ satisfy the Boussinesq
relation

Va(nt +6) =0.

Under the assumption of the theorem, if B > 0, then L(g%) = 0. We denote this limits
g5- Using the basis defined in (2.20) we write g§ as

3
g6 = "o + > uithi + 0, (4.18)
i=1
so that one writes
96 = 1"Vo + uly, (4.19)

where
To = (s — o) = 5 (0P ~ 5o, W1 = (W, ¥, is) = vi,
Recall that
A(v) = (4y) = ¢o(v)(v@v — 5lT),  B(v) = (Bi(v)) = 3¢0(v)(Jo]* = 5)v
Observe that
v U = A(v) + %|v|2¢01, Tov = B(v),

and 5
(U, ¥g) = 3 (Uq,¥) =1, (Uo,T1) =0

component wise. Taking the inner product of (3.8) with ¢, we obtain:
0 (92 W5) +v-Vulgl ) = PTITMILIE(GER) ) + T THLT (), 1)
+ PHITHTT (g), y;), (4.20)
j=0,...,4. We write (4.20) in the form (j =0and j =1,...,4):

o, . 1 1o, 1 1, 5.
= i = v -1 SV, (= L
at<9€’ 0) + Y (veu 3 )9:)) + Y <3|v| 9ge)

X
= P oL LR (gH), o) + eI (LEH (gE), W) + P TITHTT (gH), Bg),  (4.21a)
0 1
a@éy Uy) + 5V1-<(%v\v\2 —5)g5))

= P oL LR (), W) + 1T (LE (), U) + PTITHTT (gH), Uy),  (4.21b)

The first equation comes from the subtraction of equations (4.20) for j = 4 and j = 0 and

the second equation from the multiplication of (4.20) by v. The term p. = Py lv]2g
€

and therefore it vanishes when, according to our prescription, we integrate (4.21) against
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a divergence-free test function. Therefore, we are going to ignore this term in the com-
putation below.

Passing into the limit in (4.21), we get

0149k, Wo) — Dl Wo) = 0, (0%o +u- Wy, W) = 2016 (4.220)
De(gs, U1) — 99, U1) = 0 (0¥ + u - Uy, U1) = Jyu. (4.22b)
Next, observe that from (3.8) one has
L(gl) = €0gr +ev-Vagl —™T(gl) + PTITmT2LE(gHH) — T2 L3H (g7H)
—gPFat 2L Ly (4.23)

To get a closed equation for g&, we have to inverse the operator L. Thus, for the species
L, we have

1 1 1 _
Hwov—aD.d) = (L) L7A)
1 1 1
= g<€23t9§, A') + g<5U'Vm9§7A/> + g(‘gmr(gf)a A)
2 (PRI (G, ) 4 L (B LA g, )
1
(L (), ), (4.21)
where we recall that A’ =L"'A, B’ =L"'B. In other words
1
“(L(g2), L1 A) = {0z, A') + (0-Vags, A') - ePHITHTT (get), AT)
—e" U (gl), A') — PN L (gR), AT)
—eTH LT (gcF), A). (4.25)
Similarly
1
~(L(ge), L' B) = £(digs, B') + (v-Vagl, B') = P IT (o), BY)
—e" (g7 ), BY) — PN L (gc), A)
—e"HLF (gc), BY). (4.26)
Go to the limit ¢ — 0. We must compute the limit of the term V{v-V gk, A’) in (4.25).
V-Av®@Vug5, A = V- (0-Vi(0Ug+u-Uyp), A")

= V-(v-V,(0%),A) + V- (v-V(u-¥y), A)
= 0,0;0(Ai;, A') + 0;0;ur(B;, A')
= —0;0;0(ud;;) = —pAb.
Similarly, the term in (4.26) takes the form:
V-{v-Veg5,B) = V- (v-Vy (0¥ +u-¥;),B’)
= 0;0;0(A;j, B") + 0;0;um(B;, B')
= —pAug.
In conclusion, we get the incompressible Navier-Stokes equation, namely:

% +a-Va+ Vit = vAa
o0 _
5% +@-VO = rA6.

(4.27)
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e The Case 0 < v = < 1. (Incompressible Euler equation).

For the species H, we have

1 1 1 1
7<H(95)7H_1A> <E’Y+latgva/> + <EU'VIQ£I,A/> + 57<_€B_1F(g£{)714/>

ev n &‘7’)’ 67
1, o1
(e 4 BH‘fL(g?L),A>+€7<*€qH3L(g?L),A’>
1
(e (g, A) (428)
which we rewrite as
1
—(H(g!), HA) = e(Orgl, A) +' 7 (v:Vagl!, A') = PTITHI(g[T), A)
—eM P (), AT — T (HEH (g), A')
— MR (gh), A) (4.29)
and
1
= (H(g:), HT'B) = (09", B') + &7 (v-Vagl, B') = P77 (0l1), BY)
B G (), BY) — 1 (HE (), B)
— MY (gdh), BY) (4.30)

Hence, in the limit, in the case 0 < v = 3 < 1, it remains only the terms in I in equations
(4.29) and (4.30). Hence, we get

(F(gE), &) —— (I™(gh), A') = (H(g5)*, A') = ((90)*, A) = —B(u) ~ (4.31)
('), B')  —=  (I'(9y), B) = (H(g5)*, B) = ((90)*, B') = =50u  (4.32)

where we have use the fact that, for any gi € N, it holds that

I'(g5) = —H((g5))- (4.33)
Now, since divu = 0, we find that
V- (0u) =u- V6, V-B(u) =u-Vu— iV]ul*. (4.34)

In view of (4.31, (4.32) and (4.34), the function u and @ are solution to the following
equations

@+u-Vu+VpH:O

35 (4.35)
— Vo =0.
En +u-V

This completes the proof of the Theorem 3.1. [ |

5. RESEARCH PERSPECTIVES

The present paper has been devoted to generalize the asymptotic analysis proposed in
[4]. According we summarized our results in the table 1.

The main research perspectives is concerned with the derivation of the “ghost effects”
shown recently by Sone [25], [23], [26]. According to the ghost effects, the system shows
that the flow of the mixture vanishes in the continuum limit, but the vanishing flow gives a
finite effect on the behavior of the mixture in this limit.

It is worth stressing that from the mathematical viewpoint, the ghost effect means that
the equations governing the time evolution of the density and the temperature depends on
the scaled momentum velocity even though the macroscopic velocity tends to zero. An
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~y B m Hydrodynamic limit

Solution near absolute Maxwellian

y=0|pB=0 m=1 Compressible Euler for H and
Incompressible Navier-Stokes for L
m>1 Stokes equation for L
v>0|pB=0 m=1 Compressible Euler for H

Incompressible Navier-Stokes for L

y=0|pB>0 m>1 Acoustic system for H
Incompressible Navier-Stokes for L

0<vy | =B<1 m=1 Incompressible Euler for H
Incompressible Navier-Stokes for L

TABLE 1. The various fluid dynamic regimes of the Boltzmann mixture
system in terms of the dimensionless parameters

interesting phenomenon of the ghost effect is that the flow moves from the low temperature
to the high one when the gas is very rarified, while in the Euler or Navier-Stokes level, the
flow moves from the high temperature to the low one, which is well known in the heat flow.

Moreover we are interested in showing that the sequence: Euler equations, Navier-Stokes
equations, Burnett equations, etc. breaks down at the Burnett level since these equations
are ill-posed [5]. In fact, it is well known (see [5], [6], [7]) that the Burnett hydrodynamic
equations violate the basic physics behind the Boltzmann equation.

The rigorous proofs are in progress and the results will be presented in due course.
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