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INVERTING THE COUPLING OF THE SIGNED GAUSSIAN FREE FIELD
WITH A LOOP-SOUP

TITUS LUPU, CHRISTOPHE SABOT, AND PIERRE TARRES

ABSTRACT. Lupu introduced a coupling between a random walk loop-soup and a Gaussian
free field, where the sign of the field is constant on each cluster of loops. This coupling is a
signed version of isomorphism theorems relating the square of the GFF to the occupation field
of Markovian trajectories. His construction starts with a loop-soup, and by adding additional
randomness samples a GFF out of it. In this article we provide the inverse construction:
starting from a signed free field and using a self-interacting random walk related to this field,
we construct a random walk loop-soup. Our construction relies on the previous work by Sabot
and Tarres, which inverts the coupling from the square of the GFF rather than the signed
GFF itself.

1. INTRODUCTION

The so called “isomorphism theorems” relate the square of a Gaussian free field (GFF) on
an electrical network to occupation times of symmetric Markov jump processes [19} 24]. These
date back to the work of Dynkin (Dynkin’s isomorphism) [6] [5 [7], and previously to Symanzik’s
identities in Euclidean Quantum Field Theory [22] and Brydges-Frohlich-Spencer random walk
representation of spin systems [2]. Here we focus on the generalized second Ray-Knight theorem
[9] and on Le Jan’s isomorphism [12]. The generalized second Ray-Knight theorem couples the
squares of two GFFs with different, ordered, boundary conditions by adding the occupation
times of independent Markovian excursions from boundary to boundary to the square with
lower boundary conditions in order to obtain the square with higher boundary conditions. Le
Jan’s isomorphism states that the whole square of a GFF can be obtained as the occupation
field of a Poisson Point Process of Markovian loops, known as loop-soup. Le Jan’s isomorphism
in particular implies the generalized second Ray-Knight theorem.

In [I5] Lupu obtained “signed” or “polarized” versions of isomorphism theorems, where one
relates to the Markovian trajectories not only the square, but also the sign of the GFF. In
particular the sign of the GFF is constant on each Markovian trajectory. The construction
goes through the introduction of the metric graph GFF. One first replaces each discrete edge
of the electrical network by a continuous line, so as to obtain a continuous topological object,
a one-dimensional simplicial complex known as metric graph or cable system, and then one
interpolates the values of the GFF on the vertices by independent Brownian bridges inside the
edges. This way one obtains a continuous Gaussian field. Its square can still be obtained as in
Le Jan’s isomorphism as an occupation field of a loop-soup of loops of the natural continuous
diffusion on the metric graph. However, in this construction the sign components of the GFF
are exactly the clusters of metric graph loops and the sign is chosen independently uniformly
on each of them.
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Lupu’s isomorphism has also a purely discrete description. One enlarges the clusters of the
discrete loop-soup by opening the edges not visited by loops with certain probability, and then
on each enlarged cluster one chooses a sign independently uniformly.

The above couplings have also a counterpart in the Ising “world”. Indeed, conditional on
the absolute value of the GFF, its sign is distributed like Ising spins with coupling constants
given by the absolute value. Then, the enlarged clusters in Lupu’s isomorphism (discrete
description), conditional on the absolute value of the GFF on the vertices, are exactly Fortuin-
Kasteleyn random clusters [11], with cluster weight ¢ = 2 and edge weights depending on the
absolute value [I8]. FK random clusters with ¢ = 2 are coupled to the Ising spins through
the Edwards-Sokal coupling [8], where one simply chooses the spin independently uniformly on
each clusters. The discrete loop-soup in Le Jan’s isomorphism is related to the random current
expansion of the Ising model [I8, 4] 13]. Finally [18] connects the dots and showed that there
is a natural coupling between Ising random currents and FK-Ising random clusters, which is
actually Lupu’s isomorphism conditioned on the absolute value of the GFF. In Figure [l we
summarize all above models and the couplings and relations between them.

In this paper we deal with the inversion of Lupu’s isomorphism, that is to say with retrieving
the conditional law of the discrete loop-soup given a discrete Gaussian free field (both its
absolute value and its sign). This extends the work of Sabot and Tarres who in [21] gave the
inversion of isomorphisms only in the case when the absolute value of the GFF was given, or
equivalently its square, but not its sign. To fix the ideas, let us introduce some notations.

Let G = (V, E) be a connected undirected graph, with V' at most countable and each vertex
x € V of finite degree. We do not allow self-loops. Also in general we do not consider multiple
edges, unless specified otherwise. Given e € E an edge, we will denote e, and e_ its end-
vertices, even though e is non-oriented and one can interchange e; and e_. Each edge e € F
is endowed with a conductance We = W_ ., = W, .. > 0. There may be a killing measure
k = (Kg)zey on vertices.

We consider (X;);>o the Markov jump processes on V which being in € V, jumps along
an adjacent edge e with rate W.. Moreover if x; # 0, the process is killed at x with rate k,
(the process is not defined after that time). ¢ will denote the time up to which X; is defined.
If { < 400, then either the process has been killed by the killing measure « (and x # 0) or it
has gone off to infinity in finite time (and V' infinite). We will assume that the process X is
transient, which means, if V' is finite, that x Z 0. P, will denote the law of X started from =x.
Let (G(z,9))zyev be the Green function of (X;)o<t<c:

+

¢
Glo) = Glya) =Ex | [ 1xmpat].
Let £ be the Dirichlet form defined on functions f on V with finite support:

(1.1) Ef, 1) =D kaf @)+ ) Welf(eq) — fle))*.

zeV ecl

P, will be the law of (¢;)zev the centred Gaussian free field (GFF) on V with covariance
E,lorpy] = G(z,y). In case V is finite, the density of P, is

1 < 1
e (S, f)) .
(2) 5 Vdet G 2 ;,3161/
¢ under P, satisfies the spatial Markov property. If U is a subset of V and
OU ={x € U|3y € V\ U, x and y joined by an edge e € E},

then (¢z)zev\v conditional on (¢, ),ey has same law as conditional on (¢ )ycou-
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Given zg € V and a € R, PémO}’a will denote the law of the GFF ¢ conditioned to equal a

Pf()}’“ does not depend

in zg. Note that if the killing measure « is supported in zg, the law
on k and in this case one can as well take Kk = 0.

We will denote by (£x(t))zev,icf,) the family of local times of X:

t
ggg(t):/ ]l{XS:m}dS.
0

For all x € V, u > 0, let

T = inf{t > 0;£,(t) > u}.
Recall the generalized second Ray-Knight theorem on discrete graphs by Eisenbaum, Kaspi,
Marcus, Rosen and Shi [9] (see also [19] 24]):

Theorem 1 (Generalized second Ray-Knight theorem). For any v > 0 and xg € V,

1 T
<€m(7}f°) + 5%25) under Py, (-|750 < () ® pé 0},0
zeV

has the same law as

1
<§g0§> under P;g‘m}’m.
zeV

Sabot and Tarreés showed in [21] that the so-called “magnetized” reverse Vertex-Reinforced
Jump Process (VRJP) provides an inversion of the generalized second Ray-Knight theorem, in
the sense that it enables to retrieve the law of (£,(720), 2)zev conditional on (£, (720) + 12) —
The jump rates of that latter process are a product of a first factor accountable for a self-
repulsion (reverse VRJP) and a second one which can be interpreted as a ratio of two-point
functions of the Ising model associated to time-evolving coupling constants (magnetization).
The process introduced in [21] also inverts the Le Jan’s isomorphism [12] given the square of
a GFF.

However in [2I] the link with the Ising model is only implicit, and a natural question is
whether Ray-Knight inversion can be described in a simpler form if we enlarge the state space
of the dynamics, and in particular include the “hidden” spin variables.

The answer is positive, and goes through a “signed” extension of the Ray-Knight isomor-
phism following Lupu’s approach [15], which couples the sign of the GFF to the Markovian
path. The Ray-Knight inversion will turn out to take a rather simple form in Theorem [l of the
present paper, where it will be defined not only through the spin variables but also random
currents associated to the field though an extra Poisson Point Process. Further, in Theorem [IT]
we will describe how the process we construct inverts Lupu’s “signed” isomorphism between a
loop-soup and a discrete GFF.

The paper is organized as follows.

In Section [2] we recall some background on loop-soup isomorphisms and on related couplings
and state and prove a signed version of the generalized second Ray-Knight theorem. We begin
in Section 2Tl by a statement of Le Jan’s isomorphism which couples the square of the Gaussian
Free Field to the loop-soups, and recall how the generalized second Ray-Knight theorem can
be seen as its corollary: for more details see [14]. In Section we state Lupu’s isomorphism
which extends Le Jan’s isomorphism and couples the sign of the GFF to the loop-soups, using
a metric graph extension of both the GFF and the Markov process. Lupu’s isomorphism yields
an interesting realization of the Edwards-Sokal FK-Ising - spin Ising coupling, and provides as
well a “Current+Bernoulli=FK” coupling lemma [18], which occur in the relationship between
the discrete and metric graph versions. We briefly recall these couplings in Sections 23] and
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24 as they are implicit in this paper. In Section we state and prove the generalized
second Ray-Knight “version” of Lupu’s isomorphism, which we aim to invert. In Section
we present a diagram which summarizes the models and the couplings.

Section [3] is devoted to the statements of inversions of these isomorphisms. We state in
Section B.] a signed version of the inversion of the generalized second Ray-Knight theorem
through an extra Poisson Point Process, namely Theorem [ In Section we provide a
discrete-time description of the process, whereas in Section B.3] we yield an alternative version
of that process through jump rates, which can be seen as an annealed version of the first
one. The annealed process of Section B.3]is a reverse VRJP (self-repelling) which evolves on
a subgraph of G which itself shrinks over time. These subgraphs can be interpreted as FK-
Ising random clusters associated to time-evolving, decreasing, edge weights. In Section B.4] we
deduce a signed inversion of Lupu’s isomorphism for loop-soups.

Finally Section Ml is devoted to the proof of Theorem [@ Section 1] deals with the case of a
finite graph without killing measure, and Section deduces the proof in the general case.

2. LE JAN’S AND LUPU’S ISOMORPHISMS

2.1. Loop-soups and Le Jan’s isomorphism. The loop measure associated to the Markov
jump process (X;)o<t<c is defined as follows. Let IP’t be the bridge probability measure from
x to y in time ¢ (conditional on ¢ < (). Let py(x,y) be the transition probabilities of (X;)o<i<c.

Let po0p be the measure on time-parametrized nearest-neighbor based loops (i.e. loops with

a starting site)
dt
Hloop = E / ;m;pt X ,I) .

zeV

The loops will be considered here up to a rotation of parametrisation (with the corresponding
pushforward measure induced by fio0p), that is to say a loop (v(t))o<t<s, Will be the same as
(Y(THt))o<t<t, —To(V(T+t—1ty))t,~T<t<t, forall T € (0,1,), where o denotes the concatenation
of paths. A loop-soup of intensity o > 0, denoted L, is a Poisson random measure of intensity
Qfloop- We see it as a random collection of loops in G. Observe that a.s. above each vertex
x €V, L, contains infinitely many trivial “loops” reduced to the vertex x. There are also
with positive probability non-trivial loop that visit several vertices.

Let L (L) be the occupation field of L, on V i.e., for all z € V|

ty

Ly (ﬁa) = Z /0 ]l{'y(t):m}dt'

(v®))o<t<ty ELa

In [12] Le Jan shows that for transient Markov jump processes, L,(L,) < +oo for all z € V
a.s. For a = 1/2 he identifies the law of L (L,):

Theorem 2 (Le Jan’s isomorphism). L (L)) = (Lx(£1/2))xev has the same law as

1 1
54,02 = <§cp§> under P,.
zeV

Let us briefly recall how Le Jan’s isomorphism enables one to retrieve the generalized second
Ray-Knight theorem stated in Section [I} for more details, see for instance [I14]. We assume
that « is supported by xg: the general case can be dealt with by an argument similar to the
proof of Proposition Let D = V \ {zo}, and note that the isomorphism in particular
implies that L (£;/5) conditional on Ly, (L1/2) = u has the same law as ?/2 conditional on

@%0/2:11.
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On the one hand, given the classical energy decomposition, we have ¢ = p” + ¢, , with "
the GFF associated to the restriction of £ to D, where ¢ and ¢, are independent. Now ¢?/2
conditional on ¢? /2 = u has the law of (¢ +nv/2u)?/2, where 7 is the sign of ¢, which is
independent of ©”. But ¢” is symmetric, so that the latter also has the law of (¢ ++/2u)?/2.

On the other hand, the loop-soup L5 can be decomposed into the two independent loop-

soups El/z contained in D and Eg/z) hitting 9. Now L (£1/2) has the law of (©”)?/2 and

(Egg;g)) conditional on L, (Egg;g)) = u has the law of the occupation field of the Markov chain

£(70) under Py (+|7f0 < (), which enables us to conclude.

2.2. Lupu’s isomorphism. As in [I5], we consider the metric graph G (also known as cable
system) associated to G. As a a topological space, it is obtained by replacing each discrete edge
e by a continuous compact line interval I.. If two edges e and €’ share a common extremity,
the corresponding endpoints of I, and I are identified. So G is a one-dimensional simplicial
complex, with 0-cells corresponding to vertices in V', and 1-cells to edges in E. V' is naturally
identified to a subset of G. We further endow G with a metric by settlng the length of each I,
to be equal to 1W L We also consider the Radon measure m on Q such that its restriction to
each I, is a one-dimensional Lebesgue measure of total mass + sWot (ie. the length measure)

One can define a standard Brownian motion Bg on g as follovvs Inside each I, B behaves

as a standard one-dimensional Brownian motion. Upon reaching a vertex, Bt performs imme-
diately independent Brownian excursions inside each adjacent edge, with equal rate for each
direction, and that until eventually traversing one of the edge and reaching a neighbor vertex

on the other side. See Section 2 of [15] for more details. Alternatively, Btg can be defined as
the symmetric Markov process associated to the Dirichlet form

=5 | reran)

where f : é — R is continuous and C! insid~e each of the I.. For more on Dirichlet forms
and associated Markov processes, see [10]. Btg admits a family of Brownian local times ¢,(t),
continuous in (z,t), such that for every bounded measurable function f : G — R and every

t>0,
t 4 ~
| #B9as = [ @),
0 ) z€G
Let be ¢ the first time when either Btg explodes to infinity (if possible), or

Z nxgx(t)

zeV

hits an independent exponential r.v. of mean 1 (if k #Z 0). If neither of these happens ¢ = 400.

One can deterministically recover the Markov jump process (X;)o<¢<¢ out of (B )0 <t Let
be
=Y L), AP =inf{s > 0]Ay(s) > t}.
eV
Then, if Bg eV, B is a Markov jump process X; on V with jump rates (W.)eck.

v
Moreover, Ay (¢) = ¢ and l(t) = gm(A\_/l(t)) forz e V.

In [I5] Lupu introduces a measure fijoop On time-parametrized continuous loops on G, asso-

ciated to the Brownian motion (BY) L, will denote the Poisson Point Process of loops

0<t<(*
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of intensity a/fiioep. The discrete-space loops £, can be deterministically obtained from Lo by
taking the print of the latter on V', using the time-change A‘_,l. Note that £, contains loops
that do not visit V' and are entirely contained in one of the I.. These do not contribute to L.
L, has an occupation field (L, (Ly)) which is a sum over loops in £, of Brownian local
times in x of the loops. Moreover,

Lo(La) = Lo(Ly), Yz € V.

zeg>

Similarly, the GFF ¢ on G with law P, can be extended to a GFF ¢ on G as follows. Given
e € E, one considers inside I, a conditionally independent Brownian bridge, actually a bridge
of a v/2x standard Brownian motion, of length %ng, with end-values ¢._ and ¢, . This
provides a continuous Gaussian field on the metric graph which still satisfies the spatial Markov
property.

Lupu introduced in [I5] an isomorphism linking the GFF ¢ and the loop-soup £; /2 on the
metric graph G. This one uses the clusters of £, /2. First of all, cluster is an equivalence class
of loops in £, /2, Where two loops 7 and 4" belong to the same cluster if there is a finite chain
05 - - -, Y of loops in 51/2 such that 49 = v, 4 = 7/, and for i € {1,...,k} the loops 7;_1
and 4; (their ranges) have a non-empty intersection. By extension, a cluster will also be a
(connected) subset of G obtained as a union over a cluster of loops of ranges of the loops. Note
that if £, /5 is obtained as a print of Y /2 on V, each cluster of Ly 5 is contained in a cluster of
L, /2, but in general a cluster L, /2 may correspond to several different clusters of £y /5 merged
together. This is because there are more connections at the level of the metric graph.

Theorem 3 (Lupu’s isomorphism). There is a coupling between the Poisson ensemble of
loops L1/, and (‘ﬁy)yeg” defined above, such that the two following constraints hold:

e Foralyeg, Ly(/jl/g) = %4,52;
e the zero set of ¢, {x € G|p, = 0}, is the set of points in G not visited by any loop of
21/2;

e the clusters of loops of 51/2 are exactly the sign clusters of (@Ey)ye(j'

Conditional on (|g5y|)yeg, the sign of @ on each of its connected components is distributed
independently and uniformly in {—1,+1}.

Lupu’s isomorphism and the idea of using metric graphs were applied in [16] to show that
on the discrete half-plane Z x N, the scaling limits of outermost boundaries of clusters of loops
in loop-soups are the Conformal Loop Ensembles CLE.

Let O(p) (resp. (’)(21/2)) be the set of edges e € E such that ¢ (resp. £~1/2) does not touch
0 on I, in other words such that all the edge-interval I, remains in the same sign cluster of
@ (resp. loop cluster of /31/2). O(¢) and (’)(ﬁl/g) have same law. Let O(L;/2) be the set of
edges e € F that are crossed (i.e. endpoints visited consecutively) by loops in £; /2 (obtained

as the print on V of 51/2).

In order to translate Lupu’s isomorphism back onto the initial graph G, one needs to describe
on one hand the distribution of O($) conditional on the values of (p,)zev, and on the other
hand the distribution of (9(51/2) conditional on L/, and the cluster of loops O(L;/5) on
the discrete graph G. These two distributions are described respectively in Sections 2.3] and
2.4 and provide realisations of the Edwards-Sokal FK-Ising - spin Ising coupling and of the
“Current+Bernoulli=FK” coupling lemma [18].

2.3. The FK-Ising distribution of O(¢) conditional on |¢|.
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Lemma 2.1. Conditional on (pz)zev, (Lieco(p)})eck 5 a family of independent random vari-
ables and
B 1 'Lf Pe_Per < 0,
P(eg O = : +

(e & O(P)le) { exp (—2Wepe_ e, ) if e_pe, > 0.
Proof. Conditional on (¢z)zcv, the metric graph GFF (p,) yeg 18 constructed by adding inde-
pendent Brownian bridges on each edge, so that (1 {66(9(@)})66 g are conditionally independent
random variables, and it follows from the reflection principle for one-dimensional Brownian
motion that, if p._p., > 0, then

exXp (_%We(@e_ + SDe+)2)
exp (—5We(pe_ — @e,)?)

Let us now recall how the conditional probability in Lemma [2.1] yields a realization of the
FK-Ising coupling.

Assume V is finite. Let (J¢)eep be a family of positive weights. A (spin) Ising model
on V with interaction constants (J.)cecp is a probability on configuration of spins (0,)zey €
{+1,~1}V such that

P (e & O(@)|@, pe_pe, > 0) = =exp (—2Wepe_wpe, ). O

s 1
ng((%)mev) = ﬁ exp <Z JeUe_Je+> .

J eck
An FK-Ising random cluster model [11] with edge weights (1 — e~27¢).cp is a random config-
uration of open (value 1) and closed edges (value 0) such that

_ 1 . _ YA
PEK Isg((we)eeE) — ZFK—Isg o#fclusters H(l —e 2Je)we (e 2Je)1 we

J ecE
where ”#clusters” denotes the number of clusters created by open edges.
The Edwards-Sokal [§] coupling between FK-Ising and spin Ising reads as follows:

Theorem 4 (Edwards-Sokal coupling). Given an FK-Ising model, sample on each cluster
an independent uniformly distributed spin. The spins are then distributed according to the
Ising model. Conversely, given a spin configuration & following the Ising distribution, consider
each edge e, such that 6._c., <0, closed, and each edge e, such that 6._0., > 0 open with
probability 1 — e~2’e. Then the open edges are distributed according to the FK-Ising model.
The two couplings between FK-Ising and spin Ising are the same.

Consider the GFF ¢ on G distributed according to P,. Let J.(|¢|) be the random interaction
constants
Je(lpl) = Welpe_spe. |-
Conditional on |¢|, (sign(ys))zey follows an Ising distribution with interaction constants
(Je(|¢l))eck: indeed, the Dirichlet form (II]) can be written as

(2.1) E(o,0) =D ks + Y Wik =2 J(lp) sign(epe, ) sign (e ),
zeV zeV eck
where
Wx = Z Wa:,y7
(94

y ~ = meaning that x and y are joined by an edge. Similarly, when ¢ distributed according to

Pém}’m has boundary condition v/2u > 0 on zg, then (sign(p,))zcy has an Ising distribution

with interaction (Je(|¢|))ecr and conditioned on oy, = +1.
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Now, conditional on ¢, O(p) has FK-Ising distribution with weights (1 — e=27(¥])) p.
Indeed, the probability for e € O(p) conditional on ¢ is 1 — e~ 2/<(¢) by Lemma 1] as in
Theorem [41

Note that, given that O(@) has FK-Ising distribution, the fact that the sign on its connected
components is distributed independently and uniformly in {—1,1} can be seen either as a
consequence of Theorem M or from Theorem [Bl

Given ¢ = (p,).ey on the discrete graph G, we introduce in Definition 2.1] the random set
of edges which has the distribution of O(¢@) conditional on ¢ = (¢z)zev -

Definition 2.1. We let O(¢) be a random set of edges which has the distribution of O(p)
conditional on ¢ = (pg)zev given by Lemma 2]l

2.4. Distribution of O(L, /2) conditional on £, ;. The distribution of O(L, /2) conditional
on L5 can be retrieved by Corollary 3.6 in [15], which reads as follows.

Lemma 2.2 (Corollary 3.6 in [15]). Conditional on L/, the events e ¢ (9(51/2), ee€ E\
O(Ly)2), are independent and have probability

(2:2) exp <_2We \/Le+ (L1/2)Le (51/2)) :

This result gives rise, together with Theorem [3], to the following discrete version of Lupu’s
isomorphism, which is stated without any recourse to the metric graph induced by G.

Definition 2.2. Let (we)ecr € {0,1}F be a percolation defined as follows: conditional on L2,
the random variables (we)ecp are independent, and w, equals 0 with conditional probability given

by 2.2).
Let O4(Ly2) be the set of edges:

O4(Ly2) = O(Ly2) U{e € Elwe = 1}.
Theorem 5 (Discrete version of Lupu’s isomorphism, Theorem 1 bis in [15]). Given
a loop-soup L3, let O (Ly)2) be as in Definition [22. Let (04)zev € {—1, +1}V be random

spins taking constant values on clusters induced by O (L1)3) (0e_ = 0c, if e € O1(Ly)2)) and
such that the values on each cluster, conditional on L5 and (’)+(L'1/2), are independent and

uniformly distributed. Then
(Ua: \/ 2L, (£1/2)) veV

is a Gaussian free field distributed according to P,.

Theorem [B] induces the following coupling between FK-Ising and random currents.
If V is finite, a random current model [1,14] on G with weights (J.)ccp is a random assignment
to each edge e of a non-negative integer 7, such that for all x € V,

> e
ecE
e adjacent to x

is even, which is called the parity condition. The probability of a configuration (n.)ecr satis-
fying the parity condition is
H (Je)ne
ne!

eckE

. 1
PRC (Ve € E, i, = ne) = 210

where actually ZF}C = ZLI]Sg. Let

O(7) = {e € Eln, > 0}.
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The open edges in O(n) induce clusters on the graph G.

Given a loop-soup L, we denote by N.(L,) the number of times the loops in £, cross the
nonoriented edge e € E. The transience of the Markov jump process X implies that N.(£L,) is
a.s. finite for all e € E. If a = 1/2, we have the following identity (see for instance [25], [13]):

Theorem 6 (Loop-soup and random current). Assume V is finite and consider the loop-
soup Ly/y. Conditional on the occupation field (Ly(L1/2))zev, (Ne(L1/2))eck is distributed as

a random current with weights <2We\/L6_ (£1/2)Le+(ﬁl/2)) & If ¢ is the GFF on G given
ec

by Le Jan’s or Lupu’s isomorphism, then these weights are (Je(|¢]))ecE-

Conditional on the occupation field (L;(L1/2))zev, O(L1/2) are the edges occupied by a
random current and Oy (L)) the edges occupied by FK-Ising. Lemma 2.1 and Theorem
imply the following coupling, as noted by Lupu and Werner in [I§].

Theorem 7 (Random current and FK-Ising coupling). Assume V is finite. Let n
be a random current on G with weights (J.)ecr. Let (we)eer € {0,1}F be an independent
percolation, each edge being opened (value 1) independently with probability 1 — e~'e. Then

O(n) U {e € Elwe =1}
is distributed like the open edges in an FK-Ising with weights (1 — e=27¢) cp.

2.5. Generalized second Ray-Knight “version” of Lupu’s isomorphism. We are now
in a position to state the coupled version of the second Ray-Knight theorem.

Theorem 8. Let o € V. Let be (gpgo))mev with distribution PémO}’O, and define O(p) as in
Definition 21l Let X be an independent Markov jump process started from x.

Fiz u > 0. If 170 < ¢, we let O, be the random subset of E which contains O(LP(O)), the
edges used by the path (Xt)0<t<ﬂfo; and additional edges e opened conditionally independently
with probability

0 0 0)2 T 0)2 x
1 _ eWE‘@((i_) ‘Pz(e_m*We\/(le(e_) +2£€_ (Tuo))(@éﬁ +2Ze+ (Tuo))‘

We let 0 € {—1,+1}V be random spins sampled uniformly independently on each cluster
induced by O,, pinned at xg, i.e. o5, = 1, and define

ol 1= oa \/ o8 + 20, (ri0).

Then, conditional on 120 < (, gp(“) has distribution Pé‘m}’m, and O, has distribution
O(p™) conditional on ™.

Remark 2.3. One consequence of that coupling is that the path (XS)5<T;‘0 stays in the positive

connected component of o for . This yields a coupling between the range of the Markov

chain and the sign component of xq inside a GFF Pgi‘”O}’\@.

Proof of Theorem [8: The proof is based on [15]. Let D = V \ {z¢}, and let 51/2 be the

(wo)
1/2

the loop-soup hitting (resp. not hitting) zp, which are independent. We let L;/, and £

loop-soup of intensity 1/2 on the metric graph G, which we decompose into £ (resp. 532)

(wo)
1/2

(resp. [1?/2) be the prints of these loop-soups on V' (resp. on D = V' \ {zg}). We condition on
Ll’o (£1/2) = Uu. ~
Theorem [3] implies (recall also Definition 2.T]) that we can couple £

1/2 with ¢(©@ so that
L$(£32) = @;0)2/2 for all x € V, and (’)(21/2) = (’)(QP(O)).
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Define () = (gpgu))mev from 51/2 by, for all z € V,

o8] = \/2La(L1)2)

and go;(vu) = Jx|go;(,3u) |, where o € {—1,+1}" are random spins sampled uniformly independently
on each cluster induced by O(L; /2), pinned at xg, i.e. 05, = 1. Then, by Theorem [3], 0™ has

distribution Pj,m}’m.
For all x € V| we have

(51/2) = —<P§;O) + Lx(ﬁﬁﬁg))-
On the other hand, conditional on L (£, /2),
Ple & O(Ly)2))
P( ¢ O( 1/2) U O(EI/Q))
Ple & O(Lyy9)|e & O(Lys2))  Ple¢ O(Lyj2) | e & O(Ly)5))

(egZ(’)( 1/2)’e¢0(£1/2)) (e%(’)( 1/2)‘e¢0( 1/2))
= exp (= Wey/Le_(L1p)Ley (L12) + Wey /Lo (£D,)Le, (£5,))

where we use in the third equality that the event e € O( ~?/2) is measurable with respect to

the o-field generated by El /25 which is independent of Eg /2), and where we use Lemma [2.2] in

Ple ¢ (51/2) le g O(L 1/2) UO(Ly)5)) =

the fourth equality, for £, /2 and for El /o

We conclude the proof by observing that E( 1/2 %) conditional on Lwo(ﬁggj%)) = u has the law of

the occupation field of the Markov chain £(729) under P, (-|7° < (). O
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2.6. A diagram to summarize the models and the couplings and relations. Next
diagram summarizes the preceding:

FI1GURE 1. Couplings between discrete and metric graph GFF's, loop-soups, and
their relations to the spin Ising, the FK-Ising and the Ising random current. The
first column corresponds to metric graph GFF, the second to discrete GFF and
the third to Ising. Straightforward links are not labeled.

|

squared metric

| restr. |

squared discrete
GFF (‘p:%):(:EV

}

discrete loop

random current

A toV A '
metric graph discrete i Ising
GFF (@x)zeg restr. h GFF (@I)CEEV || Slgn(@) Spins (&x)CEEV
 toV T .. & : d. A
iid.t : iid. : SEHM
unif. ! unif. Lem. BT Thm. (@
signs ! signs '
v ! ) 4 ' v
sign '-' enlarged ': FK-Ising
clusters 1 clusters . random cluster
O(p) = O(Lyy5) | caual ; O4(L1p2) : model
' von | 7y
A ' A :
1 Lem. ' Thm. Thm. [

clusters

| Thm. |

clusters O(Ly/2)

clusters O(n)

metric graph
loop-soup Ly /5

| trace ‘

A : A
6(£1/2) ,: Ne > 0
>0 '
number of . Ising
edge crossings |- random
(Ne(L1/2))ecE : current (7 )eck
7'y '
discrete

}'

loop-soup L, /5

on G
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3. INVERSION OF THE SIGNED ISOMORPHISM

In [21], Sabot and Tarres give a new proof of the generalized second Ray-Knight theorem
together with a construction that inverts the coupling between the square of a GFF conditional
its value at a vertex xg and the excursions of the jump process X from and to xg. In this
paper we are interested in inverting the coupling of Theorem [ with the signed GFF : more
precisely, we want to describe the law of (Xt)0<t<,ﬂfo conditional on ),

We present in Section [0l an inversion involving an extra Poisson process. We provide in
Section a discrete-time description of the process and in Section B3] an alternative descrip-
tion via jump rates. Sections [3.4] is dedicated to a signed inversion of Le Jan’s isomorphism
for loop-soups.

3.1. A description via an extra Poisson point process. Let (¢;)zcy be a real function
on V such that ¢,, = +v/2u for some u > 0. Set

(i):v = @], 05 = sign(@z).

We define a self-interacting process (Xi, (72e(t))ecr) living on V' x N as follows. The process
X starts at X(0) = zo. For t > 0, we set

Do(t) =1/ (D)2 = 20,(t), Yz €V, Jo(®(t)) = Wb, (t)Pc, (t), Ve € E.

where £, (t) = fg Ly, ,—y)ds is the local time of the process X up to time t. Let (N.(v))y>0 be
an independent Poisson Point Processes on R, with intensity 1, for each edge e € E. We set

() = {Ne(QJe(‘P(t))), if oy 00, — +1,

0, if oo_0e, = —1.

Given (n¢)ecr € N¥ non-negative integer weights on edges, we will denote
C(n) ={e € E|n, > 0}.

We consider the edges in C(n) as “open”, and they naturally induce clusters. So C(n(t)) C E
denotes the configuration of edges such that n.(¢) > 0. As time increases, the interaction
parameters J,(®(t)) decreases for the edges neighboring X;, and at some random times 7. (t)
may drop by 1. The process (Xt)tzo is defined as the process that jumps only at the times
when one of the n.(t) drops by 1, as follows:

o if 77.(t) decreases by 1 at time ¢, but does not create a new cluster in C(7(t)), then X;
crosses the edge e with probability 1/2 or does not move with probability 1/2;

e if 72.(t) decreases by 1 at time ¢, and does create a new cluster in C(7(t)), then X,
moves/or stays with probability 1 on the unique extremity of e which is in the cluster
of the origin x( in the new configuration.

We set
T :=inf{t > 03z €V, s. t. d,(t) =0},

clearly, the process is well-defined up to time 7.

Proposition 3.1. For all 0 < t < T, X is in the connected component of xo of the configu-
ration C(n(t)). If V is finite, the process ends at xq, i.e. X7 = xg.
Theorem 9. Assume that V is finite. With the notation of Theorem 8, conditional on (™) =

&, (Xt)tgnfo has the law of (XT—t)Ogth'
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Moreover, conditional on o™ = @, (@, O(p)) has the law of (o'®(T),C(A(T))) where
(0)eev € {—1,4+1}V are random spins sampled uniformly independently on each cluster in-
duced by C(1(T)), with the condition that o}, = +1.

If V is infinite, then PéxO}’m—a.s., X, (with the initial condition ¢ = SD(U)) ends at xg, i.e.
T < 400 and XT = xg. All previous conclusions for the finite case still hold.

Remark 3.2. For the process above, one could also take (‘i)x)xev deterministic and (03)zev
random, distributed as an Ising model with interaction constants J.(®(0)). Then the pro-
cess (Xi, ®())gesers, averaged out by the law of (04)zev and the evolution of (fe(t))ecr,
is exactly the same as the process introduced in [21], inverting the Ray-Knight identity for
the square of the GFF (without the sign). Indeed, both processes (here and in [21]), when
)| under Pém}’m

we average out by ®(0) = & random, distributed as |o™ , give us in law

(Xm0, \/gogm + 205 (10°) — 25(1)) ey o<i<rro under Py (750 < () ® PémO}’O. To conclude
we use the fact that the law of (X3, i)(t))ogth is continuous with respect to ®(0).

3.2. Discrete time description of the process. We give a discrete time description of the
process (X, (7i¢(t))ecr) that appears in the previous section. Let tg =0 and 0 < t; < --- < t;
be the stopping times when one of the stacks n.(t) decreases by 1, where ¢; is the time when
one of the stacks is completely depleted. It is elementary to check the following:

Proposition 3.3. The discrete time process (Xi,, (e(t;))ecr)o<i<j is a stopped Markov pro-
cess. The transition from time i — 1 to i is the following:
e first chose e an edge adjacent to the vertex Xti—l according to a probability proportional
to fle(ti_l);
e decrease the stack ne(t;—1) by 1;
o if decreasing e(t;_1) by 1 does not create a new cluster in C(7(t;_1)), then X;, | crosses
the edge e with probability 1/2 or does not move with probability 1/2;
e if decreasing ne(t;_1) by 1 does create a new cluster in C((t;_1)), then X, , moves/or
stays with probability 1 on the unique extremity of e which is in the cluster of the origin
xo in the new configuration.

3.3. An alternative description via jump rates. We provide an alternative description
of the process (X;,C(7(t))) that appears in Section BIl We will use this description in [17]
by passing it to a fine mesh limit to obtain a process inverting the Ray-Knight identity for a
Brownian motion on R.

We will denote C(t) = C(7(t)), since below we will not have access to the knowledge of 7 (t),
only to that of C(n(t)).

Proposition 3.4. The process (X;,C(t)) defined in Section [Z1] can be alternatively described
by its jump rates : conditional on its past at time t, if Xy = x, y ~ x and {x,y} € C(t), then
(1) X jumps to y without modification of C(t) at rate
By (t).
o, (t)
(2) the edge {x,y} is closed in C(t) at rate

-1

v (?y(t) (62Wx,yi>x(t)éy(t) — 1)
D, (1)

and, conditional on that last event:
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- if y is connected to x in the configuration C(t) \ {z,y}, then X instantaneously
Jumps to y with probability 1/2 and stays at x with probability 1/2;

- otherwise X; moves/or stays with probability 1 on the unique extremity of {x,y}
which is in the cluster of the origin xqy in the new configuration.

Remark 3.5. It is clear from this description that the joint process (Xy,C(t), ®(t)) is Markov
process, and well defined up to the time

= inf{t > 0|3z € V, s.t. d,(t) = 0}.
Remark 3.6. One can also retrieve the process in Section [31] from the representation in

Proposition as follows. Consider the representation of Proposition [3.4) on the graph where

each edge e is replaced by a large number N of parallel edges with conductance W /N . Consider
(

now h:v],\gfj) (t) the number of parallel edges that are open in the configuration CN)(t) between x
and y. Then, when N — oo, (WM (t));>0, converges in law to (i(t));>o, defined in Section
[ We will not detail this, but roughly, this corresponds to approxzimation of Poisson r.v. by
binomial r.v.

Proof of Proposition [34) Here (F;);>0 will denote the natural filtration of (X, ,,C(t AT))¢0-
Assume X; = z, fix y ~ 2 and let e = {z,y}. Recall that {z,y} € C(t) iff n(t) > 1. Let be

JE(t, At) = Wy ) Pu(t)2 — 2At Dy (1),
which is the value of J.(®(¢ + At)) on the event

{Xy =z, n(t + At) = n(t), Wy \/ Pu(t)? — 2At D, (¢) > 0}.

Let us first prove (1):
P (On [t,t 4+ At] X first jumps from z to y without modifying C|X; = z, e € C(t), %)
—P(3s € [t,t + At], 0(t) — i(s) = O, 11e(s) > 1| Xy = 2, ne(t) > 1, F) + o(At)
21@( . ) > 2, Ne(2Jo(®(t)) — Ne(2J2(t, At)) > 1| Xy =z, fie(t) > 1, F) + o(At)
= %1@( c(2JZ(t, At)) > 1, Ne(2Je(D(t)) — Ne(2JZ(t, At)) > 1| Xy =z, ne(t) > 1, Fy) 4 o(At)
11 — e 2J2(t,AY)
21 — e—2Je(3()

(1 . 672(J6(<I>(t))7J§(t,At))) + O(At)

= J.(B(t)) — JE(t, At) + o(AL) = Wy iyg; At + o(Ab).

Similarly, (2) follows from the following computation:
P (On [t,t + At] first the edge e is closed in C | X; = z, e € C(t), )
=P (Ne(2JZ(t, At)) = 0, Ne(2Je((2) = 1| Xy = 2, ne(t) > 1, Fy) + o(At)
—2J%(t,At) ¥ _ gz e—2(Je(®(t)—JZ (t,AL))
R 60 S0 e
_ 2(Je(D(1) — JE(t, A))
220 (B() _ 1

_ (i)y(t) 2Wa y ®o (t) Dy (2) -1
= Wauzte) <e s e (D), _1) +o(A). 0

+ o(At)
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We easily deduce from the PropositionB.4land Theorem[I2]the following alternative inversion
of the coupling in Theorem [8

Theorem 10. With the notation of Theorem [8, conditional on (™, 0,), (Xt)i<pz0 has the

law of self-interacting process (Xj_,)g<i<p defined by jump rates of Proposition starting
with o

By =\ (0)2 4 20, () and C(0) = O,

Moreover (90, O(p®)) has the same law as (o'®(T),C(T)) where (0),)pev is a configuration
of signs obtained by picking a sign at random independently on each connected component of

C(T), with the condition that the component of xo has a + sign.

3.4. Inversion of Lupu’s isomorphism for loop-soup. Let us first recall how the loops
in £, are connected to the excursions of the jump process X. We refer to [12] for details.
G is the Green’s function. Ly, (L,) follows a I'(a, G(zg,z0)) distribution, that is to say
L., (La)/G(zg, zp) follows a Gamma distribution I'(cy, 1) with density

role="dr.

1
]]'{7’>0} F(Oé)

As a process in «, where one drops independent loops as the intensity parameter « increases,
(Lgy(La)/G(x0,20))a>0 is a pure jump Gamma subordinator with Lévy measure

1 e™”
dA(’I") = ]]_{r>0}m7d’l".

Given such a Gamma subordinator (R(«a))a>0 with R(0) = 0, then for all a > 0, the marginal
R(«) follows a I'(a, 1) distribution. Moreover, the normalized family of jump sizes

(%) 0<a<a,R(a)#R(a")

is independent of R(«) and has the law of a Poisson-Dirichlet partition PD(0, «) of [0, 1]. The
above may be taken as a definition of PD(0,«). It is a random infinite countable family of
positive reals summing to 1. For more on Poisson-Dirichlet partitions, we refer to [20].

Proposition 3.7 (From excursions to loops). Let a > 0 and xg € V. Ly, (L) is distributed
according to a Gamma I'(o, G(x,0)) law, where G is the Green’s function. Let u > 0, and
consider the path (Xi)y<y< =0 conditional on 7;° < (. Let (Y;)j>1 be an independent Poisson-
Dirichlet partition PD(0,a) of [0,1] (so that 3,5, Y; =1). Let Sp =0 and

Let
T = Tjgj.
Consider the family of paths
((Xijlth)OStSTrijl)]21 :

It is a countable family of loops rooted in xg. It has the same law as the family of all the loops
in Lo that visit xo, conditional on Ly, (Ly) = u.
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Next we describe how to invert the discrete version for Lupu’s isomorphism Theorem [l for
the loop-soup in the same way as in Theorem [ The idea is to define an arbitrary order on the
vertices, (xi)lﬁiS\V|' Then, starting from a signed GFF, run the inverting process introduced
previously starting from x;, up to exhausting the field in z;. This would produce a path
from z; to 1, which is conditionally distributed like all the loops in £y /5 that visit 7, glued
together. By partitioning this path according to the procedure described in Proposition B.7]
one recovers all the loops visiting 1. Then one continues with the remaining field, which is
0 in 1 and has smaller FK-Ising clusters than the initial one, and runs the inverting process
starting from x, in order to get all the loops that visit x5 but not 1. Then one iterates. At
each step, one gets all the loops that visit x;, but none of x1,...,x;_1. In what follows we
describe this more formally.

Let (¢z)zev be a real function on V. Set

¢, = |@al, 00 = sign(pa).
Let (7i)1<i<|v| be an enumeration of V' (which may be infinite). We define by induction on i
the self interacting processes ((Xi)i<i<|v| (e(t))ecr). T; will denote the end-time for X,
and T, = 2199‘@' By definition, 7" = 0. L,(t) will denote

L,(t) := Z (i, 0V (t = T;1)),

1<i<|V|

where /,(i,t) are the occupation times for Xi7t. For ¢t > 0, we set

D, (t) = /(D)2 — 2L, (1), Yz €V, Jo(®(t)) = Wed,_ (t)i)6+ (t),Ve € E.
The end-times T} are defined by induction as

Ti = inf{t > 0|®g, (t+T;,) = 0}.

,t

Let (Ne(v))y>0 be independent Poisson Point Processes on Ry with intensity 1, for each edge
e € IZ. We set

if oo_0e, = —1.

e (t) = {éVe(QJe(cb(t))), if 0 0, =+1,

We also denote by C(7i(t)) C F the configuration of edges such that n.(t) > 0. X, starts at
z;. For t € [T;F |, T/,
o if 7.(t) decreases by 1 at time ¢, but does not create a new cluster in C(7(t)), then
Xi,t—Tit | crosses the edge e with probability 1/2 or does not move with probability
1/2;
o if 1. (t) decreases by 1 at time ¢, and does create a new cluster in C(7n(t)), then Xi,t*Tfil

moves/or stays with probability 1 on the unique extremity of e which is in the cluster
of the origin z; in the new configuration.

By induction, using Theorem [, we deduce the following:

Theorem 11. Let ¢ be a GFF on G with the law P,. If one sets ¢ = ¢ in the preceding
construction, then for all i € {1,...,|V|}, Ti < +oo, X, 7 = x; and the path (Xit),<, has
the same law as a concatenation in xz; of all the loops in a loop-soup Ly that visit x;, but

none of the x1,...,x;_1. To retrieve the loops out of each path (Xi,t)t<T,~’ one has to partition
it according to a Poisson-Dirichlet partition as in Proposition [3.7. The coupling between the

GFF ¢ and the loop-soup obtained from ((Xi:)i<i<|v|, (Me(t))eck) is the same as in Theorem
A
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Remark 3.8. One could consider the discrete time version of the procedure described in The-
orem [11l, and look only at the total number of times e an edge e is visited by the trajectories
constructed, without distinguishing the directions. Than (Ne)ecr is a current, and its condi-
tional distribution given C(0) is the same as the conditional distribution of a random current
given an FK-Ising cluster when both are coupled as in Theorem 7

Corollary 3.9. Let ¢ be a GFF on G with the law P,. Let (n.(¢))ecr be a family of r.v.,
distributed conditional on ¢ as independent Poisson r.v., each one with mean Wepe_ e, if
Ye_Pe, > 0, 0 otherwise. One can couple ¢, (ne(¢))ecr and a loop-soup Ly such that
the coupling between Ly, and ¢ is that of Theorem [3, and moreover, a.s. for every e € E,

Ne(‘cl/Q) € {ue(gp) - 1,116(@),116(90) + 1}

Proof. We use the construction of Theorem 1l Conditional on ¢, we have independent Poisson
stacks with mean ]l{%icpq >012Wepe e, and each time we unpile a stack, we chose with
probability 1/2 to jump (which gives a Poisson r.v. with mean Ty, pe, >0} We@e_ e, ), except

possibly when the stack is reduced to 1, when our choice might be constrained (which gives
+1). O

4. PROOF OF THEOREM

4.1. Case of finite graph without killing measure. Here we will assume that V is finite
and that the killing measure k = 0.
In order to prove Theorem [0 we first enlarge the state space of the process (Xt)i>0. We

define a process (Xy, (n(t)))e>o living on the space V x N as follows. Let ¢(© ~ P;EIO}’O be

a GFF pinned at xg. Let 0, = sign(cpgco)) be the signs of the GFF with the convention that
0z, = +1. The process (X;);>0 is as usual the Markov Jump process starting at xy with jump
rates (We)ecr. We set

(4.1) @, = [p©0], @,(t) = VOZ 4+ 20,(t), Ve €V,  J(D(t)) = WD, (t)D,, (t), Ve € E.
The initial values (n.(0)) are choosen independently on each edge with distribution
if 0c_0e, = —1,
(4.2 ne() ~ 4 e
P2Je(®)) if oe_0e, = +1,

where P(2J.(®)) is a Poisson random variable with parameter 2J.(®). Let ((Ne(v))v>0)ecE
be independent Poisson point processes on Ry with intensity 1. We define the process (n.(t))
by

ne(t) =ne(0) + Ne(Je(D(t))) — Ne(Je(®)) + Ke(t),
where K, (t) is the number of crossings of the edge e by the Markov jump process X before
time ¢.

Remark 4.1. Note that compared to the process defined in Section[31), the speed of the Poisson
process is related to Jo(®(t)) and not 2J.(®(t)).

We recall that with our notations,
C(n(t)) = {e € Ene(t) > 0}.
Recall also that 720 = inf{t > 0|¢,,(t) = u} for u > 0. We define ¢ by
o) = 0, 0(720), Yz €V,

where (0, )zev € {—1,+1}" are random spins sampled uniformly independently on each cluster
induced by C(n(7}°)) with the condition that o,, = +1.
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Lemma 4.2. The random family (¢(©,C(n(0)), o™, C(n(r%0))) thus defined has the same

u

distribution as (©©), O(o), ™ ©,) defined in Theorem 8.

Proof. Tt is clear from construction, that C(n(0)) has the same law as O(¢(?) (cf Definition
2.1), the FK-Ising configuration coupled with the signs of ©© as in Theorem @l Indeed,
for each edge e € F such that gpgo,)gogi) > 0, the probability that n.(0) > 0 is 1 — e=2/¢(®),
Moreover, conditional on C(n(0)) = O(¢®), C(n(r¥°)) has the same law as O, defined in
Theorem 8 Indeed, C(n(77°)) is the union of the set C(n(0)), the set of edges crossed by the

u

process (Xy), =0, and the additional edges such that N¢(Je(72°)) — Ne(Je(®)) > 0. Clearly

u<Ty
N(Jo(770)) — N(J.(®)) > 0 independently with probability 1 — e~ (/e(®(Tu®)=Je(®) which
coincides with the probability given in Theorem [l O

We will prove the following theorem that, together with Lemma[£2] contains the statements

of both Theorem [§ and [
Theorem 12. The random field o) is a GFF distributed according to Pj,m}’m

conditional on o™ = @, the process

(Xt, (ne (t))eEE)thqfo

has the law of the process (X¢_y, (e(T — t))ecp) <7 described in Section [Z.

. Moreover,

Proof. Before proceeding to the proof of the theorem, we will briefly outline our method.
We have a Markov process (X, ®(¢),n(t)), and would like to find another Markov process
(X¢, @(t),1(t)) such that the latter has the law of (X =z _,, ®(7;° —t),n(7;° —1)) in the particu-

u
lar case when the entrance (initial) distribution of (Xo, ®(0),n(0)) is given by (zg, |¢?],n(0)),
n(0) given by (£2)). To this end, we will first introduce an intermediate Markov process
(X¢, ®(t),7(t)) which will correspond to (X204, @(7° — 1), n(7;° —¢)) in case when the en-
trance distribution of (X, ®(0),n(0)) is not the one we are interested in, but given by Xy = xg

and (®(0),n(0)) following the product measure (with infinite total mass)

> /d@F(@,n).

nceNE

We do that because (X;, ®(¢),7n(t)) is simpler, and in particular X; is a Markov jump process
with jump rates (We)eer (just as X;) which does not interact with (®(¢),n(¢)). In this way
(Xt, @(t),1(t)) and (X¢, (t),7(t)) correspond to (X =0, ®(75° — 1), n(7;° —1t)) for two differ-

u u
ent entrance distributions of (X, ®(0),7(0)), and we show that (X, ®(t),7n(t)) is absolutely
continuous with respect to (X, ®(¢),7(t)) and identify the corresponding Radon-Nikodym de-
rivative M, ,7/Mp. Out of this we further identify (X;, ®(t),7(t)) as a Doob’s h-transform (see
[3], Chapter 11) of (X;, ®(t),7(t)). Then we obtain the infinitesimal generator of (X, ®(t), 7(t))
as a conjugate of the infinitesimal generator of (X, ®(t),n(t)).

Our proof is cut in four steps. In step 1 we simply give an explicit formula for the law
of (J¢@,n(0)), n(0) given by @2). In step 2 we introduce (Xy, ®(t),7(t)) and prove the
time reversal for the product entrance distribution of (X, ®(0),n(0)). In step 3 we identify
the Radon-Nikodym derivative of (Xy, ®(t),7(t)) with respect to (Xy, ®(t),n(t)). In step 4 we
describe (X¢, ®(t),7(t)) as a Doob’s h-transform of (X;, ®(¢),7(t)) and give its the infinitesimal
generator, which is that of the process introduced in Section Bl

Step 1 : We start by a simple lemma.
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Lemma 4.3. The distribution of (® := ||, n(0)) is given by the following formula for any
bounded measurable test function h:

E (h(®,n(0))) =
3 / dDBH(®, neb o Wt -Teer @) [ T (2Je(®)™ \ sarecm)-1,
neNE RYMo) ecE ne!
where the integral is on the set {(®;)zev € RY Vo # x9, &, >0, @,y =0}, and
HmeV\{xo} AP,
\/%M—l

and #c.C(n) is the number of clusters induced by the edges such that ne > 0.

d® =

)

Proof. Indeed, by construction, summing on possible signs of ¢(?), we have

E (h(®,n(0))) =

—2Jc(®) e
—18(0®,00 € (2Je(q)))
(4.3) DS / o d(@ e >< 11 = ,

oe{+1}V neNF R ecE
gag=+1 n<o e Ocy =+1
where n < o means that n. vanishes on the edges such that o._o., = —1. Since we have,

similarly to (2.1]),

1 1 )
502, 00) = o S Wed2 = > Je(®)oe_oe,

zeV ecl
_ %ZW@%JFZJE(@) - Y 209,
zeV ecE eck

Oe_0Oey =+1

we deduce that the integrand in (43]) is equal to

—2Je (P Ne
h(q),n)e—%g(a'ib,ad))( H e 2 (2],(P)) )

ot Ne!
Ue,UeJF:
= (@, e BP0 e reoy =t 20 (T (2Ie(B))
’ E ne!

S B, e Ty W e ) (H w) |

eckE

where we used in the first equality that n. = 0 on the edges such that o._o., = —1. Thus,

E (h(®,1(0))) =

_1 qu%_ Je (P (2Je(®))ne
o> /V\w dDh(®, n)e 2 2nev Seer ()<HT .

oe{£1}V neNF Ry eck
0'10:+1 n<o

Reversing the sum on ¢ and n and summing on the number of possible signs which are constant
on clusters induced by the configuration of edges {e € E|n, > 0}, we deduce Lemma 3 O
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Step 2 : We denote by Z; = (X, ®(t),n(t)) the process defined previously and by Ey o n, its
law with initial condition (zg, ®,n).

We now introduce a process Z;, which is a “time reversal” of the process Z;. This process
will be related to the process defined in Section Bl in Step 4, Lemma

For (fe)eer € NP and (@), such that

i)xo =u, VY # 29, ) >0,
we define the process Z; = (X;, ®(t), n(t)) with values in V x RY x Z¥ as follows. The process

> law

X, is a Markov jump process with jump rates (W,)eer (so that X = X), and ®(t), 7i(t) are
defined by

(4.4) B, (1) = /B2 — 20,(t), Yz € V,

where /,(t) is the local time of the process X up to time ¢,
(4.5) fe(t) = e — (Ne(Je(P)) — Ne(Je(2(1)))) — Ke(t),

where ((Ne(v))y>0)eck are independent Poisson point process on Ry with intensity 1 for each

edge e, and K, (t) is the number of crossings of the edge e by the process X before time t. We
set

(4.6) Zy = (X1, (22(1)), (e (t)))-
This process is well-defined up to time
T=inf{t >03z €V ®,(t) =0}.

We denote by Em@ﬁ its law. Clearly Z; = (X;, ®(t),ne(t)) is a Markov process, we will later
on make explicit its generator.
We have the following change of variable lemma.

Lemma 4.4. For all bounded measurable test functions F,G, H

S [ 0P @)y (G220 Jycyerio H(B(0) (7)) =

neNEF
- _ - e P
> / ABH(®,1) By .0 (L, vees, ner0 G(Zer) PO D) [ 5755).
neENE zeV\{zo} z
where the integral on the Lh.s. is on the set {(® RY [, = 0} with dP = L=ty 10
gral on the L.h.s. is on the set {(Py)zev € RY [Py, = 0} wi = v
- - - dd,
and the integral on the r.h.s. is on the set {(Pz)zey € RY|®y, = u} with d® = H’”\E/‘;\%

Proof. We start from the left-hand side, i.e. the process (X¢,ne(t))g<;< 70. We define

u

X, = XTffoft’ Ne(t) = ne(12° — 1),

and

¢, = Q)m(T;fO), (i):v(t) = (I):B(Tzfo - )’

The law of the processes such defined will later be identified with the law of the processes
(X, ®(t),n(t)) defined at the beginning of step 2, see (A4]) and (L5]). We also set

Ro(t) = Ko(r70) — K. (%),

u



INVERTING THE COUPLING OF THE SIGNED GAUSSIAN FREE FIELD WITH A LOOP-SOUP 21

which is also the number of crossings of the edge e by the process X, between time 0 and t.
With these notations we clearly have

() = /D2 — 20,(t),

where £,(t) = f(f 1(%,—g)ds is the local time of X at time ¢, and

ﬁe(t) = ﬁe(o) + (Ne(Je((i)(t))) - Ne(!]e((i)(o)))) - Ke(t)'
By time reversal, the law of (Xt)og s<7m0 1S the same as the law of the Markov Jump process
(Xt)g<i<rr0, where 770 = inf{t > 0|44, (t) = u}. Hence, we see that up to the time
T = inf{t > 0|3z ®,(t) = 0},

the process (X, (P.(t))zev, (ie(t))ecr )i« has the same law as the process defined at the
beginning of step 2. a

Then, following [21], we make the following change of variables conditional on the processes
(Xt (ne(t))cer):

(0, +00)V x N¥ = (0,4+00)" x N¥
((CI)QS)JCEVa(ne)eEE) = ((‘f$)x6V7(ﬁe)eeE)a

which is bijective onto the set
{(®o)sev € RY|®sy = V2u, Va # 20, &z > /20:(ri")}
x {(fe)eer € NPVe € B, fie > Ke(75°) + (Ne(Je(B(75°))) = Ne(Je(®)))}-

Note that we always have ‘i)@ = v/2u. The last conditions on ® and 7. are equivalent to the
conditions X7 = xo and ne(T") > 0. The Jacobian of the change of variable is given by

dd, = &z d®,,
S

zeV\{zo} zeV\{zo} ° ) zeV\{zo}
since
— ¢1; ¢1‘
dd, =d <I>§, + 2635(7'30) = dd, = =— dP,. O
(I)%+2fx(’7'$0) q)x

Step 3: With the notations of Theorem [I2] we consider the following expectation for g and h
bounded measurable test functions:

(4.7) E (g <(X750t’”e(73° B t))ogtgrﬁ(’) h(so(u))> |

By definition, we have
P = r(r0),
where (04)zcy € {—1,+1}" are random signs sampled uniformly independently on clusters

induced by {e € E|n.(7}°) > 0} and conditioned on o,, = +1. Hence, we define for (®,),cy €
RK and (ne)eer € N7,

(4.8) H(®,n) =27#C0H L N" h(0d),

oe{£1}V
(7350:—1—17 o<n
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where 0 < n means that the signs o, are constant on clusters of C(n). Hence, setting

F(®,n) = e Seey Wetd—E.cp 1e(®) (H 7(2‘]6(‘1)'))”6) g#eCln)1
ne!
eck

G <(ZT,,foft)t<T7fo> =9 <<erot’ne(7_$0 - t)> wo) '
= t<Ty
using Lemma [£.3] in the first equality and Lemma [4.4] in the second equality, we deduce that

D) is equal to
(49) E (€ ((Zzo Dosiero) HEE),n(70)) =

> [ d0P @) Eayn (G ((Zozo - )yerzo) H (@), m(rio)) o =

nceNE

o o ] B,
Z /d(I)H ((I)’ ﬁ) E:voﬁf,ﬁ (H{XTZJB(), VecE ﬁe(T)EO}F (Q)(T% ﬁ(T)) G ((Zt)tST) H ® (T )
AENE zeV\{zo}

with notations of Lemma [.41 - _ _
Let F; = 0((Xs)s<t) be the filtration generated by X. We define the F-adapted process M;,
defined up to time T by

(4.10)

y F(2(t),n(t))
Mt = ES (t) ]l{XtEc(xOﬁ)}]l{ﬁe(t)zo’ veek}

i 3 - e*%Zzev Wao®a(t)? =Y e p Je(2(1)
ceV\{Xs} * 7

(QJE@(t)))ﬁe(t) otc.C(n(t))—1
_ 1,5 _ 1.5
X < H e (t)! > HmGV\{Xt} B, (1) {XieC(mo,n(t))} {Ne(t)>0, VeeE}>

ecE
where C(ro,n(t)) denotes the cluster of the origin z¢ induced by the configuration C(n(t)).
Note that at time ¢t = T', we also have
v F(&(T),n(T))

(4.11) T Toev foo} ®o(T) (Xp=a0} LA ()20, vecE)
T x0 z

since M7 vanishes on the event where { X7 = 2}, with o # x¢. Indeed, if X7 = x # x¢, then
®,(T) =0 and J.(®(T)) = 0 for e € E such that e adjacent to . It means that My is equal
to 0 if ne(T) > 0 for some edge e neighboring z. Thus, My is null unless {z} is a cluster in
C(n(T)). Hence, My = 0 if x # z¢ since My contains the indicator of the event that X7 and
o are in the same cluster.

Hence, using identities (4.9) and (£I1]) we deduce that (£7) is equal to
o - M _
(4.12) @ = ). /d(I)H (®,7) F (®,7) E,, 4.5 (VTG ((Zt)tg)> .
neNF 0
Step 4 : We denote by Z; = (X, ®s,7(t)) the process defined in Section BI], which is well
defined up to stopping time 7', and Z] = Zynp- We denote by E | 3 ; the law of the process

Z conditional on the initial value 72(0), i.e. conditional on (N.(2J(®))) = (2.). The last step
of the proof goes through the following lemma.

Lemma 4.5. i) Under E

$0,‘I>,'fl7

X ends at Xj = xg a.s. and n(T) >0 for alle € E.
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ii) Let P— S ond PSt _be the law of the process (Z1)s<t and (ZI)s<; respectively, then

7 1

dp=t y

vo,n _ Mynp
— = —.

dPst. My
zo,P,n

Using this lemma we obtain that in the right-hand side of (£.12)

Bupin (326 (Bcr) ) = Bunon (6 ((Zicr))-

Hence, we deduce, using formula (4.8]) and proceeding as in Lemma (3] that (47 is equal to

n 27080 (2.7, (@)
dee 2@ (5 e
/RV\{IO} e @) > 11 e!

n<p \e€E, ge_ge, >0

e (JJ\\ZG(( )g)>,

doq
where the last integral is on the set {(@z)zcv € RY |0y, = u}, dp = HI?}%, and where

n < @ means that ne = 0 if g._@e, < 0. Finally, we conclude that

E [ <(X ro_y, Me(TT0 — t))OStSTZ”“) h(go(“))} _E [g ((Xt,ﬁe(t))OStST> h(@)} ,

where in the right-hand side ¢ ~ Pém}’m is a GFF and (X;,7(t)) is the process defined in
Section 3] from the GFF . This exactly means that ¢(®) ~ Pém}’\/ﬂ and that

Law <(Xﬂofo_t,ne(7'$° - t)> oW = cﬁ) = Law <(X’t,ﬁ(t))t§f) .

This concludes the proof of Theorem O

0<t<ry,0

Proof of Lemma[/.5. The generator of the process Z; defined in (4.6]) is given, for any bounded
and C! for the second component test function f, by

(4.13)
(Ef)(.%',i%ﬁ) = —=—(—=

Z <Wx,y (f(y7 (f,ﬁ - 5{x,y}) - f(xv (5777‘)) + Wx,y_y (f('% ci)7” - 5{3&,3/}) - f(.%', cI)?“))) .

yev z
Y~z

KA

Where n — Oy, y} is the value obtained by removing 1 from n at edge {z,y}. Indeed, since

= /®,(0)2 — 20,(t), we have
d - 1
4.14 —& =—1ig,_n=—-—

which explains the first term in the expression. The second term is obvious from the definition
of Z, and corresponding to the term induced by jumps of the Markov process X;. The last term
corresponds to the decrease of 7 due to the increase in the process Ne(Je(P)) — Ne(Je(P(1))).
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Indeed, on the interval [t, ¢+ dt], the probability that No(J.(®(t))) — Ne(Je(®(t+dt))) is equal
to 1 is of order

d - WeP._ (t)(i)e+ (t) dt
) )

—%Ne(t]e(é(t)))dt = H{Xt endpoint of e} (bXt (t 2

using identity (£.14).
Let £ be the generator of the Markov jump process Z; = (Xy, (®,(t)), (72c(t))). We have
that the generator is equal, for any smooth test function f, to

- 1 9
Ny - - _
5 Z — ]l.Al(x,y f(y7 o, n — 5{x,y}) + f(m‘, o, n— 5{x,y}) - Qf(-% o, n))
yEV
Y~z
+ Z — ]]-.A2 x,y) f(ya (i), n— 6{J1,y}) - f(xa i), n)))
yev x
Y~T
Ny, - -
+D 5o Lawa) (F(@ @ = bgay) = f(2,®,m))
yev =%
Y~z

where A;(z,y) correspond to the following disjoint events:

o Ai(z,y) if the numbers of connected clusters induced by n — 6y, 1 is the same as that
of n;

o Ay(z,y) if a new cluster is created in n — d, 1 compared with 7 and if y is in the
connected component of zg in the cluster induced by n — dy; 1;

o A3(z,y) if a new cluster is created in n — 6,y compared with n and if z is in the
connected component of zg in the cluster induced by n — dy; 3.

Indeed, conditional on the value of 7.(t) = N.(2J.(®(t))) at time ¢, the point process N, on
the interval [0,2.Jc(®(¢))] has the law of n.(t) independent points with uniform distribution on
[0,2J.(®(t))]. Hence, the probability that a point lies in the interval [2.J.(® (¢ + dt)), 2J.(®(t))]
is of order

_Je(q)(t))dt = l{Xt endpoint of e} ﬁe(t)wdt

We define the function
Q(x’ (‘1)1), (ne)) =

Ne c.C(n)—1
e Ty W0 Tece @ (] (2Je(2)) 2#eCn)
ne! [yevioy ®u

l{xEC(mo,n), and Ve€E, ne>0}>
eckl

so that
Mt/\T = G(Zt/\T)'
To prove the lemma it is sufficient to prove ([3], Chapter 11) that for any bounded smooth

test function f,

(4.16)
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Let us first consider the first term in (4.I3]). Direct computation gives

11 /0 D, 1
(55: (38:0)) ot = e 32 (Wit gy ).

yeVv
Yy~

For the second part, remark that the indicators Li,cc(zn)) and Ly, >0, veepy imply that
O(y, ®,n— 0y, ) vanishes if ng , = 0 or if y & C(xo,n— 0y, 1) By inspection of the expression
of ©, we obtain for z ~ y,

o,

Ny,
T,y T

Ngy 1
= 1 21 — | O(z, P, n).
(L + 210052 55 ) @G

Similarly, for z ~ y,

Ny,
@(m,q),n - 6{95731}) = <]l{nx,y>0}(]l.A1 + 2]1A3)2J . ) Q(x’q)’n)
x?y

Ng .y
= 1 + 21 —2 | O(x, D .
<( Aq A3)2117$7y¢x¢y> ( ) ,n)

Combining these three identities with the expression (£13) we deduce

1-
SE(O) (r,®,m) =
1 0 1
_an)mf(xa q)an) - Z <nx,ya%> f(x,(I),TL)
yev
Yy~xT
1 1
+ Z(]lfh + 2]1.42)”33,3/@]0(?/’ n-— 6{3&,3/}’ <I)) + Z(]]‘Al + 21A3)@f(x’ n— 5{x,y}’ (I))'
Yy~ Yy~xT
It exactly coincides with the expression ([EI5) for £ since 1 = 14, + 1 4, + 1 4;. O

4.2. General case.

Proposition 4.6. The conclusion of Theorem [9 still holds if the graph G = (V, E) is finite
and the killing measure is non-zero (k % 0).

Proof. Let h be the function on V defined as
h(z) = P,(X hits zo before ().
By definition h(zg) = 1. Moreover, for all z € V' \ {x¢},

—reh(@) + 3 Wiy (h(y) — h(z)) = 0.

yev
Y~z

Define the conductances W/ := W h(e_)h(e, ), and the corresponding jump process X", and

the GFF 3020) and goglu) with conditions 0 respectively v2u at xg. The Theorem [ holds for the
graph G with conductances (W

eecr and with zero killing measure. Denote

t
o (t) = /0 Lixnogyds, 7" =inf{t > 0] (t) > V2u}.
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The process (Xth)t<
720 < (, after the change of time

50, has the same law as the process (Xgn(s));<(gn)-1(;20), conditional on

do" (t) = h(Xgn ) dt.
This means in particular that for the occupation times,
(4.17) (1) = h( X))~ 2a(0"(1)).-
Moreover, we have the equalities in law
0 laW u) law ; _ u
(P( ) b 14,0(0) (pgl) aw g 1()0( )

Indeed, at the level of energy functions, we have:

E(Mfhf) = kah(@) f(2) + > Welh(ey)fer) — hle-) f(e-))?

zeV ecl

= k(@) f (@) + Y Weyh() F(0) (h(y) f(y) — h(z) f(2))]

eV yeVv

Yy~

= k(@) f(@)? =D Way(h(y) — h(@)h(@) f(@)*) = > Wayh(2)h(y)(f(y) — f(2))f ()

zeV Yy~ zeV
= (Koo = Y Wagy(h(y) = D] f(x0)* + > Wl(h(ey)f(ey) — hle-) f(e-))?

yeVv ecl

= Cst(f(z0)) + EM(f, f),

where Cst(f(xg)) means that this term does not depend of f once the value of the function at
o fixed.

Let X} be the inverse process for the conductances (W

)ecr and the initial condition for
the field gpgu), given by Theorem @l By applying the inverse of the time change (4I7) to the

process Xth, we obtain an inverse process for the conductances W, and the field o). U

Proposition 4.7. Assume that the graph G = (V, E) is infinite. The killing measure k may
be non-zero. Then the conclusion of Theorem [9 holds.

Proof. Consider an increasing sequence of connected sub-graphs G; = (V;, F;) of G which
converges to the whole graph. We assume that Vj contains zg. Let G = (V;*, E¥) be the graph
obtained by adding to G; an abstract vertex x,, and for every vertex z € V; connected by an
edge in F; to ay € V\ V;, adding an edge {x,z.} with with a conductance

Wow, = >, Wy
yeV\V;
Y~z

(Xi.t)1>0 will denote the Markov jump process on G, started from zg. Let ¢; be the first hitting

time of x, or the first killing time by the measure x1y;. Let @EO), cpz(u) will denote the GFF's on

G; with condition 0 respectively v2u at g, with condition 0 at z., and taking in account the

possible killing measure x1y;. The limits in law of <p(-0) respectively cpz(u)

i are () respectively
oW,
We consider the process (X; ¢, (i.¢(t))ee Er)o<i<f, be the inverse process on G;, with initial

field cpz(u). (X, t)t<7_ac0 conditional on 7;°%, has the same law as (Xi,Tﬁt)tST}' Taking the limit

7,u’
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in law as ¢ tends to infinity, we conclude that (Xt)t<,r1ﬂfo, conditional on 7;,° < 400, has the

same law as (Xj_,),« on the infinite graph G. The same for the clusters. In particular,

P(T < t,X[O 7 stays in V;) = lim P(T; <t X, (0,7;] Stays in V;)

1—+00
= lim P(77) <t X, 1 =) stays in Vj|77 < G) = P(7,° < 1, X 120) stays in V|7 < (),
i——+00 ) LR ) sTu

where in the first two probabilities we also average by the values of the free fields. Hence

P(T = 400 or Xj # x9) =1 — \ liin P(r* < t, X[ ,z0) stays in Vj|m° < () = 0. O
—+00 v

j—+o0

Remark 4.8. Consider G = (V,E) an infinite transient electrical network (with k = 0).
Proposition [{.7 tells that if the inversions algorithm of Section[3 is applied to a Gaussian free
field o™ with condition V2u at xo, and implicitly 0 at infinity, the algorithm terminates a.s.,
that is to say the inverting process X does not escape to infinity. However, one could consider
a Gaussian free field with positive condition a > 0 at infinity, ¢ . Such a GFF is related
by isomorphism not only to a loop-soup Lo bul also to a Sznitman’s random interlacement,
which is a Poisson point process of paths from and to infinity, infinite in both directions of
time [23|, 24} [15]. If applied to o) the algorithm would create a path which has a positive
probability to escape to infinity, which would correspond to the event of having an interlacement
visiting xq.
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