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CONCENTRATION VERSUS OSCILLATION EFFECTS IN
BRITTLE DAMAGE

JEAN-FRANCOIS BABADJIAN, FLAVIANA IURLANO, AND FILIP RINDLER

ABSTRACT. This work is concerned with an asymptotic analysis, in the sense of I'-convergence,
of a sequence of variational models of brittle damage in the context of linearized elasticity.
The study is performed as the damaged zone concentrates into a set of zero volume and, at
the same time and to the same order ¢, the stiffness of the damaged material becomes small.
Three main features make the analysis highly nontrivial: at ¢ fixed, minimizing sequences of
each brittle damage model oscillate and develop microstructures; as € — 0, concentration and
saturation of damage are favoured; and the competition of these phenomena translates into a
degeneration of the growth of the elastic energy, which passes from being quadratic (at e fixed)
to being of linear-growth type (in the limit). Consequently, homogenization effects interact with
singularity formation in a nontrivial way, which requires new methods of analysis. In particular,
the interaction of homogenization with singularity formation in the framework of linearized
elasticity appears to not have been considered in the literature so far. We explicitly identify
the I'-limit in two and three dimensions for isotropic Hooke tensors. The expression of the limit
effective energy turns out to be of Hencky plasticity type. We further consider the regime where
the divergence remains square-integrable in the limit, which leads to a Tresca-type model.
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1. INTRODUCTION

In the theory of brittle damage (see, e.g., [29]) in the so-called “brutal” regime, a linearly elastic
material can exist in one of two states: a damaged state, for which the energy is described via
a symmetric fourth-order “weak” elasticity (Hooke) tensor A,; or an undamaged state with a
“strong” elasticity tensor A, with A,, < A,. Damage is a typical inelastic phenomenon described
by means of an internal variable, which here is given as the characteristic function of the damaged
region. The dissipational energy is taken as proportional to the damaged volume. If Q C R" stands
for the volume occupied by the body at rest, u : @ = R™ (n = 2 or n = 3) is the displacement and
X : 2 = {0,1} is the characteristic function of the damaged region, then the total energy is given
as

(u,x) — E(u,x) := %/Q[XAIU +(1- X)As]e(u) ce(u) dx + f@/ﬁxdm,

where £ > 0 is the material toughness, i.e., the local cost of damaging a healthy part of the
medium, and e(u) := 1(Vu + VuT) is the linearized strain. This type of energy functional is also
encountered in the theory of shape optimization, where one aims to find an optimal shape (here
D := {x = 1}) minimizing a cost functional (here the elastic energy) under a volume constraint.
In this framework, the toughness k can be thought of as a Lagrange multiplier associated to this
equality constraint.

Assuming standard symmetry and ellipticity conditions on the elasticity tensors A,, and A, the
above energy F is well-defined for displacements v € H*(2;R™). It is well known that the problem
of minimizing F (adding suitable forces and/or boundary conditions) is ill-posed, in the sense that
minimizing sequences tend to highly oscillate and develop microstructure (see, e.g., [29, 33]). A
relaxation phenomenon occurs, leading to a homogenized problem where brittle damage is replaced
by progressive damage. In this new formulation, damage is described by means of a volume fraction
0 € L>(;]0,1]) and the homogenized stiffness of a composite material is obtained through fine
mixtures between the damaged part with volume fraction # and the undamaged part with volume
fraction 1 —6. Much work has been devoted to the study of this relaxed problem in homogenization
theory, for example to the identification of all attainable composite materials (the so-called G-
closure set), or to bounds on the effective coefficients (the Hashin-Shtrikman bounds). We refer
to [35] 411 B0] Bl 4, B3] and to the monograph [I] as well as the references therein for more details.

Minimizing E first with respect to x, the relaxation problem described above can be rephrased
as the identification of the lower semicontinuous envelope of the functional

u€ HY(RY) — / W(e(u)) dx,
Q
where
W(¢) := min {;Asf 2 €, %Awf €+ /{} .

Notice in particular that W fails to be (quasi-)convex. Standard relaxation results show that the
lower semicontinuous envelope is given by

uH/@SQW(e(u)) dx,

where SQW is the symmetric quasiconvex envelope of W. An explicit expression for SQW is in
general unknown, although several results have been obtained, see, for instance, [2] [6].

In the present work, we are interested in the limit passage to a total damage model, i.e., when
the elasticity coefficients A, of the weak material tend to zero, and at the same time the volume of
the damaged region vanishes. More precisely, we introduce a small parameter € > 0 and consider
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the rescaled energy functional

E.(u,x) = %/Q[nswa +(1- X)As]e(u) ce(u)dr + g /Q x dx,

where 1. — 0 as ¢ — 0 is a rescaling factor. We then ask about the limit behavior of F. as ¢ — 0.
Note that now there is a trade-off between the cost of the damage /e and the resulting weakening
of the stiffness tensor 1. A,, in the damaged region.

One motivation of this analysis goes back to the numerical investigations performed in [3] in a
discrete framework. There, forcing the elastic properties to become weaker and weaker on sets of
arbitrarily small measure leads to the appearance of concentrations. A first aim of this paper is
to make rigorous such observations and to precisely describe the limit model obtained through an
asymptotic analysis.

From a mathematical point of view, we will carry out our analysis by computing the I'-limit of
E. as € — 0 for the three possible regimes of 7. < &, 9. ~ ¢ and 7. > e. It turns out that the most
relevant regime is 7. ~ €. Indeed, on the one hand, if 7. < €, the elastic energy associated with
the damaged material is so negligible that we obtain a trivial I'-limit (see Theorem ; we here
do not address the question whether a suitable rescaling of the energy gives rise to a non-vanishing
limit. Indeed, according to the proof of Theorem it turns out that the energy scales like /7. /¢
so that we expect the right energy rescaling to be \/e/n.E.. On the other hand, if n. > ¢, the
damaged set is so small that the limit model turns out to be of pure elasticity type with elasticity
tensor Ay (see Theorem [5.1)).

The case 1. ~ € poses a number of mathematical challenges. First, as ¢ — 0, it is not hard
to see that, if u. denotes an almost-infimum point of E., the only uniform bound that can be
obtained is on the L!'-norm of the elastic strains (e(u:))e>o (see Lemma . This shows that
e(ue) may concentrate into a singular measure in the limit, which describes “condensated” defects
inside the medium. The domain of the displacements in the I-limit is thus given by BD(f2),
the space of vector fields of bounded deformation (see the next section for a precise definition).
Second, to compute the I'-limit of E., we need to take into account that homogenization effects will
interact with the formation of concentrations in a nontrivial way. We are not aware of any previous
works considering the above framework. We remark that the quadratic-to-linear behavior arising
from energetic competition is typical of works in the gradient theory of phase transition [27, O],
where, however, the full gradient is considered in place of the symmetric gradient; a quadratic-
to-linear-type behavior in the context of linearized elasticity is obtained in [I4] 5], but there the
relaxation concerns a functional defined on functions that are smooth outside the free-discontinuity
set; finally, explicit identifications of the I'-limit in linearized elasticity are available for quadratic-
to-quadratic convergences [26] [16, [I8] [I7]. To conclude this bibliographic overview, let us mention
an interesting connection with the optimal design problems studied in [37] and, more recently,
in [36]. They appear as a dual version of our problem, being formulated in terms of the stress
o := Ae(u) instead of the strain e(u). From a technical point of view, the main difference with
our work is that only one phase (the weak phase) is considered there. This permits to prove the
I'-liminf inequality in a more abstract way through a careful change of the boundary datum.

The identification of the I'-limit is highly nontrivial because of the inherent nonconvexity of the
problem. Assuming for simplicity that 7. = €, the problem of finding the I'-limit of E. turns out
to be equivalent to finding the I'-limit of the family of functionals

u € HY (QR™) — /QWE(e(u)) dz,

where

W.(€) := min {;Asg €, %Awg e ';} ,
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or still the I'-limit of their relaxations, given by

uH/QSQWE(e(u))dx,

where SQW, is the symmetric quasiconvex envelope of W.. We next specialize to isotropic Hooke
tensors A,, and Ag, that is,

A€ = Ay (tré) Id +2p,€,
A= )\s(trg) Id +2,us€7

where \; > 0 and p; > 0 are the Lamé coefficients. In this case, although the explicit expression of
SQW. is not known (see [6]), it is possible to compute explicitly its pointwise limit W, which rests
on an interesting I'-convergence argument for the Hashin-Shtrikman bound (see Proposition .
More precisely, the pointwise limit W is given as an infimal convolution

W (&) = (fOV2kh)(&) :g/ inf {f(€—¢&)+V2rh(&)},  €eMEL,

;ym

where

" 2
F(€) = JAL:E and b (D&) + O+ ) (Z@) ,

with the &;’s denoting the eigenvalues of £.
Our main result (see Theorem [3.1) is then that the functionals E. I'-converge as ¢ — 0 to the

functional
=500 dE%u s

where W™ is the recession function of W and the linearized strain measure Eu is decomposed
(in the Lebesgue-Radon-Nikodym sense) as Fu = e(u)L"™ + E*u. The function W turns out
to be quadratic close to the origin and to grow linearly at infinity, with a slope given by the
recession function W° = v/2rh. Remarkably, and perhaps surprisingly, this is a typical energy
density encountered in perfect plasticity (actually, Hencky plasticity, since we are dealing with
static models). So, our results show how a brittle damage model may lead to a plasticity model in
a singular limit (see also [32] 2] for gradient damage models).

This result entails that for the bulk part we have a response that is (optimally) homogenized
between the undamaged and the damaged parts, while for the singular part (which may contain
jumps and fractals) we only see a dependence on the damaged Hooke tensor A,,. Since for ¢ €
ML the expression /2kh(§) describes the energy cost (density) of optimally damaging the linear
map x — £x, the above expression for the I'-limit can be interpreted as follows: in the bulk part,
the material may oscillate finely between damaged and undamaged areas, giving, by definition of
the infimal convolution, a decomposition of the homogenized bulk energy of the form

W) = %Ase e+ v/2rh(p),

where the linearized strain is additively split as & = e 4+ p with e an elastic strain and p a plastic
(permanent) strain.

For the proof of the theorem, one first observes that the effective integrand W is a natural
candidate for the bulk energy density of the I'-limit and the energy functional associated to it
easily provides an upper bound for F.. We stress that it is not straightforward to obtain the
I'-limsup inequality through a direct construction of a recovery sequence. Explicit constructions
can, however, be exhibited if the displacement is linear u(z) = £z and the matrix £ is diagonal,
and improved if £ is rank-one symmetric (see Section .



CONCENTRATION VERSUS OSCILLATION EFFECTS IN BRITTLE DAMAGE 5

The problem of establishing the lower bound is much more delicate. The crucial question is
to understand the interplay between the shape of SQW,. and a sequence of symmetric gradients.
These questions are in general highly nontrivial and not much is known. The only results about
concentrations in sequences in BD(2) seem to be [23], 24]; also see the recent survey [22]. The
main difficulty is related to the fact that there is a loss in the growth of the elastic energy passing
to the limit as ¢ — 0, which prevents one to easily control the contribution of the energy for large
strains. In addition, contrary to [36], B7], standard cut-off techniques, which replace the boundary
value of a minimizing sequence by that of the target, do not apply since minimizing sequences
only converge in the weak™ sense in BD (thus strongly in L? for any p < %5 < 2 by compact
embedding), while the energy has quadratic growth for fixed e.

The classical argument to get a lower bound is to apply Young’s inequality inside the damaged
region. This allows us to bound from below the energy associated to arbitrary sequences (xc)e>o0
and (u6)5>0 by

/Q(l - XE)%ASe(us) se(us) + Xe v/ 2rA we(us) : e(ue) da. (1.2)

One observes

V26ALE € < \/2KA(E)
and that equality holds only on rank-one symmetric matrices a ® b (see Proposition . Hence,
this lower bound would coincide with the previous upper bound if e(u. )(z) was rank-one symmetric
for almost every x € {x. = 1}, which, however, is obviously false.

Analyzing for simplicity the two-dimensional case, one observes that, when e(u.) is not rank-one
symmetric, the gap originating from replacing A e(u.) : e(us) by h(e(us)) in is controlled
by the quantity (det(e(u.)))*. Now, heuristically, since |e(u.)x.| ~ 1/¢, one imagines that the
subset, say Z., where u. has slope 1/¢ along two different directions (in the sense that e(u.) fails
to be rank-one symmetric and has both eigenvalues of order 1/¢) has measure of order strictly
smaller than e. If one would be able to formalize this idea, the two bounds obtained from below
and from above would match. This intuition is supported by the fact that e(u.) on Z. is away
from the wave cone associated to the differential operator curl curl, so that by [23] it is reasonable
to expect some elliptic regularity properties for u. in Z. and therefore a good size estimate for Z..
However, the formalization of this “compensated compactness” strategy is at present unclear and
we here must follow a different argument (which can, in fact, itself also be seen as a “compensated
compactness” approach).

The key observation enabling our proof is that y/zu. — 0 weakly in H!(Q;R") and therefore in
dimension n = 2 one has edet(Vu,) — 0 weakly* in the sense of measures. Fine computations are
needed to adapt this observation to the symmetric gradient, then to its positive part, and, finally,
to generalize the argument to three dimensions, where the condition edet(Vu.) — 0 has to be
replaced by ecof(Vu.) — 0 with cof(§) the cofactor matrix associated to &.

In the same spirit as the model described above, we also study the asymptotic behavior of
a similar family of functionals, where now the divergence term of the weak material does not
degenerate to zero. More precisely, we consider a weak material with an elasticity tensor AZ of
the form

ALE = At ) Td 4261,
where A\, < Ag. For all (u,x) € HY(Q;R") x L>=(Q;{0,1}), the associated energy is defined by

E (u,x) := %/ﬂ[xAZJ +(1- X)As]e(u) ce(u)dr + g/ﬂxdx.

In this new problem, the divergence of the displacement is not penalized anymore, and the domain
of the I'-limit is given by those displacements u € BD(Q) satisfying divu € L?(Q) (that is, the
distributional divergence is absolutely continuous with respect to Lebesgue measure and has a
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square summable density). In other words, this means that the displacement w lies in the Temam—
Strang space U(), see, e.g., [42]. Using the same type of arguments, we show that the I-limit is
a quadratic functional of divu and a linear-growth functional of the deviatoric part Epu of the
linearized strain measure Eu. It is explicitly given by

s dEs$
ur—>/( +H )(dlvu d:z:+/WeD d:L'Jr/ 2/@h d|EgZ|)d|ESDu|,

where the deviatoric bulk energy density is again defined via an infimal convolution, namely as

W :‘]ED\/QHB

with

n 2
F© = psléP,  hE) = p (Z fi|> for all £ € My
i=1
and & < --- < &, being the ordered eigenvalues of £&. We recover in this way the well-known Tresca
model of perfect plasticity since V' 2kh is precisely the support function of the Tresca elasticity set
K .= {T S M%X” T — T < 2%}, where again 71 < --- < 7, are the ordered eigenvalues of
the deviatoric matrix 7 € M*".

The analysis carried out in this work is only concerned with the understanding of effective
limit energies at the static level. If the body is subjected to time-progressive loads or boundary
conditions, it is natural to go further to a time dependent model in the framework of quasistatic
evolution under an irreversibility constraint on the damage process (see [29]). However, the un-
derstanding of the interplay between relaxation and irreversibility is usually a delicate issue, see
e.g. [28] for an energy-based model and [31] for a threshold-based model. At present, it is unknown
how irreversibility for fixed € > 0 is translated into the limit evolution model, if both approaches
give rise to the same limit model of perfect plasticity as € — 0, and if irreversibility can change
the limit model with respect to the static problem. For a passage to the limit in a formally similar
problem including an irreversibility condition, see the forthcoming paper [I1].

This paper is organized as follows. In Section 2, we introduce general notation and define
precisely the problem under investigation. In Section 3, we analyze the main regime 7. ~ ¢,
leading to a Hencky-type model. Sections 4 and 5 are devoted to investigating the trivial regime
Ne < € and the elastic regime 1. < e. Finally, in Section 6, we carry out the analysis of the
modified problem leading to a Tresca-type model.

2. NOTATION AND PRELIMINARIES

2.1. Notation. The Lebesgue measure in R” is denoted by £™ and H* stands for the k-dimensional
Hausdorff (outer) measure. If a and b € R", we write a - b := Y . | a;b; for the Euclidean scalar
product, and we denote the corresponding norm by |a| := v/a - a.

Matrices. The space of symmetric n x n matrices is denoted by M " It is endowed with the

Frobenius scalar product £ : 7 := tr(£n) and with the corresponding Frobenius norm |£| := /€ : &.

We also denote by MP™ the set of all symmetric deviatoric matrices, i.e. all £ € Mg such

that tré = 0. Any matrix £ € MZX" can be uniquely decomposed as £ = &p + tff Id, where

sym
Epi=&— t“f Id € M) is the deviatoric part of £, and % Id is the hydrostatic part of £. Finally,
given £ € ngxn?, we denote by det ¢ its determinant and by cof § € M{XT its cofactor matrix.
For any a, b € R, we define the tensor product a ® b := ab” and the symmetric tensor product
a®b:=(a®b+b®a)/2

We recall two lemmas from linear algebra:
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Lemma 2.1. Let a and b € R™. Then, the matriz a © b has at most rank 2, and in this case
the nonzero eigenvalues have opposite signs. Conversely, if & € M has rank two and the two
nonzero eigenvalues have opposite signs, then there are a,b € R™ such that £ = a ®b.

Lemma 2.2. Forall§ € Mg’;n?l’, the matriz cof(§) is diagonalizable in the same orthonormal basis

as &. In addition, if &1, &, and &3 are the eigenvalues of &, then &€3, £1&3 and £1& are the
eigenvalues of cof (€).

A proof of the first lemma is in [22, Lemma 2.2] and the second lemma follows from the fact
that commuting symmetric matrices share a basis of eigenvectors.

Function spaces. We use standard notation for Lebesgue spaces, LP, and Sobolev spaces, WFP
or H* := W*2. Given an open subset 2 of R”, we denote by BD(f2) the space of functions of
bounded deformation, i.e., all vector fields u € L'(€Q;R"™) such that the distributional linearized
strain Eu := (Du+Du”)/2 € M(; ML), where M(Q; MZ)¥") stands for the space of all M-
valued Radon measures with finite total variation. We can split Eu according to the Lebesgue

decomposition as
dE®u

Eu=e(u)L"L_Q+ Fu=e(u)L"_Q+ ] |E®ul,
where e(u) € L'(Q; M) is the Radon-Nikodym derivative of Fu with respect to L, and E’u

is the singular part of Fu with respect to £". Furthermore, we denote by -Z AEu] Esu‘ the Radon—

Nikodym derivative of E®u by its own total variation measure |E®ul, i.e. the polar of Efu. We
refer to [43] 40, [42] [7, 22] for general properties of the space BD(2). We also define LD() :=
{ue BD() : E*u=0}.

Convez analysis. We recall several definitions and basic facts from convex analysis (we refer
to [25], B9] for proofs). Let ¢ : M2X" — [0, +00] be a proper function (i.e. not identically +o0).

sym
The convex conjugate of 1 is defined as
Y*(T) :== sup {7' D€ — zz;(g)} for all £ € MQYXHZL, (2.1)
£eMEXT

which is a convex and lower semicontinuous function. Repeating the process, we can define the
biconjugate function ** := (¢*)*, which turns out to be the lower semicontinuous convex hull of
1, i.e., the largest lower semicontinuous and convex function below . In particular, if C' C Mg
is a set, we define the indicator function I of C' as I := 0 in C and 400 otherwise. The convex
conjugate I, of I is called the support function of C.

If k : M — [0, +0oc] is a positively 1-homogeneous convex function such that k(0) = 0, the

polar function of k is defined by
k°(&) := sup 7:& forall £ € MZXI.

k(r)<1 m
Let ¢ : ME — [0, +00) be a convex function. Then, the limit
sorey . e Ot)
¢7(€) = lim —

exists for every § € Mt (in [0, +0oc]), and ¢ is called the recession function of ¢. It is a convex

positively 1-homogeneous function.
If §1, 2 : MG — [0, 4+00] are proper convex functions, then the infimal convolution of ¢; and

¢2 is defined as
(61 B ¢2)(E) := E/elnf {1(€ =€) + 26N}, (2.2)

<‘.yrn

which turns out to be a convex function. It can be shown that

$10¢2 = (7 + ¢5)".
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Moreover, if ¢ and ¢o are nonnegative, convex, ¢1(0) = 0, and ¢ is positively 1-homogeneous,
then ¢1 O ¢ is the convex hull of ¢1 A ¢2 := min(¢1, ¢2).

If ¢, ¢1, ¢2 are defined on ME*" only, then the convex conjugate and the inf-convolution can be
defined as functions on M',", taking respectively the supremum and the infimum in the formu-

las (2.1) and (2.2) over the space M,*".

2.2. Description of the problem. Let Q be a bounded open set of R”. For every u € H*(£2;R"),
x € L*(Q;{0,1}) and any € > 0, we define the following brittle damage energy functional:

1 K
E.(u,x) := 5/ [UaXAw +(1- X)As]e(u) ce(u)dx + 7/ x dx.
Q € Ja
In the previous expression, k > 0, . > 0, and A,,, As are symmetric fourth-order tensors satisfying
g ld<A; < 1d forie{w,s} (2.3)

as quadratic forms over M1, for some constants ¢y, ¢s, Chyy € > 0.

We assume that 1. — 0 as € — 0, so that one can suppose that . A, < Ay as quadratic forms.
The Hooke tensors 1. A, and Ag represent respectively the elasticity coefficients of a weak and a
strong material. The weak, or damaged, part of the body has elastic properties which degenerate.
At the same time, the toughness xk/e — 400 as ¢ — 0 forces the damaged zones to concentrate
on vanishingly small sets. Our goal is to understand the behavior of the previous brittle damage
functional as € — 0 by means of a I'-convergence analysis.

Let us define for all £ € M2

sym

L e e B
f(§) = 2As€ & ge(§) = 5 A& E+ . (2.4)
and

We (&) = f(€) A ge(§) = min{f (), 9:(£)}-

Then, we can write
Peun) = 5 [ (1= 0f(etu) + xgee(uw) da
For all (u,x) € L'(Q;R"™) x L*(£2), we further set
Bufux) i (ux) € HU(QRY) x L¥(9: {0,1)),

+00 otherwise.

Ee(u,x) :== {

Let us remark that, provided suitable (Dirichlet) boundary conditions are applied on some portion
of the boundary and/or external body loads are incorporated into the model, the application of
Poincaré and Korn type inequalities (see [42]) show that the condition e(u) € L*(€;MZ5") is
equivalent to Vu € L(Q;M™*™).
We consider the T-lower and T-upper limits & and &£} : L*(;R™) x L1(2) — [0, +00], respec-
tively, of (€.)z>0, that is (see [20]), for all (u,x) € L*(Q;R?) x L(Q),
Ehlu,x) = inf{limiélfé's(ug,xe) ¢ (ue, xe) = (u, x) in LY R™) x LI(Q)},
e—
and
83(“7)() := inf {limsnga(UEaXE) t(ue, xe) = (u, x) in Ll(Q;Rn) X Ll(Q)} :
e—0
If &) = &l then this functional is the I'-limit of the sequence (& )c>0. It is our task in the following

to explicitly identify this functional. It turns out that this depends on the sequence (1:)e~0 (only)

through the value

a = lim £ € [0, +00). (2.5)

e—=0 €
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We consider the sequence (1:)e>0 fixed, so we do not make the dependence on « explicit in our
notation.
We begin our analysis by identifying the domain of finiteness of the I'-limit.

Lemma 2.3. Let (u,x) € L'(;R™) x LY(Q) be such that E)(u, x) < +o0. Then, x =0 a.e. in
and if further a > 0, then u € BD(Q).

Proof. Let (uc,X<)e>0 be a sequence such that (u,x:) — (u,x) in L'(Q;R™) x L'(Q) and, for
some ¢ > 0,

limiglfge(us,xg) < &h(u, x) + 8 < +o0.
E—r
Let us extract a subsequence (ug, Xk )keN := (Ue,, Xex JkeN Of (Ue, Xe)e>0 such that
lim &, (uk, xr) = lminf & (ue, xc) < 400.
k—o0 e—0
This implies that, for k large enough, uj, € H(;R™), xx € L>=(Q;{0,1}), and
M :=sup E., (uk, xx) < +00.
keN
From this energy bound first observe that

M
/Xkdzgj—)O as k — oo
Q K

which shows that x = 0 a.e. in .
Since A€ : € > c,|€]? and A€ 1 € > ¢,|€]?, Young’s inequality yields

W.(§) = min {C;m% e o |s|} .

9

If n./e — a € (0,+00], then we can find a constant ¢ > 0, only depending on ¢, cs, k, and «,
such that
1
W (&) > cl¢| — = forall £ € M. (2.6)
c

sym

As a consequence, we have

c/ le(u) | do — ) < / W, (e(ug)) dz < Be, (we, xi) < M.
Q c Q

This implies that the sequence (ux)ken is bounded in BD (), and thus uy — u weakly* in BD(Q)
with u € BD(Q). O

3. THE HENCKY REGIME

In this section, we consider the case a € (0,00). Our main result reads as follows.

Theorem 3.1. Let Q@ C R™ (n = 2 or n = 3) be a bounded open set with Lipschitz boundary.
Assume that A, and Ay are isotropic tensors, i.e., for all £ € M

sym ?
A€ = A (tré) Id 42048,
A& = As(tré) Id +2u4¢,
where \; > 0 and p; > 0 are the Lamé coefficients. If

a:=1lmE ¢ (0,00),
e—0 ¢
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then the functionals E. T-converge as € — 0 with respect to the strong L*(2;R™) x L*(2)-topology
to the functional & : LY (;R™) x L1(Q) — [0, +00] defined by

5772 dEsu s ]
oo 4 [Tt s+ [ o (GEEYaE] i x =0 0 ondu e BDE)
+00o

otherwise.
Here, the limit integrand is given by the infimal convolution
W := fOV2akh,

where, if & < --- < &, denote the ordered eigenvalues of £ € MIX™

sym 7

F&) = AL 6 h(E) = (Z |5i|> T O+ 1) (Z @) . (3.1)
=1 i=1

Remark 3.2. According to [23) Theorem 1.7], if u € BD(Q), then for |ESul-a.e. z € Q, there
exist a(x),b(z) € R™\ {0} such that
dE*u
d|Esul

Therefore, also using Proposition 3.6 below, the I-limit £y(u, x) for x = 0 a.e. and u € BD(f2) can
alternatively be expressed as

Eo(u,x)—/QW(e(u))derm/ﬂ\/A dE*u B o

(x) = a(z) ® b(x).

Yd|Esu| * d|Esul IE"ul.

3.1. Explanatory examples. Beﬁ)re addressing the proof of Theorem let us explain the
appearance of the term v/2axh in W, in the simplified case where Q = @ = (0,1)? is a cube in R?,
1. = €, and v is an affine function.

Case 1: Let u(z) = £z, where £ € ngxrg is a diagonal matrix whose eigenvalues &; and &; satisfy
&€& > 0. We consider integers N. € N such that N. — 400 as ¢ — 0, and we subdivide the
interval (0,1) into N, + 1 sub-intervals of length 1/(N. + 1). For each ¢ = 0,1,...,N. + 1, we

define s5 := /(N + 1). For j = 1,2 we choose

5o GV A @) i (e; @) e
. 2v2k N +1

and set

JO , s =60 < s <55+,
'8‘?_ + &2 i—1 S_S;+6j if ? e =7 =" €
j( ) EJ i—1 £J 257 ( i 5) 1§i§NE,
ul(s) := , .
" " 8§+ 0L <s<sj —0L
o 0<i<N,,

and u! is extended as a constant up to the boundary of [0, 1]. We also introduce the sets
Ne
A= J(s; 6L, s;+6]), Dl={zeQ: z;cAl}
i=1
satisfying £1(AZ) = 2N.6 — 0 as ¢ — 0. Finally, we define the displacement and the damaged
set by
ue () := (ul(w1),u?(xz)) forallz €@Q and D.:=D!uD.!.
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Note that u. — u in L2(Q;R?) and £23(D.) — 0. We also observe that
2
Z "(zj)ej @ e; for a.e. x € Dy;
j=1

in particular, e(uc)(z) = 0 for a.e. © € @Q \ D.. Therefore,

° K
7A . K d
/{mleA;, 22 ¢ A2} (2 we(ue) e(uE) + E) -
1y\/ K
= / < Aw( ) (xl)el &® €1 ( ) (xl)el ®31 + 7) dx
{zlgAl 12eA2} -

/{IIGN,WN ( (25 (N. + 1) )2A7v(61®€1):(€1 ®el)+g) dx

< 201N, ( (%)2&”(61 ®er): (e1®@er) + g)

£2eN. 2601 N,
— ST AL : 2RO Ve
46L(N. +1)2 (e1®er): (er®er) +

|£1|\/2K:Aw(61 ® 61) : (61 (24 61).

A similar computation can be performed to show that

3
A , ¢al} <§Au}6(u5) : e(us) ) dr < ‘€2|\/2/<;A 62 ® 62) (62 ® 62)
o €EAZ, T ¢ AL

IN

Finally, we have that

/ (EAwe(ug) se(ue) + i) dx — 0.
{s1€AL, mpeaz) \2 g

We conclude that

lim sup E. (ue, XD, ) Z|fj|\/2liA (ej@ej):(ej ®ej) =/ 26(Aw + 210) Z|£J|—\/2/1h £)

e—0

since the eigenvalues have the same sign.

Case 2: Let now & € ngxrfl be a diagonal matrix and assume that its eigenvalues satisfy ;& < 0.
Then, according to Lemma, [2.1] -, we have £ = a ® b for some a,b € R?. Let us consider the linear
function

u(z) =a(z-b) foralze@

and notice that e(u) = £. Using the same notation as before, but setting this time

_ \h(a®D) £
T 2y N+ U
we define
s€—s° §§ =0 <s<si+6
3 i izl _ o€ ) if i € 3 €
e Gk L N
wg(s) = 15 £

e " 57+ 0. <8< 85,1 — 0,
’ 0<i <N,

and w, is extended as a constant up to the boundary of [0, 1]. The displacement is now given by

ue(x) = awe(x - ),
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while the damaged set is defined by

=

D.:={reQ: z-ae .} where A= J(s§ — 0c, 85 + 02).

1

Again we have u. — u in L*(Q;R?) and £?(D.) — 0. Observe that e(u:)(z) = (a ® b)w’.(z - b)
for a.e. z € @ and so e(uc)(x) = 0 for a.e. z € Q \ D.. Then, from Proposition [3.6| below we have
A,(a®b): (a®b)=h(a®b), and so

E.(ue, xp.) :/

DE

= /D (%(zas(le n 1))2h(“® b+ 7)o

.
Il

(%Aw[wé(ﬂﬁ b)a ®b]: [wl(z-b)a® b+ g) dx

€ 1 2 K
< 20N | = =—=——— b 1
<2 (2(265(N5+1)) h<a®b)+e)+0()
eN; ha®b)+ 2K0- N +o(1)

T 45 (N.+1)2
= 1/2kh(a ®b) + o(1).
In both cases, these explicit constructions show that /2kh(£) is an upper bound for the I'-

limit in the concentrating zone, at least when wu is affine and e(u) is diagonal. This suggests that
2kh(€&) will describe the (linear) slope at infinity of the effective energy density.

3.2. Pointwise limit of relaxed energy densities. We next investigate the pointwise properties
of the functions We€. Let us denote by SQW, the symmetric quasiconvex envelope of W, given by

SQW (&) :== inf We(€+e dz, e M2xr.
awe= ot [ W eenan cemy

From [0, Proposition 5.2], we know that it can be expressed as

SQWE(f) = Oggl FE(9a§)7

where
Me K0 1 4 0
F.(0,8):= A : &+ —+(1-0) max S7:&— —(As—nAy) 7:7— G(7)
2 3 TEM.:Lyfn" 2 27]8
K62 1 _ 0 [(2k
R R e G
and, if ; <-.. <7, are the ordered eigenvalues of 7,
il e A2,
A+ 24, , i 5ty (71 Tn) <71,
Glr) = | Cgel 4 GRS ifn < g (n £ m) < 7 (32)
Tn 1 )\w+2 w
pw— T ifr, < 72()\w+ﬁw) (11 4+ 7).

As it is remarked in [6] (below Proposition 5.2 in loc. cit.), the maximization above is over a strictly
concave function, so a maximizer indeed exists.

In the following result we identify the poinwise limit W of SQW., which turns out to be a
density typically encountered in plasticity theory, i.e. a quadratic function close to the origin and
with linear growth at infinity.
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Proposition 3.3. Setting K := {T e M2 G(1) < 2oui}, we have

sym
SQW. — W = (f* + Ig)*

" y nxn
pointwise on M.

Proof. Fix { € MEI'. Let us first prove that, as € — 0, (F.(+,§))e>0 [-converges in [0, 1] to the
function Fy(-, &) defined by Fy(6,¢) := W (€) if = 0 and Fy(0,€) := 400 if § # 0.

Lower bound: Let (0:).>0 be a sequence in [0,1]. If liminf, F.(.,£) = 400, there is nothing to
prove. Without loss of generality, we can therefore assume that lim inf, F. (6., &) < +o00. Moreover,
up to a subsequence, we can also suppose that the previous lower limit is actually a limit, and that
0 — 0 € [0,1]. Since F.(0.,&) > %05 (choose T = 0), we deduce that § = 0. We next estimate F
from below as follows: for all 7 € MZX"

Sym
]- 98 2 €
P06 > (10 {rs €= A - nA) s g (P26 |

Let 7 € K, i.e. G(7) < 2ak. For every ¢, we define 7. := /=7, for which (G being 2-homogeneous)
G(1.) < 26n. /e and 7. — 7. Specifying the previous inequality to 7., we get that

1 _
F.(0:,¢) > (1—95){T€Z§—2(AS—775AU)) Lr :TE}.
Passing to the limit as € — 0, and using that 7 is arbitrary in K, we deduce that

limingE(Hg,f) > sup {T (€ — %As_lT : T} = (" +1Ix)" (&) = W(Q).
e— TEK

Upper bound: If 8 # 0, the proof is immediate. We can thus assume without loss of generality that
6 =0. Let A > 0 and set 0 := An. — 0. Then, since (A; —n.A,)" ' > A;! as quadratic forms,

M\2p? 1 A /2
F0.,6) < EAe e+ 5 4 qup {T E—CAJriT4 S (”"5 - G(r))}
2 I TGMS)?;I? 2 2 I

RAPn2

_ e . P B _ Te _
_2Aw§.£—|— + sup {T.§ 2AS T.T—‘r2(2/€a G(T))}—‘r)u‘i(g a).

TEMI
Passing to the limit as ¢ — 0 and then taking the infimum with respect to A > 0, we get
1 A
limsup F.(0.,&) < inf sup {T = AT T T+ S (208 — G(T))} .
e—0 A>0 reMRD 2 2

According to standard results on inequality-constrained optimization problems (see, e.g., [25, Chap-
ter VI, Proposition 2.3]), we have (note that the function inside the curly braces is concave in 7
and affine in \)

1 A
inf - AT -2 -2
20 Tesngxmn {T 3 gATIT g (G(7) ozli)}

: . 1 —1_. A
= TESI;E;IL:XH;L ;\gfo {'r (€ — §AS 77— (G(r) - 2an)}

1

—sup{Tzf—AslT:T},
TEK 2

from which we deduce that

fmsup F(0..€) < sup {756 = JAT i 7} = (7 4+ 100°() = W)
e—0 TEK
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Convergence of minimizers. According to the fundamental theorem of I'-convergence, we deduce
that

SQW.(€) = min F.(6,€) > min Fy(6,€) = ().
which completes the proof of the proposition. (I

The following result relates the function i to the convex conjugate of the indicator function of
the closed convex set K.

Lemma 3.4. For all § € M,

I (§) = v 2akh(8),
where h is defined in (3.1)). In particular, W = f Ov2akh.
Proof. For all £ € MIX" we have

sym )
I (&) =supT:&= sup 7:&=k°(9),
TeEK k(m)<1

where k(1) := \/G(7)/2ax and k° is the polar function of k. The function k is a nonnegative,
real-valued, lower semicontinuous, and positively 1-homogeneous function such that k(0) = 0.
According to the terminology of [39] Section 15] k is a closed gauge, and thanks to [39, Corollary

15.3.1], we get that
1 * 2_} o\2 __ 1 2 *_ 1 "
5 Li)”" = 5 () _<2k> _(40¢/£G) '

From [6, Proof of Theorem 5.3] we have that
h(€) = sup {27:&-G(r)} = G"(2),

nxXn
TEMgym

and since h is 2-homogeneous, G* = ih. We thus infer that

( 1 G)* © = sup (T: 5_1@;(7)):%1U€G*(4a/€§)=0“‘@h(5)7

dak reMI! dak
where we used again the fact that h is 2-homogeneous. We thus deduce that I} = v2akh. O

Remark 3.5. We observe that the function v/2akh can also be considered as the pointwise limit of
the symmetric quasiconvex envelope of the generalized Kohn—-Strang functional (see [33]), defined
by

_ TALEE+ LT HEAD,

ge(§) = . c .

0 if £ =0.

Indeed, according to [6, Theorem 5.3], the symmetric quasiconvex envelope of g. can be explicitely
computed, namely

B AL E 4K if h(¢) > 2%,
5Qg.(¢) =14 ° . o
9e() { Znenh(®) 4 e (A€ € —h(€)) if h(E) < s

and so we observe that SQg. — V2akh pointwise on MZ:X".

Sym

We are now in the position to prove several properties of the energy density W.
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Proposition 3.6. The function W is conver,

1
el ~ L <TW(©) < Clel  for all € € Yy, (33
for some ¢,C >0, and
(W (&) =W (&) < LIgy — & for all &, & € MY, (3.4)
for some L > 0. In addition, its recession function, defined for all § € M by
oo W(tE)

exists and is given by

W™ (€) = V2arh(9).

Finally, for all a, b € R",

W (a®b) = 2akA,(@a® D) : (a®b).

Proof. The function W = (f* +Ix)* is convex and lower semicontinuous as the supremum of affine
functions. Moreover, since f*+ I > Ik, we get that W < I = v/2akh. Hence, for all £ € M2 X"

Sym
W(E) < Cle
for some C' > 0. Concerning the bound from below, according to (2.6 we have

T(€) = lim SQW.(€) > limsup W2*(¢) = el 7.

which shows the validity of the growth and coercivity conditions (3.3). Then, as W is a convex
function with linear growth, it is in particular globally Lipschitz (see, e.g., [38, Lemma 5.6]) which

shows the validity of (3.4]).
Note that the convexity of W together with W (0) = 0 implies that, for all £ € M2X"

sym
W (te)
t
is increasing, and thus that the limit as ¢ — 400 exists. The recession function is thus well
defined on MZ2X"™. In particular, since W < v/2axh and since the latter function is positively

sym

t—

1-homogeneous, we infer that W™ < V2arh. To prove the converse inequality, we use that
W = fO1I} = fO+2akxh. Then, by definition of inf-convolution, for all ¢ > 0, there exists some
& € MZX™ such that

sym

W(te) _ f(te—t€) | v/2arh(EE)

t t t
Since f and h are 2-homogeneous, we get that
W(t¢
) _ b6~ e + v/2amh(E)).
Using the growth condition (3.3) and the coercivity of the tensor A, we have
Cs W(te
Sl I < 1116 - ) < (€ - €) + VIanh(E) = ) < el
proving that &, — £ as t — 4o00. Therefore, by continuity of h,
500 W(t
W (&) = lim Wit) > limsup \/2akh(€]) = v/2arh(€),
t—+oo ¢ t—+00

which shows that W* = V2akh.
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Finally, if £ = a ® b, let us denote by &1,...,&, its eigenvalues. If £ has only one nonzero
eigenvalue (say &71), then

D olal=1&l =
i=1 i=1

which implies in view of (3.1)) that h(§) = A,¢ : & If £ has two nonzero eigenvalues (say &
an &, we know from Lemma that they must have opposite signs, hence (also using that

§2=¢€:6=8 +&5)

h(€) — Aw§ : § = 21 (6162 + [€1]|€2]) = 0
which completes the proof of the proposition. O

3.3. Proof of Theorem [3.11

Proof. Step 1: The upper bound. We first assume that v € W12 (Q;R"). According to the
dominated convergence theorem, we infer that

/ W(e(u))dz = hm0 SQW.(e(u)) dx.

Q
For every € > 0,

v e WHH(QR") / SQW.(e(v)) da
is the L'(Q; R™)-lower semicontinuous envelope, regcricted to WH1(Q,R"), of
v e WHH(Q;R™) /QWE(e(v))dx,
see [10} [8]. It is thus possible to find a recovery sequence (ug)reny C WH(Q;R™) such that

/QSQVVs( e(u))dr = hm We(e(uy,)) dx.

*}OOQ

Using a diagonalization argument, we extract a subsequence k(¢) — oo as € — 0 such that
Vg = ui(e) — w in LY(Q;R™) and
/W(e(u)) de = lim [ W.(e(ve))dz.
Q e—=0 Jo

Then, defining the damaged sets as
Do {ae s (A - nAu)e(e)) s elv)e) = 2.
we obtain by construction that
& (u,0) < limsup E.(ve, xp,) = lim W e(ve))dr = / W(e

e—0 e—=0

Since 2 has a Lipschitz boundary, according to the density result [42] Proposition 1.1.3], the
previous inequality can be extended to any u € LD(Q). Indeed, let (ug)ren be a sequence in
Whee (; R™) such that up — w in LD(Q). By lower semicontinuity of £(-,0) with respect to the
L'(Q;R") topology, and by continuity of

LD(Q) 3 v+~ [ W(e(v))dx,
Q

we deduce that

& (u,0) < liminf & (ug,0) < | Wie(uy))dw = /QW(e(u)) dx.

k——+o0 Q
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Finally, if u E BD(Q), according to the relaxation result proved in [8, Corollary 1.10], we can
find a sequence (vy)reny in LD(Q) such that v, — u in L'(Q;R"™) and

dE*u
FEful.
/W e(vk) dx—>/W dx—i—/W <d|E8u>d| ul

Using again the lower semicontinuity of £J(-,0) with respect to the L!(£2;R™) topology, we infer

that J
Esu
Wi(e + | W () dlEt =
Ell(u,0) < / ) dz / (dESu>d| u| = &(u,0),

which completes the proof of the upper bound.

Step 2: The lower bound. Let (u., xc)e>0 be a sequence in L(Q; R™) x L!(Q) such that u. — u €
BD(Q) in LY(Q;R") and x. — 0 in L'(Q2). According to (the proof of) Lemma [2.3| and the fact
that 7./e — «a € (0,+00), we infer that

sup { [le(u2)ll 1) + 7elle(ue) 32y } < +o0. (3.5)
e>0

Let ve := /meu.. By the energy estimates (3.5) and Korn’s and Poincaré’s inequalities, this
sequence is bounded in H!(£2;R™), hence v, — 0 weakly in H'({;R").
For every open set w C 2, let us define the set function

) = tmigt {5 [ lnoxcu + (0= xR e(u) s eluydo+ £ [ o).

which is clearly a super-additive set function on disjoint open sets, i.e. pu(wy Uws) > plwy) + p(ws)
for all open sets wy, we C 2, with w; Nws = 0 and W; Uy C Q.

Step 2a: The two-dimensional case. For all r € [0, 1], we have by Young’s inequality (see also (2.4]))
for all £ € M2X2

Sym )

9:(6) = = (A€ : €+ dpyr det(§)) + = — 2pymer det(€)

\/211775( w& &+ Apyr det(§)) — 2puner det(€)

2arh (€) — 2pwner det () + o(1)[€], (3.6)
where o(1) - 0 as ¢ — 0 and
he(€) = A€ : €+ 4prdet(€)  forall € € Mz}ﬁ

Note that since 0 < r < 1 and 2| det(¢)| < |¢|?, we deduce that h,. is a nonnegative quadratic form,
and thus the function /2akh,. is convex.

We next claim that for every 7 > 0 there exists ¢g > 0 (depending on ) such that for all
r € [0,1] and all & < &g,

21, mer det(€) < TALE:E = f(§) forall € € MEL2.

Indeed, if det(¢) > 0 the result is obvious, while if det(¢) < 0, then using that —2det(£) < [£]?, we
have

2y det(€) < punclé” < U1 < JAE ¢,
provided we choose g9 > 0 such that for € < gy we have 7. < y¢g/(244). Thus, for e < g9, we have
F€) = (1= f(&) = 2pumer det(§)  for all & € MEE (3.7)
and gathering together with (3.7)), yields

(F 7 9)(©) > (L=)f) A V/2anh, ) (€) — 2pmer det(€) + o(1)[¢]  for all € € M2 (3.8)
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Let w C Q be an open set. Then, for all ¢ € C.(w) with 0 < ¢ < 1 and all € < gy, we obtain

using that
3 ) [+ (- xA et s efu ot = [ s
> [ o0 =xfteue)) + xegeletue))] da
> [ ol natetue)) da
> [ o (=) A V200h) elwe)) do = 2mamer [ det(e(uo)) do+o(1) [ fe(wo)] o

w

Since v. — 0 weakly in H*(Q;R?), then det Vv, — 0 weakly* in M (), see [19, Theorem 8.20].
On the other hand, since 7. det(e(us)) = det(e(ve)) < det(Vve) by Young’s inequality, we infer
that

lim sup 175/ o det(e(ue)) dx < lin%)/ o det Voo dz = 0.
e—

e—0

Therefore, using that o(1) — 0 and that (e(uc))e>o is bounded in L(£2;M2X2),

sym

p(w) > hmm /<p (f NV 2akh,)(e(ue)) dz
> (1—) liggf/@(fD\/Qath)(e(uE))da:.

Since fO+/2akh, is convex, (z,£) — ¢(x)(f Ov2akh,)(£) is continuous, and
0 < () (f O V2akh,)(€) < C(L+[¢])  for all (z,€) € w x MY,

for some constant C' > 0, a standard weak™ lower semicontinuity result for convex functionals of
measures shows that

timint [ (70 /2w, e(u) da
> [trovaame) s+ [ o vaam) = (£20) del.
Also letting v — 0, we thus infer that
)= [ (70 do + [ oo vaani® (1) de
and passing to the supremum with respect to all ¢ € C.(w) with 0 < ¢ < 1, yields

)= [ (10 VB ewyds + [ (10 Eamn)® (G ) dEl 69

2X2
sym )

In order to pass to the supremum with respect to r € [0, 1], let us observe that for all £ € M|

Jmax hr(€) = max ho() = Auwg: €+ g (det(€)) " = h(E).

For fixed ¢ € M2X2, we have that £ € M2X2 s f(€ — ¢') + \/2arh,.(€') is convex, continuous and

sym? Sym

coercive, while r € [0,1] — f(€ — &) + \/2akh,(§) is concave and continuous. According to [25]
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Chapter VI, Proposition 2.3]), we get that

sup (fO+/2akh,)(€) = sup inf {f(f &)+ 2aﬁhr(§’)}

r€[0,1] r€(0,1] & EMER

inf  sup {f(f -+ QaHhT(EI)}

& eEMEYE rel0,1]

= inf ¢~ €)+v2arh(€)}
&' €EMiym

— (fOV2arh)(©).

In addition, since, for r € [0,1], the functions fO+/2akh, and fO+v2akh are convex, and
(f O+v2akh,)(0) = (f OvV2akh)(0) = 0, we get that

sup (fO+/2akh,)>*(§) = sup sup

r€(0,1] rel0,1] t>0

(f B V2akh,)(t)
t

. (f OV2akh,.)(t)
= sup sup

>0 r€[0,1] t

(f O V2arh)(tS)
t

= sup
t>0

— (O VBaRR)® (€).
Thus, applying [I3] Proposition 1.16] to (3.9)), we obtain

j(w) > /w(fD\/M)(e(u))dx—i—/w(fD\/M)“ (ddgzm d|E*ul.

Hence, also using Lemma [3.4]

it B(vexe) = (@) > [ Wietu) o+ [ (G55 ) del

whereby &) (u,0) > &y (u,0).

Step 2b: The three-dimensional case. By direct computation we obtain, for all & € M3X3

sym
h(€) — Aw&: € =4pu ((61&)T + (L&)T + (&86)1), (3.10)
where &1, &, and &3 are the eigenvalues of € € Mfyxn:f According to Lemma &1&9, £1&3 and £9&5

are the eigenvalues of cof(§), and we observe that at least one of them is nonnegative. The highest
eigenvalue of cof(£) can be computed as the maximum of the Rayleigh quotient
Amax (cof(§)) := max cof (§)y - y > 0.
1

lyl=
The other two eigenvalues of cof(§) have the same sign. We can thus write that

(61€2)" + (6183) " + (£2€3) " = max {Amax(cof (€)), tr(cof (§)) }
= max max {cof (£)y - y, tr(cof (£)) }.

|=
Let us define the following set of matrices:

M::{A€M3X3: A=1Id or A=y ®y for y € R® with ly| =1}.

sym

Since cof (§)y - y = cof(§) : (y ® y) and tr(cof(€)) = cof(€) : Id, the previous argument shows that
for all ¢ € M2X3

sym

(6162)" + (618) " + (&283)" = Hg}{A reof(§)} = max {A:cof(€)}, (3.11)

Aé&conv(M)
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where in the last equality we denote by conv(M) the convex hull of M, which is a closed set. This
last equality then follows since the mapping A — A : cof() is linear.
For all A € conv(M), we define the quadratic form

hal€) = Aug s €+ 4 A cof(§), €MD,

We claim that for all A € conv(M), the quadratic form hy is convex. Indeed, on the one hand, if
A = 1d, the function hiq : € = A€ : € + 4y tr(cof (€)) = Ay + 2p0) (t1(€))? is clearly a convex
quadratic form. On the other hand, let us consider a matrix A = y ® y for some y € R? with
ly| = 1. Let us write ¢ = PDPT where P € SO(3) and D = diag(&1,&2,&3), so that, according
to Lemma we have cof(§) = Pcof(D)PT, where cof(D) = diag(£2€3,&1€3,61&2). We have
that the quadratic form hygy : & — A€+ €+ 4y, cof (€)y - y can be written in the basis of the
eigenvectors of ¢ as

hyey(€) = Aw(é1 + & + &) + 200w (& + & + &)
+ dpo (PTy) 16265 + 41w (PTy)3561&5 + 4w (PTy)3616.

If &6 >0, £€3 > 0, and &1€3 > 0, then the previous expression is clearly nonnegative. Otherwise,
there exists exactly one nonnegative eigenvalues of cof(D) and both the other eigenvalues are
nonpositive. Up to a permutation of indices, there is no loss of generality in assuming that £ &; > 0,
&63 < 0, and £&5 < 0. For simplicity, we define z := PTy. Using Young’s inequality and that
|z| =1, we get that
hyay(€) = M (€1 + o+ €3)° + 200 (67 + €3 + €3) — 427 [E283] — dpw 23 |€163| + 4pw 23161 6o
> Ml + &2+ 63)° + 200 (&) + & +63)
= 21027 (&3 + €3) — 20023 (61 + &) + 23161 &2

=A(§r+&+ 53)2 + 4Nw'z§‘£152| + 2 (1 — Z%)gf + 20 (1 — Z%)f% + 2Nwz§§§

> 0.
Since the mapping A +— h4(€) is linear, we deduce that also if A € conv(M), then the quadratic
forms h 4 are nonnegative. Thus, the functions /2akh 4 are convex for all A € conv(M).

We can then proceed in a similar fashion to the two-dimensional case. Note that for all v > 0
there exists €9 > 0 such that, for all A € conv(M) and all € < gj, we have

—2pyneA : cof (§) < %Asé tE=7f(&) forall £ € MZS.

As a consequence, for all open sets w C £, all ¢ € Co(w) with 0 < ¢ <1, and all A € conv(M), we
get (via Young’s inequality)

g:(§) = %(Awg D€+ AppA i cof (§)) + S — 20 po A 1 cof (€)

> /2akhA(§) — 2nepwA : cof (€) + o(1)[€].
where o(1) — 0 as € — 0. Thus,
1

5/ [nEXEAw +(1- XE)AS]e(us) e(ue) dr + g / Xe dz

> [ [0 X elw)) + xee(e(ue))] do
>(1- fy)/ o (f AN 2akha)(e(ue))de — 2uwn5/ p A cof(e(ue)) dr + 0(1)/ le(ue)| da.

w

Let F' € M3*3. According to linear algebra manipulations (see, e.g., [I12, Eq. (3.2)]), we have
cof (F™™) = (cof (F))>™ — cof(FSkeW),
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where cof (F*°V) is a nonnegative matrix (see, e.g., [I2Z, Eq. (3.4)]). Thus, for all y € R?, we get
cof (F*™)y -y < (cof (F))™™y -y = cof (F)y - y,
tr(cof (F*™)) < tr((cof (F))™™) = tr(cof (F)),
which implies that
A cof (F™) < A:cof(F) for all A€ conv(M). (3.12)

Since v. 1= /Neue — 0 weakly in H'(€;R?), then cof(Vv.) — 0 weakly* in M(Q; M23), see [19,
Theorem 8.20]. Therefore, (3.12)) implies that

limsupne/ p A cof(e(ug)) de = limsup/ w A cof(e(ve)) da
w w

e—0 e—0

<lim [ ¢ A:cof(Vve)dz

e—0 w
= 0.
Hence,
() > (1 — ) liminf / o (f A v/2amha) (e(u)) da
>(1—7) 1i§361f/ e (f O+ 2akhs)(e(ue)) dx.

Since fO+v2akrhy is convex, (z,£) — p(x)(f Ov2arh4)(€) is continuous, and
0 <o(x)(fOv2akha)(&) <C(A+]£]) forall (z,8) € wx Mg;rg,

for some constant C' > 0, a standard weak™ lower semicontinuity result for convex functionals of
measures shows that

limiélf/ e (f O+ 2akhs)(e(us))dx
e— w
ES
> / o (fO+v2akha)(e(u))dx + / o(f O+ 2akhg)> < d Z >d|E8u|.
Also letting v — 0, we thus infer that

w2 [ o(rovEame)de+ [ oo yaarin® (FE ) dB,

d|Esul

and passing to the supremum with respect to all ¢ € C.(w) with 0 < ¢ < 1, yields
dE?*
(w) > /(fD \/2anhA)(e(u))dx+/(fD V2arhg)® <dEZ> d|E*ul.

It thus remains to pass to the supremum with respect to A € conv(M). Let us observe that,

according to (3.10) (3.11)), for all £ € Mg’;rs’,

X BA(E) = A € gty max{ A (cof(©). r(cof(€)) = h(E). (3.13)

We claim that

(fOV2akh)(§) = max )(fD\/2amhA)(€).

Aé€conv(M

Indeed, the set conv(M) is compact and convex, and, for fixed £ € ngxni’, we have that £ €

M3 — f(€ =€) + /2akha(£') is convex, continuous and coercive, while A € conv(M) —
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f(& —¢&) + \/2akha(&) is concave and continuous. Then, [25, Chapter VI, Proposition 2.3])
ensures that

sup  (fO+2akhs)(€) =  sup inf {f(§ -+ 2anhA(§’)}

A€conv(M) A€conv(M) &' €ME)E

= inf sup {f(f -&)+ 2a’€hA(fl)}

134 GngXm A€conv(M)

=t {£e =€)+ Va2arn(&)}

= (f B V2arh)(§).

where we used (3.13)) in the second-to-last equality. In addition, since, for A € conv(M), the
functions f O+/2akhs and fO+2arh are convex, and (f O+/2akh4)(0) = (f OvV2arh)(0) =

we get that

sup  (fOV2akha)®(¢) =  sup  sup (/0 \/QOZThA)(tg)

A€conv(M) A€conv(M) t>0
_ (f O V2akha)(tE)
=sup sup
t>0 A€conv(M) t

_ aup UV )
t>0

~ (fO mmm“(s).

Finally, using [I3], Proposition 1.16] as before and also invoking Lemma we get that

lim inf B (u, x.) = / W(e(w)) dx +/ W (%) d|E*ul,
and so &(u,0) > & (u,0). O

The next result (whichiiS not used anywhere else) establishes a relaxation-type formula for the
effective energy density W in the spirit of [14] [15].

Proposition 3.7. For all £ € MIX", we have

sym 7

W = sup {go s MIEXT — R convez, (&) < f(§) for all € € MI?

sym sym )

o(a®b) < \/2arA,(a®b): (a@b) for all a,b e R”}.

Proof. According to Proposition [3.3] and Lemma [3.4] we can write
=(f"+1k)" = fOV2arh = (f N V2arh)*™.

Therefore, if we prove that the convex envelope of the function H : MX" — [0, +00] defined by

Sym

H(E) = {\/m if £ =a ©b for some a,b € R",

400 otherwise,

is given by v/2akh, we then may conclude W = (f A (H**))** = (f A H)**, that is, the conclusion
of the proposition. First of all, since by Proposition we have H(a ® b) = y/2akh(a ®b) for all
a, b € R", we get that v2axh < H, and since v2akh is convex, we get vV2arkh < H**.

We now establish the reverse inequality v2axh > H**| which is equivalent to Ix < H*, i.e.,
H*(1) = +oc for all 7 ¢ K. So, let us fix 7 ¢ K, i.e. G() > 2ax where G is given by (3.2). Since
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all expressions of matrices only depend on the eigenvalues, it is not restrictive to assume that 7 is
diagonal with ordered eigenvalues 7 < --- < 7,.
We distinguish three cases.

Case I: If \
w T 2y
—V——~ (1 + 1) <,
2(Aw + uw)( 1) <
then according to (3.2]), we have that 2ax < G(7) = %

The computation of the convex conjugate of H gives

H*(1) =sup sup t{T (a®b) — /2arA,(aOb) : (a@b)}
t>0 |a|=|b|=1

=sup sup t{(Ta) “b— \/2(1&((/\7” + pi)(a - b)%2 4+ uw)} .

>0 |a|=[b|=1

In order to show that H*(7) = 400, it is enough to prove that

M = |CL|I£|%T(:1 {(Ta) -b— \/QQH(()\w + pw)(a - b)2 + uw)} > 0.

Taking a = e; and b = £e;, we deduce that
M > || = vV2ak(Ay + 2py) > 0.
Case II: Tf
(714 Tn) < T, (3.14)
then according to , we have that

(i —m)? (11 +7)?

2ak < G(1) = .

(") Aty 4(Aw + i)
We will rewrite H*(7) in a more convenient form. Denoting by R the set of the diagonal n X n
matrices of the form £ = a ® b (a,b € R™) with ordered eigenvalues & <0 =& =+ =&,_1 =

0 <&, (see Lemma[2.1]), we have

H*(T)zsup{T:Sf\/m}. (3.15)

£ER
Let us set
Ts i = Tp + T1, Td ‘= Tn — T1,
so that 7 = (75 — 74) /2, 7o = (75 + 74)/2, and (3.14)),(3.15)) become
2 72 i
20k < G(1) = —4 + s , Y | < 714, 3.16
D= G 0w ) e ST (316)
£ 1/2
T e LT (CYRUTERUTC) Ry (3.17)
1€s1<&a

Changing the variables to
Ts ~ Td

~s =V Aw + s, Cy = wdy, Ts = ) =
Y Pwss,  §a = Hwla, T T
equations (3.16)) and (3.17) become

2ak < 72 + 72, Jr%ﬁ”“§ﬁ’ (3.18)
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H*(1) > sup {%555 + Taba — \/2m(£§ + éﬁ) 1/2} : (3.19)
V& vw==rem 1€s1<€a

Finally, introducing the vectors z,y € R? given as

€T= (7:8’7:d)’ Y= (gsaéd)a
equations (3.18)), (3.19) reduce to

2ak < |z)?, o

Aw + Hw
H*(1) > sup {a:-y—\/Qom\gA} = +o00,
V xa s lnl<va

|z1]| < 22,

choosing y = tx, t > 0.

Case I1I: If
Aw + 2fy
-

"7 2N+ )

then according to (3.2)), we have that 2ax < G(7) =
I and taking a = e, and b = +e,, we deduce that

M > |1, — vV 2ak(Aw + 2p) > 0.
This concludes the proof. (]

(Tl + Tn),

2
)\wligﬂw. Repeating the computations of Case

4. THE TRIVIAL REGIME
We now treat the first of the endpoint cases.

Theorem 4.1. Let Q@ C R™ be a bounded open set and let A, As be fourth-order symmetric
elasticity tensors satisfying (2.3)). If « =0 in , then the functionals E. T'-converge as ¢ — 0
with respect to the strong L*(€;R™) x LY (Q)-topology to the functional ®q : L*(2;R™) x L1(Q) —
[0, +00] defined by

0 if x =0 a.e. in Q,

+o00  otherwise.

(DO(U‘? X) = {

Proof. Clearly, the lower bound &}(u,x) > ®(u,x) holds for all (u,x) € L*(Q;R") x LY(Q).
On the other hand, it is enough to prove the upper bound & (u,x) = 0 whenever x = 0 a.e.
in §2, since @ is infinite otherwise. We assume for simplicity by translating and rescaling that
QcCQ:=(0,1)". We extend u by zero in @ \  so that the extension (still denoted by u) belongs
to LY(Q;R™).
Step 1. We first assume that u is of the form

u= Z UiXQ, (4.1)

i€{0,....N—1}n

where u; € R” for all i € {0,...,N —1}" and {Q;}icqo
L™-negligible set) into N™ open cubes

N—1}» is a subdivision of @ (up to an

.

1.
Qi = N(2+Q)

of side length 1/N with N € N, and i € {0,..., N — 1}"™. Therefore, up to a set of zero Lebesgue
measure, we have
= U @

i€{0,... N1}
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Since 7. < ¢, one can find a sequence (d¢)e>0 such that 7. < §. < € (meaning lim._,q 7. /. =
lim, ¢ 0. /e = 0). We denote by Q'% = (1 —4.)Q the cube concentric with @, having side length
1 —6.. Let ¢. € C°(R™;[0,1]) be a cut-off function such that p. =1 on Q*7%, . =0 on R"\ Q,
0<@.<1lon@Q\Q"%, and [Ve.| < C/5.. We then define the displacement u. € L'(Q;R") by

ue(x) = Z uipe (Nz —i) forall z € Q,
i€{0,...,N—1}n

and the damaged set by
D, := U {xEQZ-: 0<<p€(Nm—i)<1}.
i€{0,...,N—1}"

Note that u. € H'(Q;R"), and since p. — x¢ in L'(R") we have u. — u in L'(Q;R"). In
addition,

e(us)(z) =N Z u; @ Voo (Nz—1i) forallz € Q,
i€{0,..,N—1}n

and since u, is constant in each connected component of @ \ D, we infer that
e(us)(x) =0 forallz e @\ D..
We also remark that
1 n
con 5 () 0sr) s
1€{0,...,N—-1}"

so that xp, — 0 in L1(Q).
We then compute the energy associated to u. and xp,:

Eclue,xp) = L [ Agpe(us) : e(us)dz + SL”(DE)

2 D.
|ui‘2 n K oan
< Cne } > Tgﬁ (De) + £ (D)
i€{0,...,N—1}»
1)
<C (ﬂs + 6) -0
Oc €
where we used the fact that n./J. — 0 and §./e — 0. As a consequence,

g(,)l(uu 0) < lim sup gs(usa XDE) =0.
e—0

Step 2. Next, if u € L*(Q;R™) is arbitrary, then there exists a sequence (uy)nen as in ([4.1) such
that uy — u in L'(Q; R™). By the lower semicontinuity of the I'-upper limit and the result of Step
1, we infer that

" < 1 . 1" —
0(u,0) < 11\1,21_1&1)2 & (un,0) =0,

completing the proof. O

5. THE ELASTICITY REGIME

Theorem 5.1. Let Q@ C R" be a bounded open set and let A, Ag be fourth-order symmetric
elasticity tensors satisfying (2.3). If « = o0 in , then the functionals & T'-converge as e — 0
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with respect to the strong L*(£; R™) x L1 (2)-topology to the functional ®, : L*(;R™) x L1 (Q) —
[0, 4+00] defined by

1
7/ Age(u):e(u)dr if x =0 a.e. and u € H (;R"),
otherwise.

Proof. The upper bound &/ (u,x) < ®Poo(u,Xx) is obvious if the right-hand side is infinite. If
D (u,x) < 0o, then u € Hl(Q7 ™) and y = 0, and choosing u. := u and . := 0 for all € > 0, we
get that

& (u,0) < lim | me / Ase(u) : e(u) dz = P (u,0),

as required.

The remainder of the proof consists in establishing the lower bound. Clearly, & (u, x) > Poo(u, X)
if the left-hand side is infinite, so that we can assume without loss of generality that £j(u, x) < oo,
and, by Lemma that x = 0 and v € BD(f2). We start by improving the compactness result
in this particular regime by showing that, actually, v € H!(Q; R™). To this aim, as in Lemma
let us consider a subsequence g, — 0% and a sequence (ug, xx)ren C H(;R™) x L>=(Q;{0,1})
such that (ug, xx) — (u,0) in LY(Q;R") x L1(Q) and

T, (g, i) = £(u,0) < +oo.

According to the coercivity properties of the tensors A, and Ay, we have the following energy

bound:

1

K
My, = 5/ (M coxi + (1= xx)] - le(up)|? dz + 7/ Xk dr < M < oo. (5.1)
Q €k Ja

Step 1: The one-dimensional case. By outer regularity of the Lebesgue measure, we can assume
without loss of generality that the damaged set Dy = {xr = 1} is open, and that it is actually a
finite union of pairwise disjoint open intervals, i.e.,

mp

Dy = U(azvbf)

=1

where my, € N and af < b} < af, , <b¥ , for all 1 <i < my —1. We observe that minimizing the
expression (5.1]) with respect to all x € L>(€; {0, 1}), one finds that the minimizer is given by the
characteristic function of the set

2K
z€Q: [u(z)| >4 ——mMm—— ¢,
{ | k( )| (Cs - nekcw)gk }

which corresponds to the completely damaged part of the medium. It is therefore natural to expect
the singularities to nucleate inside this set, and the medium to remain elastic in the complementary
set.

We then modify the function uy, inside each interval (a¥,b¥), where we distinguish two cases.
Let us define the sets of indices

Jug (bF) — up(ab)] 2k }

I :=<1€4{l,..., : >
k {Z { i} bffaf (s — My, Cw)ER

and
Jk = {1,...7mk}\fk.
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In the intervals (a¥,b¥) where i € I, it will be convenient to create a jump, while if i € J, the

values of uy(a¥) and uy(b¥) will be connected in an affine way. We therefore define

up(z) if © ¢ Dy,

u(ak) if v € (af, ™ +b with ¢ € I,
ve@) =0 o) if ¢ e (b bf) with i € Iy,

uk(af)—k(x—af)% if z € (aF,bF) with i € J.

k k
Clearly, v, € SBV(Q) with jump set J,, = Uy, {a'i ;bi } We denote by vj, the approximately

continuous part of the derivative Duvy, for which we have v, € L?().
Let us compute each term of the energy. First,

fﬁwwaizw—a+—2@>m

€k i€l i€Jy
bl ky|2
K k nskcw kE_ |Uk ) — uk(ai )|
Zaz(bi—%) Z b; (bl_c_al_c)z
i€ly i€k ¢ ¢
S DNUETORE %%Z/wﬁw :2)
k i€l i€Jy,

Moreover, since vy = uy in Q \ Dy, we get that

5 [a-whiPa=5 [ P (5.3)
2 Jo 2 Jo\p,
Finally, owing to Jensen’s inequality,
nEkC’LU /12 776ka O b? 112
5 /ka|uk| dr = =5 Z/ |ufy|? da (5.4)
e, Caw U —u af 2
Zﬂk Zbk |k(b;—ag’)(2 )|

S by (bg _@k)(2 MRERE Z/ Wi de. (5.5)

i€ly ? ? i€Jy

Gathering (5.1), (5.2), (5.3) and (5.5) and using that v, = 0 a.e. in J;¢;, (af,b}) yields

Cw u bf Cw
My, > 775k2 Z(bf — a?)l k((blz _ ak)(2 ngk Z / vk dz
i€l i i i€y
+C§S |v;€|2dx+£2(bk—a ) Uakcw Z/ |’Uk|2d.'17
Q\ Dy, €k el i€k

2 k NerCw | (b3 ) (ai)|2 K
/|Uk‘ dl’+2b —af [ 5 (bz—af)Q +a .

i€ly
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Thanks to Young’s inequality we deduce that

Cg 2KkCyM
MMz G [ P [P S ) (o)

i€l

2
:is/|v,;|2dx+,/7“c“’”€’“/ o — v | dHO.
2 Q Ek J

v

The previous formula implies that the sequence (vk)ken is uniformly bounded in BV(2), and
thus a subsequence converges weakly* in BV(Q) to some v € BV(Q). In addition, since {uy #
vp} C Dy and £'(Dy) — 0 by (B.1)), we infer that w € BV(£2) and that the whole sequence (vy)
converges weakly* to u. Since (v} )ren is bounded in L?(2) and |D%vg|(©2) — 0 (since %’“ — 00),
we actually deduce that u € H'(Q). Passing to the lower limit in the previous formula thus yields

lim inf M), > %/ '|? da. (5.6)
Q

k—o0

Moreover, since vy, = uy a.e. in Q\ Dy, v, — v’ weakly in L?(2) and xj; — 0 strongly in L?(),
we also get that

liminf/(l—xk)|u§€|2 d:cz/ |u'|? da. (5.7)

Step 2: The n-dimensional case. The general case will be deduced from the one-dimensional case
via standard slicing techniques.

We start by introducing some notation. For v € S"~!, we denote by II, the hyperplane orthog-
onal to v and passing through the origin. Given a set £ C R™, a scalar function g : £ — R, and a
vector map f: E — R", for all y € Il¢, we denote by

Eg::{tGR:y-i—tl/EE}, g,(t) =gly+tv), f /&) :=fly+tv) v forteky

the sections of E, g and f, respectively, that pass through y € II,, in the direction v.
Using Fubini’s theorem, for all v € S*~!, there exists a subsequence (possibly depending on v),
denoted by (uj,x;) = (ux,, Xk, ), such that

lkim inf M), = lim My,

—+o0 J—+oo
and
((uj)z, (XJ)Z) — (ug, O) in Ll(QZ;Rd) X Ll(QZ) for H" t-ae. y e1I,. (5.8)

Using the structure theorem in BD (see [7, Theorem 4.5]) and the fact that for H" l-a.e. y € I,
we have

()5 (O] = le(uy) (y+ ) : (v & V)] < le(uy)(y+ )] Lleae. in 2,
Fatou’s lemma, leads to

Mz/ 1_iminf{/
I, I7+e LJo

[5 (cunew, 00+ 01— ()00 () ()P

v
Y

o] dfaw ). 69

J
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Thanks to the result in the one-dimensional case, in particular (5.6), and (5.8), we get that u; €
H'(QY) for H" '-a.e. y € II,, (in particular D*u = 0), and

tminf (2 (cwnes, (6500 + a0 = ) (0) (i) (0 + o ] dt

j—+oo Qly,

> S [y @) de. (5.10)
2 Ja.

Integrating (5.10)) with respect to y € II,, and using (5.9) gives

/ /S ()|? dtdH" (y) < M.

According to the structure theorem in BD (see [7, Theorem 4.5]) we have

{(uy) (t) =e(u)(y —|— tv): (v@v) for H* t-ae. y € 11, and for Ll-ae. t € Qy,
|E5 ( )| fl‘[ |Db V|(QV)dH’n 1( )

Therefore, Fubini’s theorem yields for all v € S~ !,
/ le(u) : (v@V)|?de < +oo, |Eu:(v@v)|(Q)=0.

Choosing first v = e; and then v = (e; +¢;)/2 for all 1 < ¢,j < n, where {ei,...,e,} stands for
the canonical basis of R”, implies that e(u) € L*(Q; M) and [E*u|(Q) = 0 which means that
u € HY(Q;R™).

Step 3: Weak convergence of the strain. According to (5.7) and Fatou’s lemma, the previous
argument also shows that

liminf [ (1 —xg)|e(ur) : (v@v)[*de > / le(u) : (v @ v)|? da.
k——+oo Q Q

We can further use the same method to establish that for all w € L?(€),

liminf/ (1 —xp)le(ur) : (v V) —w|*de > / le(u) : (v ®v) —w|?da. (5.11)
k—+oo Jo QO
Indeed, the previous inequality clearly holds if w is piecewise constant on a Lipschitz partition of
Q, and the general case follows from a density argument.

Since the sequence ((1 — xx)e(ur))ren is bounded in L*(Q; MZX"), we can extract a subse-

quence (not relabeled) and ﬁnd some A € L*(Q; Mfyﬁf) such that (1 — xg)e(ug) — A weakly in

L2(Q; ML), Applying (5.11) with w := A : (v ® v) — tz, where t € R and z € L*(£2), we infer
that

/Q|(e(u)—A) : (V®u)|2dx+2t/z~(e(u)—A) (v@v)de

Q

< liminf/ﬂ(l —xu)|(e(ur) — A) : (v v)|*dr,

k—o0

where we used that (1 — xx)e(ux) — A weakly in L?(Q;MZ5") and x, — 0 strongly in L*(Q).
Passing to the limit as ¢ — 400 yields

/Qz(e(u)—A):(u(X)u)dm:O
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for all v € S"~! and all z € L?(Q), which implies that A = e(u) a.e. in Q. By uniqueness of the
weak limit, we infer that also for the full sequence (1 — xx)e(ur) — e(u) weakly in L?(Q; M2X").

sym
Finally, since

E(u,x) = hm ., (uk, xk) > hmmf (1 — xx)Ase(ug) : e(ug) dz,

k—o0 Q
we deduce that
E(u,x) /Ase u)dr = P (u,0),
which completes the proof of the lower bound. O

6. THE TRESCA MODEL

In this section we consider a different scaling of the energy. The weak elastic tensor n. A, will
be replaced by a new tensor Af, in which the small parameter 7. will not act on the divergence
term. For reasons of notational simplicity, we only consider the case 7. = ¢ here. We assume that

AZ and A; are isotropic tensors, i.e., for all £ € M;’yxrf,

ALE = Ay (tré) Td+2ep,¢,
A6 = A (tr ) Td+2446,

where \; > 0 and p; > 0 are the Lamé coefficients, which satisfy A, < ;. For every u € H(;R"),
X € L*>(Q;{0,1}), and any € > 0, we define the following brittle damage energy functional:

1 K
E.(u,x) := 5/ [XAL, + (1= x)A]e(u) : e(u) dx + f/ x dz.
Q €Ja
We will show that the limit model remains of plasticity type but with a Tresca elasticity set

_{TEMan: —T1<2\/M}

where 7y < --- < 7, are the ordered eigenvalues of 7. Contrary to the model obtained in Theo-
rem here the stress constraint relates only to the deviatoric part of the stress.
It is convenient to introduce the Temam-Strang space [42]

U(Q) :={ue BD(Q): divu € L*(Q)},

that is, the space of BD functions whose distributional divergence is absolutely continuous with
respect to Lebesgue measure and possesses a square-integrable density. This implies in particular
that E®u = E%u, the deviatoric part of Eu. The space U(2) is a Banach space under the norm

lully @) == vl o) + | divull L2 ).
The main result of the section is the following.

Theorem 6.1. Let Q CR™ (n =2 orn=3) be a bounded open set with Lipschitz boundary. For
every € > 0 define the functional & : L' (Q;R™) x L*(Q) — [0, +o0] by

Efuy) o B0 (ux) € H' QR x (25 {0,1)),
X +o0 otherwise.
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Then, the functionals E. I'-converge as € — 0 with respect to the strong L*(£2;R™) x L (Q2)-topology
to the functional & : L*(;R™) x LY(Q) — [0, +00] defined by

As | s . 2

[, (5 +5) avura ; {X “0ac.

go(u,x) = —~ - (dEju s ! u e U((Q),

+ /Q W(en(u)) dz +/Q 2% (dEEu) d| B3l

400 otherwise,

where )
F&) = pslel?, h(E) = pu <Z |§i|> for all & € M, (6.1)
i=1

with & < --- <&, the ordered eigenvalues of £, and W is defined on M5 via
W= fD V 2kh.

For all £ € M X" let

sym )

W.(€) := min {;Asg €, %A;g e ’;} .

Denoting by S ng the symmetric quasiconvex envelope of WS, from [6, Proposition 5.2] we know
that it can be expressed as

SQWe(€) = min F(0,€),

where
~ 1 0 1 0 ~
F0,6):==AS¢: 6+ 1 (1-0) max {7:6— (A, — AS) r:7— —Ge(r)
2 € rEMI 2 2e
1 62 1 0 ~
:—Afufzg—i-ﬁ——l—(l—Q) max Ttg—*(As—Ai})_lTZT—l—f(QH—GE(T))
2 € rEMELT 2 2e
and, if 73 < ... <7, are the ordered eigenvalues of 7 € M,
i e Awt2eiy
2)\w/a+gw , if 2()‘w+§Zw) (Tl + Tn) < 71,
~ — (T 77'") (T +T'n) : Aw+2€ oy
Gelr) = Tyt TS S ey (T ) < T,
Tn - >\w+2 w
e /et hw if Tn < W%(Tl +Tn)
Let us also denote by
~ )2
G(1):= (=)
Ahoy

the pointwise limit of G (1) as e — 0, which in particular satisfies é(r) = é(TD), where 7p denotes
the deviatoric part of 7. -

We first compute the pointwise limit of the family (SQW.).~o in order to get a candidate for
the effective bulk energy density.

Proposition 6.2. For all £ € M2X™ we have

sym 7

SQI(©) - (e (5 + 22 ) 4 Wieo)

where

W= (f*+1z)"  in M"
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where K := {T e My é(’]’) < 2/{} is the Tresca elasticity set, f is defined in (6.1), and the
conjugations are to be understood in ML*".

Proof. Fix £ € M*X". We will prove that (}7‘5(~, €))eso I-converges in [0, 1] to the function ﬁo(o, §)

sym

defined by Fy(8,&) == (tr&)? (4 + L) + W(€p) if 6 = 0 and Fy(6,€) := +o0 if § # 0.

Lower bound: Let (0:):>0 be a sequence in [0, 1]. If liminf, E(ee,g) = 400, there is nothing to
prove. Without loss of generality, we can therefore assume that lim inf. 155(05, €) < +o00. Moreover,
up to a subsequence we can also suppose that the previous lower limit is actually a limit, and that
6. — 0 € [0,1]. Since F.(6.,¢) > 58 (choose T = 0), we deduce that § = 0. We next estimate F.

from below as follows: for all 7 € M{T,

F(0.,6) > %“’(trg)z F(1-6.) {T - %(AS A ey % (2H - ég(r))} . (6.2)

We claim that for all 7 € M™X" with 7p € K and for all £ > 0 small enough there exists

sym

7. € Mg such that G.(72) < 2k and 7. — 7. Indeed, on the one hand, if (7p); < (7p)n, since

(tp)i =Ti — %tr 7, we deduce that 7 < 7,. Thus, for € small we have

Aw + 2€ 1y
<

and

~ (11— 7n)? (114 7)2

G.(1) = > 0.

S TR 1) WY ST
Setting
Te 1= 9(7> T,
Ge(T)

we deduce that 7. — 7 since 6'5(7') — é(’]’) In addition, using the 2-homogeneity of és, we also
have G.(7.) = G(7) < 2.

On the other hand, if 71 = 7,, then G.(r) — 0 as ¢ — 0 and in particular G.(r.) < 2k for
Te := 7 for € > 0 sufficiently small. Writing with 7., and passing to the limit as ¢ — 0 we
deduce that

e A (tr7)(tr ) (tr7)? 1
1 fE.(0.,8) > Z2(tré)? + — 2 >7 “€p — — — )%
im inf £ (0, €) > 5 (tr&)”+ " +7p:¢p (e — )+ 2712 4us|TD|
Here we used that for all 7 € M;;;r?, >0,
tr7 1
A, —AS) lr = Id + ™D, 6.3
‘ T IO W0 BT FIR=TH  R TTR=iy (63)

which follows from a straightforward computation. Maximizing first with respect to tr7 € R and
then with respect to 7p € K, we obtain

'l As s 1
liminf FL(0.,6) > (tr&)? (22 + 22 ) 4 sup {7p i ép — —|mp)?
e—0 2 n . 4‘Uu;
TpEK

—(we? (5 + 2+ + 1) (@)
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Upper bound: If § # 0, there is nothing to prove. We can thus assume without loss of generality
that § = 0. Let A > 0 and set 0. := Ae — 0. Then, using (6.3]) again,

F.(6.,¢) = %A;g D€+ RAZe
(tr7)?
Qn(n(/\s — Aw) +2(ps — auw))

2 é K — G (T
_mm + 5 (2= G ))}.

Notice that, since the supremum in the previous expression is nonnegative for every ¢, it is in fact
obtained on a compact subset of M{", which is independent of ¢, as it can be easily checked.

Thus, we may pass to the limit as e — 0 and then take the infimum in A > 0 to obtain (using [25]
Chapter VI, Proposition 2.3] as in the proof of Proposition

+(1—=Xe) sup

nxn
TEMgym

{(trr)(trg) b Ep -

hmsupﬁs(eag) - 7(“‘5)2
e—0 2
: (tr7)(tr §) (tr7)?2 1 5 A ~
< f S : _ _ n 2 —G
=320 Teﬁgﬁ" { n +7D 4D 2n(n(As — Aw) 4+ 2ps) 4t Irol™ + 2 (2~ (7))
(tr7)(tr§) (trr)? , A - }
= fq—" :€p — - ~(2k—-G
eﬁfmgo{ PR T CTo W W E T B AL LY

sym

tré T? 1 2}
=sup ¢ —1T — + su ™ : — T ,
Te%{ n 2n(n(As — Aw) + 2us) } TDEI% { D :&D A1 17D

from which we deduce that

s Fo0.,€) < (16 (5422 ) 4 (7 4 o) (€0) = (09 (5 + 2 ) + (6o,

e—0

Convergence of minimizers. According to the fundamental theorem of I'-convergence, we deduce
that

o o . = . s ,LLs
SQI©) = uin F.(0.9) — iy Fo0.9) = (w6 (5 +2 ) + W),
which completes the proof of the proposition. O
We next identify the support function of the Tresca elasticity set K.
Lemma 6.3. For all { € M,*",
I (8) = \/ 26h(¢),

where h is defined in (6.1) and the conjugation is to be understood in M'y*". In particular, W=
f OV 2kh, where the inf-convolution is to be understood in My ".

Proof. Arguing as in the proof of Lemma we only need to check that G*=h /4 in MPp™. For
all A > 0 and all 7 € MZX™ ) let

sym
T2 e A 2u
/\+21Hw , , lf W(Tl + Tn) < 71,
Gi(T) = (714;:) + EL?)\J-F{-Z;),) ifr < 2(,\+ )(7'1 +7n) < Ta,

T‘VL

. A28
2. if 7 < sy (T +7a)),

(A pw)
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and for all £ € M2 X"

ha(§) = pw (Z |fz|> + A+ ) <Z fi) :
i=1 i=1

Clearly, hy(€) = h(€) for any X > 0 if € € M'5*™. Thus, arguing as in the proof of Lemma we
have for all £ € M,*",

h h
MO _ M) ap {rie-anm).
TEMI
that is, the convex conjugate of G in the full space M. We compute
he) _ . — sun suplr
—, =Sup sup {7' D€ — G)\(T)} = sup sup {T D€ — G,\(T)}
A20 reMyir TeME A20
= SUTPM{T 1€ — ;\g%G,\(T)} = su}l)xn{T E—G(1)}
TEMym TEMym
= swp {r:&-G(n)}=0C"(9),
TEMP*™
which concludes the proof. O

The following result is the analogue of Proposition [3.6]in the present Tresca regime. The proof
is identical, therefore it will be omitted.

Proposition 6.4. The function W is convez,
1 ~
e~ — <W(E) S Clel for all € € Mp*™,
for some ¢,C > 0, and

W (&) = W(&)| < Ly~ &|  for all &1, & € ME™,
for some L > 0. In addition, its recession function, defined for all & € MIJ™ by

W) = lim W)

t——4o00 t ’

W (&) = \/2kh(£)  for all € € M.
Finally, for all a,b € R™ with a-b =0,

W>(a®b) = 2\/Fitw|a ® b

We are now in position to prove Theorem [6.1]

exists and is given by

Proof of Theorem[6.1 Step 1: The upper bound. An analogous argument to that used in the
proof of Theorem [3.1] (employing [42, Remark I1.3.4] and [34, Theorem 1.1] in place of [42, Propo-
sition I1.1.3] and [8, Corollary 1.10]) shows that it is enough to establish the upper bound for
u € WH(Q;R") and x = 0. According to the dominated convergence theorem, we infer that

/Q <>; + /:;> (divu)? dz + /Q W(ep(u))dz = 213(1) i SQW.(e(w)) da.

For every € > 0,
veWH (R — / SQW.(e(v)) da
Q
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is the L1 (€2;R")-lower semicontinuous envelope restricted to W11(Q; R") of
ve WHH (RY) = / W(e(v)) d,
Q

see [10,[8]. It is thus possible to find a recovery sequence (uf)reny C WH1(€; R™) such that u§ — u
in L'(Q;R") as k — oo, and

/Q SQW.(e(w) dr = lim_ /Q W (e(us) da

Using a diagonalization argument, we extract a subsequence k(¢) — oo as ¢ — 0 such that
Ve 1= uf ) — win L'(QR") and

/Q <>\25 + us) (divu)? dﬂer/Q/W/(eD(u)) dr =lim [ W.(e(v.))dz.

n e—=0 Jo

Then, defining the damaged sets as

2K
D, = {:17 €Q: (Ay— AS)e(ve)(z) s e(ve)(z) > 5} ,
we obtain by construction that

hmsupE (ve, xp.) = lim WE( (vg)) dx = go(u,O)7

=0 e=0 Jo

which completes the proof of the upper bound.
Step 2: The lower bound. For all £ € M)*" we define

ga(f) = Eﬂw|£|2 + g

Let (ue, Xe)eso0 be a sequence in L'(Q;R™) x L'(Q) such that u. — u in L*(Q;R"?), x. — 0 in
LY(Q) and liminf. EE(UE,XE) < +4oo. Up to a subsequence, we additionally have that u. — u
weakly* in BD(Q) and divu. — divu weakly in L?(Q2). Moreover, since y. — 0 strongly in L?({2)
and the sequence ((1 — xc)divue)eso is bounded in L?(Q), we have that (1 — x.)divu. — divu
weakly in L*(Q). Using that e(u.) = L(divu.)Id + e(u.)p and the weak lower semicontinuity of
the norm, we have

limnf B (ue, x:)
= tmipt { (3 +2) [0 x@ivioas + [ (- xofentue) + xeie(entue)ds
> (542 [@vurde +timigt [ (0= x)ften () + xu(eplud) o

For a further use, we also have that the sequence v. := y/zu. is bounded in H'(£;R"™), so that
ve — 0 weakly in H!(Q;R") and divv. — 0 strongly in L?(Q).

Step 2a: The two-dimensional case. Since every matrix £ € M%XQ satisfies det(§) < 0, Lemma
ensures that & = a ® b for some a and b € R2. Therefore, according to Young’s inequality,

ge(ep(ue)) > 2y/Kplep(ue)| = Q’JL(BD(UE))-
Hence, since W= fD vV 21@?1,
1= )\s s .
liminf B, (ue, xe) > | — + Hs /(dlvu dx +hm1nf/ W(ep(ue))
e—0 2 2 (9]

and we conclude by the weak* lower semicontinuity theorem for convex functionals of measures.
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Step 2b: The three-dimensional case. We use the same notation and the same arguments as for
the three-dimensional case in Theorem m We first note that since f = f and g. = g. on M%Xg,
for all open sets w C €, all ¢ € Co(w) with 0 < ¢ <1, and all A € conv(M), we have for every
~ > 0 and & > 0 small enough (see the corresponding argument in the Hencky case),

/ (1= xe) Flep () + Xede(en (ue)) da
> / o [(1 = xe)f(en (ue)) + Xege(en(ue))] da
>(1- fy)/ p(fO+2kha)(ep(us))da — 26,uw/ p A cof(ep(ue)) de.

We claim that
cof (ep(ve)) — cof (e(ve)) — 0 strongly in L*(Q; M3X3). (6.4)

Sym

Indeed, any matrix £ € M2%3 can be written as ¢ = PAP~! with A = diag(&;, &, &3) € M3X3

Sym Sym

diagonal and P € SO(3). Then, {p = PApP~! with
. tr tr tr
Ap = diag (51 g,fz 6753 f)

and Lemma shows that cof(¢) = Pcof(A)P~! and cof((p) = Pcof(Ap)P~! with cof(A) =
diag (€283, £183, £1€2) and

() =g ( (52~ 55 (50 55, (61~ 25) (61— 25). (6~ ) (e~ ).

Therefore, cof(§) — cof({p) = P(cof (A) — cof (Ap)) P~ with

U

cof (A) = cof (Ap) = ——2=1d + == diag(&> + &, &1 + &3, &1 + &2)

Specifying the previous expression to £ = e(v.) and observing that the eigenvalues of e(v.) are
bounded in L?(£2) uniformly in e > 0 (since the spectral radius satisfies p(e(v:)) < |e(ve)|), while
div v, — 0 strongly in L?(Q2), we finally deduce (6.4).

Arguing as in the proof of Theorem [3.I] we conclude that

e—0 e—0

limsup/ wA:cof(ep(ve))da = limsup/ p A :cof(e(ve)) dx < 0.
Moreover, by the weak™ lower semicontinuity theorem for convex functionals of measures, we have
hmmf/ (f ANV2kha)(ep(ue))
—0
> limi(I)lf/ w(fO+2kha)(ep(ue))dx
E—r w
dE*u
> [ o(fO+2kha)(e Ndz+ | o(f QHhA) dEu] d|E*ul.
w w U

The remainder of the proof follows the lines of Theorem Passing to the supremum over
¢ € Ce(w), 0 < ¢ <1, and over A € conv(M), we find in a similar fashion as before, in particular
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letting v — 0, that

mggfﬁg(ug,xg) > (2 + ’;) /Q(divu)%x + /Q(fD V2kh)(ep(u)) d
o (423 av
> (;M;) /Q(divu)de—i—/Q(fD V2kh)(ep(u)) dz
+ /Q(fm VoKh)® (ddng;l) d|Eu
_ (2 + ‘;) /Q(divu)Qda: +LW(6D(u))dx+ /Q e <d‘|l§jz|> 4|

3x3

Note that in the first inequality the inf-convolutions are to be understood in the full space M7,

while in the second inequality the inf-convolutions are to be understood in M?’DXB. Moreover, we

have used f(£) > f(¢ép) = f(£p) and V26h(€) > \/2kh(Ep) = 2kh(Ep). The proof of the
theorem is complete. (Il

The following proposition is the corresponding of Proposition in the Tresca regime.

Proposition 6.5. We have

W = sup {90 : My — R convez, p(§) < f(&) forall¢ e My

©la®b) < \/2kA,(a@b): (a®b) for all a,b € R" witha~b:0}.

Proof. The proof is very similar to that of Proposition hence we only sketch it. We only need
to check that the function H : My — [0, +-00] defined by

H(e) = {2,/ruw|§| if ¢ =a®be MY for some a,b € R with a-b =0,

400 otherwise,
satisfies H* (1) = +o0 for all 7 ¢ K. Let us fix 7 ¢ K, i.e.

~ (11 — )2

G(r) = "

It is not restrictive to assume that 7 is diagonal with ordered eigenvalues m; < --- < 7,,. We denote
by Rp the set of the diagonal rank-one symmetric deviatoric matrices with ordered eigenvalues
& =-6 <0=-.-=0<¢&,. Then, by definition,

ff*(T)ZéseL}%p {r:€—2ykpalél} (6.6)

> 2k. (6.5)

Setting 74 := 7,, — 71, equations (6.5 and become

2k < G(1) = —4: ,

I;'*(T) > sup {m;d — \/2muwfd} = +o00.

£€a>0

This concludes the proof. (I
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