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A Proof of the Generalized Riemann Hypothesis

Charaf ECH-CHATBI ∗

Tuesday 28 May 2019

Abstract

We present a proof of the Generalized Riemann hypothesis (GRH)
based on asymptotic expansions and operations on series. The advan-
tage of our method is that it only uses undergraduate mathematics which
makes it accessible to a wider audience.

Keywords: Generalized Riemann hypothesis; Zeta; Critical Strip;
Prime Number Theorem; Millennium Problems; Dirichlet L-functions.

1 Dirichlet L−functions

Let’s (zn)n≥1 be a sequence of complex numbers. A Dirichlet series[6] is a

series of the form

∞∑

n=1

zn
ns

, where s = σ+ iτ is complex. The zeta function

is a Dirichlet series. Let’s define the function L(s) of the complex s:

L(s) =

∞∑

n=1

zn
ns

.

• If (zn)n≥1 is a bounded, then the corresponding Dirichlet series con-
verges absolutely on the open half-plane where ℜ(s) > 1.

• If the set of sums zn + zn+1 + ... + zn+k for each n and k ≥ 0 is
bounded, then the corresponding Dirichlet series converges on the
open half-plane where ℜ(s) > 0.

• In general, if zn = O(nk), the corresponding Dirichlet series con-
verges absolutely in the half plane where ℜ(s) > k + 1.

The function L(s) is analytic on the corresponding open half plane[3,6,14].
To define Dirichlet L−functions we need to define Dirichlet characters.

A function χ : Z 7−→ C is a Dirichlet character modulo q if it satisfies
the following criteria:

• (i) χ(n) 6= 0 if (n, q) = 1.

• (ii) χ(n) = 0 if (n, q) > 1.
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• (iii) χ is periodic with period q :χ(n+ q) = χ(n) for all n.

• (iv) χ is multiplicative :χ(mn) = χ(m)χ(n) for all integers m and n.

The trivial character is the one with χ0(n) = 1 whenever (n, q) = 1.
Here are some known results for a Dirichlet character modulo q. For

any integer n we have χ(1) = 1. Also if (n, q) = 1, we have (χ(n))φ(q) =
1 with φ is Euler’s totient function. χ(n) is a φ(q)−th root of unity.
Therefore, |χ(n)| = 1 if (n, q) = 1, and |χ(n)| = 0 if (n, q) > 1.
Also, we recall the cancellation property for Dirichlet characters modulo
q: For any n integer

q∑

i=1

χ(i+ n) =

{

φ(q), if χ = χ0 the trivial character

0, if otherwise, χ 6= χ0

(1)

The Dirichlet L−functions are simply the sum of the Dirichlet se-
ries. Let’s χ be a Dirichlet character modulo q, The Dirichlet L−function
L(s, χ) is defined for ℜ(s) > 1 as the following:

L(s, χ) =

+∞∑

n=1

χ(n)

ns
(2)

They are a natural generalization of the Riemann zeta-function ζ(s) to
an arithmetic progression and are a powerful tool in analytic number
theory. The Dirichlet series, converges absolutely and uniformly in any
bounded domain in the complex s-plane for which ℜ(s) ≥ 1 + γ, γ > 0.
In the particular case of the trivial character χ0, L(s, χ0) extends to a
meromorphic function[3,6,7,8] in ℜ(s) > 0 with the only pole at s = 1.

If χ is a non-trivial character, we have

L(s, χ) = s

∫ +∞

1

∑n≤x
n=1 χ(n)

xs+1
dx (3)

Since the sum in the integrand is bounded, this formula gives an
analytic continuation of L(s, χ) to a regular function in the half-plane
ℜ(s) > 0. Also, like the zeta function, the Dirichlet L−functions have
their Euler product[3,8,10]. For ℜ(s) > 1:

L(s, χ) =
∏

pPrime

(

1− χ(p)

ps

)−1

(4)

Therefore, if χ = χ0 is a trivial character mod q, we have, for q = 1,

L(s, χ0) = ζ(s) (5)

And for q > 1, we have,

L(s, χ0) = ζ(s)
∏

p/q

(

1− 1

ps

)

(6)

For this reason the properties of L(s, χ0) in the entire complex plane are
determined by the properties of ζ(s).
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Let’s now q′ be the smallest divisor (prime) of q. Let’s χ′ be the
Dirichlet character χ′ mod q′. For any integer n such that (n, q) = 1, we
have also (n, q′) = 1 and χ(n) = χ′(n). χ′ is called primitive and L(s, χ)
and L(s, χ′) are related analytically such that if χ 6= χ0:

L(s, χ) = L(s, χ′)
∏

p/q

(

1− χ′(p)
ps

)

(7)

L(s, χ) and L(s, χ′) have the same zeros in the critical strip 0 < ℜ(s) < 1.
Also, for a primitive character χ, (i.e.χ = χ′) L(s, χ) has the following

functional equation:

τ (χ)Γ(
1− s+ a

2
)L(1− s, χ) =

√
π(

q

π
)siaq

1
2 Γ(

s+ a

2
)L(s, χ) (8)

Where Γ is the Gamma function and a = 0 if χ(−1) = 1 and a = 1 if
χ(−1) = −1, and τ (χ) =

∑q
k=1 χ(k) exp(

2πki
q

).
When ℜ(s) > 1 there is no zero for L(s, χ). When ℜ(s) < 0, for a

primitive character χ, we have the trivial zeros of L(s, χ): s = a − 2k,
where k is a positive integer and a is defined above. For more details,
please refer to the references[7-14].

2 The Generalized Riemann Hypothesis

The Generalized Riemann Hypothesis states that the Dirichlet L−functions
have all their non-trivial zeros on the critical line ℜ(s) = 1

2
.

It is well known that for any character χ modulo q, all non-trivial
zeros of L(s, χ) lies in the critical strip {s ∈ C : 0 < ℜ(s) < 1}. From the
functional equation above we have that if:

• s0 is a non-trivial zero of L(s, χ), then 1− s0 is a zero of L(s, χ).

• s0 is a non-trivial zero of L(s, χ), then 1− s0 is a zero of L(s, χ).

Therefore, we just need to prove that for all primitive character χ modulo
q, there is no non-trivial zeros of L(s, χ) in the right hand side of the
critical strip {s ∈ C : 1

2
< ℜ(s) < 1}.

3 Proof of the GRH

Let’s take a complex number s such s = a0 + ib0 . Unless we explicitly
mention otherwise, let’s suppose that 1

2
< a0 < 1 and b0 > 0. Let’s take

χ a Dirichlet character.

3.1 Case One: χ non-trivial character

In this case s is a zero of L(s, χ) =
∑+∞

n=1
χ(n)
ns . Where χ is a non-trivial

Dirichlet character χ modulo q. When q = 2 there is only one Dirichlet
character and it is trivial. So here we are going to assume that q ≥ 3 is
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an odd prime integer.
Let’s denote for each n ≥ 1: zn = xn + iyn = χ(n).

We are going to develop the sequence ZN (s) =
∑N

n=1
zn
ns as follows:

For N ≥ 1

ZN =

N∑

n=1

zn
ns

=

N∑

n=1

xn + iyn
na0+ib0

(9)

=
N∑

n=1

xn cos(b0 ln (n)) + yn sin(b0 ln (n))

na0
+ i

N∑

n=1

yn cos(b0 ln (n))− xn sin(b0 ln (n))

na0
(10)

Let’s define the sequences Un, Vn as follows: For n ≥ 1

Un =
xn cos(b0 ln (n)) + yn sin(b0 ln (n))

na0
, Vn =

yn cos(b0 ln (n))− xn sin(b0 ln (n))

na0
(11)

Let’s define the series An, Bn and Zn as follows:

An =

n∑

k=1

Uk, Bn =

n∑

k=1

Vk, Zn = An + iBn (12)

When we are dealing with complex numbers, it is always insightful to
work with the norm. So let’s develop further the squared norm of the
series ZN as follows:

‖ZN‖2 = A2
N +B2

N =

( N∑

n=1

Un

)2

+

( N∑

n=1

Vn

)2

(13)

So

A2
N =

N∑

n=1

U2
n + 2

N∑

n=1

Un

n−1∑

k=1

Uk = −
N∑

n=1

U2
n + 2

N∑

n=1

UnAn (14)

And the same calculation for BN

B2
N = −

N∑

n=1

V 2
n + 2

N∑

n=1

VnBn (15)

Hence we have the new expression of square norm of ZN :

‖ZN‖2 = 2

N∑

n=1

UnAn + 2

N∑

n=1

VnBn −
N∑

n=1

U2
n −

N∑

n=1

V 2
n (16)

Let’s now define Fn and Gn as follows:

Fn = UnAn, Gn = VnBn (17)

Therefore

A2
N = 2

N∑

n=1

Fn −
N∑

n=1

U2
n , B2

N = 2
N∑

n=1

Gn −
N∑

n=1

V 2
n (18)

Therefore
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Conclusion. s is a zero for L(s, χ) = 0, if and only if

lim
N→∞

AN = 0 and lim
N→∞

BN = 0 (19)

Equally, s is a L(s, χ) zero, L(s, χ) = 0, if and only if

lim
N→∞

A2
N = 0 and lim

N→∞
B2

N = 0 (20)

Proof Strategy. The idea is to prove that in the case of a complex s
that is in the right hand side of the critical strip 1

2
< a0 ≤ 1 and that

is a L(s, χ) zero, that the limit limn→∞ A2
n = +/ − ∞ OR the limit

limn→∞ B2
n = +/−∞. This will create a contradiction. Because if s is a

L(s, χ) zero then the limn→∞ A2
n should be 0 and the limn→∞ B2

n should be
0. And therefore the sequences (

∑N
n=1 Fn)N≥1 and (

∑N
n=1 Gn)N≥1 should

converge and their limits should be: limn→∞

∑N
n=1 Fn = 1

2
limN→∞

∑N
n=1 U

2
n <

+∞ and limn→∞

∑N
n=1 Gn = 1

2
limN→∞

∑N
n=1 V

2
n < +∞.

To prove this result, let’s first prove the following lemma:

Lemma 3.1. If the set of the partial sums zn+zn+1+ ...+zn+k for n and
k ≥ 0 is bounded, then we can write An = λn

na0
where (λn) is a bounded

sequence.

Proof. We have limN→+∞ AN =
∑+∞

n=1 Un = 0. Therefore for each N ≥ 1:

+∞∑

n=1

Un =

N∑

n=1

Un

︸ ︷︷ ︸
AN

+

+∞∑

n=N+1

Un = 0 (21)

AN = −
+∞∑

n=N+1

Un (22)

We have

AN = −
+∞∑

n=N+1

xn cos(b0 ln (n)) + yn sin(b0 ln (n))

na0
(23)

Let’s denote Xn and Yn the partial sums of the series xn and yn: Xn =
∑N

k=1 xk and Yn =
∑N

k=1 yk. So let’s take N and M two integers such
that M ≥ N and do the Abel summation between N + 1 and M :

M∑

n=N+1

Un =
M∑

n=N+1

xn cos(b0 ln (n))

na0
+

M∑

n=N+1

yn sin(b0 ln (n))

na0
(24)

=
XM cos(b0 ln (M))

Ma0
− XN cos(b0 ln (N + 1))

(N + 1)a0
−

M−1∑

n=N+1

Xn

(

cos(b0 ln (n+ 1))

(n+ 1)a0
− cos(b0 ln (n))

na0

)

(25)

+
YM sin(b0 ln (M))

Ma0
− YN sin(b0 ln (N + 1))

(N + 1)a0
−

M−1∑

n=N+1

Yn

(

sin(b0 ln (n+ 1))

(n+ 1)a0
− sin(b0 ln (n))

na0

)

(26)
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Let’s define the functions fn and en such that fn(t) = cos(b0 ln (n+t))
(n+t)a0

and en(t) =
sin(b0 ln (n+t))

(n+t)a0
. For each n ≥ 1, we can apply the Mean Value

Theoremon the interval [0, 1] to find c1 and c2 in (0, 1) such that:

∣
∣
∣
∣

cos(b0 ln (n+ 1))

(n+ 1)a0
− cos(b0 ln (n))

(n)a0

∣
∣
∣
∣
=
∣
∣e′n(c1)(1− 0)

∣
∣ (27)

∣
∣
∣
∣

sin(b0 ln (n+ 1))

(n+ 1)a0
− sin(b0 ln (n))

(n)a0

∣
∣
∣
∣
=
∣
∣f ′

n(c2)(1− 0)
∣
∣ (28)

We have the derivatives of fn and en such that f ′
n(t) =

−b0 sin(b0 ln (n+t))−a0 cos(b0 ln (n+t))

(n+t)a0+1

and e′n(t) =
b0 cos(b0 ln (n+t))−a0 sin(b0 ln (n+t))

(n+t)a0+1 . Therefore

∣
∣
∣
∣

cos(b0 ln (n+ 1))

(n+ 1)a0
− cos(b0 ln (n))

(n)a0

∣
∣
∣
∣
≤ a0 + b0

na0+1
(29)

∣
∣
∣
∣

sin(b0 ln (n+ 1))

(n+ 1)a0
− sin(b0 ln (n))

(n)a0

∣
∣
∣
∣
≤ a0 + b0

na0+1
(30)

We have the set of the partial sums zn + zn+1 + ...+ zn+k is bounded,
then the real part and the imaginary part of the sum partial of zn+zn+1+
...+ zn+k are also bounded.
Let’s K > 0 such that for every n and k: |xn + xn+1 + ...+ xn+k| ≤ K
and |yn + yn+1 + ...+ yn+k| ≤ K. Therefore for each n: |Xn| ≤ K and
|Yn| ≤ K.

∣
∣
∣
∣
∣

M∑

n=N+1

Un

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣

XM cos(b0 ln (M))

Ma0

∣
∣
∣
∣
+

∣
∣
∣
∣

XN cos(b0 ln (N + 1))

(N + 1)a0

∣
∣
∣
∣

(31)

+

M−1∑

n=N+1

|Xn|
∣
∣
∣
∣
∣

(

cos(b0 ln (n+ 1))

(n+ 1)a0
− cos(b0 ln (n))

na0

)∣
∣
∣
∣
∣

(32)

+

∣
∣
∣
∣

YM sin(b0 ln (M))

Ma0

∣
∣
∣
∣
+

∣
∣
∣
∣

YN sin(b0 ln (N + 1))

(N + 1)a0

∣
∣
∣
∣

(33)

+
M−1∑

n=N+1

|Yn|
∣
∣
∣
∣
∣

(

sin(b0 ln (n+ 1))

(n+ 1)a0
− sin(b0 ln (n))

na0

)∣
∣
∣
∣
∣

(34)

≤ 4K

(N + 1)a0
+ 2K(a0 + b0)

M−1∑

n=N+1

1

na0+1
(35)

≤ 4K

(N + 1)a0
+ 2K(a0 + b0)

∫ M

N+1

dt

ta0+1
(36)

≤ 4K

(N + 1)a0
+

2K(a0 + b0)

a0

( 1

(N + 1)a0
− 1

Ma0

)

(37)

We tend M to infinity and we get:

∣
∣
∣
∣
∣

+∞∑

n=N+1

Un

∣
∣
∣
∣
∣
≤ 4K

(N + 1)a0
+

2K(a0 + b0)

a0(N + 1)a0
(38)
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Therefore

|AN | =
∣
∣
∣
∣
∣
−

+∞∑

n=N+1

Un

∣
∣
∣
∣
∣
≤ K1

(N + 1)a0
≤ K1

Na0
(39)

where K1 = 4K + 2K(a0+b0)
a0

> 0.

Let’s define the sequence λn such that: An = λn

na0
. Therefore for each

n ≥ 1 we have: |λn| ≤ K1. Therefore the sequence (λn) is bounded.
�

Lemma 3.2. The series (Fn) has the following asymptotic expansion:

Fn+1 − Fn =
γ2
n + αnλn

n2a0
+

(
λn + 2γn

)
βn

n2a0+1
+

ǫn
na0+2

(40)

Where (λn) is defined in the previous lemma, and (αn), (βn), (γn) and
(ǫn) are bounded sequences.

Proof. Let’s n ≥ 1, we have An+1 = An + Un+1. Therefore

λn+1

(n+ 1)a0
=

λn

na0
+

xn+1 cos(b0 ln (n+ 1)) + yn+1 sin(b0 ln (n+ 1))

(n+ 1)a0
(41)

And

λn+1 =
(
1 +

1

n

)a0λn +
(

xn+1 cos(b0 ln (n+ 1)) + yn+1 sin(b0 ln (n+ 1)
))

(42)

For simplification, let’s denote , for n ≥ 1,

un = xn cos(b0 ln (n)) + yn sin(b0 ln (n)
)

(43)

λn+1 =
(
1 +

1

n

)a0λn + un+1 (44)

First, we apply the previous lemma 3.1 to the case of our Dirichlet
series. Thanks to the cancelation property mentioned in (1), we have the
partial sums (

∑n
i=1 χ(i))n≥1 is bounded because our Dirichlet character

χ is non-trivial. Therefore we write An = λn

na0
where the sequence (λn) is

bounded.

To prove this lemma we proceed with some asymptotic expansions:
We have

An+1 = An + Un+1 (45)

So Fn+1 can be written as follows:

Fn+1 = Un+1An + U2
n+1 (46)

So Fn+1 − Fn can be written as

Fn+1 − Fn =

(

Un+1 − Un

)

An + U2
n+1 (47)
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Let’s do now the asymptotic expansion of Un+1−Un. For this we need
the asymptotic expansion of cos

(
b0 ln(n+ 1)

)
and sin

(
b0 ln(n+ 1)

)
.

cos(b0 ln (n+ 1) = cos
(
b0 ln (n) + b0 ln (1 +

1

n
)
)

(48)

= cos
(
b0 ln (n)

)
cos
(
b0 ln (1 +

1

n
)
)
− sin

(
b0 ln (n)

)
sin
(
b0 ln (1 +

1

n
)

)
(49)

we have the asymptotic expansion of ln(1 + 1
n
) in order two as follow:

ln(1 +
1

n
) =

1

n
+O(

1

n2
) (50)

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

cos
(

b0 ln(1 +
1

n

))

= 1 +O(
1

n2
) (51)

And

sin
(

b0 ln(1 +
1

n

))

=
b0
n

+O(
1

n2
) (52)

Hence

cos(b0 ln (n+ 1)) = cos
(
b0 ln (n))−

b0
n

sin
(
b0 ln (n)

)
+O(

1

n2
)(53)

Also the Asymptotic expansion of 1
(1+n)a0

:

1

(1 + n)a0
=

1

na0

(

1− a0

n
+O(

1

n2
)

)

(54)

Hence

cos
(
b0 ln (n+ 1)

)

(1 + n)a0
=

cos
(
b0 ln (n)

)

na0
− b0 sin

(
b0 ln (n)

)
+ a0 cos

(
b0 ln (n)

)

na0+1
+O(

1

na0+2
) (55)

=
cos
(
b0 ln (n)

)

na0
+

cn
na0+1

+O(
1

na0+2
) (56)

And the squared version of the above equation

cos2
(
b0 ln (n+ 1)

)

(1 + n)2a0
=

cos2
(
b0 ln (n)

)

n2a0
+ 2 cos

(
b0 ln (n)

) cn
n2a0+1

+O(
1

na0+2
) (57)

For the asymptotic expansion of sin
(
b0 ln(n+ 1)

)
.

sin(b0 ln (n+ 1) = sin
(
b0 ln (n) + b0 ln (1 +

1

n
)
)

(58)

= sin
(
b0 ln (n)

)
cos
(
b0 ln (1 +

1

n
)
)
+ cos

(
b0 ln (n)

)
sin
(
b0 ln (1 +

1

n
)
)
(59)
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we have the asymptotic expansion of ln(1 + 1
n
) in order two as follow:

ln(1 +
1

n
) =

1

n
+O(

1

n2
) (60)

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

sin
(

b0 ln(1 +
1

n

))

= sin
(b0
n

+O(
1

n2
)
)

(61)

=
b0
n

+O(
1

n2
) (62)

And

cos
(

b0 ln(1 +
1

n

))

= 1 +O(
1

n2
) (63)

Hence

sin(b0 ln (n+ 1)) = sin
(
b0 ln (n)

)
+

b0
n

cos
(
b0 ln (n)

)
+O(

1

n2
)(64)

Also the Asymptotic expansion of 1
(1+n)a0

:

1

(1 + n)a0
=

1

na0

(

1− a0

n
+O(

1

n2
)

)

(65)

Hence

sin
(
b0 ln (n+ 1)

)

(1 + n)a0
=

sin
(
b0 ln (n)

)

na0
+

b0 cos
(
b0 ln (n)

)
− a0 sin

(
b0 ln (n)

)

na0+1
+O(

1

na0+2
) (66)

=
sin
(
b0 ln (n)

)

na0
+

ccn
na0+1

+O(
1

na0+2
) (67)

And the squared version of the above equation

sin2
(
b0 ln (n+ 1)

)

(1 + n)2a0
=

sin2
(
b0 ln (n)

)

n2a0
+ 2 sin

(
b0 ln (n)

) ccn
n2a0+1

+O(
1

na0+2
) (68)

Where

cn = −
(

b0 sin
(
b0 ln (n)

)
+ a0 cos

(
b0 ln (n)

))

(69)

ccn = b0 cos
(
b0 ln (n)

)
− a0 sin

(
b0 ln (n)

)
(70)
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Therefore

Un+1 − Un =
xn+1 cos

(
b0 ln (n+ 1)

)
+ yn+1 sin

(
b0 ln (n+ 1)

(n+ 1)a0
− xn cos

(
b0 ln (n)

)
+ yn sin

(
b0 ln (n)

(n)a0
(71)

= xn+1

(cos
(
b0 ln (n)

)

na0
+

cn
na0+1

)

+ yn+1

( sin
(
b0 ln (n)

)

na0
+

ccn
na0+1

)

(72)

− xn cos
(
b0 ln (n)

)
+ yn sin

(
b0 ln (n)

(n)a0
+O(

1

na0+2
) (73)

=
(xn+1 − xn) cos

(
b0 ln (n)

)
+ (yn+1 − yn) sin

(
b0 ln (n)

)

na0
+

xn+1cn + yn+1ccn
na0+1

+O(
1

na0+2
) (74)

=
αn

na0
+

βn

na0+1
+O(

1

na0+2
) (75)

And

Un+1 =
γn
na0

+
βn

na0+1
+O(

1

na0+2
) (76)

Where

αn = (xn+1 − xn) cos
(
b0 ln (n)

)
+ (yn+1 − yn) sin

(
b0 ln (n)

)
(77)

βn = xn+1cn + yn+1ccn (78)

γn = xn+1 cos
(
b0 ln (n)

)
+ yn+1 sin

(
b0 ln (n)

)
(79)

Therefore

U2
n+1 =

γ2
n

n2a0
+ 2

γnβn

n2a0+1
+O(

1

na0+2
) (80)

So the asymptotic expansion of Fn+1 − Fn is as follows:

Fn+1 − Fn =
γ2
n

n2a0
+

αnAn

na0
+

βnAn

na0+1
+ 2

γnβn

n2a0+1
+O(

1

na0+2
) (81)

We have An = λn

na0
where λn is bounded. Therefore

Fn+1 − Fn =
γ2
n

n2a0
+

αnλn

n2a0
+

2γnβn

n2a0+1
+

βnλn

n2a0+1
+O(

1

na0+2
) (82)

Therefore

Fn+1 − Fn =
γ2
n + αnλn

n2a0
+

(
λn + 2γn

)
βn

n2a0+1
+O(

1

na0+2
) (83)

By definition of O, we know that there is exist a bounded sequence
(εn) and there is exist a number N0 such that: For each n ≥ N0 we have

Fn+1 − Fn =
γ2
n + αnλn

n2a0
+

(
λn + 2γn

)
βn

n2a0+1
+

ǫn
na0+2

(84)

�
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Let’s now study the asymptotic expansion of the dominant term
γ2
n+αnλn

n2a0

in the context of the Dirichlet L−functions.

Lemma 3.3. Let’s q be an odd prime integer. Let’s χ be a non-trivial
Dirichlet character modulo q. Let’s denote that for each k, zk = xk+iyk =
χ(k). Therefore we have the following asymptotic expansion:

q
∑

i=1

γ2
qn+i + αqn+iλqn+i

(nq + i)2a0
+

q
∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1
=

Ta+ Tb cos(2b0 ln (qn)) + Tc sin(2b0 ln (qn)
)

(nq)2a0+1
+O(

1

(qn)2a0+2
) (85)

Where m ∈ [1, q − 2] is defined such that χm(g) = e
2πmi
q−1 where g is the

generator of the cyclic group Z/qZ∗.

Ta =







− a0

2

[(
5q−1

)

2
− (q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

+ b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

− a0

4

(
5q − 1

)
+ b0

4
(q − 1), if m = q−1

2

(86)

Tb =







a0

2

[

q + 1− (q−1) sin( 2πm
q−1

)

2−2 cos( 2πm
q−1

)

]

− b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4

(
4q2 + 2q − 2

)
− b0

4
(q − 1), if m = q−1

2

(87)

Tc =







a0

2

[

q−1
2

+
(q−1) sin( 2πm

q−1

)

1−cos( 2πm
q−1

)

]

− b0
2

[

q + 1 +
(q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4
(q − 1)− b0q, if m = q−1

2

(88)

Proof. In this case we have for each n ≥ 1:

αn = (xn+1 − xn) cos
(
b0 ln (n)

)
+ (yn+1 − yn) sin

(
b0 ln (n)

)
(89)

γ2
n = xn+1 cos

(
b0 ln (n)

)
+ yn+1 sin

(
b0 ln (n)

)
(90)

λn is bounded. From the asymptotic expansion of (1 + 1
n
)a0 and the

equation (42), we can write:

λn+1 = λn + xn+1 cos(b0 ln (n+ 1)) + yn+1 sin(b0 ln (n+ 1)
)
+

a0λn

n
+O(

1

n2
) (91)

We have z1 = 1, zq = 0 and for each 1 ≤ k ≤ q− 1, z
(q−1)
k = 1. There-

fore zk are q − 1-th complex root of unity. q is an odd prime number.
Z/qZ∗ is a cyclic group generated by some generator g. We have gq−1 = 1

mod q therefore χ(g)q−1 = 1. So χ(g) = e
2πmi
q−1 with m ∈ [1, .., q − 1].

We have exactly q − 2 non-trivial Dirichlet characters defined with their

χm(g) = e
2πmi
q−1 where m ∈ [1, q − 2]. And χm(gk) = e

2πkmi
q−1 where

k ∈ [0, q − 2].
Without loss of generality, let’s take m ∈ [1, q−2] and put zk = χm(gk) =
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e( 2(k−1)πim
q−1

) for each 1 ≤ k ≤ q− 1. Then, by definition we have for each

1 ≤ i ≤ q, xi = cos( 2(i−1)πm
q−1

) and yi = sin( 2(i−1)πm
q−1

). And for each k,
xkq+i = xi and ykq+i = yi.

We have from above that

cos(b0 ln (n+ i)) = cos(b0 ln (n))−
ib0
n

sin(b0 ln (n)) +O(
1

n2
) (92)

sin(b0 ln (n+ i)
)

= sin(b0 ln (n)) +
ib0
n

cos(b0 ln (n)) +O(
1

n2
) (93)

Therefore for 1 ≤ i ≤ q: we have

cos(b0 ln (qn+ i)) = cos(b0 ln (qn))−
ib0
nq

sin(b0 ln (nq)) +O(
1

(qn)2
) (94)

sin(b0 ln (qn+ i)
)

= sin(b0 ln (qn)) +
ib0
nq

cos(b0 ln (nq)) +O(
1

(qn)2
) (95)

λqn+i+1 = λqn+i + xqn+i+1 cos(b0 ln (qn+ i+ 1)) + yqn+i+1 sin(b0 ln (qn+ i+ 1)
)
+

a0λnq+i

nq
+O(

1

(qn)2
) (96)

= λqn+i + xqn+i+1

(

cos(b0 ln (qn))−
(i+ 1)b0

nq
sin(b0 ln (nq))

)

(97)

+ yqn+i+1

(

sin(b0 ln (qn)) +
(i+ 1)b0

nq
cos(b0 ln (nq))

)

+
a0λnq+i

nq
+O(

1

(qn)2
) (98)

= λqn+i +

(

xqn+i+1 cos(b0 ln (qn)) + yqn+i+1 sin(b0 ln (qn))

)

(99)

+
(i+ 1)b0

nq

(

− xqn+i+1 sin(b0 ln (nq)) + yqn+i+1 cos(b0 ln (nq))

)

+
a0λnq+i

nq
+O(

1

(qn)2
) (100)

We need the asymptotic expansion of the order 1 of λnq+i to replace
a0λnq+i

nq
by its value in function of xqn+i and yqn+i.

λqn+i+1 = λqn+i + xqn+i+1 cos(b0 ln (qn+ i+ 1)) + yqn+i+1 sin(b0 ln (qn+ i+ 1)
)
+O(

1

qn
)(101)

= λqn+i + xqn+i+1 cos(b0 ln (qn)) + yqn+i+1 sin(b0 ln (qn)) +O(
1

qn
) (102)

... (103)

λqn+1 = λqn + xqn+1 cos(b0 ln (qn)) + yqn+1 sin(b0 ln (qn)) +O(
1

qn
) (104)

Therefore

λqn+i = λqn + cos(b0 ln (qn))
i∑

k=1

xqn+k + sin(b0 ln (qn)
)

i∑

k=1

yqn+k +O(
1

qn
) (105)

And thanks to the cancellation property (1), we can write:

λqn+q = λqn +O(
1

qn
) (106)
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We inject the equation (105) into the equations (99-100) and get:

λqn+i+1 = λqn+i +

(

xqn+i+1 cos(b0 ln (qn)) + yqn+i+1 sin(b0 ln (qn))

)

(107)

+
(i+ 1)b0

nq

(

− xqn+i+1 sin(b0 ln (nq)) + yqn+i+1 cos(b0 ln (nq))

)

(108)

+
a0

nq

(

cos(b0 ln (qn))
i∑

k=1

xqn+k + sin(b0 ln (qn)
)

i∑

k=1

yqn+k

)

(109)

+
a0λnq

nq
+O(

1

(qn)2
) (110)

... (111)

λqn+1 = λqn +

(

xqn+1 cos(b0 ln (qn)) + yqn+1 sin(b0 ln (qn))

)

(112)

+
1b0
nq

(

− xqn+1 sin(b0 ln (nq)) + yqn+1 cos(b0 ln (nq))

)

+
a0λnq

nq
+O(

1

(qn)2
)(113)

(114)

Therefore

λqn+i = λqn +

(

cos(b0 ln (qn))

i∑

k=1

xqn+k + sin(b0 ln (qn))

i∑

k=1

yqn+k

)

(115)

+
b0
nq

(

− sin(b0 ln (nq))
i∑

k=1

k xqn+k + cos(b0 ln (nq))
i∑

k=1

k yqn+k

)

(116)

+
a0

nq

(

cos(b0 ln (qn))
i∑

k=1

k−1∑

l=1

xqn+l + sin(b0 ln (qn)
)

i∑

k=1

k−1∑

l=1

yqn+l

)

(117)

+
a0iλnq

nq
+O(

1

(qn)2
) (118)

= λqn +Ai,nq +
a0iλnq +Bi,nq

nq
+O(

1

(qn)2
) (119)

In the particular case of i = q we have

λqn+q = λqn +Aq,qn +
a0λnq

n
+

Bq,qn

nq
+O(

1

(qn)2
) (120)

But we have Aq,qn = 0, thanks to the cancellation property (1) of a non-
trivial character. Therefore

λq(n+1) =
(
1 +

a0

n

)
λqn +

Bq,qn

qn
+O(

1

(qn)2
) (121)

We will see later in the lemma 3.5 that in fact

λqn =
1

q

(

α cos(b0 ln (qn)) + β sin(b0 ln (qn))
)

+O(
1

qn
) (122)
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Let’s now study the term
∑q

i=1

αqn+iλqn+i

(nq+i)2a0
. For simplicity the nota-

tions Bi and Ai will be used instead of Bi,nq and Ai,nq.

q∑

i=1

αqn+iλqn+i

(nq + i)2a0
=

q∑

i=1

(

xqn+i+1 − xqn+i

)

λqn+i
cos(b0 ln (qn+ i))

(nq + i)2a0
+
(

yqn+i+1 − yqn+i

)

λqn+i

sin(b0 ln (qn+ i)
)

(nq + i)2a0
(123)

=

q
∑

i=1

(

xqn+i+1 − xqn+i

)λqn + Ai +
a0iλnq+Bi

nq

(nq + i)2a0

(

cos(b0 ln (qn))−
ib0
nq

sin(b0 ln (nq))

)

(124)

+
(

yqn+i+1 − yqn+i

)λqn +Ai +
a0iλnq+Bi

nq

(nq + i)2a0

(

sin(b0 ln (qn)) +
ib0
nq

cos(b0 ln (nq))

)

+O(
1

(qn)2+2a0
) (125)

= O(
1

(qn)2+2a0
) +

1

(nq)2a0

q
∑

i=1

(

xqn+i+1 − xqn+i

)(

λnq + Ai

)

cos(b0 ln (qn)) (126)

+
1

(nq)2a0+1

q∑

i=1

(

xqn+i+1 − xqn+i

)
(
(

a0iλnq +Bi − 2a0i
(
λqn + Ai

))

cos(b0 ln (qn)) (127)

−ib0
(
λqn + Ai

)
sin(b0 ln (nq))

)

+
1

(nq)2a0

q∑

i=1

(

yqn+i+1 − yqn+i

)(

λnq +Ai

)

sin(b0 ln (qn)) (128)

+
1

(nq)2a0+1

q∑

i=1

(

yqn+i+1 − yqn+i

)
(
(

a0iλnq +Bi − 2a0i
(
λqn + Ai

))

sin(b0 ln (qn)) (129)

+ib0
(
λqn + Ai

)
cos(b0 ln (nq))

)

(130)

= O(
1

(qn)2+2a0
) +

1

(nq)2a0

{
q∑

i=1

(

xi+1 − xi

)

Ai cos(b0 ln (qn)) +

q∑

i=1

(

yi+1 − yi
)

Ai sin(b0 ln (qn))

}

(131)

+
1

(nq)2a0+1

{
q∑

i=1

(

xi+1 − xi

)
(
(

− a0iλnq +Bi − 2a0iAi

)

cos(b0 ln (qn)) (132)

−ib0
(
λqn + Ai

)
sin(b0 ln (nq))

)

+

q
∑

i=1

(

yi+1 − yi
)
(
(

− a0iλnq +Bi − 2a0iAi

)

sin(b0 ln (qn)) (133)

+ib0
(
λqn + Ai

)
cos(b0 ln (nq))

)}

(134)
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Therefore

q∑

i=1

αqn+iλqn+i

(nq + i)2a0
= O(

1

(qn)2+2a0
) +

1

(nq)2a0

{
q∑

i=1

(

xi+1 − xi

)

Ai cos(b0 ln (qn)) +

q∑

i=1

(

yi+1 − yi
)

Ai sin(b0 ln (qn))

}

(135)

+
1

(nq)2a0+1

{
q
∑

i=1

(

xi+1 − xi

)
(
(

Bi − 2a0iAi

)

cos(b0 ln (qn))− ib0
(
Ai

)
sin(b0 ln (nq))

)

(136)

+

q
∑

i=1

(

yi+1 − yi
)
(
(

Bi − 2a0iAi

)

sin(b0 ln (qn)) + ib0
(
Ai

)
cos(b0 ln (nq))

)}

(137)

+
λqn

(nq)2a0+1

{

cos(b0 ln (qn))

(

b0

q
∑

i=1

i
(

yi+1 − yi
)

− a0

q
∑

i=1

i
(

xi+1 − xi

)
)

(138)

− sin(b0 ln (qn))

(

b0

q∑

i=1

i
(

xi+1 − xi

)

+ a0

q∑

i=1

i
(

yi+1 − yi
)
)}

(139)

We have

q
∑

i=1

i
(

xi+1 − xi

)

= q (140)

q−1
∑

i=1

i
(

yi+1 − yi
)

= 0 (141)

And We have from the lemma 3.5 that λqn = 1
q

(

α cos(b0 ln (qn)) +

β sin(b0 ln (qn))
)

+O( 1
qn

).

Therefore

q∑

i=1

αqn+iλqn+i

(nq + i)2a0
= O(

1

(qn)2+2a0
) +

1

(nq)2a0

{
q∑

i=1

(

xi+1 − xi

)

Ai cos(b0 ln (qn)) +

q∑

i=1

(

yi+1 − yi
)

Ai sin(b0 ln (qn))

}

(142)

+
1

(nq)2a0+1

{
q∑

i=1

(

xi+1 − xi

)
(
(

Bi − 2a0iAi

)

cos(b0 ln (qn))− ib0
(
Ai

)
sin(b0 ln (nq))

)

(143)

+

q∑

i=1

(

yi+1 − yi
)
(
(

Bi − 2a0iAi

)

sin(b0 ln (qn)) + ib0
(
Ai

)
cos(b0 ln (nq))

)}

(144)

− 1

(nq)2a0+1

(

a0 cos(b0 ln (qn)) + b0 sin(b0 ln (qn))
)(

α cos(b0 ln (qn)) + β sin(b0 ln (qn))
)

(145)

Now the term
∑q

i=1 γ
2
qn+i

γqn+i = xqn+i+1 cos(b0 ln (qn+ i)) + yqn+i+1 sin(b0 ln (qn+ i)
)

(146)

= xi+1

(

cos(b0 ln (nq))−
ib0
nq

sin(b0 ln (nq))

)

+ yi+1

(

sin(b0 ln (nq)) +
ib0
nq

cos(b0 ln (nq))

)

+O(
1

(nq)2
) (147)

=
(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)

+
ib0
nq

(

− xi+1 sin(b0 ln (nq)) + yi+1 cos(b0 ln (nq))
)

(148)

+ O(
1

(nq)2
)
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Therefore

γ2
qn+i =

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2

+
2ib0
nq

(

− xi+1 sin(b0 ln (nq)) (149)

+yi+1 cos(b0 ln (nq))
)(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)

+O(
1

(nq)2
) (150)

And

γ2
qn+i

(nq + i)2a0
=

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2

(nq)2a0
(151)

+
2i

(nq)2a0+1

(

b0
(

− xi+1 sin(b0 ln (nq)) + yi+1 cos(b0 ln (nq))
)(

xi+1 cos(b0 ln (nq)) (152)

+yi+1 sin(b0 ln (nq))
)

− a0

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2
)

+O(
1

(nq)2a0+2
) (153)

q∑

i=1

γ2
qn+i

(nq + i)2a0
=

q∑

i=1

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2

(nq)2a0
(154)

=

q
∑

i=1

2i

(nq)2a0+1

(

b0
(

− xi+1 sin(b0 ln (nq)) + yi+1 cos(b0 ln (nq))
)(

xi+1 cos(b0 ln (nq)) (155)

+ yi+1 sin(b0 ln (nq))
)

− a0

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2
)

+O(
1

(qn)2a0+2
) (156)

Now the term (λn+2γn)βn. For this term, we need only the first order
of the asymptotic expansion. We write from the equations (78-79) and
(119):

γqn+i = xi+1 cos(b0 ln (qn)) + yi+1 sin(b0 ln (qn)
)
+O(

1

nq
) (157)

λnq+i = λnq + Ai +O(
1

nq
) (158)

βnq+i = xi+1cnq + yi+1ccnq +O(
1

nq
) (159)

Therefore

(λnq+i + 2γqn+i)βnq+i = λnq

(

xi+1cnq + yi+1ccnq

)

(160)

+
(

Ai + 2xi+1 cos(b0 ln (qn)) + 2yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

+O(
1

nq
) (161)

Therefore, thanks to the cancellation property of a non-trivial char-

tacter
(
∑q

i=1 xi+1 =
∑q

i=1 yi+1 = 0
)

and the equations (69-70), we can
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write:

q∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1
= λnq

q∑

i=1

(

xi+1cnq + yi+1ccnq

)

(nq)2a0+1
(162)

+

q∑

i=1

(

Ai + 2xi+1 cos(b0 ln (qn)) + 2yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

(nq)2a0+1
+O(

1

(nq)2a0+2
) (163)

=

q
∑

i=1

(

Ai + 2xi+1 cos(b0 ln (qn)) + 2yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

(nq)2a0+1
+O(

1

(nq)2a0+2
) (164)

Now let’s study the term Tn =
∑q

i=1

αqn+iλqn+i

(nq+i)2a0
+

γ2
qn+i

(nq+i)2a0
+

(λnq+i+2γqn+i)βnq+i

(nq+i)2a0+1 .

We have the coeffecient of the order of (nq)2a0 in the asymptotic expansion
of Tn is zero:

0 =
1

(nq)2a0

{
q
∑

i=1

(

xi+1 − xi

)

Ai cos(b0 ln (qn)) +

q
∑

i=1

(

yi+1 − yi
)

Ai sin(b0 ln (qn))

}

(165)

+

q∑

i=1

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2

(nq)2a0
(166)

We are left with the term of the order (nq)2a0+1. Let’s now prove that
this term is nonzero. The coeffecient of this term is the following: T1 +
T2 + T3 + T4 + T5 where

T1 =

q
∑

i=1

(

xi+1 − xi

)
(
(

Bi − 2a0iAi

)

cos(b0 ln (qn))− ib0
(
Ai

)
sin(b0 ln (nq))

)

(167)

T2 =

q∑

i=1

(

yi+1 − yi
)
(
(

Bi − 2a0iAi

)

sin(b0 ln (qn)) + ib0
(
Ai

)
cos(b0 ln (nq))

)

(168)

T3 =

q∑

i=1

2i

(

b0
(

− xi+1 sin(b0 ln (nq)) + yi+1 cos(b0 ln (nq))
)(

xi+1 cos(b0 ln (nq)) (169)

+ yi+1 sin(b0 ln (nq))
)

− a0

(

xi+1 cos(b0 ln (nq)) + yi+1 sin(b0 ln (nq))
)2
)

(170)

T4 =

q
∑

i=1

(

Ai + 2xi+1 cos(b0 ln (qn)) + 2yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

(171)

T5 = −
(

a0 cos(b0 ln (qn)) + b0 sin(b0 ln (qn))
)(

α cos(b0 ln (qn)) + β sin(b0 ln (qn))
)

(172)

Let’s now write the terms Ti in the form of:

Ti = Tai + Tbi cos(2b0 ln (qn)) + Tci sin(2b0 ln (qn)) (173)
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T3 =

q
∑

i=1

(

ib0
(

(y2
i+1 − x2

i+1) sin(2b0 ln (nq)) + 2xi+1yi+1 cos(2b0 ln (nq))
)

(174)

−a0i
(

(x2
i+1 + y2

i+1) + (x2
i+1 − y2

i+1) cos(2b0 ln (nq)) + 2xi+1yi+1 sin(2b0 ln (nq))
)
)

(175)

= −a0

q∑

i=1

i(x2
i+1 + y2

i+1) + cos(2b0 ln (nq))

q∑

i=1

i
(

a0(y
2
i+1 − x2

i+1) + 2b0xi+1yi+1

)

(176)

+ sin(2b0 ln (nq))

q
∑

i=1

i
(

b0(y
2
i+1 − x2

i+1)− 2a0xi+1yi+1

)

(177)

And

Ta3 = −a0

q
∑

i=1

i(x2
i+1 + y2

i+1) (178)

Tb3 =

q
∑

i=1

i
(

a0(y
2
i+1 − x2

i+1) + 2b0xi+1yi+1

)

(179)

Tc3 =

q∑

i=1

i
(

b0(y
2
i+1 − x2

i+1)− 2a0xi+1yi+1

)

(180)

We have

q
∑

i=1

i(x2
i+1 + y2

i+1) =

q+1
∑

i=2

(i− 1)
(

x2
i + y2

i

)

(181)

= q +

q−1
∑

i=2

(i− 1)
(

x2
i + y2

i

)

(xq = yq = 0, xq+1 = x1 = 1, yq+1 = y1 = 0) (182)

= q +

q−1
∑

i=2

(i− 1) (183)

= 1 +
q(q − 1)

2
(184)

T4 =

q∑

i=1

Ai

(

xi+1cnq + yi+1ccnq

)

(185)

+ 2
(

xi+1 cos(b0 ln (qn)) + yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

(186)

= T4,1 + T4,2 (187)
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T4,2 = 2

q∑

i=1

(

xi+1 cos(b0 ln (qn)) + yi+1 sin(b0 ln (qn)
))(

xi+1cnq + yi+1ccnq

)

(188)

= 2

q∑

i=1

(

xi+1 cos(b0 ln (qn)) + yi+1 sin(b0 ln (qn)
))

(189)

((
− a0xi+1 + b0yi+1

)
cos(b0 ln (qn))−

(
b0xi+1 + a0yi+1

)
sin(b0 ln (qn)

))

(190)

= −a0

q∑

i=1

(

x2
i+1 + y2

i+1

)

+ cos(2b0 ln (nq))

q∑

i=1

(

a0(y
2
i+1 − x2

i+1) + 2b0xi+1yi+1

)

(191)

+ sin(2b0 ln (nq))

q
∑

i=1

(

b0(y
2
i+1 − x2

i+1)− 2a0xi+1yi+1

)

(192)

(193)

And

q∑

i=1

(x2
i+1 + y2

i+1) =

q+1∑

i=2

(

x2
i + y2

i

)

(194)

=

q−1∑

i=1

(

x2
i + y2

i

)

(xq = yq = 0, xq+1 = x1 = 1, yq+1 = y1 = 0) (195)

= q − 1 (196)

And

T4,1 =

q∑

i=1

Ai

(

xi+1cnq + yi+1ccnq

)

(197)

=

q∑

i=1

(

cos(b0 ln (qn))
i∑

k=1

xk + sin(b0 ln (qn)
)

i∑

k=1

yk
)

(198)

((
− a0xi+1 + b0yi+1

)
cos(b0 ln (qn))−

(
b0xi+1 + a0yi+1

)
sin(b0 ln (qn)

))

(199)

=
1

2

(

b0

q−1∑

i=1

yi+1

i∑

k=1

xk − b0

q−1∑

i=1

xi+1

i∑

k=1

yk − a0

q−1∑

i=1

xi+1

i∑

k=1

xk − a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(200)

+
cos(2b0 ln (nq))

2

(

b0

q−1
∑

i=1

yi+1

i∑

k=1

xk + b0

q−1
∑

i=1

xi+1

i∑

k=1

yk − a0

q−1
∑

i=1

xi+1

i∑

k=1

xk + a0

q−1
∑

i=1

yi+1

i∑

k=1

yk

)

(201)

+
sin(2b0 ln (nq))

2

(

− a0

q−1∑

i=1

yi+1

i∑

k=1

xk − a0

q−1∑

i=1

xi+1

i∑

k=1

yk − b0

q−1∑

i=1

xi+1

i∑

k=1

xk + b0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(202)

Now T1
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T1 =

q
∑

i=1

(

xi+1 − xi

)
(
(

Bi − 2a0iAi

)

cos(b0 ln (qn))− ib0Ai sin(b0 ln (nq))

)

(203)

Bi = b0
(

− sin(b0 ln (nq))
i∑

k=1

kxk + cos(b0 ln (nq))
i∑

k=1

kyk
)

(204)

+ a0

(

cos(b0 ln (nq))

i∑

k=1

k−1∑

l=1

xl + sin(b0 ln (nq))

i∑

k=1

k−1∑

l=1

yl
)

(205)

= b0
(

− sin(b0 ln (nq))
i∑

k=1

kxk + cos(b0 ln (nq))
i∑

k=1

kyk
)

(206)

+ a0

(

− cos(b0 ln (nq))
i∑

k=1

kxk − sin(b0 ln (nq))
i∑

k=1

kyk
)

(207)

+ a0

(

cos(b0 ln (nq))i

i∑

k=1

xk + sin(b0 ln (nq))i

i∑

k=1

yk
)

(208)

= − sin(b0 ln (nq))
(

b0

i∑

k=1

kxk + a0

i∑

k=1

kyk − a0i
i∑

k=1

yk
)

(209)

+ cos(b0 ln (nq))
(

b0

i∑

k=1

kyk − a0

i∑

k=1

kxk + a0i
i∑

k=1

xk

)

(210)

And

T i
1,1 = Bi cos(b0 ln (qn)) (211)

=
1

2

(

b0

i∑

k=1

kyk − a0

i∑

k=1

kxk + a0i
i∑

k=1

xk

)

+
1

2

(

b0

i∑

k=1

kyk − a0

i∑

k=1

kxk + a0i
i∑

k=1

xk

)

cos(2b0 ln (qn)) (212)

−1

2

(

b0

i∑

k=1

kxk + a0

i∑

k=1

kyk − a0i

i∑

k=1

yk
)

sin(2b0 ln (qn)) (213)

And

T i
1,2 = −2a0iAi cos(b0 ln (qn))− ib0Ai sin(b0 ln (nq)) (214)

= −iAi

(

2a0 cos(b0 ln (qn)) + b0 sin(b0 ln (qn))
)

(215)

= −i
(

cos(b0 ln (qn))
i∑

k=1

xk + sin(b0 ln (qn)
)

i∑

k=1

yk
)(

2a0 cos(b0 ln (qn)) + b0 sin(b0 ln (qn))
)

(216)

= −i

(

1

2

(

2a0

i∑

k=1

xk + b0

i∑

k=1

yk
)

+
1

2

(

2a0

i∑

k=1

xk − b0

i∑

k=1

yk
)

cos(2b0 ln (qn)) (217)

+
1

2

(

2a0

i∑

k=1

yk + b0

i∑

k=1

xk

)

sin(2b0 ln (qn))

)

(218)

Therefore
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T1 =

q
∑

i=1

(

xi+1 − xi

)(

T i
1,1 + T i

1,2

)

(219)

=

q
∑

i=1

(

xi+1 − xi

)
(
b0
(
∑i

k=1 kyk − i
∑i

k=1 yk
)

− a0

(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
(220)

+
b0
(
∑i

k=1 kyk + i
∑i

k=1 yk
)

− a0

(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
cos(2b0 ln (qn)) (221)

+
−a0

(
∑i

k=1 kyk + i
∑i

k=1 yk
)

− b0
(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
sin(2b0 ln (qn))

)

(222)

And

T i
2,1 = Bi sin(b0 ln (qn)) (223)

= −1

2

(

b0

i∑

k=1

kxk + a0

i∑

k=1

kyk − a0i
i∑

k=1

yk
)

+
1

2

(

b0

i∑

k=1

kxk + a0

i∑

k=1

kyk − a0i
i∑

k=1

yk
)

cos(2b0 ln (qn)) (224)

+
1

2

(

b0

i∑

k=1

kyk − a0

i∑

k=1

kxk + a0i

i∑

k=1

xk

)

sin(2b0 ln (qn)) (225)

And

T i
2,2 = −2a0iAi sin(b0 ln (qn)) + ib0Ai cos(b0 ln (nq)) (226)

= iAi

(

− 2a0 sin(b0 ln (qn)) + b0 cos(b0 ln (qn))
)

(227)

= i
(

cos(b0 ln (qn))
i∑

k=1

xk + sin(b0 ln (qn)
)

i∑

k=1

yk
)(

− 2a0 sin(b0 ln (qn)) + b0 cos(b0 ln (qn))
)

(228)

= i

(

1

2

(

b0

i∑

k=1

xk − 2a0

i∑

k=1

yk
)

+
1

2

(

b0

i∑

k=1

xk + 2a0

i∑

k=1

yk
)

cos(b0 ln (qn)) (229)

+
1

2

(

b0

i∑

k=1

yk − 2a0

i∑

k=1

xk

)

sin(b0 ln (qn))

)

(230)

Therefore

T2 =

q
∑

i=1

(

yi+1 − yi
)(

T i
2,1 + T i

2,2

)

(231)

=

q∑

i=1

(

yi+1 − yi
)
(
b0
(

i
∑i

k=1 xk −∑i
k=1 kxk

)

− a0

(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

2
(232)

+
b0
(

i
∑i

k=1 xk +
∑i

k=1 kxk

)

+ a0

(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

2
cos(2b0 ln (qn)) (233)

+
b0
(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

− a0

(

i
∑i

k=1 xk +
∑i

k=1 kxk

)

2
sin(2b0 ln (qn))

)

(234)
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Let’s now aggregate the terms Ti in the form of:

T =
4∑

i=1

Ti =
4∑

i=1

Tai + cos(2b0 ln (qn))
4∑

i=1

Tbi + sin(2b0 ln (qn))
4∑

i=1

Tci (235)

= Ta+ cos(2b0 ln (qn))Tb+ sin(2b0 ln (qn))Tc (236)

Let’s start with the first term Ta.

Ta =
5∑

i=1

Tai (237)

Where

Ta1 =

q∑

i=1

(

xi+1 − xi

) b0
(
∑i

k=1 kyk − i
∑i

k=1 yk
)

− a0

(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
(238)

Ta2 =

q
∑

i=1

(

yi+1 − yi
)b0

(

i
∑i

k=1 xk −∑i
k=1 kxk

)

− a0

(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

2
(239)

Ta3 = −a0

q
∑

i=1

i(x2
i+1 + y2

i+1) (240)

Ta4 = −a0

q
∑

i=1

(

x2
i+1 + y2

i+1

)

+
1

2

(

b0

q−1
∑

i=1

yi+1

i∑

k=1

xk − b0

q−1
∑

i=1

xi+1

i∑

k=1

yk (241)

−a0

q−1∑

i=1

xi+1

i∑

k=1

xk − a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(242)

We have Ta1 and Ta2 contain many terms that cancel each other.

Ta1 + Ta2 = −a0

2

(
q∑

i=1

(

xi+1 − xi

)( i∑

k=1

kxk + i
i∑

k=1

xk

)

+
(

yi+1 − yi
)(

i
i∑

k=1

yk +
i∑

k=1

kyk
)
)

(243)

+
b0
2

(
q
∑

i=1

(

xi+1 − xi

)( i∑

k=1

kyk − i

i∑

k=1

yk
)

+

q−1
∑

i=1

(

yi+1 − yi
)(

i

i∑

k=1

xk −
i∑

k=1

kxk

)
)

(244)

= −a0

2

(
q∑

k=1

kxk +

q∑

k=1

kyk − 2

q∑

i=1

kx2
k +

q−1∑

k=1

xk

k∑

i=1

xi − 2

q∑

i=1

ky2
k +

q−1∑

k=1

yk

k∑

i=1

yi

)

(245)

+
b0
2

(
q
∑

k=1

kyk −
q
∑

k=1

kxk + 2

q−1
∑

i=1

yi

i∑

k=1

xk −
q
∑

k=1

xkyk

)

(246)

And
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Ta4 = −a0

q
∑

i=1

(

x2
i+1 + y2

i+1

)

+
1

2

(

b0

q−1
∑

i=1

yi+1

i∑

k=1

xk − b0

q−1
∑

i=1

xi+1

i∑

k=1

yk (247)

−a0

q−1∑

i=1

xi+1

i∑

k=1

xk − a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(248)

= −a0

q
∑

i=1

(

x2
i+1 + y2

i+1

)

+
1

2

(

− 2b0

q−1
∑

i=1

xi

i∑

k=1

yk − a0

q−1
∑

i=1

xi

i∑

k=1

xk (249)

−a0

q−1∑

i=1

yi

i∑

k=1

yk − a0

q−1∑

i=1

(

x2
i + y2

i

)
)

(250)

= −2a0 + 1

2

q−1
∑

i=1

(

x2
i + y2

i

)

+
1

2

(

2b0

q−1
∑

i=1

yi

i∑

k=1

xk − 2b0

q−1
∑

i=1

xiyi − a0

q−1
∑

i=1

xi

i∑

k=1

xk (251)

−a0

q−1∑

i=1

yi

i∑

k=1

yk

)

(252)

And

Ta3 = −a0

q
∑

i=1

i(x2
i+1 + y2

i+1) (253)

= −a0

q+1
∑

i=2

(i− 1)(x2
i + y2

i ) (254)

= −a0q − a0

q−1
∑

i=1

(i− 1)(x2
i + y2

i ) (255)

And

Ta5 = − a0α+ b0β

2
(256)

And finally

Ta = −a0q − 2a0 + 1

2

q−1∑

i=1

(

x2
i + y2

i

)

+ a0

q−1∑

i=1

(i− (i− 1))
(

x2
i + y2

i

)

− a0

2

( q−1∑

k=1

kxk +

q−1∑

k=1

kyk
)

(257)

−2a0

2

(
q−1
∑

i=1

xi

i∑

k=1

xk +

q−1
∑

i=1

yi

i∑

k=1

yk

)

+
b0
2

(
q−1
∑

k=1

kyk −
q
∑

k=1

kxk + 4

q−1
∑

k=1

yk

k∑

i=1

xi − 3

q−1
∑

k=1

xkyk

)

(258)

− a0α+ b0β

2
(259)

= −a0q − a0

2

q−1∑

i=1

(

x2
i + y2

i

)

− a0

2

( q−1∑

k=1

kxk +

q−1∑

k=1

kyk
)

− 2a0

2

(
q−1∑

i=1

xi

i∑

k=1

xk +

q−1∑

i=1

yi

i∑

k=1

yk

)

(260)

+
b0
2

(
q−1
∑

k=1

kyk −
q
∑

k=1

kxk + 4

q−1
∑

k=1

yk

k∑

i=1

xi − 3

q−1
∑

k=1

xkyk

)

− a0α+ b0β

2
(261)
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Let’s now deal with the second term Tb.

Tb =
5∑

i=1

Tbi (262)

Where

Tb1 =

q∑

i=1

(

xi+1 − xi

) b0
(
∑i

k=1 kyk + i
∑i

k=1 yk
)

− a0

(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
(263)

Tb2 =

q∑

i=1

(

yi+1 − yi
) b0

(

i
∑i

k=1 xk +
∑i

k=1 kxk

)

+ a0

(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

2
(264)

Tb3 = 2b0

q∑

i=1

ixi+1yi+1 + a0

q−1∑

i=1

i(x2
i+1 − y2

i+1) (265)

Tb4 = 2b0

q∑

i=1

xi+1yi+1 + a0

q−1∑

i=1

(x2
i+1 − y2

i+1) (266)

+
1

2

(

b0

q−1∑

i=1

yi+1

i∑

k=1

xk + b0

q−1∑

i=1

xi+1

i∑

k=1

yk − a0

q−1∑

i=1

xi+1

i∑

k=1

xk + a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(267)

We have Tb1 and Tb2 contain many terms that cancel each other.

Tb1 + Tb2 =
a0

2

(
q∑

i=1

−
(

xi+1 − xi

)( i∑

k=1

kxk + i
i∑

k=1

xk

)

+
(

yi+1 − yi
)(

i
i∑

k=1

yk +
i∑

k=1

kyk
)
)

(268)

+
b0
2

(
q
∑

i=1

(

xi+1 − xi

)( i∑

k=1

kyk + i

i∑

k=1

yk
)

+

q
∑

i=1

(

yi+1 − yi
)(

i

i∑

k=1

xk +

i∑

k=1

kxk

)
)

(269)

=
a0

2

(

−
[

q−1∑

i=1

kxk − 2

q−1∑

i=1

kx2
k +

q−1∑

k=1

xk

k∑

i=1

xi

]

+

q−1∑

i=1

kyk − 2

q−1∑

i=1

ky2
k +

q−1∑

k=1

yk

k∑

i=1

yi

)

(270)

+
b0
2

(
q−1
∑

k=1

kyk +

q−1
∑

i=1

yi

i∑

k=1

xk − 2

q−1
∑

k=1

kxkyk +

q−1
∑

k=1

kxk − 2

q−1
∑

k=1

kxkyk −
q−1
∑

k=1

yk

k∑

i=1

xi +

q−1
∑

k=1

xkyk

)

(271)

And

24



Tb4 = 2b0

q
∑

i=1

xi+1yi+1 + a0

q
∑

i=1

(x2
i+1 − y2

i+1) +
1

2

(

b0

q−1
∑

i=1

yi+1

i∑

k=1

xk (272)

+b0

q−1∑

i=1

xi+1

i∑

k=1

yk − a0

q−1∑

i=1

xi+1

i∑

k=1

xk + a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(273)

= 2b0

q−1
∑

i=1

xiyi + a0

q−1
∑

i=1

(x2
i − y2

i ) +
1

2

(

− b0

q−1
∑

i=1

xi

i∑

k=1

yk + b0

q−1
∑

i=1

xi

i∑

k=1

yk (274)

−b0

q−1∑

i=1

xiyi − a0

q−1∑

i=1

xi

i∑

k=1

xk + a0

q−1∑

i=1

yi

i∑

k=1

yk + a0

q−1∑

i=1

(

x2
i − y2

i

)
)

(275)

=
3b0
2

q−1
∑

i=1

xiyi +
2a0 + 1

2

q−1
∑

i=1

(x2
i − y2

i ) +
a0

2

(
q−1
∑

i=1

yi

i∑

k=1

yk −
q−1
∑

i=1

xi

i∑

k=1

xk

)

(276)

And

Tb3 = 2b0

q∑

i=1

ixi+1yi+1 + a0

q∑

i=1

i(x2
i+1 − y2

i+1) (277)

= 2b0

q+1∑

i=2

(i− 1)xiyi + a0

q+1∑

i=2

(i− 1)(x2
i − y2

i ) (278)

And

Tb5 = − a0α− b0β

2
(279)

And finally

Tb =
a0

2

(

−
[

q−1
∑

k=1

kxk − 2

q−1
∑

i=1

kx2
k +

q−1
∑

k=1

xk

k∑

i=1

xi

]

+

q−1
∑

k=1

kyk − 2

q−1
∑

i=1

ky2
k +

q−1
∑

k=1

yk

k∑

i=1

yi

)

(280)

+
b0
2

(
q−1∑

k=1

kyk − 4

q−1∑

k=1

kxkyk +

q−1∑

k=1

kxk +

q−1∑

k=1

xkyk

)

(281)

+
3b0
2

q−1
∑

i=1

xiyi +
2a0 + 1

2

q−1
∑

i=1

(x2
i − y2

i ) +
a0

2

(
q−1
∑

i=1

yi

i∑

k=1

yk −
q−1
∑

i=1

xi

i∑

k=1

xk

)

(282)

+ 2b0

q+1∑

i=1

(i− 1)xiyi + a0

q+1∑

i=1

(i− 1)(x2
i − y2

i )−
a0α− b0β

2
(283)

Let’s now deal with the third term Tc.

Tc =

5∑

i=1

Tci (284)

Where
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Tc1 = −
q∑

i=1

(

xi+1 − xi

)a0

(
∑i

k=1 kyk + i
∑i

k=1 yk
)

+ b0
(
∑i

k=1 kxk + i
∑i

k=1 xk

)

2
(285)

Tc2 =

q∑

i=1

(

yi+1 − yi
) b0

(

i
∑i

k=1 yk +
∑i

k=1 kyk
)

− a0

(

i
∑i

k=1 xk +
∑i

k=1 kxk

)

2
(286)

Tc3 = 2b0

q∑

i=1

ixi+1yi+1 + a0

q−1∑

i=1

i(x2
i+1 − y2

i+1) (287)

Tc4 = 2b0

q∑

i=1

xi+1yi+1 + a0

q−1∑

i=1

(x2
i+1 − y2

i+1) (288)

+
1

2

(

b0

q−1∑

i=1

yi+1

i∑

k=1

xk + b0

q−1∑

i=1

xi+1

i∑

k=1

yk − a0

q−1∑

i=1

xi+1

i∑

k=1

xk + a0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(289)

We have Tc1 and Tc2 contain many terms that cancel each other.

Tc1 + Tc2 =
b0
2

(
q∑

i=1

(

yi+1 − yi
)( i∑

k=1

kyk + i
i∑

k=1

yk
)

−
(

xi+1 − xi

)(

i
i∑

k=1

xk +
i∑

k=1

kxk

)
)

(290)

−a0

2

(
q−1
∑

i=1

(

xi+1 − xi

)( i∑

k=1

kyk + i

i∑

k=1

yk
)

+

q−1
∑

i=1

(

yi+1 − yi
)(

i

i∑

k=1

xk +

i∑

k=1

kxk

)
)

(291)

=
b0
2

([
q−1∑

i=1

kyk − 2

q−1∑

i=1

ky2
k +

q−1∑

k=1

yk

k∑

i=1

yi

]

−
[

q−1∑

i=1

kxk − 2

q−1∑

i=1

kx2
k +

q−1∑

k=1

xk

k∑

i=1

xi

])

(292)

−a0

2

(
q−1
∑

i=1

kyk +

q−1
∑

i=1

yi

i∑

k=1

xk − 2

q−1
∑

k=1

kxkyk +

q−1
∑

i=1

kxk −
q−1
∑

k=1

yk

k∑

i=1

xi − 2

q−1
∑

k=1

kxkyk +

q−1
∑

k=1

xkyk

)

(293)

=
b0
2

([
q−1∑

i=1

kyk − 2

q−1∑

i=1

ky2
k +

q−1∑

k=1

yk

k∑

i=1

yi

]

−
[

q−1∑

i=1

kxk − 2

q−1∑

i=1

kx2
k +

q−1∑

k=1

xk

k∑

i=1

xi

])

(294)

−a0

2

(
q−1
∑

i=1

kxk +

q−1
∑

i=1

kyk − 4

q−1
∑

k=1

kxkyk +

q−1
∑

k=1

xkyk

)

(295)

And
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Tc4 = b0

q
∑

i=1

(y2
i+1 − x2

i+1)− 2a0

q
∑

i=1

xi+1yi+1 +
1

2

(

− a0

q−1
∑

i=1

yi+1

i∑

k=1

xk (296)

−a0

q−1∑

i=1

xi+1

i∑

k=1

yk − b0

q−1∑

i=1

xi+1

i∑

k=1

xk + b0

q−1∑

i=1

yi+1

i∑

k=1

yk

)

(297)

= −2a0

q−1
∑

i=1

xiyi + b0

q−1
∑

i=1

(y2
i − x2

i ) +
1

2

(

a0

q−1
∑

i=1

xi

i∑

k=1

yk − a0

q−1
∑

i=1

xi

i∑

k=1

yk (298)

+a0

q−1∑

i=1

xiyi − b0

q−1∑

i=1

xi

i∑

k=1

xk + b0

q−1∑

i=1

yi

i∑

k=1

yk + b0

q−1∑

i=1

(

x2
i − y2

i

)
)

(299)

= −2a0 + 1

2

q−1
∑

i=1

xiyi −
b0
2

q−1
∑

i=1

(x2
i − y2

i ) +
b0
2

(
q−1
∑

i=1

yi

i∑

k=1

yk −
q−1
∑

i=1

xi

i∑

k=1

xk

)

(300)

And

Tc3 = −b0

q∑

i=1

i(x2
i+1 − y2

i+1)− 2a0

q∑

i=1

ixi+1yi+1 (301)

= −2a0

q+1∑

i=1

(i− 1)xiyi − b0

q+1∑

i=1

(i− 1)(x2
i − y2

i ) (302)

And

Tc5 = − a0β + b0α

2
(303)

And finally

Tc =
b0
2

([
q−1
∑

i=1

kyk − 2

q−1
∑

i=1

ky2
k +

q−1
∑

k=1

yk

k∑

i=1

yi

]

−
[

q−1
∑

i=1

kxk − 2

q−1
∑

i=1

kx2
k +

q−1
∑

k=1

xk

k∑

i=1

xi

])

(304)

−a0

2

(
q−1∑

i=1

kxk +

q−1∑

i=1

kyk − 4

q−1∑

k=1

kxkyk +

q−1∑

k=1

xkyk

)

(305)

−2a0 + 1

2

q−1
∑

i=1

xiyi −
b0
2

q−1
∑

i=1

(x2
i − y2

i ) +
b0
2

(
q−1
∑

i=1

yi

i∑

k=1

yk −
q−1
∑

i=1

xi

i∑

k=1

xk

)

(306)

−2a0

q+1∑

i=1

(i− 1)xiyi − b0

q+1∑

i=1

(i− 1)(x2
i − y2

i )−
a0β + b0α

2
(307)

To calculate Ta, Tb and Tc we need to calculate the following terms:
A, B, A1, B1, C1, A2, B2, C2, A3, B3, C3. For 1 ≤ m ≤ q − 2 and
m 6= q−1

2
we have:
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A =

q∑

i=1

kxk = − q − 1

2
, B =

q∑

i=1

kyk = −
(q − 1) sin( 2πm

q−1

)

2− 2 cos( 2πm
q−1

) (m 6= q − 1

2
) (308)

A1 =

q∑

i=1

x2
k =

q − 1

2
, B1 =

q∑

i=1

y2
k =

q − 1

2
, C1 =

q∑

i=1

xkyk = 0 (m 6= q − 1

2
) (309)

A2 =

q∑

i=1

kx2
k =

(q − 1)2

4
, B2 =

q∑

i=1

ky2
k =

(q − 1)(q + 1)

4
, (m 6= q − 1

2
) (310)

C2 =

q
∑

i=1

kxkyk = −
(q − 1) sin( 4πm

q−1

)

4− 4 cos( 4πm
q−1

) (m 6= q − 1

2
) (311)

A3 =

q−1
∑

k=1

xk

k∑

i=1

xi =
q − 1

4
, B3 =

q−1
∑

k=1

yk

k∑

i=1

yi =
q − 1

4
, (312)

C3 =

q−1∑

k=1

yk

k∑

i=1

xi =
(q − 1) sin( 2πm

q−1

)

4− 4 cos( 2πm
q−1

) (m 6= q − 1

2
) (313)

And when m = q−1
2

:

A =

q
∑

i=1

kxk = − q − 1

2
, B =

q
∑

i=1

kyk = 0 (m =
q − 1

2
) (314)

A1 =

q
∑

i=1

x2
k = q − 1, B1 =

q
∑

i=1

y2
k = 0, C1 =

q
∑

i=1

xkyk = 0 (m =
q − 1

2
) (315)

A2 =

q∑

i=1

kx2
k =

q(q − 1)

2
, B2 =

q∑

i=1

ky2
k = 0, C2 =

q∑

i=1

kxkyk = 0 (m =
q − 1

2
) (316)

A3 =

q−1∑

k=1

xk

k∑

i=1

xi =
q − 1

2
, B3 =

q−1∑

k=1

yk

k∑

i=1

yi = 0, C3 =

q−1∑

k=1

yk

k∑

i=1

xi = 0 (m =
q − 1

2
) (317)

And

α = −a0a+ b0b

b20 + a2
0

, β =
b0a− a0b

b20 + a2
0

, b = −(b0A+ a0B), a = b0B − a0A (318)

Therefore

Ta =







− a0

2

[(
5q−1

)

2
− (q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

+ b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

− a0

4

(
5q − 1

)
+ b0

4
(q − 1), if m = q−1

2

(319)

Tb =







a0

2

[

q + 1− (q−1) sin( 2πm
q−1

)

2−2 cos( 2πm
q−1

)

]

− b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4

(
4q2 + 2q − 2

)
− b0

4
(q − 1), if m = q−1

2

(320)
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Tc =







a0

2

[

q−1
2

+
(q−1) sin( 2πm

q−1

)

1−cos( 2πm
q−1

)

]

− b0
2

[

q + 1 +
(q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4
(q − 1)− b0q, if m = q−1

2

(321)
�

Lemma 3.4. The case of the Riemann Zeta. The Riemann zeta function
is extended to the part of the complex plane where ℜ(s) > 0 by the Dirichlet

η function: η(s) =
∑+∞

n=1
χ(n)
ns . Where q = 2 and χ(kq + 1) = 1, χ(kq +

2) = −1. In this case, the function χ is not a Dirichlet character but it is
not a stop to apply our method as our method is not Dirichlet character
specific. In this case, the function χ also has the cancellation property like
a Dirichlet character. And hence we can use the lemmas 3.1 and 3.2. We
keep the same notation as the lemma 3.3. Therefore we have the same
asymptotic expansion as in the previous lemma:

q∑

i=1

γ2
qn+i + αqn+iλqn+i

(nq + i)2a0
+

q∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1
=

Ta+ Tb cos(2b0 ln (qn)) + Tc sin(2b0 ln (qn)
)

(nq)2a0+1
+O(

1

(qn)2a0+2
) (322)

with

Ta = −a0, T b = −a0, c = −b0 (323)

Proof. In this case we have q = 2 and for each k ≥ 1:

xkq+1 = (−1)2k+1+1 = 1, xkq+2 = (−1)2k+2+1 = −1 (324)

ykq+1 = 0, ykq+2 = 0 (325)

and we have the same equations like in (140-141):

2∑

i=1

i
(

xi+1 − xi

)

= 2

2−1∑

i=1

i
(

yi+1 − yi
)

= 0

We apply the same calculation as in the lemma 3.3 and we replace by the
new values of xk and yk. �

Lemma 3.5. From the lemma 3.3, equation(121), we have the asymptotic
expansion of λqn:

λq(n+1) = λqn +
a0λnq

n
+

Bq

qn
+O(

1

(qn)2
) (326)

Therefore

λqn =
1

q

(

α cos(b0 ln (nq)) + β sin(b0 ln (nq))
)

+O(
1

qn
) (327)

Where

α = −a0a+ b0b

b20 + a2
0

, β =
b0a− a0b

b20 + a2
0

, b = −(b0A+ a0B), a = b0B − a0A (328)

And A and B are defined in the proof of the lemma 3.3.
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Proof. Let’s denote vn = λqn for n ≥ 1.

Bq,nq = − sin(b0 ln (nq))
(

b0

q∑

k=1

kxk + a0

q∑

k=1

kyk − a0q

q∑

k=1

yk
)

(329)

+ cos(b0 ln (nq))
(

b0

q∑

k=1

kyk − a0

q∑

k=1

kxk + a0q

q∑

k=1

xk

)

(330)

= − sin(b0 ln (nq))
(

b0A+ a0B
)

+ cos(b0 ln (nq))
(

b0B − a0A
)

(331)

Where A and B are defined in the the proof of the lemma 3.3. Let’s
denote b = −(b0A+a0B) and a = b0B−a0A. Let’s denote Bnq such that

Bq,nq = Bqn = a cos(b0 ln (nq)) + b sin(b0 ln (nq)) (332)

We can write

vn+1 = vn(1 +
a0

n
) +

Bqn

qn
+

ǫn
n2

(333)

with ǫn is a bounded sequence.
Let’s denote ξn such that ξn

n
=

Bqn

qn
+ ǫn

n2 . The sequence ξn is also
bounded.

Therefore for each n ≥ 1:

vn+1 = vn(1 +
a0

n
) +

ξn
n

(334)

Therefore for n ≥ m ≥ 1. We have:

vn+1 = vm(1 +
a0

m
)(1 +

a0

m+ 1
)...(1 +

a0

n
) +

ξm
m

(1 +
a0

m+ 1
)(1 +

a0

m+ 2
)...(1 +

a0

n
) (335)

+
ξm+1

m+ 1
(1 +

a0

m+ 2
)(1 +

a0

m+ 3
)...(1 +

a0

n
) + ...+

ξn−1

n− 1
(1 +

a0

n
) +

ξn
n

(336)

For a large m and n we have the product (1+ a0

m+1
)(1+ a0

m+2
)...(1+ a0

n
)

equivalent to ( n
m
)a0 . Because:

We have the Euler-Mclaurin formula that gives us the asymptotic ex-
pansion of the harmonic series:

n∑

k=1

1

k
= lnn+ γ +

1

2n
− 1

12n2
+

1

120n4
− 1

252n6
+

1

240n8
− 1

132n10
+O

(
1

n12

)

(337)

Where γ ≈ 0,577215 is the famous Euler-Mascheroni constant.
Therefore there is exist a bounded sequence θn such that:

n∑

k=1

1

k
= lnn+ γ +

1

2n
+

θn
n2

(338)

Let’s put Ym,n = (1 + a0

m+1
)(1 + a0

m+2
)...(1 + a0

n
).

Therefore

ln(Ym,n) =
n∑

i=m+1

ln
(
1 +

a0

i

)
(339)
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We use the asymptotic expansion of

ln
(
1 +

a0

n

)
=

a0

n
+O(

1

n2
) (340)

And we write

ln
(
1 +

a0

n

)
=

a0

n
+

αn

n2
(341)

where αn is a bounded sequence.

ln(Ym,n) =

n∑

i=m+1

ln
(
1 +

a0

i

)
= a0

n∑

i=m+1

1

i
+

αi

i2
(342)

= a0 ln(
n

m
) +

a0

2

( 1

n
− 1

m

)
+
( θn
n2

− θm
m2

)
+ a0

n∑

i=m+1

αi

i2
(343)

Therefore

Ym,n = (
n

m
)a0e

a0
2

(
1
n
− 1

m

)
+
(

θn
n2

− θm
m2

)
+a0

∑n
i=m+1

αi
i2 (344)

Therefore we can write Ym,n as the following:

Ym,n = (
n

m
)a0
(
1 +

βm

m
) (345)

where βm is a bounded sequence. Therefore

Ym,n = (
n

m
)a0 +

βmna0

ma0+1
(346)

Let’s now write Vn+1 in function of Ym,n:

vn+1 = vmYm−1,n +
ξm
m

Ym,n +
ξm+1

m+ 1
Ym+1,n (347)

+...+
ξn−1

n− 1
Yn−1,n +

ξn
n
Yn,n (348)

Therefore Vn+1 can be written as:

vn+1 = vm(
n

m
)a0 +

ξm
m

(
n

m
)a0 +

ξm+1

m+ 1
(

n

m+ 1
)a0 (349)

+...+
ξn−1

n− 1
(

n

n− 1
)a0 +

ξn
n
(
n

n
)a0 + Zm,n (350)

And the remaining term is

Zm,n =
ξmβm

m2
(
n

m
)a0 +

ξm+1βm+1

(m+ 1)2
(

n

m+ 1
)a0 (351)

+...+
ξn−1βn−1

(n− 1)2
(

n

n− 1
)a0 +

ξnβn

n2
(
n

n
)a0 (352)

Therefore

vn+1 = vm(
n

m
)a0 + na0

( ξm
ma0+1

+
ξm+1

(m+ 1)a0+1
+ ...+

ξn
na0+1

)

(353)

= vm(
n

m
)a0 + na0

(

Xn,m

)

+ Zm,n (354)
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Now since the sequences βn and ξn are bounded we have:

|Zm,n| ≤ C na0

∫ n

m−1

dt

ta0+2
(355)

≤ C na0

a0 + 1

( 1

(m− 1)a0+1
− 1

na0+1

)

(356)

Where C is a positive constant.
Now let’s study the term Xm,n. We have

Xn,m =
ξm

ma0+1
+

ξm+1

(m+ 1)a0+1
+ ...+

ξn
na0+1

(357)

=
Bqm

qma0+1
+

Bq(m+1)

q(m+ 1)a0+1
+ ...+

Bqn

qna0+1

︸ ︷︷ ︸
Wm,n

+
ǫm

ma0+2
+

ǫm+1

(m+ 1)a0+2
+ ...+

ǫn
na0+2

︸ ︷︷ ︸
ZZm,n

(358)

Similarly to Zm,n, we have the same inequality for ZZm,n:

|ZZm,n| ≤ C1

∫ n

m−1

dt

ta0+2
(359)

≤ C1

a0 + 1

( 1

(m− 1)a0+1
− 1

na0+1

)

(360)

Where C1 is a positive constant.
Let’s denote the function g as the following:

g(x) =
a cos(b0 ln (x)) + b sin(b0 ln (x)

)

xa0+1
(361)

We can write the sequence Wm,n as the following:

Wm,n = qa0

n∑

i=m+1

g(qi) (362)

Using the same technique we used in the lemma 3.1 and the same
technique used in lemma 3.1 and 3.2 in [1], we have the following:

∣
∣
∣
∣
∣
qa0

n∑

i=m+1

g(qi)− qa0

∫ qn

q(m+1)

g(x)

∣
∣
∣
∣
∣
≤ K

ma0+1
(363)

Therefore

∣
∣Wm,n − qa0−1(G(qn)−G(qm))

∣
∣ ≤ K

ma0+1
(364)

And

∣
∣Wm,n + qa0−1G(qm)

∣
∣ ≤ qa0−1 |G(qn)|+ K

ma0+1
(365)

And the primitive function G of the function g(see lemma 3.1 in [1]):

G(x) =

(
b0a− a0b

)
sin(b0 ln (x))−

(
a0a+ b0b

)
cos(b0 ln (x))

(

b20 + a2
0

)

xa0

(366)
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We have

vm(
n

m
)a0 + na0Wn,m = vn+1 − na0ZZm,n − Zm,n (367)

The sequence (vn) is bounded since the sequence (λn) is bounded thanks
to lemma 3.1. So, let’s M be the nonzero positive constant such that for
each n ≥ 1:

|vn| ≤ M (368)

Therefore
∣
∣
∣vm(

n

m
)a0 + na0Wn,m

∣
∣
∣ ≤ |vn+1|+ na0 |ZZm,n|+ |Zm,n| (369)

≤ M +
(C + C1)n

a0

a0 + 1

( 1

(m− 1)a0+1
− 1

na0+1

)

(370)

Therefore
∣
∣
∣
∣
vm(

n

m
)a0 − (nq)a0

q
G(qm)

∣
∣
∣
∣
≤
∣
∣
∣
∣

(nq)a0

q
G(qm) + na0Wn,m

∣
∣
∣
∣
+ |vn+1|+ na0 |ZZm,n|+ |Zm,n|(371)

≤ (nq)a0

q
|G(qn)|+ Kna0

ma0+1
+M +

(C +C1)n
a0

a0 + 1

( 1

(m− 1)a0+1
− 1

na0+1

)

(372)

We have

(nq)a0G(qn) =
( b0a− a0b

b20 + a2
0

sin(b0 ln (qn))− a0a+ b0b

b20 + a2
0

cos(b0 ln (qn))
)

(373)

= α cos(b0 ln (qn)) + β sin(b0 ln (qn)) (374)

Therefore the sequence (nq)a0G(qn) is bounded.
Therefore we can write:

∣
∣
∣
∣
vm(

n

m
)a0 − (nq)a0

q
G(qm)

∣
∣
∣
∣

≤ (nq)a0 |G(qn)|+ Kna0

ma0+1
+M +

(C +C1)n
a0

a0 + 1

( 1

(m− 1)a0+1
− 1

na0+1

)

(375)

≤ C2 +
Kna0

ma0+1
+

(C + C1)n
a0

a0 + 1

1

(m− 1)a0+1
(376)

Now we choose n = m
1+ 1

a0 . Then na0 = m1+a0 . Therefore ( n
m
)a0 =

m. Therefore
∣
∣
∣
∣
mvm − m

q

(

α cos(b0 ln (qm)) + β sin(b0 ln (qm))
)
∣
∣
∣
∣

≤ C2 +
Kma0+1

ma0+1
+

(C + C1)m
a0+1

a0 + 1

1

(m− 1)a0+1
(377)

≤ C2 +K +
C + C1

a0 + 1

( m

m− 1

)1+a0 (378)

≤ C2 +K +
C + C1

a0 + 1
21+a0 = C′ (379)

Therefore for any large m we have.

∣
∣
∣
∣
vm − 1

q

(

α cos(b0 ln (qm)) + β sin(b0 ln (qm))
)∣∣
∣
∣
≤ C′

m
(380)
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where C′ is a positive constant.
Therefore

vn =
1

q

(

α cos(b0 ln (qn)) + β sin(b0 ln (qn))
)

+O(
1

(qn)
) (381)

Where

β =
b0a− a0b

b20 + a2
0

, α = −a0a+ b0b

b20 + a2
0

(382)

�

Remark. The results obtained in the lemmas 3.3-3.5 concern the sequence
(Fn). Similar results can be obtained for the sequence (Gn) by replacing
(xn, yn)n≥1 in the formulas above by (x′n, y′n)n≥1 where for each n ≥ 1,
x′n = yn and y′n = −xn.

Divergence of
∑

n≥1 Fn

Lemma 3.6. If 1
2
< a0 ≤ 1, the series

∑

n≥1 Fn diverges.

Proof. For large N ≥ N0 we have the following expression of FN+1 from
the lemma 3.2:

FN+1 = FN0
+

N∑

n=N0

γ2
n + αnλn

n2a0
+

(
λn + 2γn

)
βn

n2a0+1
+

ǫn
na0+2

(383)

= FN0
+

N∑

n=N0

Cn

n2a0
+

Dn

n2a0+1
+

ǫn
na0+2

(384)

Where

Cn = γ2
n + αnλn (385)

Dn =
(
λn + 2γn

)
βn (386)

We do another summation and we have the following expression:
So for each N ≥ N0:

N∑

n=N0

Fn+1 = (N −N0 + 1)FN0
(387)

+

N∑

n=N0

Cn

na0+1
(N − n+ 1) (388)

+
N∑

n=N0

Dn

n2a0+1
(N − n+ 1) (389)

+

N∑

n=N0

εn
na0+2

(N − n+ 1) (390)
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N∑

n=N0

Cn

na0+1
(N − n+ 1) = (N + 1)

N∑

n=N0

Cn

n2a0
−

N∑

n=N0

Cn

n2a0−1
n (391)

= (N + 1)
N∑

n=N0

Cn

n2a0
−

N∑

n=N0

Cn

n2a0−1
(392)

N∑

n=N0

Dn

n2a0+1
(N − n+ 1) = (N + 1)

N∑

n=N0

Dn

n2a0+1
−

N∑

n=N0

Dn

n2a0+1
n (393)

= (N + 1)

N∑

n=N0

Dn

n2a0+1
−

N∑

n=N0

Dn

n2a0
(394)

And

N∑

n=N0

εn
n2a0+1

(N − n+ 1) = (N + 1)
N∑

n=N0

εn
na0+2

−
N∑

n=N0

εn
na0+2

n (395)

= (N + 1)
N∑

n=N0

εn
na0+2

−
N∑

n=N0

εn
na0+1

(396)

So for each N ≥ N0:

N∑

n=N0

Fn+1 = (N −N0 + 1)FN0
(397)

+ (N + 1)

N∑

n=N0

Cn

n2a0
+

Dn

n2a0+1
+

εn
na0+2

(398)

−
N∑

n=N0

Cn

n2a0−1
+

Dn

n2a0
+

εn
na0+1

(399)

We factorise by N + 1 then we have this expression

N∑

n=N0

Fn+1 = (N + 1)

(
(N −N0 + 1)

N + 1
FN0

(400)

+

N∑

n=N0

Cn

n2a0
+

Dn

n2a0+1
+

εn
na0+2

(401)

− 1

N + 1

N∑

n=N0

Cn

n2a0−1
+

Dn

n2a0
+

εn
na0+1

)

(402)

We have the sequences (Cn), (Dn) and (εn) are bounded and 2a0 > 1,
so the series

∑N
n≥1

Cn

n2a0
+ Dn

n2a0+1 + εn
na0+2 is converging absolutely.

Let’s prove now that the sequence in the equation (398) is converging to
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zero when N goes to infinity.

As we have 2a0 > 1, So

lim
n→∞

Cn

n2a0−1
+

Dn

n2a0
+

εn
na0+1

= 0 (403)

Therefore following the Césaro theorem we have:

lim
N→∞

1

N + 1

N∑

n=N0

Cn

n2a0−1
+

Dn

n2a0
+

εn
na0+1

= 0 (404)

We denote FF (N,N0) as:

FF (N,N0) =

(
(N −N0 + 1)

N + 1
FN0

(405)

+
N∑

n=N0

Cn

n2a0
+

Dn

n2a0+1
+

εn
na0+2

(406)

− 1

N + 1

N∑

n=N0

Cn

n2a0−1
+

Dn

n2a0
+

εn
na0+1

)

(407)

Therefore:

N∑

n=N0

Fn+1 = (N + 1)FF (N,N0) (408)

The series
∑

n≥1
Cn

n2a0
+ Dn

n2a0+1 + εn
na0+2 is converging absolutely. Let’s

denote

RN0
= lim

N→+∞

Nq
∑

n=qN0+1

Cn

n2a0
+

Dn

n2a0+1
+

εn
na0+2

(409)

Proof Strategy. The idea here is to prove that we can choose N0 such
that RN0

+FN0
> 0. In such case, we will have the limN→+∞

∑N
n=1 Fn+1 =

+∞ .

Lemma 3.7. We can choose N0 such that RN0
+ FN0

> 0 .

Proof. Let’s now study the term
∑Nq

n=qN0+1

(
Cn

n2a0
+ Dn

n2a0+1

)

.

We have from above lemmas that:

Nq
∑

n=qN0+1

( Cn

n2a0
+

Dn

n2a0+1

)

=

N−1∑

n=N0

(
q
∑

i=1

γ2
qn+i + αqn+iλqn+i

(nq + i)2a0
+

q
∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1

)

(410)

We have from the lemma 3.3 and 3.4

q
∑

i=1

γ2
qn+i + αqn+iλqn+i

(nq + i)2a0
+

q
∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1
=

α+ β cos(2b0 ln (qn)) + γ sin(2b0 ln (qn)
)

(nq)2a0+1
+O(

1

(qn)2a0+2
) (411)
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Therefore we can write the following for a large n:

q∑

i=1

γ2
qn+i + αqn+iλqn+i

(nq + i)2a0
+

q∑

i=1

(λnq+i + 2γqn+i)βnq+i

(nq + i)2a0+1
=

α+ β cos(2b0 ln (qn)) + γ sin(2b0 ln (qn)
)

(nq)2a0+1
+

ξn
(qn)2a0+2

(412)

Where the sequence ξn is bounded.
Therefore

Nq∑

n=qN0+1

( Cn

n2a0
+

Dn

n2a0+1

)

=

N−1∑

n=N0

α+ β cos(2b0 ln (qn)) + γ sin(2b0 ln (qn)
)

(qn)2a0+1
+

N−1∑

n=N0

ξn
(qn)2a0+2

(413)

And

Nq∑

n=qN0+1

Cn

n2a0
+

Dn

n2a0+1
+

εn
na0+2

=
N−1∑

n=N0

α+ β cos(2b0 ln (qn)) + γ sin(2b0 ln (qn)
)

(qn)2a0+1
(414)

+

N−1∑

n=N0

ξn
(qn)2a0+2

+

Nq
∑

n=qN0+1

εn
na0+2

(415)

The series
∑

n≥1

α+β cos(2b0 ln (qn))+γ sin(2b0 ln (qn)
)

(qn)2a0+1 was studied in the

lemma 3.1 in [1]. Let’s denote the function g as the following:

g(x) =
α+ β cos(2b0 ln (qx)) + γ sin(2b0 ln (qx)

)

(qx)2a0+1
(416)

We have the following:

∣
∣
∣
∣
∣

+∞∑

n=N0+1

g(n)−
∫ +∞

N0+1

g(x)

∣
∣
∣
∣
∣
≤ K

(N0)2a0+1
(417)

And the primitive function G of the function x 7→ 1
q
g(x

q
)(see lemma 3.1

in [1]):

G(x) =
1

q

{

− α

(2a0)x2a0
+

(
2b0β − (2a0)γ

)
sin(2b0 ln (x)) +

(
− 2a0β − 2b0γ

)
cos(2b0 ln (x))

(

(2b0)2 + (2a0)2
)

x2a0

}

(418)

Therefore
∣
∣
∣
∣
∣

+∞∑

n=N0+1

g(n) +G(q(N0 + 1))

∣
∣
∣
∣
∣
≤ K

(N0)2a0+1
(419)

Case of Primitive and Non-Trivial Character From the lemma
3.3, if we keep the same notation as the lemma 3.3, we have:

α =







− a0

2

[(
5q−1

)

2
− (q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

+ b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

− a0

4

(
5q − 1

)
+ b0

4
(q − 1), if m = q−1

2

(420)
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β =







a0

2

[

q + 1− (q−1) sin( 2πm
q−1

)

2−2 cos( 2πm
q−1

)

]

− b0
2

[(
q−1
)

2
+

(q−1) sin( 2πm
q−1

)

1−cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4

(
4q2 + 2q − 2

)
− b0

4
(q − 1), if m = q−1

2

(421)

γ =







a0

2

[

q−1
2

+
(q−1) sin( 2πm

q−1

)

1−cos( 2πm
q−1

)

]

− b0
2

[

q + 1 +
(q−1) sin( 2πm

q−1

)

2−2 cos( 2πm
q−1

)

]

, if m 6= q−1
2

a0

4
(q − 1)− b0q, if m = q−1

2

(422)
for some m ∈ [1, q − 2].
As an example, the case where q = 3 and χ(1) = 1, χ(2) = −1 and

χ(3) = 0. L(s, χ) =
∑+∞

n=0

(
1

(3n+1)s
− 1

(3n+2)s

)

.

From the formulas (417) and (419-421) above we have the function G 6= 0.
Otherwise α = β = γ = 0, which implies a0

(
q − 1) = 0 in the case of

m 6= q−1
2

and a0

(
4q2 − 3q − 1

)
= a0 (q − 1)(4q + 1)

︸ ︷︷ ︸
≥9

= 0 in the case of

m = q−1
2

. As q ≥ 3, therefore a0 = 0. This will also imply that b0 = 0
which is in contradiction with our assymption of a0 > 1

2
and b0 > 0.

Concerning the term FN0
. We have

FN0
=

uN0

(N0)a0
AN0

=
uN0

λN0

(N0)2a0
(423)

Where the sequence (λn) is bounded (lemma 3.1). If we choose N0 =

n0q as a multiple of q we have un0q = 0
(

because χ(n0q) = 0 in the case

of a non-trivial character
)

. Therefore, here, we simply need to choose

N0 such that:

FN0
= Fn0q = 0 (424)

Case of Riemann Zeta Hypothesis In this case from the lemma
3.4: q = 2, α = −a0, β = −a0 and γ = −b0.

Here, we don’t have χ(n0q) = 0. So, we will choose N0 = n0q. We
have thanks to lemma 3.5:

FN0
=

uqn0
λqn0

(N0)2a0
(425)

=
cos(b0 ln (qn0))

q

{
α cos(b0 ln (qn0)) + β sin(b0 ln (qn0))

qn0
2a0

}

+O(
1

(qn0)2a0+1
) (426)

=
1

2q

{
α

(qn0)
2a0

+
α cos(2b0 ln (qn0)) + β sin(2b0 ln (qn0))

(qn0)
2a0

}

+O(
1

(qn0)2a0+1
) (427)

Let’s consider the function G′(x) defined as follows:

G′(x) =
1

2q

{
α

(x)2a0
+

α cos(2b0 ln (x)) + β sin(2b0 ln (x))

(x)2a0

}

(428)
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So in this case, instead of working with the function G like in the case
of non-trivial character above, we work with the function G −G′ and we
replace the inequation (418) by the following one:

∣
∣
∣
∣
∣
FN0

+

+∞∑

n=N0+1

g(n) +G(q(N0 + 1))−G′(q(N0 + 1))

∣
∣
∣
∣
∣
≤ K′

(N0)2a0+1
(429)

Also, the function G − G′ 6= 0. Otherwise α = β = γ = 0, which im-
plies a0 = b0 = 0 which is in contradiction with our assymption of a0 > 1

2

and b0 > 0. The reader can also refer to [1] for another application of this
method to the particular case of the Riemann Zeta.

Conclusion. In both cases, the functions G and G−G′ are nonzero.

Remark. The remaining terms in the expression of FN0
+RN0

are all of
the order of 1

(N0)
2a0+1 and above. So the dominant term in the expression

FN0
+RN0

is the term −G(q(N0+1)) (resp. (G−G′)(q(N0+1)) ). There-
fore this term is the dominant term in the expression of 1

N

∑N−1
n=N0

Fn+1.

We will show that based on the sign of G(N0 +1) the limit of
∑N−1

n=1 Fn+1

can be both +∞ and −∞.

Let’s now study the function f :

f(x) = − α

2a0
+

(
2b0β − (2a0)γ

)
sin(2b0x) +

(
− 2a0β − 2b0γ

)
cos(2b0x)

(2b0)2 + (2a0)2
(430)

= α2 + β2 cos(2b0x) + γ2 sin(2b0x) (431)

The function f is also nonzero function. Otherwise we will have α =
β = γ = 0 which is in contradiction with the fact that a0 > 1

2
.

The function f is a linear combination of the functions sin and cos. So
the function f is differentiable and bounded. The function f is periodic
of period π

b0
.

Let’s calculate the function f values at the following points:

f(0) = α2 + β2 (432)

f(
π

b0
) = α2 − β2 (433)

We have either f(0) 6= 0 or f( π
b0
) 6= 0, otherwise we will have a0 =

b0 = 0 which is again in contradiction with the fact that a0 > 1
2

and
b0 > 0. Let’s assume f(0) 6= 0. From the values above we have the fol-
lowing:

• If
(

α2 + β2

)

> 0 then f(0) > 0.

• If
(

α2 + β2

)

< 0 then f(0) < 0.

In case of f(0) > 0 we can prove that the limit of
∑N−1

n=1 Fn+1 goes to −∞
and in the case of f(0) < 0 we can prove that the limit of

∑N−1
n=1 Fn+1 goes

to +∞. Therefore, in all cases we have the series
∑

n≥1 Fn+1 diverges. So
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let’s assume from now on that f(0) < 0 as the same proof can be done in
both cases.
From the lemma 3.3 in [1], we know that there exist N1 ≥ N0 such
that |cos(2b0 ln (N1 + 1))− 1| ≤ ǫ and |sin(2b0 ln (N1 + 1))| ≤ ǫ for any
1 > ǫ > 0.
Let’s define β0 = − f(0)

q2a0+1 . β0 > 0.

Let’s fix ǫ > 0 to be very small such that 0 < ǫ < min
(

1, β0

10000

)

.

Let’s define γ0 = |β2|+|γ2|

q2a0+1 .

Without loss of generality, let’sN1 be such that |cos(2b0 ln q(N1 + 1))− 1| ≤
ǫ/γ0 and also |sin(2b0 ln q(N1 + 1))− 0| ≤ ǫ/γ0. Therefore:

∣
∣
∣
∣
∣
G
(
q(N1 + 1)

)
− f(0)

q
(
q(N1 + 1)

)2a0

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

{

(

(γ2) sin(2b0 ln q(N1 + 1)) + (β2) cos(2b0 ln q(N1 + 1))

)

q
(
q(N1 + 1)

)2a0
(434)

−

(

(γ2) sin(2b00) + (β2) cos(2b00)

)

q
(
q(N1 + 1)

)2a0

}∣
∣
∣
∣
∣

(435)

≤

(

|γ2| |sin(2b0 ln q(N1 + 1))|+ |β2| |cos(2b0 ln q(N1 + 1))− 1|
)

q
(
q(N1 + 1)

)2a0
(436)

≤

(

|β2| ǫ/γ0 + |γ2| ǫ/γ0
)

q
(
q(N1 + 1)

)2a0
(437)

≤ ǫ
(
N1 + 1

)2a0
(438)

Therefore
∣
∣
∣
∣
∣

+∞∑

n=N1+1

g(n)− β0
(
N1 + 1

)2a0

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣
∣

+∞∑

n=N1+1

g(n) +G
(
q(N1 + 1)

)

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣
−G
(
q(N1 + 1)

)
− −f(0)

q
(
q(N1 + 1)

)2a0

∣
∣
∣
∣
∣

(439)

≤ ǫ
(
N1 + 1

)2a0
+

K

(N1)2a0+1

(

from (418) and (437), or (428) and (437)
)

(440)

Hence
∣
∣
∣
∣
∣

+∞∑

n=N1+1

g(n)− β0

(N1 + 1)2a0

∣
∣
∣
∣
∣
≤ ǫ

(N1 + 1)2a0
+

K

(N1)2a0+1
(441)

Therefore

+∞∑

n=N1+1

g(n) ≥ β0 − ǫ

(N1 + 1)2a0
− K

(N1)2a0+1
(442)

Therefore, without loss of generality let’s suppose N1 = qN2.
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RN1
=

+∞∑

k=qN2+1

g(k) + FqN2
︸ ︷︷ ︸
=0

+ lim
N→+∞

[
N−1∑

n=N2

ξn
(qn)2a0+2

+

Nq
∑

n=qN2+1

εn
na0+2

]
(

from (413) and (414)
)

(443)

≥ β0 − ǫ

(qN2 + 1)2a0
− K

(qN2)2a0+1
+ lim

N→+∞

[
N−1∑

n=N2

ξn
(qn)2a0+2

+

Nq∑

n=qN2+1

εn
na0+2

]

(444)

We have the sequences (ξk) and (εk) are bounded. Plus we have
a0 + 2 ≥ 2a0 + 1 > 3a0 > 2a0 > 1, therefore the series

∑

k≥1
ξk

k2a0+2

and
∑

k≥1
εk

ka0+2 are converging absolutely.

Let the positive constant M such that:
For each k ≥ N2 and N ≥ N2 :

|ξk| ≤ M (445)

|εk| ≤ M (446)

Therefore, we have a0 > 0:
∣
∣
∣
∣
∣

+∞∑

n=N2

ξn
(qn)2a0+2

+

+∞∑

n=qN2+1

εn
na0+2

∣
∣
∣
∣
∣
≤ M

(2a0 + 1)q2a0+2(N2 − 1)2a0+1
+

M

(a0 + 1)(qN2)a0+1
(447)

Therefore

RN1
≥ β0 − ǫ

(qN2 + 1)2a0
− K

(qN2)2a0+1
− M

(2a0 + 1)q2a0+2(N2 − 1)2a0+1
− M

(a0 + 1)(qN2)a0+1
(448)

≥ 1

(qN2 + 1)2a0

(

β0 − ǫ+ δqN2

)

(449)

Where the sequence (δn) is defined as the following:

δqn = −K(qn+ 1)2a0

(qn)2a0+1
− M(qn+ 1)2a0

(2a0 + 1)q2a0+2(n− 1)2a0+1
− M(qn+ 1)2a0

(a0 + 1)(qn)a0+1
(450)

As we have 1
2

< a0 < 1, therefore 0 < 1 − a0 < 1
2

< a0 < 2a0 <
a0 + 1 < 3a0 < 2a0 + 1.
Therefore

lim
n→+∞

K(qn+ 1)2a0

(qn)2a0+1
+

M(qn+ 1)2a0

(2a0 + 1)q2a0+2(n− 1)2a0+1
+

M(qn+ 1)2a0

(a0 + 1)(qn)a0+1
= 0 (451)

Therefore the limn→+∞ δqn = 0.
So we can choose N1 such that |δN1

| < ǫ, i.e δN1
≥ −ǫ.

Therefore

RN1
≥ 1

(N1 + 1)2a0

(

β0 − 2ǫ

)

> 0 (452)

Therefore limN→+∞

∑N
n=N1

Fn = +∞. �
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Conclusion. We have the series
∑

n≥1 U
2
n is converging absolutely thanks

to 2a0 > 1. We have from the lemmas 3.1 that:

lim
N→∞

N∑

n=1

Fn = +∞ (453)

Therefore

lim
N→∞

A2
N = +∞ (454)

This result is in contradiction with the fact that s is a L(s, χ) zero and
therefore with the fact that the limit limN→∞ AN = 0 should be zero.
Therefore s with 1

2
< a0 = ℜ(s) < 1 cannot be a zero for L(s, χ).

Remark. Note that when a0 = 1
2
, from the equations (397-399), we can-

not apply the same method to determine the limit limN→∞

∑N
n=1 Fn, be-

cause the limit of the term in the equation (399) becomes unknown since
we don’t have here the limN→+∞( 1

N+1

∑N
k=1

Ck

k2a0−1 ) = 0 like in the case

where a0 > 1
2
.

3.2 Case Two: χ trivial character

For the trivial character χ0 modulus q we have:

ζ(s) = L(s, χ0)
∏

pPrime,p/q

(

1− 1

ps

)−1

(455)

Where ζ is the Riemann Zeta function.

The product
∏

pPrime,p/q

(

1 − 1
ps

)−1

is finite, bounded and nonzero as
1
2
< ℜ(s) = a0 ≤ 1. From the equation above we have: if s is a zero

for L(s, χ0), then it is also a zero for the Riemann ζ(s). We saw in the
previous case that if 1

2
< ℜ(s) = a0 ≤ 1, it is not possible for the Riemann

zeta function to have such a zero. Therefore L(s, χ0) cannot have a zero
where 1

2
< ℜ(s) = a0 ≤ 1.

3.3 Conclusion

We saw that if s is a non-trivial zero of L(s, χ), then real part ℜ(s) can
only be 1

2
as all other possibilities can be discarded using the functional

equation like in [1]. Therefore the Generalized Riemann hypothesis is
true: The non-trivial zeros of L(s, χ) have real part equal to 1

2
.

References

[1] Charaf Ech-Chatbi. A Proof of the Riemann’s Hypothesis. Version 2
https://arxiv.org/abs/1905.09385

[2] Thai Pham. Dirichlet’s Theorem on Arithmetic Progressions
https://web.stanford.edu/~thaipham/papers/MIT_18.104_Review_Paper.pdf

42

https://arxiv.org/abs/1905.09385
https://web.stanford.edu/~thaipham/papers/MIT_18.104_Review_Paper.pdf


[3] Peter Borwein, Stephen Choi, Brendan Rooney, and Andrea Weirath-
mueller The Riemann Hypothesis: A Resource for the Afficionado
and Virtuoso Alike
http://wayback.cecm.sfu.ca/~pborwein/TEMP_PROTECTED/book.pdf

[4] G. H. Hardy. Sur les zeros de la fonction ζ(s) de Riemann, C. R.
Acad. Sci. Paris 158 (1914), 1012-1014.

[5] G. H. Hardy. The general theory of dirichlet series.
https://archive.org/details/generaltheoryofd029816mbp/page/n9

[6] Garrett, Paul. Primes in arithmetic progressions, 2011.
http://www.math.umn.edu/~garrett/m/mfms/notes_c/dirichlet.pdf

[7] A. Wintner. The fundamental lemma in Dirichlet’s theory of the
arithmetical progressions. Amer. J. Math., 68:285-292, 1946.

[8] Aleksandar Ivic. The Riemann Zeta-Function: Theory and Applica-
tions

[9] G. Bhowmik, D. Essouabri and B. Lichtin. Meromorphic continuation
of multivariable Euler products, Forum Math. p. 1-29, DOI 10.1515,
2006.

[10] E. Bombieri and D. A. Hejhal. On the distribution of zeros of linear
combinations of Euler products. Duke Math. J., 80(3):821-862, 1995.

[11] H. Cohen. Number theory. Vol. II. Analytic and modern tools,
volume 240 of Graduate Texts in Mathematics. Springer, New York,
2007.

[12] H. Davenport. Multiplicative Number Theory, 2nd edition, revised by
H. Montgomery, Graduate Texts in Mathematics, Vol. 74, Springer-
Verlag, New York, 1980.

[13] H. L. Montgomery and R. C. Vaughan Multiplicative Number Theory
I. Classical Theory, Cambridge University Press 2006.

[14] Bernhard Riemann. On the Number of Prime Numbers less than a
Given Quantity
https://www.claymath.org/sites/default/files/ezeta.pdf

43

http://wayback.cecm.sfu.ca/~pborwein/TEMP_PROTECTED/book.pdf
http : //www.math.umn.edu/~garrett/m/mfms/notes_c/dirichlet.pdf
https://www.claymath.org/sites/default/files/ezeta.pdf

	Dirichlet L-functions
	The Generalized Riemann Hypothesis
	Proof of the GRH
	Case One:  non-trivial character
	Case Two:  trivial character
	Conclusion


