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A Proof of the Generalized Riemann Hypothesis

Charaf ECH-CHATBI *
Tuesday 28 May 2019

Abstract

We present a proof of the Generalized Riemann hypothesis (GRH)
based on asymptotic expansions and operations on series. The advan-
tage of our method is that it only uses undergraduate mathematics which
makes it accessible to a wider audience.

Keywords: Generalized Riemann hypothesis; Zeta; Critical Strip;
Prime Number Theorem; Millennium Problems; Dirichlet L-functions.

1 Dirichlet L—functions

Let’s (zn)n>1 be a sequence of complex numbers. A Dirichlet series[6] is a

oo
z
series of the form E —27 where s = o + i1 is complex. The zeta function
n
n=1
is a Dirichlet series. Let’s define the function L(s) of the complex s:

L(s) =) ==
n=1

e If (zn)n>1 is a bounded, then the corresponding Dirichlet series con-
verges absolutely on the open half-plane where $(s) > 1.

e If the set of sums z, + zn41 + ... + zntx for each n and k& > 0 is
bounded, then the corresponding Dirichlet series converges on the
open half-plane where R(s) > 0.

e In general, if z, = O(nk)7 the corresponding Dirichlet series con-
verges absolutely in the half plane where R(s) > k + 1.

The function L(s) is analytic on the corresponding open half plane[3,6,14].

To define Dirichlet L—functions we need to define Dirichlet characters.
A function x : Z —— C is a Dirichlet character modulo ¢ if it satisfies
the following criteria:

o () x(n) £ 0if (n,q) = 1.
o (ii) x(n) =0if (n,q) > 1.
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e (iii)  is periodic with period q :x(n + ¢) = x(n) for all n.
e (iv) x is multiplicative :x(mn) = x(m)x(n) for all integers m and n.

The trivial character is the one with xo(n) = 1 whenever (n,q) = 1.
Here are some known results for a Dirichlet character modulo g. For

any integer n we have x(1) = 1. Also if (n,q) = 1, we have (x(n))*? =

1 with ¢ is Euler’s totient function. x(n) is a ¢(q)—th root of unity.

Therefore, |x(n)| = 11if (n,q) =1, and |x(n)| = 0 if (n,q) > 1.

Also, we recall the cancellation property for Dirichlet characters modulo

q: For any n integer

q M . .
. o(q), if x = xo the trivial character
§ x(i+n) = () . . 1)
i=1 0, if otherwise, x # Xo

The Dirichlet L—functions are simply the sum of the Dirichlet se-
ries. Let’s x be a Dirichlet character modulo ¢, The Dirichlet L—function
L(s, x) is defined for R(s) > 1 as the following:

= x(n)
L(S, X) = ? (2)

n=1
They are a natural generalization of the Riemann zeta-function ((s) to
an arithmetic progression and are a powerful tool in analytic number
theory. The Dirichlet series, converges absolutely and uniformly in any
bounded domain in the complex s-plane for which R(s) > 1+, v > 0.
In the particular case of the trivial character xo, L(s,xo) extends to a
meromorphic function[3,6,7,8] in R(s) > 0 with the only pole at s = 1.

If x is a non-trivial character, we have

400 n<x
n=1 X7
L(s,x) = 3/1 xs%l()d:c (3)

Since the sum in the integrand is bounded, this formula gives an
analytic continuation of L(s,x) to a regular function in the half-plane
R(s) > 0. Also, like the zeta function, the Dirichlet L—functions have
their Euler product[3,8,10]. For $(s) > 1:

so= I (1-X2)" (4)

p Prime

Therefore, if x = xo is a trivial character mod ¢, we have, for ¢ = 1,

L(s,x0) = ¢(s) (5)
And for ¢ > 1, we have,
Lsx0) = ¢ T (1-57) (©)
r/q

For this reason the properties of L(s, xo) in the entire complex plane are
determined by the properties of ((s).



Let’s now ¢/ be the smallest divisor (prime) of gq. Let’s x/ be the
Dirichlet character x/ mod ¢/. For any integer n such that (n,q) = 1, we
have also (n,q/) =1 and x(n) = x/(n). x/ is called primitive and L(s, x)
and L(s, x/) are related analytically such that if x # xo:

L(s,x) = (s, T (1 - X422 ")

p/4q p

L(s,x) and L(s,x/) have the same zeros in the critical strip 0 < R(s) < 1.
Also, for a primitive character x, (i.e.x = x/) L(s, x) has the following
functional equation:

FOPE ST L 50 = VA EA TR L) ©®)

Where T is the Gamma function and a = 0 if x(—1) =1 and a = 1 if
x(—1) = —1, and 7(x) = > _, x(k) exp(¥%%).

When R(s) > 1 there is no zero for L(s,x). When R(s) < 0, for a
primitive character x, we have the trivial zeros of L(s,x): s = a — 2k,
where k is a positive integer and a is defined above. For more details,

please refer to the references[7-14].

2 The Generalized Riemann Hypothesis

The Generalized Riemann Hypothesis states that the Dirichlet L—functions

have all their non-trivial zeros on the critical line R(s) = %

It is well known that for any character xy modulo g, all non-trivial
zeros of L(s,x) lies in the critical strip {s € C: 0 < R(s) < 1}. From the
functional equation above we have that if:

e so is a non-trivial zero of L(s, x), then 1 — s¢ is a zero of L(s,X).
e 5o is a non-trivial zero of L(s,%), then 1 — s¢ is a zero of L(s, x).

Therefore, we just need to prove that for all primitive character x modulo
g, there is no non-trivial zeros of L(s,x) in the right hand side of the
critical strip {s € C: 3 < R(s) < 1}.

3 Proof of the GRH

Let’s take a complex number s such s = ap + iby. Unless we explicitly
mention otherwise, let’s suppose that % < ao <1 and by > 0. Let’s take
x a Dirichlet character.

3.1 Case One: x non-trivial character

In this case s is a zero of L(s,x) = S+ Xf:;). Where x is a non-trivial

Dirichlet character x modulo q. When ¢ = 2 there is only one Dirichlet
character and it is trivial. So here we are going to assume that ¢ > 3 is




an odd prime integer.

Let’s denote for each n > 1: 2z, = zn + iyn = x(n).
We are going to develop the sequence Zn(s) = >

For N >1

N
n=1 ns

Zn a5 follows:

(n)) — znsin(bg In (n))

N N
. Zn Tn + Zyn
D D) B 7
_ al 0s(bo In (n)) + yn sin(bo In (n yn cos(bo In (
= - o Z

Il
-

n

Let’s define the sequences U,, V,, as follows: For n > 1

Vo =

Yn cos(bo In (n)) — zn, sin(bo In (n))

n o

Zn cos(bo In (n)) + yn sin(bo In (n)) 7

nao

Un =

Let’s define the series A,,, B, and Z,, as follows:

An:f:Uk, Bn:ivk, Zyn = A +iB,
k=1 k=1

(11)

(12)

When we are dealing with complex numbers, it is always insightful to
work with the norm. So let’s develop further the squared norm of the

series Zn as follows:

2

N N 2
|Zw|* = A% + BY, = <Z U") " (Z Vﬂ)

n=1 n=1

So

N N n—1 N N
SUR+2Y ULY Ue==> Un+2> UpA,
n=1 n=1 k=1 n=1 n=1

And the same calculation for Bn

N N
= _ZVT’?—’_QZ‘/’!LB’!L
n=1 n=1

Hence we have the new expression of square norm of Zy:

N N N N
1ZnlP =2 UnAn+2) VaBu—> Uni=> Vi
n=1 n=1 n=1 n=1
Let’s now define F,, and G, as follows:

F, = UnA'm Gn =V.Bn

Therefore
N N N N
Ay =2> F =) Ui BY =2 Gn—> Vi
n=1 n=1 n=1 n=1
Therefore

(16)

(17)

(18)

(10)



n=N-+1

Conclusion. s is a zero for L(s,x) =0, if and only if
lim Ay =0and lim By =0 (19)
N— oo N—o0
Equally, s is a L(s,x) zero, L(s,x) = 0, if and only if
. 2 . 2
ngnooAN—Oand 1\}EﬂooBN =0 (20)

Proof Strategy. The idea is to prove that in the case of a complex s
that is in the right hand side of the critical strip % < ap <1 and that
is a L(s,x) zero, that the limit limn— oo A2 = +/ — oo OR the limit
limn— oo B,ZL = +/ —o0. This will create a contradiction. Because if s is a
L(s, x) zero then the limp— oo A2 should be 0 and the lim,_, oo B2 should be
0. And therefore the sequences (ZN F.)n>1 and (Zf:;l Gn)nN>1 should

n=1

converge and their limits should be: limy, s oo 25:1 F, = % lIimpy s 0o 25:1 U2 <

400 and limy,— oo 22;1 Gn = 2 limN_oo 25:1 V2 < +oo.

To prove this result, let’s first prove the following lemma:

Lemma 3.1. If the set of the partial sums zn + zZn+1+ ...+ 2ntk forn and
k > 0 is bounded, then we can write A, = 7;\;";) where (M) is a bounded
sequence.

Proof. We have limpy 400 AN = ZI: U,, = 0. Therefore for each N > 1:

“+oo N +oo
ZUn = ZU’!L+ Z Up=0 (21)

n=1 n=1 n=N-+1
——
AN
—+oo
Ay = = > U (22)
n=N+1
We have
—+oo .
Zn c0s(bo In (n)) + yn sin(bo In (n))
AN = - Z nao (23)
n=N-+1

Let’s denote X,, and Y., the partial sums of the series x,, and y,: X, =
Zi\;l z, and Y, = Zi\;l yk. So let’s take N and M two integers such
that M > N and do the Abel summation between N + 1 and M:

S v, =y fncoslbolnn) oy yesintboln (n)

neo n

n=N+1 n=N-+1

_ Xum cos(boln (M))  Xncos(boln (N +1)) 1%1 X7L<COS(bO In(n+ 1))

Moo (N + D)0

(n+1)20

sin(bo In (n))

Jr

Mao (N + 1)a0 W

Yarsin(boln (M)  Yysin(boln (N +1))  ee sin(bo In (n + 1))
_ - Z Yn< (n+1)a0

neo



Let’s define the functions f, and e, such that f,(t) = %

and e, (t) = % For each n > 1, we can apply the Mean Value

Theoremon the interval [0, 1] to find ¢1 and ¢z in (0,1) such that:

cos(bpIn(n+1 cos(boIn (n ,
((n—|— (1)a0 ) - ((n)ag( ) ’ = |€n(cl)(1 - 0)| (27)
sin(bgIn(n + 1 sin(bg In (n ,
ek (@wf)ﬂ=‘h“ﬂ“—0” )
We have the derivatives of f, and e, such that f}(t) = =2 sin(bo In %:?A}gifos(bo In (n+1))
and e/n(t) _ b cos(bg In (n+t))—ag sin(bg In (n+t)) _ Therefore

(n+t)*0+1

ol cnlon () < oy 2
sin(boIln(n+1))  sin(bo In (n)) ao + bo
e - e < )

We have the set of the partial sums z,, + zn+1 + ... + zZntk is bounded,
then the real part and the imaginary part of the sum partial of z, + zpn+1+
.. + zn+k are also bounded.
Let’s K > 0 such that for every n and k: |Zn + Tnt1 + ... + Trgi| < K
and |yn + Ynt1 + ..o + Yn+k| < K. Therefore for each n: |X,| < K and
Yol < K.

M
X cos(bo In (M)) Xn cos(boln (N + 1))
n| <
> U Moo DT (31)
n=N+1
cos(boln (n+1))  cos(boln (n))
* Z [ Xa] ( (n+1)e0 nao (32)
n=N+1
Y sin(bo In (M) Y sin(bo In (N + 1))
+ Ven + N 1 1) (33)
M-1
sin(boIn(n + 1))  sin(boIn (n))
Y, - 4
+ >0 |< (a1 D vt (34)
n=N+1
M-1
4K 1
S +2K (a0 +bo) > — (39)
n=N-+1
4K Mo dt
<= &
S W1 D +2K(a0 +bo) /N+1 oot (36)
4K 2K(ao + bo) 1 1
< _
S N+ Do a <(N+ o ) 6D
We tend M to infinity and we get:
Un| < Kl 2K](\‘;° +1b22 (38)
R T aV )




Therefore

+oo
K K
An|l=|— E < <
- ’ n:NHU = (N +1)a0 = Neao (39)

where K1 = 4K + %ﬁ)ﬂm) > 0.
A’Vl

Let’s define the sequence A, such that: A, = perr Therefore for each
n > 1 we have: |[A\,| < Ki. Therefore the sequence (A\,) is bounded.
| O

Lemma 3.2. The series (Fy) has the following asymptotic expansion:

2
Frr‘rl - Fn = In ta + ( i )B + < (40)

nan n2a0+1 na0+2

Where (An) is defined in the previous lemma, and (o), (Bn), (yn) and
(en) are bounded sequences.

Proof. Let’s n > 1, we have Ap41 = An + Un41. Therefore

Ant1l An n ZTnt1cos(boIn (n + 1)) + yny1sin(bo In (n + 1)) (41)
(n+ 1) — pao (n+1)e0
And

1 a .
Ant1 = (1 + ﬁ) A+ <$7l+1 cos(boIn (n 4+ 1)) + ynt1sin(bo In (n + 1))) (42)

For simplification, let’s denote , for n > 1,

Un = xncos(boIn(n)) + ynsin(boIn (n)) (43)
1ia
)\n+1 = (1 + E) 0)\7L + Un+1 (44)

First, we apply the previous lemma 3.1 to the case of our Dirichlet
series. Thanks to the cancelation property mentioned in (1), we have the
partial sums (3.7, x(¢))n>1 is bounded because our Dirichlet character
X is non-trivial. Therefore we write A,, = 7:\T7g where the sequence (\,) is
bounded.

To prove this lemma we proceed with some asymptotic expansions:
We have

An+1 = An + Un+1 (45)

So Fp41 can be written as follows:

Fop = Un+1An+U72L+1 (46)

So Fn+1 — F, can be written as

Fn+1 —F, = <Un+1 - Un) An + U,?L+1 (47)



Let’s do now the asymptotic expansion of U,41 —U,. For this we need
the asymptotic expansion of cos (bo In(n + 1)) and sin (bo In(n + 1)).

cos(boIn(n+1) = cos (boIn(n)+ boln (1 + %))

(48)

= cos (boIn (n)) cos (boIn (1 + %)) — sin (bo In (n)) sin (b In (1 + %) (49)

we have the asymptotic expansion of In(1 + %) in order two as follow:

n(41) = —+0() (50)

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

1 1
cos (boln(l—i—g)) = 1+O(F) (51)
And
. 1 _bo 1
sin (boln(1+ ﬁ)) = E+O(F) (52)
Hence
bo . 1
cos(boln(n+1)) = cos (boln(n)) — —, sin (boln (n)) + O(ﬁ)(SS)
Also the Asymptotic expansion of W:
1 ! ao 1
Ame = (1 — +0(— )) (54)
Hence
cos (boIn (n + 1)) _ cos (boln (n)) _ bosin (boIn (n)) 4 ao cos (bo In (n)) + o 1 ) (55)
(1 + Tl)ao neo na0+1 nao+2
cos (boIn (n)) Cn 1
- ety O (56)
And the squared version of the above equation
cos? (bo In(n+ 1)) cos? (bo In (n)) Cn 1
(1 + 77,)2‘10 = n2ao + 2 cos (bo In (n)) n2ao+1 + O(na0+2) (57)

For the asymptotic expansion of sin (bo In(n + 1))

sin(boln (n+1) = m@umm+mmu+%»

(58)

= sin (boIn (n)) cos (boIn (1 + %)) + cos (bo In (n)) sin (bo In (1 + %)) (59)



we have the asymptotic expansion of In(1 + %) in order two as follow:

n(42) = ++0() (60)

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

sin (bo In(1 + %)) — sin (%0 + 0(%)) (61)
= Yok (62)
And
cos (bo In(1 + %)) - 1+ 0(%) (63)
Hence
sin(boln (n+1)) = sin (boln(n)) + %Ocos (boln(n)) + O(n—lz)(64)

Also the Asymptotic expansion of m:

! - (1% oL
(1 + n)ao - nao (1 n + O(n2 )> (65)
Hence
in (bol 1 in (bol b bo 1 —agpsin (bol
sin (bo In (n + 1)) _ sm(on(n))+ 0 cos (bo In (n)) a051n(on(n))+0( 1 ) (66)
(1 + n)ao neo nao+1 nao+2
sin (bo In (n)) ccn 1
- 1790 naor1 00 a7e) (67)

And the squared version of the above equation

sin® (boIn (n + 1)) B sin” (bo In (n)) . cen 1
T+ n)o = a0 + 2sin (bo In (n)) a0 41 +O( e ) (68)
Where
thn = -— (bo sin (bo In (n)) + ao cos (bo In (n))) (69)
ccn = bocos (boln(n)) — aosin (boIn (n)) (70)



Therefore

Tp41 COS (bo In(n+ 1)) + Yn+t1 Sin (bo In(n+1) Ty, COS (bo In (n)) + yYn sin (bo In (n)

Unt1 —Un = 71
+1 (1 D ) (71)
cos (bo In (n)) Cn sin (bo In (n)) ccn
= Tn+1 ( nao + na0+1 ) + Yn+1 ( 00 na0+1 ) (72)
@ cos (bo In (n)) + yn sin (bo In (n) 1
_ ()0 + O(n‘l0+2) (73)
n — 4dn bol + n - In i bol n mn n mn
_ (@1 — ) cos (boIn (1)) + (ynt1 — yn) sin (boIn (n)) | Entic +fl+1cc Lo 1+2)(74)
nao neo nao
(679 ﬂn 1
T pao nao+1 + O(na0+2) (75)
And
" Bn 1
U1 = a0 + v +O(W) (76)
Where
Qn (Tn+1 — Tn) cos (bo In (n)) + (Yn+1 — Yn) sin (bo In (n)) (77)
Bn Tnt1Cn + Ynt1CCn (78)
Yn = Tp41COS (bo In (n)) + Yn+t1 Sin (bo In (n)) (79)
Therefore
2 _ 'szl nbBn 1
U = n2a0 +2n2a0+1 + O(na0+2) (80)
So the asymptotic expansion of F,1 — F), is as follows:
2
_ Tn anAy, ;BnAn ’Yn,Bn 1
gy —Fn = n2ao + nao + nao+1 n2ao0+1 +O(na0+2) (81)
We have A, = 7?776 where \,, is bounded. Therefore
2
_ Tn QnAn 2’)’nﬂn ﬂn)\n 1
Fopr —Fo = n2ao + n2ao + n2ao+1 + n2ao+1 +O(nao+2) (82)
Therefore
2
_ Tn + anAn ()\n + 277L)6n 1
Fn+1 -F, = n2a0 + n2ao+1 + O(W) (83)

By definition of O, we know that there is exist a bounded sequence
(en) and there is exist a number Ny such that: For each n > Ny we have

2

n2ao n2ao+1 nao+2

| O

10
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Let’s now study the asymptotic expansion of the dominant term —#—z%

in the context of the Dirichlet L—functions.

Lemma 3.3. Let’s q be an odd prime integer. Let’s x be a non-trivial
Dirichlet character modulo q. Let’s denote that for each k, zi, = xr+iys =
x (k). Therefore we have the following asymptotic expansion:

1

Z ’an+z + dgntidgnti Eq: (Ang+i + 29gn+i) Brg+i T'a+ Tb cos(2bo In (gn)) + T'c sin(2bo In (qn))

2a \2ag+1 2ap+1
(ng + 4)2a0 —~ (ng + )20 (ng)2@o

2mmi

Where m € [1,q — 2] is defined such that xm(g) = e’ «=T where g is the
generator of the cyclic group Z/qZ*.

Cag | (em) @evsncER) | [ (eo1) | @ensnER) |
Ta = 2 |: 2 2—2 cos( q"'m) + 2 2 1—cos 2q7"1) ’ me# 2
—%0 (5 — 1) + 2 (¢ - 1), ifm= 2t

wlg+1- 7@”@(’;@)} ~ % [(qzl) + (“)Si"(iw_g)} if m# 15

2mm 2mm
2—2 cos q—l) 1fcos(ﬁ

Tb

% (4¢° +2¢ —2) — % (g - 1), ifm=41
(87)

vl |

_ (g—1) sin( 27””) b 7r7m) ] .

ag | g—1 1 —_ % 1 g—1 g

Tc= 2 |: 2 T 1— cos(zwm) :| 2|2t Q—QCOS(%) o m# 2
(g — 1) — bog, if m =15t

(88)

Proof. In this case we have for each n > 1:

an = (Zng1—2n)cos (boln(n)) + (ynt1 — yn)sin (bo In (n)) (89)
Tnt1cos (boIn (n)) + yny1sin (bo In (n)) (90)

2
Tn
An is bounded. From the asymptotic expansion of (1 + %)““ and the

equation (42), we can write:

ao)\ 1
n2

A1 = An+@nsicos(boln(n+ 1)) + yny1sin(boln(n+ 1)) + +0(=) (91)
We have 21 =1, 2 =0and foreach 1 < k < ¢g—1, z]iqfl) = 1. There-

fore z; are ¢ — 1-th complex root of unity. ¢ is an odd prime number.

Z/qZ* is a cyclic group generated by some generator g. We have gt =1

mod ¢ therefore x(g)7* = 1. So x(g) = T with m € 1,.,q—1].

We have exactly ¢ — 2 non-trivial Dirichlet characters defined with their
2mmsi 2rkmi

xm(g) = €91 where m € [1,¢ — 2]. And xm(g*) = e"7-1T where
ke0,q—2].
Without loss of generality, let’s take m € [1,¢—2] and put zx = Xm(gk) =

11

+O(

(g {

85)



G(W) for each 1 < k < ¢—1. Then, by definition we have for each
1<i<gq, z; = cos(z(i;%) and y; = sin(z(i;%). And for each k,
Thqti = Ti and Yrgti = Yi.

We have from above that

cos(boln(n+14)) = cos(boln(n)) — Z% sin(bo In (n)) + O(%) (92)
sin(boln (n+14)) = sin(boln(n))+ Z% cos(bo In (n)) + O(%) (93)
Therefore for 1 < i < q: we have
. o ibo . 1
cos(boln (gn +14)) = cos(bpln(gn)) — v sin(bo In (ng)) + O( TE ) (94)
. . . ibo 1
sin(bo In (gn + ¢ = sin(boIn (gn)) + — cos(bo In (nqg)) + O 95
(bo In ( ) (bo In (gn)) o (bo In (nq)) ((qn)z) (95)
. . . aO)\7Lq+i 1
Agntitt = Agnii + Tgntit1cos(boln (qn+i+ 1)) 4+ ygntit1sin(boIn (gn +i+ 1)) + p + O( an
i +1)bo .
= Agn+i + Tgntit1 <cos(bo In (gn)) — % sin(bo In (nq)))

(i + 1)bo
nq

ao)\anH; 1
cos(bo In (nq))) + e +O( @n)? )

+ Ygntitt <Sin(bo In (gn)) +
= Agnti+ <1’qn+z‘+1 cos(bo In (gn)) + Ygn+i+1 sin(bo In (qn))>

(i + 1)bo
nq

. a0 Ang+i 1
< — Tgntit+18in(bo In (ng)) + ygn+i+1 cos(bo In (nq))) + nqq +O( (qn)? )

We need the asymptotic expansion of the order 1 of A\, q4; to replace
agAp,

L . . .
% by its value in function of x¢n+:; and yYgn4i-

. . . 1
Agniitt = Agnii + Tgnyiy1cos(boln(qgn+i+ 1)) + ygnritisin(boln (gn+i+1)) + O(q—n)(lOl)
. 1
= Agn+i + Tgntit1c08(boIn (qn)) + Ygn+i+1sin(bo In (gn)) + O(q—n) (102)
(103)
. 1
Agn+1 =  Agn + Tgn+t1cos(bo In (gn)) + ygn+1 sin(bo In (gn)) + O(q_n) (104)
Therefore
i _ i 1
Agnt+i = Agn + cos(bo In (gn)) Z Tantk + sin(bo In (qn)) Z Yant+k + O(q_n) (105)

k=1 k=1

And thanks to the cancellation property (1), we can write:

1
Agntq = )‘qn+0(q_n) (106)

12



We inject the equation (105) into the equations (99-100) and get:

Agntitl = Agntit <5an+i+1 cos(bo In (qn)) + Ygn4i+1 sin(bo In (qn)))

(i + 1)b0

- (—amwmmmmmm+%wwwmmmmm>

a i . i
+ n—(; <cos(b0 In (gn)) Z Tqn+k + sin(bo In (qn)) Z yqn+k>

k=1 k=1

ao)\nq 1

+ ——+0
ng ( (gn)? )
Agn+1 = Agn + <1’qn+1 cos(bo In (gn)) + Ygn+1 sin(bo In (qn)))

1b . An
+-i<—wwwmmmmm+%wwm@mmm0+ﬂLﬂ+m

nq nq

Therefore

Agnti = Agqn + <Cos(b0 In (qn)) Z Tqn+k + sin(bo In (gn)) Z yqn+k> (115)

k=1 k=1

+ 2—(:] < — sin(bo In (nq)) Z k xgntr + cos(bo In (ng)) Z k yqn+k> (116)

k=1 k=1

- (cos(bo 1 (gn)) S5 gnsi + sin(boln (g) S5 yqnﬂ) (117)

k=11=1 k=11=1
aoi)\nq 1
+ +0 118
o ((qn)z) (118)
aOi)\nq + Bi,nq 1
= Agn+Ain 0] 119
q + »ng + ng + ((qn)z ) ( )

In the particular case of i = ¢ we have

ao\n
Agntq = )‘qn“‘Aq,qn‘F On 1

ng (qn)? ) (120)

But we have A4 qn = 0, thanks to the cancellation property (1) of a non-
trivial character. Therefore

ao Bq,qn 1
Aomany) = (1429, = 121
q(n+1) ( + n ) qn + qn + O( (qn)g) ( )

We will see later in the lemma 3.5 that in fact
1
qn

Agn = é (a cos(bo In (gn)) + Bsin(bp In (qn))) +0(—) (122)

13

(107)

(108)

(109)

(110)

(111)

(112)

1

(211

(114)



Let’s now study the term % | (1‘1:;;7;\)%2;1 For simplicity the nota-

tions B; and A; will be used instead of Bjnq and A; ng.

q ) . }
cos(bo In (gn + i sin(bo In (gn + )
§ (:an+i+1 - :an+i))\q7l+iM + (yqn+i+1 - yqn+i))\qn+i—)

=1 (ng + )% (ng + i)20
> ( )2 AT (ot ) — 2ot )
= Tgn+i+1l — Tgn+i . cos(0o In (gn)) — — sin(bo In (ng
i=1 S " (ng + i)2a0 ng
Agn + Ai + 20iAng +Bi 1

+ (yqn+i+1 - yqn+i) (g + )2

1 1<
((qn)2+2a0 )+ (nq)2e0 Z (mqvl+i+1 - mqn+i) ()\nq + Ai) cos(bo In (gn))
i=1

1

_’_7
2ap+1
(ng)2eot!

(an+i+1 - an+i) <(aoi)\nq + Bi — 2a0i(Agn + Az)) cos(bo In (qn))

q

12a0 Z (yqn+i+1 - yqn+i) ()\nq + Ai) sin(bo In (gn))

—ibo ()\qn + Ai) sin(bo In (nq))) + W -

1 ! . . .
+W (yqn+i+1 - yanri) <<aoz)\nq + Bi — 2a0i(Agn + A@)) sin(bo In (gn))
=1

+ibo ()\qn + Ai) cos(bo In (nq)))

= O( (qn);rgao )+ (nq1)2“0 { ; <$i+1 - mi)Ai cos(bo In (gn)) + Z (yi+1 — yi)Ai sin(bo In (gn))

i=1

q
+W{ > (s —wi) (( — agidng + Bi — 2a0iA; ) cos(boln (qn))
i=1

—ibg ()\qn + A; ) sin(bo In (nq)) ) + Z (yZH ) <( — aoiAng + Bi — QaOiAi) sin(bo In (gn))

~+ibo ()\qn + Ai) cos(bo In (nq))) }

14

(123)

(124)

m <sin(b0 In (qn)) + % cos(bo In (nq))> + O foszrzss) (129)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)



Therefore

< QgntiAgnti i 1 1 kil q -
Z (nq+—|— 1)230 = O( (qn)>+ 2 )+ (nq)?0 { Z (m+1 - xi)Ai cos(boIn (gn)) + Z (yi+1 - yi)Ai sin(bo In (qn))} (135)

+—(nq);a0+1 { i:l (l’i+1 - Zl’z) <(B7, - 2aoz‘Ai) cos(bo In (qn)) — ibo (A;) sin(bo In (nq))) (136)
+ i (yz‘+1 - yi) <(Bz - 2aoiAi) sin(bo In (gn)) + ibo (A;) cos(bo In (nq))) } (137)

—|—(nq))\2%{cos (bo In (gn) <bOZ (y +1— )— ii(:ciﬂ—:ci)) (138)
— sin(bo In (qn) <boz (:c+1—:c)+aoz (y+1—y)>} (139)

We have

(140)

I
Q

7 (1’7;+1 — :El)

i(yi+1—yi) =0 (141)
1

P
L MQ
—

<.
Il

And We have from the lemma 3.5 that Agn = %(a cos(bo In (gn)) +
Bsin(boIn (qn)) ) + O().

Therefore
DS = Oty g | 3 (e~ Aol + 3 (s ) s 12
1 . , ; i
+W{ ; <$i+1 _ JS@) ((BZ — 2aozAi) cos(bo In (qn)) — ibo (Az) sin(bp In (nq))) (143)
+ Z (yi+1 - yi) ((Bz - 2aoiAi) sin(bo In (qn)) + ibo (A:) cos(bo In (nq))) } (144)
- (nq)—iaoﬂ (a0 cos(bo I (gn) + bo sin(bo In (gn)) ) (a cos(bo In (gn)) + Bsin(bo I (gn) ) (145)
Now the term 37 72,
Yanti = Tgnit1cos(boIn(gn + 1)) + ygntit1sin(bo In (gn + i)) (146)
= zin <cos(bo In (ng)) — % sin(bp In (nq))) + Yit1 <Sin(bo In (nq)) + % cos(bo In (”‘Z))> + O( n;)z ) (147)
- (Svi+1 cos(bo In (ng)) + yi+1 sin(bo In (nq))) * % ( ~ @irasinbo In (ng)) + yira cos(bo In (nq))) (148)
1
+ O

15



Therefore
2 . 2 2ibo .
Yri = (weercosCoIn (1) + g sino In (1)) + 2 (=i sinoln (ng) - (149)

1
(ng)?

+yi+1 cos(bo In (nq))) ($i+1 cos(bo In (ng)) + yit1sin(bo In (nq))) +O( ) (150)

And

2

,yg " ($i+1 cos(bo In (nq)) + yi+1 sin(bo In (nq)))

whi 151

(ngq + 1)20 (ng)2a0 (151)
21

(ng)?*ott

+ <b0( — z;41 8in(bo In (nq)) + yi+1 cos(bo In (nq))) (IZ?»L'+1 cos(bo In (ng)) (152)

1

+yi+1 sin(bo In (WI))) —ao <x¢+1 cos(bo In (ng)) + yi+1 sin(bo In (n‘Z)))2> +O(

Q

q ($i+1 cos(bo In (nq)) + yi+1 sin(bo In (nq))) ’
£ (ng + 1)%%0 - Z (ng)?* (154)

= Z (nq;ﬁ <bo< — ziy1sin(bo In (ng)) + yi+1 cos(bo In (nq))) <$i+1 cos(boln (ng))  (155)

+  yit1sin(bo In (nq))) — ag (IZ?»L'+1 cos(bo In (nq)) + yi+1 sin(bp In (nq)))2> + O(W) (156)

Now the term (Ar, +27v5)B,. For this term, we need only the first order
of the asymptotic expansion. We write from the equations (78-79) and
(119):

Yan+i = Tit1cos(boln (gn)) + yi+1sin(bo In (gn)) + O(—) (157)

L

nq
1

)‘nq+i = )‘nq + A + O(n_q) (158)

1
Brg+i = Ti+1Cng + Yi+1CCng + O(n—q) (159)

Therefore
(Ang+i 4 29gn+i)Brg+i =  Ang ($i+10nq + yi+100nq) (160)

. 1
—&—(Ai + 2xi41 cos(bo In (gn)) + 2y;i+1 sin(bo In (qn))) <x¢+1cnq + yi+1ccnq) + O(n_q) (161)

Therefore, thanks to the cancellation property of a non-trivial char-

tacter ( > i1 = Yir1 =0 ) and the equations (69-70), we can

16



write:

q q (x7,+lcnq + yz+1Cqu)

Angti + 2Ygn+1)Bng+i
E = (162)
2a +1 q 2 +1
i=1 (ng +d)e0 i=1 (ng)eo
q (Ai + 2241 cos(bo In (gn)) + 2y;+1 sin(bg In (qn))) (:ciﬂcnq + yi+1ccnq) 1
O 163
= g + ) (169
q (Ai + 22341 cos(bo In (gn)) + 2y;+1 sin(bg In (qn))) <$i+1cnq + yi+1ccnq) 1
+ O( ) (164)
£ (ng)2a0+1 (ng)2a0+2
2
Now let’s study the term 75, = >_¢ Ogntidgnti  Vgnti 4 Qngtit2%gn+i)Bngti

=1 " (ng+9)??0 ' (ng+i)2*0 (ng+i)?eo+!
We have the coeffecient of the order of (ng)2*° in the asymptotic expansion
of T, is zero:

= #{ Ej: ($i+1 - Zl’i)Ai cos(bo In (gn)) + Eq: (yi+1 - yi)Ai sin(bo In (qn))} (165)

2a
(ng)2ao —

a (:ciH cos(bo In (nq)) + yi+1 sin(bo In (nq)))2

* (ng)2ao

(166)

i=1

We are left with the term of the order (ng)®**°*'. Let’s now prove that
this term is nonzero. The coeffecient of this term is the following: 77 +
To +T3+ T4 + Ts where

n = Eq: (ZL’»L'+1 — :cl) <(BZ — 2a0iAi) cos(bo In (gn)) — ibo (A;) sin(bo In (nq))) (167)

i=1

> = Z (yi+1 — yi) <<Bl — 2a0iAi) sin(bo In (qn)) + ibo (A:) cos(bo In (nq))) (168)

Ts = zj; 2 (bo( — i1 sin(bo In (nq)) + yit1 cos(bo In (nq))) (:ci+1 cos(bo In (nq))  (169)

+ i sin(boln (ng))) — ao (11 cos(bo In (ng)) + yi-1 sin(bo In (nq)))2> (170)
T, = zq; (Ai + 22541 cos(bo In (qn)) + 211 sin(bo In (qn))) (xmcnq + yiHccnq) (171)
Ty = _ (ao cos(bo In (gn)) + bo sin(bo In (qn))) (acos(bo In (gn)) + Bsin(bo In (qn))) (172)

Let’s now write the terms T; in the form of:

T; = Ta; + Tb; cos(2bo In (gn)) + T'e; sin(2bo In (gn)) (173)

17



q
Z <ibo ((yzﬂ — 27,1) sin(2bo In (nq)) + 221 1yi+1 cos(2bo In (nq))) (174)
i=1

—‘loi((l’?ﬂ +yie1) + (@1 — yipa) cos(2bo In (ng)) + 241941 5in(2bo In (nQ)))>(175)

q

q
—ao Z i(F1 + yii) + cos(2bo In (ng)) Z i<a0(yi2+1 — i) + 2bo$i+1yi+1) (176)

i=1 i=1
a
+ sin(2bg In (ng)) Z i(bo(yfﬂ —xi) — 2aowi+1yi+1)
i=1
And
Taz = —ao Z 7,+1 + y1+1
q
Tbs = Zi(ao(yfﬂ — i) + Qboxiﬂyi“)
i=1
q
Tes = Zi(bo(yfﬂ — i) — 2a0xi+1yi+1)
i=1
We have
q q+1
ZZ x1+1 +yz+1 = Z(Z_ 1)(:17? +y12)
i=1 =2
q—1

T, =

(177)
(178)
(179)
(180)
(181)

= q+Z(i—1)(wf+y?) (g =Yg =0,2g41 =21 =1,yq41 =31 =0) (182)

=2

= q+§:(i—1)

q(g—=1)
2

= 1+

q
E Ay (SCi+1qu + yi+lccnq)

i=1

(183)

(184)

(185)

2 (:ciH cos(bo In (gn)) + yi+1 sin(bo In (qn))) (:cichq + Yit+1 ccnq) (186)

Taq1+Tup

18
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q
Tho = 2 Z (ZZ?»L'+1 cos(bo In (gn)) + yi+1 sin(bo In (qn))) (:ciﬂcnq + yi+1ccnq)

i=1

q
= 2 Z (xiﬂ cos(bo In (gn)) + yi+1 sin(bo In (qn)))
i=1
(( — aoTi+1 + b()yi+1) cos(bo In (gn)) — (b0$i+1 + aoyiﬂ) sin(bo In (qn)))

q q
= —ao Z (xzerl + Z/z'2+1) + cos(2bo In (ng)) Z <¢10(Z/z'2+1 —xi) + 2b0$i+1yi+1)
i=1 =1
q

+ sin(2bo In (ng)) Z (bo(yfﬂ —xi) — 2ao:ci+1yi+1)

i=1
And
q q+1
Z(fﬂ?ﬂ +yi) = Z (37? + ylz) (194)
i=1 i=2
qg—1
= > (13? -H/f) (g =Yg =0,2q11 =21 =1,9y541 =y1 =0) (195)
i=1
= ¢-1 (196)
And
a
T41 = ZAi ($i+1cnq + yi+1Cqu)
i=1
q i i
= Z (cos(bo In (gn)) Z x + sin(bo In (qn)) Z yk)
i=1 k=1 k=1

(( — aoTi+1 + boyi+1) cos(bo In (gn)) — (b0$i+1 + aoyiﬂ) sin(bo In (qn)))

(188)

(189)

(190)

(191)

(192)

(193)

q—1 i q—1 i q—1 i q—1 i

= % <bOZyi+1 Zl’k —bo Zl’iﬂ Zyk - aozfci+1 Zl’k —ao Zyi+1 Zlﬂc)
i—1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

cos(2bo In (nq)) b ol : b ol : K : K :
+ — 5 Ozyi+lzxk+ Oz$i+lzyk—aozmi+lzmk+aozyi+lzyk (201)
i=1 k=1 i=1 k=1 i=1 k=1 =1 k=1
+ sin(2bo In (nq)) <— aoqilyiﬂ i:ﬂﬁc - GOSZHH Ei:yk - bO§$i+1 i:frk + bo qi:lyiﬂ iyk>(202)
2 i—1 k=1 i=1 k=1 i—1 k=1 i—1 k=1

Now T
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(197)

(198)
(199)

(200)



Ty

B;

q

bo| — sin(bo In (ng)) Zk:ck+cos(bo In (nq) Zkyk)
k=1 k=1

7

K‘

-1 i k—1

x; + sin(bo In (ng) ZZyz)

k=11=1

ao | cos(bo In (ng))
k=1

Il
-

(
(
b sin(boIn (nq)) e+ cos(boln (1)) 3 k)
(
(

k=1 k=1

%

|

ao| — cos(bo In (ng)) kzi — sin(bo In (ng)) kyk)
k=1 k=1

i

.

ao | cos(bo In (ng))i zx + sin(bo In (ng))i yk)
k=1 k=1

—sin(bo In (ngq)) (bo kxzr + ao Z kyr — aot Z yk)
1

7

+ cos(bo In (ng)) (bo kyr — ao Z kxi + aot Z mk)
1

k=
And
= Bjcos(bgln(gn))
= l(bo i:kyk — aozi:kivk + aoizi:ivk) +
2
k=1 k=1 k=1 k=1

And

—z(cos(bo In (gn)) Z:ck+51n bo In ( qn

—% (bo Z kx4 ao Z kyr — aoi Z yk) sin(2bg In (gn))

k=1 k=1 k=1

—2a0iA; cos(bo In (gn)) — ibo A; sin(bo In (ng))
—3A; (2ao cos(bo In (gn)) 4 bo sin(bo In (gn)) )

7

k=1

7

< (2a0 Z zk + bo Z yk) ( ao » T —bo Z yk) cos(2bo In (gn))

k=1 k=1

2 )

4= 1 (2ao Z Yk + bo Z :ck) sin(2bg In (gn))

Therefore

20

Z (:ciH — xl) <<Bl — 2aoiAi) cos(bo In (gn)) — ibo A; sin(bo In (nq))) (203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(214)
(215)

Z yk) <2ao cos(bo In (gn)) + bo sin(bo In (qn))) (216)
k=1

(217)

(218)

(211)

% (bo Z kyr — ao Z kxr + aot Z mk) cos(2bo In (gn)) (212)

k=1

(213)



Ty

q

3 (:ci+1 - :c) (Tf,1 n Tf,z) (219)

i=1
kl 50(22:1 kys _iZZzl yk) _‘IO(ZQ:l kit "‘iZZ:l xk)

i=1 2
bo ( 22:1 kyr + i 22:1 yk) — ao ( 22:1 kre +1 22:1 mk)

+ 3 cos(2bo In (gn)) (221)
—ao ( 22:1 kyr +1 22:1 yk) —bo ( 22:1 ke +1 22:1 mk)

+ 3 sin(2bo In (gn)) | (222)

And

B; sin(bg In (gn))
1 i i o
_§(b0;kxk + ao;kyk - aol;yk) +

—|—% (bo Z kyr — ao Z kxy + aot Z :ck) sin(2bg In (gn))
k=1 k=1 k=1

N

k=1 k=1 k=1

And

—2a0tA; sin(bo In (gn)) + ibo A; cos(bo In (ng)) (226)
iAi( — 2ag sin(bo In (gn)) + bo cos(bo In (qn))) (227)

i(cos(bo In (gn)) Z @i + sin(bo In (qn)) Z yk) ( — 2a0 sin(bo In (gn)) + bo cos(bo In (qn))) (228)

k=1

(1 i i 1 i i

7 <§ (bo Z Tr — 2a0 Z yk) + 3 (bo Z T + 2a0 Z yk) cos(bo In (gn)) (229)
k=1 k=1 k=1 k=1

—|—% (bo kZ:l Yk — 2a0 kZ:l :ck) sin(bo In (qn))) (230)

Therefore

i (ym - yi) (Té,1 T Té,g) (231)

i=1
q bo (Z 22:1 Tk — 22:1 kxk) — Qo (Z 22:1 Yk + 22:1 kyk)
> (ym - yi) 5 (232)
i=1
bo (Z S o1 Th + Dy kxk) + ao (z PRV kyk)
+ 5 cos(2bo In (gn))  (233)
bo (Z Zi:l Yk + 2221 kyk) — ao (Z 22:1 Tk + 22:1 kxk)
+ 3 sin(2bo In (gn)) | (234)

21

(bo Z kxi + ao Z kyr — aot Z yk) cos(2bo In (gn)) (224)



Let’s now aggregate the terms T; in the form of:

4
T = ZTi
=1

i=1 i=1

= Ta+ cos(2bg In (gn))Tb + sin(2bo In (gn))Tc

Let’s start with the first term Ta.

Where

TCL1 =

Tag =

Tag =

Ta4 =

5
Ta = Z Ta;
i=1

‘ bo((Xi_y kv — 54, ) — a0 S

4

= Z Ta; + cos(2bo In (gn)) Z Tb; + sin(2b In (gn)) Z Te; (235)

i=1

(236)

(237)

1 kxi +1 ZZ:I :Ek)

5" (=) :

i=1

(238)

q ) " (Z POHINEISD B kx’“) % (Z S Uk + T kyk)

Z (yi+1 —Yi

i=1

2

q
—ag Zi(%{q + yi2+1)
i=1

(239)

(240)

q q—1 i q—1 i
1
—ao E (xz?+1 +yf+1) t5 <bo E Yit1 E xk — bo E Tit1 E Y (241)
i=1 k=1 =1 k=1

i=1

q—1 i q—1 i
—ao E Tit1 E Tk — Ao E Yit+1 E Yk
i=1 k=1 i=1 k=1

(242)

We have T'a; and T'az contain many terms that cancel each other.

Tair+Tas = -—

% %

5 o) (e 155 0) o)

i=1 k=1 k=1

q q q—1 k q
kxy +Zkyk —22]«1’% —I—Z:ckZ:cz —22
k=1 i=1 k=1 i=1 i=1
q q i

q—1 q
kyr — kak + 22%2% - ZM%)
k=1 i=1 k=1

k=1

k=

fun

k=

-

22

(
< q <xi“ - “’”) (gkyk - ’gyk) +jz_:: (ym - yi) (z;mk - ;m@) (244)
(
(

ii:yk + i:kyk)> (243)

qg—1 k
bt S zy@) (245)
k=1 i=1

(246)



q—

q 1 (3 q—1 i
1
I CAT OIS (5 300 SEED 3ERD 311 )
k=1 =1 k=1

i=1 i=1

q—1 i q—1 i
_aozfci+1 Zl’k —ag Zyi+1 Zlﬂc) (248)
i=1 k=1 i=1 k=1

q q—1 q—1
—aoy (xfﬂ +yz-2+1) +%<—2bo Doy ye—aoy wiy (249)
i=1 k i=1 k

i=1 =1 =1

q—1 '3 q—1
D ST SN S y$)> (250)
i=1 k=1 i=1

2a0 + 1 i 1 g-1 i q—1 g—1
= _ 02 Z(:cf-&-y?)+§<2boZinm—QboZmiyi—aonink (251)
k=1 i=1

i=1 i=1 i=1 k=1

—ao i: Yi Z yk) (252)
i=1 k

=1

And
q
Tas = —ao Zi(:cfﬂ +yi) (253)
i=1
q+1
= a3 (- D+ 4d) (254)
i=2
q—1
= —aog—ao Y (i—1)(af +y) (255)
i=1
And
Tas = — M (256)
And finally
—1 qg—1 qg—1 q—1
_ 2a0 4 1 % 2 2 . . 2 2 ao
Ta = —aoq— 3 ;(:ci—&—yi)—i—ao;(z—(z—l))(:ci—&—yi)—7(;kxk+kz:1kyk) (257)
2 qg—1 7 qg—1 7 b qg—1 q qg—1 k q—1
2 0RO SIS VA IO ST T PRED S5 DRER) st IEH
i=1 k=1 i=1 k=1 k=1 k=1 k=1 =1 k=1
_ G« + boﬂ

5 (259)

q—1 q—1 q—1 q—1 i q—1 1
= —qug- 2 2 .2) _ @( ks k ) _ 2a0 ) ) 260
g = 5 - ($z+y@ 2 ; ka+; Yk 5 ;&;m-‘-;%;% (260)

b g—1 q g—1 k q—1 aoo + b ,3

0 0 0

— E kyr — E k 4 E E i—3 E - — 261
i 2 <k_1 . k=1 o k=1 . i=1 ’ k_lxkyk> 2 ( )

23



Let’s now deal with the second term T'b.

Tb=Y Tb (262)
Where
‘ bo (i Ry +1 5y v ) — ao( iy kax+i 35, i)
Tbl = Z <JZ¢+1 — 1’1) 2 (263)
i=1
. bo (z S e+ k:ck) + ao (Z Sy Uk Y kyk)
Thy = Y. (yz‘+1 - yz‘) 3 (264)
i=1
. _
Tby = 2bo Z iTit1Yi+1 + Ao Z (i1 — yip) (265)
i=1 i=1
Tby = 2bo Zml+1y2+1 +ao Z T — Yip1) (266)

<bo Z Yit1 Z xr + bo Z Tit1 Z Yk — Qo Z%H Z Tk + ao Z Yit1 Z yk> (267)

We have Tb; and T'b2 contain many terms that cancel each other.

Tb1 + Tbo

PR OEED MARICREAI0 WS »0) =
g(i<xz+1—m><ikyk+iiw>+§<w+1—yz-><iim+im>) oo
ST S STUE S ES oS o2 I wIT o110 3115 o) IR

g(q1kyk+qzlyz§l:l’k—QZkfﬂkyk—Fkak—Qkakyk—Zykal—FZxkyk) (271)

1 i=1 i=
k=1 i=1 i=

And
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q q g—1 i
Tby = 2bo in+1yi+1 + ao Z(l’?ﬂ - yi2+1) + % <bo Z Yit1 Z Tk (272)
1q—jl i Z_1q71 i q712—1 ik:l
+bo > wita Zyk —a0) w41y Tk +a0 Y Yit1 Z%) (273)
i=1 = i=1 k=1 i=1 k=1
q—1 7 q—1 7
- 2bozx1yz+aoz 7 —y7) %(—%Z%Z%#—bozxizyk (274)
=1 k= =1 ke
— - i q—1 % ' q—1 1
—bozxiyi - aozxizxk +aozyizyk +aoy (ff - yf)) (275)
i=1 =1 k=1 i=1 k= i=1

3bo < 2a0 + 1 &2 2 0 : :
= - Tiyi + 5 Z(:ci—yl 7(;%2%—;1’12:@) (276)

i=1 i=1

And
q q
Tbs = 2bo Z iTit1Yi+1 + Ao Z (@i — Yir) (277)
i=1 i=1
q+1 q+1
= 2bo Z(z — Dziys + ao Z (i — 1) (xF —v?) (278)
i=2 i=2
And
Ths = — M (279)
And finally

k
T = ( [kak—22kxk+2xk2xl +Zkyk—22kyk+2yk2yl> (280)
g—1 - - _
+ %O <kz_1 kyr — 4; kxryr + Z kxy + Z xkyk> (281)
q—1 g—1 i i
+ % Ty + 2ao2+ 1 Z(:Cf i <Zy1 Zyk - sz Z:ck> (282)
=1 i=1

i=1 i=1

q+1 q+1 ance — b ﬂ
+ 200 (i—Drwi+aoy (i—1)(xf —yi) - % (283)
i=1 i=1
Let’s now deal with the third term T'c.
5
Te=Y Te (284)
i=1

Where
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4 ao(zzzl kyk +i3 5, yk) +bo(ZZ:1 kre +i3%_, wk)
T, = — Z (IL’Z+1 — :c) 5 (285)
i=1
q bo (122:1 Yk +ZZ:1 kyk) - aO(Z’ZZ:1 Tk +ZZ:1 kxk)
Tca = Z (yi+1 - yi) 5 (286)
i=1

q q—1
Tes = 2bg Z 1Ti+1Yi+1 + ao Z i(:C22+1 — yi2+1) (287)

q q
Tes = 2bo Z Ti+1Yi+1 + Qo Z(ﬁﬂ — Y1) (288)

i=1 i=1
+ <bo Zszrl Zwk + bo le+1 Zyk —ao wal Zwk + ao Zyz+1 ZZM) (289)

We have T'ci; and T'co contain many terms that cancel each other.

i=1

Tette = %(i(ym )(Zkyk+lzyk)—<mi+1—mi)<i§xk+kz;kmk)> (290)
(5 o) (St ) 1S o) (S ) e

- ([Sr S Eu ] [SeSe i Eaa]) e
TR0 DD SRR HIETIRD DI D DR DV pevA e

- ;([zkyk—zzszyk;% 2L S 300 ) o

%(kak +Zkyk —4Zk)1’kyk +Zxkyk> (295)

And
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q

Tcy = bo Z(yfﬂ 7,+1 — 2a0 Z Tit1Yit1 + = < — ao Z Yit1 Z Tk (296)

i=1 i=1

q—1 7 q—1 U -
—ao Y wit1 Zyk —bo > wit1 » | wk +bozyz‘+1 Z%) (297)
i—1 _ =1 k=1 i—1 k=1

7

q—1 i q—1
= —2a02x1yz+boz yi —2?) %(aOZnZyk—aoniZyk (298)
=1 k=1 =1 k=1
_ _ i q—1 i q—1
+aozxiyi - bozxizxk +boZinyk +boy (fv? - y?)) (299)
i—=1 i=1 k=1 i=1 i=1

q—1 7

q—1 — i
_ _2(1024'12;52-1/2-—%)2(33?—:{/1 g(z Zyk—lez$k> 300
i=1 i=1 k=1 i=1

i=1

And
q q
Tes = —bo Y i(alis —yiv1) —2a0 Y imig1tin (301)
i=1 i=1
q+1 q+1
= —2a0y (i— Dz —boy (i—1)(af — i) (302)
i=1 i=1
And
Tes = — 208 ; boc (303)
And finally

q—1 q—1 q—1 k k
Te = %([Zkyk — 22!{:3}% —|—Zyk Zyi [kak —221@% +Zxk2xl}> (304)
z(]:jl q'::ll kq:jl i=1 B (3
_% (Z ki + > kyk — 4 Z kxryx + Z xkyk> (305)
i=1 i=1

—1 q—1 i i
2a0 4 1 < bo 2 bo
i=1 i=1 i=1 i=1
q+1 q+1
. . aoB + bocx
—2a0 Z(Z = Dziyi —bo Z(Z - 1)(1’$ - yf) - Oﬁ% (307)
i=1 i=1

To calculate T'a, Thb and T'c we need to calculate the following terms:
A, B, A1, Bi, Ci, Az, Bz, (2, A3, B3, C3. For 1 < m < ¢—2 and
m # q%l we have:
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A =

Cs =

And when m = &=

a (¢ — 1) sin(322) g—1
kry = —>—— B = ky —q — 308
iz:; L Z Ye = -9 COS( 27'rm) (m # 2 ) ( )
<, -1 g—1
Z:ck—— B = Zyk— 701:kayk:0 (m;éT) (309)
i=1 i=1
o PR it Vi qkz_(q—l)(qul) g1 310
>kt = O =i = L et 6w)
d _(g—Dsin(T77) g—1
kxryp = ——mM8m——— -_— 311
1= q
q—1 k q_1 q—1 k q—l
Zxkzxi:T7B3:Zykai:T7 (312)
k=1  i=1 — i=1
q—1 k (q 1)Sln(2ﬂm) -1
q—1 q
i = 313
kzﬂykzx 4—4005(273711) (m # 2 ) (313)
= i= q

q q
qg—1 g—1
Sk ==L B3 k= (n= L) (314)
q q q q—l
A = in:q—l,Bl:Zyz:O,C&:Zxkyk:O (m:T) (315)
a g—1
Ay = Zk =1 Zkykfo Co=> kaxyr =0 (m="5-) (316)
i=1
q—1 1 — q—1 k 1
a - zxkzxi:%&:zykz%:q =Sy n=0 =51 @
k=1 =1 k=1 i=1 k=1  i=1
And
_apa + bob boa — aob
22 g ,B= (;)2 2 7b:—(boA+aoB)7 a=0byB — agA (318)
Therefore
Cag | (sa=1)  @sinZEm) |yl (a-1) | (a-1)sin(ZER) ” g1
Ta = 2 |: 2 272cos(i"‘j’f) + 2 2 T lfcos(i"'f"ll) o 1 m# 2
—% (5 — 1) + 2 (g — 1), if m = 231
(319)
(@-Dsinzzm) | | (g-1) | (a-Dsin(ZEm) | 1
ag S i T W 1) 1 91
THh = 2 q+1 272cos(2q7:”11) :| 2 2 + 1—cos 27””) ’ lfm;é
@ (4¢° +29-2) - B (g 1), if m = 251

(320)

28



ao | g1 | (=D sin(2mm) . (@-DsinzEm) | .
2 —2lg+ 14+ ——2—F|, ifm# L=
Tec= 2 2 lfcos(iﬂ;l) 272cos(%) 7&
“2(g—1) —bog, it m=%4~
321)
| O

Lemma 3.4. The case of the Riemann Zeta. The Riemann zeta function
is extended to the part of the complex plane where R(s) > 0 by the Dirichlet
n function: n(s) = > @ Where ¢ = 2 and x(kq+1) =1, x(kq+
2) = —1. In this case, the function x is not a Dirichlet character but it is
not a stop to apply our method as our method is not Dirichlet character
specific. In this case, the function x also has the cancellation property like
a Dirichlet character. And hence we can use the lemmas 3.1 and 3.2. We
keep the same notation as the lemma 3.3. Therefore we have the same
asymptotic expansion as in the previous lemma:

Z fanJrz

and we have the same equations like in (140-141):

2
Zi<$¢+1 — :Cz) = 2
i=1

2—1

Zi(yi+1 - yi) = 0
i=1

We apply the same calculation as in the lemma 3.3 and we replace by the
new values of xx and yx. | O

Lemma 3.5. From the lemma 3.8, equation(121), we have the asymptotic
expansion of Agn:

Mst) = Agn + Wna | % +0( (quL)z) (326)
Therefore
Agn = 1 (a cos(bo In (nq)) + B sin(bo In (nq))) + O(i) (327)
q qn
Where
ag;’j bob g = b‘;‘j — aob, b=—(boA +aoB), a =boB — apA

And A and B are defined in the proof of the lemma 3.3.
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(328)

+ Qgntidgnti Eq: (Ang+i + 29gn4i)Brg+i . Ta+ Tb cos(2bo In (qn)) + T'c sin(2bo In (gn)) Lo 1
(gt T2 (ng+ i)t (nq)2eo®? CORGE
with
Ta= —aop, Tb= —ap,c= —bo (323)
Proof. In this case we have ¢ = 2 and for each k > 1:
Trgrr = (D) =1 00 = (—1)PP = 1 (324)
Ykq+1 = 0,Yrgr2 =0 (325)

) (322)



Proof. Let’s denote vy, = Mg, for n > 1.
Bgng = —sin(boln (nq) (bo Z kzi + ao Z kyr — aoq Z yk) (329)

+ cos(bo In (nq)) (bo Z kyr — ao Z kzy + aoq Z mk) (330)

= —sin(bo In (nq)) (boA + aoB) + cos(bo In (nq)) (boB — aoA) (331)

Where A and B are defined in the the proof of the lemma 3.3. Let’s
denote b = —(bpA+ aoB) and a = boB — agA. Let’s denote Brq such that

By,nqg = Bgn = acos(bo In (ng)) + bsin(bo In (ngq)) (332)

We can write

a Bgn n
'Un+1:U7L(1+ TLO)+—+€_

333
qn n2 (333)

with €, is a bounded sequence.
Let’s denote &, such that 57—’; =
bounded.
Therefore for each n > 1:

Bgn
qn

+ %7'2' The sequence &, is also

_ a0y, &n
Vnt1 = vp (1 + n)+ - (334)
Therefore for n > m > 1. We have:

ao 0 ao Em ao ao ao

n m(1+ —)(1 — -—(1 1 (14—
vt = um(1+ L) +><+n>+m<+ )+ = +2><+n><335>

§m+1 gn 1 gn

+m+1( )( +3) (1+ )+ + 1(1+ ) (336)

For a large m and n we have the product (
equivalent to (£)“°. Because:

We have the Euler-Mclaurin formula that gives us the asymptotic ex-
pansion of the harmonic series:

1) (14 ) (15

?T‘|P—‘

11 1 1 1 1 1
=1 — - - 0 (= )@337
MYt T Ton2 T 12007 T 25200 T 24008 132000 T <n12>( )

k=1

Where v &~ 0,577215 is the famous Euler-Mascheroni constant.
Therefore there is exist a bounded sequence 6,, such that:

"1 1 6n
> =1 — 4+ 2 338
k:lk nn+7+2n+n2 (338)

Let’s put Yi,n = (1 + %5 )( m+2) 1+ 5.
Therefore

n

m(Yin) = > ln(l—!—%) (339)

i=m+1
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We use the asymptotic expansion of

And we write
In (1 + —
n

where «,, is a bounded sequence.

i ao "1 i
0(Ym,n) D m(+P)=a0 3 s+
1=m+1 1=m+1
. n ag , 1 1 0, Om n
= Gy Gt GE ) e 2
i=m-+1
Therefore
Yo, = (E)aoea—é’(%*#%(:—%*%)*% Ciemt1 F
’ m
Therefore we can write Yo, as the following:
n Bm
Yinn = (—=)(1+=2
wo= (R o
where (3, is a bounded sequence. Therefore
_ Niay , Bmn™
Ymn = ()04 n
Let’s now write V,,4+1 in function of Yy, »:
Un+1 = 'Ummel,n + gﬂ m,n + §m+1 Ym+1,n
m m—+ 1

+...+ €n71 Yn—l,n + €_n)/n,n
n—1 n

Therefore V,,+1 can be written as:

3

a gm n a
_ ¥ yao “yao
R Y +m(m) +m+1 m—+1
§n71 n ag §n N\ ag
—(— Zmon
+ n—l(n—l) +n(n) + ’

3

+

And the remaining term is

{mﬂm n.a ngrlﬂerl n a,
Zm n = —)“° 0
’ m? (m) (m+1)2 (m—|—1)

+ €n716n71( n )ao + gnﬁn (E)ag

te (n—1)2 ‘n—1 n? 'n
Therefore
_ N \a a é-m £m+1 fn
Upt1 = vm(a) ’+n 0<ma0+1 + (m + 1)ao+1 Tt o
= vm(ﬁ)ao + n®° (Xn,m) + Zm,n
m
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(340)

(341)

(344)

(345)

(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)

(354)



Now since the sequences 3, and &, are bounded we have:

o " dt
| Zmn| < Cn® /77171 Taote (355)
C'nto 1 1
< _
“ao+1 ((m — 1)a0+1 naoH) (356)
Where C' is a positive constant.
Now let’s study the term X, ,,. We have
gm ngrl §n
mao+1 (TTL + 1)a0+1 +ot neot+l (357)
_ Bym BQ(mH) Bgn €m €m+1 €n
= o T gl DaT T T et T et T Gy 1yaets o T e (358)
Wim,n ZZm,n
Similarly to Zn,,n, we have the same inequality for ZZ,, »:
" dt
| Z Zmm| < Ch / ootz (359)
m—1
Ci 1 1
< - 360
“ao+1 <(m —1)a0+1 n“oﬂ) (360)
Where C is a positive constant.
Let’s denote the function g as the following:
acos(bo In (z)) + bsin(bo In (z)
g(z) = porrEs] ) (361)
We can write the sequence Wy, ,, as the following:
n
Wan = ¢ > g(qgi) (362)

i=m-+1

Using the same technique we used in the lemma 3.1 and the same
technique used in lemma 3.1 and 3.2 in [1], we have the following:

n qn K
q"° 9(qi) — q*° / 9(@)| £ — (363)
i:;rl q(m+1) maott
Therefore
ag—1 K
|Winn —q (G(gn) — G(gm))| < a1 (364)
And
{Wm,n + qao*lG’(qm)’ < qa071 |G(gn)| + (365)

mag+1
And the primitive function G of the function g(see lemma 3.1 in [1]):

Glr) = (boa — aob) sin(bo In (z)) — (aoa + bob) cos(bo In (z)) (366)

(bg + a?)) a0
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We have

vm(%)a0 +nWam = Unt1 —N°ZZmmn — Zman  (367)

The sequence (vy) is bounded since the sequence (Ay) is bounded thanks
to lemma 3.1. So, let’s M be the nonzero positive constant such that for
each n > 1:

lon| < M (368)
Therefore
U'm(%)ao + nGOWn,m’ < |U7L+1| + n®° |ZZm,n| + |Zm,n| (369)
(C + Cr)n* ( 1 1 )
< —
<M+ ap+ 1 (m —1)20+l  paotl (370)
Therefore
aqp ag
(2 = PO )| < [P ) + 0% W+ o] 0% 1220l 421 571
(ng)*® Kn? (C+ Cr)n* 1 1
< (Glam)| + gz + M + 2 (ot ~ 7wt )87
We have
boa — aopb . apa + bob
@0 —_— bol - — bol )
(n)*Glan) = (P sinboln (gn)) — G cosoln gn) ) (373)
= «acos(boIn(gn)) + Bsin(bo In (gn)) (374)

Therefore the sequence (ng)*°G(gn) is bounded.
Therefore we can write:

Niay (nG)"° . Kn®° (C+Cr)n® 1 1
o)™ = L= Glam)| < ()™ Glam)| + S + M+ S (e — e
Kn*  (C+Ci)n®® 1
<
< Co+ a0l a0+ 1 (m — )ao+1
_ 1+-L ag __ 1+ag n\ag __
Now we choose n =m ' @ . Then n® =m . Therefore ()% =
m. Therefore
m . Km®tt  (C 4 Cy)ym*o™! 1
‘mvm 7 (a cos(bo In (gm)) + Bsin(bo In (qm))) ‘ < Cr+ p—— p—— (m =)ot

C+Ci;, m \itap
< K —_—
< O+ +a0+1(m_1)
< Gtk 4+ EFGgrra0 _ gy
0o+ 1
Therefore for any large m we have.
1 . Cr
Um — p (a cos(bo In (gm)) + Bsin(bo In (qm))) < — (380)
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(376)
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where C/ is a positive constant.

Therefore
vy = 1 (a cos(bo In (gn)) + Bsin(bo In (qn))) + O(L) (381)
q (qn)
Where
m |

Remark. The results obtained in the lemmas 3.3-3.5 concern the sequence
(Fn). Similar results can be obtained for the sequence (Grn) by replacing
(Tn,Yn)n>1 in the formulas above by (x!n,y/m)n>1 where for each n > 1,
Tly = Yn and Yln, = —Tp.

Divergence of }_ ., I,
Lemma 3.6. If% < ag <1, the series Zn>1 F,, diverges.

Proof. For large N > Ny we have the following expression of Fy4+1 from
the lemma 3.2:

N 2

_ Yo + anAn ()‘n + 2'771)671 €n

Fny1 = Fno + Z n2ao + n2ao+1 + nao+2 (383)
n=Ng
N

Ch D, €n

= Fro+ D s rmaert t pare (384)
n=Ng
Where

Cn = ’YEL + anAn (385)
D, = ()\n + 2’)’n)ﬂn (386)

We do another summation and we have the following expression:
So for each N > Np:

N
> Fapn = (N—=No+1)Fy, (387)
n=Nqg
Yc
+ > nao’il (N—n+1) (388)
n=Ng
YD
+ > SV —n+1) (389)
n=Ng
al 13
+ > —E(WN —nt1) (390)
n=Ng



Al Y C Y c
> (N =n+1) =(N+1) > s > g (391)

n=No n=Ny n=Ny
N N
Chn Chn
= (N + 1) Z 7’7,20‘0 - Z n2a071 (392)
n=Ng n=Ng
N N N
Z n2a0+1(N—n—|—1) =(N+1) Z n2a0+1 Z n2a0+1n (393)
n=No n=Ny n=Ng
N N
D, D,
= (N+1) Z n2a0+1 - Z n2a0 (394)
n=Ng n=Np
And
al € al e al e
Z n2ao+1 (N=n+1)=(N+1) Z nao+2 Z na0+2n (395)
n=Ng n=Ng n=Ng
al € al 5
=WVHD Y o D e (396)
n=Ng n=Ng

So for each N > Np:

N
> Fapn = (N—=No+1)Fy, (397)
n=Ng
N
Cn D, En
+ (N+1) zz:v 230 T ppaoiT T paotz (398)
n=Nop
N
Ch D, En
- Z n2ao—1 + n2ao + nao+1 (399)
n=Ng

We factorise by N + 1 then we have this expression

N
N—-No+1
> Fupr o= (N+1) W —No+1)p (400)
N+1
n=Ng
N
Cn D, En
+ Z n2ao + n2ao+1 + nao+2 (401)
n=Ng
N
1 Chr D, En
B N_|_1 2]:\7 n2a0—1 + n2a0 + na0+1) (402)
n=No

We have the sequences (Cy), (Dy) and (g5,) are bounded and 2ao > 1,
so the series Zf’:;l 75—:0 % + % is converging absolutely.

Let’s prove now that the sequence in the equation (398) is converging to
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n=qNg+1

zero when N goes to infinity.

As we have 2ap > 1, So

Cn D, En
A T T pzes T peert = O (403)
Therefore following the Césaro theorem we have:
N
1 Chn D, En o
1\}51100 N+1 Z n2ae0—1 + n2ao + nao+l 0 (404)
We denote FF(N, No) as
(N — No + 1)
F(N, N — —F 405
R (405)
N
Ch D, En
+ Z n2ao + n2ao+1 + nao+2 (406)
n=Ng
N
1 Chn D,, En
N+1 z]:v n2ao—1 + n2ao + n“0+1> (407)
n=No
Therefore:

N
> R

n=Ng

(N + 1)FF(N, Ny) (408)

The series 3 o, -$o

Dy En s . ’
n>1 p3ay + EegqT T 7agyz Is converging absolutely. Let’s
denote

Ngq
s Cn D, En
RND - NEI}‘}OO Z n2ao + n2ao+1 + nao+2 (409)
n=gNp+1

Proof Strategy. The idea here is to prove that we can choose Ny such
that Ry, +Fn, > 0. In such case, we will have the limn 4o Zf:’:l
—+00 .

Lemma 3.7. We can choose Ny such that Ry, + Fn, >0 .

C. Dy,
n2agFT )+

Proof. Let’s now study the term Zn aNo+1 (nz—go +

We have from above lemmas that:

Z ’an+z + QgntiAgn+i Z
(ng + 1)2e0

i=1 =1

Nq

O LI R

n=Nqg

nq + ’L 2a0+1

We have from the lemma 3.3 and 3.4

Fn+1:

n 1 2 n-+1u n 1
q+ + 29gn+i) Brg+i > (410)

Z ’an+z + Qgntidgnti zq: (Ang+i 4 27gn+4) Brg+i

nq_|_2 2a0 P (nq+i)2ag+l
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1

(ng>o ¥

+0(

()=
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Therefore we can write the following for a large n:

"Yq'rH»z + O‘q7l+z)\qn+l - ()\nq+i + 2’an+i)6nq+i o+ B COS(2bO In (qn)) + Y Sin(2b0 In (qn)) gn
Z )2 Z )2a0+1 = 2a0+1 + sagrs (412)
(ng + 1) P (ng + 7)20* (ng)2eot (gn)?eot

Where the sequence &, is bounded.

Therefore
Ngq C, D, = a+p cos(2bo In (gn)) + v sin(2b In (qn)) i &n
> (ot met) = X > + 3 e (413)
n2ao n2ao (qn) ap+1 (qn)2a0+2
n=qNo+1 n=No n=Ng
And
Ngq N— .
Ch D, En B o+ B cos(2bo In (qn)) + 7sin(2bo In (gn)) 14
Z n2ao n2ao+1 nao+2 - Z (qn)2a0+1 ( )
n=qNg+1 n=Ng
N— é_ Ngq c
n n 415
+ z]:v qn 2a0+2 . qu;)+1 na0+2 ( )
The series ) -, ot B cos(Bho ln(g;)zltljm(%o ln(qn)) was studied in the
lemma 3.1 in [1]. Let’s denote the function g as the following:
_a+ Bcos(2bo In (g)) + 7sin(2bo In (qz))
g(ZC) - (q$)2a0+1 (416)
We have the following;:
g~ [ 90| < st (17)
n=No+1 No+1 (No)2aott
And the primitive function G of the function = — %g(%)(see lemma 3.1
in [1]):
Glz) = 1{_ ! _— (260 — (2a0)7) sin(2bo In (z)) + ( — 2a08 — 2boy) cos(2bo In () } (418)
g | (2a0)z2%0 ((260)2 + (2a0)2)m2a0
Therefore
+oo K
Z g(n) + G(g(No +1))| < (Noy2aott (419)
n=Ng+1

Case of Primitive and Non-Trivial Character From the lemma
3.3, if we keep the same notation as the lemma 3.3, we have:

g | (Bm1)  ansinE) by | (a=1) | (a=Dsin(Zrm) a1

o= 20[ p) 22 cos( 22 + 3 Ca N conzzg) |’ if m # 45

6o 1)+ Bl 1), P
(420)
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(a-Dsin2=m) | (g=1) | (@-nsin(ZEm) | =
ag 41— ——9e¢1/J]_ 2 + g—1 , ifm =1
ﬂ — 2 q 272cos(2q7rT”f) :| 2 2 lfcos(ij?) 75 2
P(4¢° +2¢0-2) = (g 1), if m = 45+
(421)
—1) sin(2Zm —1) sin(2zm
a?o q%l (¢—1) (q,l) —%"q-l—l—&—(q 1) (q,l) 7 lfm;éq%l
v = 17005(2117’%’11) 2—2 cos(zqﬂ'%’f)
2L(q—1) = bog, if m= 4t
(422)

for some m € [1,q — 2].
As an example, the case where ¢ = 3 and x(1) = 1, x(2) = —1 and

—+oo
X(3) = 0. L(S:X) = n=0 ((Sn}kl)s - (37Hl>2)3)'
From the formulas (417) and (419-421) above we have the function G # 0.
Otherwise @« = 8 = v = 0, which implies ao (q — 1) = 0 in the case of
m # 45+ and ao(4¢® — 3g — 1) = ao (¢ — 1)(4g+ 1) = 0 in the case of
S ——

>9
m = ‘12;1. As q > 3, therefore ap = 0. This will also imply that by = 0
which is in contradiction with our assymption of ag > % and by > 0.

Concerning the term Fy,. We have
UN, UNG ANy

FNO = WANO = (N0)2‘10 (423)

Where the sequence (A,) is bounded (lemma 3.1). If we choose Ny =

noq as a multiple of ¢ we have un,q = 0 | because x(nog) = 0 in the case

of a non-trivial character ) Therefore, here, we simply need to choose
No such that:

FNO = L'ngq = 0 (424)

Case of Riemann Zeta Hypothesis In this case from the lemma
34: ¢q=2,a= —ap, f = —ao and v = —bo.

Here, we don’t have x(nog) = 0. So, we will choose Nog = noq. We
have thanks to lemma 3.5:

Ugng Agno
Fn, = N2 (425)
_cos(boIn (gno)) [ acos(boln (gno)) 4+ Bsin(bo In (gno)) 1
- q { qno2ao }—’_O((qno)z“f”q) (426)
_ 1 e a cos(2bo In (gno)) + B sin(2bo In (gno)) 1
- 2q { (an)Zag (qn0)2a0 }+O( (qn0)2a0+1 ) (427)

Let’s consider the function G/(x) defined as follows:

Gilz) = %q{ (x;xzao n a cos(2bg In (:cii)—i;ﬁ sin(2bo In () } (428)
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So in this case, instead of working with the function G like in the case
of non-trivial character above, we work with the function G — G/ and we
replace the inequation (418) by the following one:

K

+oo
Fng+ Y. g(n)+G(q(No + 1)) — Gr(q(No + 1)) | < (Noy2a+t

n=Np+1

(429)

Also, the function G — G’ # 0. Otherwise a = 8 = v = 0, which im-
plies ap = bp = 0 which is in contradiction with our assymption of ag > %
and by > 0. The reader can also refer to [1] for another application of this
method to the particular case of the Riemann Zeta.

Conclusion. In both cases, the functions G and G — G/ are nonzero.

Remark. The remaining terms in the expression of Fn, + Rn, are all of

the order of W and above. So the dominant term in the expression
Fn, + RN, is the term —G(q(No+1)) (resp. (G—G1)(q(No+1)) ). There-
fore this term is the dominant term in the expression of % Zf::]\l,o Froti.

We will show that based on the sign of G(No + 1) the limit of Zg;ll Froi
can be both 400 and —oo.

Let’s now study the function f:

a (2606 — (2ao)’y) sin(2boz) + ( —2a08 — 2bo’y) cos(2box)

fl@) = -5+ (260)2 + (200)2

= a2+ B2cos(2box) + 2 sin(2box)

The function f is also nonzero function. Otherwise we will have a =
B =~ = 0 which is in contradiction with the fact that ao > %
The function f is a linear combination of the functions sin and cos. So
the function f is differentiable and bounded. The function f is periodic
of period Z-.
Let’s calculate the function f values at the following points:

f(0) = a2+ B (432)

f(%) = az— [ (433)

We have either f(0) # 0 or f(55) # 0, otherwise we will have ap =
bo = 0 which is again in contradiction with the fact that ao > % and

bo > 0. Let’s assume f(0) # 0. From the values above we have the fol-
lowing:

o If (a2 +/32) > 0 then f(0) > 0.

o If (a2 + /32) < 0 then £(0) < 0.

In case of f(0) > 0 we can prove that the limit of 271;:11 Fh11 goes to —oo
and in the case of f(0) < 0 we can prove that the limit of 27]::11 Fry1 goes
to +00. Therefore, in all cases we have the series Zn>1 F41 diverges. So
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let’s assume from now on that f(0) < 0 as the same proof can be done in
both cases.

From the lemma 3.3 in [1], we know that there exist N1 > Ny such
that |cos(2boIn (N1 4+ 1)) — 1] < € and |sin(2boIn (N1 4+ 1))| < € for any

1>¢€¢>0.

Let’s define By = W Bo > 0.

Let’s fix € > 0 to be very small such that 0 < ¢ < min (17 163% )
Let’s define v = %

Without loss of generality, let’s N1 be such that |cos(2bo Ing(N1 + 1)) — 1] <
€/vo and also [sin(2bg In ¢(N1 + 1)) — 0] < €/~0. Therefore:

Gl + 1) - 1O

2a S
a(q(Ny +1))™*°

{ <(’Yz) sin(2bo In g(N1 + 1)) + (B2) cos(2bg In g(N1 + 1)))
(434)

q(g(Ny + 1))

2aq

((72) sin(2bo0) + (B2) cos( 2600
- H (435)
q(q(N1 + 1))
<|72| |sin(2bo In g(N1 + 1))| + |B2] |cos(2bo In g(N1 + 1)) — 1]
q(q(Ny + 1))*

@mm+mdw
<

<

) (436)
)

437
q( (N1+1))2a0 ( )
<—° (438
(Nl + 1)211()
Therefore
+oo
> gln) - LZG > g(n) +G(g(N1+ 1) |+ |-G (g(N1 +1)) — % (439)
(N1 +1)™ n=Np+1 q(q(N: 4 1))
< o ;1)2% 1 Nl)fao - (from (418) and (437), or (428) and (437) ) (440)
1
Hence
= Bo € K
n:%;+lg(n) S (N 1) = (N1 + 1)2e0 * (IN1p)2e0tt (441)
Therefore
= Bo — € K
,gaﬂm2w+WWWMWw (442)

Therefore, without loss of generality let’s suppose N1 = ¢Na.
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+oo N-—1 Ngq
RNl - g(k) + FqN2 + NEI}‘}OO W + E W ( from (413) and (414) ) (443)
k=qNao+1 -0 n=Ny n=qNo+1

> _Poze Koy, [Nzl N f: “n ] (444)
- 2a 2a 1 2a0+2 ag+2
(qN2 +1)20 - (qNo)2e0¥t = Moo | 20 (gn)2e0¥2 — 2| oot

We have the sequences (£x) and (i) are bounded. Plus we have
ap +2 > 2a0 +1 > 3ap > 2ap > 1, therefore the series Zk>1 kz,f%
and 3, -, i are converging absolutely. -

Let the positive constant M such that:
For each K > Ny and N > N> :

€kl < M (445)
lex]| <M (446)
Therefore, we have ag > 0:

—+ o0 “+ o0

&n En M M
< 447
n;Vz (qnyzeot n:q%:ﬁl neo7? | = @ag + D@2 (Ny — 17071 (ag + 1)(qu)“°“( :
Therefore
Bo — € K M M
R - - - 448
ME N r e N (e D@ (N, D (a4 Dahgyeert ()
1

N (o) (149

Where the sequence (d5,) is defined as the following:

5 _K(qn +1)270 B M(gn + 1)%e0 B M(gn + 1)%e (450)
" T @ao T D~ P (a0 + (gt

Aswehave%<ao<17 therefore 0 < 1 —ap < % < ap < 2a0 <

ao +1 < 3a0 < 2a0 + 1.

Therefore
K 1)20 M 1)2e0 M 1)20
lim Kl t+1) (gn+1) (gn +1) — 0 (451)
nortoe " (qmE T ag + D@0 (= D0 T {ag + D(gn)eot

Therefore the limy— 100 dgn = 0.
So we can choose N1 such that |dn, | < €, i.e dn, > —e.

Therefore
1
RNI Z W <ﬂ0 - 26) >0 (452)
Therefore limy—, 1 o0 ij:Nl F,, = +o0. [ ] O
O
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Conclusion. We have the series Y, -, U2 is converging absolutely thanks
to 2ap > 1. We have from the lemmas 3.1 that:

N
lim F, =40 (453)
N — oo o
Therefore
lim A% = 400 (454)
N— o0

This result is in contradiction with the fact that s is a L(s,x) zero and
therefore with the fact that the limit ilmy_o0 An = 0 should be zero.
Therefore s with + < a0 = R(s) < 1 cannot be a zero for L(s, ).

Remark. Note that when ao = %, from the equations (397-399), we can-
not apply the same method to determine the limit limn oo ij:l F,, be-
cause the limit of the term in the equation (399) becomes unknown since
we don’t have here the limNﬁjLoo(NLJrl Zi\;l sz%) = 0 like in the case
where ag > %

3.2 Case Two: yx trivial character

For the trivial character xo modulus g we have:

¢(s) = L(s,x0) H (1 _ 1%)71 (455)

p Prime,p/q

Where ( is the Riemann Zeta function.

-1
The product Hp Prime,p/q (1 — pis) is finite, bounded and nonzero as

% < R(s) = ap < 1. From the equation above we have: if s is a zero
for L(s,xo0), then it is also a zero for the Riemann ((s). We saw in the
previous case that if % < R(s) = ao < 1, it is not possible for the Riemann
zeta function to have such a zero. Therefore L(s, xo0) cannot have a zero

where 1 < R(s) =ao < 1.

3.3 Conclusion

We saw that if s is a non-trivial zero of L(s, x), then real part (s) can
only be % as all other possibilities can be discarded using the functional
equation like in [1]. Therefore the Generalized Riemann hypothesis is
true: The non-trivial zeros of L(s,x) have real part equal to %
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