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A Proof of the Generalized Riemann Hypothesis

Charaf ECH-CHATBI *
Tuesday 28 May 2019

Abstract

We present a proof of the Generalized Riemann hypothesis (GRH)
based on asymptotic expansions and operations on series. The advantage
of our method is that it only uses undergraduate maths which makes it
accessible to a wider audience.

Keywords: Generalized Riemann hypothesis; Zeta; Critical Strip;
Prime Number Theorem; Millennium Problems; Dirichlet L-functions.

1 Introduction: Dirichlet L—functions

Let’s (zn)n>1 be a sequence of complex numbers. A Dirichlet series[6] is a

oo
series of the form Z Z—z, where s is complex. The Riemann zeta function
n
n=1
is a Dirichlet series. Let’s define the function L(s) of the complex s:

L(s)=>" %
n=1

e If (zn)n>1 is a bounded, then the corresponding Dirichlet series con-
verges absolutely on the open half-plane where $(s) > 1.

e If the set of sums z, + zn41 + ... + znyr for each n and k& > 0 is
bounded, then the corresponding Dirichlet series converges on the
open half-plane where $(s) > 0.

e In general, if z, = O(n"), the corresponding Dirichlet series con-
verges absolutely in the half plane where R(s) > k + 1.

The function L(s) is analytic on the corresponding open half plane[3,
6,15].

To define Dirichlet L—functions we need to define Dirichlet characters.
A function x : Z —— C is a Dirichlet character modulo q if it satisfies
the following criteria:
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(i) x(n) # 0if (n,q) = 1.
e (ii) x(n) =01if (n,q) > 1.
e (iii) x is periodic with period ¢q :x(n + ¢) = x(n) for all n.
e (iv) x is multiplicative :x(mn) = x(m)x(n) for all integers m and n.

The trivial character is the one with xo(n) = 1 whenever (n,q) = 1.
Here are some known results for a Dirichlet character modulo ¢. For

any integer n we have x(1) = 1. Also if (n,q) = 1, we have (x(n))*? =

1 with ¢ is Euler’s totient function. x(n) is a ¢(q)—th root of unity.

Therefore, |x(n)| =1if (n,q) =1, and |x(n)| =0 if (n,q) > 1.

Also, we recall the cancellation property for Dirichlet characters modulo

q: For any n integer

q . -
. o(q), if x = xo the trivial character
> x(i+n)= @ . . (1
= 0, if otherwise, x # xo

The Dirichlet L—functions are simply the sum of the Dirichlet se-
ries. Let’s x be a Dirichlet character modulo ¢, The Dirichlet L—function
L(s,x) is defined for R(s) > 1 as the following:

X
L(s,x) = >~

n

(2)

Where the series > Xr(:sl) is convergent when R(s) > 0 and L(s, x) is
analytic in R(s) > 0. See([3,6,7,8]). In the particular case of the trivial
character xo, L(s,xo0) extends to a meromorphic function in R(s) > 0
with the only pole at s =1 (see [3,6,7,8]).

Also, like the Riemann zeta function, the Dirichlet L—functions have
their Euler product|[2,3,24]. For R(s) > 1:

o= T (1-22) 3)
p Prime
Let’s ¢/ be the smallest divisor (prime) of q. Let’s x/ be the Dirichlet
character x/ mod ¢/. For any integer n such that (n,q) = 1 we have
also (n,q/) = 1 and x(n) = x/(n). x/ is called primitive and L(s,x) and
L(s, x/) are related analytically such that:

L(s,x) = L(s,x) T (1 - X42) (4)

r/aq p

L(s, x) and L(s, x/) have the same zeros in the critical strip 0 < R(s) < 1.
Also, for a primitive character x, (i.e.x = x/) L(s, x) has the following
functional equation:

FOP S L - 50 = VA e T T L) )

Where I' is the Gamma function and ¢ =0 if x(—1) =1 and a = 1 if
x(—1) = —1, and 7(x) = Y30, x(k) exp(2282).

When R(s) > 1 there is no zero for L(s,x). When R(s) < 0, for a
primitive character x, we have the trivial zeros of L(s,x): s = a — 2k,
where k£ i a positive integer and a is defined above. For more details,
please refer to the references|7-14].

s+ a




2 The Generalized Riemann Hypothesis

The Generalized Riemann Hypothesis states that the Dirichlet L—functions
1

have all their non-trivial zeros on the critical line R(s) = 3.

Non trivial in this case means L(s,x) =0 for s € C and 0 < R(s) < 1.
So for any primitive character x modulo ¢, all non-trivial zeros of L(s, x)
lies in the critical strip {s € C : 0 < R(s) < 1}. From the functional

equation above we have that if:
e sg is a non-trivial zero of L(s, x), then 1 — s is a zero of L(s, ).
e 5o is a non-trivial zero of L(s,X), then 1 — s¢ is a zero of L(s, x).

Therefore, we just need to prove that for all primitive character xy modulo
g, there is no non-trivial zeros of L(s,x) in the right hand side of the
critical strip {s € C: 3 < R(s) < 1}.

3 Proof of the GRH

Let’s take a complex number s such s = ap + iby. Unless we explicitly
mention otherwise, let’s suppose that ap > 0 and by > 0. Let’s take x a
non-trivial Dirichlet character.

3.1 Case One: % < ap <1 and x non-trivial

In this case s is a zero of L(s,x) = >/ % Where ¥ is a non-trivial
Dirichlet character x modulo g. When ¢ = 2 there is only one Dirichlet
character and it is trivial. So here we are going to assume that ¢ > 3 is
an odd prime integer.

Let’s denote for each n > 1: 2z, = zp + iy, = x(n).

We are going to develop the sequence Zn(s) = ZN

Zn ag follows:

n=1 ns
For N > 1
N N oo zy
o= pmey i ©
_ Nz cos(bo In (n)) + yn sin(bo In (n yn cos(bg In (n)) — z, sin(bg In (n)) .
= > s Z e (7)

Il
—

n

Let’s define the sequences U, V,, as follows: For n > 1

Zn cos(bo In (n)) + yn sin(bo In (n)) Yn cos(bo In (n)) — xx sin(bo In (n))

Un = nao ? Vo = nao (8)
Let’s define the series A,, B, and Z, as follows:
k=1 k=1



When we are dealing with complex numbers, it is always insightful to
work with the norm. So let’s develop further the squared norm of the
series Zn as follows:

2 2

)+ (550) @

M=

1Z]? = A% + B = (

n

So

N N n—1 N N
AV = D UR42) Un> Up=-)> Un+2> UnA, (11)
n=1 k=1 n=1 n=1

n=1

And the same calculation for By

N N
By = —> Vi+2) V.Bn (12)
n=1 n=1

Hence we have the new expression of square norm of Zn:

N N N N
1Zn]° =2 UnAn+2> VaBo—> Un=> Vi (13)
n=1 n=1 n=1 n=1

Let’s now define F,, and G,, as follows:

Fn = UnAny Gn == Van (14)
Therefore
N N N N
AN =2 Fo=) Up By =2 Gn—>»_ Vy (15)
n=1 n=1 n=1 n=1
Therefore

Conclusion. s is a zero for L(s,x) =0, if and only if
lim Ay =0and lim By =0 (16)
N—oo N—o0

Equally, s is a L(s, x) zero, L(s,x) =0, if and only if
ngnooANannlegnooBNfO (17)

Proof Strategy. The idea is to prove that in the case of a complex s
that is in the right hand side of the critical strip % < ap <1 and that
is a L(s,x) zero, that the limit lim,— A2 = +/ — oo OR the limit
limy 00 B,QL = +/ —o0. This will create a contradiction. Because if s is a
L(s, x) zero then the limy,— o0 A2 should be 0 and the lim,_, oo B2 should be
0. And therefore the sequences (3~_, Fy)n>1 and (0_, Gn)n>1 should
converge and their limits should be: limy,_, o Zgzl F, = % Imy oo 25:1 U2 <

400 and limp 00 30— Gn = 2 limy 00 30, Vi2 < +o00.



Lemma 3.1. If% < ao <1, we have the series > -, Fn diverges.
To prove this lemma, let’s first prove the following lemma:

Lemma 3.2. If the set of the partial sums zp + zn4+1+ ...+ zntr for n and
k > 0 is bounded, then we can write A, = nA,,’,LO where (An) is a bounded
sequence.

Proof. We have limpy s 400 AN = Zzz U, = 0. Therefore for each N > 1:

ioUn ZU + Z Un =0 (18)

n=N+1
AN
—+o0
> Un (19)
n=N-+1
We have
+ oo .
Ty cos(bo In (n)) + yy, sin(bo In (n
PRI (ol () +yasinGioln(n))
n=N+41

Let’s denote X,, and Y,, the partial sums of the series z,, and yn,: X, =
E]kv:1 zr and Y, = E]kv:1 yk. So let’s take N and M two integers such
that M > N and do the Abel summation between N + 1 and M:

M
=y cocoslolnim) Z o sinllo In (n)) (21)
n=N+1 n=N+1
_ Xwmcos(boln(M)) X cos(boln N + 1)) le Y. cos( bo In(n+1)) cos(boln(n)) (22)
- Meao (N+1 n=N+1 (n+1)a0 neo
n Yarsin(bo In (M)) Yy sin(bo In (N MZI Y, sin( bo In(n+1)) sin(boln(n)) (23)
Mao (N + 1 W + 1)@0 nao

Let’s define the functions f, and e, such that f,(t) = %’W

and e, (t) = W. For each n > 1, we can apply the Mean Value
Theoremon the interval [0, 1] to find ¢; and ¢z in (0, 1) such that:

cos(boIn(n +1))  cos(boln(n))

= e, 1-0 24
st | a0l e
sin(boIln (n+1))  sin(boIn (n)) ,
— = 1-— 2
(n+ 1) (n)®o [f(c2)(1 = 0)] (25)
We have the derivatives of f,, and e, such that f/(t) = =2 sin(bo In (’:i)t);gﬂfos(bo In (n+t))

and e/, () = bocostboln (”zi)t;u‘?flin(bo In(n+9)  Therefore

cos(boIn(n +1))  cos(boln(n)) ao + bo (26)
CERT (e | = o

sin(boIn(n +1))  sin(boIn(n)) ao + bo (27)
GRS OEENETE




We have the set of the partial sums z,, + zn+1 + ... + zntk is bounded,
then the real part and the imaginary part of the sum partial of z,, + 2z, +1+
.. + zZn+k are also bounded.
Let’s K > 0 such that for every n and k: |zn + Zny1 + ... + Tngr| < K
and |yn + Yn+1 + ... + Yn+k| < K. Therefore for each n: |X,| < K and
Yol < K.

M

S U < |2 Cosjffﬂoln (M))' atl CO(S](\;)(Z:%A;J’ DI ()
n=N+1
cos(boln(n+1))  cos(boln (n))
Xn — 2
+ Z | X ( n 3 D o (29)
n=N-+1
Y sin(bo In (M) Y sin(bo In (N + 1))
+ Voo + N 1 1) (30)
M—1
sin(boIn (n + 1 sin(bo In (n
3 ( 0 <) ) _ sinGoin >>> (31)
n=N-+1
M-1
4K 1
< mrDw Tyes +2K (a0 +bo) Y — (32
n=N+41
4K Mo at
< — -
= (N +1) + 2K (a0 + bo) /N+1 ot (33)
4K 2K(a0 + bo) 1 1
< - 4
S NiDw a0 ((N—i— T i) 69
We tend M to infinity and we get:
*i’f ol < 4K 2K (ao + bo) (35)
i — (N+4+1) = ao(N +1)20
Therefore
= K, K,
<———<
| An| = ’ Z Un| < (N + 1)@ = Nao (36)
n=N+1

where Ky = 4K + 280tbo) 5 ¢

Let’s define the sequence €,, such that: A, = nAa"O . Therefore for each

n > 1 we have: |\,| < Ki. Therefore the sequence (\,) is bounded. O

Let’s n > 1, we have Ant1 = Apn + Upy1. Therefore

Ant1 )\7” n Zn1co8(boIn (n + 1)) + ynt1 sin(bo In (n + 1)) (37)
(n+1)a0 = pao (n+ 1)e0
And

1ia .
g1 = (1+ E) An + (xnﬂ cos(boIn (n + 1)) + yn+1sin(bo In (n + 1))) (38)



For the sake of notation simplification, let’s denote , for n > 1,
Un = xpcos(boln(n))+ yn sin(bo In (n)) (39)

1ia
)\n+1 = (1 + E) 0)\71 + Un+1 (40)

Proof. First, we apply the previous lemma 3.2 to the case of our Dirichlet
series. Thanks to the cancelation property mentioned in (1), we have the
partial sums (3.7 | x(¢))n>1 is bounded because our Dirichlet character

x is non-trivial. Therefore we write A, = 22 where the sequence (\y) is
bounded.

To prove this lemma we proceed with some asymptotic expansions:
We have

An+1 = An + Un+1 (41)

So F,+1 can be written as follows:

Foy = Un+1An+U72L+1 (42)

So F,+1 — F,, can be written as

Fn+1 —F, = (Un+1 - Un) An + UEL+1 (43)

Let’s do now the asymptotic expansion of U,4+1 — U,,. For this we need
the asymptotic expansion of cos (bg In(n + 1)) and sin (bo In(n + 1)).

cos(boln(n+1) = cos (bo In(n) +boIn (1 + %))

we have the asymptotic expansion of In(1 + %) in order two as follow:

1 1 1
n2

(l+=) = ~+0(=) (46)

n

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

cos (bo In(1 + %)) - 14 0(%) (47)
And
sin (bo In(1 + %)) _ %0 n 0(%) (48)

(44)

cos (bo In (n)) cos (bo In (1 + %)) — sin (bo In (n)) sin (bo In (1 + %) (45)



Hence

cos(boln(n+1)) = cos(boIn(n)) — %0 sin (bo In (n)) + O(%)(49)
Also the Asymptotic expansion of m:
1 - L1 (_a 1
(1 + n)ao - nao (1 n + O(nz )) (50)
Hence
cos (bo In(n+ 1)) _ cos (bo In (n)) 3 bo sin (bo In (n)) + ag cos (bo In (n)) Lo 1 ) (51)
(1 +mn)2o N nao naotl noo+t2
cos (bo In (n)) Cn 1
= nao + na0+1 + O(na0+2 ) (52)

And the squared version of the above equation

cos” (boIn (n + 1)) cos” (bo In (n)) Cn 1

(1 _|_ n)2a0 = n2a0 + 2 cos (bo h’l (n)) n2a0+1 + O(na0+2) (53)

For the asymptotic expansion of sin (bo In(n + 1))

sin(boln(n+1) = sin (boln(n) +boln (1 + %)) (54)
= sin (boIn (n)) cos (boIn (1 + %)) + cos (bo In (n)) sin (bo In (1 + %)) (55)

we have the asymptotic expansion of In(1 + %) in order two as follow:

1 1 1
n2

n

Using the asymptotic expansion of the functions sin and cos that I will
spear you the details here, we have

sin (bo In(1 + %)) — sin (%0 + O(%)) (57)
= "o (58)
And
cos (boIn(1 + %)) - 1+ 0(%) (59)
Hence
sin(boln (n+1)) = sin(boln(n)) + %Ocos (boIn(n)) + O(%)(GO)



Also the Asymptotic expansion of m:

1 - L w,n L
(1 + n)ao - nao (1 n + O(nz )> (61)
Hence
in (bo 1 1 in (bo 1 b bol — in (bo 1
sin (bo In (n + 1)) _ sm(on(n))+ o cos (boIn (n)) a051n(0n(n))+0( 1 ) (62)
(1 +mn)ao nao naotl nao+2
sin (b In (n)) ccn 1
- nao nao+1 (na0+2 ) (63)

And the squared version of the above equation

sin® (bo In (n + 1)) sin® (bo In (n)) . cen 1
(1 + n)2a0 = n2a0 + 2sin (bo In (n)) n2a0+1 + O(n“0+2 ) (64)
Where
th = = (bo sin (bo In (n)) + ao cos (bo In (n))) (65)
ccn = bocos (boln(n)) — aosin (b In (n)) (66)
Therefore

Tp41 COS (bo In(n+ 1)) + Ynt1 Sin (bo In(n+1) Ty, COS (bo In (n)) + yn sin (bo In (n)

Unt1 = Un = (n + 1)ao (n)ao
cos (bo In (n)) Cn sin (bo In (n)) cen,
- ( no naeotl ) + Yn ( neo nao+li )
n bo 1 nsin (bp 1
oz cos( 0 n(n)) +y sm( oln(n) Lo 1 )
(n)ao na0+2
(Tnt1 = xn) cos (boIn (n)) 4+ (Ynt1 — yn)sin (boIn (1)) 2pi1cn + Yniicen 1
nao na0+1 na0+2

_ n Bn 1

- nao + na0+1 + O(na0+2)

And

Y Bn 1
Un+1 = 790 + ’I’La’0+1 + O(na0+2) (72)

Where
an = (Tnt1— Tn)cos (bo In (n)) + (Yn+1 — Yn) sin (bo In (n)) (73)
Bn = TnpiCn + Ynticcn (74)
Yo = Tpt1COS (bo In (n)) + Ynt1 sin (bo In (n)) (75)

Therefore

(67)
(68)

(69)



2
n n 1
U2, = 2o dmbn oL (76)

n2a0 n2a0+l na0+2

So the asymptotic expansion of F,y1 — F, is as follows:

2
_ Tn o An BnAn YnBn 1
F”+1 -F = n2ao + N0 + neotl n2ao+1 + O(nao+2) (77)
We have A,, = T?T"o where \,, is bounded. Therefore
2
_ Tn QnAn 2'7an ﬁn/\n 1
Fopn —Fn = n2ao n2ao n2a0+1l | p2a0+1 (nao+2) (78)
Therefore
2

n2u0 n2a0+l na0+2

By definition of O, we know that there is exist a bounded sequence
(en) and there is exist a number Ny such that: For each n > Ny we have

’Y'?L + an)\n ()\n + 27n)ﬂn €En

Foy1—F, = g + ot + T (80)
2
. . . YntanAn
Let’s now study the asymptotic expansion of the dominant term BT

in the context of the Dirichlet L—functions.

Lemma 3.3. Let’s q be an odd prime integer. Let’s x be a non-trivial
Dirichlet character modulo q. Let’s denote that for each k, z, = xr+iys =
x(k). Therefore we have the following asymptotic expansion:

i Vensi + Qgntidgnti i (Mng+i + 29gn+i) Brg+i Ta + Tb cos(2bo In (gn)) + Tc sin(2bo In (gn)) 1

= 1
— (nq + i)2a0 — (nq + i)2a0+1 (nq)2a0+1 + O( (qn)2“0+2 ) (8 )

2Tmi

Where m € [1,q — 2] is defined such that xm(g) = e a=1 where g is the
generator of the cyclic group Z/qZ*.

Cag | (sam1) @mpsinEmR) L (go1) | (- D)sin(2ER) . -1
Ta = 2 |: 2 2—2(505(?;:”;) + 2 2 l—cos(%q”f) ’ me ;é 2
% (5¢ - 1) + % (g - 1), ifm= 21
(82)
a _@-ysinZER) |y | (g-1) | (@-Dsin(EER) | 1
Tb = 2 |4 +1 2—2cos(2;'fql) 2 2 + 1—cos( 27;'11) ’ me 7& 2
P (4q° +2¢-2) = (g - 1), ifm= 13"

10



)\n+1

wg | g1 | (a=DsmZzm) | (g=1) sin(2mm )
P+ —E | - Fet+t 1+ ——+
Te = 2 2 1—cos( ?1":1’) 2 2—2cos( 2[;‘1?)
(g —1) = bog,
Proof. In this case we have for each n > 1:
an = (Tnp1 —xn)cos (boln(n)) + (Ynt1 — yn) sin (bo In (n))
’yz =  Zpy1COS (bo In (n)) + Yn1 Sin (bo In (n))

An is bounded. From the asymptotic expansion of cos(boIn (n + 1))
and sin(bg In (n 4 1)) :

= An+@ns1cos(boln(n+ 1)) + yny1sin(boIn (n+ 1)) +

ao An

+O(n

1
n2

)

We have z1 =1, zg =0 and foreach 1 <k < ¢g—1, z](cqfl) = 1. There-
fore zx are ¢ — 1-th complex root of unity. ¢ is an odd prime number.
Z/qZ” is a cyclic group generated by some generator g. We have g =1

mod ¢ therefore x(g)?"! = 1. So x(g9) = e with m €l,.,q—1].
We have exactly ¢ — 2 non-trivial Dirichlet characters defined with their

27m

m(g) = e -1 where m € [1,q — 2].

kel[0,q—2].

2rkmi

And Xm(gk) = e 9—1

where

Without loss of generality, let’s take m € [1,¢—2] and put 2, = xm(g*) =

2(k—1)mim
e (17)1 )

1 <4< q, z = cos(

2(i—1)wm

q—1 1

Thgti = Ti and Yrg+i = Yi-

We have from above that

cos(bo In (n + 7))

sin(bo In (n + z))

1
n2

cos(bp In (n)) — % sin(bo In (n)) + O( "

Therefore for 1 < i < ¢: we have

cos(bo In (gn + 1))

sin(bo In (gn + 7))

cos(bo In (gn)) — % sin(bo In (nq)) + O(

sin(bo In (gn)) + % cos(bo In (nq)) + O(

11

)

sin(bo In (n)) + % cos(bo In (n)) + O(%) (89)

—

1

qn)?
1

qn)?

for each 1 < k < q—1. Then, by definition we have for each
) and y; = sin(2=U7™). And for each ,

(88)

)

. —1
) me¢qT

(87)

(90)

(91)



. . . Ang+i 1
Agntit1 =  Agnti + Tgntit1 cos(bo In (gn + 4+ 1)) + ygn+i+1 sin(bo In (gn + ¢ + 1)) + 4o nqq+ + O( (qn)2) (92)
i+ 1)b
= Agnti + Tgntit1 <Cos(b0 In (gn)) — (Z—;ﬂ sin(bo In (nq))) (93)
. (Z + 1)b0 a0>\nq+i 1
nti —_— 1 4
TR (sma)o tn (qn)) + 2 cos(bon (ng)) | + 22225+ O(—) (94)
= Agnti + <1’qn+z‘+1 cos(bo In (qn)) + Ygn+i+1 sin(bo In (qn))> (95)
(i + l)bo . aoAnq+¢ 1
| —Zgn+i bo 1 nti bol
+ o Tgnit1 sin(bo In (nq)) + Ygnti+1 cos(bo In (ng)) | + e +O((qn)2) (96)
We need the asymptotic expansion of the order 1 of A\,q+: to replace
%{f“ by its value in function of Zgn+; and Ygn4i-
. . 1
Agntitl = Agn+i + Tn+itl Cos(bO In(gn + i+ 1)) + ygnti+1 sin(bo In (gn + i + 1)) + O(qin) (97)
. 1
= Agn+i t Zantit108(bo In (qn)) + Ygn+i+1 sin(bo In (gn)) + O(q—n) (98)
(99)
. 1
Agn+1 = Agn + Tgnt1 c08(bo In (qn)) + ygn+1 sin(bo In (gn)) + O(qfn) (100)
Therefore
i ' i 1
Agnt+i = Agn + cos(boIn (gn)) ; Tgntk + sin(bo In (qn)) kZ:l Ygn+k + O(q—n)(101)
1
Mty = A+ O() (102)
Therefore
Agnti+l = Agnti + (an+i+1 cos(bo In (qn)) + Ygn-+i+1 sin(bo In (qn))> (103)
i + 1)b .
v G ( — Santi1 500 10 (79)) + Yan-ri41 cos(bo In (nq») (104)
a i ‘ i
+ TT(; <cos(bo In (gn)) ; ZTgntk + sin(bo In (qn)) ; yqn+k> (105)
CL())\nq 1
+ — 40 106
ng 1o
(107)
Agnt1 = Agn + <an+1 cos(bo In (gn)) + Ygn+1 sin(bo In (qn))) (108)
15 An 1
w20 i sin(bo 1o (ng)) + ans1 cos(bo In (ng)) | + 2222 4 O(—-Y(109)
nq (qn)
(110)

12



Therefore

Agnti = Agn+ (COS(bO In (gn)) Z Tgn+k + sin(bo In (gn)) Z yqn+k) (111)

k=1 k=1

+ TbT(Z] ( — sin(bo In (ngq)) Z k gn+r + cos(bo In (ng)) Z kyqn+k> (112)

k=1 k=1

i k1 i kol
- <cos(bo (1)) S D" wgnsr +sin(bo In (gn) SN ywl) (113)
k

=11=1 k=11=1
aoi)\nq 1
+ +0 114
ng ay
a0t Ang + Bin 1
= A+ Aing+ 2 = +0 115
q »ng ng ((qn)z) ( )

In the particular case of i = ¢ we have

a@0Ang | Bggn 1
n = n A n 11
>\q +4q >\q + 9,9 + n + ng + O( (qn)g ) ( 6)
But Aq,qn = 0. Therefore
ao quqn 1
= (14 %, . 11

‘We will see later in the lemma 3.5 that in fact
1

qn) (118)

Aen = é(acos(boln(qn))+Bsin(bohl(qn))) +0(

Let’s now study the term Y7, %332:‘ For the sake of simplicity

13



the notations B; and A; will be used instead of B; nq and A ng.

q ) - '
izzl (mqnﬂﬂ B an“))\q"“% + (yqn+i+1 - yqn+i))\qn+i%
= ; (mqnﬂﬂ - anﬂ) Agn +(:; jr‘ Z')annq <COS(bo In (gn)) — % sin(bo In (nq))>
a0irng+Bi
+(yqn+i+1 - yqn+i) Agn +(:qi i Z;aonjf (sin(bo In (gn)) + % cos(bo In (nq))> + O(m
1 1 g
= O( (qn)2+2a0 )+ (nq)?e0 ; ($qn+i+1 - ZBanri) ()\nq + Ai) cos(bo In (gn))

1 ! ‘ '
+W Z (an+z'+1 - an+i) ((aoz)\nq + Bi — 2a0i(Agn + A1)) cos(bo In (gn))
i=1

q

12(1U Z (yqn+i+1 - yqn+i) ()\nq + Ai) sin(bo In (gn))

—iby ()\qn + Ai) sin(bo In (nq))) + W vt

1

(ng)2e0+t (yqn+i+1 - yqn+i) <(a0i)\nq + Bi — 2a0i(Agn + Az)) sin(bo In (gn))
=1

+ibo (Agn + Ai) cos(bo In (ml)))

= O( (qn);+2“0 )+ (nq;%ﬂ { Zz::l (13i+1 - .’L’i)Ai cos(bo In (gn)) + ;::1 (yi+1 - yi)Ai sin(bo In (gn))
+(nq)21a0+1{ i (21— 21) (( — 0idng + B: — 2a0iA:) cos(bo In (qn))

—ibo (Agn + Ai) sin(bo In (nq) ) + Z (ym ) (( — @oidng + Bi — 2aoz‘A¢) sin(bo In (gn))

+ibo (Agn + Ai) cos(bo In (WZ))) }

14

(119)

(120)

) (121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)



Therefore

Sttt o+ e 35 o ) st ) + 3 (i =) s | 031
+(nq)21a0+1{ Z: D) ((Bi — 2a0iA; ) cos(bo In (qn)) — ibo (A:) sin(bo In (nq))> (132)
3 o) (5 i) st 1 st o)) | 5
+m$+{ cos(bo n (qn) <bo Z (31 - ) — a0 Z(I+ - xi)> s
X (5 ICHE % S USE) ) 59
We have -

o
Il Mm
_

i(miﬂ—xi) = q (136)
1

i(yi+1*yi> =0 (137)

1

Q
|

7

And We have from the lemma 3.5 that Agn, = %(oz cos(bo In (gn)) +
Bsin(bo In (qn))) +0(4).

Therefore
Z “;’[q‘*; S = Ol (qn)igao )+ (nq;ao { > (e = @) Ascos(boln (gn)) + 3 (s = v:) Assin(bo In (qn»} (138)
1 . . , .
+(nq)2ao+1{ ; <$i+1 — ml) ((BZ - 2a01Ai) cos(bo In (qn)) — ibo (As) sin(bo In (nq))) (139)
+ Z (yi_H — yi> ((Bz — 2a0iAi) sin(bo In (qn)) + ibo (As) cos(bo In (nq))) } (140)
1 . .
~lng)antt (ao cos(bo In (gn)) + bo sin(bo In (qn))) (a cos(bo In (gn)) + Bsin(bo In (qn))) (141)
Now the term 3% ~42,.;
Yan+i = Tgnti+1cos(boIn(gn + 1)) + ygntit1 sin(bo In (gn + 1)) (142)
= Tit1 (cos(bo In (ng)) — % sin(bo In (nq))) + Yit1 (sin(bo In (nq)) + Z)—; cos(bo In (nq))) + O(( }1) ) (143)
= (ac,url cos(bo In (nq)) + yit1 sin(bo In (nq))) + ibo ( — 241 sin(bo In (nq)) + yi+1 cos(bo In (nq))) (144)

Therefore

15



2 2ib
Viri = (xi+1 cos(bo In (nq)) + yi+1 sin(bo In (nq))) + :L—qo ( — xi418in(bo In (ngq)) (145)
+yi+1 cos(bo In (nq))) (m,-.H cos(bo In (nq)) + yi+1 sin(bo In (nq))) (146)
And

(l'7j+1 cos(bo In (nq)) + yi+1 sin(bo In (nq))) ’

2
Yan+i
= 14
(nq + i) (na)%0 ()
2i b i in(bo 1 i bol i bol 148
+ g o= @1 sin(bo In (10)) + g1 cos(bo In (ng)) ) (w1 cos(bo In (ng)) (148)
. ) 2
+yi+1 sin(bg In (nq))) —agp (azi.,.l cos(bo In (nq)) + yi+1 sin(bo In (nq))) (149)
) 2
a Vi a (Ii+1 cos(bo In (ng)) + yiy1sin(bo In (nq)))
i _ 150
i=1 (nq + i)QaO ; (nQ)2a0 ( )
- 2i
_ Zl T (bo( — @i sin(bo In (nq)) + yit1 cos(bo In (nq))) (xiﬂ cos(boIn (ng))  (151)
. . 2 1
+  Yit+1sin(bo In (nq))) — ao (Z'i+1 cos(bo In (nq)) + yi+1 sin(bo In (nq))) + O((qn)w) (152)
Now the term (An + 27,)Bn. For this term we need only the order 1
of the asymptotic expansion.
. 1
Yan+i = Tit1cos(boln (gn)) + yit1sin(bo In (gn)) + O(n—q) (153)
1
nq
1
Bng+i = Tif1Cng + Yit1CCng + O(TTq) (155)
Therefore
(Angti + 29gn+i)Brgri = Ang ($i+1cnq + yi+1Cqu) (156)

. 1
+(Ai + 2241 cos(bo In (gn)) + 2y;+1 sin(bg In (qn))> ($i+lcnq + yi+1ccnq) + O(niq) (157)

16



q

> !

i=1

nq+z + 27qn+1)5nq+z

nq + ’L 2a0+1

Therefore thanks to Y 7 | xiy1 =Y ¢, yi+1 = 0 we have:

g ($i+1cnq + yi+1ccnq)
A

M (ng)2e0+?

(A' + 22341 cos(bo In (gn)) + 2y;+1 sin(bo In (qn))) (.T1‘+1qu + yi“ccnq) 1
+

(nq)2e0+1

(A. + 22341 cos(bo In (gn)) + 2y;i+1 sin(bo In (qn))) (:Bichq + y¢+1ccnq) 1
= Z (nq)2a0+1 + O( (nq)2a0+2

2
Qgntidgnti Vgn+i (Angtit+27gnti)Bngti
Now let’s study the term T}, = » 7, (na+0)2%0 + (ngtaZe0 T (nqti)2e0F1 .

We have the coeffecient of the order of (nq)QaU in the asymptotic expansion
of T, is zero:

= 1 { i (mi+1 - Z’i)Ai cos(bo In (qn)) + i (yi+1 - yi)Ai sin(bo In (qn))} (161)

(ng)>eo P

a (Sﬂi+1 cos(bo In (nq)) + yi+1 sin(bo In (nq))) ’
(ng)?eo

4 (162)

=1

We are left with the term of the order (ng)?*°*!. Let’s now prove that
this term is nonzero. The coeffecient of this term is the following: T7 +
TQ + T3 =+ T4 + T5 where

=1

Ty = i (xi+1 - a:l) ((Bl — 2a0iAi) cos(bo In (gn)) — ibo (As) sin(bo In (nq))) (163)

T, = zq: (y7j+1 — yi) <(Bl — 2a0iA¢) sin(bo In (gn)) + tbo (Az) cos(bo In (nq))> (164)

T, = i 2 <b0( — @iy sin(bo In (nq)) + yi+1 cos(bo In (nq))) (xiﬂ cos(bo In (ng))  (165)

+ i sin(boln (ng))) — ao (zis:1 cos(bo In (ng)) + iz sin(bo In (nq)))2> (166)
Ty = il (Ai + 21441 cos(bo In (qn)) + 2y 11 sin(bo In (qn))) (xmcnq + yi+1ccnq) (167)
T = : (ag cos(bo In (qn)) =+ bo sin(bo In (qn))) (acos(bo In (gn)) + Bsin(bo In (qn))) (168)

Let’s now write the terms 7} in the form of:

T; = Ta; + Tb; cos(2bg In (gn)) + T'c; sin(2bo In (gn)) (169)

17



q
Ty = Z ’Lbo ((yiz+1 - ZL‘?+1) sin(2b0 In (nq)) + 2Ii+1yi+1 COS(2b0 In (nq))) (170)
i=1

—aoi (@3 +y70) + (241 — i) cos(2bo In (ng)) + 2241y sin(2bo In (nq»))(ln)

q

q
= —ao Y i1+ yiy1) + cos(2boIn (ng)) D i(ao(yi2+l —aia)+ 2b09ﬁz‘+1yi+1) (172)

i=1 i=1
q
+ sin(2bg In (ng)) Zi(bo(yfﬂ — i) — 2a0:ci+1yi+1) (173)
=1
And
Tas = —ao Z w1+ yie) (174)
q
Tbs = Zi(ao(yfﬂ — $§+1) —+ 2boxi+1yi+1) (175)
i=1
a
TCg = Zi(bo(y$+1 — LE§+1) — 2aoxi+1yi+1> (176)
i=1
We have
a a+1
Z’L Tit1 + yz+1 = Z(l -1) (93? + %2) (177)
1=1 =2
q—1
= q+>» (i- 1)(93? +yf) (g =Yg =0,2g41 =21 = 1,yg41 =y1 =0) (178)
i=2
q—1
S <A (179)
i=2
-1
S 7(1(‘12 ) (180)
a
T, = ZAi (xi+lcnq + yi+1ccnq) (181)
i=1

+ 2 ($i+1 cos(bo In (gn)) + yi+1 sin(bo In (qn))) (aci.H Cng + yi.,_lccnq) (182)
= Ty +Tu2 (183)

18



(193)

(194)
(195)

(196)

q
T472 = 2 Z (l’i+1 COS(bQ In (qn)) + Yi+1 Sin(bo In (qn))) (ZL'H_lqu + Yi+1 cch) (184)
i=1
q
= 2 Z (;ri.H cos(bo In (qn)) + yi+1 sin(bo In (qn))) (185)
im1
(( — aozit1 + boyit1) cos(bo In (qn)) — (bozit1 + aoyit1) sin(bo In (qn))) (186)
q q
= —aoy (3312+1 + y?H) + cos(2bo In (ng)) » | (GO(yz'2+1 —zi) + 2b0$i+1yi+1> (187)
i=1 i=1
q
+ sin(2b0 In (’I’Lq)) Z (bo(yl~2+1 - 3212+1) - 2a0mi+1yi+1) (188)
i—1
(189)
And
q q+1
@ity = D (If + yf) (190)
i=1 i—2
q—1
= > (70? +yf) (g =Yg =0,zq11 =21 = 1,yq41 =y1 =0) (191)
i—1
= ¢-1 (192)
And
q
Tya = ZAi (l‘i+10nq + yi+lccnq)
i=1
q i i
= Z (cos(bo In (gn)) Z z + sin(bo In (qn)) Z yk)
i=1 k=1 k=1
(( — apTit1 + boyi+1) cos(bo In (gn)) — (boxlurl + aoyiﬂ) sin(bo In (qn)))
1 q—1 7 q—1 % q—1 % qg—1 %
= 3 (bozyi+1 Zwk — bOZ$i+1 Zyk - aozﬂfi+1 Zxk — aoZyi+1 Zyk>
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1
cos(2bg In (nq)) ! ‘ ol d ! 4 ! d
+ qu <bo Z Yit1 Z 2k + bo Z Tit1 Zyk —aog Z Tit1 Z Tk + ao Z Yit+1 Z yk) (197)
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1
sin(2bo In (nq)) Ky : gy 4 ! d iy 4
+ 702 ( —ao Zyi-H Zxk — ao in-H Zyk —bo in“ Zx’“ + bo Zyi“ Zyk>(198)
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1
NOW T1

19



q

T = Z (xi+1 — xl) ((BL — 2aoiAi) cos(bo In (gn)) — ibo A; sin(bo In (nq))> (199)

=1

B, = bo( — sin(bo In (nq) Z kxi + cos(bo In (ng) Z kyk) (200)
k=1 k=1
i k-1 i k-1
+ ao (cos (bo In (nq)) Z 21 + sin(bo In (ng)) Zyl) (201)
k=1 1=1 k=1 1=1
= b()( —sin(bo In (nqg)) » kxy + cos(bo In (ng)) kyk) (202)
k=1 k=1
+ ao( —cos(boIn(ng)) » kzx — sin(bo In (ng)) Icyk) (203)
k=1 k=1
+ ao (cos boln (nq))i » xk + sin(bo In (nq))i yk) (204)
k=1 k=1
= —sin(bo In (nq)) (bo kxz + ao Z kyr — aot Z yk) (205)
k=1
+ cos(bo In (ng)) (bo kyr — ao Z kxr + aot Z azk) (206)
k=1
And
T, = B COb(bo In (¢n)) (207)
1
= 3 (bo Z kyr — ao Z kxi + aot Z xk) (bo ; kyr — ao Z kxr + aot Z xk) cos(2bo In (gn)) (208)
-3 (bo Z kxi + ao Z kyr — aoi Z yk) sin(2bg In (gn)) (209)
k=1 k=1 k=1
And
Tia = —2a0iA;cos(boln(gn)) — iboA; sin(bo In (ng)) (210)
= —i4; (2(10 cos(bo In (gn)) + bo sin(bo In (gn) ) (211)

7

—z(cos(bo In (gn)) Z Zx + sin(bo In (gn) Z yk> (an cos(bo In (gn)) + bo sin(bo In (qn))) (212)
k=1

1

= < (an Z Zx + bo Z yk) = ( ao Zk — bo Zyk) cos(2bg In (gn)) (213)

k=1 k=1

41 1 (2a0 Z Yk + bo Z :vk) sin(2bg In (qn))) (214)

k=1

Therefore
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T

i
51

i
T30

q

= Z ($i+1 — ivz) (Tf,1 + Tli,Q) (215)

i=1
kl bO(ch:l kye =434y yk) —ao(Zizl ki 41325, xk)
i=1 2
bo (Yo Ky 41505 e ) — a0 iy ki34 )
+ 3 cos(2bo In (gn)) (217)
—ao ( St Ry + 130, yk) —bo ( Skt Rk 35 mk)
+ 3 sin(2bo In (gn)) | (218)
And
= B;sin(boIn (¢n)) (219)
1 i i o 1 i i &
= -3 (bo Z kzk + ao Z kyr — aot Z yk) +3 (bo Z kzi + ao Z kyr — aot Z yk) cos(2bo In (gn)) (220)
k=1 k=1 k=1 k=1 k=1 k=1
+§ (bo Z kyr — ao Z kxi + aoi Z mk) sin(2bg In (gn)) (221)
k=1 k=1 k=1
And
= —2a0iA;sin(bo In (gn)) + ibo A; cos(bo In (ngq)) (222)
= 4 ( — 2ag sin(bo In (gn)) + bo cos(bo In (qn))) (223)

= i(cos(bo In (gn)) Z @ + sin(bo In (gn)) Z yk) ( — 2ag sin(bo In (gn)) + bo cos(bg In (qn))) (224)

k=1
(1 i i 1 i i
= 4 (2 (bo Z T — 2ag Z yk) + 3 (bo Z Tr + 2ag Z yk) cos(bo In (gn)) (225)
k=1 k=1 k=1 k=1
—l—% (bo Z Yk — 2a0 Z :ck) sin(bo In (qn))) (226)
k=1 k=1
Therefore

= i (yz‘+1 - yi) (TQi,l + TQi,Q) (227)

=1
= Eq: (yi+1 - yi) (bo (Z Zz:l - Zz:l kmk) ; = (Z Zi:l ne Zz:l kyk) (228)
i=1
bo (Z 22:1 Tk + 2221 kﬂﬂk) + ao (Z 22:1 Yr + Zizl kyk)
2
bo (Z S Yk, kyk) —ap (Z ST+, k-Tk)
2

+ cos(2bo In (gn))  (229)

—+

sin(2bg In (qn))) (230)
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Let’s now aggregate the terms T; in the form of:

4 4 4 4
T = Y T,=)» Tai+cos(2boIn(qn))» Tb; +sin(2boIn (qn)) Y  Te; (231)
i=1

=1 i=1 i=1

Ta + cos(2bo In (gn))Tb + sin(2bo In (gn))T'c (232)

Let’s start with the first term Ta.

5
Ta = Y Ta (233)
i=1
Where
q bo ( 22:1 kyk — 1 22:1 yk) — ao ( 22:1 kxi +1 ZZ:l ﬂck)
Ta1 = Z (Llii+1 — 1’1) 2 (234)
i=1
bo (iS5 oy _ S LYYk
Tas i (yi+1 B yi) o(l k1 Tk~ Dopo xk) ; ao (Z Dok Ykt 2 yk) (235)
i=1
q
Tas = —ao Zi(xiq + yfﬂ) (236)
i=1

q g—1 i q—1 i
1
Tay = —ao E: (x?ﬂ + yi2+1) T35 <bo E Yit1 E xk — bo E Tit1 E :yk (237)
=1 k=1 =1 k=1

i=1
g—1 i q—1 i
IS ST S S yk> (239
i=1 k=1 i=1 k=1
We have T'a; and Taz contain many terms that cancel each other.

q

Tay +Tax = —% <lzl ($i+1 - UE@) (; kxy, +Z;$k) + (yi+1 — yi) (Z kz_lyk + 2 k‘yk)> (239)
q i i g—1 i i
+%0 ( (Cvi+1 — Jh) (Z kyr — ZZyk) + Z (yi+1 — yz) (Zzl’k - Z kxk)) (240)
i=1 k=1 k=1 i=1 k=1 k=1
a q q q q—1 k q q—1 k
= —20< k:pk+2kyk—Qkai—l—Zkawi—QZkyi—i—Zykai) (241)
k=1 k=1 i=1 k=1  i=1 i—1 k=1 =1
bo q q q—1 i q
+5 kyr — kak +2Zyizwk — Zxkyk (242)
k=1 k=1 k=1

k=1 =1
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Ta4

q g—1 [3 q—1 7
—ao ) (xfﬂ + yi2+1) + % (bo Doy Y w—boy i1y yk (243)
i=1 k=1 i=1 k=1

i=1

q—1 1 q—1 7
—ao Z Tit1 E Tr — Qo Z Yit1 Z yk> (244)
i—1 k=1 i=1 k=1
q 1 q—1 i q—1 i
*CLOZ ($12+1 +yz‘2+1> + 2<250 szZyk — ao szzxk (245)
=1 k=1 i=1 k=1

i=1

—ao Zy’ Zyk —ao Z (xz + yz)) (246)
i=1
2004+ 1<~/ 2 o ' i
= —— Z(m-&-lﬁ) (21)02%21%—QbonLyL—aOZmlzmk (247)
i=1 i=1

i=1

g—1 i
-aozyizyg (218)
=1 k=1

And
q
Tas = —ao Z i(Ti1 + Y1) (249)
q+1
= —ao ) (i—1)(ai +y) (250)
q—1
= —aoq— ao Z(z — 1)z + ) (251)
i=1
And
Tas = — M (252)
And finally

qg—1 q—1 qg—1 q—1
Ta = —aoq-— QGO; ! > (:c? +yi2) +ao Z(i —(i— 1))(%2 +yz-2) - %(kak - Zkyk) (253)

i=1

2@0(23@%@%2%) SETD DT ERE) D DRt ety I
=1 =1 7

_ap« + boﬁ
2

q—1 q—1 q—1 7
= —o0r =5 30 (ot uf) = P (Do ke + X k) 2a°(szZxk+ZyzZyk) (256)
i=1 k=1 k=1 i=1 i=1
-|—b—0 fk —zq:kac +4§ ix —qu_fx _ oo+ boff (257)
2\i= . k=1 ' k:1yk i=1 Z k=1 H 2

(255)
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Let’s now deal with the second term T'b.

Tb=Y Tb (258)
=1

Where

Tby

Tby

Tbs

Tby

q
= g (l'i+l_1'i

) bo ( 22:1 kyk +1 22:1 yk) — ao ( 22:1 kxi +i 22:1 xk)

5 (259)

i=1

q bo (z 22:1 TE + 22:1 ka) + ao (2 22:1 Y + 22:1 kyk)

= > (ym — yi) 3 (260)

i=1

q q—1

= 2bg Z 1Tit1Yi+1 + ao Z i(3312+1 - yz~2+1) (261)
i=1 i=1
q q—1

= 2bo Z Ti+1Yi+1 + Qo Z(CE?-H - yi2+1) (262)
i=1 i=1

q—1 i q—1 i g—1 7 q—1 i
+% <b0 Z Yit1 Z xk + bo Z Tit1 Z Yk — ao Z Tit1 Z Tk + ao Z Yi+1 Z yk) (263)
=1 k=1 =1 k=1 =1 k=1 1=1 k=1

‘We have T'b; and T'b2 contain many terms that cancel each other.

Tbi1 + Tbs

% (i —(ﬂci+1 - xz) (;lmk +zkz;xk) + (yi+1 - yi) (Zgyk + kz; kyk)> (264)

q 7 K3 q 2 k3
+b50 (Z (:r:i+1 - 331) (Z kyr +iZyk) + Z (yi+1 - yz) (z Zﬂck + kak)> (265)
i=1 k=1 k=1 i=1 k=1 k=1

q—1 q—1 q—1 k q—1 qg—1 qg—1 k
?(—[Zlmk—Qkai—i—Zx;@Zm +Zkyk—22kyi+2yk2yi> (266)

i=1 i=1 k=1 i=1 i=1 i=1 k=1  i=1
b qg—1 qg—1 q—1 q—1 q—1 q—1 k q—1
JrEO (Zkyk +Zy12xk - Zkakyk + kak - ZZkl'kyk - Zyk le + Zxkyk>(267)
k=1 k k=1 k=1 k=1 k=1 =1 k=1

7
=1 =1

And
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Tby = 2bo Z Tit1Yi+1 + ao Z(%ﬂ Yii1) % (bo qz_f Yit1 21: T, (268)
i=1 k=1
+bo 2_: Tig1 Z Yk — o z_: Tiy1 Z Tk + ao qz—:l Yit1 ZZ: yk) (269)
im1 — =1 Pt =1 =1
= 2bon1yz+aoZ T —yl) ;(bogﬂfiiykerqul%iyk (270)
i=1 i=1 k=1
—bozxzyz aozwzi$k+aozyzzyk+a02( '—3/12)) (271)
=1 i=1
_ %q 1 oy l+2a0+1z(m? <Zybiyk_szzi:xk> (272)
=1 =1

i=1 =1

And
q q
Tbs = 2bo» ixir1yir1 +ao »_ i(xiis — yip1) (273)
i=1 i=1
g+1 g+1
= 2boZz—1xlyl+aOZz—1 -—yl) (274)
And
Tbs = — M (275)
And finally

k
Ty = ( [kak22kmi+2xk2ml +Zkyk22kyk+2yk2yl> (276)
+ %) (kz_lkyk — 42 kxryr + Z kxi + Zl’kyk> (277)
q—1 7 i
=1 i=1

i=1 i=1

a+1 q+1 a0 — bof
+ 200 (i—Dayi+aoy (i—1)(af —yf) - % (279)
i=1 =1
Let’s now deal with the third term Tc.
5
Te=Y Te (280)
i=1

‘Where
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TCl

TC2

TC3

TC4

a GO(ZZZI kyk +1> py yk) +bo(22:1 kre +i3 5, mk)
= -3 (x1+1 - x) 5 (281)
i=1
q bo (Z 2221 Yk + Zi:l k?-!k) — @o (Z 22:1 Tk + 22:1 kxk)
= Z (yz'+1 - yi) 5 (282)
i=1
q q—1
= 2b0 Y izmipyit1 +ao Y i(@i — yi) (283)
i=1 i=1
a _
= 2bg Z Ti+1Yi+1 + Qo Z(lf?+1 — yi2+1) (284)

i=1 i=1

+ <bo Z Yit1 Z zr + bo Z Tit1 Z Yk — ao Z Tit1 Z i + ao Z Yit1 Z yk> 285)

We have T'ci and T'ca contain many terms that cancel each other.

Tei+Tes =

(32 (e =) (e 30 ) = (e =) (3 3 0) -
cg)<%1 (xﬁ—l f:m) (Zkyk +iZyk) +§ (yi+1 *yi) (zixk +ikxk)> (287)

|: Skxk—2§k$i+§fk ix{|> (288)
C;(i yk—l—;yzixk—Qkakyk—l—kak—Zyk;xz—Qkakyk—f—Zxkyk)(QSg

k—ZZkyk—l—Zykal ikxk—Zz_:kxi—l—ikax{D (290)
i1 im - i—1 k=1 =1
i kxy + Z kyr — 4 Z kxpyr + Z fEkZ/k) (291)
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q

a q—1 i
1
Tcy = bo E (yii1 — h41) — 2a0 E Tit1Yi+1 + 3 ( —aop gl Yit+1 gﬂ Tk (292)

i=1 i=1

q—1 7 q—1 7 q—1 7
—ao Z Tit1 E Yk — bo Z Tit1 Z zk + bo Z Yit1 Z yk> (293)
im1 = i=1 k=1 i=1 k=1
q—1 7

a—1 i
= —2a9 Z iyi + bo Z — x, % <a0 le Z Yk — ao le Z Yk (294)
i=1 i=1 k=1
+aozxzyz —bozazzzzk +boZyzZyk +boz (w? —yf)) (295)
=1 =1

q—1 7

_ _2ao2+1z_:xiyi_%02(m?—yl (ZyzZyk—Zm’szh> (296)
i=1 i=1 =1

i=1

And
q q
Tes = —bo Z i(ii1 — yiy) — 2a0 Z Tit1Yi+1 (297)
i=1 i=1
q+1 q+1
= —ZaOZz—lxlyl—boZZ—l '_yz) (298)
And
Tes — — M (299)
And finally

q—1 qg—1 g—1 k
Te = b20<|:2kyk — 2Zky,% +Zyk Zyi [kak — Zkak +Zxk ZL:D (300)
) zLZ:jl q'::ll kq:jl 1=1 B k3
_20<Zk$k +Zkyk —4Zkfkyk —I—Zl‘kyk) (301)
i=1 i=1

1 a—1 i i
2a0 + 1 < bo 2 2 bo
- ;xzyz — 5;(% ; 5 ;yZZyk —;lexk (302)
a+1 a+1
—2ag Z(l = Dziyi — bo Z(Z - 1)(«'”3 - yf) - w (303)
i1 i=1

To calculate T'a, Tb and T'c we need to calculate the following terms:
A, B, A1, Bi, C1, Az, Ba, (3, A3, B3, C3. For 1 < m < ¢—2 and
m # 3
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2 (g —1)sin(222) g—1
A = ke =—-1"2 B=S"% —q i 304
; Tho Z Yk = ~Scos(Zm) (m # 5 ) (304)
q
-1
A1 = Zmi—i B1 Zyk:—,clzzmykzo (m;éLQ ) (305)
i=1 i=1
: (¢—1)° . (g—1D(g+1) g1
Ay = kai:—4 Ba=) kyi=—— 2 (m# ) (306)
=1 1=1
q

i=1
q—1

(307)

k
Az = ZkaxiZ%l,Bs=Zykai=q;717 (308)

k=1 =1 k=1 =1
)bln(%fnf) q—1

. — = g 309

3 Zyklzjw 4 4005(%) (m # 2 ) (309)

And when m = q;1:
q q—]. q q—l

A = ;]mszT,B:;kyk:O (m="5-) (310)
q a d qg—1

A = in:qfl,Bl:Zy;%:(),Cl:Zwkyk:() (m:T) (311)
2 qlg—1) o - g—1

Ay = ;kxk:7732:;/6%:0,022216%%:0 (m:?) (312)

g—1 k
As = D w)
k=1 i=1

g—1 k q—1 k
q—1 q—1
izi,B:E E 1':076':5 E i=20 =——) (313
’ 2 ’ k:lyk z‘:ly ’ k:lyk i:lm o 2 ) B

And
_aoa + bob boa — aob
22 3 , B= 22 0 b= —(boA+aoB), a=boB —aoA  (314)
Therefore
ag (54—1) (‘1*1)5“‘(%7:’?) bg (q—l) (g—1) sin( 2"”") . a—1
T2 - + 32 + , ifm# 5=
Ta= 2 |: 2 272cos(i"‘;"11) 2 2 1—cos i‘l\j{b) # 2
(315)
(¢—1) Sin(@) b (qfl) (g—1) sin( 2= ) . 1
20 1— 2 77" tg-1/ | _ bo q—1 £ g—1
Th=1{ 2 q+ 2_2COS(%) :| 2 7+ l—cos(ffj”) , ifm# 45

@ (4q2 + 2q

-2) - F@-1), if m = 451
(316)
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ag | g=1 (q—l)sin(%) g 1 (g—1) Sm(27rm) £ a-1
Tec= 2 2 * 17(:05(%) 2 g+ 2— 2COS<%’N_7;L) ol m# 2
©L(g—1) = bog, if m =41
(317)
O

Lemma 3.4. The case of the Riemann Zeta. The Riemann zeta function
is extended to the part of the complex plane where R(s) > 0 by the Dirichlet

n function: n(s) = > Xr(l?). Where ¢ = 2 and x(kq+1) = 1, x(kq+
2) = —1. In this case, the function x is not a Dirichlet character but it is

not a stop to apply our method as our method is not Dirichlet character
specific. We keep the same notation as the lemma 3.3. Therefore we have
the same asymptotic expansion as in the previous lemma:

1

Z 7qn+z

(ng + 1)2e0

+ Qgn+tiAgnti zq: (Angti + 2Vqn+i)Brars _ La+Tb cos(2bo In (gn)) + Tc sin(2bo In (qn))
P (ng +1)2e0tt (ng)2aott
with
Ta=—ag,Tb = —ag,c = —by (319)
Proof. In this case we have for each k > 1:
Thgrr = (1) =1 g0 = (—1)292H = 1 (320)
Yrat1 = 0,Ykqr2 =0 (321)

We apply the same calculation as in the lemma 3.3 and we replace by the
new values of x and yg. O

Lemma 3.5. From the lemma 3.3 we have the asymptotic expansion of
Agn:

Mty = dan+ 280 4 04 O() (322)
Therefore
A = (cvcos(boIn (ng) + B sin(boIn (ng)) ) + oLy (323)
q qn
Where
“gf + ”g”, 8= bg)g _ “Ob, b= —(boA+aoB), a=boB —agA  (324)

And A and B are defined in lemma 3.8.

Proof. Let’s denote v, = Agn, for n > 1.

Bgng = —sin(boln(nq) (bo Z kxy + ao Z kyr, — aoq Z yk) (325)

+ cos(bo In (nq) (bo Z kyr — ao Z kxik + aoq Z xk) (326)

= —sin(bo In (nq)) (boA + aoB) + cos(bo In (ngq)) (boB — aoA) (327)
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Where A and B are defined in the lemma 3.3. Let’s denote b = —(bp A +
aoB) and a = bgB — agA. Let’s denote B4 such that

Bg,ng = Bgn = acos(boIn (ng)) + bsin(bg In (nq)) (328)

We can write
B €n

nt1 = Un(l —am o 329
v = (14 52 + 2 4 (329)
with €, is a bounded sequence.
Let’s denote &, such that TT = i“n" + ;—’5 The sequence &, is also
bounded.
Therefore for each n > 1:
vnpr = v (14 20y 52 (330)
n n
Therefore for n > m > 1. We have:
ao ao Em ao ao ao
n = m(14+ —)(1 (1 —(1 1 (14— 331
bt = o B U 1+ By S Wy B (4 90 (g
Emt1 ao ao En1 ao &n
1 1 1 1+ — = 2
L R0 ) 1+ Db A B 2 33y
For a large m and n we have the product (1+;%07)(1+ *5)...(1+92)
equivalent to (7-)°. Because:
We have the Euler-Mclaurin formula that gives us the asymptotic ex-
pansion of the harmonic series:
"1 1 1 1 1 1 1 1
-1 — _ — — O —= (333
; kY oy T 1202 T 12007 T 25206 ' 24005 T 132000 T (nw)( )

Where v ~ 0,577215 is the famous Euler-Mascheroni constant.
Therefore there is exist a bounded sequence 6,, such that:

1 1 6,
Z%:Inn+7+%+ﬁ (334)
k=1
Let’s put Yi,n = ( +1)( m+2) (1—1—‘;—0).
Therefore
3 m(1+ %) (335)
i=m+1 t
We use the asymptotic expansion of
ao aop 1
In(l+ —)=—+0(—= 336
n(l+-7)=—+0(=3) (336)
And we write
ao ao (679
n(l+ —)=—+ — 337
n( + n) n + n? (337)
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where a,, is a bounded sequence.

In(Yin) = Z ln(l—l—%):ao Z %—&-%

i=m+1 i=m+1

n 1 [e%}
= G+ 3G )t Ga-gp)te 2 5

Therefore

n ‘LO(L,L) (h,em) n oy
Yim = (—)%e2 \n"m =8 ) tao Zicmi 3

Therefore we can write Y., as the following:

B

m

n

Yo = () (1422

where (,, is a bounded sequence. Therefore
n

ap
_ ag Bmn
Yo = ()4 Lo

Let’s now write V,,4+1 in function of Y, »:

Un+1 = Ummel,n + gﬂym,vt + gmi-'—lym+l,n
m m—+1
é-nfl

+...+n_1

Ynfl,n + 5iann,n
n

Therefore V,,+1 can be written as:

MNag | §m My | Emtl " Nao
m) +m(m) +m+1(m+1)
+

En—1 n \ag En M ag
— \_ 7 -\ Zmn
n—l(n—l) +n(n) + ’

Un+1 = Um(
+...

And the remaining term is

Do = §mBm (ﬁ)ao Em+1Bm—1 (

’ m2 ‘m (m+1)2
€n—16n—1( n
(n—1)2 '‘n—-1

n ag
m 4+ 1)
£n/B’ﬂ (ﬁ)ao

n? ‘n

+.. 4+ )0+

Therefore

— M yao ag §m §m+1 fn
Upt1 = vm(a) +n (ma0+1 + (m—|— 1)a0+1 + ...+ W)

- vm(ﬁ)ao + nao (Xn,m) + Zm,n
m

Now since the sequences 3, and &, are bounded we have:

n dit
ag
‘Zm,n| SCTL [n_lm

C'n® ( 1 1 )
~ao+1\(m—1)2tl  paotl
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(340)

(341)

(342)

(343)

(344)

(345)

(346)

(347)

(348)

(349)

(350)

(351)

(352)



Where C' is a positive constant.
Now let’s study the term X, ,,. We have

_ gm + £m+1 §n

- meao+1 (m+ 1)ag+1 nao+1

_ Bgm + Bq(m+1) +o 4 Byn €m €m+1 €n

- qma0+1 q(m+ 1)a0+1 qna0+1 mao+2 (er 1)a0+2 nao+2
Wim,n ZZm,n

Similarly to Z,,», we have the same inequality for ZZ,, »:

" dt
|ZZmnm| < Ch /m—1 Fan T2 (355)
Cy 1 1
< —
T ao+1 ((m — 1)a0+1 naOH) (356)
Where C is a positive constant.
Let’s denote the function g as the following;:
acos(bo In (x)) + bsin(bo In (z))
g(x) = pan (357)
We can write the sequence W, ,, as the following:
W = ¢ > g(qi) (358)

1=m+1

Using the same technique we used in the lemma 3.2 and the same
technique used in lemma 3.1 and 3.2 in [1], we have the following:

n qn K
q*° g(qi) — ¢*° / g(@)| < ——x (359)
i:;ﬂ a(m+1) maott
Therefore
ap—1 K
[Wan = q"° " (G(qn) — G(gm))| < oo (360)
And
[Wonn 4+ ¢*° 7 G(gm)| < ™ |G(gn)| + (361)

ma0+1
And the primitive function G of the function g(see lemma 3.1 in [1]):

Glr) = (boa — aob) sin(bo In (z)) — (aoa + bob) cos(bo In (z)) (362)

(bg + a%) %0

We have

’Um(%)ao + ’I’LaOWn,m = Un+1 — nGOZZm,n - Zm,n (363)
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The sequence (vy,) is bounded since the sequence () is bounded thanks
to lemma 3.2. So, let’s M be the nonzero positive constant such that for

each n > 1:
lon| < M (364)
Therefore
[ (22)0 4 0 Wan| < lonsa] + 00 |2 Zimnl + | Zmn| - (365)
(C+Cr)n® 1 1
< —
s M+ ao +1 ((m — 1)a0+1 na0+1) (366)
Therefore
ag ag
(™ = PO gm) | < | L Glgm) 00 W+ o+ 122001 41| 367
(ng)®° Kn®o (C+ Cr)n* 1 1
< _
= |G lan)l + mao+1 +M+ ao+1 ((m — 1)+l paotl )(368)
We have
a boa — aob . aoa + bob
(nq)*°G(gn) = (W sin(bo In (gn)) — Wrad cos(bo In (qn))) (369)
= «acos(bpln(gn)) 4+ Bsin(bo In (gn)) (370)

Therefore the sequence (ng)*°G(gn) is bounded.
Therefore we can write:

N, (ng)* a Kn® (C+Ci)n™ 1 1
oy = PG qm)| < () a4 e v CEORI (L ) e
Knto (C+Ci)n 1
< Gt — w1 (m Dt (372)
_ 14+-L ap __ 1+a n\ag __
Now we choose n = m " @ . Then n*® = m "%, Therefore (/)" =
m. Therefore
m . Kmaot! C + Cr)mot! 1
'mvm - (a cos(bo In (gm)) + Bsin(bo In (qm)))' < Cy+ e ( aol—?- . CEIE (373)
C + Cl m 14ag
< T
< Cy+ K+ a0+1(m_1) (374)
< GrK+ CERET =0 (375)
Therefore for any large m we have.
1 . Cr
U, — 5(04 cos(bo In (gm)) + Bsin(bo In (qm))) ‘ < P (376)
where C7 is a positive constant.
Therefore
v = L (cvcos(bo In (gn) + B sin(bo In (gn) ) + O Ly @m
q (qn)
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Where

. boa — aob

5— 7_a0a+bob

, o= 202+ 5ob 378
B+ a2 B+ a3 (378)

O

Remark. The results obtained in the lemmas 3.3-3.5 concern the sequence
(Fn). Similar results can be obtained for the sequence (Gr) by replacing
(Tn,Yn)n>1 in the formulas above by (x!y,y/m)n>1 where for each n > 1,
Ty = Yn and yl, = —Tp.

Proof Strategy. The idea here is to prove that we can choose Ny such

that Ry, +Fn, > 0. In such case, we will have the imy_s 4o 25:1 Fpy1 =
+oo .
Divergence of }_ ., I,
For large N > Ny we have the following expression of Fn41:
Fyy1=Fng + Z 3a0 + Zag il a0tz (379)
n=Ng
N
Chn D, €n
=Fn, + Z n2a0+W+W (380)
n=Ng
Where
Cn = o4 anhn (381)
D, = ()\n + Q'Yn)ﬂn (382)

We do another summation and we have the following expression:
So for each N > Np:

N
> Fayn = (N—=No+1)Fu, (383)
n=Ng
ARG
+ 0> e (N =+ 1) (384)
n=Npg
YD
+ > prrrent CRSLTREY (385)
n=Ng
al ISt
+ > (N —n+1) (386)
n=Ng
N N N
Cn Cn Cn
Z nao+1 (N=n+1)=(N+1) Z n2a0 Z n2u071n (387)
n=No n=Ng n=No
N N
Ch Cn
= (N+1) Z n2a0 - Z n2a071 (388)
n=Nog n=Ng
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D D D
Y e (W mnt D= (N41) 0 e = 3 T (389)

n=Ng n=Ng n=No
N N
D, Dy,
= (N+1) Z n2ao+1 - Z n2ao (390)
n=Nog n=Nog
And
al 132 al g al g
Z n2ao+1 (N=n+1)=(N+1) Z nao+2 Z na0+2n (391)
n=Np n=Ng n=No
N & al 13
=(N+D Y w2 g (392)
n=Ng n=Ng

So for each N > Np:

N
> Fayi = (N=No+1)Fy, (393)
n=Ng
N
Cn D, En
+ (N + 1) Z n2ao + n2ao+1 + nao+2 (394)
n=Ng
N
(o D, En
= D et ¥ et (395)
n=Ng

We factorise by N + 1 then we have this expression

N
N —No+1
> Fapn = (N+1)((N7+°1)FN0 (396)
n=Ng
N
Ch D, En
+ n:ZNO n2a0 + n2a0+1 + na0+2 (397)

N
1 Ch D, En
N+1 ZN n2ao—1 + n2ao + na0+1) (398)
0

n=

We have the sequences (C,), (Dy) and (g5,) are bounded and 2ao > 1,
so the series ijx ng—go —SaogT T ﬁ is converging absolutely.
Let’s prove now that the sequence in the equation (398) is converging to
zero when N goes to infinity.

As we have 2a9 > 1, So

fim —Cnp Dnoyen (399)

n— 00 n2a071 n2a0 na0+1

Therefore following the Césaro theorem we have:
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N
lim — Cn D &0 (400)

N—oo N_|_ 1 n2a0—1 nQaO na0+1
n=Ng

We denote FF(N, Ny) as

(N —No+1)
FF(N, N = —F 401
vy = (S (101)
N
Ch D, En
+ D rmer T meert t e (402)
n=Ng
N
1 Cn D, En
N+1 ZJ:\T n2ao—1 + n2ao + na0+1) (403)
n=~No
Therefore:
N
> Fapn = (N+1)FF(N,No) (404)

n=Ng

D £ s : )
The series » n>1 nQQO + —agqT T agye is converging absolutely. Let’s
denote

Ry, = lim Y Cn | _Du | _en (405)

n2a0 n2a0+1 na0+2

Lemma 3.6. We can choose Ny such that Ry, + Fn, >0 .

N
Proof. Let’s now study the term Zn:quoH (TS—:;O + nz’fggl).
We have from above lemmas that:

Ngq Ngq
Cn Dn _ ’an+z + Olq”"'Z qn-+1i nq+7, + 27qn+z)ﬂnq+z
Z (n2a0 + n2ao+1 ) - Z (Z nq + Z 2a0 + Z nq + Z 2a0+1 (406)
n=qNo+1 n=qNo+1 i=1
We have from the lemma 3.3 and 3.4
Z 'an+z + QgntiAgn+i Zq: (Ang+i + 29gn+i)Brgrs o+ B cos(2bo In (gn)) + 7 sin(2bo In (q’rL)) +0( 1 ) (407)
nq + ’L 2a0 P (nq + ,L')2a0+1 - (nq)2a0+1 (qn)2a0+2
Therefore we can write the following for a large n:
Z ’an.i,_z + aqn+1)\qn+z i ()\nq+i +4 27qn+i)ﬁnq+i _ o+ ,8 COS(2b0 In (qn)) + Y Sil’l(2b0 In (qn)) n fn (408)
nq + ’L 2a0 (qu + Z‘)2a0+1 (nq)2ao+1 (qn)2a0+2

i=1
Where the sequence &, is bounded.
Therefore

Nq

Z ( Cn D, ) _ n;VO o+ Bcos(2bo In (qn)) + v sin(2bo In (gn)) N Z &n (409)

n2ao n2ao+1 (qn)2a0+1 (qn)2a0+2

n=qNo+1 n=Ng
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Nq

n=qNg+1

G(z)

Cn
Z n2ao +

And

n2a0+1 nao +2
n=Ng

D, En N o+ Beos(2bo In (qn)) + 7 sin(2bo In (qn)) 410
2 (gt (410)

Ngq c
Z na0+2 (411)

&n
+ Z (qn)2e0+2 +

n=Ng

The series Y o,

n=qNg+1

a+ cos(2bg In (gn))+ sin(2bg In (qn))

(qn)?

ag+1

lemma 3.1 in [1]. Let’s denote the function g as the following:

o+ B cos(2bo In (gz)) + 7 sin(2bo In (qx))

g(x) =

We have the following:

+oo 400

> gt |

n=No+1 No+1

(a0

g(x)| <

K

(Ng)2ao+1

was studied in the

(412)

(413)

And the primitive function G of the function g(see lemma 3.1 in [1]):

(2608 — (2a0)7) sin(2bo In (z)) + (— 2a08 — 2bo7y) cos(2bo In (z))

1 o
2q | (2ag)xz2e0

Therefore

—+oo

n=Ng+1

Z g(n) + G(No+1)

((250)2 + (2a0)2)x2“0

<

K

= (No)2eo+1

(415)

Case of Primitive and Non-Trivial Character From the lemma
3.3, if we keep the same notation as the lemma 3.3, we have:

(=

1) (g—1) sin( 2mnm

— (-1 + %~

a (g—1) sin( 2=
2

qg+1—

P(44° +2¢-2) - %

2mm

2

ag | qm1 - (a=1)sin(2m
20 |:q g—1
y=

l—cos(?;‘%’f)

%(q - 1) - b0q7

2-2 cos(%)

— %0 |:(5‘11) (q—l)sin(f][nlm)

1)7

m
q—l) _ bo
272005(%) 2

(q_1)7
-y

37

bo
3

2

q—

5i 279
(¢g—1) sin(£=T

[0,

g+1+

o 2mm
1—cos( =T

(q—1) sin(2mm2 )

2—-2 cos(%)

2(17;1) , 1fm7é
2nn )
if m=
(416)
)] if m#£ 1
) | :
ifm:%
(417)
:|, ifm;éq%l
ifm:q%1
(418)

v ‘

hQ
|
—

} (414)



for some m € [1,q — 2].
As an example, the case where ¢ = 3 and x(1) = 1, x(2) = —1 and

—+o0
X(3) = 0. L(s,x) = >+ (ﬁ ~ G )-
From the formulae above we have the function G # 0. Otherwise a@ =
B =~ = 0, which implies ao(q — 1) = 0 in the case of m # =% and
ao(4¢> —3q— 1) = ao (¢ — 1)(4g+1) = 0 in the case of m = 91, As

| S —

>9

q > 3, therefore ap = 0. This will also imply that by = 0 which is in

contradiction with our assymption of ag > % and bp > 0.

Case of Riemann Zeta Hypothesis In this case from the lemma
3.4: ¢q=2, a = —ap, B = —ap and v = —by. The function G # 0. Other-
wise a = 8 = v = 0, which implies ap = by = 0 which is in contradiction
with our assymption of ag > % and by > 0. The reader can also refer
to [1] for another application of this method to the particular case of the

Riemann Zeta.

Conclusion. In both cases we have the function G is nonzero: G # 0.

Concerning the term Fi,. We have

UN, UN, AN
Fng = 0 Ay, = —0ZNo 41
No (NQ)GO No (N0)2“0 ( 9)
Where the sequence (u,) is bounded. If we choose Np as a multiple
of ¢ we have from the lemma 3.5 Ay, = QNL(? Where the sequence (6,) is
bounded.
Therefore the asymptotic expansion of Fyn is the following:

1
Fyn = (’)(W) (420)
Remark. The remaining terms in the expression of Rn, are all of the

order of W and above. So the dominant term in the expression Ry,
is the term —G(No+1). The function G is a nonzero function. Therefore
this term is the dominant term in the expression of % 22:13,0 Fn4+1. Hence

based on the sign of G(No + 1) we can show that the limit of Zf:_ll Froia
can be both +0o and —oo.

Let’s now study the function f:

_a (2boﬂ — (2ao)'y) sin(2box) + ( —2aof8 — 2b0’y) cos(2box)
f@) = =50+ (200)? + (2a0)2 (421)

= g+ B2 cos(2box) + 2 sin(2box) (422)

The function f is also nonzero function. Otherwise we will have o =
[ =~ = 0 which is in contradiction with the fact that ao > %
The function f is a linear combination of the functions sin and cos. So
the function f is differentiable and bounded. The function f is periodic
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of period -
Let’s calculate the function f values at the following points:

f0) = az+pB2 (423)
f(%) = a2—f (424)

We have either f(0) # 0 or f(5) # 0, otherwise we will have ap =

bo = 0 which is again in contradiction with the fact that ao > % and
bo > 0. Let’s assume f(0) # 0. From the values above we have the fol-

lowing;:

o If (a2 + /32) > 0 then f(0) >0

o If (a2 + /32) < 0 then f(0) <0

In case of f(0) > 0 we can prove that the limit of Z n+1 goes to —oo
and in the case of f(0) < 0 we can prove that the limit of Z Fr41 goes
to +00. Therefore, in all cases we have the series > -, Fni1 dlverges. So
let’s assume from now on that f(0) < 0 as the same proof can be done in
both cases.

From the lemma 3.3 in [1], there exist N1 > Ng such that |cos(2bo In (N1 + 1))

€ and |sin(2bo In (N1 + 1))| < e for any 1 > € > 0.

Let’s define So = —f(0). Bo > 0.
Let’s fix € > 0 to be very small such that 0 < € < min (1, % )

Let’s define vo = |B2| + |2|]. We have the same proof steps as in the
case of F,.

—1<

Let’s N1 be such that |cos(2bo In (N1 4 1)) — 1] < €/~0 and also |sin(2bg In (N1 + 1)) — 0| <

€/v0. Therefore:

cvi+1 - 4O |

(("}’2) sin(2bo In (N1 + 1)) + (B2) cos(2bo In (N1 + 1)))

(N1 4+ 1)2a0

{ (N1 4+ 1)200

((Vz)sin(%oo) (B2) cos( 2b00

(N1 + 1)2@0

(|ny| |sin(2bo In (N1 + 1))| 4 |B2| |cos(2bo In (N1 + 1)) — 1]

)

<
= (N + 1)

(\»32| /70 + |2l €/70

)
)

<
G AV

<
= (N1 +1)2e0
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(425)

(426)

(427)

(428)

(429)



Therefore

+oo +oo
Bo
gln) — —0 | < g(n) + G(Ny + 1 430
n:%;-u ") (N1 +1)2a0 n:%():-s-l ") (1 ) (450
—f(0) € K
- - <
+’ G(N: +1) (Vi D2 | (S (N £ 1) + (a0 T 1)(Vy 2o (431)
Hence
+oo
Bo € K
_ < 432
L2 I e | S Wt et Gt e (132
Therefore
+oo
Bo —¢€ K
> - 433
2 9 2 R T Ga F DN (433)

Therefore, without loss of generality let’s suppose N1 = gNa.

+oco N Ngq
_ . &n En
Ry = Z 9(k) + Fon,y + NETOO{ Z (qn)2e0+2 + Z nao+2 (434)

k=qN3+1 n=Ng n=qNa+1

>_bPoze K + Fyn, + lim XN: o § En (435)
= (gN2+1)2a00  2qo(gNz)2e0+1 M2 T NS e (gn)2aot2 nao+2

n=Ng n=qNa+1

We have the sequences (£;) and (g) are bounded. Plus we have
a0+ 2 > 2a0 +1 > 3ap > 2ap > 1, therefore the series Zk>1 I#fﬁ
and 3, -, zaspz are converging absolutely. -

Let the positive constant M such that:
For each kK > Ny and N > Ny :

k] < M (436)
lex] < M (437)

Therefore, we have ag > 0:

+o0o +o0o
I En M M
4 < + (438
;N (qn)2eo™? n:§+ln“°+2 4@a0 T D)@V 20 T T (ao + gzt 50)
Therefore
Bo — € K M M
R — — — F, 439
M2 N+ )P0 Bao(aNa)PH T g(2ag + 1) (gNa)20H  (ag + 1) (gNgyeort | Lat (439)
1
(N> + 1)%a0 (B0 = e+ b ) (440)

Where the sequence (d,,) is defined as the following:

5 Uanban(gn+ 1) K(gn+1)*°  M(gn+ 1)  M(gn+1)> (441)
"o (gn)2aot! 2a0(gn)?20tt  q(2a0 + 1)(gn)2e0 !t (ao + 1)(gn)eot?
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Aswehave%<ao<1, therefore 0 < 1 —ap < % < ap < 2ap <

ao +1 < 3ap < 2a0 + 1.

Therefore
fi Yanfan(gn + 1) K(gqn +1)%* M (gn + 1) M (gn + 1)
n—r+oo (gn)2aott (2a0 + 1)(gn)?e0tt = q(2a0 + 1)(gn)?*o !~ (ao + 1)(gn)*o+?

Therefore the limy,—, o0 dgn = 0.
So we can choose N7 such that |dn, | < €, i.e On; > —e.

Therefore
1
> -2 44
o 2 (g (o= 2) >0 (3
Therefore limy— 400 Zgle F,, = +oo0.
O
O

Conclusion. We have the series Y, -, U2 is converging absolutely thanks
to 2a0 > 1. We have from the lemmas 3.1 that:

N
Jim Z:l F, = 400 (444)
Therefore
lim A% = 400 (445)
N—oc0

This result is in contradiction with the fact that s is a L(s,x) zero and
therefore with the fact that the limit imy_ .o AN = 0 should be zero.
Therefore s with 3 < ag = R(s) < 1 cannot be a zero for L(s, ).

3.2 Case One: % < agp <1 and y trivial

For the trivial character xo modulus ¢ we have:

((s) = L(s,x0) |1 (1 - I;)A (446)

p Prime,p/q

Where ( is the Riemann Zeta function.
-1
The product Hp Prime,p/q (1 - %) is finite, bounded and nonzero as

1 < R(s) = ao < 1. From the equation above we have: if s is a zero for
L(s,x0), then it is also a zero for the Riemann zeta(s). We saw in the
previous case that if % < R(s) = ao < 1, it is not possible for the Riemann
zeta function to have such a zero. Therefore L(s, xo) cannot have a zero

where £ < R(s) = ao < 1.
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3.3 Conclusion

We saw that if s is a L(s,x) zero, then real part R(s) can only be 3
as all other possibilities can be discarded using the functional equation
like in [1]. Therefore the Generalized Riemann hypothesis is true: The
non-trivial zeros of L(s,x) have real part equal to %
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