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THE BOLTZMANN EQUATION WITH AN EXTERNAL FORCE
ON THE TORUS: INCOMPRESSIBLE NAVIER-STOKES-FOURIER

HYDRODYNAMICAL LIMIT

MARC BRIANT, ARNAUD DEBUSSCHE, JULIEN VOVELLE

ABSTRACT. We study the Boltzmann equation with external forces, not neces-
sarily deriving from a potential, in the incompressible Navier-Stokes perturba-
tive regime. On the torus, we establish Cauchy theories that are independent
of the Knudsen number in Sobolev spaces. The existence is proved around a
time-dependent Maxwellian that behaves like the global equilibrium both as time
grows and as the Knudsen number decreases. We combine hypocoercive proper-
ties of linearized Boltzmann operators with linearization around a time-dependent
Maxwellian that catches the fluctuations of the characteristics trajectories due
to the presence of the force. This uniform theory is sufficiently robust to derive
the incompressible Navier-Stokes-Fourier system with an external force from the
Boltzmann equation. Neither smallness, nor time-decaying assumption is required
for the external force, nor a gradient form, and we deal with general hard poten-
tial and cut-off Boltzmann kernels. As a by-product the latest general theories for
unit Knudsen number when the force is sufficiently small and decays in time are
recovered.

Keywords: Boltzmann equation with external force, Hydrodynamical limit, In-
compressible Navier-Stokes equation, Hypocoercivity, Knudsen number.
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1. INTRODUCTION
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The Boltzmann equation is used to model rarefied gas dynamics when particles
undergo elastic binary collisions, when one studies the gas from a mesoscopic point
of view. It describes the time evolution of f = f(¢,z,v): the distribution of the

particles constituing the gas in position x and velocity v.
derived from Newton’s law under the assumption of rarefied gases |

(1.1)

1
TatF+?} : VIF = EQ(F,F)

The equation can be
] and it reads
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The parameter Kn is a physical parameter, called the Knudsen number, that gauges
the continuity of the gas. Physically speaking, a small Knudsen number indicates
that fluid equations are more accurate to describe the gas. The parameter 7 in (1.1)
is a relaxation time.

For given ranges of the parameters 7 and Kn, one can show that the physical
observables - mass, momentum and energy - of the solution F' converge are well
approached by solutions of acoustic equations or Euler equation or incompressible
Navier-Stokes equations, among others. We refer to [30, 35, 21] for a deep discussion
on the matter. We will consider the regime

7T=Kn=c¢,

with ¢ — 0. Describing by the decomposition F' = u + ¢f the fluctuations of
amplitude ¢ of the solution F' around a global equilibrium pu, we expect an asymptotic
description of f in terms of the incompressible Navier-Stokes-Fourier equations:

ou—vAu+u-Vu+ Vp=0,
(1.2) V-u=0,
Ot — kAO +u -V =0,
together with the Boussinesq relation
(1.3) Vip+6)=0.

It is interesting to mention that due to initial conservation laws for the Boltzmann
equation, the Boussinesq equation actually imposes p + 6 = 0, which in turns gives

(1.2) [21].
The resulting perturbative Boltzmann equation is
1 1 1~
(14) 0uf +Zv Vel = LI+ ZQUF. )

where L is a linear operator.

Describing the evolution of the macroscopic parameters, the density, the momen-
tum and the energy associated to f as € tends to 0 has been the subject of numerous
works starting from the a priori very weak convergence given by the Bardos-Golse-
Levermore program [0] and using a wide range of tools from spectral theory in
Fourier space [19, | 1] to the setting of renormalized solutions [23, 2]. We point out
[28, 12] in particular as they rely on two different manifestations of a very important
property of the Boltzmann linear operator L: its hypocoercivity, which will play
a central part in our study. Note that one may differentiate here the perturbative
approach of References [I 1, 28, 12], for example, from the approach “in the large”

0f[7 ) ) Y Y ? Y Y ? Y ]

The present article focuses on the Boltzmann equation when the gas under con-
sideration is evolving on the d-dimensional torus T and is influenced by an external
force Ei(x). We would like to derive the incompressible Navier-Stokes-Fourier hy-

drodynamical limit of the latter. In this setting, the Boltzmann equation reads, for
(t,z,v) in [0, Tinax) x T x R,

(1.5) O F(t,z,v) + év Vo F(t,2,0) 4+ cEy(z) - Vo F(t,2,0) = 5_12Q(F’ F)(t,z,v).
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The bilinear operator Q(g, h) is given under its symmetric form:

1
Qlo.h) =5 / o= ul) b cost) (1, + Bl — hg. = hugl dvdo,
RdxSd—1

where [’ f., f/ and f are the values taken by f at v, v,, v, and v respectively.
Define:

, vt v =

o
2 2 — 0,
. v — v , and cos@z<v Y ,a>.
U,:v v*_v U*O_ \v—v*]
* 2 2

All along this paper we consider the Boltzmann equation with assumptions
(H1) Hard potential or Mazwellian potential (v = 0), that is to say there is a
constant Cy > 0 such that
(1.6) O(z2) =Cs2”, v€10,1].
(H2) Strong Grad’s angular cutoff [25], expressed here by the fact that we assume
the non-negative function b to be C! with the following controls
(1.7) Vz € [-1,1], b(z), [V'(2)| < Gy

Remark 1.1. We may relax (1.6) into ®(z) < 27, in the sense that Cg27 < ®(2) <
C227 for all z, where C% and C2 are two positive constants. We may also assume,
instead of (1.7), that

(1.8) sup b(z) < +o0,
z€(—1,1)
and that the non-degeneracy hypothesis
(1.9) inf / min{b(oy - 03),b(09 - 03) }doz > 0,
o3eSd—1

02,03€S84-1

is satisfied. Under (1.7), we can use [!] to get a spectral gap estimate on the linearized
operator L (see (3.9)), while, under (1.8)-(1.9), this is [33] that can be applied.

There are two direct observations one can make comparing (1.5) to the standard
Boltzmann equation (1.1). Firstly, the conservation of momentum and energy do
not hold, and we are only left with the a priori mass conservation

d
(1.10) Vt € [0, Tmax), —/ F(t,z,v)dzdv = 0.
dt Td xR
Secondly, the global equilibrium of the Boltzmann equation
1 lv[?
d = 2
(]_]_1) VU < R s M(U) = W@ s

which satisfies Q(u, ;1) = 0 is no longer a stationary solution to (1.5). However, as €
vanishes we expect the dynamics of the Boltzmann equation with external force to
converge towards p(v). We aim at constructing an existence and uniqueness theory
in Sobolev spaces for solutions to (1.5) uniformly in €. We shall look for solutions
in a perturbative setting, mimicking the classical decomposition F' = u + ¢f, that
will catch the hydrodynamical regime of the incompressible Navier-Stokes-Fourier
with external force. More precisely, we intend to show that if, at initial time, Fj is
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sufficiently close to p(v), then so is F'(t). Moreover the perturbations of the mass,
momentum and energy:

(1.12) pe(t,x) =e* /Rd [F(t,z,v) — p(v)] dv
(1.13) uc(t,z) =e* /le v[F(t,x,v) — p(v)] dv
(1.14) 0.(t,x) =¢! /le |v\\/%d [F(t,z,v) — p(v)] dv

converge to (p,u,0), which are Leray solutions to the following Navier-Stokes-Fou-
rier’s system (1.15)-(1.16):

—

ou—vAu+u-Vu+ Vp = Et;x>,
(1.15) Vu=0,
(1.16) 010 — kAO +u - VO =0,

together with the Boussinesq relation (1.3). Leray solutions of the latter means
weak solutions integrated against test functions with null divergence. We show that
(p,u,0) are solutions in this weak sense, but, due to the estimates in Sobolev spaces
with high indexes that we obtain (¢f. Theorem 2.5), these solutions are classical,
regular solutions close to the equilibrium state (1,0,1)..

The present hydrodynamical problem in a perturbative regime near p has been
adressed by [20] in the case of a bounded spatial domain of R? supplemented with
diffuse boundary conditions. They studied both the steady and unsteady problem.
Their existence and uniqueness results are similar to ours but hold in Lebesgue
spaces rather than Sobolev ones (a known issue when boundary conditions are added
[29]) and we differ in the strategies used to recover ellipticity. Indeed, they used
micro-macro decomposition which are very efficient in bounded settings whereas we
developped an hypocoercive Lyapounov approach - we shall give more details later
on. At last, we mention that they obtain a global-in-time result when their force is
sufficiently small but local-in-time when the force is merely bounded which is what
we are dealing with in the present work.

The works on the Boltzmann equation with a general external force are scarce,
even in the case ¢ = 1. The main issue being that velocity derivatives can grow very
rapidly. To our knowledge only [16] and [20] deal with general Ej(z). [10] solves
the perturbative Cauchy theory around p in Sobolev spaces for € = 1 as long as the
force Ey(x) is small and decreases to 0 as time increases (the latter assumption is
removable if d > 5 or if one solely deals with linear terms).

There have been several studies for ¢ = 1 when the force comes from a potential
Ey(z) = V,V,(x). The latest result in this setting seems to be [30] and deals with
large potential in an L*>° framework, we refer to the references therein for the poten-
tial force framework. Indeed, this framework does not correspond to the particular
hydrodynamical scaling under consideration in this article. It will however be an
interesting question to consider gradient forces and different scalings (more singular)
still leading to the Navier-Stokes-Fourier system.
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At last we would like to present a related issue, still for ¢ = 1, that is when
the force is nonlinear: Ey(x) = Ey[f](z). This happens in electromagnetism for
instance. Several results have been obtained in these settings in Sobolev space
for perturbation of the global equilibrium. We point out Vlasov-Poisson-Boltzman
equations [27, 17, 18, 38, 39] or Vlasov-Maxwell-Boltzmann equations [15]. In these
works, the nonlinearity of the force field keeps its smallness along the flow which is
a parallel point of view for our results where the force does not need to be small
but our time of existence decays with its strength. Moreover several of these articles
involve time-dependent weighted spaces which were useful to come up with our time-
dependent maxwellian strategy. We also mention [3] for a non-perturbative approach
to those systems.

One of the main issue when dealing with the Boltzmann equation with an external
force comes from the fact that the perturbative regime F' = u + f gives rise to a
differential equation in f that includes the term Ey(x)(z) - vf. The latter generates
a loss of weight in standard Sobolev estimates. The latest result we are aware of for
general non-potential forces comes from [16], where the authors work in the whole
spatial domain R? close to u and Et(a;) is assumed to be small and time-decaying
like (1 4+t)~* if 3 < d < 5. Moreover their collision operator must satisfy the hard
spheres assumption v = 1 and b(cos#) = 1. Working with a hard sphere kernel was
mandatory in [16] to compensate the loss of weight in v, by means of the negative
feedback of the linear Boltzmann operator, which generates a gain of 1 + |v|” (see
(3.9)). Note however, that when only studying the semigroup generated by the
linear part of the pertubative regime they do not need any time-decay for E,. Ttis
important to understand that p is no longer a stationary state when Et(x) # 0 so
one hopes that p shall be stable when the force is very small or in the limit € tends
to 0 where formal Chapman-Enskog expansion easily shows that the first order term
must be p. To deal with non time-decreasing forces and more general hard potential
collision kernels we propose a different regime.

The idea we have arises from the time-dependent norms proposed in [15, 39, 15],
that compensate the increase of weight due to the nonlinearity of the external force.
On the other hand, in a completely different setting, [!] linked the external force in
a fractional Vlasov-Fokker-Planck equation to a new equilibrium that evolves with
the external force. The new equilibrium can be explicitely written for the fractional
Vlasov-Fokker-Planck equation whereas the non-local part of the Boltzmann equa-
tion seems to prevent such a direct treatment. However, we try to combine the two
point of views described above : we cannot explicitely extract a new equilibrium for
the Boltzmann equation with external force so we fake it by studying the equation
around a Maxwellian distribution that depends on Et(x) Such an approach sees the
external force as a fluctuation of the classical characteristics of the Boltzmann equa-
tion rather than a direct interaction on the solution. We are therefore able to relax
the hard sphere assumption, as the loss of weight generated by the external force is
effectively compensated, although not by the non-positivity of the linear operator,
but thanks to the negative feedback offered by the fluctuation of the Maxwellian.
When Et(x) is time-decaying, our strategy works for general hard potential kernels
with angular cut-off and yields a global time of existence (recovering [16] without
the smallness assumption on E%). The core of the proof relies on the construction of
twisted Sobolev norms, in the spirit of [/, 12], which pushes out the hypocoercivity
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of the Boltzmann linear equation. Namely, the commutator [v - V,,V,] = =V,
offers a full negative feedback on x derivatives and one thus would like to work with
functional of the form

112 = allfI2s, +BIVafIZs, +elVuflZs, +d(Vaf. Vofiz,

and equivalently in H;  regularity. The mixed term in the twisted norm uses the

v
commutator property and is sufficient in the classical case E, = 0. The presence
of the external force, however, requires a more subtle use of this mixed part that
will have to compensate much more terms arising from pure spatial derivatives. We
shall see the interplay between the negative feedback offered by the commutator on
one side and the one offered by the fluctuation on the other side. The main issue
being the negative feedback coming only from the orthogonal part of the solution
when dealing with pure x derivatives. Using commutator for fixed pure z-derivatives
proved itself sufficient for the classical Boltzmann equation E, = 0 but in our case
they have to be dealt with at the same time.

Unfortunately, when Ej () does not display a time-decaying property we can only
use this strategy on fixed time intervals [0, Ty], for any Ty > 0, but not globally in
time. However, and of important note, in the hydrodynamical regime ¢ — 0 our
method provides solutions close to the global maxwellian p(v).

All these thoughts lead us to look at the perturbative regime around
(1.17)

_514’9% »l2 a A+aM
V(t,v) € [0,4+00) x RY,  M(t,v) = WGB(IJ@H %) _ pes T
T

where A and a stand for positive constant that we shall define in due time. Of core
importance, e has to belong to (0,1). We refer to Remark 4.3 and Remark 4.7 to
understand that when e = 0 then the fluctuation M is not close enough to u to
perform a relevant hydrodynamical limit whereas when e = 1 the fluctuation goes
to fast towards pu compared to the variations of the characteristics.

We study the perturbative regime

(1.18) V(t,z,v) € RY x T x R, F(t,2,0) = M(t,z) + eM2 f(t, z,v)

which leads to the following perturbative equation
1 - 1 1
(1.19) 8tf+gv-v$f+z—:Et(I)-va—l—sé'(t,x,v)f = EL[f]—i—gI’[f, f1—2&(t, z,v) M2

where L and I" are respectively the standard linear and bilinear perturbative Boltz-
mann operators around M

= =

Il = %Mcwﬂf, VALS)

and we defined the perturbative force term
(1.20)

1 Atad a
+ d d _ - e 2 1+e .
V(t,z,v) € R"xT*xR?, 5(t,:v,v)—2<€ Tror (1+€ 1—|—t) Eyx)-v].

Q(M, VM)
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We conjecture that, by use of the maxwellian regularising properties of the com-

pact part of L, one could directly solve the Cauchy problem around a global maxwel-
o2 Atalp[' O

lian F' = p+e/uf for fin Hy, <e I+t when E, or ¢ are sufficiently small.

However, it would imply some technicalities we did not want to tackle in the present
manuscript, where we are only interested in the limit when ¢ vanishes: working in
wa framework makes usual properties of L[f]| directly applicable, thus our proofs
only emphasizes the characteristics fluctuations. Moreover, the strategy we use en-
ables to compensate a quadratic loss of weight |v|* (rather than the sole |v| specific
to the present problem), which may suit further investigations for more complex
forces.

2. MAIN RESULTS
2.1. Notations. For j = (ji,...,Jjq) and [ = (Iy,...,ls) multi-indexes we define
ol olil
Ol - - dxld it - vl

And we define the multi-index: Vi € {1,...,d}, d; = (dix)1<k<a- For clarity purposes,
and as it plays a central role for the linearized Boltzmann operator we shall use the
shorthand notation

1/2
vieR Wy = ([ 0P dode) o) = (1o

Finally, we shall index by z, v or x,v the norms that will be used:

1Nz = (/wf(x’v)2dx>27 17l = (/]Rdf(x,v)2d1}>27
WM@I(AWWﬂLdeO

The same notations apply for Sobolev spaces H (only z-derivatives), HS (only v-
derivatives) and H; , (both derivatives).

In what follows any positive constant depending on a parameter a will be denoted
by C,. Note that we will not keep track on the dependencies over d, v or b(cos6).

o=

2.2. Results on Cauchy theories. When Et is a given force we shall prove the
following Cauchy problem. We recall Definition (1.17) of the fluctuation of a global
Maxwellian
_€1+e%
I+t o o_a
Y(t,v) € [0, +o0) x RY,  M(t,v) = Weg(l““ ) with e € (0,1).

We get a Cauchy theory under the perturbative regime around a given M.
Theorem 2.1. Let the Boltzmann operator satisfies hypotheses (H1) — (H2) and let
s be in N. Further assume that E; verifies

(2.1) (12163]

—

< Cg, YVt > 0,/ E(z)dx = 0.
Td

5,00
LW
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There exists sg € N* such that for any s > sqo the following holds. Let Ty > 0 and
Cin 2 0. There exists g, ¢, .5s > 0 such that if e =1 or 0 < ¢ < ep, ¢, .55, there

exists a norm '
g, ~ D0, +e D [lof

j1<s i<
[71>1

and Amy B, O1y.E.5, O10.E.5, Crp.B,5 > 0 such that if Fyy, = M + eV M fi,, with

1
HflnHan v g 5T0,E,s and / v fln(xa U) 1% M‘t:O dxdv < C(ingea
’ TdxRd

[of?

2
Lz,v

then there exists a unique solution ' = M +ev M f on [0,T5) to the Boltzmann
equation with external force (1.5) and it satisfies

e 0.50), 1f Bl <max{lfinlly, - Croms

All the constants can be computed explicitly and are independent of e.
Let us make a few comments about the theorem above.

Remark 2.2. o The H; ,-norm is defined by (4.25) and the equivalence of
norm is independent of €.

e The hypothesis of cancellation of the first Fourier coefficient E;(O) in (2.1)
is not really necessary'. Since the Boltzmann operator is commuting with
translations in v, the change of variable

t ~

Vo =vFew, wy ::/ E(0)ds
0

—~

operates a reduction to the case where E’;(O) = 0. In the case of a general
forcing term satisfying only the bound by Cg in (2.1), the result of Theo-
rem 2.1 holds true, except that the decomposition of F has to be modified
into the following expansion:

F(t,z,0) = M(t,v — ewy) + eV M (v — ewy) f(t, 2,0 — cwy),

where f is solution to (1.19) with a forcing term E =E - Ey(0).

o We get a local existence result for e = 1 for a non-small, non time-decreasing
force and with more general kernels than considered in [16]. Moreover, we
recover their global-in-time existence even if the force is mnot small at initial
time (see Remark 2.4). This theorem is to be linked with the small force but
global-in-time results in [20] as discussed in the introduction.

e We agree that in the case € =1 when Cg or Ty are taken larger and larger,
the fluctuation M is getting closer to 0 and our problem thus boils down to the
perturbative study around a vacuum state. However, as proven in Corollary
2.3, in the regime of small € we obtain a perturbative theory around the
classical Maxwellian .

1Hovvever, as such, it ensures a condition of quasiconservation of the total momentum in Navier-
Stokes equation, which is used to obtain the estimate (4.17)
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e We do not have to impose any decay in time on the force. On the con-
trary a polynomial decay is used, for instance, in [10]. As explained in the
introduction, this comes from the use of a time-dependent Maxwellian as ref-

erence state. We think that our strategy is applicable if one looks at solution
e Atalv|1 1O

F = p+e\/ph with h belonging to H; , | e T+ for small €, by use
of a gain of integrability of K = L 4+ v. It would have been more technical
to treat this case, and we thus decided to take a clearer approach which is
sufficient to deal with the issue of the hydrodynamical limit.

e Note that the hypothesis

1
(2.2) / v fin(x, )V M|i=o dedv| < Cine®
Td x R4

[of?

says that some global moments of fi, in both the space and velocity variables
are small with e. Actually, we may replace the right-hand side Ci,e® of (2.2)
by any quantity that tends to 0 with €. In the following Remark 2.6, we
comment the incidence of (2.2) on the initial data for the solution to (1.15)-
(1.3).

As a corollary of Theorem 2.1 we obtain a global perturbative Cauchy theory close
to u.
Corollary 2.3. Under the assumptions of Theorem 2.1 there exists epy g.s, 01,55
and Cr, s such that if 0 < e < eqy ps and Fiy = p+ &/t fin with

1
I.fin]

H, S O and / finl, 0) /R dadv = 0,

v
Td xRd |v|2

then there exists a unique solution F = p+¢c\/it f on R to the Boltzmann equation
with external force (1.5) and it satisfies

Ve 0,T0), 1f(B)llg, < max{lful

Again, all the constants could be computed explicitly and are independent of ¢.

e
wy, T On B CTO,E,S} :

Remark 2.4. Two remarks are important at this point.

o We emphasize that taking e sufficiently small could be seen as requiring Cg to
be sufficiently small in our estimates. But not imposing a smallness condition
on Cg allows the resulting Incompressible Navier-Stokes limit to display a
non small force Et, even though the time of existence shrinks with the size of
the force.

e We point out that Ty = 400 is not reached in our study because of the negative
return of our fluctuation that only works for finite Ty (see Proposition 3.1).

However, adapting our proofs when ‘ Et” < (i with a > 1 around M =

1+t)o

1+e Atalv|?
pe” 0T gives that not only Proposition 3.1 is true for Ty = 400 but

also Corollary 2.3 holds globally in time and yields a polynomial time decay
(see Remark 5.1): these are the results of [10] when € = 1 which we recover
on the torus.
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2.3. Result on the hydrodynamical limit. Corollary 2.3 states that if one rela-
bels the solution f. = e} (F — pu) 1172 then we have uniform bounds on f. in Sobolev
spaces and an existence theorem that does not depend on ¢ for the initial data. This
yields the following convergence result.

Theorem 2.5. Let Ty > 0 and F. be the solution built in Corollary 2.3 on [0, Tp]
and define f. = 5*1F—\/}L”. Then the sequence (f:).., converges (up to an extraction)

weakly-* in Lz 2, towards an infinitesimal Mazwellian:

2
(2.3) li_r)% fe(t,x,v) = [p(t, z)+v-u(t,z)+ id

e<t,x>] N/
where (p,u,0) solves the incompressible Navier-Stokes-Fourier system in the sense
of Leray with force (1.15) together with the Boussinesq equation (1.3).

Remark 2.6. Assume that the data are well prepared in the sense that f, is of the
form

(2.4) fulv) = [pm@c) o) + 10 d91n<x>] V.

with V - uy, = 0 and py, + 0 = 0 and

(2.5) /T pin(z)dz = 0, /qr win(z)dz = 0

((2.5) is a consequence of (2.2)). Then, under the condition of Corollary 2.3 , we
expect (by adaptation of the arguments of the proof of [12, Theorem 2.5]) to have
strong convergence in (2.3) in the space C([0,Ty); HSL?), and (p,u,0) to be a regqular
solution to (1.15)-(1.3) on [0, To] with initial datum (pi, Win, Oin),-

3. PROPERTIES AND ESTIMATES ON THE EXTERNAL OPERATOR AND THE
BOLTZMANN OPERATOR

In the present section we focus on the linear operator L[f], the multiplicative
E(t,z,v) and then on all the operators appearing in the perturbed equation (1.19).

3.1. Estimates on the external operator £(¢,z,v). In this section, we will give
some estimates on £(t,x,v) and fix the constants a, A and « for the rest of the
manuscript. A consequence on the notations used in the paper is that we will drop
the specific dependence of constants on the values a, A and a. Since Et(x) is a
datum of the problem on which no smallness assumption is required, we will also
drop the possible dependency on E: C, 4.5 = C, except in the Proposition below
so that the reader can clearly see the improvement we can make when E, decreases
in time, that is Cg ~ (1 +¢)~® as mentionned in Remark 2.4.

Proposition 3.1. Let £ be defined by (1.20) and let s be any integer. Under the
assumption

Et(x))

< Op < 400,
LWy ™
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for any Ty and A > 0, there exists Ap, o and ar, o > 0 such that the following
properties hold. Positivity:

(3.1) V(t,z,v) €[0,Ty) x T* x R, &E(t,z,v) = A (1+ |v|2) —

E16<1-

Pure spatial derivative estimates: if s > 1
(3.2)
ACr 50 >0, V[I| = 1, V(t,2,0) € [0,Tp) x T* x RY,  |0PE(t,2,v)| < Cryn V]

Second derivative estimates: if s > 2
(3.3) .
ACn,sn > 0,V [j]| = Land [j|+|I| = 2,V(t,2,v) € [0, Tp) x T? xR, ‘51]5‘ < Crpsn-

Higher order derivatives in v: if s > 3
(3.4) VIj| = 2and [jl+ | =3, |9/E(t,x,v)]=0.
Proof of Proposition 3.1. The Proposition is rather straightforward. We recall:
e(2A+alv]’) 1 lie @ -
E(t = ——11 te— | E .
o) =—mpr -~ \(LHe Ty Bile)

First a mere Cauchy-Schwarz inequality followed by Young inequality raises that for
all t in [0, Tp)

24 +alv]® Cg *teaCp
£t >eefl DO 2Ry -
(t.z,0) 2 ¢ 4(1+1)? 2 v (1—|—t)’ vl
A a C? 1
2 e|\_ - 2 CQ e 2 - _E _
N Pl E} e saTr T | =
So we can first choose a = ag, 5 sufficiently large so that
N S
8(1+1Tp)? 4
and then choose A = A, 5 sufficiently large so that
A
——— —aC% > A.
20+ T2 E

This yields the positivity property (3.1) because if ¢ = 1 we can make A larger
so that 1/4 is also absorbed. The rest of the estimates are direct computations

once constant have been fixed. Note that the constants are independent of ¢ since
Lo« O

1+t ™3

Remark 3.2. Of important note is the fact that A shall be fized later independently
of €: the value of A is determined in Proposition 4.5. We shall carefully keep track
of the dependencies in A to ensure that no bad loop can occur.

3.2. Known properties of the Boltzmann operator. We gather some well-
known properties of the linear Boltzmann operator L (see [13, 11, 37, 20] for in-
stance). For 1 < i < d, let us set

6o(0) =1, 6ie) =i Gua(v) = 2 (of? — ).
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The operator L (which is time-dependent) is a closed self-adjoint operator in L2
with kernel

(3.5) Ker (L) = Span {1, v, ]U|2} VM = Span {¢o(v), ..., ¢pas1(v)} VM,

and (poV' M, -, dg11vV M) is an orthogonal basis of Ker (L) in L2. We denote by 7,
the orthogonal projection onto Ker (L) in L2:

(3.6) L dH ( / F(0)6;(v)/M(t, vy) dv*) M(t,v),

where we have used the normalized family

¢O (b()v ¢1 ¢17 R ¢ (bda ¢d+1 f¢d+1

We set 73 = Id — 7rz,. The projection 7. (f(x,-))(v) of f(z,v) onto the kernel of L
1

is called the fluid part whereas 77 (f) is called the microscopic part.
The operator L can be written under the following form

(3.7) L=-v(v)+K,

where v(v) is the collision frequency
v(v) = / b(cos @) |v — v,|" M, dodv,
RdxSd—1

and K is a bounded and compact operator in L?. We give a series of estimates on
the operators above that have been proved in the case a = A = 0 in references we
gave above. We solely empasize that the constants do not depend on ¢.

Proposition 3.3. Let s be in N, |I| + |j| < s and f be in HJ .
The collision frequency is strictly positive

(3.8) Vo e RY 0 < ppan(v)? <) < vpaav).

The operator L acts on the v-variable and has a spectral gap Ao > 0 in Li’v
(3.9) OPL(F), R Fhez, < —doa | mE @ 1)

There exists Asn, Csn > 0 such that, if |[7) = 1, then

(3.10) OILIAL O )iz, < Ao |00 F s + Con 17

s—1 .
H;v,v

At last we have the following estimates on scalar products: for 0 < |l| < s—1 and
any 1o > 0 there exists Ch p, such that:

_ MoACAng
(311) @ LU O Pz, < T ([ (8. 0) |2+ eXoamo |07 ||

Before getting into the proof of Proposmon 3.3, let us emphasize that the mul-
tiplication by Ao a in the scalar product estimate is of core importance for the case
e=1.

Proof of Proposition 3.3. If we denote by L, = —v, + K, the linear operator when
A = a = 0 then the results hold for L,, v, and K,: see for instance [!, 53] for the
spectral gap, [31, -(H1")+(H2’) page 13] for Sobolev estimates and [!2, Appendix
B.2.3 and B.2.5| for the scalar product.
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The operator L only acts on the velocity variable thus the change of variable

] clteq !
v, X
A

shows

312 e = (1+50) T LY ( Heuea)

1+t 1+t

where f(v) = f (ﬁ) As 0 < (1+t)7! < 1, inequalities (3.8) — (3.9) — (3.10)
1+t

directly follow from the case a = A = 0.

The scalar product (3.11) is a mere Cauchy-Schwarz inequality with Young in-
equality with constant 7y. Let us show that the resulting constant is of the form
CpoXoa- Denoting h =1+ e e integrating (3.12) against f yields

1+t
=0

2

_2d4y _eltea ~ ~ _2d4y _eltea

(L) Paz, = b e T2 (LT T, < e

d+~y 51+eA

< —)\O’thTeiliH Hﬂ'i— (f)H

2

s1<&-e 81+e
We thus see that Aoy = )\070h’d+Twe_ o and b~ e T s exactly the quantity

appearing in (3.12) so the expected (3.11) follows. O

We conclude the present section with estimates on the bilinear operator I'[f, g].

Proposition 3.4. Let so = d+ 1 then for any s > sq, for any |j| + |l| < s and any
Mo, My > 0, the following holds for f, g and h in HQIE],LH”,

Ao, ATl 2
<alOF<gv h)7 f>L32wJ < T Hﬂ-i_(f)HL?y
2 2 2 2
+2204Cm (190322 100 + WAlGss Nl )
j I 2 2 2
(T (9.1), F)rz, | < 1135 + e Conmy (o, 10N + 01 N9z )

Proof of Proposition 3.4. As above, these estimates have been obtained when A =
a = 0 and therefore the same arguments as before extend them to the general
case. We refer the reader to [12, Appendix A.2] for constructive proofs in the case
A =a=0. We find the standard control

)<810F(g7 h)a f>L§’U
(O (g. 1), )1z,

< Csa <Hg| HsL2 9] H;L%77> Hﬂi(f)HLg ’

< Con (190, Wl + 1l N ) 171

T,v

wezs + I

that we complete with Young inequality. The dependency in Ag s follows exactly
from the same argment as in the proof of Proposition 3.3. 0
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3.3. Estimates for each operator. The perturbative equation (1.19) that we shall
study can be decomposed as the evolution by 6 different operators:

O f = —év Vof —eE(x) -V, f —&(t,x,0) f + éLm + éF[f, f1—2&(t,x,v)M"?

6

= ZSi(t,x,v).

i=1

We prove a series of Lemmas to estimate each operator in Sobolev norms. To clarify
the computations we shall use the convention that ¢/ f = 0 whenever the multi-
indexes j or [ contains one negative component. Thus any integration by parts can
be computed.

Our final aim is to get an estimate on the weighted norm (see (4.6))

(3.13) Fo S0l et Y ok

li|<s l+151<s
lil>1

Standard energy estimates will provide some gain and loss terms. The gain terms
are due

e to the spectral gap estimates (3.9) and (3.10): they are

)\O,A 2 ; 2
(3.14) —?Z”Wf(alof)”@va —AsA Z HalijLgv’
= ’ l-+j]<s ’
li1>1
e to the operator £: associated to the derivative 8{ , we have a gain (with

weight |v|?) which is —=24 Hf){f”i% (see Lemma 3.7 below).

In a procedure that is standard for the derivation of hypocoercive estimates, we also
introduce a correction by the twisted terms £(0}, ;. f, O f) 12, in (3.13). Note those
terms are weighted by €. Those terms will provide the gain term — ||8l0+5i f ||i2 (see
Lemma 3.6 below). Combining those latter terms with the terms of the second sum
in (3.14), we obtain (up to the terms of order 0) a gain of almost a full H; -norm,
having no weight £. This is why the occurrence of a term C/| f| 12[1@ _ in the forthcoming

estimates (Lemma 3.5 to 3.8) is admissible, a control on the size of the constant C'
being possibly necessary to ensure a good control when all estimates are gathered
(which is done step by step in Proposition 4.1, Proposition 4.4, Proposition 4.5).
In Proposition 4.5, we also study the evolution of the global moments of f° (in
combination with a Poincaré-Wirtinger inequality), in order to recover the term of
order 0 that is lacking in our estimates.

Lemma 3.5. Let s be in N and for f in H; , define Si(t,z,v) = —%v V. f.
Then for any m > 0, there exists Cy,, > 0 such that for any multi-indexes [, j such
that |l| + |7] < s,

< 2 Hal]f”Lgv + 77% kzl ‘ al]+5:f’ 12 if il =1
0 Cif j=0.

<alj‘91’ 8ljf>L§,v
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We have moreover
0 0s _
<al+5i81781 f>L§,v -

Proof of Lemma 3.5. By direct Computations

O (v Vaf) K Pz, = / (06 00) (082, ) OF  dudo
]1+]2 —j k=1 7 TIxR?
d
=D BERAC ) aJf+2 yRCERLY
=1 ¥ TIxRE

d
_ ;/TR (01:0:7) 01 f drv

We used the property &' (vy) = 0 if (|71] = 2) or (|ji] = 1 and j; # 6;). The first
result then follows from Cauchy—Schwarz and Young inequalities: for any 7, > 0,

/ ( I+ f) 0] f dedv < ( s, f) drdv + = (8{]‘)2 dzdv.
TdxR? B Td xRd

M JrdxRrd
The second equality comes from direct integration by parts. O

Lemma 3.6. Let s be in N and for f in H; , define Sy(t,z,v) = —cEy(z) - V,f.
Then for any ny > 0, there exists Cy,, > 0 such that for any multi-indezes 1, j
satisfying || + |j| < s, we have

‘<aljs27 agf)L%v —

if =0,
and

<6lj‘927 a{f)L% v

< e Hﬁljf”igw 1 81—e% ( H@lj—‘rgkf
1<i,k<d

( + ||f\|2|zjv+z|—1> ,

if 1] > 0, where A is given by Proposition (3.1). We have moreover

: . 2 C
|(O05, 52 0 sz | < e omA [0f £ 2 f

Proof of Lemma 3.6. Here again direct computations give

d
=D ) / ) By ()00 £ f dwdv
Tdx R4

k=1 l1+l2=l

0f (Bu(w) - 9u) 00 sz,

d
=D ) / ) By ()00 fo f dwdv
Td x R4

k=1 l1+l2=
|12|<\l\

mzz/

k=1 [io|<]l]

N

j+0,
oL f

‘@]f‘ dxdv

s
2
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and here again combining Cauchy-Schwarz and Young inequality with constant £°ny
yields the expected result.
Let us look at the second estimate. We have

<al+6 So, 3 g Z / 0l1Ek36’“f85 f dxdv.
Td xR

l1+1lo= l+(5 k=1

The higher derivative appears when I, = [ 4+ J; and by integration by parts we see

/ By s fO) f dvdv = — / 03 B0 [ f — E O fO)s f
Td x R4 Td x R4 Td x R4
_ / R B fOP f — E0P [P, f
Td x R4 Td x R4

which implies

1
/T - B0 s fO) f dxdv = -5 / O B0 O f dwdv

Td xR

and therefore the result follows from Cauchy-Schwarz and Young inequalities with
constant e!T¢n,. O

Lemma 3.7. Let s be in N and for f in H}, define S3(t,z,v) = —e&(t,z,v)f,
where we recall that £ is given by (1.20).
Then there exists Cs > 0 such that for any multi-indexes 1, j such that |l| + |j| < s

e

_ _sl-geA Haliji% + gl—e% HalJin%U + gl—e% Hf||ilg|v+|u71
—eMeA I, + 2

<8js3a8jf>L%U X . .
e Lallflize, o lil+ll=0

where A is given by Proposition (3.1). Moreover, for any ns > 0, there exists Cp, > 0
such that

(05,55, 00" iz, | <P om0 [+~ Ak, [0Sz,

2 77)3
s )+ T2 AU,

Proof of Lemma 3.7. The inequality for |j| = |I| = 0 is a direct consequence of
Proposition 3.1 and more precisely (3.1). When |j| + |I| > 0 we compute

1 .
e (WA

@ EN. G, = 3 S / O €07 35 | dudv.
Td xRd

Jitje=j li+l2=l
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Proposition 3.1 tells us that most of the derivatives of £ vanish: when (|7;| > 2 and
|71] + |l1] = 3). We therefore decompose the sum into three different parts:

Z Z /d>< dc?jllé'alj;f@{f d:)de:/T g(al]f)Q

dwRd
Jitj2=j li+l2=l iR

+ Y /T Rdaheaffaﬂf

l1+1a=1
[11]>1

+ > /m N EN fO f

Jitj2=j li+la=l
[11=1

w3 [ pearsals
J1|+J‘22J Td xR

Proposition 3.1 gives us the estimate of the first term, see (3.1). In the second
and third terms |9{*€| is bounded by Cy(1 + [v]), see (3.2) — (3.3). Finally, in the

fourth term we have ‘8815 ‘ bounded by C;. Hence using Cauchy-Schwarz and Young
inequality with n > 0:

CACI T /T A ) (1= 20 (21)” dede

1. Cs
sl - =2

We choose 7 sufficiently small and the result follows.
The second estimate is derived in the same spirit. We have

(Oy5.92,0) fluz, = D / 0 EBY. O) f dudv.
lilp=t+s; Y TR
When [l;] > 1 then |ls] < 1 and [00&| < C,A|v] < CyAv|, by Proposition 3.1,
Therefore using Cauchy-Schwarz and Young inequality with constant e!*en; > 0 we
have

T,

/ o0 EDY [ f dadv </ e oA (1 + [v]?) (8] ) dxdv
TdxRe Tdx R4

li+l2=l+6;
[111>1

A s
Hes ||f||H|H :

At last, when I; = 0 we use Proposition 3.1 to bound |£| < e°CLA(1 + [vf*) + L
and get with the Young inequality

/ S(‘?ﬂr&f@fl’f dzdv <€1+6A773/ (1+ |v]?) (8151']")2 dxdv
TdxRd Td x Rd

+ AC; / (1+ |U|2) (al()+5if)2 dxdv
TdxRd

+15<1< >

o+ |0
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This concludes the proof. 0

It remains to estimate the last operator Sg, which is a mere multiplicative operator.

Lemma 3.8. Let s be in N and for f in H:, define Ss(t,x,v) = —E(t,z,v)M'/?,
where we recall that & is given by (1.20).

Then for any nys > 0, there exists Cy n, > 0 such that for any multi-indezes [, j such
that |l| + |7] < s, we have

Mallre )5z, + Came if G =0

&S, & F)2 < ;
(056, 0/ f1z, { 5 H@l’fH; +2Chm, if il =1

Moreover, we have

) MAAOA || a8 (12
@880, 00 F )iz, | < 220 £ + <O

Proof of Lemma 3.8. We can use the estimates on &£ derived in Proposition 3.1, that
we multiply by the Maxwellian /M. Looking at the kernel of L given by (3.5) we see
that £v/M belongs to Ker(L) and so does 0°E+v/M for any multi-index . Therefore
by Cauchy-Schwarz inequality

,U

(@ (M), 00 f)uz

[ (€A (1)),
<[ €M), N7 ()],
< Con || (0)F)]

2 .
Lm,v

When there are v derivatives we still have (9? (SM 1/ 2) that is a polynomial times a
Maxwellian and therefore belongs to wa. Thus

(O (EMY?) 0] )1z,

<ol
Also for similar reasons

(0hs, (E12) 5 1)z

<Conll .

v

Those three estimates yield the expected results using the Young inequality. O

4. A priori ESTIMATES IN SOBOLEV SPACES

We provide here Sobolev estimates for the nonlinear perturbed equation (1.19).
We shall work in twisted Sobolev norms that catch the hypocoercivity of the Boltz-
mann perturbed linear operator. Indeed, as shown by the estimates on the Boltz-
mann linear operator L, we do have a full negative feedback, and a gain of weight,
as soon as 0/ includes one velocity derivative. Unfortunately, the negative feedback
offered by L on pure spatial derivative only controls the orthogonal part 7. In the
exact same spirit as [31, 12], a small portion of scalar product between spatial and
velocity derivative is added to the standard Sobolev norm in order to take advantage
of the commutator

[v-V,,V,]=-V,.
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We shall establish a priori estimates in Sobolev space to the perturbed equation
(1.19) that we recall here

(4.1)
0f = =20+ Vuf = £Ba) - Vuf = €(t,2,0)f + LU + ZTIF, ] = 26 (0, 0) MY

= ZSi(t,:r;,v).

i=1

We gather the estimates derived in Section 3 to construct and equivalent Sobolev
norm of f that can be controlled As Tj, a and A > 0 have been fixed in Proposition
3.1 we drop the dependencies on the subscripts. Also, as we shall always work with
derivatives of order less than a given s, we drop the dependencies on s. Note however
that a lot of different parameters are involved and so, to avoid any loop in their later
choice, we will index the constants with these parameters, even if it complicates the
reading: the important dependencies are A and 7);.

We shall address the velocity derivatives and the pure spatial derivatives at dif-
ferent orders in ¢, in the spirit of [12]. In what follows we shall use the notation

- 2
S AR S T

lfl<s |71+ 2<s
1i1>1

(4.2) vieH;, |/l

4.1. Estimates for spatial derivatives. As mentioned at the beginning of the
present section the pure z-derivatives in Sobolev spaces must be handled with the
help of the transport operator. We thus define

(4.3)

VeN VI<i<d Qulf)=p|0hsfllys +ae |00 flls +er(@Risf O Flua,

The numbers p, ¢ and r are constants that we shall define later and select to ensure
that @Q;(f) is a norm equivalent to its standard Sobolev counterpart. Before getting
a full Sobolev estimate, we first study the term ();;. The crucial idea being that the
terms || f Hig _ arising from S, will be controlled by the fluctuation of the characteris-

tics (i.e. the gain due to S3), rather than by the negative feedback of the Boltzmann
operator, whilst the source term Sg will find itself controlled by the latter. In what
follows our Propositions are divided into two different cases: ¢ = 1 and € < 1. The
difference here is that, in the case ¢ = 1, we must keep the negative feedback brought
by the fluctuation, whereas for small € we can discard it (see Remark 4.2).

Proposition 4.1. Let s be in N and [ be a multi-index such that || = s. There exist
0 < e, <1 for which we have the following results.
Case 0 < e < eg. There exists p, q, v and Cy > 0, such that

2 i 112
Qui) ~ ([ 90s, (12 + 1081z
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and if [ is a solution to the perturbative equation (4.1), then

d 1 |
el m), £ouh<-2(Fx (almuiz -+l sl )
—|—51—eC’0 Z Ha% +CO?3 Haé-i-ék
1<j,k<d 1<jh<d
4 O [ 1o + 10y, +1]

Case € = 1. There exists p, q, r and Cy > 0 such that

2 2

le + H

and if f is a solution to the perturbative equation (4.1), then for any A > 1,

d
eI, 2 Qulf) < —2xn (|lt (07,

2 5. 2
.+l

- Aot
e Z Haak +Co Z H85+5k ‘
1<) k<d /
+ Con [IF B 17+ 11, + 1] -

All the constants involved depend explicitly on Ty, s and E.

Proof of Proposition 4.1. We recall that f is solution to
6
of = ZSj(t,x,v)
j=1

which directly implies that

6

d . , ,
EQz,z‘(f) = Zp<810+6i5j7 Do frrz, + (0055, 00 fira, +er(0)5,5,0) frz,.

J=1
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We therefore directly apply Propositions 3.3 and 3.4 to control S4 and S5, whereas
we use Lemmas 3.5, 3.6, 3.7 and 3.8 for the other terms. It yields

(4 4)
9 dthz(f)

Chor + —
o7 12?770 p/\O’AHWf(alO-HSif)Hi%

4 4

—e 1€<

4

+gltep [Cngr + m2p — —] ||al0+5'f||L2

2
- |:q77i1 et ety ety r] 1%z,

1
+{Q(771+776+774+5 =) (0o + na)doa +77 Ef?‘—quA Haéfum

+ A g+ (e 1) — 2 [|0F" fHLZ
C
v e +der| o,
1<j,k<d
+ [52(]0772 Ha5 +5k ‘
1<j,k<d
2 2 2
+ Coarton | B 1 g + £, +1]

We firstly emphasize that the twice indexed sums are a cruder estimate than the
one we actually derived in the Lemmas: we added some terms that were formerly
absent, but we think it provides a better reading. We secondly emphasize that
the estimate on the bilinear term S5 in Proposition 3.4 gives a control of the form
| f] fqﬁl I £ ?{sﬂ which translates into a control of the form || f| 3{27% | f] 12q$+1 when
multiplying by powers of . We lastly used |71, (07 f)|| 2 < 167 fll 2  when applying
Lemma 3.8. ’ ’

In what follows, we recall that 0 < ¢ < 1. We shall now choose the constants
carefully, which is why we indexed all generic constant by their dependencies in
order to avoid any loop.

Remark 4.2. The choices are different for e =1 orany e < 1 because the control of
the specific term T == )

1<j,k<d
For e =1, the negative feedback of the ﬂuctuatz’on H(?l‘sifHL2 can control these terms,
2

‘ Py fH will be achieved in two different ways.

taking N sufficiently large. Such an approach does not work for general values of
e (because we control v-derivatives with a degenerate weight €2). In the general
case therefore, the term T will be absorbed by the negative feedback that the linear
Boltzmann operator provides, and this latter approach requires a sufficiently small
value of €.

Note that this distinction is quite artificial, and is due to our choice of Sobolev

norm with coefficient &

2. Working with this weighted norm facilitates var-

tous computations and estz’mateé, but [12] showed that a finer norm, which is not
degenerating when e tends to 0, can catch the hypocoercivity of the Boltzmann lin-
ear operator. With more technicalities, we think we could use the latter norm to
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avoid this splitting into two regimes, and always control the problematic term with
the negative feedback generated by the fluctuations for any €.

We start with the case ¢ < 1 and fix the following quantities:
) A=1;

) ¢ sufficiently large such that —gAs; < —5;
) m1 small enough such that ¢, < 1;

) r sufficiently large such that 7% -3 <4
)

As
g 2770 - )\5,1 < _T,lv

® 21m0q + 2moAoaT < —1;
(6) 1 small enough such that N2 < 1/8 and nor < q/8;
(7) n3 small enough such that n3r < ¢/8;
(8) p sufficiently large such that

o Ciyr+pn—p<—1,

¢ Cn37’+772p—§<0,

r? < pq and q < p so that Q;(-) +e%||9,

(9) n4 < mo small enough such that nup < 1 - note that point this allows to use
point (5) above;

(10) At last we need ¢ small enough such that '8 < 1, €374 ¢

Such a choice yields exactly the expected result for 0 < e < 1.

Remark 4.3. One clearly sees here that, if e were too large, e > 1, then one could
not make '~ °f small as desired. In other terms, in that case of large coefficient e,
the amplitude of the evolution of the v characteristics would not be compensated by
the gain due, via hypocoercive estimates, to the free transport in x.

Now let us deal with the particular case ¢ = 1. The crucial step will be to

N

fix the constants p, r and 7o to ensure that the term >
1< k<d

multiplicative constant independent of A. Then A should prec1sely be chosen large

enough to absorb these contributions. In order to achieve this goal we transform

(4.4) by estimating
o |51 < Com 071y amd 2emohon |51 < Com 1,
since Aga < Ao from the proof of Proposition 3.3. We infer, for A > 1, the estimate
QD) < o+ = o (@i D)2y + [ £ = ] ek 17
+ [2q706 — qAsa] H@‘”’fll;
+ 8 | mw = 5| 190,17
+A [(0771 + 12+ na)q + (Co + m2 + 13 + na)r — g} Hé“”inz

O+ 0] Y [0 w3 fots 1.

1<] k<d ©Y <j,k<d

2 2 2
T Cpatn [ufnﬂgﬂ |1y + £+ 1] -

has a
v
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We can now choose our different constants in the following way:

(1) ¢=8;
(2) m small enough such that Cqn; < 1;
(3) r sufficiently large such that ;& —r < —3;
(4) no, mo and n3 small enough such that

® 7)o g le

o O +2mp <1,

o (Cno+2mp +ms)r < 1,

o< g
(5) ny = nj(A) small enough such that 3n) < —A;a
(6) p sufficiently large such that

o Cpor +2pmo —p < —1,

o Cpr+mp—5<—1, ,
2 .
iz, T 0N,
(7) At last n4 < 1o small enough such that nyp < 1 - note that point this allows

to use point (5) above;.

e 2 < pg and ¢ < p so that Q(-) ~ ||8l0+5i~

These choices yield the expected result, emphasizing that we manage to choose p,
q, v and (), independently of A. O

4.2. Estimates for velocity derivatives. We now turn to the terms that include
velocity derivatives for which the linear Boltzmann operator provides a full negative
feedback (this is the second term in (3.14)).

Proposition 4.4. Let s be in N* and | and j be multi-indezes with |l| + |[j| = s + 1
with |j] = 2. There exist 0 < 5 < 1

Case 0 < e < eg5. There exists A1, C1 > 0 such that if f is a solution to the
perturbative equation (4.1) then

d a2 As1 1 ai 112 T
vie 0., S0, < - SHleh, v o X e
’ K 1<4,k<d il
d 2
i—6
ray i
Cy

25 1 g W W + 171, + 1]

Case € = 1. There exists C; > 0 such that if f is a solution to the perturbative
equation (4.1) then for any A > 1,

d . A o2
vie0.7). - o] 1, <= ||a;fH; +a Y Hal]+65kkf‘ .
k=1 o
. . 2
SR 21 RN e
2

1<i,k<d

+Cua |11

2
Htt ”ﬂ

All the constants depend explicitly on s, E and Tj.

2 2
e+ W, +1]
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Proof of Proposition 4.4. As for ();;, we recall that f is solution to

6
of = Si(t,z,0)
j=1

so we directly apply Propositions 3.3 and 3.4 to control Sy and S5, whereas we use
Lemmas 3.5, 3.6, 3.7 and 3.8 for the other terms. We have

770+776+m + s+ edelst — )

Hﬂﬂp <

0111z

2dt g2
+ﬂ5“wA—5“MHWﬂEg
(4.5)
st \ vete, S o ]
1<i,k<d
v @ [Hf\ 2 e+ 171, 1]

Here again our choice of constant will differ if ¢ = 1. First let us consider the
general case 0 < ¢ < 1. We take
(1) A=1;
(2) no = ny = m = n4 small enough such that
® o+ 1y + 1 — A1 < —As1/2,
o 1y < 1/2;

(3) e sufficiently small such that ‘53; < Ajl‘l.

and these choices lead to the expected estimate.
The particular case ¢ = 1 is dealt with differently and we modify (4.5) by esti-
mating

m 07 11y, <m0 11y

to obtain
a2 2
Loy <= Do 511, + 2+ — A o5
2
O g 5
o 2 Jotsial, +on 3 for],
+Cis [||f| et I e + 11y, +1]
Taking A > 1 we can choose the constants 7; and 7, independently of A in the same
manner as for the general case and obtain the expected result. O

4.3. Estimates for the full Sobolev norm. We now gather the previous estimates
to establish a full control over the twisted Sobolev norm. We start with the Sobolev
norm corresponding to a fixed total number of derivatives, and then, layer by layer,
deal with the norm that estimates all the derivatives.

Proposition 4.5. Let s > s¢ (where sq is given in Proposition 3.4) and 1 < s' < s.
Then there exists A > 0, Ay > 0, Cy > 0 and 0 < ey < 1 such that for (e =1 or
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0 < e < ey) there exists a functional Fy such that

Fyno 3o [0, +2* > (197

[f|=s [+ j]=s"
li1>1

2
L3

and if f is a solution to the perturbative equation (4.1) then for any A > 0, for all
te[0,1p),

d 1 .
G D <=M SN @D+ D0 ol + 3 19011,
ll|=s' U]+l =s' ll|=s'
[71>1
o+ Cor [ e W 1s + 1 s +1]

All the constants depend on s, E and Tj.

Proof of Proposition 4.5. We present the proof in two different cases: e sufficiently
small first and then ¢ = 1. The technicalities are identical but the absorbtion
mechanisms are different as explained in Remark 4.2. Consider some constant B;; >
0 to be fixed later, and define the functional

d
Fy(f) = Z ZQl,i(f) +é? Z B Hﬁlijigv :

ll|=s" i=1 ll+j1=s'
131>2

By Proposition 4.1, we know that, for any B > 0:

Fore 3o ll00 5, 6 30 100,

|l|=s [ +jl=s'
li1>1

Case ¢ sufficiently small. Using directly Proposition 4.1 and Proposition 4.4
we see that, for B;; = B sufficiently large, we have a constant Cz > 0 independent
of € such that

d 1 ;
< | S Imt @0+ X oo+ X ot

lt|=s' [+ 15]=s" lt|=s

[7121
+¢eCp Z Z ‘

2
i+6,
aj-i- k
s, | Tt
1]+ =s" 1<i,k<d "

+ Cup |11 11 + 115

2
L3

j—0
al+5jk f‘

2
L3

3{2 if;'gl + 1] '
Therefore taking ¢ sufficiently small allows to absorb the second line with the nega-
tive first term. This is the expected result.

Case ¢ = 1. The proof is exactly the same. Gathering Proposition 4.1 and
Proposition 4.4 with B;; < 1, we infer that there exists C' > 0 independent of A and
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Bj; such that

d
SE) <o S et @) [+ S o]l

|t|=s" ll|=s

+ > Bullgln - X ol )

|U[+7]=s [l]=s"—1
lji>2
Jj—6 2
k
+Ch ]lE:’8l+5kf)L2
\J\Hl\—s
[71>2
A & £
=AY 9,
7| +1l|=s"

vo| 305 foris], el

[1|+]4]=s" 1<i,k<d

+ O (I N + 11 + 1]
We can then choose B;; = B;,;(A) sufficiently small hierarchically to absorb
2
5
1 ]lZ‘al]+6kkf‘L2
|J|+\l|—s
l31>2

inside the full negative terms on the first line of the estimate. As C'is independent
of A (due to the fact that we could choose the B;; < 1) we can at last fix A
sufficiently large such that the L3-norms give a negative contribution. This concludes
the proof. |

We finally have all the tools to perform a full H; , estimate. The following propo-
sition indeed shows that our choice of perturbative regime compensate the modifi-
cation of the characteristics due to the presence of the external force even on the
fluid part of the solution 7 (f).

Proposition 4.6. Let s > sg (where sqg is given in Proposition 3.4). Then there
exists A >0, C >0 and 0 < e, < 1 such that, fore =1 or 0 < e < g4, there exists
a functional

(4.6) e, ~ D005, +<* 3 llor s,

ll<s 1+ <s
[71>1

such that, if f is a solution to the perturbative equation (4.1) with initial data fi,
satisfying

1
/ v fin(x, V)V M=o dedv| < Ciye®,
Td xRd 2
]
then
(4.7) vt € [0, Tp), ||f|Hs — (A= Cullfll3) |f\Hs
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All the constants depend on s, E and Ty, but are independent of €.

Proof of Proposition /.6. As we shall see, the proof follows directly from Proposition
4.5 apart from s = 1 which has to be treated more carefully due to the lack of full
negative return on the L7 -norm. Fixing s in N* we use Proposition 4.5 to construct

d S
a Z as’Fs(f)
s'=2
S 1 3 2
<A | S D lnt @I+ X2 1001l + Do s,
s'=1 ll|=s' |t+5]=s' ll|=s
l71=1
FO Y ol + O 11 171 +1]

1<s'<s

where ay are constants that we choose sufficiently small hierarchically (from s to 1)
in order to absorb the first positive term at rank s’ on the right-hand side by the
negative feedback at rank s’ — 1. We infer for all ¢ in [0, Tj),

d S
(48) 5> auFi(f)

> 1 SN2
<A | Xl @D+ X ol + D 1oL,
s'=1 [l|=s \l|—‘|—]\|]>|1:s’ ll|=s
I, +Co [ 171 + 1]

and we have from Proposition 4.5:

S ok~ Y| S 2 Y o,

1<s'<s 1<s'<s | s’ |U[+]71<s’
l71>1

so that

d < A
19 S wr() <~ (3o Wl + G, + G

Control of fluid part by spatial derivatives. A key property of our proof
will be to recover the full coercivity on the L7 -norm by controlling |7z (f )7, by
IVaef Hig which is fully coercive. First, as the eigenfunction of L are polynomials

times Maxwellian, see (3.5) and (3.6), we easily obtain (we refer to [12, equation
(3.3)] for a direct proof) that there exists ¢, Cr > 0 such that

@10) VO < 11l < 5, e DIy < e (00) 2, < O [ (0)]

2
L3
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So the only part left to estimate is |7, (f)|3. . Coming back to (3.6), we have, for
a constant C' depending on a, A, e and Ty,
dt1

lme ()2, < CZ/ \(f, 6./ 2) 2.
i=0 /T?

We use the Poincaré-Wirtinger inequality to obtain, for possibly a different constant

C’ |
/1rd 7TL(f)d3j

For the classical Boltzmann equation the preservation of mass, momentum and ener-
gy gives the cancellation fw 7(f)dx = 0, which is no longer satisfied here however.

We come back to the original equation (1.5) on F'= M + eV M f:

d+1

Im (DI, <Y
1=0

which gives in turn

[ VoD | [ 5 s

2

(1) DI, < CIValm(D)IE, +C v,

R4

1 = 1
We multiply this equation by 1, v and |v|> and we integrate over T¢ x R?. This
yields

d
(4.12) — F(t, z., v,)dzdv, = 0,
dt Td xRa

(4.13) i U F (L, T4, vy )dz o dv, = 5/ Et(x*)F(t, Ty, Vs ) AT dvy,

dt Td x R4 Td xRd

—

d
(4.14) —/ v, |” F(t, 2y, v,)d,dv, = 25/ Ey(xy) - v F(t, x4, v, )dz o do,.
dl Jyaxga Td xR

Note that we used that Q(f, g) is orthogonal to Ker(L) in L2 . We insert the relation

F =M +evM f in the previous estimates. We compute and bound for 6 = 0 or
0=2,

_l4e A -~ 1+‘3A
) e ¢ 1R e—¢
M(0 — M(t = _
/deRd o[ (M0, 7., v.) ( ’x*’v*))’ (1 +51+e1it)% (1 +51+ea)2dj*6

(4.15) < e'eC, .
From (4.12), (4.15) and the smallness hypothesis (2.2), we deduce that

(4.16) sup /]l‘d iy F (VM (t) dz.dv,

te€[0,To)

< Ce°.

We use the cancellation condition in (2.1) and (2.2) to get

(4.17)  sup
t€[0,To]

/ o f (VI (1) da.do,
Td x R4

< Ce® +eTyCg sup /
Td

te[0,To)

/d v, fo (VM (t)dv, | dz.
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We use the bounds

eTyCg sup / / Ve fu () V M ((t)dv, | d
te[0,To] J T4 |J R4

<eDoCp sup |lmr(f(t)lgz, < O+ sup |lmo(f(8))ll72,
te[0,To] ’ t€(0,Tp] '

to obtain

(4.18)  sup

t€[0,To)]

/ 0, o (VM (t) dz,dv,
Td x R4

< Ce® + 2079 sup |mn(F)))3. -
t€[0,To] o0

A similar procedure gives

(4.19)
sup / [0 2 fo (VM (t) daodv, | < Ce® + 2079 sup ||lmn(f(1)][72 -
t€[0,Tp] | J Td x R4 t€[0,Tp) ©v
The identities (4.16)-(4.18)-(4.19) above imply
2
(4200  sup / / r(F(O)de| dv < 0+ 22079 sup o (F())]% .
te[0,To] /R4 |JT4 te[0,To] e

We combine (4.20) with (4.11) to obtain

sup [mr(f(E)I72, < ClIVa(mn(fOD7z, + Ce™ +2e*7) sup |mn(f(t))ll7z -
t€[0,To) ' ’ t€[0,Tp) '

For € small enough, this gives
(121) el < CoC IValma (DI +CoCe* < Oy (IV(F D), +1)

where C; was defined in (4.10).

Evolution of the H'-norm. Let us now look at the evolution of the full H -
norm. We take p, ¢ and r and define

Q) =pIVafliz, +ae® IVuflis, +er(Vaf Vol iz,
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Using the estimates given in Section 3 exactly as for (4.4) but keeping explicit the
dependencies C\ = % we find

1d Cyor +p10 — D 1 2
5@@1@) < = Ao,A HWL (fo)”L%
2 1. 1.
+ [q— +mup+ e TS p b ey — r} V21172
/)”1 4 4 x,v
1 1
+{ﬂm+n&ﬂu+§ =) (i + ) Ao 7 =2 = ghaal IV IZ
c p
e [+ 1w = E] IV 17
c q
+ N g + O+ m)r — 2] IV 7
1—e 0’772 2
+e 7 |pCh, + dTT IVofllzz,
C,C! C,C! C5C!
+ [q k T 4 3pel° 1 T 4 2relTe Z ”} ||fo||i’2(’v
2
+ Cparann (W15 1 Wy + 72 £ +1]

We solely decomposed the || f Hig appearing in (4.4) into 7 (f) - which we controlled

thanks to (4.21) - and 77 (f). To clarify we emphasized in bold the newly added
terms. For € < 1 we see that we can make exactly the same choices for the constants
as in Proposition 4.1 with the following two modifications which have no impact on
the proof:

e (8) p sufficiently large such that Ci ,,r + ¢Ci + pno — pAos < —2 - instead of
Crper +pno—p < —1 / /
e (10) € small enough as before plus 3p81_e% + 27‘61_6% < Ao
In the case ¢ = 1 it is easier since the choices made in Proposition 4.1 leave A > 1

free so we can fix all the constant in the same way - recall that p, ¢ and r are
independant of A - and then choose A sufficiently large such that

G, ¢ C; C3C! 1 [ge? 1 1
q L + 3p€1_e 2 n + 2T€1_eg < —= |:£ +n4p+€1—e €<1p_|_€ €<1’I" . 7“:|
A A A T

2 4 4

In all cases we can find p, ¢ and 7 such that Q) ~ ||V,-[|52 4+ &2 ||V,|[7. and

1
(4.22) s ) s A L—z 7 £ (Ve + 1912 + IIfoHiz,v}
fl

At last, the evolution of the full L2 -norm is derived as before using the estimates
given in Section 3. One bounds

+ Cs || f]

itg 3{;+CSHWi(f)Hi%U+CS‘

1.4 2
=y

d 2 )\O,A n 2 14+ 2 1—
g W, < === (0 =200) 7z (Dl = NSy +27° =5

2 2
+ Aol F g 1 1azs + 2Cn,00-
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Once we fix 1y sufficiently small and use the orthogonal projection together with the
control of m(f) by the spatial derivatives (4.21) the above implies

(4.23)

d 2 A 176‘16<1 1 2 1+e 2 17e1€<1 2
E||f||Lg,v<—L—2—a =L 7 (DI, = ANl + &' == Vs,
+ Cs 1 f 13 1 £ 117 + C

We add a(4.22)+(4.23) with a sufficently small so that aC |7 £ (f) from (4.22)is

I
7,

absorbed by 25 || ( from (4.23). Then we can make ¢ = 1 or ¢ sufficiently

2
Dz,
small and obtain

(4.24) 17135, +a@i() < =N + Collf e 11

M

i

Conclusion of the proof. Taking a small parameter 7, the linear combination
n(4.9) + (4.24) shows the existence of A > 0 and C; > 0 such that

2dt<|!f\|p ARSI ) ~(A =Gl

s'=2

117

H?) HG

which concludes the proof by defining

(4.25) /]

ws = IFIIZ2, + @)+ Fulf)
s'=2

OJ

Remark 4.7. We see in the derivation of the estimate (4.15), that we need e > 0,
to ensure that, although not conserved, the global quantities associated to the mass,
momentum and energy of the perturbation f are controlled in a suitable way.

5. PROOFS OF THE MAIN RESULTS

At last, we have all the tools to give the proof of the main results.

5.1. Results on the Cauchy theory for the Boltzmann equation.

Proof of Theorem 2.1. The proof of existence follows from a standard iterative sche-
me:

1 -
atfn—H + gv : fon+1 + €Et($) ' vvfn—H + 55(t7 T, U)fn—i—l
1 1
= L[fn—l—l] +gr[fn7fn+1] _Zg(tvxvv)Ml/z'
A detailed procedure is given in [12, Section 6.1] for E, = 0. This proof is directly
applicable here, in combination with our estimates of Sy and S5 (terms involving F;).
We obtain a uniform bound on a sequence of approximations (fy),cy in L{°H; , N
L} H?, and therefore the strong convergence towards f in less regular Sobolev spaces
by Rellich’s theorem. The uniqueness of the solution is also standard when Et =

0. When E, is non-trivial, uniqueness directly follows from our a priori estimate
method applied to the difference f—g of two solutions: the linear parts are estimated
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in exactly the same way and the bilinear term is controledl when || f|

2 2 .
my, T 9] Hy, S
small enough, which is why we obtain the uniqueness only in a perturbative regime.

We infer from our a prior: estimates described in Proposition 4.6 that

|/

Coming back to the definition of the H2-norm given by (4.2) we see that it is uni-
formly equivalent to the H; ,-norm. Therefore we have

2 <=\ =G|

d
vt e(0.T), — |/ sz) 1/ s + Co.

e S —(A=Cillf]

2
2 )]

As HHH;v < 1] #; we directly apply Gronwall lemma which implies that

Hs 0 OT07E,5}

d
vte0.T), —|fl s+ Cs.

vt e [0,T0), [ f(¥)]

H < max {Hflnl

as long as || f|

3{5 (t = 0) is sufficiently small.

(EnE

stant Cs behaves like Cs/(14+1)* (Cg is merely replaced by Cg/(1+t)* in the compu-
tations). Gronwall lemma then gives a polynomial time decay for f for sufficiently
small €.

Remark 5.1. In the specific case where HEH < %2 with a > 1 the second con-

O
The corollary follows at once.

Proof of Corollary 2.3. The corollary is a direct consequence of Theorem 2.1 and
our definition of fluctuation M. Indeed, direct computations show that

3C >0, Vt =0, |ljp— M|y <e'TC;.

Therefore, using the notations of Theorem 2.1
En - En - M

5T E.s ’
<L = _m o
(‘ VI gy, 2 > ( evM

which raises the expected corollary for e sufficiently small because e > 0: we con-
struct a solution provided by Theorem 2.1 and this solution remains close to p by
an additive constant °Cl. Il

< 5T07E,5 + gecs>

~

5.2. Results on the Hydrodynamical limit. We are left with the computation
of the limit equations and convergence issues.

Proof of Theorem 2.5. Let Ty > 0 and F. be the solution built in Corollary 2.3

on [0,Tp] and define f. = 571%. The sequence (f.).., is uniformly bounded in

L7z, and solves

(5.1) BE.(}.) = 26 (t, z, v)uV? + & [Et(x) Vof +E(t ) f
where BE.(f) is the standard Boltzmann equation operator given by

BEE(f) = €2atf+5v : V:L“f_ L[f] —€F[f, f]
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and we recall that

g(t,ﬂ?,l)):c‘: m—ﬁ

Having (f).., uniformly bounded in L.z, Hz,, means that up to a subsequence f;

2A+aluf 1 (

a —
1+ EH_el——l—t) Et(f) - .

converges weakly-* in this space towards f. The choice of s > sy allows us to take
the weak-* limit in BE.(f.) as it is now standard in the field [11, 35], [12, Section
8] and obtain

lim BE.(f) = L[f].

The right-hand side of (5.1) is linear in f. and it therefore converges weakly-* towards
0. In the limit one must have

Lif]=0 so f(t,z,v)= [p(t,x) +v-u(t,z)+ i 2_ dG(t,x) w(v).

The fluid equations are obtained by integrating in velocity (5.1) against \/f, v\/f
and M\/ﬁ The computations on the Boltzmann equation part BE.(f.) have

been done and proven rigorously for weaker convergences [7, 21] and one obtain that
1 1 V.- u(t,x)
lim — v BE.(fo)dv= | V.(p+0
S VHBE.(f:) (/; )
2

and so looking at the right-hand side of (5.1) we see that in the limit
V.- -u(t,z) =0 and V,(p+0)=0

which are the incompressibility and Boussinesq relation.

Looking at the order €2 in BE_(f.) yields the Navier-Stokes-Fourier system in the
Leray sense [7, 21] - that is integrated against test functions with null divergence. It
only remains to see what the right-hand side of (5.1) becomes in the limit at order

1
1 -
lim —2/ v [525(t,x, V) +e? [Et(x) -Vof +E(t, x, v)f} \/ﬁ] dv
e20 &% Jra |02~ (d+2)
2
1 = 0
E —
= lim v ﬂ copdv = | 1B ()
=50 Jza \ pPo@rn) | 2 "0

Therefore, taking the limit of the hydrodynamic quantities when e goes to 0 of
e72(5.1) yields that (p,u, ) is a Leray solution to the incompressible Navier-Stokes
equation with a force (1.15) together with the Boussinesq equation (1.3).

0
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