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THE BOLTZMANN EQUATION WITH AN EXTERNAL FORCE
ON THE TORUS: INCOMPRESSIBLE NAVIER-STOKES-FOURIER

HYDRODYNAMICAL LIMIT

MARC BRIANT, ARNAUD DEBUSSCHE, JULIEN VOVELLE

ABSTRACT. We study the Boltzmann equation with external forces, not neces-
sarily deriving from a potential, in the incompressible Navier-Stokes perturbative
regime. On the torus, we establish local-in-time, for any time, Cauchy theories that
are independent of the Knudsen number in Sobolev spaces. The existence is proved
around a time-dependent Maxwellian that behaves like the global equilibrium both
as time grows and as the Knudsen number decreases. We combine hypocoercive
properties of linearized Boltzmann operators with linearization around a time-
dependent Maxwellian that catches the fluctuations of the characteristics trajec-
tories due to the presence of the force. This uniform theory is sufficiently robust
to derive the incompressible Navier-Stokes-Fourier system with an external force
from the Boltzmann equation. Neither smallness, nor time-decaying assumption
is required for the external force, nor a gradient form, and we deal with general
hard potential and cut-off Boltzmann kernels. As a by-product the latest general
theories for unit Knudsen number when the force is sufficiently small and decays
in time are recovered.

Keywords: Boltzmann equation with external force, Hydrodynamical limit, In-
compressible Navier-Stokes equation, Hypocoercivity, Knudsen number.
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1. INTRODUCTION
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The Boltzmann equation is used to model rarefied gas dynamics when particles
undergo elastic binary collisions, when one studies the gas from a mesoscopic point
of view. It describes the time evolution of f = f(¢,z,v): the distribution of the

particles constituing the gas in position x and velocity v.
derived from Newton’s law under the assumption of rarefied gases |

(1.1)

1
TatF+?} : VIF = EQ(F,F)

The equation can be
] and it reads
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The parameter Kn is a physical parameter, called the Knudsen number, that gauges
the continuity of the gas. Physically speaking, a small Knudsen number indicates
that fluid equations are more accurate to describe the gas. The parameter 7 in (1.1)
is a relaxation time.

For given ranges of the parameters 7 and Kn, one can show that the physical
observables - mass, momentum and energy - of the solution F' converge are well
approached by solutions of acoustic equations or Euler equation or incompressible
Navier-Stokes equations, among others. We refer to [, 33, 20] for a deep discussions
on the matter. We will consider the regime

7T=Kn=c¢,

with ¢ — 0. Describing by the decomposition F' = u + ¢f the fluctuations of
amplitude ¢ of the solution F' around a global equilibrium pu, we expect an asymptotic
description of f in terms of the incompressible Navier-Stokes-Fourier equations:

ou—vAu+u-Vu+ Vp=0,
(1.2) V-u=0,
Ot — kAO +u -V =0,
together with the Boussinesq relation
(1.3) Vip+6)=0.

It is interesting to mention that due to initial conservation laws for the Boltzmann
equation, the Boussinesq equation actually imposes p + 6 = 0, which in turns gives

(1.2) [20].
The resulting perturbative Boltzmann equation is
1 1 1~
(14) 0uf +Zv Vel = LI+ ZQUF. )

where L is a linear operator.

Describing the evolution of the macroscopic parameters, the density, the momen-
tum and the energy associated to f as € tends to 0 has been the subject of numerous
works starting from the a priori very weak convergence given by the Bardos-Golse-
Levermore program [0] and using a wide range of tools from spectral theory in
Fourier space [19, | 1] to the setting of renormalized solutions [22, 23]. We point out
[27, 12] in particular as they rely on two different manifestations of a very important
property of the Boltzmann linear operator L: its hypocoercivity, which will play
a central part in our study. Note that one may differentiate here the perturbative
approach of References [ 1, 27, 12], for example, from the approach “in the large”

0f[7 ) ) Y Y ? Y Y ? Y ]

The present article focuses on the Boltzmann equation when the gas under con-
sideration is evolving on the d-dimensional torus T and is influenced by an external
force Ei(x). We would like to derive the incompressible Navier-Stokes-Fourier hy-

drodynamical limit of the latter. In this setting, the Boltzmann equation reads, for
(t,z,v) in [0, Tinax) x T x R,

(1.5) OF(t,z,v)+ %v Vo E(t,x,0) 4+ cEy(x) - Vo F(t, z,0) = éQ(F, F)(t,z,v).
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The bilinear operator Q(g, h) is given under its symmetric form:

1
Qlo.h) =5 / o= ul) b cost) (1, + Bl — hg. = hugl dvdo,
RdxSd—1

where [’ f., f/ and f are the values taken by f at v, v,, v, and v respectively.
Define:

, vt v =

o
2 2 — 0,
. v — v , and cos@z<v Y ,a>.
U,:v v*_v U*O_ \v—v*]
* 2 2

All along this paper we consider the Boltzmann equation with assumptions
(H1) Hard potential or Mazwellian potential (v = 0), that is to say there is a
constant Cy > 0 such that
(1.6) O(z2) =Cs2”, v€10,1].
(H2) Strong Grad’s angular cutoff [21], expressed here by the fact that we assume
the non-negative function b to be C! with the following controls
(1.7) Vz € [-1,1], b(z), [V'(2)| < Gy

Remark 1.1. We may relax (1.6) into ®(z) < 27, in the sense that Cg27 < ®(2) <
C227 for all z, where C% and C2 are two positive constants. We may also assume,
instead of (1.7), that

(1.8) sup b(z) < +o0,
z€(—1,1)
and that the non-degeneracy hypothesis
(1.9) inf / min{b(oy - 03),b(09 - 03) }doz > 0,
o3eSd—1

02,03€S84-1

is satisfied. Under (1.7), we can use [!] to get a spectral gap estimate on the linearized
operator L (see (3.9)), while, under (1.8)-(1.9), this is [31] that can be applied.

There are two direct observations one can make comparing (1.5) to the standard
Boltzmann equation (1.1). Firstly, the conservation of momentum and energy do
not hold, and we are only left with the a priori mass conservation

d
(1.10) Vt € [0, Tmax), —/ F(t,z,v)dzdv = 0.
dt Td xR
Secondly, the global equilibrium of the Boltzmann equation
1 lv[?
d = 2
(]_]_1) VU < R s M(U) = W@ s

which satisfies Q(u, ;1) = 0 is no longer a stationary solution to (1.5). However, as €
vanishes we expect the dynamics of the Boltzmann equation with external force to
converge towards p(v). We aim at constructing an existence and uniqueness theory
in Sobolev spaces for solutions to (1.5) uniformly in €. We shall look for solutions
in a perturbative setting, mimicking the classical decomposition F' = u + ¢f, that
will catch the hydrodynamical regime of the incompressible Navier-Stokes-Fourier
with external force. More precisely, we intend to show that if, at initial time, Fj is
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sufficiently close to p(v), then so is F'(t). Moreover the perturbations of the mass,
momentum and energy:

(1.12) po(t,z) = /]R [ ,0) — (o) do

(1.13) u(t,z) =e* /le v[F(t, z,v) — p(v)] dv

(1.14) 0.(t, 1) = g—l/Rd ‘“‘\/%d

converge to (p,u,#), which are Leray solutions to the following Navier-Stokes-Fou-
rier’s system (1.15)-(1.16):

[F(t7 Z, U) - N(U)] dv

—

ou —vAu+u-Vu+ Vp = Eté:B),
(1.15) Vou=0,
(1.16) 0 — kA +u-VO =0,

together with the Boussinesq relation (1.3). Leray solutions of the latter means
weak solutions integrated against test functions with null divergence. We show that
(p,u, 8) are solutions in this weak sense, but, due to the estimates in Sobolev spaces
with high indexes that we obtain (c¢f. Theorem 2.5), these solutions are classical,
regular solutions close to the equilibrium state (1,0, 1)..

The present hydrodynamical problem has not been addressed yet in the mathe-
matical litterature, and even the works with € = 1 on the Boltzmann equation with
an external force (1.5) in full generality are scarce. The main issue being that veloci-
ty derivatives can grow very rapidly. To our knowledge only [10] deals with general
eq($): they solve the perturbative Cauchy theory around g in Sobolev spaces for
e = 1 as long as the force Et(x) is small and decreases to 0 as time increases (the
latter assumption is removable if d > 5 or if one solely deals with linear terms).

There have been several studies for ¢ = 1 when the force comes from a poten-
tial Ey(z) = V,Vi(x). The latest result in this setting seems to be [2] and deals
with large potential in an L> framework, we refer to the references therein for the
potential force framework. This framework is however irrelevant to derive Navier-
Stokes-Fourier system with force because one can only construct Leray solutions
from Boltzmann-type equations and such solutions do not see gradient terms.

At last we would like to present a related issue, still for ¢ = 1, that is when the
force is nonlinear: Ey(x) = E,[f](x). This happens in electromagnetism for instance.
Several results have been obtained in these settings in Sobolev space for perturba-
tion of the global equilibrium. The advantage of this nonlinearity is a feedback
that keeps the smallness of the force along the flow. We point out Vlasov-Poisson-
Boltzman equations [26, 17, 18, 36, 37] or Vlasov-Maxwell-Boltzmann equations [17],
the strategies of which will prove themselves useful in our methods. See also [3] for
a non-perturbative approach to those systems.

One of the main issue when dealing with the Boltzmann equation with an external
force comes from the fact that the perturbative regime F' = p + f gives rise to a
differential equation in f that includes the term E,(z)(z) - vf. The latter generates
a loss of weight in standard Sobolev estimates. The latest result we are aware of for
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general non-potential forces comes from [10], where the authors work in the whole
spatial domain R? close to ; and Et(a:) is assumed to be small and time-decaying
like (14¢)~* if 3 < d < 5. Moreover their collision operator must satisfy the hard
spheres assumption v = 1 and b(cos#) = 1. Working with a hard sphere kernel was
mandatory in [10] to compensate the loss of weight in v, by means of the negative
feedback of the linear Boltzmann operator, which generates a gain of 1 + |v|” (see
(3.9)). Note however, that when only studying the semigroup generated by the
linear part of the pertubative regime they do not need any time-decay for E,. Tt is
important to understand that g is no longer a stationary state when Et(x) # 0 so
one hope that u shall be stable when the force is very small or in the limit ¢ tends
to 0 where formal Chapman-Enskog expansion easily shows that the first order term
must be p. To deal with non small force we propose a different regime.

The idea we have arises from the time-dependent norms proposed in [15, 37, 15],
that compensate the increase of weight due to the nonlinearity of the external force.
On the other hand, in a completely different setting, [!] linked the external force in
a fractional Vlasov-Fokker-Planck equation to a new equilibrium that evolves with
the external force. The new equilibrium can be explicitely written for the fractional
Vlasov-Fokker-Planck equation whereas the non-local part of the Boltzmann equa-
tion seems to prevent such a direct treatment. However, we try to combine the two
point of views described above : we cannot explicitely extract a new equilibrium for
the Boltzmann equation with external force so we fake it by studying the equation
around a Maxwellian distribution that depends on Et(x) Such an approach sees the
external force as a fluctuation of the classical characteristics of the Boltzmann equa-
tion rather than a direct interaction on the solution. We are therefore able to relax
the hard sphere assumption, as the loss of weight generated by the external force is
effectively compensated, although not by the non-positivity of the linear operator,
but thanks to the negative feedback offered by the fluctuation of the Maxwellian.
When Et(x) is time-decaying, not only our strategy works for general hard potential
kernels with angular cut-off, but it also enables to treat large forces. The core of the
proof relies on the construction of twisted Sobolev norms, in the spirit of [32, 12],
which pushes out the hypocoercivity of the Boltzmann linear equation. Namely, the
commutator [v - V,, V,] = =V, offers a full negative feedback on z derivatives and
one thus would like to work with functional of the form

AP = allflze, +01Vaflis, +elVofllze, +d(Vaf, Vof)rz,

and equivalently in Hj  regularity. The mixed term in the twisted norm uses the
commutator property and is sufficient in the classical case Et = 0. The presence
of the external force, however, requires a more subtle use of this mixed part that
will have to compensate much more terms arising from pure spatial derivatives. We
shall see the interplay between the negative feedback offered by the commutator on
one side and the one offered by the fluctuation on the other side. The main issue
being the negative feedback coming only from the orthogonal part of the solution
when dealing with pure x derivatives. Using commutator for fixed pure z-derivatives
proved itself sufficient for the classical Boltzmann equation E, = 0 but in our case
they have to be dealt with at the same time.

Unfortunately, when eq($) does not display a time-decaying property we can only
use this strategy on fixed time intervals [0, Ty], for any Ty > 0, but not globally in
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time. However, and of important note, in the hydrodynamical regime ¢ — 0 our
method provides solutions close to the global maxwellian p(v).

All these thoughts make us look at the perturbative regime around
(1.17)

Y(t,v) € [0, +00) x RY,  M(t,v) = We—'z(lﬁ” ) = e
T

7€1+c A+a|v|2
1+t

where A and a stand for positive constant that we shall define in due time. Of core
importance, e has to belong to (0,1). We refer to Remark 4.3 and Remark 4.7 to
understand that when e = 0 then the fluctuation M is not close enough to u to
perform a relevant hydrodynamical limit whereas when e = 1 the fluctuation goes
to fast towards p compared to the variations of the characteristics.

We study the perturbative regime

(1.18) V(t,z,v) € RY x T x RY,  F(t,x,v) = M(t,z) + 5M%f(t,x,v)

which leads to the following perturbative equation
1 - 1 1
(1.19) atf—l—gvvmf—i-éEt(x)-va—i—eé’(t,x,v)f = ?L[f]—i-gf[f, FIHE(t, z,v) M2

where we defined
(1.20)

Y(t, z,v) € RT x T4 x R zS'(zfgsv):»56(14—‘_—6”/0‘2)%—1 ] gette & Ey(z)-v
(et} ) P (1 + t)Q 9 1 —|—t t .
We conjecture that, by use of the maxwellian regularising properties of the com-

pact part of L, one could directly solve the Cauchy problem around a global maxwel-
2 Atalv|! 0

lian F' = p+e/uf for fin H (eE e > when E, or ¢ are sufficiently small.
However, it would implies some technicalities we did not want to tackle in the present
manuscript, where we are only interested in the limit when e vanishes: working in
Li,v framework makes usual properties of L[f] directly applicable, thus our proofs
only emphasizes the characteristics fluctuations. Moreover, the strategy we use en-
ables to compensate a quadratic loss of weight |v|* (rather than the sole |v| specific
to the present problem), which may suit further investigations for more complex
forces.

2. MAIN RESULTS
2.1. Notations. For j = (ji,...,Jjq) and [ = (Iy,...,ls) multi-indexes we define
ol olil

15 lq J1 VER
Oxy -+ 0z Ovy* - - - Ouy

3 f =
And we define the multi-index: Vi € {1,...,d}, d; = (dix)1<k<a- For clarity purposes,

and as it plays a central role for the linearized Boltzmann operator we shall use the
shorthand notation

1/2
vieR Wl = ([ A0 dode) o) = (o
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Finally, we shall index by x, v or (z,v) the norms that will be used::

iz = ([ sworas) " il = ([ stopan)”
1fllzz, = (/]I‘ded f(x,v)2dxdv)z

The same notations apply for Sobolev spaces H? (only z-derivatives), H? (only v-
derivatives) and H; , (both derivatives).

In what follows any positive constant depending on a parameter a will be denoted
C,. Note that we will not keep track on the dependencies over d, v or b(cos8).

2.2. Results on Cauchy theories. When E, is a given force we shall prove the
following Cauchy problem. We recall Definition (1.17) of the fluctuation of a global
Maxwellian

_61+e% U2 14+e_a
Y(t,v) € [0, +00) x RY,  M(t,v) = ﬁedm 1) with e € (0,1).
™

We get a Cauchy theory under the perturbative regime around a given M.

Theorem 2.1. Let the Boltzmann operator satisfies hypotheses (H1) — (H2) and let
s be in N. Further assume that E; verifies

(2.1) (12163]

<Cp,  Vt> 0,/ Ey(z)dz = 0.
Td

5,00
LWy

There exists sg € N* such that for any s = sqo the following holds. Let Ty > 0 and
Cin 2 0. There exists er, ¢, 5s > 0 such that if e =1 or 0 < e < ep, ¢y, 5,5, there

exists a norm
Hs, Z Halo‘ 2, 7€ Z ||8H

lll<s lil+li<s
li1>1

2
Lac,v

and AT(),E,S; aTy.E,s5 5TO,E,57 CT(),E,S > 0 such that Zf Fo,=M+evM fin with

1
ws . SOmps  and / v | finl®,0)V M=o dzdv| < Cing®,
’ Td xR

[l

[.fin]

then there exists a unique solution ' = M +ev M f on [0,T) to the Boltzmann
equation with external force (1.5) and it satisfies

vt € [0,To), [f()

e, < max { | fio

e
s, o€ CTO,E,S} :

All the constants can be computed explicitly and are independent of e.

Let us make a few comments about the theorem above.
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Remark 2.2. e The hypothesis of cancellation of the first Fourier coefficient

(2.2)

E,(0) in (2.1) is not really necessary'. Since the Boltzmann operator is com-
muting with translations in v, the change of variable

t —~

Vo =v+ew, wy ::/ E(0)ds
0

operates a reduction to the case where eq(0) = 0. In the case of a general
forcing term satisfying only the bound by Cg in (2.1), the result of Theo-
rem 2.1 holds true, except that the decomposition of F has to be modified
into the following expansion:

F(t,z,v) = M(t,v — ew,) + eV M(v — ew,) f(t,z,v — cwy),

where f is solution to (1.19) with a forcing term Et/ = F, — Et(()).

We get a local existence result for e = 1 for a non-small, non time-decreasing
force and with more general kernels than considered formerly (only hard
spheres has been obtained to our knowledge [10]). This is the first result
of this kind we are aware of. Moreover, we get close-to-global Mazwellian
w ezistence for small Cg, recovering and extending on the torus the latest
results (see Remark 2.4).

We agree that in the case ¢ = 1 when Cg or Ty are taken larger and larger,
the fluctuation M is getting closer to 0 and our problem thus boils down to the
perturbative study around a vacuum state. However, as proven in Corollary
2.3, in the regime of small epsilon we obtain a perturbative theory around the
classical Maxwellian .

The gap between the ranges € = 1 and € < g4 seems to be purely artificial
and is due to our choice of functional H ,, where we control v-derivatives
with a weight €. Such a functional was clearer to handle and enough for the
hydrodynamical limit. See Remark 4.2 for more details.

We do not have to impose any decay in time on the force. On the con-
trary a polynomial decay is used, for instance, in [10]. As explained in the
introduction, this comes from the use of a time-dependent Maxwellian as ref-

erence state. We think that our strateqgy is applicable if one looks at solution
olte Atalo]'H0

F = p+e\/ph with h belonging to Hy , (e 1+ ) for small €, by use

of a gain of integrability of K = L + v. It would have been more technical
to treat this case, and we thus decided to take a clearer approach which s
sufficient to deal with the issue of the hydrodynamical limit.

Note that the hypothesis

1
/ v fm(xa U) V Mlt:o drdv| < Cie®
Td xR

[l

says that some global moments of fi, in both the space and velocity variables
are small with e. Actually, we may replace the right-hand side Ci,e® of (2.2)
by any quantity that tends to 0 with €. In the following Remark 2.6, we

1Hovvever, as such, it ensures a condition of quasiconservation of the total momentum in Navier-
Stokes equation, which is used to obtain the estimate (4.18)
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comment the incidence of (2.2) on the initial data for the solution to (1.15)-
(1.3).

As a corollary of Theorem 2.1 we obtain a global perturbative Cauchy theory close
to p.

Corollary 2.3. Under the assumptions of Theorem 2.1 there exists epy g5, 01y.5,s
and Cr, p,s such that if 0 < e < eqy ps and Fy = p+ ey/pt fin with

1
e <Opps and / v fin(z,v)y/pt dzdv = 0,

Td xRd ’U’2

[.fin]

then there exists a unique solution F = p+c\/it f on R to the Boltzmann equation
with external force (1.5) and it satisfies

Ve 0,To),  FO)ls, < max{|lfil

Again, all the constants could be computed explicitly and are independent of ¢.

(6]
Hs + € OTQ,E,S) gcTo,E,s} .

Remark 2.4. Two remarks are important at this point.

o We emphasize that taking € sufficiently small could be seen as requiring Cg
to be sufficiently small in our estimates. The strenght of our result is that
the resulting Incompressible Navier-Stokes limit can display non small force
E;.

o We point out that Ty = 400 s not reached in our study because of the negative
return of our fluctuation that only works for finite Ty (see Proposition 3.1).

‘ E;H < with a > 1 around M =

However, adapting our proofs when —(ﬁff)a
1te Atalvl?
Mea a+ve~t gives that not only Proposition 3.1 is true for Ty = 400 but

also Corollary 2.3 holds globally in time and yields a polynomial time decay
(see Remark 5.1): these are the results of [10] when € = 1 which we recover
on the torus.

2.3. Result on the hydrodynamical limit. Corollary 2.3 states that if one rela-
bels the solution f. = ¢} (F — p) /f% then we have uniform bounds on f. in Sobolev
spaces and an existence theorem that does not depend on ¢ for the initial data. This
yields the following convergence result.

Theorem 2.5. Let Ty > 0 and F. be the solution built in Corollary 2.3 on [0, Tp)
and define f. = s_lF—\/_;. Then the sequence (f:).., converges (up to an extraction)

weakly-* in LY

o1, 20 towards an infinitesimal Mazwellian:

2
(2.3) lim fe(t,z,v) = [p(t, r) +v-u(t,r)+ il

9(t7 x)] \//_’67

where (p,u,0) solves the incompressible Navier-Stokes-Fourier system in the sense
of Leray with force (1.15) together with the Boussinesq equation (1.3).

Remark 2.6. If the data are well prepared in the sense that fi, is of the form

(2.4) fil,v) = [pm<x> o)+ 10 d91n<x>] N
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with V - uy, = 0 and py, + 0 = 0 and

(2.5) /Td pin(z)dr =0, /Td Uin(x)dx =0

((2.5) is a consequence of (2.2)), then we expect (by adaptation of the arguments
of the proof of [12, Theorem 2.5]) to have strong convergence in (2.3) in the space
C([0,T]; HEL?), and (p,u,0) to be a regular solution to (1.15)-(1.3) on [0, Ty] with
initial datum (pin, Win, Gin)-

3. PROPERTIES AND ESTIMATES ON THE EXTERNAL OPERATOR AND THE
BOLTZMANN OPERATOR

In the present section we focus on the linear operator L[f], the multiplicative
E(t,z,v) and then on all the operators appearing in the perturbed equation (1.19).

3.1. Estimates on the external operator £(¢,x,v). In this section, we will give
some estimates on £(¢,x,v) and fix the constants a, A and « for the rest of the
manuscript. A consequence on the notations used in the paper is that we will drop
the specific dependence of constants on the values a, A and «a. Since Et(x) is a
datum of the problem on which no smallness assumption is required, we will also
drop the possible dependency on E: C, 4.5 = C, except in the Proposition below

so that the reader can clearly see the improvement we can make when E, decreases
in time, that is Cg ~ (1 + 1)~ as mentionned in Remark 2.4.

Proposition 3.1. Let £ be defined by (1.20) and let s be any integer. Under the
assumption

< Cg < o0,
LW

Joeo

for any Ty and A > 0, there exists Ap a and ar, o > 0 such that the following
properties hold. Positivity:

(3.1) V(t,z,v) €[0,Ty) x T* x R, E(t,2,v) > A (1 + |v[2) - —1..

4e

Pure spatial derivative estimates: if s > 1
(3.2)
ACpsn >0, VI 2 1, ¥(t,z,v) € [0,Tp) x T* x RY,  |90E(t, 2, v)| < Oy [v] .

Second derivative estimates: if s > 2
(3.3) ‘
ACr,sn > 0,V [j| = Land [j]+|I| = 2,V(t,2,v) € [0,Tp) xT*xR?,  |dE| < Crysn-

Higher order derwatives in v: if s > 3
(3.4) VIj| > 2and [jl+ ]| =3, |o/E(t,x,v)]=0.

Proof of Proposition 3.1. The Proposition is rather straightforward. We recall:

Ce(AralP)  1( e o -
5(75,1’,1))—W+§ 1+e¢ 1—_” Et(ZE)'U
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First a mere Young inequality raises that for all ¢ in [0, Tp)

A+CZ|U‘2 CE 1+eaC’E
E(t,x,v) 2 e —— — —
( ) (1+1¢)? o (1+t)| vl
e L_Eﬂeﬁ + e fof? aCyp 1 Cgl 1
T ()2 8(1 +1)? 1+t 2 4 4e°
So we can first choose a = ap, » sufficiently large so that
aCp 1 _Cj > A

(14+Tp)? 2 4
and then choose A = Aq, 5 sufficiently large so that
A a’cs
(1+Tp)2 8
This yields the positivity property (3.1) because if € = 1 we can make A larger
so that 1/4 is also absorbed. The rest of the estimates are direct computations

once constant have been fixed. Note that the constants are independent of ¢ since
L <1 O

1+t 3

> A.

Remark 3.2. Of important note is the fact that A shall be fizved later independently
of €: the value of A is determined in Proposition 4.5. We shall carefully keep track
of the dependencies in A to ensure that no bad loop can occur.

3.2. Known properties of the Boltzmann operator. We gather some well-
known properties of the linear Boltzmann operator L (see [13, [, 35, 25] for in-
stance). For 1 < i < d, let us set

bo0) =1, ) = v, bane) = (ol — )

The operator L (which is time-dependent) is a closed self-adjoint operator in L2
with kernel

(3.5) Ker (L) = Span {1, v, [v]*} V'M = Span {¢o(v), . .., ¢as1(v)} VM,

and (¢oV M, -, par1V' M) is an orthogonal basis of Ker (L) in L2. We denote by 7,
the orthogonal projection onto Ker (L) in L2:

(3.6) dH ( / F(0.)0; (v )/ M (t, v,) dv*) M(t,v),

where we have used the normalized family

50 = o, 51 =01, ¢ P, ¢d+1 [¢d+1

We set 71 = Id — 7rz. The projection 7 (f(x,-))(v) of f(z,v) onto the kernel of L

is called the fluid part whereas 71 (f) is called the microscopic part.

The operator L can be written under the following form
(3.7) L=—-v(v)+ K,

where v(v) is the collision frequency

v(v) = / b(cos b) v —v.|" M, dodv,
gd—1
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and K is a bounded and compact operator in L?. We give a series of estimates on
the operators above that have been proved in the case a = A = 0 in references we
gave above. We solely empasize that the constants do not depend on t¢.

Proposition 3.3. Let s be in N, |l| + |j| < s and f be in H .
The collision frequency is strictly positive

(3.8) Vo e R0 < ppan(v)? <) < vpaalv).

The operator L acts on the v-variable and has a spectral gap Ao > 0 in wa
(3.9) L), O iz, < —daa |t (@17

There exists As p, Cs.an > 0 such that, if [j| > 1, then

(3.10) O LL).0 f) ez, < —hea 0], +Con 111

At last we have the following estimates on scalar products: for 0 < |l| < s —1 and
any 1o > 0 there exists Ch ,, such that:

4 AoaC ,
(B.11) (O LU O has, = =2 g (D0 )|+ 2doamo 97 £]] -

Before getting into the proof of Proposition 3.3, let us emphasize that the mul-
tiplication by Ao in the scalar product estimate is of core importance for the case
e=1.

2
H:i,:} .

Proof of Proposition 3.3. If we denote by L, = —v, + K, the linear operator when
A = a = 0 then the results hold for L,, v, and K,: see for instance [!, 31] for the
spectral gap, [32, -(H1")+(H2’) page 13] for Sobolev estimates and [!2, Appendix
B.2.3 and B.2.5] for the scalar product.

The operator L only acts on the velocity variable thus the change of variable

1 81+ea -1
Vy > Uy
* 1+t

shows

312 2o - (1+50) T LY ( ngea)

1+t 1+t

where f(v) = f (*) As 0 < (1+4¢t)7! < 1, inequalities (3.8) — (3.9) — (3.10)

clteq
14t
directly follow from the case a = A = 0.

The scalar product (3.11) is a mere Cauchy-Schwarz inequality with Young in-
equality with constant 79. Let us show that the resulting constant is of the form
Cioo,a- Denoting h =1+ e a integrating (3.12) against f yields

1+t
i, (7)

_ 2d+vy eltea ~ 2d+~y eltea

(LU iz, = b e T (L), s, < -

2
L3
_dty _elfea 1 2
< —Aoph” 2T e T HWL (f)HLz
2

)

1+eA 51+e

We thus see that A\gp = )\070h’d+776_51+t and b5 e~ T is exactly the quantity
appearing in (3.12) so the expected (3.11) follows. O
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We conclude the present section with estimates on the bilinear operator I'[f, g].

Proposition 3.4. Let so = d+ 1 then for any s = sq, for any |j| + |l| < s and any
Mo, My > 0, the following holds for f, g and h in H;LJ,LH”,

Ao, A7)
<20

2
+2204Cm (9132 12

’<a?r(g, h), iz,

2 2 2
enn  IRlscs Nl )

(7T (g, R, fez | < 2 IFI13s +Conm (Ig]

Proof of Proposition 3.4. As above, these estimates have been obtained when A =
a = 0 and therefore the same arguments as before extend them to the general
case. We refer the reader to [12, Appendix A.2] for constructive proofs in the case
A =a=0. We find the standard control

(@T(9,1), F)zz.| < Con (1lo wse, ) IOl

@9 0). 1)ez.| < Can (Ilo ) 1F1lzs

that we complete with Young inequality. The dependency in Ag s follows exactly
from the same argment as in the proof of Proposition 3.3. O

2 2 2 2
e Il + 1A gl ) -

HSL2 Al HSL? + ||h||Hng 9]

wy, 1l + 2l ey, N9l

3.3. Estimates for each operator. The perturbative equation (1.19) that we shall
study can be decomposed as the evolution by 6 different operators:

of = —év-fo—eE:(x)-VUf —e&(t,z,v)f + éL[f] + él“[f,f] + &(t,z,v)M/?

= ZSi(t,x,v).

i=1
We prove a series of Lemmas to estimate each operator in Sobolev norms. To clarify
the computations we shall use the convention that ¢/ f = 0 whenever the multi-
indexes j or [ contains one negative component. Thus any integration by parts can
be computed.

Strategy. Our final aim is to get an estimate on the weighted norm (see (4.6))

(3.13) feo Do llo0sl, w2 D llois]

lfl<s l+]51<s
[71=1

2
L2

T,V

Standard energy estimates will provide some gain and loss terms. The gain terms
are due

e to the spectral gap estimates (3.9) and (3.10): they are

)\O,A 2 i p112
(3.14) = 2 Mm@, e Do 19T,
ll<s +I<s
1311
e to the operator &£: associated to the derivative 8; , we have a gain (with

weight |v]?) which is —€1+26A H@{f“i% (see Lemma 3.7 below).
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In a procedure that is standard for the derivation of hypocoercive estimates, we
also introduce a correction by the twisted terms (07, ; f, N f) 2, in (3.13). Note
those terms are pondered with a weight €. Those terms will provide the gain term
— H bis, | H 12 (see Lemma 3.6 below). Combining those latter terms with the terms

of the second sum in (3.14), we obtain (up to the terms of order 0) a gain of almost a
full H; ,-norm, having no weight ¢. This is why the occurrence of a term C'|| f H%{I in

the forthcoming estimates (Lemma 3.5 to 3.8) is admissible, a control on the size of
the constant C' being possibly necessary to ensure a good control when all estimates
are gathered (which is done step by step in Proposition 4.1, Proposition 4.4, Propo-
sition 4.5). In Proposition 4.5, we also study the evolution of the global moments
of f¢ (in combination with a Poincaré-Wirtinger inequality), in order to recover the
term of order 0 that is lacking in our estimates.

Lemma 3.5. Let s be in N and for f in H; , define Si(t,z,v) = —év AV
Then for any m > 0, there exists Cy,, > 0 such that for any multi-indezes [, j such
that |l| + |7] < s,

J5k

0500 | < 4 BN+ Z JER) PR
0 if j=
We have moreover
v 1 2
(05,5000 iz, = oz HalO-HSifHLg,U

Proof of Lemma 3.5. By direct computations

O (v Vaf) K )iz, = / (08 00) (082, ) 04 dud
TdxR4

J1+J2 =j k=1

= o )OI f + / o aJ
Z /ﬂ'd xRd +6kf f Z dyRd H_(sk f f

:Z/ (0::5) 04§ o
TdxR4

We used the property &' (vy) = 0 if (71| > 2) or (|j1] = 1 and j; # 6;). The first
result then follows from Cauchy-Schwarz and Young inequalities: for any 7, > 0,

£ J )2
/deRd< 45, f> A f dedv < . ( 4, f) drdv + . (9 f)" dado.

The second equality comes from direct integration by parts. O

Lemma 3.6. Let s be in N and for f in H; , define Sy(t,z,v) = —cEy(z) - V,f.
Then for any ny > 0, there exists Cy,, > 0 such that for any multi-indezes [, j
satisfying || + |j| < s, we have

<aljSQJ a{f)L%m =0 Zf [ = 07



BOLTZMANN EQUATION WITH EXTERNAL FORCES 15

and

(0] 92,0 )2,

e of 1|7, + e

72 i+ 2 2
S|l )
1<i,k<d v

if 1] > 0, where A is given by Proposition (3.1). We have moreover

€2+en2A Hal&f 2

‘<8lo+5i52>5fif>Lgv <

CT)2 2
2 v + Ee Hf”H‘Zl,lv ’
Proof of Lemma 3.6. Here again direct computations give

_ Z > / ) Ex(2)00" " £ f dxdv

d d
k=1 Iy lo=1 ¥ T*XR

@ (i) Vor) 01 )iz,

QL

=Ny / ) Ex(2)00" " fo f dxdv
Td xRd

k=1 l1+12=l
lta|<|l]
j+0k J
< ME:E:/d oir | loi g1 e
W k=1 |l2]<|l] xR

and here again combining Cauchy-Schwarz and Young inequality with constant £°ns
yields the expected result.
Let us look at the second estimate. We have

(075,52, f) e > / 0 By fOF f dwdv.
I +Ha=1+6; k=1 / T¢xR?
The higher derivative appears when lo = [ + d; and by integration by parts we see
/ By s fO) f dedv = — / 0% ELO) [ f — Ey O fOps f
TdxRd TdxRd TdxRd
_ / 0 B fOP f — E0P [P, f
Tdx R4 Tdx R4

which implies

1
/ Ep s fO) f dudv = 3 / 03, B0 [ f dwdv
TdxR4 Td % R4

and therefore the result follows from Cauchy-Schwarz and Young inequalities with
constant e!°n,. O

Lemma 3.7. Let s be in N and for f in Hj, define S3(t,z,v) = —e&(t,z,v)f,
where we recall that € is given by (1.20).
Then there exists Cy > 0 such that for any multi-indexes [, j such that |l| + |j| < s

05 e <) T 107 £l + o2 |1 £l s, + Ol F
TR Vo i i+ =0
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where A is given by Proposition (3.1). Moreover, for any ns > 0, there exists Cy ,, >
0 such that

<alo+6i S37 al(SZ f>L:25,v

< |0 f||}5 + e ACy, |05, f
e le <1

4 (”alo-i-&f

Proof of Lemma 3.7. We compute

|2
L3,

; C
o 100 A1)+ =2 W1,

@ EN. G, = Y S / O €07 35 | dudv.
Tdx R4

Jit+g2=j li+l2=l

Proposition 3.1 tells us that most of the derivatives of £ vanish: when (|j;| > 2 and
|71] + |l1] = 3). We therefore decompose the sum into three different parts:

> ¥/

Jitje=j li+l2=l

ONEN f0) f ddv = / £(&f)

dxRd TdxRd

+ > /T Rdagea;;fa;f

l1+1a=1
[111>21

S T

J1+j2=j li+l2=l
1<]511<2

£ X [, abeorsolr

. B d
J1+je=j xR
|711=2

Proposition 3.1 gives us the estimate of the first term, see (3.1). In the second
and third terms ‘8{;8! is bounded by Cy(1 + |v]), see (3.2) — (3.3). Finally, in the
fourth term we have |8815 ‘ bounded by C,. Hence using Cauchy-Schwarz and Young
inequality with n > 0:

O (1), 0] Pz, >/ A (1+[0f?) (1= 20Cy) (3 f)? dadv

Td x R4
Cs,

A
= Wi ||f‘|?{a|cj;\v+\l|—1 .

1 _—
~Leyae, -

We choose 7 sufficiently small and the result follows.
The second estimate is derived in the same spirit. We have

(045,520 iz, = > / N ED fOY f drdv.
Td xR

l1+la=l+0;

When [l| > 1 then [lp| < I and |00&| < CiAJu| < CyAv|, by Proposition 3.1.
Therefore using Cauchy-Schwarz and Young inequality with constant e'*en; > 0 we
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have
> / o0 ER fO f dwdv </ HenaA(1+ of?) (9 ) dadv
l1+l2 l+5 T XRd TdXRd
[t1]21
ACS
HZS ||f\|Hm :

At last, when I; = 0 we use Proposition 3.1 to bound |£| < eC,A(1 + |v]?) + Le<l
and get with the Young inequality

/ Eaﬁr(gif@fif dzdv <€1+6A773/ (1+ |v]?) (Gfif)z dzdv
Tdx R4 Td % R4

+ACs,n3/ (1+ |0f) (85, f)” ddv
Tdx R4

15<1< 2 )

4ee
This concludes the proof. O

P

It remains to estimate the last operator Sg, which is a mere multiplicative operator.

Lemma 3.8. Let s be in N and for f in HS, define Sg(t,z,v) = —E(t,z,v) M2
where we recall that € is given by (1.20).

Then for any ny > 0, there exists Cp n, > 0 such that for any multi-indexes [, j such
that |l] + || < s, we have

770>\0AH L 80 HL2+€2CA770 Zf j_O
% (167 |12 + Cnm if il =

(0156, )12, <

Moreover, we have

(005,90 1z, | <

Proof of Lemma 3.8. We can use the estimates on &£ derived in Proposition 3.1, that
we multiply by the Maxwellian /M. Looking at the kernel of L given by (3.5) we see
that £v/M belongs to Ker(L) and so does 9?Ev/M for any multi-index [. Therefore
by Cauchy-Schwarz inequality

(@ (eM172) 00 )1z,

770>\0,A Halglf 2

+ 801\7770.
2

v

(O (EM2) it (001))1z
(€ m ()l 2

< ok (ar)

< Con |7z (0] f)

2
Lz,v

When there are v derivatives we still have 8? (5 MY 2) that is a polynomial times a
Maxwellian and therefore belongs to L2 . Thus

O (€M), 0 f) iz, | < Conl|oF s

Also for similar reasons

(Ofss, (EM'2) 00 iz,

<Con £,
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Those three estimates yield the expected results using the Young inequality. 0

4. A priori ESTIMATES IN SOBOLEV SPACES

We provide here Sobolev estimates for the nonlinear perturbed equation (1.19).
We shall work in twisted Sobolev norms that catch the hypocoercivity of the Boltz-
mann perturbed linear operator. Indeed, as shown by the estimates on the Boltz-
mann linear operator L, we do have a full negative feedback, and a gain of weight,
as soon as 0 includes one velocity derivative. Unfortunately, the negative feedback
offered by L on pure spatial derivative only controls the orthogonal part 7. In the
exact same spirit as [32, 12], a small portion of scalar product between spatial and
velocity derivative is added to the standard Sobolev norm in order to take advantage
of the commutator

v-V,,V,]=-V,.

We shall establish a priori estimates in Sobolev space to the perturbed equation
(1.19) that we recall here

(4.1)
atf = _év : vxf - €Et<x) ' va - Eg(ta .Z',’U)f + €_1QL[f] + ér[fa f] + 8<t7$a U)Ml/z

6
= ZSi(t,x,v).
i=1

We gather the estimates derived in Section 3 to construct and equivalent Sobolev
norm of f that can be controlled As Ty, a and A > 0 have been fixed in Proposition
3.1 we drop the dependencies on the subscripts. Also, as we shall always work with
derivatives of order less than a given s, we drop the dependencies on s. Note however
that a lot of different parameters are involved and so, to avoid any loop in their later
choice, we will index the constants with these parameters, even if it complicates the
reading: the important dependencies are A and 7;.

We shall address the velocity derivatives and the pure spatial derivatives at dif-
ferent orders in ¢, in the spirit of [12]. In what follows we shall use the notation

(42) Vi€ Il =D I00fI. +¢* D0 100f], -

ll<s lgl+lil<s
[71>1

4.1. Estimates for spatial derivatives. As mentioned at the beginning of the
present section the pure z-derivatives in Sobolev spaces must be handled with the
help of the transport operator. We thus define

(4.3)

VeN VI<i<d, Quf)=p|0hsfllys +as |00 flls +er(@Riaf O Fuz,.

The numbers p, ¢ and r are constants that we shall define later and select to ensure
that Q;;(f) is a norm equivalent to its standard Sobolev counterpart. Before getting
a full Sobolev estimate, we first study the term @);;. The crucial idea being that the
terms || f ||i% _ arising from .53 will be controlled by the fluctuation of the characteris-
tics (i.e. the gain due to S3), rather than by the negative feedback of the Boltzmann
operator, whilst the source term Sg will find itself controlled by the latter. In what
follows our Propositions are divided into two different cases: ¢ = 1 and € < 1. The
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difference here is that, in the case ¢ = 1, we must keep the negative feedback brought
by the fluctuation, whereas for small € we can discard it (see Remark 4.2).

Proposition 4.1. Let s be in N and [ be a multi-index such that || = s. There exist
0 < es <1 for which we have the following results.
Case 0 < e < e5. There exists p, q, r and Cy > 0, such that

st ||or

2
Lz,v

lei(') ~ Hal0+6z

and if f is a solution to the perturbative equation (4.1), then

d 1
vt € [0,Tp), EQz,z‘(f) <-—2 (5_2 Hﬂf (8f+5if)H; + ||azo+5if|

—e 1
+eCy Y s

1<) k<d

oI )

2 di+9,
Gt 3 o]

1<j,k<d

2 2
L L2

+G 11

2 2 2
wett I + 11y, + 82} ~

Case € = 1. There exists p, q, r and Cy > 0 such that

2 2 5. 112
+£%|67"
Lz, Loz,

Qual-) ~ (|9,

and if f is a solution to the perturbative equation (4.1), then for any A > 1,

d
Vt € [07T0)7 %QM(JC) < - 2)‘5,/\ (HWi_ (alo+6if) Hig + ||alo+5if|
— A 117, = Aol

2

Ok 0; 40
+Co Y Halm—éjf‘LQ*CO > Hal—ﬁj f‘
1<j,k<d 2 1<j,k<d

2 2
+ Con (1o 1 f g + 117

w2, + 90 17)

2
L3

i@ﬂ,*'€2}'
All the constants involved depend explicitly on Ty, s and E.

Proof of Proposition 4.1. We recall that f is solution to

6
of = Si(t,z,0)
j=1

which directly implies that

6

d : .
ZQuiF) =D 005,85, s Fuz, + €200 S50 iz, + (045,500 s,

Jj=1
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We therefore directly apply Propositions 3.3 and 3.4 to control S; and S5, whereas
we use Lemmas 3.5, 3.6, 3.7 and 3.8 for the other terms. It yields

(4 4)

l lz( ) AN

L) it @6 I

qe e le 1.
+ | ettty et ap ),

1 1
ot + 3 e L2y o el g b

+etteA [C’mr +12p — 5] ||al0+5if||L%

+e¥ren [77261 + (112 + 7)1 — g] ||816iin2

4 el {p o C;ZQT] Z H

1<j,k<d

X [52610772 Haé +5k ‘

1<],k‘<d xn
2 2 2
+ Cpaminn [ 1Bt 1 W+ 1f s, + 2]

We firstly emphasize that the twice indexed sums are a cruder estimate than the
one we actually derived in the Lemmas: we added some terms that were formerly
absent, but we think it provides a better reading. We secondly emphasize that
the estimate on the bilinear term S5 in Proposition 3.4 gives a control of the form
I f] fﬁ# | £l ?_I§+1 which translates into a control of the form || f| i‘§+1 Il ?_I::qu when
multiplying by powers of ¢.

In what follows, we recall that 0 < € < 1. We shall now choose the constants
carefully, which is why we indexed all generic constant by their dependencies in
order to avoid any loop.

Remark 4.2. The choices are different fore =1 or any € < 1 because the control of
the specific term T = >

1< k<d
For e =1, the negative feedback of the ﬂuctuation |‘8;SifHL2 can control these terms,
2

‘85’“5 s, fH will be achieved in two different ways.

taking A sufficiently large. Such an approach does not work for general values of
e (because we control v-derivatives with a degenerate weight €2). In the general
case therefore, the term T will be absorbed by the negative feedback that the linear
Boltzmann operator provides, and this latter approach requires a sufficiently small
value of €.

Note that this distinction is quite artificial, and is due to our choice of Sobolev

norm with coefficient €

2 ‘ . : . .
. Working with this weighted norm facilitates var-

ious computations and estimates, but [12] showed that a finer norm, which is not
degenerating when € tends to 0, can catch the hypocoercivity of the Boltzmann lin-
ear operator. With more technicalities, we think we could use the latter norm to
avoid this splitting into two regimes, and always control the problematic term with
the negative feedback generated by the fluctuations for any €.
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We start with the case ¢ < 1 and fix the following quantities:
) A=1;

) ¢ sufficiently large such that —gAs; < —3;
) m1 small enough such that ¢, < 1;

) r sufficiently large such that nil — L2
)

As
L4 3770 - >\s,1 < _T’lv

® 310q + 2mor < —1;
(6) 72 small enough such that My < 1/8 and o1 < q/8;
(7) n3 small enough such that n3r < ¢/8;
(8) p sufficiently large such that

b Cl,nor + 2p770 - p>\s,1 < _17

b Cn37’+772p—§<07

r? < pq and q < p so that Q;(-)

(9) At last we need e small enough such that 61 8 < 1 83 GZ, g2 e£

2 2

< 1
Such a choice yields exactly the expected result for 0 < e < 1.

Remark 4.3. One clearly sees here that, if e were too large, e > 1, then one could
not make '~ ¢ small as desired. In other terms, in that case of large coefficient e,
the amplitude of the evolution of the v characteristics would not be compensated by
the gain due, via hypocoercive estimates, to the free transport in x.

Now let us deal with the particular case ¢ = 1. The crucial step will be to

fix the constants p, 7 and 7, to ensure that the term > )85" 5i=5; f H has a

1<j,k<d
multiplicative constant independent of A. Then A should precisely be Chosen large
enough to absorb these contributions. In order to achieve this goal we transform

(4.4) by estimating
0; 2 oy 2 5 2 5. 2
qm ||@lZfHL2 < Cqm Hallfug and  2rmoAo,a Hallf”LQ < Crng ||alszL% )

since Ao a < Ao, from the proof of Proposition 3.3. We infer, for A > 1, the estimate

QD) < [Cor+ 20m — Db It (3R, ) [ + L,i - } lots.1I7s,
+ 3o — qAsal Hafifﬂig
+A [CnJ + 10 — g} 1905, /117
+A [(Om +12)q + (Crio + 12 + ns)r - g} Haf"in?
+[PCo +dCyr] > |90t w2 ||ty ‘

1< k<d 1<j,k<d

2
+ Cp,q,r‘,/\,n [”ﬂ HETT “f‘

We can now choose our different constants in the following way:

(1) ¢=38;
(2) m small enough such that Cqny < 1;

2 2
2ot + Hqu;,v - 1] -
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(3) r sufficiently large such that - <=L
(4) no, me and n3 small enough such that

® 1o <

L4 CT]I + T2 < ]-7

o (Cno+me+ms)r <1,

1

® 1 x 1
(5) b = nj(A) small enough such that 3n) < —A;a
(6) At last p sufficiently large such that

o Cyr+2pn —p< —1,

® 0773T+772p_ 12_) < _17
2

r?* < pg and ¢ < p so that Qu;(-) ~ ||,

+ <
x,v

These choices yield the expected result, emphasizing that we manage to choose p,
q, v and (), independently of A. O

4.2. Estimates for velocity derivatives. We now turn to the terms that include
velocity derivatives for which the linear Boltzmann operator provides a full negative
feedback (this is the second term in (3.14)).

Proposition 4.4. Let s be in N* and | and j be multi-indexes with |l| + |j| = s + 1
with |j| = 2. There exist 0 < g5 < 1

Case 0 < e < e5. There exists A1, C1 > 0 such that if f is a solution to the
perturbative equation (4.1) then

d ;
vVt € [O,To), EH@J 1-6;

Ag ;
<ol +a Y ||

1<i,k<d

510 2
f
L2

l+5k

+Clzd;)

C’
= Il 1111

Case € = 1. There exists C; > 0 such that if f is a solution to the perturbative
equation (4.1) then for any A > 1,

P T e

x,v

d .
vt € [0, Tp), o |6/

1, < su»affuwazu !

— Al Y [

1<6,k<d

2 2 2
s I g+ 10+ 1] -

+Cia [IIf]
All the constants depend explicitly on s, E and T.

Proof of Proposition 4.4. As for );;, we recall that f is solution to

6
atf = Z Sj<t7 x, U)
=1
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so we directly apply Propositions 3.3 and 3.4 to control Sy and S5, whereas we use
Lemmas 3.5, 3.6, 3.7 and 3.8 for the other terms. We have

i e
gt W1/ llez S £2

+¢5%%A—5“MHWﬂEg

41l

(4.5) 5
—e +
z+6k ‘ +51 Cre Z H of ‘
1<i,k<d
ClA
T [||f| et e + 171, +1]

Here again our choice of constant will differ if ¢ = 1. First let us consider the
general case 0 < € < 1. We take
(1) A=1;
(2) no = ny = m small enough such that
® oM+ — Ay < —As1/2,
. 3—e /\s,
(3) € sufficiently small such that =— < =5=.

and these choices lead to the expected estimate.
The particular case ¢ = 1 is dealt with differently and we modify (4.5) by esti-
mating

N PR e

to obtain
H ZJJ H 2 T]O i](] sA Hé .fH22 []71 24} 1& H5]} H22
L2 L L

v, v 3 el

1<k<d 1<i,k<d

2 2 2
+ Cra |1 ||f||H$+1 11, +1]

2dt

Taking A > 1 we can choose the constants 7; and 7, independently of A in the same
manner as for the general case and obtain the expected result. 0

4.3. Estimates for the full Sobolev norm. We now gather the previous estimates
to establish a full control over the twisted Sobolev norm. We start with the Sobolev
norm corresponding to a fixed total number of derivatives, and then, layer by layer,
deal with the norm that estimates all the derivatives.

Proposition 4.5. Let s > sq (where sq¢ is given in Proposition 3./). Then there
exists A > 0, Ay > 0, Cs > 0 and 0 < g5 < 1 such that for (e =1 or 0 < e < &)
there exists a functional Fy such that

Fon 30N, +<* 32 07l

||=s [E1+5]=s
[71=1
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and if f is a solution to the perturbative equation (4.1) then for any A > 0, for all
t€[0,7p),

d 1 .
Trn <A | S Imt @0I+ X 19 + 2 ot
= lU+l51=s | =s
711
G [ e I W + 1A 0, + €]

All the constants depend on s, E and Tj.

Proof of Proposition 4.5. We present the proof in two different cases: e sufficiently
small first and then ¢ = 1. The technicalities are identical but the absorbtion
mechanisms are different as explained in Remark 4.2. Consider some constant B;; >
0 to be fixed later, and define the functional

d
R =Y Qun+e Y Buldfl,
=1

[E]+15]=s
131>2

By Proposition 4.1, we know that, for any B > 0:

Fone [0l +* 2 19005,

ll|=s l]+5]=s
li1>1

Case ¢ sufficiently small. Using directly Proposition 4.1 and Proposition 4.4
we see that, for B;; = B sufficiently large, we have a constant C'z > 0 independent
of € such that

d 1 2 2
ng(f)g— gZH”f(a?f)HLgJF > HalijLngZHa?f‘

= U= =
[41=1
tels 3 3|

2
5 5
azjfafme + Hazjwff‘
li]+1j]=s 1<i,k<d g

+ Cu (11 11 + 111

2
L3

2
L3

2 2 2

e H, T€ ] :

Therefore taking e sufficiently small allows to absorb the second line with the nega-
tive first term. This is the expected result.

Case ¢ = 1. The proof is exactly the same. Gathering Proposition 4.1 and
Proposition 4.4 with B;; < 1, we infer that there exists C' > 0 independent of A and
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Bj; such that

d
SR <=2 (X lInt @D + Sl
[l]=s [l|=s
i 112 )
+ 30 Bulloifl + X Iarsls )
Illtllj;lgzs l|=s—1
ra S w3t
|J|‘f||i|2
I L1
|7]+l=s
ol X% s, + o],

|U|+]j|=s 1<i,k<d

+C I3

He

Pl + 1 e, +27]
We can then choose B;; = B;,;(A) sufficiently small hierarchically to absorb

1 JZZH l+5k ‘

7]-+l=s
[71=>2

inside the full negative terms on the first line of the estimate. As C'is independent
of A (due to the fact that we could choose the B;; < 1) we can at last fix A
sufficiently large such that the L3-norms give a negative contribution. This concludes
the proof. O

We finally have all the tools to perform a full H; , estimate. The following propo-
sition indeed shows that our choice of perturbative regime compensate the modifi-
cation of the characteristics due to the presence of the external force even on the
fluid part of the solution 7 (f).

Proposition 4.6. Let s > sq (where sy is given in Proposition 3.4). Then there
exists A > 0, C' >0 and 0 < e, < 1 such that, fore =1 or 0 < e < &4, there exists

a functional
(4.6) 1, ~ Do N0, +e 30 0,
s ’ J1+j]<s ’

7121

such that, if f is a solution to the perturbative equation (4.1) with initial data fi,
satisfying
1
/ v fin(x, V)V M=o dedv| < Ciye®,
Td x R4 |v|2
then

(4.7) vt € [0,Tp), ||f|

ny, S— A= Cllf|

|f|Hs+052e

ne)
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All the constants depend on s, E and Ty, but are independent of €.

Proof of Proposition 4.6. Fixing s in N* we use Proposition 4.5 to construct

® 1 D2
<A | Xl @D+ X ol + D10,
s'=1 [1|=s |l|—|&-]||]2|1:5’ ll|=s
1O S o I+ Cs 171 110, + 2]
1<s’<s

where oy are constants that we choose sufficiently small hierarchically in order to
absorb the first positive term on the right-hand side by the negative feedback. We
infer for all ¢ in [0, Tp),

d S
(18) 53w ()

u 1 )
<A 2 I @0+ Do Nafrll + Do llobrl,
s'=1 =" l+l=s' ll|=s
[g1=>1
+ Collf3s, + Co {11 11 + 2]

and we have from Proposition 4.5:

> ok~ Y| S v Y o,

1<s'<s 1<s'<s | JII<s’ [U[+71<s’
l71>1

When e = 1, the first term in the right-hand side of (4.8) is )\(HinIS — Hing) It
follows therefore from (4.8) that

d S
(49) — > auF(f)

A 2
2 2
1~ 5o Lot Vot (D + Cell fllLa + Coc®.

A 2
<- (5l s
Let us now look at the evolution of the full L7 -norm. Using the estimates given

in Section 3 one bounds

d 2 )\O,A 2 2 —
g 1, <= (0=2m0) [mz ([ — T MIfIE +

2 2
+ o 1 e 11 s + €°Cire-

]-<1 2
=< fli%,
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Once we fix 7 sufficiently small the above implies

d 9 A 2 . 2 ol 2
M, <=2 Hﬂf(f)HLg — e AN fllp e = e,

4
+ Cs [ fll3: I1£]

Assume € = 1. Then we can exploit the gain due to the term —A ||f||i§ in (4.10).

We add (4.9) to (4.10) and take A large enough to conclude to (4.7). We will now
use a different procedure in the case € small.

Indeed, when € a small, a full negative return on the L? -norm of the solu-
tion is lacking in (4.10). This is a well-known fact in the study of the perturba-
tive Boltzmann equation (see references in the introduction): we need to estimate
7w ()]l 2 - We proceed as follows. First, as the eigenfunction of L are polynomials

(4.10)

2 2 2
s W s + € Cs.

times Maxwellian, see (3.5) and (3.6), we easily obtain (we refer to [12, equation
(3.3)] for a direct proof) that there exists ¢, Cr > 0 such that

12, <l @PA)II7 < Cx e (201)]

x

(411) YO < |j|+]I| < s, |00t (f)]

2
L3

So the only part left to estimate is ||7(f)||7. . Coming back to (3.6), we have, for
a constant C' depending on a, A, e and Ty,

d+1

ez, <Y [ 104800 P
i—o /¢

We use the Poincaré-Wirtinger inequality to obtain, for possibly a different constant

C,
2]

d+1

), < €3 | [ 1907 BV e +
=0

| (ot

which gives in turn
2

@) mls, <CIVLmOIE;, +C [ o

R4

/Td m1(f)dz

For the classical Boltzmann equation the preservation of mass, momentum and ener-
gy gives the cancellation de 71 (f)dx = 0, which is no longer satisfied here however.

We come back to the original equation (1.5) on F' = M +evV M f:

1 - 1
We multiply this equation by 1, v and |[v|> and we integrate over T¢ x R?. This
yields

d

% Td xRa

d B}
(1) 2 o F(t, 20, 0.)dudv, = / By@) F(t, 2., v,)dr.do.,

dt Td x R4 Td xR

(4.13) F(t,xy,vs)dzdv, =0,

—

d
(4.15) d_/ |v*|2 F(t, x4, vy)dx,dv, = 25/ Ei(zy) - v F(t, 24, vy )daduv,.
14 Td xRd Td xRd
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Note that we used that Q(f, g) is orthogonal to Ker(L) in L2 ,. We insert the relation
F =M +evM f in the previous estimates. We compute and bound for § = 0 or
§=2,

_14e A 1
e 1h e—¢€ teq

(1 +51+e1LH)2dT” N (1 +81+ea)2d4—+5

5
/Td y [va]” (M (0, 24, v4) — M(t,a:*,v*))’ =
X

(4.16) < e'tC, 4.
From (4.13), (4.16) and the smallness hypothesis (2.2), we deduce that

(4.17) sup < Ce.

t€[0,To]

/d ) f*(t)\/ﬁ*(t) dz.dv,

We use the cancellation condition in (2.1) and (2.2) to get

(4.18)  sup
te[0,To)

/ v, o (VM (t) dz.dv,
TdxR4

< Ce® +eTyCg sup /
Td

te(0,To]

/d v*f*(t)\/M*(t)duk dx.

We use the bounds
Ve fu () V M (t)dv, | dx

€T()CE sup /
t€[0,To] J T4 | JR4

<ehCp sup |m(f(t)lps, < Ce®+79 sup [lan(f(1)7:

t€[0,T0] t€[0,To]
to obtain
(4.19) sup / U*f*(t) V M. (t) dr.dv,| < Ce® + g21=o) Sup ”ﬂ-L(f(t))HiQ :
te[0,To] |J T x R4 t€[0,T0)] o

A similar procedure gives

(4.20)
sup / 0. Fo()V M (t) dvydv,| < Ce® + ) sup |7 (f(1)]72 -
t€[0,To] |/ Td x R4 t€[0,To) wv

The identities (4.17)-(4.19)-(4.20) above imply

2 s /R d /Tdm(f(t))dx

We combine (4.21) with (4.12) to obtain

sup ||mL(f(E)l|72 . < CIVa(mr(f(O)II52, + Ce™ + 2870 sup [lmp(f(1)]72, -
t€[0,To) ’ ’ te[0,To] ’

2

dv < Ce™ 4279 sup ||lm(f(1)II7: -
t€[0,Tp] ’

For € small enough, this gives
(4.22) Ime ()72 < CaC I Valmr(fO))Il7z , + CxCE™,

where C; was defined in (4.11). The term C, || f||5, in (4.9), as well as the term

el f Higv in (4.10) can now be decomposed into a microscopic and fluid part, the



BOLTZMANN EQUATION WITH EXTERNAL FORCES 29

latter being bounded with the help of (4.22). We deduce then from (4.9) and (4.10)
(note that we discard the term —e!'™®A ||f\|%% in (4.10)) the estimate

H) T
2e i_ _ ol L 2 l—e 2
e = (S cm ) I, + < 11,

For € small enough, (4.23) gives the desired estimate (4.7).

2
He o

A
< | Z =
<-(3-cu

d
(123) L 7]

A
- <? o c) |Vt ()3

0J

Remark 4.7. We see here, in the derivation of the estimate (4.16), that we need
e > 0, to ensure that, although not conserved, the global quantities associated to the
mass, momentum and enerqy of the perturbation f are controlled in a suitable way.

5. PROOFS OF THE MAIN RESULTS
At last, we have all the tools to give the proof of the main results.

5.1. Results on the Cauchy theory for the Boltzmann equation.

Proof of Theorem 2.1. The proof of existence follows from a standard iterative sche-
me:

altfn—&-l + év ' fon—H + 5Et(x) ’ vvfn—H + 55(t> Z, U)fn-i-l
= Ll 4 Tl foa] + (0, 0) M2
A detailed procedure is given in [12, Section 6.1] for E, = 0. This proof is directly
applicable here, in combination with our estimates of Sy and S5 (terms involving Et)
We obtain a uniform bound on a sequence of approximations (f,),cy in L&°H; , N
L} H?, and therefore the strong convergence towards f in less regular Sobolev spaces
by Rellich’s theorem. The uniqueness of the solution is also standard when E, =
0. When E, is non-trivial, uniqueness directly follows from our a priori estimate
method applied to the difference f— g of two solutions: the linear parts are estimated
in exactly the same way and the bilinear term is controledl when || f| if,; gl

small enough, which is why we obtain the uniqueness only in a perturbative regime.
We infer from our a priori estimates described in Proposition 4.6 that

d {§]
EDT), 2, < —O=Cullfl) 1l +C.

Coming back to the definition of the HZ-norm given by (4.2) we see that it is uni-
formly equivalent to the H; ,-norm. Therefore we have

i, S == Callfl5s ) 1]

s W directly apply Gronwall lemma which implies that

e
Hs 0 € CTO:E’S}

2 .
Hs, 18

d
vten.T). Il

2 2
s € °Cs.

As -]

< |

H o

vt e [0,To), [If(1)]

s, <max { | fu
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as long as || f| 3{ (t = 0) is sufficiently small.

(1+t)e
stant Cs behaves like Cs/(14+1)* (Cg is merely replaced by Cg/(1+t)* in the compu-
tations). Gronwall lemma then gives a polynomial time decay for f for sufficiently
small €.

Remark 5.1. In the specific case where HEH < =SB with a > 1 the second con-

OJ
The corollary follows at once.

Proof of Corollary 2.3. The corollary is a direct consequence of Theorem 2.1 and
our definition of fluctuation M. Indeed, direct computations show that

30, >0, ¥t >0, |jp— M|y, <e*C,

Therefore, using the notations of Theorem 2.1
En — M En - M

5T E.s ’
<———|=||—=
(’ VI g, 2 ) ( evM

which raises the expected corollary for e sufficiently small because e > 0: we con-
struct a solution provided by Theorem 2.1 and this solution remains close to p by
an additive constant °Cl. O

07,55
< ok, +seCS>

~
Hg o 2

5.2. Results on the Hydrodynamical limit. We are left with the computation
of the limit equations and convergence issues.

Proof of Theorem 2.5. Let T, > 0 and F. be the solution built in Corollary 2.3
on [0,Tp] and define f. = 5*1F—\/_;. The sequence (f.).., is uniformly bounded in
L7z, and solves

(5.1) BE.(f.) = 26 (t, z, v)uV? + & [Et(x) Vo f +E(t ) f
where BE.(f) is the standard Boltzmann equation operator given by

BEa(f) = Ezatf +ev- me - L[f] - Er[fa f]

and we recall that

_ Atrapf) 1 e @\ g
E(t,z,v)=¢ TEE +3 1+¢ T Ei(z) - v.

Having (f.).., uniformly bounded in L%”TO]H;v means that up to a subsequence f.

converges weakly-* in this space towards f. The choice of s > sy allows us to take
the weak-* limit in BE.(f.) as it is now standard in the field [11, 33], [12, Section
8] and obtain

lim BE.(f) = L[f].

e—

The right-hand side of (5.1) is linear in f. and it therefore converges weakly-* towards
0. In the limit one must have

— _ lv|® —

Lif]=0 so f(t,z,v)= |p(t,z)+v-u(t,x)+ d@(t,x) w(v).
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The fluid equations are obtained by integrating in velocity (5.1) against \/u, v/f
and M\/ﬁ The computations on the Boltzmann equation part BE.(f.) have

been done and proven rigorously for weaker convergences [7, 20] and one obtain that
1 1 V.- u(t,x)
lim ~ v VEBE.(f)dv = | V.(p+0)
e—0 € Rd ‘U‘Q—(d+2) %
2

and so looking at the right-hand side of (5.1) we see that in the limit
Ve u(t,z)=0 and V,(p+0)=0

which are the incompressibility and Boussinesq relation.

Looking at the order €% in BE,(f.) yields the Navier-Stokes-Fourier system in the
Leray sense [7, 20] - that is integrated against test functions with null divergence. It
only remains to see what the right-hand side of (5.1) becomes in the limit at order

1
1 -
lim / v St w0+ & [Bie) Vo +Etx,0)f] Vi do
5022 Jpa | -
2
1 = 0
E —
= lim v () copdv = [ 2E(x)
e=0 Jpa |v]2—(d+2) 2 0

Therefore, taking the limit of the hydrodynamic quantities when e goes to 0 of
e72(5.1) yields that (p,u, ) is a Leray solution to the incompressible Navier-Stokes

equation with a force (1.15) together with the Boussinesq equation (1.3).
U
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