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This paper presents a study of hot and cold turbulent jets by using the exact and
linearised ‘disturbance energy corollaries’ proposed by Myers. Myers’ energy corollaries
are first extended to allow examination of results from Large Eddy Simulations (LES)
around a turbulent base flow, via inclusion of additional disturbance energy flux and source
terms. The budget of these extended forms of Myers’ energy corollaries are then closed on
selected LES results from Bodony & Lele.

It is argued that Myers’ exact disturbance energy flux should become the classical
acoustic energy flux in the far-field surrounding a jet issuing into a quiescent domain.
Thus, the volume integral of the exact disturbance energy source terms can be considered
as related to the sources of far-field sound, although no information on the direction of the
generated sound can be obtained using this approach. Moreover, this decomposition does
not separate the radiating and non-radiating portions of the sources at a point in space.
These claims are partially demonstrated in this paper, with closure of the disturbance
energy budget showing that vortical, entropic and ‘unresolved scale’ source terms are the
only significant source terms in this problem. For fixed acoustic Mach number above 0.7,
the entropic source term dominates the vortical term for hot jets, which is in keeping with
results from other studies on heated jets using acoustic analogies.

Nomenclature

m Mass flux
Sm Sub grid scale terms for momentum equation
u Velocity

A Surface area
a Sound velocity
Cp Specific heat at constant pressure
D Jet diameter
E Total energy per unit mass
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F Unresolved LES quantity
H Total enthalpy per unit mass
k Thermal conductivity
p pressure
Q Conduction term
q Heat conduction
R Jet radius
Re Reynolds number
s Entropy
Sc Sub grid scale terms for continuity equation
Se Sub grid scale terms for energy equation
T Temperature
t Time
Uj Jet exit velocity
V Volume
x Cartesian coordinates

Subscripts
0 Mean value
2 Second order value

∞ Ambient variable
i ith coordinate variable
j Jet variable
r Radial component
un Unresolved value
x Axial component

Symbols
ψ Viscosity term
ξ Vorticity
ζ ξ × u
γ Ratio of specific heat
λ Second coefficient of viscosity
µ Viscosity
ρ Density
τ Viscosity stress tensor

Superscripts
′ Fluctuating value

I. Introduction

A. Hot and cold jets

One of the more comprehensive experimental studies of the sound generated by cold and heated shock-free
jets was presented by Tanna.1 Of note is the effect of heating the jet (figure 1), where Tanna found that the
overall radiated sound intensity increased at all angles except 40◦ if the jet’s acoustic Mach number Uj/a∞
was less than 0.7. However, when the jet’s acoustic Mach number was greater than 0.7, heating decreased
the overall noise radiated to the far-field. This change in the effect of heating the jet on the overall intensity
at an acoustic Mach number of roughly 0.7 is argued by some to still not be completely understood.2,3

Figure 1. Measured overall intensity normal to jet axis (θ = 90◦) for jets of different temperature ratios
(Tj/T∞) and acoustic Mach number Vj/a∞, see Tanna,1 (Tj/T∞) :4, cold; ◦, 1.0; �, 2.3; O, 3.4.

Prior to Tanna’s experiments, the works of Tester & Morfey4 and Mani5 used Lilley’s analogy6 to argue
for the existence of additional dipole source term due to temperature fluctuations. Mani further argued that
there are additional jet noise scalings proportional to M6 and M4 as a result of density gradients in the mean
flow. Furthermore, Goldstein7 derived an exact form of Lilley’s equation with a velocity quadrupole and
temperature dipole source terms. The appearance of an additional dipole for heated jets is not universally
accepted.8

Viswanathan3 presented an experimental study to show the importance of the jet Reynolds number on
the noise radiated from hot jets. He argued that much of the experimental data may be contaminated
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by noise from valves, high flow velocities in ducts, sharp bends and other internal noise sources. Some of
Tanna’s work was reexamined, and for which there is some debate.3 Viswanathan discussed that there are
changes in the jet behavior when the Reynolds number is lowered below a threshold, which he estimates
to be Re = ρjUjD/µj ≈ 400, 000, when holding the jet temperature ratio and Mach number constant.
Furthermore, he argued that changes in spectra at hot jets are not due to dipole sources for temperature.

Bodony & Lele9 used large eddy simulations (LES) to predict the far-field noise for cold and hot jets.
They used pressure data on a cylindrical Kirchhoff surface positioned at 5D in the computational domain
to relate the near-field to the far-field. Their results show reasonable agreement with the experimental data
presented by Tanna1 for jets with Mj ≥ 0.9. Further discussion of their results may be found in Bodony &
Lele.10

B. Disturbance and acoustic energies

In arbitrary turbulent flows, any equation stating a form of energy conservation must start from the equations
of motion that at least include non-zero mean flow quantities and entropy variation.11 It appears that only
the energies defined by Morfey12 and Myers13 do this. In Morfey’s analysis all terms containing entropy
disturbances are shifted into the source term. However, in Myers’ approach entropy disturbances remain
in both the energy density and flux terms. Myers’ equation was consistent with those developed earlier by
Chu14 and Pierce15 for zero mean flow. Morfey12 adapted the definition of acoustic energy presented by
Cantrell and Hart16 to extend the theory to sound generation in a non-uniform flow. He splits up the velocity
field into rotational and irrotational parts, and then by using linearised equations of motion, the generalized
acoustic energy equation was derived. Pierce15 derived a second order acoustic energy corollary based on
linearised equations of motion for an homogenous and zero mean flow, however unlike the other analysis,
entropy fluctuation appears as a part of the energy density and source terms in the energy corollary.

Myers13 derived exact and second order disturbance energy corollaries making use of mass, momentum,
energy and entropy transport equation for an arbitrary steady flow. In Myers’ equation, entropy disturbances
appear in the energy density, flux and source terms. However, because the energy density and flux terms
contained entropy disturbances, the resulting energies are not ‘acoustic’ and are properly called a more
general ‘disturbance energy’.13,14 For homentropic and irrotational flow, the linearised disturbance energy
equation becomes the acoustic energy of Cantrell and Hart16 and for homogeneous and zero mean flow it
becomes the energy corollary of Pierce.15 Unlike some of these previous works, the influence of mean flow on
the acoustic waves propagating through the domain is considered in Myers’ exact and second order equations.
Furthermore, by looking at Myers’ exact equation for turbulent flows, large disturbances can be modeled in
nonlinear problems.11

To the authors’ knowledge closure of Myers’ disturbance energy equations on hot and cold jets has not
been attempted previously. In this present work, the simulations of Bodony & Lele9 for high-speed hot and
cold jets are used.

II. Theory

The exact energy corollary derived by Myers is applicable to arbitrary steady flows. In order to apply
Myers’ equation to LES, it must first be derived for filtered data. Jet noise modeling also depends on the
choice of base flow. Study of sound generation with respect to different kinds of base flow has been discussed
by Goldstein.17 In the turbulent flows studied in this paper, the base flow is chosen to be the time averaged
flow of the jet.

A. Exact Energy Corollary

The calculations were carried out using a non-dimensionalised form of the equations of motion in cylindrical
coordinates (r, θ, x). The major quantities are non-dimensionalised by the far-field density ρ∞, velocity a∞,
temperature a2

∞/Cp, axial and radial coordinates R, dynamic viscosity µ∞ and thermal conductivity k∞.
The jet Reynolds number is Re = ρjUjD/µj . The flow field variables are expressed as filtered equations of
motion for an ideal gas,

∂ρ

∂t
+

∂ρuj
∂xj

= Sc, (1)
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∂ρui
∂t

+
∂

∂xj
(ρuiuj + pδij − τij) = Smi, (2)

∂ρE

∂t
+

∂

∂xj
(ρE + puj + qj − τijui) = Se. (3)

The filtered viscous stress τij and heat flux qi are defined as

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi

)
+ λ

∂uk
∂xk

δij , qi = −k
∂T

∂xi
. (4)

The sub-grid scale terms Sc, Sm and Se are defined as

Sc =
∂Fmj
∂xj

, (5)

Smi =
∂Fmi
∂t

+
∂Fujmi

∂xj
, (6)

Se =
∂FρE

∂t
+

∂F(ρE+p)uj

∂xj
. (7)

These terms were calculated in the same manner as by Bodony and Lele.9

The coefficients µ, λ and k are evaluated using Sutherland’s law. The Prandtl number is constant,
Pr = 0.71. The filtered equation of state is used in its approximate form of

p = (γ − 1)ρ
(

E − 1
2
uiui

)
. (8)

The importance of unresolved scales in sound radiated from turbulent jets using LES has been discussed
previously.18–20 To consider the effect of the unresolved scales in LES, Myers’ equation is extended. To do
this, we first need to derive new forms of the continuity, mass, momentum, entropy and energy equations
on which Myers’ equations are based. The equations of motion and entropy transport equation based on
filtered quantities can then be written as

∂ρ

∂t
+ ∇.m = Sc, (9)

∂u
∂t

+ ζ + ∇(u2/2) + ∇H − T∇s = ψ +ψun, (10)

∂ρs

∂t
+ ∇.(ρus) = Q + Qun, (11)

∂

∂t
(ρH − p) + ∇.(mH)−m.ψ − TQ = m.ψun + TQun + φ, (12)

where

ψ =
1
ρ

∂τij
∂xj

, ψun =
Sm − uSc

ρ
, (13)

Q =
1
T

(
τij

∂ui
∂xj

− ∂qj
∂xj

)
, Qun =

1
T

[Se − u.Sm + (u2 −H + Ts)Sc], (14)

φ = (H − Ts)Sc. (15)

The parameters ψun, Qun and φ express the effect of unresolved scales. The time average of equations 9
to 12 are

∇.m0 = Sc0, (16)

ζ0 + ∇H0 − T0∇s0 − (T ′∇s′)0 = ψ0 + (ψun)0, (17)
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∇.(m0s0) + ∇.(m′s′)0 = Q0 + Qun0, (18)

∇.(m0H0) + ∇.(m′H ′)0 −m0.ψ0 − (m′.ψ′)0 − T0Q0 − (T ′Q′)0 = φ0

+m0.(ψun)0 + (m′.ψun
′)0 + T0(Qun)0 + (T ′Qun

′)0. (19)

Myers13 made use of the equations of mass, momentum, energy and entropy to derive an exact conservation
equation for a ‘fluctuating energy’. Here the same approach has been followed. By multiplying equation 9 by
(H0 − T0s0), equation 10 by u0, equation 11 by T0 and then subtracting these equations from equation 12,
after some algebra one can eventually obtain an exact disturbance energy equation for LES by also making
use of equations 16 to 19

∂E

∂t
+ ∇.W = D. (20)

The exact fluctuating energy density E and flux vector W are

E = ρ(H ′ − T0s
′)−m0.u′ − p′, (21)

and

W = m′(H ′ − T0s
′) + m0T ′s′ + (m′H ′)0 − T (m′s′)0. (22)

The exact source term D is

D = Dξ + Ds + Dψ + DQ + Dun (23)

where

Dξ = m.ζ0 + m0.ζ,

Ds = m0s′∇T ′ −m′s′∇T0 −m.(T ′∇s′)0 − (m′s′)0∇T ,

Dψ = m′.ψ′ + (m′.ψ′)0,
DQ = T ′Q′ + (T ′Q′)0,

Dun = (H − Ts)′S′c + [(H − Ts)′S′c]0 − (T ′s′)0Sc
+ T ′Qun

′ + (T ′Qun
′)0

+ m′.ψun
′ + (m′.ψun

′)0. (24)

The term Dξ in equation 23 is a source term due to vortical disturbances and Ds is the source term due to
entropic disturbances. In the case of homentropic flow, the entropic terms are zero and the first term can be
considered as a source of acoustic energy if acoustic disturbances in E and W are defined as irrotational.21

The terms Dψ and DQ represent viscous and thermal diffusion. The term Dun represents the unresolved
scales where correlation between the filtered data and sub-grid scales is a significant part of the exact energy
corollary.

Making use of the approximation h′ = p′/ρ0 + T0s
′ the second order flux term in the disturbance energy

can then be derived,

W2 = (p′ + ρ0u0.u′)(u′ +
ρ′

ρ0
u0) + m0T ′s′

+ {(ρ0u′ + ρ′u0)(
p′

ρ0
+ T0s

′ + u0.u′)}0 − T (m′s′)0 (25)

For a statistically stationary flow, the time averaged form of the energy corollary can be used. By
applying a time integral to the extended Myers’ equation, the averaged form is obtained,

∇.W0 = D0, (26)
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where

W0 = 2(m′H ′)0 − 2T0(m′s′)0 + m0(T ′s′)0, (27)

and

D0 = 2m0.[ξ0 × u0 + (ξ′ × u′)0]
+ m0(s′∇T ′ − T ′∇s′)0 − 2(m′s′)0∇T0

+ 2(m′.ψ′)0 + 2(T ′Q′)0
+ 2[(H − Ts)′S′c]0 − (T ′s′)0Sc
+ 2(m′.ψun

′)0
+ 2(T ′Qun

′)0 (28)

Furthermore, time averaged form of the second order flux term is:

(W2)0 = 2[(p′ + ρ0u0.u′)(u′ +
ρ′

ρ0
u0)]0 + m0(T ′s′)0 (29)

One can obtain the acoustic intensity in the far-field by making use of Myers’ equation. By integrating
equation 26 over the volume to the far-field and applying Gauss’ theorem, it follows that∫

S

W0.dA =
∫
V

D0dV (30)

The flux term W0 in equation 30 becomes the classical acoustic energy flux p′u′ = p′2/ρ0c0 in the far-field
linear limit if the far-field is defined as having no entropy disturbances and zero mean velocity (disturbances
entering the domain are known and can be accounted for in this flux balance). This should be a reasonable
definition of the far-field since entropy disturbances should decay more quickly than sound. Under this
assumption the disturbance energy balance in equation 30 becomes∫

S

(2p′u′)0dA =
∫
S

2p′2

ρ0c0
dA =

∫
V

D0dV. (31)

It is noted that this final equation only gives the area and time averaged classical acoustic energy flux in
the far-field and does not convey any information on the direction of the generated sound. Furthermore, it
does not show where inside the domain the sound is generated. Equation 31 also expresses the contribution
of exact source terms to sound radiated in far-field. This equation can therefore be used to explore possible
mechanisms of sound generation by looking at the magnitude of each source term. However, this analysis
does not separate the radiating and non-radiating components of the source terms at a point in space. In
the case of high Reynolds number it is shown later that the major contributors to noise generation are the
entropic and vortical terms. Viscosity and conduction terms whilst included in this work, are not important
to the problem.

III. Numerical methods

A. Computational Domain

The cylindrical computational domain shown as the dashed box in figure 2 is used.9 The ‘sponge’ regions in
the axial and radial direction are excluded from the computational field. In the radial direction, calculations
are carried out up to r/R=15.

B. Discrete approximations

In order to minimise inconsistencies, the same spatial discretisation used by Bodony & Lele9 is employed
here. In the axial and radial directions, a compact finite difference scheme is utilised for first and second
derivatives.22 That is,
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Figure 2. A slice thorough the computational domain

β1(f ′i−2 + f ′i+2) + α1(f ′i−1 + f ′i+1) + f ′i = a1
fi+1 − fi−1

2∆s
+ b1

fi+2 − fi− 2
4∆s

+ c1
fi+3 − fi−3

6∆s

for the first derivative and

β2(f
′′

i−2 + f
′′

i+2) + α2(f
′′

i−1 + f
′′

i+1) + f
′′

i = a2
fi+1 − 2fi + fi−1

(∆s)2
+ b2

fi+2 − 2fi + fi−2

4(∆s)2
+ c2

fi+3 − 2fi − fi−3

9(∆s)2

for the second derivative. The coefficients {αi, βi, ai, bi, ci}2i=1 found by Lui and Lele23 are used in this work.
Circumferential derivatives are calculated using Fourier transforms and time derivatives are calculated using
a forth order Pade scheme.

IV. Results and discussion

The sets of cold and hot jet data presented earlier by Bodony & Lele9 are used to evaluate the source
and flux terms in Myers’ equation extended to LES. The conditions of the simulations are given in table 1.

Table 1. Conditions of the simulations presented. The Nomen-
clature spN, where N is an integer, refers to conditions tabulated
in Tanna

ID Uj/a∞ Uj/aj Tj/T∞ Rej Nr ×Nθ ×Nx

sp7 0.83 0.9 0.86 88000 128× 32× 256
sp39 1.47 0.97 2.30 84000 128× 32× 256
sp62l 1.47 1.95 0.56 336000 128× 32× 256

Making use of equation 30, the integral of the source terms and flux terms over the cylindrical volume
defined in figure 2 are calculated by summing the products of the exact source term at a given node with
the exact elemental volume surrounding that node. As seen in table 2, the vorticity term has the largest
magnitude of all source terms for the cold jet case, followed closely by the unresolved scale term Dun. The
entropic terms are not significant relative to the magnitude of vorticity term. Furthermore, the entropy term
has a negative sign which shows that cooling the jet increases the magnitude of entropy term and therefore
reduces the sound pressure level. As expected, the magnitudes of the viscosity and conduction terms are
very small at high Reynolds numbers.

Care must be taken when considering Dun. As was discussed in section II, the approach followed in this
paper can not determine what proportions of the disturbance energy source term at a point in space are
radiating and non-radiating. A large source term at a point in space may actually be creating very little
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sound. It is only the volume integral of the source terms to the far-field that quantify the relative contribution
of each source term in equation 28 to the far-field, area and time averaged, classical acoustic energy flux.
Thus, in order to categorically determine the relative importance of any of the terms in the volume integral
of equation 31, the axial extent of the computational domain must be long enough to allow the entropic
disturbances and mean flow velocity to decay such that equation 31 is satisfied within the computational
domain. As is shown later in this paper, this is not the case for the results presented in this paper. Further,
the negative sign of the volume integral of Dun in table 2, like figures 3 to 5 discussed later, is consistent
with the view that smaller turbulent scales dissipate energy generated by larger scales. This may suggest
that non-radiating components of Dun at a point in space are significant. Further examination of all source
terms on longer computational domains is therefore warranted.

Table 2. Magnitude of source terms in exact
and second order disturbance energy equa-
tion

Source terms sp62l sp39 sp7∫
DξdV 10.958 1.344 1.278∫
DsdV -0.325 5.872 -0.025∫
DundV -9.669 -6.801 -1.172∫
DψdV -0.072 -0.065 -0.0296∫
DQdV -0.017 -0.145 -0.0019∫
DdV 0.875 0.205 0.0499

Results of the hot jet data show a different source distribution (see sp39 in table 2). The main contributor
to far-field sound in this case is now the entropic term. In particular, because of the lower density in the hot
jet, comparison of cases sp62l and sp39 shows that the vortical term is smaller in this case and unlike the
cold jets, the entropic term in the hot jet is positive. Increasing the temperature has two opposing effects on
noise generation. On one hand, increasing the temperature lowers the mean density and therefore decreases
the magnitude of the vortical term mainly due to the average mass flux m0. On the other hand it increases
the magnitude of the entropic term. However, the sum of the vortical and entropic source terms for the hot
jet are less than the cold jet at the same acoustic Mach number. The effect of unresolved scales is similar to
the cold jet and its order of magnitude does not change.

Table 3. Magnitude of flux terms in ex-
act and second order disturbance energy
equation

Flux terms sp62l sp39 sp7∫
WrdA 0.031 0.006 0.00016∫
WxdA 0.856 0.205 0.053∫
Wr2dA 0.031 0.0056 0.00010∫
Wx2dA 0.783 0.154 0.048∫
WdA 0.887 0.211 0.053∫
W2dA 0.814 0.160 0.048

Figures 3, 4 and 5 show contour plots of the time averaged source terms within the computational domain
for all cases. The source terms are also averaged in the circumferential direction (and reflected in the x axis).
As seen in figure 3 the vorticity term is positive throughout most of the domain and the maximum value
occurs inside the shear layer. Viscosity and conduction terms are very small compared to the other source
terms. Contours of the unresolved source term shows a large area within the computational domain affected
by small scales.

Figure 4 shows results for the hot jet that are qualitatively similar to those of the cold jet, but with the
relative magnitude of each source term consistent with the volume integrated results in tables 2 and 3

Figure 6 shows a comparison between the exact and the second order disturbance energy flux and the
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Figure 3. Contour plots of source terms for case of cold jet: sp62l, a)Dζ , b)Ds, c)Dψ + DQ d)Dun
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Figure 4. Contour plots of source terms for case of hot jet: sp39, a)Dζ , b)Ds, c)Dψ + DQ d)Dun
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Figure 5. Contour plots of source terms for case of cold jet: sp7, a)Dζ , b)Ds, c)Dψ + DQ d)Dun
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classical acoustic energy flux terms evaluated over a cylindrical surface extending from x/R = 5 to x/R = 50
and with varying radius. The quantity plotted is the respective flux multiplied by the area of the cylindrical
surface. For all jets the second order disturbance energy flux term follows the exact flux term reasonably
closely. All graphs show that by r/R = 15, the three fluxes are effectively the same and the previously defined
far-field has been reached in the radial direction. This means that entropic disturbances are insignificant by
r/R = 15, which is not a surprising result for this problem, given the flow structure. Of course within the
domain the classical acoustic energy flux has uncertain physical meaning until it reaches the far-field since
the mean flow can be inhomogeneous and the disturbances nonlinear.
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Figure 6. Comparison of averaged exact:
R

A W0.dAr, —— ; second order:
R

A W2.dAr, - - - - - -; and classical
acoustic energy flux:

R
A (2p′u′)0.dAr, -.. -..-..-..-; for a) cold (sp62l), b) hot (sp39), and c) cold (sp7) jet
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Figure 7. Comparison of averaged exact:
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A W0.dAx, —— ; second order:
R

A W2.dAx, - - - - - -; and classical
acoustic energy flux:

R
A (2p′u′)0.dAx, -.. -..-..-..-; for a) cold (sp62l), b) hot (sp39), and c) cold (sp7) jet

In figure 7 the axial flux terms for all jets are shown. Unlike the radial flux there is a large difference
between exact and classical acoustic energy flux terms due to the effect of entropy waves coming out of
the domain. Furthermore, there is a relatively small difference between second order term and the exact
flux term within the computational domain. Figure 7 therefore shows that the simulations used to be of
substantially long axial extent in order for these entropy waves to decay. Nonetheless, this should not affect
the sound generation problem, since figures 3 to 5 show that the significant regions of all source terms are
already captured.

V. Conclusion

This paper presented an investigation of hot and cold turbulent jets using an extended form of the exact
and linearised ‘disturbance energy corollaries’ proposed by Myers.13 The extended forms of Myers’ energy
corollaries allow examination of results from Large Eddy Simulations (LES) around a turbulent base flow,
via inclusion of additional disturbance energy flux and source terms. The budget of these disturbance energy
corollaries were then closed on selected LES results from Bodony & Lele9 which, in turn, are simulations of
cases studied in the earlier experiments of Tanna.1

It was argued that Myers’ exact disturbance energy flux should become the classical acoustic energy
flux in the far-field once i) entropic disturbances become negligible, ii) all disturbances are linear and iii)
the mean flow is stationary. This should be reasonable since entropy disturbances should decay much more
quickly than sound waves. If this is so, for a sufficiently long averaging period, the classical acoustic energy
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flux averaged over the far-field boundary should equal the volume integral of the exact source terms within
the boundary. Thus, volume and time integral of the exact, disturbance energy source terms within the
domain can be considered as sources of the area and time averaged, far-field sound, although no information
on the direction of the far-field sound and the spatial location of the sound source within the volume can
be obtained using this approach. These claims were partially demonstrated in this paper, with the radial
disturbance energy flux becoming very close to the classical acoustic energy flux within the computational
domain in all cases studied. However, whilst the region of significant disturbance energy source terms is
captured in all cases, the axial extent of the computational domain in Bodony & Lele’s9 simulations did not
allow sufficient decay of convected entropy disturbances.

Closure of the disturbance energy budget nonetheless showed that vortical, entropic and ‘unresolved
scale’ source terms are the only significant source terms in this problem. For fixed acoustic Mach number
above 0.7, the entropic source term dominates the vortical term for hot jets, which is in keeping with results
from other studies on heated jets using acoustic analogies.
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