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This paper deals with the denoising ofmicrophone arraymeasurements. Inmany situations,
flush mounted microphone arrays are polluted by a turbulent boundary layer, this is typically
the case considering wind tunnels or inflight tests. Acoustic imaging results are strongly
affected by this noise, classical approaches to solve this issue consist in removing the diagonal
terms from the measured cross spectral matrix, or to implement background noise subtraction
strategies. This can be sufficient for conventional beamforming approaches, but can be a
limitation when implementing more advanced identification methods. This work introduces
two alternative techniques, a first one based on a statistical model whose parameters are
inferred from measurements (PFA - Probabilistic Factor Analysis), and a second one based on
the use of noise-free references. The former is an original contribution of the work, while the
later is a well known approach yet not often used in the present context. Both methods, as well
as more classical approaches, are compared in the frame of inflight arraymeasurements for the
characterization of jet noise. It is shown that the proposed advanced denoising approaches show
enhanced performances as compared to classical approacheswhen applying either conventional
beamforming or inverse source characterization.

Nomenclature

Acronyms
BBSAN= Broadband shock-associated noise
CSM = Cross-Spectral Matrix
PCA = Principal Component Analysis
PDF = Probability Density Function
PFA = Probabilistic Factor Analysis
SNR = Signal-to-Noise Ratio
TBL = Turbulent boundary layer

Variable names
ax, bx = Parameters for the PDF of a variable x
c = Vector of PFA factors
Hi = Steering vector for the ith focusing point

I = Identity matrix
I = Number of samples for the Gibbs sampler
L = PFA mixing matrix
M = Number of microphones
n = Noise vector
Ns = Number of snapshots
Syx = Cross-spectral matrix of vectors y and x
y = Vector of measured data
α = PFA factor weights
βp = Noise relative intensity of the pth measurement
γ2 = Variance of the PFA factors
κ = Number of PFA factors
σ2 = Noise variance
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Indices
j = Snapshot index
p = pth measurement configuration

Mathematical notations
NC = Complex Gaussian PDF
E = Exponential PDF
IG = Inverse-Gamma PDF

duc = Diagonal matrix with diagonal given by u
·′ = Transpose operator
·H = Conjugate transpose operator
∼ = “has the following PDF”
[u|v] = Conditional probability of x given v

[u, v] = Joint probability of x and v

‖ · ‖1 = `1 norm
Tr(·) = Trace operator

Introduction

Microphone array measurements are often polluted by extraneous noise that can be ambient, electronic or induced
by a turbulent boundary layer, and it can strongly affect the quality of source characterization. Especially, if the

microphones are located close or inside a flow, during wind tunnel or inflight tests for example, the signal-to-noise ratio
(SNR) may become very poor and a denoising step is necessary.

In this context, multiple denoising processes have been developed, based on various strategies such as Principal
Component Analysis [1], wavenumber filtering [2], diagonal optimization [3, 4] and some methods also make use of a
background noise measurement [5–7]. Another common practice is to set the diagonal of the measured cross-spectral
matrix (CSM) to zero. It is based on the fact that the turbulent boundary layer (TBL) noise often concentrate on the
diagonal elements of the measured CSM, because its correlation length is smaller than the microphone inter-spacing,
but doing so can lead to negative CSM and underestimation of the characterized sources.

In this paper, we introduce two other denoising techniques. The first denoising method is based on a statistical
inference problem that exploits the properties of the TBL noise and the acoustical contribution. The second one makes
use of noise-free reference signals. Then, an experimental section is dedicated to the application of these methods to
inflight large aircraft tests and the influence of each denoising techniques is studied through a comparison of denoised
autospectra and resulting acoustic imaging maps.

Denoising using Factor analysis
The main idea of this method is to exploit the difference in the statistical properties of the acoustic and the

aerodynamic noise. The acoustical part is supposed to have a correlation length larger than the microphone interspacing.
On the contrary, the TBL noise is supposed to be random, with a very short correlation length compared to microphone
interspacing.

It has been shown that the rank of the acoustical CSM is directly related to the number of statistically independent
sources[8]. In other words, the rank gives the number of uncorrelated component that are necessary to reconstruct the
sound field. This number is supposed to be small compared to the number of microphones. Therefore, the acoustical
CSM can be modeled with a low-rank matrix. Following the assumption of a small correlation length for the TBL noise,
the estimates of the associated CSM tends to be a diagonal matrix, when the number of averages tends to infinity.

From these postulates, we propose to decompose the measured CSM using Probabilistic Factor Analysis (PFA). PFA
is an inference problem that aims at fitting the measured data with a statistical model.

Statistical model
PFA models the measured pressure field as linear combinations of a small number of factors, which captures the

acoustical part in our denoising case, plus an error term, which stands for the TBL noise part. It can be written as follow:

y j = Lc j + n j j = 1, . . . , Ns, (1)

where c is the vector of κ < M latent factors, L ∈ CM×κ is the matrix that mixes factors, n is a term of residual errors
(independent from the factors), and index j is the snapshot number. In the classical PFA formulation, the user has to
select the number of factor κ, which gives the maximal rank of the acoustical CSM. We propose to extend this model to
consider κ as an unknown of the model, to be inferred. To do so, a diagonal matrix dαc is added to weight the factors:

y j = Ldαcc j + n j j = 1, . . . , Ns . (2)
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This weighting matrix should cancel the smallest factors, and thus allows an automatic selection of the model order by
setting the optimal number of factors to zero.

In the context of factor analysis, all the unknown parameters of this model are seen as random variables, with the
following assigned probability density functions (PDF), called priors:

c ∼ NC(0, dγ2c), (3)

n ∼ NC
(
0, dσ2c

)
, (4)

α ∼ E (aα), (5)

L ∼ NC

(
0,

I

κ

)
, (6)

where E is the exponential PDF andNC is the complex Gaussian PDF. γ2, σ2 and aα are hyperparameters of the model
and I stands for the identity matrix.

Optimization step
Rather than fitting the measured pressures to model 1, the inference problem is solved using the measured CSM

Syy = N−1
s

∑
j y j y

H
j (·H is the Hermitian operator). Therefore, the model 1 can be approximated (ignoring the

cross-terms) by:
Syy = LdαcScc dαcL

H + Snn (7)

Several methods exist to solve this inference problem. Here, a Bayesian approach is chosen and a Gibbs sampler (a
Markov chain Monte Carlo algorithm) is used to approximate the unknown parameters by maximizing the posterior
distribution, which reads:

Ŝcc, L̂, σ̂
2, α̂ = argmax[Scc, L,σ2, α |y], (8)

where the notation [x] stands for the probability density of the random variable x. In such approach, the parameters of
the prior distributions can also be inferred and they have their own priors, called hyperpriors. In the model of Eq. (2),
factor and noise variances are unknown and they are classically sampled following inverse-gamma (IG) distributions:

γ2 ∼ IG(aγ, bγ), (9)

σ2
n ∼ IG(aσ, bσ ). (10)

Shape and scale parameters a and b can be set according to the prior knowledge of the noise and acoustic source
variance. In the following, non-informative priors are used : dealing with poor SNR, mean value of γ2 and σ2 are set
equal to the mean of the measured autospectra, and their variance is set arbitrarily 10 times higher. Concerning the
slope parameter aα in Eq. (5), it is chosen with an exponential decay on the factors with no normalization needed, since
the solution for L, c and α is not unique (but their product is). Finally, the initialization for L is random.

Note that this method is closely related to principal component analysis (PCA), previously used by [9] and [10] to
reduce TBL noise. Similarly to PCA, the data are linearly decomposed in a reduced set of variables that leads to a
reduction of the data dimension. In the PCA formulation, these variables are orthogonal, which is not necessarily the
case for PFA. Therefore, PFA can better take into account assumptions about the latent structures of the data. Especially,
Gibbs sampler being very flexible, a correlation structure of the hydrodynamic noise could be taken into account in the
inference model. Moreover, PFA provides a non-negative decomposition of the acoustical CSM that can be used to
reduce the dimension of an imaging process.

Use of background noise and multiple measurements
PFA can be used to denoise a single CSM, but in the case where more data are available, it can be useful to exploit all

of them to improve the accuracy of the inferred parameters. Indeed, during the flight tests, measurements are performed
for several engine speeds and a measurement at idle speed is used as a background TBL noise reference. The statistical
properties of the TBL noise is supposed to be unchanged from one working point p to another. Therefore, the inferred
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noise variance σ2 is common to all datasets (varying by a multiplicative factor βp) but a different acoustical part is
inferred for each dataset. The model reads:

y jp =



n jp for p = 1, the idle working point,
Lp dαcpc jp + n jp for p = 2, . . . , P,

(11)

with following priors:

cp ∼ NC(0,γ2
p), (12)

np ∼ NC

(
0, βp dσ2c

)
, (13)

βp ∼ IG(aβ, bβ), (14)
αp ∼ E (aαp ), (15)

Lp ∼ NC

(
0,

I

κ

)
. (16)

The scalar parameter βp allows the noise to vary in amplitude for each working point, but not in shape. The parameters
with subscript p are first drawn in the distributions conditioned to each working point data, and the noise variance σ2

is then drawn knowing the whole data. The pseudocode of the Gibbs sampler that solves this problem is given by
Algorithm 1. The optimal parameters are obtained after averaging the I/2 last output samples.

require: Syy1, . . .,P , aα, aγ, bγ, aσ, bσ

initialization: L(0)
p , α(0)

p ,γ(0)
p ,σ2(0), β(0)

p

for i=1, 2,. . . I do
for p=2,. . . P do

sample S (i)
ccp following [Sccp |Syyp , L

(i−1)
p , α(i−1)

p ,γ(i−1)
p ,σ2(i−1), β(i−1)

p ]
sample L(i)

p following [Lp |Syyp , S
(i)
ccp , . . . ]

sample β(i)
p following [βp |Syyp , . . . ]

sample γ(i)
p following [γp |Syyp , . . . ]

sample α(i)
p following [αp |Syyp , . . . ]

end
sample σ2(i) following [σ2 |Syy1, . . .,P , . . . ]

end
return I samples of [Sccp , Lp,σ

2, αp, βp |Syy1, . . .,P ]

Algorithm 1: Gibbs sampling for PFA denoising, extracting a common noise from multiple measurement
datasets.

Denoising using reference signals
The noise affecting fuselage microphones is mainly attributed to the contribution of the TBL. In cases where some

noise-free reference signals are available, it is possible to apply referenced denoising techniques in order to clean-up
microphone array signals. Let x and y stand for a set of reference and array output signals, respectively. The CSM of
outputs conditioned by references is given by

Sx
yy = Syx S−1

xx Sxy (17)

This formulation is accordance with Bendat and Piersol’s Conditioned Spectral Analysis [11]: autospectra on the
diagonal of Sx

yy are corresponding to multiple coherent output spectra, the multiple coherence being directly given by
the ratio between diagonal terms of Sx

yy and Syy .
Note that this denoising approach assumes that the noise affecting the output signals is not contributing to references.
References are not necessarily completely noise-free, however the noise affecting references has to be independent from
the noise contributing to outputs.

Two major differences exist between this referenced denoising approach as compared to the PFA technique presented
in the preceding section:
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• referenced denoising requires several additional sensors, recorded simultaneously with the microphone array
signals,

• referenced denoising does not require any characterization of the background noise or multiple engine operating
point.

However, it is still interesting to compare results of referenced and blind denoising methodologies, because they share
the same purpose (denoising). Considering that hypothesis and required data are strongly different, a good agreement
between their results can be considered as a cross validation of both approaches.
For the considered experimental application, reference signals are accelerometers and microphones positioned on the
inner side of the fuselage and inside the aircraft cabin, respectively. Those sensors are used as references because they
are supposed to be much less affected by the TBL than external microphones : the fuselage is known to act as a low-pass
filter in the wavenumber domain, the SNR (acoustic part over TBL part) of inside sensors is thus expected to be much
more favorable. On the other hand, inside microphones are also disturbed by interior noise sources, mainly the air
conditioning system. However, this noise being independent from the TBL, this should not cause any issue.

Experimental application: Large aircraft flight tests

Experimental setup
Denoising methods presented in this paper are used to characterize acoustic sources emitted by an Airbus large

aircraft in stationary flight. Flight conditions are very similar to classical cruise flights, at altitude of 35,000 ft and flight
Mach number 0.85. Microphone acquisition are performed synchronously, involving 34 microphones flushmounted on
the aft portside fuselage, 9 internal microphones, located in the aft cabin and 6 accelerometers fixed on the internal side
of the fuselage, on same side as the microphone array. The external array configuration is presented in Fig. 1. Here, the
experimental setup is such that the main contribution comes from the engine jet noise. Measurements are performed at
11 different engine speeds, including idle, referred as background noise. Each record lasts 60 seconds and the CSM are
calculated with a resolution of 4 Hz (Hanning window, 70% overlap).

Fig. 1 Geometry of the external microphone antenna

Denoised CSM
Raw averaged autospectra obtained at a high engine speed are presented in Fig. 2 together with the background

noise autospectra. Autospectra are also presented after subtracting the background noise CSM from the CSM of the
considered operating point. This denoising method is referred as “Background Subtraction”. Its underlying assumptions
are that the noise remains statistically stationary during all the experiments and that the SNR is sufficiently high.

On the same figure are also plotted the mean autospectra obtained using referenced and PFA denoising. For the
former, reference signals are the 6 fuselage accelerometers and the 9 inside microphones. Concerning the latter, the
noise is extracted using all the 10 working data points (Algorithm 1 ran with p = 1, . . . , 10). From these spectra one can
see that the average SNR is about 3 dB, and it slightly increases in the frequency band between 1 and 3. This spectra is
dominated by the broadband shock-associated noise (BBSAN), generated by the dual-stream underexpanded supersonic
jet [12]. In this frequency band, PFA and referenced denoising results are in agreement.
At higher frequencies, PFA does not reconstruct any coherent spectra. The SNR goes lower and there is not a sparse
number of dominant sources anymore. Therefore, the PFA problem becomes poorly conditioned. In this Bayesian
approach, the selection of priors can be seen as a regularization process, and the result can be sensitive to this prior
selection in the case where the inference model diverges from reality.

On Fig. 3 are presented the same autospectra for each microphone, zoomed in the BBSAN frequency band. At
very low frequency, the SNR is very poor and background subtraction gives inconsistent negative values. At these
frequencies, TBL is very correlated and PFA fails to denoise : the assumption of uncorrelated noise does not hold true
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Fig. 2 Wideband autospectra averaged over the external microphones, raw ( ), background noise ( ),
after referenced denoising ( ), after PFA denoising ( ), background subtraction ( ).
Vertical lines ( ) are located at the blade passing frequencies.

(a) Raw (high engine speed). (b) Background noise (idle engine speed). (c) Background subtraction.

(d) PFA denoising. (e) Referenced denoising.

Fig. 3 Autospectra zoomed in the BBSAN frequency band, with no denoising (a), obtained at idle engine speed
(b), after background subtraction (c), after PFA denoising (d) and after reference based denoising (e).
Colorscale is the same for all graphs and it is clipped for better comparison.

and thus, the correlated noise is identified as a part of the acoustical CSM. In the range of frequency 1 to 3, coherent
interactions of shock cells leads to directivity patterns that clearly appear after denoising. Harper-Bourne and Fisher [13]
proposed to model this BBSAN by regularly spaced partially coherent monopoles, which should induce interference
patterns in the far field.
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Acoustic imaging results
In this section, denoised acoustic data are post-processed for acoustic imaging purpose. The study is conducted in

a frequency range where the BBSAN is supposed to dominate. Equivalent sources are distributed along the jet axis,
starting from the engine bypass outlet position up to this position plus 16 times the nozzle exit diameter. The acoustic
propagation between the equivalent sources and the microphone array is supposed to be affected by a uniform flow.

Beamforming
First of all, measurement data are processed using a conventional beamforming approach (similarly to some related

literature data [14]). The beamforming coherence, indicating the correlation between the measured sound field and the
sound field generated by a single monopole at the focusing point, is given by:

Ci =
H ′i SyyHi(

H ′i Hi

)
Tr

(
Syy

) (18)

where the prime is the transpose operator and Hi is the steering vector containing convected Green functions between
the ith focusing point and the microphones. Four different Syy CSM are considered :

• the raw CSM,
• the CSM denoised by subtraction of the CSM of the background noise,
• the CSM denoised using the PFA blind approach,
• the CSM denoised using the referenced approach.

The beamforming coherence obtained for these 4 cases are drawn in Fig. 4. All the maps are exhibiting a main lobe
around the normalized position 6. However, the level of this lobe shows significant differences for the 4 cases, with a
maximum at about -8, -5, -2 and -3 dB, respectively to the list. It seems thus that the advanced denoising approaches
(PFA and referenced) performs significantly better than the basic background noise subtraction.

Raw CSM

2 4 6

0

5

10

P
o
s
it
io

n
 (

n
o
rm

a
liz

e
d
 u

n
it
)

CSM-CSM
BGN

2 4 6

0

5

10

PFA denoising

2 4 6
Frequency (normalized unit)

0

5

10

Ref. denoising

2 4 6

0

5

10

-15

-10

-5

0
dB

Fig. 4 Beamforming coherence (in dB) as a function of focusing point and frequency using the raw CSM (up
left), background noise subtraction (up right), CSM using PFA denoising (bottom left) and reference based
denoising (bottom right).

Bayesian focusing
The 4 different CSM are also used as input for a more advanced imaging approach, Bayesian focusing, which is an

inverse method based on an Iterative Reweighted Least Squares (IRLS) algorithm and a Bayesian regularization [15–17].
An interest of this method is that the user can define a sparsity constraint, between 2 (no sparsity) and 0 (strong sparsity).
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The source of interest here is the BBSAN, which is often assumed in the literature to behave as a set of discrete partially
coherent monopoles. A strong sparsity is thus assumed and the sparsity parameter is set to 0. Results are drawn in Fig.
5, for the 4 cases.
The Bayesian regularization selects automatically the regularization parameter depending on the inferred estimation
of the signal to noise ratio. Results are thus expected to be affected by the denoising quality. For instance, looking
more closely to the source distributions for a normalized position between 4 and 6, the raw CSM based results have
only one source, while a second source appears at some frequency bins when subtracting the background noise CSM.
Considering the denoised cases (PFA and referenced), two distinct sources are clearly identified.
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Fig. 5 Identified source powers (in dB) as a function of source position and frequency using the raw CSM
(up left), background noise subtraction (up right), CSM using PFA denoising (bottom left) and reference based
denoising (bottom right).

Reconstruction error
It is not easy to objectively compare identification results, considering that the true source distribution is not known.

However, the performance of the different approaches can be indirectly assessed by comparing the CSM used as input
and the reconstructed CSM, using the identified source distribution and the propagation operator. The following error
indicator is used to compare input and output CSM :

E =
Syy − HSqqH

′1
Syy

1
+

HSqqH ′
1

, (19)

where ‖ · ‖1 is the `1 norm, Sqq is the source CSM, and H the matrix of convected Green’s functions between sources
and microphones. Note that the same formula can be used for beamforming, with Sqq the autopower of the beamforming
maximum, and H = Hi the Green’s functions between the beamforming maximum location and the microphones. This
indicator is drawn in Fig. 6 (right), for the 4 cases, and is compared to the same error indicator based on a single
monopole sources located at the maximum of the beamforming map (left). Results based on the inverse method exhibit
significantly lower error indicators as compared to the single monopole model, showing the interest of considering
more complex source distributions. This indicator shows also significant differences, for the inverse method, between
the 4 input CSM : the maximum error is obtained with the raw CSM, and slightly better results are observed with the
subtraction of the background noise CSM. Advanced denoising techniques show much better results, the PFA method
seems to perform better than the referenced approach in a wide frequency range, even if some issues are encountered
with PFA in the highest frequencies.
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Fig. 6 Acoustic imaging : reconstructed CSM error indicator. Single monopole at the beamforming maximum
location (left) and identification results (right).

Conclusion
The two proposed methods, PFA and referenced denoising, rely on very different hypothesis and data requirements,

but the denoised spectra are very similar in the low and medium frequency band. They both provide promising TBL
noise reduction and improve beamforming and inverse imaging as compared to the classical background subtraction,
especially when considering the reconstruction error. At high frequencies, PFA method does not converge but multiple
strategies could correct this problem, such as the use of a more robust sampler or an extension of the inference model.
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