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Introduction

The Galois theory of difference equations has witnessed a major evolution in the
last two decades. In the particular case of g-difference equations, authors have in-
troduced several different Galois theories. In this memoir we consider an arithmetic
approach to the Galois theory of g-difference equations and we use it to establish
an arithmetical description of some of the Galois groups attached to g¢-difference
systems.

Let ¢ be a non-zero element of the field C of complex numbers. A (linear)
g-difference system is a functional equation of the form

(0.1) Y(gx) = A(x)Y (x), with A(z) € GL,(C(x)).

The leitmotif of the paper is the Galoisian properties of the so-called dynamics
of the system , namely the set of maps obtained by iteration of the maps
(z, X) — (qu, A(x)X) defined over U x C”, where U is an open subset of P¢.

Theorem below proves that the algebraic nature of the solutions of the
g-difference system is entirely determined by the specialization of certain sub-
sequences of the dynamics (A(¢" 'z)... A(x))neN, that are called the curvatures
of the g-difference system. This Theorem extends the main result of [DV02], in
which the assumption that K is a number field, and hence that ¢ is algebraic, is
crucial. Here we only assume K to be a finitely generated QQ-algebra and ¢ can
be any number, algebraic or transcendental. We state here Theorem in the
particular case K = Q(g) and under the assumption that ¢ is a transcendental
number:

THEOREM 1. Let A(x) € GL,(Q(q,x)). The g-difference system Y (qx) =
A(2)Y (z) admits a full set of solutions in Q(q,z) if and only if for almost all
n € N there exists an n-th primitive root of unity ¢, such that A(¢" 'z)...A(x)
specializes to the identity matrix at ¢ = (.

One could ask whether an analogous statement holds for more general difference
equations, that is for instance for dynamics induced by the action an algebraic
group. It appears that our statement fails to be true already when one replaces the
multiplicative group by the additive group which corresponds to the case of finite
difference equations, i.e., for equations associated to the operator z — z + 1. In
[vdPS97| page 58, §5.4], the authors provide a counterexample.

Relying on the above rationality criteria, one is able to provide an arithmetic set
of generators for some of the Galois groups attached to ¢-difference systems. More
precisely, in [HS08], the authors attach to a g-difference system a linear differential
algebraic group a la Kolchin, that is a group of matrices defined as the set of zeros
of a finite number of algebraic differential equations. The defining equations of this
parametrized Galois group encode the differential algebraic relations satisfied by
the solutions of the g-difference system. The work of Hardouin and Singer general-
izes the classical Picard-Vessiot theory of linear difference systems as developed in
[vdPS97] but requires that the field of o,-constants is differentially closed (see.
We attach to a ¢-difference system Y (qx) = A(x)Y (z), with A(z) € GL,(K(z)),

vii



viii INTRODUCTION

a differential algebraic group scheme, that we call parametrized intrinsic Galois
group. Roughly, this differential algebraic group scheme is linked to the differen-
tial algebraic relations satisfied by the entries of A(x), in the sense that it only
relies on constructions of differential algebra of the associated g¢-difference module,
and therefore on the associated matrix constructions of A(z) and its dynamics.
The advantages of considering this group are its intrinsic nature and its arithmetic
description (see Chapter [7)), which is an analogue of the conjectural description
obtained by Katz in [Kat82] for the Lie algebra of the intrinsic Galois group of
a linear differential system. One can show that above a suitable differential field
extension of C(x) the parametrized Galois group and its intrinsic version become
isomorphic. This allows to give an arithmetical description of the parametrized
Galois group, that might be suitable to build computation algorithms. Indeed, un-
like the case of linear differential systems, the computation of the curvatures of a
g-difference system relies only on matrix multiplication. Thus, one may hope to de-
velop fast algorithms to compute the curvatures and perhaps also the parametrized
intrinsic Galois group in terms of differential polynomial equations annihilated by
the curvatures. See [BS09] in the differential caseH Notice that the arithmetic
description of the parametrized intrinsic Galois group provides an arithmetic an-
swer to the problem of the rationality of solutions of g-difference systems as well
as the control of their differential dependencies with respect to parameters (see for
instance [ARI3] for some algorithms that tackle these questions).

Finally, the description of the parametrized intrinsic Galois group in terms of
curvatures allows us to understand the link between the linear and non-linear Ga-
lois theory of g¢-difference systems. In [Gral2|, A. Granier introduces a Galois
D-groupoid for non-linear g-difference equations, in the spirit of Malgrange’s work.
In Corollary we show, using once more the curvature characterization of the
parametrized intrinsic Galois group, that the Malgrange-Granier D-groupoid gen-
eralizes the parametrized intrinsic Galois group to the non-linear case. Thanks to
our comparison results, we are able to compare the Malgrange-Granier D-groupoid
to the parametrized Galois group of Hardouin-Singer. This answers a question of
Malgrange ([Mal09 page 2]) on the relation among D-groupoids and Kolchin’s
differential algebraic groups.

Description of the main results

The paper being relatively long, we give here a quite detailed description of
the content. Part [1]is an introduction to g-difference equations and explains some
preliminaries results.

Grothendieck conjecture for ¢-difference equations

In [DVO02], the first author proved a g-difference analogue of the Grothendieck
conjecture on p-curvatures, under the assumption that g is an algebraic number
and that the field of constants is a number field. In this paper, we generalize this
result in two different directions.

Consider a field of rational functions K(z), a transcendental element ¢ € K,
such that K is itself a field of rational functions in ¢ of the form k(q), and a

LOne should also cite [BCS14), [BCS15, [BCS16], which have appeared since the submission
of this memoir. We should also point out that an algorithm to calculate the Lie algebra of the
Galois group of a linear differential equation has been published in [BCDVW16|. It can be
accelerated using the easy known implication of the Grothendieck-Katz conjecture on p-curvatures.
In contrast with previous algorithms, for whom there was no hope of actual implementation, this
one is implemented in MAPLE. An analogous algorithm for g¢-difference equations is a work in
progress.
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g-difference system Y (qz) = A(x)Y (z), with A(xz) € GL(K(z)). We prove the
following result (see Theorem for a more general and intrinsic result):

THEOREM 2. A g-difference system Y (qx) = A(x)Y (z), with A(z) € GL, (K (z)),
has a solution matriz in GL, (K (x)) if and only if for almost all positive integer n
there exists a primitive n-th root of unity ¢, such that

[A(" ") - Alg2)A(@)] _, = 1.

where 1 stands for the identity matrixz of size v.

In the present article we work under more general assumptions. Namely, we
assume that k is a perfect field, of any characteristic, and that K is a finite extension
of k(q). Replacing k by its perfect closure, the theorem above covers all the possible
cases in which ¢ is transcendental over the prime field.

Suppose now that ¢ is algebraic over the prime field, and that the characteristic
of K is zero. We consider again the g-difference system Y (gx) = A(z)Y (x), with
A(z) € GL(K(x)). We can always suppose that K is actually finitely generated
over Q. For the sake of simplicity, we assume in this introduction that K = Q(«)
is a purely transcendental extension and that ¢ € Q, ¢ # 0,1, —1. For almost all
rational primes p the image of ¢ in F,, is well defined and non-zero, so that there
exists a minimal positive number s, such that ¢"» = 1 modulo p. Let ¢, be a
positive integer such that 1 — ¢"» = pep%, with h,g € Z prime to p. We have (see
Theorem : '

THEOREM 3. A g-difference systemY (qz) = A(x)Y (z), with A(z) € GL, (K (z)),
has a solution matriz in GL, (K (x)) if and only if for almost all prime p we have

A(q'ﬁp—lm) -+ A(gx)A(x) = 1 modulo ptr.

The statement above is a little bit imprecise, since we should have introduced a
Z-algebra contained in K (x) that would have given a precise sense to the reduction
modulo p%», for almost all p. The reader will find a more formal statement in Part
where the result above is proved under the assumption that K is any finitely
generated extension of Q and that ¢ is an algebraic number, not a root of unity. As
already pointed out, the first author proves in [DV02, Thm.7.1.1] the statement
above under the assumption that K is a number field. Our proof relies on [DV02],
Thm.7.1.1], in the sense that we consider a transcendence basis of K over Q as a
set of parameters varying in the algebraic closure of Q and therefore we make a
non-trivial reduction to the situation considered in [DV02], for sufficiently many
special values of the parameters.

Notice that if we starts with a g¢-difference system over C(x) and a complex
number ¢, which is not a root of unity, then we can always assume, without loss of
generality, that we are in one of the two situations above.

The rest of the paper relies on Theorem [2| and Theorem [3| above, in the sense
that we first give a geometric equivalent statement of such theorems and then use
it to establish a link with the non-linear theory.

Intrinsic Galois groups

Let K be a field of characteristic zero and g a non-zero element of K, which
is not a root of unity. We denote by o, the g-difference operator f(z) — f(qz).
A g-difference module Mg () = (Mg (4, Xq) over K(z) is a K(z)-vector space of
finite dimension v equipped with a og-semilinear bijective operator X,:

Yy(fm) = 04(f)Eq(m), for any m € Mg,y and f € K(x).
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In a given basis of Mk ,), the vector of coordinates of an element fixed by 3, is
solution column of a linear g-difference system of the form

(Sq) Y(gz) = A(2)Y (z), with A(z) € GL,(K(z)).

We consider the collection Constr(M g (,)) of constructions of linear algebra of

Mk (o) (direct sums, tensor products, symmetric and antisymmetric products, du-

als). The operator X, induces a g-difference operator on every element of Constr(M g (,)),
that we still call ¥,. Then the intrinsic Galois group of Mg ;) is defined as:

Gal(Mg () = {v € GL(Mg (4)) : ¢ stabilizes every ¥ -stable subset

in any construction of linear algebra of M (,)}.

This definition has to be understood in a functorial way, which allows to endow
the intrinsic Galois group with a structure of group scheme over K(z). Of course,
this is linked to a Tannakian definition of Gal(Mg(;)). As in [Kat82], Theorem
[2land Theorem [3] can be reformulated as an arithmetic description of the intrinsic
Galois group:

THEOREM 4. In the notation of Theorem@ (resp. Theorem @, the intrinsic
Galois group Gal(M g z)) is the smallest algebraic subgroup of GL(Mg (y)), whose
specialization at ¢, contains the specialization of the operator 3y at G, for almost
all positive integer n and for a choice of a primitive n-th root of unity (, (resp.
whose reduction modulo p*» contains the reduction of the operator ¥q* modulo p*»,
for almost all prime p).

This statement is a little bit informal. The reader will find a precise statement
in Chapter [0}

As the notion of intrinsic Galois group is deeply related to the notion of Tan-
nakian category, the notion of parametrized intrinsic Galois group is related to the
notion of differential Tannakian category developed in [Ovc09a] and [Kam10].
We show in this paper how the category of g-difference modules over K(z) may
be endowed with a prolongation functor F' and thus turns out to be a differential
Tannakian category. Intuitively, if M is a g-difference module, associated with a
g-difference system o,(Y) = AY, the g-difference module F'(M) is attached to the

g-difference system
A 0A

04(2) = < 0 A ) Z.
Notice that if YV verifies 0,(Y) = AY, then Z = <}(; 8(;/)
system above. We consider the family Constr?(Mg(z)) of constructions of differ-
ential algebra of Mg ,), that is the smallest family containing Mg (,) and closed
with respect to all constructions of linear algebra (direct sums, tensor products,
symmetric and antisymmetric products, duals) plus the prolongation functor F.
Then the parametrized intrinsic Galois group of M ;) is defined as:

> is solution of the

Gala(MK(w)) = {p € GL(Mg)) :  stabilizes every ¥ -stable subset

in any construction of differential algebra of M (,)}.

The group Gal®(M K(z)) is endowed with a structure of linear differential alge-
braic group (c¢f. [Kol73]). Theorem [2[ and Theorem [3| can be reformulated as an
arithmetic description of the parametrized intrinsic Galois group:

THEOREM 5. In the notation of Theorem@ (resp. Theorem@, the parametrized
intrinsic Galois group Gala(/\/lK(z)) is the smallest differential algebraic subgroup
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of GL(MK(z)), whose specialization at (, contains the specialization of the operator
X5 at G, for almost all positive integer n and for a choice of a primitive n-th root
of unity C, (resp. whose reduction modulo p» contains the reduction of the operator
¥q” modulo p'r, for almost all prime p).

Comparison with Malgrange-Granier Galois theory for non-linear
differential equations

A. Granier has defined a Galois D-groupoid for nonlinear ¢-difference equations,
in the wake of Malgrange’s and Casale’s work. In the particular case of a linear
system Y(gx) = A(2)Y (x), with A(z) € GL,(C(z)), the Malgrange-Granier D-
groupoid is the D-envelop of the dynamics, i.e., it encodes all the partial differential
equations over PL x C with analytic coefficients, satisfied by local diffeomorphisms
of the form (x, X) — (¢*z, Ax(z)X) for all k € Z, where Ax(z) € GL,(C(z)) is the
matrix obtained by iterating the system Y (qz) = A(z)Y (x) so that:

Y(q"z) = A(2)Y (2).
Notice that:
Ap(x) = A(¢*'x)... A(qx)A(x) for all k € Z, k > 0;
Ao(.’[) = Idl,;
Ap(x) == A(¢b2) 1 A(¢" ). A(gte) L forall k € Z, k < 0.

Using Theorem 10, we relate this analytic D-groupoid with the more algebraic
notion of parametrized intrinsic Galois group. We prove that the solutions in a
neighborhood of {z¢} x C” of the sub-D-groupoid of the Malgrange-Garnier D-
groupoid, which fixes the transversals, are precisely the points of the parametrized
intrinsic Galois group, that are rational over the ring C{z — ¢} of germs of analytic
functions at xg.

For systems with constant coefficients, we retrieve the result of A. Granier (cf.
[Gral2l Thm. 2.4]), i.e., the evaluation in & = xg of the solutions of the transver-
sal D-groupoid is the usual Galois group. Notice that in this case intrinsic and
parametrized intrinsic Galois groups coincide. The analogous result for differen-
tial equations is proved in [MalO1]. B. Malgrange, in the differential case, and
A. Granier, in the g¢-difference constant case, establish a link between the Galois
D-groupoid and the usual Galois group. This is compatible with our results since
in those cases the intrinsic and parametrized intrinsic Galois groups, as well as the
usual Galois groups, coincide (cf. below).
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CHAPTER 1

Generalities on ¢-difference modules

We quickly recall some notations and a few basic results about g-difference
algebra and g¢-difference modules. For a general introduction to difference algebra,
see [Coh65] and [Lev08]. For a more detailed introduction to g-difference modules
see [vdPS97, Chapter 12], [DV02] Part I] or [DVRSZ03].

1.1. Basic definitions

Let K be a field and ¢ # 0,1 be a fixed element of K. The field K(x) is
naturally a g-difference field, i.e., it is equipped with the g¢-difference operator
og: K(z) — K(x)
f) — flgz)~
We can associate to o, a non-commutative derivation, that we will call g-derivation,
defined by
flgz) — f(=)
dy(f)(x) = ———2,
and satisfying a ¢-Leibniz formula:

dy(f9)(x) = f(q)dy(9)(x) + dy(f)(x)g(2), for any f,g € K(z).

Notice that, if we set [n], = q:__ll, [n]; = [n]q[n—1]4---[1]q, for any n > 1, [O]; =1,
then
S .1 [n}:] n—s . . .
dya" = mx , for any pair of positive integers s, n, such that n > s.
q
3 3 n — [n]ll L; n _ (n n—s
Therefore we define the g-binomial (S)q = sl SO that Aret = (S)qx .

When ¢ is a root of unity of order x, the operator dy and all its iterations are equal

to 0. Nonetheless, the ¢-binomials (;)q and the operators [j%]’ are well defined
q

and non-zero for every positive integer s.

More generally, we will consider a g-difference field extension F of K (z), i.e., a
field extension F of K(z) equipped with a field automorphism extending the action
of o4, which we will also call g-difference operator and denote by o,. Of course, F
is also equipped with the skew derivation d, := (Zq_fl We denote by F° the field

)z *
of constant of F, i.e., the subfield of F of all elements fixed by o.

Typical examples of g-difference field extensions of K(x) are the fields K ((x))
or K(z'/7), for r € Z~,. In the latter case, one sets o,(x/") = Ga'/", for a given
r-th root ¢ of q. If K = C, one can naturally consider also the fields of meromorphic
functions over C, over C* = C \ {0} or over any domain invariant under the action
of g4.

DEFINITION 1.1. A ¢-difference module Mz = (M£,%,) (of rank v) over F is a
finite dimensional F-vector space Mz (of dimension v) equipped with an invertible

3



4 1. GENERALITIES ON Q-DIFFERENCE MODULES

oq-semilinear operator X, : Mr — My, i.e., a bijective additive map from Mz to
itself such that

Ey(fm) = 04(f)E4(m), for any f € F and m € Mx.

We will call £, a g-difference operator over Mx or the g-difference operator of M.
A g¢-difference submodule A= of M r is an F-vector subspace of M  that is setwise
invariant with respect to ¥,. Then, Nz = (Nr, X,|n,) is a ¢-difference module.

A morphism of ¢-difference modules (over F) is a morphism of F-vector spaces,
commuting with the g-difference operators. We denote by Dif f(F, o4) the category
of g-difference modules over F.

1.1.1. Constructions of linear algebra. Let Mz = (Mr, X, ) and Nr =
(Nr,X4,n) be two g-difference modules over F. The direct sum Mz & Nx of Mx
and N is the g-difference module such that:

e the underlying F-vector space is Mx & Nr;
o the g-difference operator is a o,-semilinear bijection defined by m & n —
Lg.m(m) © Xg n(n).
The tensor product Mz @ 7 Nr of Mz and Nr over F is the g-difference module
such that:
e the underlying F-vector space is Mr ® r Nr;
o the g-difference operator is a o,-semilinear bijection defined by m ® n —
Yg.m(m) ® Tg n(n).
The dual g-difference module M*% = (M5, E;’M) of M r is the g-difference module
defined as follows:
e the underlying F-vector space M7 is the dual F-vector space of Mr;
DI U’;l oo Xy M, ie., for any m € My and any ¢ € M3 we
have (7 1, (¢),m) = o5 (e, Bg,m(m)).
We say that a g-difference module Nz over F is a construction of linear algebra of
Mz if NF can be deduced from M x by direct sums, duals, tensor products. In
the Tannakian formalism, one considers also the sub-quotients of those, but for our
purpose it is enough to consider the collection of submodules of the finite direct
sums of Q ME' @5 (M%)® | for any pair of non negative integers 4, j (see [And01]
§3.2.2]).

1.1.2. Basis. Let Mz = (Mz,X,) be a g-difference module over F of rank
v. We fix a basis e of Mz over F. Let A € GL,(F) be such that:

Yq.e =eA.
If f is another basis of Mz, such that f = eF', with F' € GL,(F), then ¥, f = [B,
with B = F~1 Ao, (F).
PROPOSITION 1.2. Let K be a field as above, Mg,y a q-difference module

over K(x) and let k = Q or F,, according that the field K has characteristic zero
or p > 0, respectively. For any q-difference module M () there exist a finitely

generated extension KCK of k, containing q, and a q-difference module Mf{(w)
such that MK(I) = Mf((x) ®f<(m) K(r).

PROOF. To prove the lemma, it suffices to fix a basis e of Mz and to consider
a field K generated over k by ¢ and all the entries of the matrix of ¥, with respect
to the basis e. O

REMARK 1.3. We will always denote with the same letter, but with different
subscripts, ¢-difference modules that become isomorphic after an extension of the
base field, as in the statement above.
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1.1.3. Horizontal vectors. A horizontal vector of M is an element m €
Mgz such that X,(m) = m. We denote by M;“ the set of horizontal vectors of
Mz. One proves easily that it is a F?e-vector space. The dimension of M;-" is
invariant by extension of the constants:

PROPOSITION 1.4. Let F be a q-difference field with K = F°¢ and let K’ be
a oq-constant field extension of K. Let Mz be a g-difference module over F and
Mz = Mz @F F(K') the q-difference module over F(K') obtained by scalar

extension. Then (M]:(K/))Zq = M% @K K'.

PRrROOF. First of all notice that F(K’)° = K’. We have a natural injective

map
)

K’ ©x M5z" — (M) ™
We have to show that it is also surjective. Let e be a basis of Mx over F such that
Y,e =eA, with A € GL,(F). Let z € (M}-(K/))Eq and let us write z = eZ, where
Z € F(K')”. The set

a={re K'@x Fst.rZ e (K @ F)"}

is a non-zero ideal of K’ @k F stableﬂ under o4. Indeed, if » € a then X,(rz) =
eAoy(rZ) and Aoy (rZ) € (K'Qk F)”. Since o4(r)z = 34(rz), we find that o,(r) €
a. By [vdPS97), Lemma 1.11], the algebra K’ ® x F has no non trivial ideal stable
under o,. Thus 1 belongs to the ideal a, which implies that Z € (K’ ®x F).

Let {\;}; € K’ be a (maybe, infinite) basis of K'/K. We can write z =
> \i @ ey, for some ¢; € F¥, not all zero. Since ¥4(z) = z, we obtain:

Z)\i ® ey = Z)\i ® eAoy (%),

where o, acts on vectors componentwise. We conclude that §; = Ao, (¥;) for all ¢
and therefore that efj; € Mi—ﬂ for all 7. This ends the proof. O

1.1.4. g-difference modules over a ring. In the sequel, we will deal with
g-difference modules over rings. We do not want to be too formal on this point,
since notations and definitions are quite intuitive.

Let O be a commutative unitary ring and g # 0,1 be an invertible element of
O. Then o, defines an automorphism of the ring of polynomials O[z]. We will call
g-difference ring over O an Olz]-algebra, equipped with an injective endomorphism
extending o,. Sometimes, we shall not mention the ring O since the g-difference
rings appearing in the next chapters will be always explicitly described, and will
mainly be of the form described in the example below.

EXAMPLE 1.5. Let O be a unitary subring of K containing ¢,¢~*. We will be
interested in g¢-difference rings of the form:
1 1 1
P(z)’ P(qz)’ P(¢*z)" "

for some P(z) € O[z], which are subrings of K (x), stable by 0.

O |z,

Let A a g-difference ring over O and A’ be a ¢-difference subring of A over
O, that is, an O[z]-subalgebra of A, stable by o,. We say that a ¢-difference ring
B C A, containing A’, is finitely generated (as a g¢-difference ring) over A’ if there
exists a finite set S such that B is the smallest subring of A, containing A’, S and
stable by a,.

1n the whole paper, “stable ” means “setwise fixed”, i.e.. oqa C a.
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A g-difference module M = (M,%,) over A will be a free A-module M of
finite rank, equipped with a semilinear invertible operatOIﬂ ¥, All the notions

introduced above generalize intuitively to this case.
If A is a domain and F is the fraction field of A, then

Mr = (M]: = M®A.7:7Zq®0q)
is a g-difference module over F.

LEMMA 1.6. Any q-difference module over F comes from a q-difference module
over A, for a suitable choice of a gq-difference ring A C F, finitely generated as
q-difference ring over Z, if the characteristic of F is zero, or over F,, otherwise.

PROOF. Let My = (Mr, %) be a g-difference module over F and k = Z or
F,, according to the characteristic of 7. We fixe a basis e of Mz over F so that
Y,e = eA, for some A € GL,(F). To conclude it is enough to consider the smallest
ring A C F containing k[gq, ¢~ 1, z], the entries of the matrix A, the inverse of det A
and stable by oy. O

1.2. g-difference modules, systems and equations

Let Mr = (Mr,%,) be a g-difference module of rank v over a g-difference field
F. We fix a basis ¢ of Mz over F, such that:
e = eA,
with A € GL, (F).
DEFINITION 1.7. We call
(L.1) oaY) = A71Y,

the (g-difference) system (of order v) associated to Mz, with respect to the basis
e.

If ¥ € ¥ are the coordinates of a horizontal vector m € Mz with respect to
the basis e, then ¥ verifies ¥,(ey) = ey, ie., ¥ = Aog(y). This means that ¢ is
a solution vector of the g¢-difference system . On the other hand, a solution
vector of always represents a horizontal vector of Mz in the basis e.

Two systems are said to be equivalent by gauge transformation if they are
associated to the same ¢-difference module, with respect to two different basis. Of
course, one associates a ¢-difference module, with underlying F-vector space F,
to any g-difference system of order v.

To a given linear g-difference equation
(1.2) apy +ar04y + - +ay,o,y =0, with as,...,a, € F and apa, # 0,
one naturally associates a linear g-difference system
0 1 0
(1.3) o,(Y) = 0 0 . Y.
\—ao/a,, —ay/a, ... —a,,,l/a,,/
If z is a solution of in some g-difference field extension of F, then the vector
(2,04(2),...,0471(2)) is a solution column of (L.3). The equation has at most

q
v solutions in a g-difference field extension G of F, which are linearly independent

2Since we will always deal with rings A that are domains, we could have asked that > is only
injective, but then, enlarging the scalars to a g-difference algebra A’ containing A, constructed
inverting some elements, we would have obtained an invertible operator. So for our purpose, the
assumption that ¥4 is invertible is not restrictive.
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over the field G?¢ of og-invariant elements of G. If 21,..., 2, are those solutions,
then the g-analog of the Wronskian Lemma see [Cas80, §7]) says that the matrix

Z1 e Zy
og(z1) ... oq(2)
or MNz) .. o Nz

is an invertible solution of .

Given a g-difference module (Mxr,X,) of rank v over F, such that ¢ is not a
root of unity of order smaller than v, the Cyclic Vector Lemma (see for instance
[IDV02, §1.3]) allows to find an element m of M, called cyclic element, such that
m, Xq(m),..., B¢~ (m) is a basis of M.

1.3. Some remarks on solutions
Let 04(Y) = BY be a g-difference system, with B € GL, (F).

DEFINITION 1.8. Let G be a ¢-difference field extension of F. A fundamental

solution matrix of g4(Y) = BY in G is an invertible matrix F', with entries in G,
such that o,(F) = BF.

Recursively, we obtain from ¢,(Y) = BY a family of higher order ¢-difference
systems:

o, (Y)=B,Y and d}Y = G,.Y,

q
with B, € GL,(F) and G,, € M, (F), for any positive integer n. One can easily
check that By := B and:

B -1
Bn+1 = O'q(Bn)Bl, G = Bt B and Gn+1 = O'q(Gn)Gl + qun
(¢ -1z
It is convenient to set By = Go = 1 and G, = Sy for any n > 0. Notice that G

[n]
is well defined even if ¢ is a root of unity. ’

PROPOSITION 1.9. Let F = K(x) and suppose that the matriz G does not have
a pole at 0 (or equivalently that B does not have a pole at 0 and that B(0) is the
identity matriz), then W(x) = > < Gn)(0)2" is a fundamental solution matriz
(in K((x))) of the system o,(Y) = BY. Moreover, it is the only fundamental
solution matriz with coefficients in K|[z]], whose constant term is the identity.

If K is a field equipped with a norm such that |q| # 1, then )~ - G, (0)x™ has
a non-zero radius of convergence and, hence, an infinite radius of meromorphyﬂ

The proof of the proposition above is similar to the proof of the resolvent in
the differential case. Proposition has a multiplicative avatar:

PROPOSITION 1.10. Let K be a field, | | a norm (archimedean or ultrametric)

over K and q an element of K, such that |q| > 1. We consider a q-difference system
Y (gqx) = B(z)Y (z) such that B(x) € GL,(K(x)), zero is not a pole of B(x) and
such that B(0) is the identity matriz. Then the infinite product

(Bla~'2)Bla%)Bla ") .. )

is the germ at zero of the analytic fundamental solution matriz Z(x) such that Z(0)
is the identity. Moreover, Z(x) has infinite radius of meromorphy.

3In the sense that its entries are quotient of two entire analytic functions with respect to [ .
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PRrROOF. If |¢| > 1, the infinite product defining Z(x) is convergent in the
neighborhood of zero and it is a solution of Y (gx) = B(z)Y (z), such that Z(0) is the
identity matrix. The fact that Z(z) is a meromorphic function with infinite radius of
meromorphy follows from the fact that the functional equation Y (¢gx) = B(z)Y (z)
“propagates” meromorphy. O

REMARK 1.11. Independently of the characteristic of K, if ¢ is not a root of
unity, then we can always find a norm over K such that |¢| > 1. Of course, the
norm does not need to be archimedean.

REMARK 1.12. Finally, in Proposition if || < 1 then one has to consider
the product [],~, B(¢"z)~ .

1.4. Trivial ¢g-difference modules

The purpose of the second part of this work is to give an arithmetic character-
ization of trivial ¢-difference modules, where trivial means:

DEFINITION 1.13. We say that the g-difference module M = (M, %,) of rank
v over a g-difference algebra A is trivial if there exists a basis f of M over F such
that ¥, f = f.

The definition applies in particular to the case of a ¢-difference module over a
field. For further reference, we state some properties of trivial ¢g-difference modules.

PROPOSITION 1.14. Let F be a q-difference field and Mgz be a q-difference
module over F. The following statements are equivalent:

(1) The g-difference module Mx is trivial.

(2) There exists a basis e of Mz such that the q-difference system associated
to Mg with respect to the basis e has an invertible solution matriz in
GL,(F).

(3) For any basis e of Mx, the q-difference system associated to Mx with
respect to the basis e has an invertible solution matriz in GL, (F).

(4) dimzos MZ = dimz M.

PROOF. Let e be a basis of Mz, such that ¥,e = eA(x), and f be a basis of
Mz, such that f = eF(x), with F(x) € GL,(F). Then ¥, f = f if and only if

[ =3y(eF(v)) = eA(x)F(qz) = fF ()" A(x)F(qz),
therefore if and only if F(gx) = A(z)"'F(z). This proves the equivalence among
(1), (2) and (3). The equivalence between (1) and (4) follows from the fact that f
is both a basis of M# over F and of M?_—q over F7. O

The following statement is a corollary of the proposition above and of Propo-

sition [L.4}

COROLLARY 1.15. Let K be a field, ¢ # 0,1 be an element of K, and My,
be a g-difference module over K (z). Let K' be an extension of K, on which o4 acts
as the identity, and let Mg/ (zy = Mg(@) @k (@) K'(z). Then Mgy is trivial if
and only if Mg (y) is trivial.

PROOF. It follows from Proposition that MIE(“,(I) = Mi@(z) or K'. O

Finally we consider the case of a ¢-difference module whose associated system
has an algebraic solution over the base field K (z). The following proposition is part
of g-difference equations folklore. Here we chose a quite down-to-earth approach.
For a more elegant proof see [CS12bl Lemme 4.4].
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PROPOSITION 1.16. Let K be a field and q be an element of K which is not a
root of unity. We suppose that there exists a norm | | over K, such that |q| # 1,
and we consider a linear q-difference equation

(1.4) a, (2)y(q"x) + ay—1(x)y(¢" @) + - + ao(x)y(z) = 0
with coefficients in K (x). If there exists an algebraic q-difference field extension F

of K(x) containing a solution f of (1.4)), then f is contained in an extension of
K (x) isomorphic to L(q,t), with ¢" = q,t" = x and L|K is a finite field extension.

PROOF. Let us look at as an equation with coefficients in K ((z)). Then
the algebraic solution f of can be identified to a Laurent series in K ((t)),
where K is the algebraic closure of K and t" = z, for a suitable positive integer 7.
Let ¢ be an element of K such that ¢" = ¢ and that o,(f) = f(gt). We can look
at (L1.4) as a g-difference equation with coefficients in K(q,t). Then the recurrence
relation induced by over the coefficients of a formal solution shows that there
exist f1,..., fs solutions of in K(q)((t)) such that f € >, K f;. It follows that
there exists a finite extension K of K(§) such that f € K((t)).

We fix an extension of | | to K, that we still call | |. Since f is algebraic, it is
a germ of meromorphic function at 0. Since |g] # 1, the functional equation
itself allows to show that f is actually a meromorphic function with infinite radius
of meromorphy. Finally, if we choose r large enough, f can have at worst a pole
at ¢ = oo, since it is an algebraic function, which actually implies that f is the
Laurent expansion of a rational function in K(q,t). O

We recall the following properties of g-difference fields (see [CS12al, Lemma
A 4] for the case of characteristic zero):

COROLLARY 1.17. Let K be a field, ¢ € K be not a root of unity and Mgy
a g-difference module over K(x). If there exists a finite q-difference field extension
F of K(x) such that Mz = Mg () @k (z) F i trivial, then there erists a positive
integer r such that F C L(z'/"), where L|K is a finite o4-constant field extension.
PROOF. It is enough to apply the previous proposition to the entries of a

fundamental solution matrix of the g-difference system associated to a cyclic basis
of 'MK(ZE) . U






CHAPTER 2

Formal classification of singularities

2.1. Regularity

Let A be a g-difference subring of K((x)). We recall the following basic defini-
tion (see for instance [vdPS97] or [Sau00]).

DEFINITION 2.1. A g¢-difference module (M, X,) over A is said to be regular
singular at 0 , if there exists a basis e of (M ®@4 K((2)), X, ® 04) over K((z)) such
that the action of ¥, ® o, over e is represented by a constant matrix A € GL, (K).

We recall the following statement on regular singular g-difference modules,
also known as Frobenius method or algorithm. See [vdPS97] or [Sau00, §1.1].
The Frobenius method is also briefly summarized also in [Sau0O4al §1.2.2] and
IDVRSZ03|.

PROPOSITION 2.2. Let Mg ((2)) = (Mg ((2)), £q) e a q-difference system over
K((x)). We suppose that there exists a basis e of Mg ((5)) such that ¥,e = A(x)e,
with A(z) € GL,(K((z))) N M, (K]|[x]]). Let Ag = A(0). Then:

(1) If for any two distinct eigenvalues o and B of Ay we have af~! & ¢”,
then there exists a basis change f = eF(x) of My ((z)) such that F(z) €
GL, (K ((z))) N M, (K[[x]]), F(0) is the identity matriz and X,f = fAp.

(2) If the assumption of statement (1) above is not verified, a basis change
in GL, (K [x, %]), called shearing transformation, obtained multiplying
alternatively invertible matrices with coefficients in K and matrices diag-
onal matrices whose diagonal has the form 1,...,1, 2% 1,...,1, allows
to reduce to the assumption of (1).

We point out a refinement of the statement above:

PROPOSITION 2.3 ((See [Sau00, §2.1].)). A g-difference module Mg .y over

K (x) is regular singular if and only if there exists a basis e over K(x) such that
Yq.e = eA(x) with A(z) € GL, (K (x)) N M, (K[[z]]).

The eigenvalues of A(0) are called the exponents of M at 0. They are well
defined modulo ¢*. The g-difference module M is said to be regular singular tout
court if it is regular singular both at 0 and at oo, i.e., after a variable change of the
form z = 1/t.

For further reference, we explicitly state the following lemma, which is a con-
sequence of the Frobenius algorithm:

PROPOSITION 2.4. Let M = (M, %) be a q-difference module over a q-difference
subring A of K(xz). We assume that q is not a root of unity. The following state-
ments are equivalent:

(1) There ezists a basis e such that Xge = eA(z), with A(z) € GL, (K (z))N
GL,(K[[z]]), and such that A(0) is a diagonal matriz with eigenvalues in
q” (i.e., M has a reqular singularity at 0, with integral exponents and no
logarithmic singularity at 0).

11
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(2) The g-difference module Mg ((yy) is trivial.

Singular regularity can be characterized with the help of a Newton polygon.
Namely, regular singular g-difference modules are the ones whose Newton polygon
has only one finite slope equal to 0 (see [Sau04bl Page 200]). We are not going to
define or to list the properties of Newton polygons. We only point out that they
are the key to the proof of the statements below.

Let Mg, be a g-difference module of rank v and let r € N be a positive
integer. We consider a finite extension L of K containing an element ¢ such that
q" = q. We consider the field extension K (z) < L(t), = — t". The field L(¢) has a
natural structure of g-difference field extending the g-difference structure of K(z).
If follows from [Sau04bl §1.1.4] that:

PROPOSITION 2.5. The g-difference module M is regular singular at x = 0 if
and only if the g-difference module My ) := (M ® 4 L(t), X5 := ¥, ® 03) over L(t)
is reqular singular at t = 0.

2.2. Irregularity

Next statement gives the structure of general ¢-difference modules. It can be
deduced from the formal classification of ¢-difference modules (see [Pra83, Corol-
lary 9 and §9, 3)], [Sau04bl, Theorem 3.1.6]):

PROPOSITION 2.6. We assume that q is not a root of unity. Let Mg () be a
q-difference module of rank v over K(x). Then there exists a positive integer r and
a finite extension L(t) of K(x), with t" = x, r|v!, and ¢ € L, with (q)" = q such
that Mgy ® L((t)) is a direct sum of q-difference modules N;. For any i there
exists a basis e; of N and a positive integer r; such that Yge; = Qi%, with B; an
invertible matrix with coefficients in L.

COROLLARY 2.7. There exist an extension L(t)/K(x) as above, a basis [ of the
q-difference module My and an integer £ such that X5f = fB(t), with B(t) €
GL,(L(t)) of the following form:

gl
By is a constant non-nilpotent matrix.

(2.1) { B(t) = N + B + ..., as an element of GL,(L((t)));
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CHAPTER 3

Rationality of solutions, when ¢ is an algebraic
number

Let K be a field and ¢ # 0,1 be an element of K. We are concerned with
the problem of finding a necessary and sufficient condition for a ¢-difference mod-
ule Mgy = (Mg(s),3q) over K(x) to be trivial (see Definition [I.13). This is
equivalent to the problem of finding a necessary and sufficient condition for a linear
g-difference system with coefficients in K (z) to have a fundamental solution matrix
with entries in K ().

Notice that we are not making any assumption on the characteristic of K. We
have to consider the following cases:

(1) g is a root of unity;
(2) ¢ is algebraic over the prime field, but is not a root of unity;
(3) ¢ is transcendental over the prime field.

These six cases (three cases for the characteristic zero, and three cases for the
positive one) actually boil down to three. In fact, we will first consider the (trivial)
situation in which ¢ is a root of unity: If K has positive characteristic this includes
both (1) and (2) above. Then we will consider the case in which K has characteristic
zero and q is algebraic over Q. Finally, in the next chapter, we will consider the
case in which ¢ is transcendental over the prime field, Q or F,, regardless of the
characteristic.

It is not difficult to prove that:

PRrROPOSITION 3.1 ([Hen96| or [DV02| Proposition 2.1.2]). If ¢ is a primitive
root of unity of order k, a q-difference module Mg .y over K(x) is trivial if and
only if 37 is the identity.

The proposition above completes the study of the triviality of ¢-difference mod-
ules when ¢ is a root of unity, at least as far as the problem we are considering here
is regarded. We refer to [Har10] for a more sophisticated approach.

3.1. The case of ¢ algebraic, not a root of unity

If ¢ is algebraic, but not a root of unity, we are necessarily in characteristic
zero. The example below gives the guidelines for the whole chapter.

EXAMPLE 3.2. Let K = Q(a) be a purely transcendental extension of degree 1
and let ¢ € Q. {0,1, —1}. We consider a g-difference module Mg () = (Mg (5, Xq)
over K(z). Let us choose a basis e of Mg,y and let Y (qr) = B(a,z)Y (x) be the
associated g-difference system. One can construct by hand a Z-algebra stable under
04, of the form:

1 1
A=7|a,z, Pa) Plgn)’ |
for a suitable choice of P(z) € Z[a, z], such that ¢ € A and B(a,x) and B(a,z) !
are both matrices with coefficients in A. For almost all primes p in Z, one can reduce
both ¢ and A modulo p, and hence the coefficients of B(a, z). In particular, for all

15
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such p’s there exist a minimal positive integer x, and a positive integer ¢,, such
that ¢"» = 1 modulo p and ¢"*» — 1 = p» =, with r, s prime to p. The main result of
this chapter (see Theorem [3.6| below) is that the system Y (gx) = B(a,z)Y (z) has
a fundamental solution matrix with coefficients in K (x) if and only if for almost all
p we have

(3.1) B(a,q¢"* 'z)B(a,q"»2x)--- B(a,z) = 1 modulo p’, i.e., in A/p» A.

This last condition is equivalent to the fact that the reduction modulo p’» of the
operator 4" is the identity, and is verified, in particular, if the reduction of the
system Y (qz) = B(a, )Y (z) modulo p» has a fundamental solution matrix with
coefficients in A/p‘? A. We will proceed as follows: We will first prove that the
system Y (qz) = B(a,z)Y (z) has a fundamental solution matrix with coefficients
in K () if and only if, for all & in a dense subset of the algebraic closure Q of Q, the
system Y (qx) = B(a, )Y (x) has a fundamental solution matrix with coefficients
in Q(z). As a consequence of [DV02, Theorem 7.1.1], we will show that this last
condition, holding for all « in a dense subset of @, is equivalent to (3.1)).

First of all we need to introduce some notation, that generalizes the one in
the previous example to the case of a number field. With no loss of generality, we
will assume that K is finitely generated over Q (see Proposition . Let Q be
the algebraic closure of Q inside K. Then the field K has the form Q(a,b), where
a=(ay,...,a,) is a transcendence basis of K/Q and b is a primitive element of the
algebraic extension K/Q(a). We call Og the ring of integers of @, v a finite place
of @ and m, a v-adic uniformizer in Og.

We fix an element ¢ € K which is algebraic over Q and not a root of unity, i.e.,
an element g € @) which is not a root of unity. For almost all v,

e the order k, of ¢ modulo v, as a root of unity,
e the positive integer power ¢, of m,, such that ¢; (1 — ¢**) is a unit of
Oq;
are well defined.
We consider a g-difference module Mg () = (Mg (a), Xq) over K(x), of finite
rank v. Choosing conveniently the set of generators a,b of K/Q, we can always
find a g¢-difference algebra A of the form:

1 1
3.2 A=0¢ |a,bx, —, ——,...|,
52 o2 PGy Plar)
for some P(x) € Oq [a,b,z], and a ¥g-stable A-lattice M of Mg (,) such that the
restriction of ¥, to M is invertible. According to the definition in §1.1.4] the pair
M = (M,%,) is a ¢g-difference module over the ring A.

NotaTiON 3.3. For a given g-difference module Mg,y = (Mg (a), Eq) over
K(z), the pair M = (M, %,) will always denote a ¢-difference module over a ring
A as above, such that M @4 K(z) := (M ®4 K(2),Xq ®4 0q) = Mg(s). The
notation may appear ambiguous, but it is actually convenient and there will be no
confusion. We will come back on the implications of the choice of 4 and M in
Remark 3.5 below.

DEFINITION 3.4. We say that a ¢-difference module M = (M,%,) over a ¢-
difference Og-algebra A, as above, has zero v-curvature modulo ¢, if the linear
operator

E;” :M®AA/(¢U) —>M®AA/(¢U)

is the identity. By abuse of language we will say that the g-difference module
Mg (z) = M ®4 K(x) has zero v-curvature modulo ¢, if M does.
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REMARK 3.5. (1) First of all, the definition is justified by the fact that
¥4 induces the identity modulo ¢, if and only if (Ay)"", where A, =
Y1

oDz is zero modulo ¢,. Therefore the terminology is inspired by the
classical terminology for differential equations, [Kat70]. Exactly as it
happens in p-adic theory of differential equations, the property of having
v-curvature zero can be reformulated in a more analytic way, in terms of v-
adic radius of convergence of solutions of a g-difference system associated
to M. This point of view plays no direct role in the present paper. For
more details, see [DV02] Part II], and more precisely Corollary 5.2.2.

(2) Secondly, we point out that the quotient Og/(¢,) is not an integral do-
main in general. Nonetheless the following implication is always true. If
M @4 A/(¢y), equipped with the operator induced by X, is trivial as a
g-difference module over A/(¢,), then X7+ induces the identity modulo
¢y. The converse is not true in such generality (see [DV02] Proposition
2.1.2]), unless we make either the local assumption that ¥%* induces the
identity modulo 7, or the global assumption that 3§ induces the identity
modulo ¢, for almost all v. See the theorem below.

(3) Notice that the reduction modulo ¢, of 37 is well-defined, for almost all
finite places v of ). Moreover, given two ¢-difference modules M over A
and M’ over A’, such that M ® 4 K(z) & M’ ® 4+ K(x), the reduction
modulo ¢, of the first one has zero v-curvature if and only if also the other
does, provided that ¢, is not invertible in both A4 and A’.

Our first result is the following:

THEOREM 3.6. A g-difference module M over A has zero v-curvature modulo
¢u, for almost all finite places v of Q, if and only if Mg ) is trivial.

REMARK 3.7. The theorem above is proved in [DV02] under the assumption
that K is a number field, i.e., that Q = K. Here K is only a finitely generated
extension of Q. Notice the proof below relies crucially on [DV02], but is not a
generalization of the arguments in [DV02].

If the g-difference module M () over K (x) is trivial, it is not difficult to show
that M has zero v-curvature modulo ¢, for almost all finite places v of @, for any
choice of A and M, such that M ® 4 K (z) = Mg(,y. So we only have to prove the
inverse implication.

We are actually going to prove a stronger result:

THEOREM 3.8. A g-difference module M over A has zero v-curvature modulo
Oy, for all places v in a set S of finite places of Q of Dirichlet density 1 if and only
if Mg (z) is trivial.
We recall that a subset S of the set of finite places C of @) has Dirichlet density
1if
—sfv
v v p
(3.3) lim sup m

—sf. b
s—1+ v€C,v|pp sfv

where f, is the degree of the residue field of v over F,,.

3.2. Global nilpotence.

We start proving a result of regularity (see for the definition), inspired by
[Kat70].



18 3. RATIONALITY OF SOLUTIONS, WHEN @ IS AN ALGEBRAIC NUMBER

DEFINITION 3.9. We say that a ¢-difference module M = (M,X,) over a ¢-
difference Op-algebra A, as above, has nilpotent v-curvature modulo =, or simply
that it has nilpotent reduction modulo m,, if the linear operator

i M@ Af(my) — M @a A/ ()

is unipotent (or equivalently, if the linear operator induced by Ajv is nilpotent. See
[IDV02, §2]).

PROPOSITION 3.10. Let M = (M,%,) be a g-difference module over a g¢-
difference Ogq-algebra A of the form (3.2).

(1) If M has nilpotent v-curvature modulo ,, for infinitely many finite places
v of Q, then the q-difference module M (. is reqular singular.

(2) If there exists a set S of finite places v of @ of Dirichlet density 1 such
that M has nilpotent v-curvature modulo ,, for all v € S, then M ()
is trivial.

The proof of Proposition is almost the same as [DVO02, Theorem 6.2.2
and Proposition 6.2.3]. The last sentence of the proof of 1) in loc. cit. needs to
be rectified, so that we prefer to repeat the proof here. We recall the following
key-proposition:

ProposITION 3.11 ([DV02| Proposition 6.1.1]). Let S be a set of finite places
of Q of Dirichlet density equal to 1. If a and b are two non-zero elements of Q, not
roots of unity, such that

(1) for allv € S, the reduction of a et b modulo 7, is well defined and non-zero;
(2) for allv € S, the reduction modulo 7, of b belongs to the cyclic group generated
by the reduction modulo m, of a.

Then b € a”.

PRrROOF OF PROPOSITION [3.10l To prove assertion (1), it is enough to prove
that 0 is a regular singular point for M, the proof at co being completely analogous.

In the notation of Corollary we consider the extension L(t) of K(z), the
g-difference module My ;) obtain by scalar extension and the basis f such that
Y[ = [B(t), with B(t) as in (2.1)). Let Q be the algebraic closure of Q in L and
B C L(t) be a g-difference algebra over the ring of integers (9@ of @, of the same
form as (3.2)), containing the entries of B(t) and the inverse of its determinant. Let
w be a finite place of @ and m,, € @ be the uniformizer of w. Then there exists a
g-difference module N over B such that N’ ®p L(t) = M), having the following
properties:
L. N has nilpotent w-curvature modulo 7, for infinitely many finite places w of
Q;
2. there exists a basis f of N over B such that Xg5f = fB(t) and B(t) verifies
Corollary and in particular (2.1)), i.e., it can be written in the form B(t) =
% + ]ff:f + - € GL,(L((t))) for some £ € Z and By is a constant non-nilpotent
matrix, with coefficients in L.

Iterating the operator ¥z we obtain:

S2(f) = fBO)B(qt)---B(@" 't) = f (N,mﬁ%nl)” + h.o.t.) )
in me

We know that, for infinitely many finite places w of @7 the matrix B(t) verifies

(3.4) (B(t)B(qt) - B(q*~'t) — 1)n(w) = 0 mod 7,
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where ,, is the order ¢ modulo ,, and n(w) is a suitable positive integer. Suppose
that £ # 0. Then Ban(w) = 0 modulo 7, for infinitely many w, and hence By is
a nilpotent matrix, in contradiction with Corollary [2.7] So necessarily ¢ = 0.

Finally we have ¥X5(f) = f (Bo + h.o.t). It follows from that By is actually
invertible, which implies that M) is regular singular at 0. Proposition allows
to end the proof of (1).

Let us prove the second part of Proposition We have already proved that
0 is a regular singularity for M. This means that there exists a basis e of Mg,
over K (z) such that ¥, e = eA(x), with A(x) € GL, (K[[z]]) N GL, (K (x)).

The Frobenius algorithm (See Proposition 2.2 and [Sau00] §1.1.1]) implies that
there exists a shearing transformation S € GL, (K [z, 1/x]), such that S(qz)A(z)S(x)~! €
GL, (K[[z]]) N GL, (K (z)) and that the constant term Ag of S(x)~*A(x)S(qz) has
the following properties: if a and 3 are eigenvalues of Ay and af~! € ¢%, then
a = B. So choosing the basis eS(x) instead of e, we can assume that Aqg = A(0)
has this last property.

Always following the Frobenius algorithm, one constructs recursively the entries
of a matrix F(z) € GL,(K[[z]])), with F(0) = 1, such that we have F(z) "' A(z)F(qx) =
Ap. This means that there exists a basis f of Mg((,)) such that 3, f = fAq.

The matrix Ag can be written as the product of a semi-simple matrix and a
unipotent matrix. Since M has nilpotent reduction modulo 7, we deduce that the
reduction of Aj® modulo 7, is the identity matrix, for any v € S. First of all, this
implies that Ag is diagonalisable. Let K be a finite extension of K in which we can
find all the eigenvalues of Ag. Then any eigenvalue « € K of A has the property
that o = 1 modulo 7, for all w finite place of the algebraic closure of @ in K
such that w|v and v € S. In other words, the reduction modulo w of an eigenvalue
a of Ay belongs to the multiplicative cyclic group generated by the reduction of
q modulo the uniformizer m, of w. Proposition implies that o € ¢*. We
conclude appling Proposition 0

3.3. Proof of Theorem (and of Theorem [3.6))

Notice that Theorem [3.6] is a special case of Theorem [3.8]  The proof of
Theorem is divided into steps. We remind that, if K is finite over Q, the
statement is proved in [DV02].

STEP 0. REDUCTION TO A PURELY TRANSCENDENTAL EXTENSION K/(Q). Let
a be a transcendence basis of K/Q and b is a primitive element of K/Q(a), so that
K = Q(a,b). By restriction of scalars, the module Mg ;) is also a g-difference
module of finite rank over Q(a)(z). Since the field K (x) is a trivial ¢-difference
module over Q(a)(x), we have:

e the module Mg, is trivial over K(x) if and only if it is trivial over

Q(a)(z) (see Corollary [L.15));

e under the present assumptions, there exist an algebra A’ of the form

1 1
3.5 A =09 |a, 2, ——, ——,....| , with R(z) € Ogla, 7],
(3.5) Q%% By Rlgn) (z) € Oqgla, 7]
and a A'-lattice M4 of g-difference module Mg ;) over Q(a)(x), such
that Ma @4 Q(a,r) = Mg(s), as a g-difference module over Q(a,x),
and X577 induces the identity on M4 @4 A'/(¢,), for all places v € S.
For this reason, we can actually assume that K is a purely transcendental extension
of Q of degree d > 0 and that A = A’. We fix an immersion of Q — Q, so that we

ill think to the transcendental basis a as a set of parameter generically varying in
—d

Q. 0
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STEP OBIS. INITIAL DATA. Let K = Q(a) and ¢ be a non-zero element of Q,
which is not a root of unity. We are given a g¢-difference module M over a suitable
algebra A as above, such that K (z) is the field of fraction of A and such that %>
induces the identity on M ® 4 A/(¢,), for all finite places v € S. We fix a basis e
of M, such that X,e = eA™!(x), with A(z) € GL,(A). We will rather work with
the associated ¢-difference system:

(3.6) Y(qz) = A(z)Y (x).

It follows from Propositionthat Mg (s is regular singular, with no logarithmic
singularities, and that its exponents are in ¢Z (see also Proposition . Enlarging
a little bit the algebra A (more precisely replacing the polynomial R by a multiple
of R), we can suppose that both 0 and oo are not poles of A(z) and that A(0), A(cc)
are diagonal matrices with eigenvalues in ¢ (see [Sau00, Theoreme §2.1]). O

STEP 1. CONSTRUCTION OF A FUNDAMENTAL SOLUTION MATRIX AT 0. We con-
struct a fundamental matrix of solutions, applying the Frobenius algorithm to this

particular situation. See Proposition [2.2] There exists a shearing transformation
So(z) € GL, (K|[x,x71]) such that

Sy H(qz) A(x)So(x) = Ag()

and Ag(0) is the identity matrix. In particular, the matrix Sg(z) can be written as
a product of invertible constant matrices and diagonal matrix with integer powers
of z on the diagonal. Once again, up to a finitely generated extension of the algebra
A, obtained inverting a suitable polynomial, we can suppose that So(z) € GL,(A).

Notice that, since ¢ is not a root of unity, there always exists a norm, non-
necessarily archimedean, on @ such that |g| > 1. We can always extend such a
norm to K, giving an arbitrary value to the elements of a basis of transcendence
(see [Bou64, §2.4]). As in Proposition the system

(3.7) Z(qx) = Ao(2)Z(x)

has a unique convergent solution Zy(x), such that Z,(0) is the identity and Zy(x) is
a germ of a meromorphic function with infinite radius of meromorphy. So we have
the following meromorphic solution of Y (qx) = A(z)Y (x):

Yo(z) = (A()(q_lx)AO(q_2x)A(](q_3 ) ) So(z).

We remind that this infinite product represents a meromorphic fundamental solu-
tion matrix of Y'(qz) = A(z)Y (z) for any norm over K such that |g| > 1. O

STEP 2. CONSTRUCTION OF A FUNDAMENTAL SOLUTION MATRIX AT oco. In ex-
actly the same way, we can construct a solution at oo of the form Y (z) =
Zoo(7)Seo (), where the matrix S, belongs to GL, (K [x,z7!]) N GL,(A) and has
the same form as Sp(z), and Z.(x) is analytic in a neighborhood of co, with

Zoo(00) = 1: Yao(z) = (Aoo(x)Aoo(qx)Aoo(q%) N ) Seo(2). O

STEP 3. THE BIRKHOFF MATRIX. Tosummarize we have constructed two fun-
damental solution matrices, Yp(z) at zero and Yoo (x) at oo, which are meromorphic
over Al \ {0}, for any norm on K such that |q| > 1, and such that their set of
non-zero poles and zeros is contained in the g-orbits of the set of poles at zeros of
A(z) and A(z)~!. The Birkhoff matrix

B(z) = Y5 (2)Yoo () = So(2) ™" Zo(2) ™ Zoo (1) S ()

is a meromorphic matrix on A}, \ {0} with elliptic entries, i.e., B(qz) = B(z). All
the zeros and poles of B(x), other than 0 and oo, are contained in the g-orbits of
zeros and poles of the matrices A(z) and A(z)™! (see [Sau00, §2.3.1]). O
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STEP 4.RATIONALITY OF THE BIRKHOFF MATRIX. Let us choose a = (ayq,. ..
with o in the algebraic closure Q of @, so that we can specialize @ to « in the co-
efficients of A(z), A(x)™!, So(z), Seo(z) and that the specialized matrices are still
invertible. Then we obtain a g-difference system with coefficients in Q(«). It fol-
lows from Proposition that for any norm on @Q(a) such that |¢| > 1, we can
specialize Yy (z), Yoo (x) and, therefore B(x), to matrices with meromorphic entries
on Q(a)*. We will write A (z), YO(Q) (x), ete. for the specialized matrices.

For almost all v, it still makes sense to reduce Ag%) (z) modulo ¢,. Moreover,
since Ay, () is the identity modulo ¢,, the same holds for AL (x). Therefore the
reduced system has zero v-curvature modulo ¢,, for almost all v € S. We know
from [DVO02], Theorem 7.1.1], that YO(Q) (z) and Yo(og) (z) are, respectively, the germs
at zero and at oo of rational functions, and therefore that B(@)(z) is a constant
matrix in GL,(Q(«)).

As we have already pointed out, B(z) is g-invariant meromorphic matrix on
PL-~{0,00}. The set of its poles and zeros is the union of a finite numbers of g-orbits
of the forms Bq?, such that 3 is algebraic over K and is a pole or a zero of A(x) or
A(x)~t. If B is a pole or a zero of an entry b(x) of B(z) and hg(z), ks(x) € Qla, x|
are the minimal polynomials of 8 and S~! over K, respectively, then we have:

_ )\H'y [l0 (¢ "2) [ 150 Ky (1/¢"2)
[1; 150 he(a=m2) [1,,50 ks (1/qmx)’

where A € K and y and § vary in a system of representatives of the g-orbits of the
zeroes and the poles of b(z), respectively. We have proved that there exists a dense

b(x)

subset of Q@ such that the specialization of b(z) at any point of this set is constant.
Since the factorization written above must specialize to a convergent factorization
of the same form of the corresponding element of B(® (x), we conclude that b(z),
and therefore B(z), is a constant. O

The fact that B(z) € GL, (K) implies that the solutions Yy(z) and Y. () glue
to a meromorphic solution on P}, and ends the proof of Theorem [3.6

7ar)7






CHAPTER 4

Rationality of solutions when ¢ is transcendental

In this chapter we consider the case of ¢ transcendental over the prime field.

4.1. Statement of the main result

Let us consider the field of rational function k(g) with coefficients in a perfect
field k, of any Characteristicﬂ We fix d €]0,1[ and for any irreducible polynomial
v =v(q) € k[q] we set:

F(@l = i@ eI, () € kg

The definition of | |, extends to k(¢) by multiplicativity. To this set of norms one
has to add the ¢~ !-adic one, defined on k[q| by:

F(@)lyr = e,

Once again, this definition extends by multiplicativity to k(g). Then, the product
formula holds:

.

(q)

deg, v ord,, —ord,
Hvek[q] irred. 'g(q dzv gq v(9) ( @ /(9 (q)g(Q))

j—

! de9qf(a)—deg, 9(q)

@)
9(q)

qfl

For any finite extension K of k(q), we consider the family P of ultrametric norms,
that extends the norms defined above, up to equivalence. We suppose that the
norms in P are normalized so that the product formula still holds. We consider the
following partition of P:

e the set P, of places of K such that the associated norms extend, up to
equivalence, either | [, or | [;-1;

e the set Py of places of K such that the associated norms extend, up to
equivalence, one of the norms | |, for an irreducible v = v(q) € k[q],

v(q) # qf]

Moreover we consider the set C of places v € P¢ such that v divides a valuation
of k(q) having as uniformizer a factor of a cyclotomic polynomial, other than ¢ — 1.
Equivalently, C is the set of places v € Py such that ¢ reduces to a root of unity
modulo v of order k, strictly greater than 1. We will call v € C a cyclotomic place.

Sometimes we will write Pk, Pk, r, Pk, and Ck, to stress out the choice of
the base field.

LOne can always replace a field in positive characteristic with its perfect closure. See Theorem
below.

2The notation Pf, Poo is only psychological, since all the norms involved here are ultrametric.
Nevertheless, there exists a fundamental difference between the two sets, in fact for any v € Poo
one has |g|, # 1, while for any v € P the v-adic norm of ¢ is 1. Therefore, from a v-adic analytic
point of view, a g-difference equation has a totally different nature with respect to the norms
in the sets ’Pf or Poo. The dichotomy between ’Pf and P can also be explained though the
geometry of g-difference equations. Indeed the action of o4 over K (z) can be encoded in an action
of Gy, over [P’}{, whose closed orbit are the places in Poo, while the open orbits are the places in
Ps.

23
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In the sequel, we will deal with an arithmetic situation, in the following sense.
We consider the ring of integers Ok of K, i.e., the integral closure of k[g] in K,
and a g-difference algebra of the form

1 1 1

P(x)’ P(gz) P(¢?x)" ' ]”
for some P(x) € Og|[z], such that ¢ € A. Then A is stable under the action of oy
and we can consider a g-difference module M = (M, %) over A. Remember that
Mg @) = Mg@) = M @4 K(z), 5, ® 04) is a g-difference module over K(x) and
that any g-difference module over K (x) comes from a g¢-difference module over A,
for a convenient choice of A.

We denote by ¢, the uniformizer of the cyclotomic place of k(g) induced by
v € Ck. The ring A ®o,. Ok /(¢y) is not reduced in general, nevertheless it has a
g-difference algebra structure and the results in [DV02] §2] apply again. Therefore
we set:

(4.1) A= OK Z,

DEFINITION 4.1. A ¢-difference module M over A has zero v-curvature (modulo
¢y) if the operator Xfv induces the identity (or equivalently if the operator Afv,

with Ay = (317;);7 induces the zero operator) on the module M ® 4 A/(¢).
Our main result is the following.

THEOREM 4.2. A g-difference module M over A has zero v-curvature modulo
®v, for almost all v € C, if and only if M becomes trivial over K(x).

REMARK 4.3. As proved in [DV02] Proposition 2.1.2], if X7+ is the identity
modulo ¢, then the g-difference module structure induced on M ® 4 A/(¢p,) is
trivial.

As far as the proof of Theorem is regarded, one implication is trivial. We
will come back to the proof of the other implication in

4.2. Regularity and triviality of the exponents

In this section, we are going to prove that a g-difference module is regular
singular and has integral exponents if it has nilpotent reduction for sufficiently
many cyclotomic places. We denote by m, an uniformizer of v € C.

DEFINITION 4.4. We say that a ¢-difference module M = (M,%,) over a g¢-
difference Ok-algebra A, as above, has nilpotent v-curvature modulo 7, or simply
that it has nilpotent reduction modulo 7, if the linear operator ¥7v : M ®4
A/(my) — M ®4 A/(m,) is unipotent (or equivalently if Afv is nilpotent. See
[IDV02, §2]).

We prove the following result:

PROPOSITION 4.5.

(1) If a g-difference module M over A has nilpotent v-curvature modulo m,,
for infinitely many v € C, then it is regular singular.

(2) Let M be a q-difference module over A. If there exists an infinite set of
positive primes @ C Z such that M has nilpotent v-curvature modulo m,,
for allv € C, such that ky, € p, then Mg (()) is trivial.

PROOF. The proof of Proposition [3.10| applies word by word to this case, until
the argument showing that Ay is diagonalisable. To conclude with Proposition[2:4]
one has to show that the eigenvalues of Ay are in ¢Z. Let K be a finite extension
of K in which we can find all the eigenvalues of Ag. Then any eigenvalue a € K
of Ay has the property that o = 1 modulo w, for all w € Cf, w|v and v satisfies
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the assumptions. In other words, the reduction modulo w of an eigenvalue « of Ay
belongs to the multiplicative cyclic group generated by the reduction of ¢ modulo
Ty

To end the proof, we are reduced to prove the proposition below. O

PROPOSITION 4.6. Let k be a perfect field, K/k(q) be a finite extension and
o C Z be an infinite set of positive primes. For any v € C, let k, be the order of q
modulo m,, as a root of unity.

If « € K is such that o =1 modulo m,, for allv € C such that Kk, € @, then
a€q”.

REMARK 4.7. Let K = Q(q), with ¢" = g, for some integer r > 1. If ¢ is an
eigenvalue of Ay we would be asking that for infinitely many positive primes £ € Z
there exists a primitive root of unity (., of order r¢, which is also a root of unity
of order ¢. Of course, this cannot be true, unless r = 1.

4.2.1. Proof of Proposition We denote by kg either the field of rational
numbers Q, if the characteristic of & is zero, or the field with p elements F,, if the
characteristic of k is p > 0. First of all, let us suppose that k is a finite perfect
extension of kg of degree d and fix an embedding k < k of k in its algebraic
closure k. In the case of a rational function a = f(q) € k(q), Proposition is a

consequence of the following lemma:

LEMMA 4.8. Let k be a perfect field, [k : ko] = d < oo and let f(q) € k(q) be
non-zero rational function. If there exists an infinite set of positive primes o C Z
with the following property:

for any £ € g there exists a primitive root of unity (¢ of order ¢
such that f(Cr) is a root of unity of order £,

then f(q) € ¢*.

REMARK 4.9. If k = C and y — f(q) is irreducible in Cl[q, y], the result can be
deduced from [Lan83|, Chapter 8, Theorem 6.1], whose proof uses Bézout theorem.
We give here a totally elementary proof, that holds also in positive characteristic.

Proposition can be rewritten in the language of rational dynamic. We
denote by e the group of root of unity of order ¢. The following assertions are
equivalent:

(1) f(q) € k(q) satisfies the assumptions of Lemma [4.§]

(2) There exist infinitely many ¢ € N such that the group gy of roots of unity
of order ¢ verifies f(ug) C pg-

(3) fla) € "

(4) The Julia set of f is the unit circle.

As it was pointed out to us by C. Favre, the equivalence between the last two
assumptions is a particular case of [Zdu97], while the equivalence between the
second and the fourth assumption can be deduced from [FRLO6|] or [AutO1].

Proor. Let f(q) = Pla) with P = Zi’;o a;iq',Q = Zi’;o biq" € k[q] coprime

Q)
polynomials of degree less equal to D, and let £ be a prime such that:
o f(Ce) € pes
e 2D <V —1.

Moreover, since g is infinite, we can chose ¢ >> 0 so that the extensions k£ and
ko(1e) are linearly disjoint over kq. Since k is perfect, this implies that the minimal
polynomial of the primitive /-th root of unity ¢, over kis x(X) = 1+ X +...+ XL
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Now let x € {0,...,£ — 1} be such that f(@) = (¢, ie.,

D
> aig = Z biClt.
=0

We consider the polynomial H(q) = Zio a;q* —ZJD:J;” b;j—q’ and distinguish three
cases:
(1) If D4+x < £—1, then H(q) has {; as a zero and has degree strictly inferior
to £ — 1. Necessarily H(q) = 0. Thus we have
ap=0a1=..=0ax-1=bpy1-x=..=bp=0 and a;=b;_, fori=x,...,D,

which implies f(q) = ¢*.

(2) If D+ k =€ —1 then H(q) is a k-multiple of x(¢) and therefore all the
coefficients of H(q) are all equal. Notice that the inequality D+x > ¢—1
forces k to be strictly bigger than D, in fact otherwise one would have
k+ D < 2D < ¢ — 1. For this reason the coefficients of H(gq) of the
monomials ¢gP*1, ... ¢ are all equal to zero. Thus

aO:alz...:aD:bO:...:bD:O

and therefore f = 0 against the assumptions. So the case D +xk =1—-1
cannot occur.

3) fD+x>¢—1,then sk >D >D+k—4{,since s >D and Kk —¢ < 0. In
this case we shall rather consider the polynomial H (q) defined by:

D+4rx—¢

D -1
i=0 i=kK 1=0

Notice that H(C;) = H(() = 0 and that H(g) has degree smaller or equal
than £ — 1. As in the previous case, H(q) is a k-multiple of x(q). We get

bj=0forj=0,...—-1—-k

and
apg — bg_n = ... = QD4 x—0 — bD = ap4k—0+1 — ... = Ap = 0.
We conclude that f(q) = ¢"~*.
This ends the proof. O

We are going to deduce Proposition [£.6] from Lemma [£.8in two steps: first of
all we are going to show that we can drop the assumption that [k : ko] is finite and
then that one can always reduce to the case of a rational function.

LEMMA 4.10. Lemma holds if k/ko is a finitely generated (not necessarily
algebraic) extension.

REMARK 4.11. Since f(q) € k(q), replacing k by the field generated by the
coefficients of f over ko, we can always assume that k/kq is finitely generated.

PROOF. Let k be the algebraic closure of kg in k and let &’ be an intermediate
field of k/k, such that f(q) € k'(¢) C k(g) and that k' /k has minimal transcendence
degree ¢. We suppose that ¢ > 0, to avoid the situation of Lemma So let
ai,...,a, be transcendence basis of k'/k and let k” = k(ay,...,a,). If k'/k is
purely transcendental, i.e., if ¥/ = k", then f(q) = P(q)/Q(q), where P(q) and
Q(g) can be written in the form:

ZZ& ajq and Q(q ZZ éaJQ7

ig
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a;, and a ﬁ(z € k. If we reorganize the

L

with j = (ji,...,J.) € Z%, aj = aj, -
terms of P and @ so that

(q) = Z a;Dj(q) and Q(q Z a;C

we conclude that the assumption f({;) C pe for mﬁmtely many primes ¢ implies
that f; = & is a rational function with coefficients in k satisfying the assumptions
of Lemma @ Moreover, since the f;’s take the same values at infinitely many

roots of unity, they are all equal. Finally, we conclude that f; (q) = ¢¢ for any J

and hence that f = ngaj = q%.

Now let us suppose that k' = k" (b) for some primitive element b, algebraic over
k", of degree e. Then once again we write f(q) = P(q)/Q(q ) with:

szhb}” and Q(q ZZﬂzth7

with oy, Bin € k. Again we conclude that % g hq- =q¢?forany h=0,...,e—1,

and hence that f(q) = ¢%. O

END OF THE PROOF OF PROPOSITION L6l Let K = k(q, f) C K. If the char-
acteristic of k is p, replacing f by a p™-th power of f, we can suppose that K/k(q)
is a Galois extension. So we set:

y= JI ek
PEGal(K [k(q))
For infinitely many v € Cy, such that x, is a prime, we have f* =1 modulo w,
for any wlv. Since Gal(K/K) acts transitively over the set of places w € C 7 such
that w|v, this implies that y** = 1 modulo 7,. Then Lemmas and [4.8 allow
us to conclude that y € ¢%. This proves that we are in the following situation: f
is an algebraic function such that |f[, = 1 for any w € P  and that |f|, # 1
for any w € ”Pf(m. We conclude that f = ¢g®/" for some non-zero integers s, r and
some constant ¢ in a finite extension of k. Since f** = 1 modulo w, for all w € C3
such that x, € p, we finally obtain that »r =1 and ¢ = 1. O

4.3. Proof of Theorem [4.2]

Under the assumption of Theorem Proposition implies that the g-
difference module M becomes trivial over K((z)). To conclude we need to show
the following proposition:

ProrosiTION 4.12. If a q-difference module M over A has zero v-curvature
modulo ¢, for almost all v € C, then there exists a basis e of My () over K(x) such
that the associated q-difference system has a formal fundamental solution matriz
Y(x) € GL,(K((x))), which is the Taylor expansion at 0 of a matriz in GL, (K (z)),
i.e., M becomes trivial over K(z).

REMARK 4.13. This is the only part of the proof of Theorem [4.2] where we need
to suppose that the v-curvature are zero modulo ¢, for almost all v € C.

PRrROOF. (¢f. [DV02, Proposition 8.2.1]) Let e be a basis of M over K(x).
Applymg a basis change with coefficients in K [ Z] we can actually suppose that
Y.e = eA(x), where A(z) € GL, (K (z)) has no pole at 0 and A(0) is the identity
matrix. In the notation of the recursive relation defining the matrices G, (x)
implies that they have no pole at 0. This means that Y (z) := > -, G[n)(0)2™ is a
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fundamental solution matrix of the g-difference system associated to Mg,y with
respect to the basis e.
We recall the definition of the Gauss norm associated to an ultrametric norm

veP: ‘ ‘
S axt S axt
2. bl 2. bl

_sup |a;y

for any € K(z), ‘

v,Gauss B sup |bj |U ’

We have:

LEMMA 4.14. Let v € Cx. We assume that |Gy (z)|
following assertions are equivalent:
(1) The module M = (M,%,) has zero v-curvature modulo ¢,.

(2) For any positive integer n, we have ’G[n”v,Gauss <1.

< 1. Then the

v,Gauss —

REMARK 4.15. Let k, be the residue field of K modulo v and ¢, the reduction
of ¢ in k,, which is defined for almost all v € C. According to [Har10, §3], the
second assertion of the lemma above can be rewritten as: My, (,) has a natural
structure of iterated g,-difference module.

Proor oF LEMMA [£14l The only non-trivial implication is “1 = 2” whose
proof is quite similar to [DV02, Lemma 5.1.2]. The Leibniz Formula for d, and A,
implies that:

Ko

K P

G, = 2 () o4y (G )G
i=0 q

If M has zero v-curvature modulo ¢, then |Gy, |v,causs < |@vlo. One obtains

recursively that |G, |v,causs < |¢U|q[,7”]7 where we have denoted by [a] the integral

part of a € R, ie., [a] = maz{n € Z : n < a}. Since |[Kylglv = |Pv]v and

|[m]!q|’u = |¢)v|1[)%], we conclude that:

Gm.
[m]g

<1.

(4.2) ‘

v,Gauss

This ends the proof of the lemma. O

We go back to the proof of Proposition The entries of Y (x) = >, - Gy (0)2™
verify the following properties: B

e For any v € Py, the matrix Y (x) is analytic at 0 and has infinite v-adic
radius of meromorphy (see Proposition [1.9).
e Since |[n]4] = 1 for any non-cyclotomic place v € Py, we have

v,Gauss
|G[m] (x)|v Canse < 1, for almost all v € Py \ C. For the finitely many
v € Py such that |G1(x)|, quuss > 1, there exists a constant C' > 0 such

that |G[m] (x)’v Gauss < C™, for any positive integer m.

e For almost all v € C and all positive integer m, |G[m] (a:)‘uGauss <1 (¢f.
Lemma , while for the remaining finitely many v € C there exists a
constant C' > 0 such that |G[m] (x)’vyGauss < C™ for any positive integer
m.

This implies that:

1
: +
llsln_f})lop E Z log |G[m] (x)‘v,G’auss < 00
veEP
To conclude that Y (z) is the expansion at zero of a matrix with rational entries, we
apply a simplified form of the Borel-Dwork criteria for function fields, which says
exactly that a formal power series having positive radius of convergence for almost
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all places and infinite radius of meromorphy at one fixed place is the expansion of a
rational function. The proof in this case is a slight simplification of [DV02, Propo-
sition 8.4.1]EL which is itself a simplification of the more general criteria [And04l,
Theorem 5.4.3]. We are omitting the details. (]

4.4. Link with iterative ¢-difference equations

We denote by k, the residue field of K with respect to a place v € P and by
¢v the image of ¢ in k,, which is defined for all places v € P. For almost all v € Py
we can consider the k,(z)-vector space My, () = M ®4 k,(z), with the structure
induced by X,. In this way, for almost all v € P, we obtain a g,-difference module
M, () = (M, (), 2q,) over ky(x),

In the framework of iterative g-difference equations [Har10], Theorem is
equivalent to the following statement, which is a g-analogue of the conjecture stated
at the very end of [MvdPO03]:

COROLLARY 4.16. For a g-difference module M over A the following statement
are equivalent:
(1) The q-difference module M over A becomes trivial over K (x);
(2) It induces an iterative q,-difference structure over My, (), for almost all
veC;
(3) Itinduces a trivial iterative q,-difference structure over My, (4, for almost
allv e C.

PROOF. The equivalence 1 < 2 is a consequence of Lemma and Theorem
[4:2] while the implication 3 = 2 is tautological.

Let us prove that 1 = 3. If the ¢-difference module M becomes trivial over
K(x), then there exist an A-algebra A’, of the form , obtained from A inverting
a polynomial and its g-iterates, and a basis e of M ® 4 A’ over A’, such that the
associated g¢-difference system is 04,(Y) = Y. Therefore, for almost all v € C,
M induces an iterative g,-difference module M, (,) whose iterative g,-difference

equations are given by %(Y) = 0 for all n € N (¢f. [HarlO, Proposition
3.17)). ' O

3The simplification comes from the fact, in this setting, that there are no archimedean norms.






CHAPTER 5

A unified statement

Let K be afield, g € K, ¢ # 0,1 be a fixed element. If follows from Proposition
that we can suppose that K is finitely generated over the prime field. Let
Mg (z) = (Mg (), 5q) be a g-difference module over K (z). We recall the following
notations:

(Alg) If q is algebraic over Q, but not a root of unity, we are in the following
situation. We call @) the algebraic closure of Q inside K, Og the ring of integer of
Q, C the set of finite places v of @) and 7, € Og a v-adic uniformizer. For almost
all finite place v of @, the following objects are well defined: the order k,, as a root
of unity, of the reduction of ¢ modulo 7, and the positive integer power ¢, of m,,
such that ¢, (1 — ¢"*) is a unit of Og. The field K has the form Q(a,b), where
a= (a,...,a,) is a transcendence basis of K/@Q and b is a primitive element of the
algebraic extension K/Q(a). Choosing conveniently the set of generators a,b and
P(z) € Og la, b, z], we can always find a ¢-difference algebra A of the form

1 1
(5.1) A=0q |a,b,z, Py Plaz) ™
and a ¥,-stable A-lattice M of Mg (s, so that we can consider the A/(¢,)-linear
operator

E;“ M Q4 A/<¢v> — M ®4 A/(¢v)>

that we have called the v-curvature of Mg (,)-modulo ¢,. Notice that Og/(¢.) is
not an integral domain in general.

(Trans) If q is transcendental over the prime field of K, then there exists a subfield
k of K such that K is a finite extension of k(g). We denote by C the set of places of
K that extend the places of k(q), associated to irreducible polynomials ¢, of k[g],
that vanish at roots of unity. Let k, be the order of the roots of ¢,. Let Ok be the
integral closure of k[q] in K. Choosing conveniently P(z) € Ok|z], we can always
find a g-difference algebra A of the form:

(5.2) A= 0Ok xﬁ%

and a Y -stable A-lattice M of M ,), so that we can consider the A/(¢,)-linear
operator

EZ“ M Ry A/(¢v) — M ®4 A/(¢v)7

that we have also called the v-curvature of Mg (;)-modulo ¢,. Notice that, once
again, Ok /(¢,) is not an integral domain in general.

(Root) If q is a primitive root of unity of order r, we define C to be the set con-
taining only the trivial valuation v on K, ¢, = 0 and x, = k. Then there exists

a polynomial P(z) € K|[z] such that the algebra A = K [am %, %, | 18 0g-
stable and there exists a ¥ -stable A-lattice M of Mg ,), so that we can consider
the A/(¢y)-linear operator

ZZ“ M @4 A/<¢v> — M ®4 A/(¢v)7

31
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that we will call the v-curvature of Mg, -modulo ¢,. Notice that this is simply
the r-th iterate of 3, namely 3¢ : M — M.

Then the main result of the first part of this work is:

THEOREM 5.1. A g-difference module My = (Mg (), Xq) over K(x) is triv-
ial if and only if there exist an algebra A, as above, and a X4-stable A-lattice M of
M () such that the map

E;“ M R4y A/(¢v) — M ®4 A/(¢U>?

is the identity, for any v in a cofinite non-empty subset of C.
In the case (Alg) we can take C to be a set of finite places of Q of density 1,
depending on Mg (-

PRrROOF. So the statement above coincide with Proposition [3.1]if ¢ is a root of
unity, and with Theorem [3.§|if ¢ is algebraic, but not a root of unity. Finally, to
deduce the third case from Theorem it is enough to remark that we can replace
k by its perfect closure. O

Of course, for a given module Mg (,) we can always find a g-difference algebra
A as above and a g-difference module M over A such that M ®4 K (2) & Mg(g).
Also, if the statement above is true for a choice of A and one g¢-difference module
M over A, then it is true for all choice of A and of M. In the following chapters,
we will use this fact implicitly.



Part 3

Intrinsic Galois groups






CHAPTER 6

The intrinsic Galois group

6.1. Definition and first properties

Let F be a g-difference field and Mr = (Mr,%,) be a ¢-difference module of
rank v over F, in the sense of Chapter We can consider the family Constrz(Mx)
of g-difference modules containing M r and closed under direct sum, tensor prod-
uct, dual, symmetric and antisymmetric products (see . We will denote by
Constrr(Mr) the collection of constructions of linear algebra of the F-vector space
Mz, i.e., the collection of underlying F-vector spaces of the family Constrz(Mz).
We denote by GL(Mx), the group scheme that attach to any F-algebra S the
group of S-linear automorphisms of Mz ® S. This group scheme acts naturally, by
functoriality, on any element of Constrxz(Mz), after a scalar extension from F to

S.

DEFINITION 6.1. The intrinsic Galois groulﬂ Gal(Mg) of Mz is the subgroup
of GL(Mx) which stabilizes all the g-difference submodules over F of any object in
Constrr(Mg).

In the definitions above and below, the term “stabilizer” has to be understood
in the functorial sense of [DGTO0], I1.1.36]. For instance, Gal(Mx) is a functor
from the category of F-algebras to the category of groups, that associates to any
F-algebra S the subgroup of GL(Mx)(S), the S-points of the F-group scheme
GL(Mzx), that stabilizes Nz ® S, for all the g-difference submodules N over F
of any object in Constrz(Mzx). By [DGT0, I1.1.36], this functor is representable
and thus defines a group scheme over F.

Notice that in positive characteristic p, the group Gal(M ) is not necessarily
reduced. An easy example is given by the equation y(¢z) = ¢*/Py(z), whose intrinsic
Galois group is p, (cf. [vdPROT, §7]).

REMARK 6.2. The group Gal(M ) can be interpreted in a Tannakian frame-
work as the group of tensor automorphisms of the forgetful functor of the full
Tannakian subcategory generated by Mz in Dif f(F,0,) (see [And01], §3.2.2.2.]).
This Tannakian point of view allows to compare the different notions of Galois
groups attached to g-difference modules.

REMARK 6.3. We recall that the Chevalley theorem, that also holds for non-
reduced groups (c¢f. [DGTO, 11, §2, n.3, Corollary 3.5]), ensures that Gal(M z) can
be defined as the stabilizer of a rank one submodule (which is not necessarily a g-
difference module) of a g-difference module contained in an algebraic construction
of Mz. Nevertheless, it is possible to find a rank one g¢-difference module that
defines Gal(M x) as its stabilizer. In fact the noetherianity of GL(M) implies that
Gal(My) is defined as the stabilizer of a finite family of ¢-difference submodules

Wg) = (W}i), Y;) contained in some constructions of linear algebra M%) of Mx.

1n the literature, the intrinsic Galois group is also called the generic Galois group of M £.

35



36 6. THE INTRINSIC GALOIS GROUP

It follows that the line
Ly = Adme, wi) (@ W}”) c pdime; Wi <® M(fl))

is a g-difference module and defines Gal(Mx) as a stabilizer (¢f. [Kat82] proof of
Proposition 9]).

NOTATION 6.4. In the sequel, we will use the notation Stab(W](_-i), i) to say that
a group is the stabilizer of the family of vector spaces {WJ(Tl)}z

6.2. Arithmetic characterization of the intrinsic Galois group

From now on, we consider the particular case F = K(x), with the notation
introduced in Chapter |5l Let G be a K (x)-subgroup scheme of GL(Mg ,)), such
that G = Stab(Lg(s)) for some line Lg(,) contained in a construction of linear
algebra W ;) of Mg (). Let M be a X, -stable A-lattice of Mg (,) for some g¢-
difference algebra A. Up to enlarging A, one finds an A-lattice L of Lg(,) and an
A-lattice W of Wk (,). The latter is the underlying space of a g-difference module
W= (W,%,) over A.

DEFINITION 6.5. Let C be a cofinite non-empty subset of C and (Av),ce be a
family of invertible .A/(¢,)-linear operators acting on M ® 4 A/(¢y), for any v € C,
respectively. We say that the K (x)-subgroup scheme G' C GL(Mf (,)) contains the
operators A, modulo ¢, for almost all v € C if for almost all, and at least one,
v € C the operator A, stabilizes L ® 4 A/(¢y) inside W @ 4 A/ (¢py):

Ay € Stabyy(p,)(L @4 A/(}y)).

REMARK 6.6. As in [DV02] 10.1.2], one can prove that the definition above is
independent of the choice of A, M and L ).

NOTATION 6.7. From now on, we will always use the phrase “for almost all” to
mean “for almost all, and at least one”. In this way the statements will be correct
even in the case (Root) (see Chapter [5)).

The main result of this section is the following:

THEOREM 6.8. The K(z)-group scheme Gal(Mp(y)) is the smallest K(x)-
subgroup scheme of GL(Mk (y)), that contains the operators %fv modulo ¢, for
almost all v € C.

REMARK 6.9.

e The noetherianity of GL(Mg ) implies that the smallest K (x)-subgroup
scheme of GL(Mk/,)) that contains the operators ¥f» modulo ¢,, for
almost all v € C, is well-defined. Theoremhas been proved in [Hen96),
Chapter 6] when ¢ is a root of unity and in [DV02] when ¢ is algebraic
and K is a number field.

e Under the assumption (Alg) (see Chapter []), the statement above is still
true if we replace C by a set of finite places of @) of density 1. This remark
applies to all statements in this and the next chapter.

A part of Theorem [6.8]is easy to prove:

LEMMA 6.10. The K (x)-group scheme Gal(Mk ) contains the operators Xy
modulo ¢, for almost all v € C.

ProOOF. The statement follows immediately from the fact that Gal(M g ()
can be defined as the stabilizer of a rank one ¢-difference module, that is contained
in a construction of linear algebra of Mg (,), which is a fortiori stable under the
action of ¥gv. O
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COROLLARY 6.11 (Lemma 9.34 in [DV02]). Gal(Mg () = {1} if and only if
M (z) 15 a trivial g-difference module.

Now we are ready to give the proof of Theorem whose main ingredient is
Theorem The argument is inspired by [Kat82] §X].

PROOF OF THEOREM [6.8] Lemma %_1_0| says that Gal(Mg(,)) contains the
smallest K (x)-subgroup scheme G of GL(Mg,)), that contains the operator X/
modulo ¢y, for almost all v € C. Let Lg ;) be a line contained in some construction
of linear algebra of M (,), that defines G as a stabilizer. Then there exists a smaller
g-difference module Wy () over K (x) that contains Lg (). Let L and W = (W, X,)
be the associated A-modules. Any generator m of L as an A-module is a cyclic
vector for W and the operator X7+ acts on W ® 4 .A/(¢,) with respect to the basis
induced by the cyclic basis generated by m via a diagonal matrix. Because of the
definition of the g-difference structure on the dual module W* of W, the group G
can be defined as the K (z)-subgroup scheme of GL(Mf ) that fixes a line L’ in
W* @ W, ie., such that ¥Xfv acts as the identity on L' ®4 .A/(¢,), for almost all
v € C. It follows from Theorem that the minimal submodule W’ that contains
L" becomes trivial over K (x). Since Wi, is contained in some construction of

linear algebra of M (,), we have a functorial surjective group morphism

We conclude that Gal(M g () acts trivially over W}((x), and therefore that Gal(M g (4))
is contained in G. (]

NOTATION 6.12. To conclude, we point out that Theorem [6.8]is nothing but an
equivalent geometric statement of Theorem The core of this equivalence being
Corollary [6.11] that allows to translate the triviality of the intrinsic Galois group
in terms of the rationality of the solutions.

6.3. Finite intrinsic Galois groups

We deduce from Theorem|[6.8]the following description of a finite intrinsic Galois
group:
COROLLARY 6.13. The following facts are equivalent:

(1) There exists a positive integer r such that the q-difference module M =
(M,X,) becomes trivial as a g-difference module over K(q,t), with ¢" = g,
tr = 2.
(2) There exists a positive integer v such that, for almost all v € C, the mor-
phism Y57 induces the identity on M @4 A/(¢y).
(3) There exists a q-difference field extension F/K(x) of finite degree such
that M becomes trivial over F.
(4) The (intrinsic) Galois group of M is finite.
In particular, if Gal(Mgy)) is finite, it is necessarily cyclic (of order r, if one
chooses T minimal in the assertions above).

PROOF. The equivalence “1 < 2”7 follows from Theorem [5.1] applied to the
g-difference module (M ® K(q,t),%, ® og), over the field K(q,t).

If the intrinsic Galois group is finite, the reduction modulo ¢, of 3¢* must be a
cyclic operator of order dividing the cardinality of Gal(M g (z)). So we have proved
that “4 = 27. On the other hand, assertion 2 implies, by Theorem [6.8] that there
exists a basis of M, such that the representation of Gal(Mg/,)) is given by the
group of diagonal matrices, whose diagonal entries are r-th roots of unity.

Of course, assertion 1 implies assertion 3. The inverse implication follows from

the Corollary applied to a cyclic basis of Mg (4). O
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6.4. Intrinsic Galois group of a ¢-difference module over C(z), for
q70,1

We deduce from the previous section a curvature characterization of the intrin-
sic Galois group of a g-difference module over C(z), for ¢ € C \ {0, 1}E|

Let Mc(y) = (Mc(s), 2q) be a g-difference module over C(z). We can consider
a finitely generated extension K of Q such that there exists a g-difference module
MK(m) = (MK(m)» ¥,) satisfying Mc(z) = MK(m) QK (z) C(x).

With an abuse of language, Theorem can be rephrased as:

THEOREM 6.14. The q-difference module Mc () = (Mc (s, Xq) is trivial if and
only if there exists a finitely generated extension K of Q, a set of places C as in
Chapter@ and a q-difference module M (o) such that Mc(p) = Mk (2) @k (2) C(2)
and Mg ) has zero v-curvature, for almost all v € C.

We can of course define as in the previous sections an intrinsic Galois group
Gal(Mc(y))- A noetherianity argument, that we have already used several times,
shows the following:

PROPOSITION 6.15. In the notation above we have:
Gal(Mc(e)) C Gal(Mk(2)) @k (2) C().
Moreover there exists a finitely generated extension K' of K such that
Gal(Mk () @k (2) K'(2)) @k (2) C(x) = Gal(Mc(a)).-

Choosing K large enough, we can assume that K = K’, which we will do
implicitly in the following informal statement. We can deduce from Theorem

THEOREM 6.16. The intrinsic Galois group Gal(Mc(yy) is the smallest C(x)-
subgroup scheme of GL(Mc(yy) that contains the v-curvature of the g-difference
module M (), for K large enough and for almost all v € C.

REMARK 6.17. By [vdPS97, Lemma 1.8], there exists a g-difference ring ex-
tension R of C(x), that is generated as C(z)-algebra by a fundamental solution
matrix of some g-difference system attached to Mc(,) such that R°¢ = C and R is
o4-simple, that is, R has no non trivial ideal setwise invariant by o,. The Galois
group of R over C(x) is defined as the group of C(x)-algebra automorphisms of
R, that commute with o,. It is the group of C-points of a linear algebraic group
G (see [vdPS97, Theorem 1.13]). In that framework, there is a complete Galois
correspondence that allows to build a dictionary between the defining equations of
the group G and the algebraic relations satisfied by the solutions of the ¢-difference
system in R (see [vdPS97, Theorem 1.29]). One can deduce from Tannakian ar-
guments that the intrinsic Galois group becomes isomorphic to G over a finite field
extension of C(z) (see for instance [And01l §3.2.2.1]).

2All the statements in this subsection remain true if one replace C with any field of charac-
teristic zero.



CHAPTER 7

The parametrized intrinsic Galois group

7.1. Differential and difference algebra

In this section, we briefly recall some notions of differential algebra as well
as the geometric objects that one can defined in this formalism. The interested
reader can find a first introduction to differential algebra and differential algebraic
geometry in [HSS16] and a full presentation of this field in [Kol73]. We recall
that all rings considered in this work are commutative with identity and contain
the ring of integer numbers.

A differential ring (or O-ring for short) is a ring R together with a deriva-
tion 0 : R — R, i.e., an additive map 0 : R — R satisfying the Leibniz rule
d(ab) = d(a)b + ad(b), for all (a,b) € R?. The ring of J-constants of R is
R? = {r € R| 3(r) = 0}. Any standard algebraic notion has a differential counter-
part by requiring the compatibility of the algebraic structure with the derivation
0 : for instance a d-ideal q of a d-ring R is an ideal of R that is setwise invari-
ant by 0, a O-field is a 0-ring that is a field, etc. For k a J-field, the 0-k-algebra

k{z}s = k{x1,...,x,}o of O-polynomials over k in the d-variables 1, ..., z, is the
polynomial ring over k in the countable set of algebraically independent variables
ZT1yeoo s Tn,0(x1),...,0(xy),. .., with an action of 0 as suggested by the names of

the variables.

The notion of d-polynomials allows to develop a geometry where the varieties
are defined as the zero sets of collections of J-polynomials. We won’t give here a
complete presentation of this geometry but we shall only focus on the notions that
will be used in this paper. A 0-field k is called differentially closed or 0-closed, for
short, if any system of J-polynomials with coefficients in k, having a solution in
some differential field extension of k, has a solution in k. A differential closure of a
0-field k is a 0-field extension of k, minimal with respect to the property of being
0-closed.

DEFINITION 7.1. Let k be a 0-field. A representable functor G from the cate-
gory of 0-k-algebras to the category of Groups is called a 0-k-group scheme. The
O-k-algebra representing G is denoted by k{G} and called the ring of J-coordinates
of G.

The Yoneda Lemma implies that the ring of O-coordinates of a 0-k-group
scheme is a d-k-Hopf algebra, that is a 0-k-algebra that is an Hopf algebra whose
structural maps commutes with 9 (see [Ovc09bl, §3.2 and 3.4]). For instance, we
denote by GL, (k) the d-k-group scheme attached to the general linear group of

size v over k. It is represented by the 0-k-algebra k {X , m}a where X is a

v X v matrix of d-indeterminates. More generally, for any k-vector space V' of finite
dimension, we denote by GL(V') the d-k-group scheme of invertible k-linear auto-
morphisms of V. As in the classical setting, one can define a 9-k-subgroup scheme
H of a 0-k-group scheme as subfunctor of G. The ring of d-coordinates of H is the
quotient of k{G} by some 0-ideal I(H), that we call defining ideal of H inside G.

39
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It remains to explain some of the relations between the classical algebraic ge-
ometry and the differential algebraic geometry. Let V be a k-group scheme, i.e., a
(covariant) functor from the category of k-algebras to the category of groups which
is representable by a k- Hopf-algebra k[V]. We call k[V] the ring of coordinates of
V. In [Gil02], the author shows that the forgetful functor

7 : O-k-algebras — k-algebras,

that associates to any J-k-algebra its underlying k-algebra, has a left adjoint de-
noted by D. This implies that the functor V from the category of 0-k-algebras to
the category of Groups, defined by the composition of V' with the forgetful functor
is a 0-k-group scheme, whose ring of d-coordinates is precisely D(k[V]). We call V,
the 0-k-group scheme attached to V. The simple idea behind this construction is
that polynomial equations are d-polynomials. More precisely if V' C GL, (k) and if
I(V)Ck [X, ﬁ(X)] is the vanishing ideal of V' as subgroup scheme of GL,, (k) then
the vanishing ideal of V as 9-k-subgroup scheme of GL, (k) is nothing else than
the O0-ideal generated by I(V) in k {X, #(X) 5
theorem states that if k[V] is a finitely generated integral k-algebra, then D(k[V])
is a finitely O-generated integral 0-k-algebra and the dimension of V' as k-scheme
coincides with the d-dimension of V over k ([Gil02] §2]). Notice that we are calling
GL, (k) both the k-group scheme and the 9-k-group scheme attached to the general
linear group, anyway the context will always make clear to which one of the two

structures we are referring to, without introducing complicate notation.
Conversely, given a 0-k-subgroup scheme V of some GL, (k), we can attach to

V a k-subgroup scheme of GL, (k) as follows. Let I(V) C k {X, ﬁ(x)}a be the

defining ideal of V in GL, (k). Let VZ be the k-subscheme of GL, (k) defined by
the ideal I(V) N k[ X, ﬁ(X)] We call VZ the Zariski closure of V inside GL, (k).

Finally, Kolchin irreducibility

7.2. Parametrized intrinsic Galois groups

Let F be a o4-0-field of characteristic zero, that is, an extension of K(z)
equipped with an extension of the g-difference operator o, and a derivation 0
commuting to o,. For instance, the og-0-field (K (z),0,,2-4L) satisfies these as-
sumptions.

We can define an action of the derivation 0 on the category Dif f(F, 04), twist-
ing the g-difference modules with the right F-module F[0]<; of differential opera-
tors of order less or equal than one. We recall that the structure of right F-module
on F[0]<1 is defined via the Leibniz rule, i.e.,

AN = M0+ 9(N\), for any A € F.

Let V be an F-vector space. We denote by Fy(V) the tensor product of the right
F-module F[0]<1 with the left F-module V:

Fy(V) := F[Ol<1 @7 V.

We will write v for 1®@v € Fy(V') and 9(v) for d®v € Fy(V), so that av+bd(v) :=
(a +b9) @, for any v € V and a + b0 € F[0]<1. We endow Fy(V) with a left
F-module structure such that if A € F:

A0(v) = 9(A\w) — d(A)v, for allv €'V,
which means that A(0®@v) =0 ® Av — 1@ d(A)v.

DEFINITION 7.2. The prolongation functor Fj is defined on the category of
F-vector spaces as follows. It associates to any object V' the F-vector space Fy(V).
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If f:V — W is a morphism of F-vector space then we define
Fy(f) : Fo(V) = Fo(W),

setting Fy(f)(9*(v)) = 9*(f(v)), for any i = 0,1 and any v € V (using the conven-
tion that d° is the identity).
The prolongation functor Fj restricts to a functor from the category Dif f(F, o4)
to itself in the following way:
(1) If Mg := (Mr,%,) is an object of Dif f(F,o,) then Fo(My) is the ¢-
difference module, whose underlying F-vector space is Fp(Mr) = F[0]<1®
Mz, as above, equipped with the g-invertible o4-semilinear operator de-
fined by X,(9(m)) := 8"(X,(m)) for i =0, 1.
(2) If f € Hom(Mx,Nx) then Fy(f) is defined in the same way as for F-
vector spaces.

REMARK 7.3. This formal definition comes from a simple and concrete idea.
Let Mx be an object of Dif f(F,o,). We fix a basis e of Mz over F such that
Yq,e = eA. Then (e,d(e)) is a basis of Fo(Mr) and

A 0A
S,(e00) = o) (i ).

In other terms, if 0,(Y) = A7'Y is a g-difference system associated to Mz with
respect to a fixed basis e, the g-difference system associated to Fy(M z) with respect
to the basis e, d(e) is:

0,(2) = (Agl ‘9%_11)> Z = <81 8;) "z

If Y is a solution of 0,(Y) = A™'Y in some o,-0-extension of F then we have:

(v 0= W) )

in fact the commutation of o, and 0 implies:
0,(0Y) =0(0,Y)=0(A'Y) =AY +9(A1) Y.

Let V be a finite dimensional F-vector space. We denote by Constr%-(V) the
smallest family of finite dimensional F-vector spaces containing V' and closed with
respect to the constructions of linear algebra (i.e., direct sums, tensor products,
symmetric and antisymmetric products, duals. See ) and the functor Fj.
We will say that an element Constr?—(V) is a construction of differential algebra of
V. By functoriality, the 9-F-group schemeﬂ GL(V) operates on Constr%(V). For
example g € GL(V) acts on Fp(V) through g(9*(v)) = 9"(g(v)), for i =0, 1.

If we start with a ¢-difference module Mxr = (Mr,%,) over F, then every
object of Constr%(Mz) has a natural structure of g-difference module (see also
. We will denote Constr%-(Mz) the family of g-difference modules obtained
in this way.

DEFINITION 7.4. We call parametrized intrinsic Galois group of an object
Mz = (Mg,%,) of Dif f(F,o0,) the group defined by

Gala(./\/l}-) = {g € GL(My#) : g(Nx) C N for all ¢g-difference submodule
Nz = (Ng,%,) contained in an object of C’onstr?—_(./\/lf)} C GL(Mzx).

1 We denote by GL(V) is the 8-F-group scheme attached to GL(V) as in
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Similarly to one has to understand the definition above in a functorial
sense. More precisely, Gal?(Mz) is a functor from the category of 0-F-algebras
to the category of groups, that associates to any J-F-algebra S, the subgroup of
GL(Mz ® S) that stabilizes N ® S, for all the g-difference submodules Nz over
F of any object in Constr%-(Mzx), after scalar extension to S.

The proposition below shows that this functor is representable and thus defines
a 0-F-group scheme.

PROPOSITION 7.5. The group Gal® (Mx) is a reduced O-F-subgroup scheme of
GL(Mx).

PROOF. The proof is a differential analogue of [And01] §3.2.2.2]. O

REMARK 7.6. The parametrized intrinsic Galois group has also a Tannakian in-
terpretation. In the formalism of differential Tannakian categories (see [Ovc09al),
the parametrized Galois group is the group of differential tensor automorphisms
of the forgetful functor of the full differential Tannakian subcategory generated by
Mgz in Dif f(F,o4).

For further reference, we recall (a particular case of) the Ritt-Raudenbush
theorem (¢f. [Kap57, Theorem 7.1]):

THEOREM 7.7. Let (F,0) be a differential field of characteristic zero. If R is
a reduced differentially finitely generated 0-F-algebra then R is O-noetherian.

This means that any ascending chain of radical 0-ideals (i.e., radical 9-stable
ideals) is stationary or equivalently that every radical d-ideal has a finite set of
generators as radical d-ideal (which in general does not mean that it is a finitely
generated 0-ideal). Theorem combined with Proposition asserts that the
parametrized intrinsic Galois group as well as any GL(F") are d-noetherian.

The O-noetherianity of GL(F") implies the following:

COROLLARY 7.8. The parametrized intrinsic Galois group Gal®(Mz) can be
defined as the stabilizer of a line in a construction of differential algebra of Mx.
This line can be chosen so that it is also a q-difference submodule of some construc-
tion of differential algebra of Mx.

PRrROOF. Since GL(Mx) is 0-noetherian, any descending chain of reduced dif-
ferential subschemes in GL(Mz) is stationary. Then, let {W®;i € I}, be an as-
cending chain of finite sets of g-difference submodules contained in some elements
of Constr?(M K(z)) S0 that all g-difference submodules contained in a construc-
tion of differential algebra are contained in some {W(i);i S Ih}. Let G;, be the
d-F-subgroup scheme of GL(Mz) defined as the stabilizer of {W®:i € I,,}. By
Cartier’s theorem [Wat79) §11.4], the G, are reduced. Then, the descending chain
of 0-F-subgroup schemes G, of GL(Mx) is stationary (see previous proposition).
This proves that Gal?(Mx) is the stabilizer of a finite number of g-difference sub-
modules W), i € I, contained in some elements of C’onstra(/\/lK(x)). It follows
from a standard argument of linear algebra that Gal?(Mz) is the stabilizer of the
maximal exterior power of the direct sum of the W()’s (see Remark . O

Let Gal(Mg) be the intrinsic Galois group defined in the previous chapter
and let Gal(Mg) its associated 0-F-group scheme, defined as in We have
the following inclusion, that we will characterize in a more precise way in the next

pages:
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LEMMA 7.9. Let Mz be an object of Dif f(F,o04). The following inclusion of
0-F-group schemes holds

Gal’(Mz) C Gal(M5).

REMARK 7.10. The inclusion above means that, for all 9-F-algebra S, we have
Gal®(M#)(S) C Gal(Mz)(S). In particular, the parametrized intrinsic Galois
group is a 0-F-subgroup scheme of the intrinsic Galois group, viewed as a 0-F-
group scheme (see §7.1). Later, for F = K(z), we will prove that Gal?(Mz) is
actually Zariski dense in Gal(Mz).

PROOF. We recall, that the F-group scheme Gal(Mx) is defined as the stabi-
lizer in GL(Mx) of all the subobjects contained in a construction of linear algebra
of Mz . Because the list of subobjects contained in a construction of differential
algebra of Mz includes those contained in a construction of linear algebra of M £,
we get the claimed inclusion. O

7.3. Characterization of the parametrized intrinsic Galois group by
curvatures

From now on we focus on the special case F = K(z), where K is a finitely
generated extension of Q. We endow K (x) with the derivation 9 := x%, that
commutes with o,. We refer to Chapter [5| for notation.

Let Mg (o) = (Mg (2), Xq) be a g-difference module. The differential version of
Chevalley’s theorem (c¢f. [Cas72l Proposition 14], [MO11l Theorem 5.1]) implies
that any 0-K (x)-subgroup scheme G of GL(Mf ;) can be defined as the stabilizer
of some line Ly (,) contained in a construction of differential algebra Wi,y of
M (z)- Let M be a ¥ -stable A-lattice of My (,) for some g-difference algebra A.
Up to enlarging A, one finds an A-lattice L of Lk (,) and an A-lattice W of W ().
The latter is the underlying space of a g-difference module W = (W, ;) over A.

DEFINITION 7.11. Let C be a non-empty cofinite subset of C and (Ay), e be a
family of invertible A/(¢, )-linear operators acting on M ® 4 A/(¢,), respectively,
for any v € C. We say that a d-K (z)-group scheme G = Stab(L g (z)) over K(x)
contains the operators A, modulo ¢,, for almost all v € C, if for almost all (i.e. for
almost all and at least one) v € C the operator A, stabilizes L ®4 A/(¢,) inside
W ®a A/(¢v)

Ay € Stabays,) (L ®a A/(dv))-

REMARK 7.12. The differential Chevalley’s theorem and the d-noetherianity
of GL(Mk () imply that the notions of a J-K(z)-group scheme containing the
operators A, modulo ¢,, for almost all v € C, and the smallest 9-K (x)-subgroup
scheme of GL(Mk/,)) containing the operators A, modulo ¢,, for almost all v € C,
are well defined. In particular they are independent of the choice of A, M and
Lk (z) (See [DV02, 10.1.2] and Remark [6.6).

The main result of this section is the following:

THEOREM 7.13. The 9-K (z)-group scheme Gal®(Mp () is the smallest O-
K (z)-subgroup scheme of GL(Mg 4)) that contains the operators X5 modulo ¢,
for almost all v € C.

PROOF. The lemmas below plus the differential Chevalley theorem allow to
prove Theorem in exactly the same way as Theorem O

LEMMA 7.14. The 9-K (z)-group scheme Gal? (M (,)) contains the operators
X5 modulo ¢y, for almost all v € C.
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PROOF. The statement follows immediately from the fact that Gal®(M g (y))
can be defined as the stabilizer of a rank one ¢-difference submodule of some con-

struction of differential algebra of Mk (,), which is a fortiori stable under the action
of Xhv, O
q

LEMMA 7.15. Gal? (M (y)) = {1} if and only if My (s is a trivial q-difference
module.

PROOF. The proof is a differential Tannakian analogue of [DV02, Lemma
9.34]. See [Ovc09al for the notions of differential Tannakian categories. O

We obtain the following;:

COROLLARY 7.16. The Zariski closure of the parametrized intrinsic Galois
group Gala(MK(z)) coincides the algebraic intrinsic Galois group Gal(M g (z)).(see
{1

PrOOF. We have seen in Lemma that GalO(MK(w)) is a subgroup of
Gal(Mg(y)). By Theorem (resp. Theorem we have that the intrinsic
Galois group Gal?(Mp(y)) (resp. Gal(Mg (,)) is the smallest 0-K (x)-subgroup
scheme (resp.K (z)-subgroup scheme) of GL(Mf,)) that contains the operators
¥5v modulo ¢,, for almost all v € C. This immediately implies the Zariski den-
sity. O

ExXAMPLE 7.17. The logarithm is solution both a g-difference and a differential

R R

It is easy to verify that the two systems are integrable in the sense that do,Y (z) =
040Y (x) (and therefore that the induced condition on the matrices of the systems
is verified).

By iterating the g-difference system for any n € Z~y we obtain:

Y(g"e) = (é ”l‘igq) Y(2).

This implies that the parametrized intrinsic Galois group is the subgroup of G, x (),
the additive 0-K (x)-group scheme, defined by the equation dy = 0.

7.4. Parametrized intrinsic Galois group of a ¢-difference module over
C(x), for ¢ #0,1

We conclude with some remarks on complex g-difference modules. Let Mc(,) =
(Mc (s, 2q) be a g-difference module over C(x). We can consider a finitely gener-
ated extension of K of Q such that there exists a g-difference module Mg ;) =
(Mg (2), Xq) satisfying Mczy = Mg(@) @k (@) C(x). We can of course define, as
above, two parametrized intrinsic Galois groups, Gala(MK(m)) and Gala(/\/l(c(x)).
A (differential) noetherianity argument, that we have already used several times,
on the submodules stabilized by those groups shows the following:

PROPOSITION 7.18. In the notations above, we have:
Gal?(Me()) € Gal? (Mg (s)) @k (z) C(x).
Moreover there exists a finitely generated extension K' of K such that
Gal? (Mg (2) Rk (@) K'(2) @ (2) C(x) = Gal® (Mc(w)).-
We can informally rephrase Theorem in the following way:
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THEOREM 7.19. The parametrized intrinsic Galois group Gala(./\/l(c(m)) is the
smallest 0-C(x)-subgroup scheme of GL(Mc(,)) that contains a non-empty cofinite
set of curvatures of the q-difference module Mg (y) -

REMARK 7.20. In [HSO08], the authors develop a parametrized Galois theory
for g-difference systems over ((Nl(x) where C is a differential closure of C. This theory
generalizes the Picard-Vessiot theory of [vdPS97]. The parametrized Galois theory
allows to encode the differential algebraic relations satisfied by the solutions of a
g-difference system in the geometric structure of a parametrized Galois group. The
parametrized Galois group is a 0-C-group scheme and has a differential Tannakian
interpretation (see for instance [GGO13| §5.3]). Combining arguments of [And01]
§3.2.2.1] and [GGO13] Prop. 4.28 and 4.29] one can prove that the parametrized
intrinsic Galois group of a g-difference system over C(z) becomes isomorphic to the
parametrized Galois group of [HIS08] over a differential closure of C(z).

7.5. The example of the Jacobi Theta function

Consider the Jacobi Theta function
@(l‘) _ Z qfn(nfl)/an7
nez

which is solution of the g-difference equation
O(gz) = qzO().

Iterating the equation, one proves that © satisfies y(¢"x) = ¢ TD/2z"y(x), for
any n > 0. Therefore we immediately deduce that the intrinsic Galois group of the
rank one ¢-difference module Mg = (K(2).0,%,), with

Yy K@) — K(z)0

f@)0  — flg)q®

is the whole multiplicative group G,, i (»). As far as the parametrized intrinsic
Galois group is concerned we have:

PROPOSITION 7.21. The parametrized intrinsic Galois group Gal® (Mg) is de-
fined by 0(0(y)/y) = 0.

PROOF. For almost any v € C, the reduction modulo ¢, of g% (v+1)/2gkw
is the monomial z"*, which satisfies the equation 0 (896 'u) = 0. This means

xhv

that parametrized intrinsic Galois group Gal? (Mg) is a subgroup of the 9-K (x)-

subgroup scheme defined by 0 (%) = 0. In other words, the logarithmic derivative

G, — G,

]
Y Y

sends Gal? (M@, nK(m)) into a subgroup of the additive group G, () defined by
the equation dz = 0. This is nothing else that G, x, whose proper K-subgroup
scheme is only {0}. If the image by the logarithmic derivative of Gal® (Mg) were
{0}, then the curvatures should be constant with respect to 9. It is not the case,
which ends the proof. O

Let us consider a norm | | on K such that |¢| # 1. The differential dimension of

the subgroup 9 (%) = 0 is zero. Using the comparison of the parametrized Galois

group of [HSO08| and the parametrized intrinsic Galois group, we obtain that © is
differentially algebraic over the field of rational functions C'g(z) with coefficients in
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the differential closure C'g of the elliptic function over K*/¢”. In fact, the function

© satisfies
o0\ _00 |
%\'0 )" @ "7

which implies that 0 (%")) is an elliptic function. Since the Weierstrass function is
differentially algebraic over K (z), the Jacobi Theta function is also differentially
algebraic over K(z).

Notice that, if ¢ is transcendental over Q, the derivation diq naturally comes
into the picture. Since it intertwines with o, in a relatively complicate way, the
study of this situation requires a specific approach. See [DVH12].
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CHAPTER 8

Preface to Part 4.The Galois D-groupoid of a
g-difference system, by Anne Granier

We recall here the definition of the Galois D-groupoid of a g-difference system,
and how to recover groups from it in the case of a linear ¢-difference system. This
preface thus consists in a summary of Chapter 3 of [Gra09].

8.1. Definitions

We need to recall first Malgrange’s definition of D-groupoids, following [Mal01]
but specializing it to the base space P& x C” as in [Gra09] and [Gral2], and to
explain how it allows to define a Galois D-groupoid for g-difference systems.

Fix v € N*, and denote by M the analytic complex variety IP’%: x C¥. We call
local diffeomorphism of M any biholomorphism between two open sets of M, and
we denote by Aut(M) the set of germs of local diffeomorphisms of M. Essentially,
a D-groupoid is a subgroupoid of Aut(M) defined by a system of partial differential
equations.

Let us precise what is the object which represents the system of partial differ-
ential equations in this rough definition.

A germ of a local diffeomorphism of M is determined by the coordinates de-
noted by (z,X) = (z,X1,...,X,) of its source point, the coordinates denoted
by (z,X) = (#,Xy1,...,X,) of its target point, and the coordinates denoted by
%7 aa)?l e 65; Lo, %, ... which represent its partial derivatives evaluated at
the source point. We also denote by § the polynomial in the coordinates above,
which represents the Jacobian of a germ evaluated at the source point. We will
allow ourselves to use abbreviations for some sets of these coordinates, as for ex-
ample % to represent all the coordinates g))gj and X for all the coordinates ‘gf;,
0X; 0X; 0X;
oz; > 0X, X,

We denote by r any positive integer. We call partial differential equation,
or only equation, of order < r any function E(z,X,7,X,0z,0X,...,0"%,0"X)
which locally and holomorphically depends on the source and target coordinates,
and polynomially on §~' and on the partial derivative coordinates of order < 7.
These equations are endowed with a sheaf structure on M x M which we denote
by O ary- We then denote by O - arar) the sheaf of all the equations, that is
the direct limit of the sheaves O Jx(m,m)- 1t is endowed with natural derivations

of the equations with respect to the source coordinates. For example, one has:
D, 9Xi _ 9’ X,
T 9X; . 0wdX, "
To formulate the definition of D-groupoid, we will consider a pseudo-coherent
(in the sense of [Mal0O1]) differential ideaﬂ T of Oj-(ammy- A solution of such
an ideal Z is a germ of a local diffeomorphism g : (M,a) — (M,g(a)) such

that, for any equation E of the fiber Z(, 4(4)), the function defined by (z, X)

and

Lwe will say everywhere differential ideal for sheaf of differential ideal.

49



80 PREFACE TO PART 4. THE GALOIS D-GROUPOID OF A Q-DIFFERENCE SYSTEM, BY ANNE GRANIER

E((z,X),g(x,X),09(x, X),...) is null in a neighborhood of a in M. The solutions
of Z is denoted by sol(Z) and forms a set groupoid.

The set Aut(M) is endowed with a groupoid structure for the composition ¢
and the inversion i of the germs of local diffeomorphisms of M. We thus have to
characterize, with the comorphisms ¢* and i* defined on O j« (s ar), the systems
of partial differential equations Z C O j«(ar,a) Whose set of solutions sol(Z) is a
subgroupoid of Aut(M).

We call groupoid of order r on M the subvariety of the space of invertible jets
of order r defined by a coherent ideal Z,, C O ;= (az,ar) such that:

(i) all the germs of the identity map of M are solutions of Z,,
(i) ¢*(Z) CZLr @ Oy ma,my + Oy (ar,my @ Ly,
(i11) *(Z,) C I,.
The solutions of such an ideal Z, form a subgroupoid of Aut(M).

DEFINITION 8.1. According to [Mal01], a D-groupoid G on M is a subvariety of
the space (M?,0 J=(m,nr)) of invertible jets defined by a reduced, pseudo-coherent
differential ideal Zg C O j-(as,0r) such that

(i’) all the germs of the identity map of M are solutions of Zg,

(#’) for any relatively compact open set U of M, there exists a closed complex
analytic subvariety Z of U of codimension > 1, and a positive integer
ro € N such that, for all r > ry and denoting by Zg, = Zg N O s+ (a1, 0m1),
one has, above (U \ Z)?: ¢*(Zg,,) C Zg,r @ Oyxar,ary + O (ar,01) @ Lg e,

(ii’) *(Zg) C Ig.

The ideal Zg totally determines the D-groupoid G, so we will rather focus on
the ideal Zg than its solution sol(Zg) in Aut(M). Thanks to the analytic continu-
ation theorem, sol(Zg) is a subgroupoid of Aut(M).

The flexibility introduced by Malgrange in his definition of D-groupoid allows
him to obtain two main results. Theorem 4.4.1 of [Mal01] states that the reduced
differential ideal of O «(yr ar) generated by a coherent ideal Z, C O« (ar,ar) Which
satisfies the previous conditions (), (i), and (7ii) defines a D-groupoid on M. The-
orem 4.5.1 of [Mal01] states that for any family of D-groupoids on M defined by a
family of ideals {G'};cr, the ideal /> G defines a D-groupoid on M called intersec-
tion. The terminology is legitimated by the equality: sol(y/>. G*) = Niersol(G?).
This last result allows to define the notion of D-envelope of any subgroupoid of
Aut(M).

Fix ¢ € C*, and let Y (¢z) = F(z,Y (z)) be a (non-linear) ¢-difference system,
with F(z,X) € C(z,X)”. Consider the set subgroupoid of Aut(M) generated by
the germs of the application (z, X) — (g, F(z, X)) at any point of M where it is
well defined and invertible, and denote it by Dyn(F'). The Galois D-groupoid of
the g-difference system Y (gx) = F(z,Y (x)) is the D-enveloppe of Dyn(F), that is
the intersection of the D-groupoids on M whose set of solutions contains Dyn(F).

8.2. A bound for the Galois D-groupoid of a linear g-difference system

For all the following, consider a rational linear g-difference system Y (qz) =
A(z)Y (z), with A(z) € GL,(C(x)). We denote by Gal(A(x)) the Galois D-groupoid
of this system as defined at the end of the previous section [8:I] we denote by
Tgai(A(z)) its defining ideal of equations, and by sol(Gal(A(x))) its groupoid of so-
lutions.
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The elements of the dynamics Dyn(A(z)) of Y (gx) = A(x)Y (z) are the germs

of the local diffeomorphisms of M of the form (z, X) ~ (¢*x, A(z)X), with:

1d, if k=0,

Ap(z) =4 TI2) Alge)  if k e N7,

1,2, A(gx)™" if k € —N*,
The first component of these diffeomorphisms is independent on the variables X and
depends linearly on the variable x, and the second component depends linearly on
the variables X. These properties can be expressed in terms of partial differential
equations. This gives an upper bound for the Galois D-groupoid Gal(A(z)) which
is defined in the following proposition.

PROPOSITION 8.2. The coherent ideal:
or 9x ., 0X o 02X
<,xx,8 (E,&XXX,W> C OJ;(M,M)
satisfies the conditions (i), (i), and (iii) of [8.1l Hence, thanks to Theorem 4.4.1 of

IMal01], the reduced differential ideal Zr;rn it generates defines a D-groupoid Lin.
Its solutions sol(Lin) are the germs of the local diffeomorphisms of M of the form:

(2, X) = (az, B(z)X),
with o € C* and locally, f(x) € GL,(C) for all x.
They contain Dyn(A(x)), and therefore, given the definition of Gal(A(z)), one has
the inclusion
Gal(A(x)) C Lin,
which means that:
Trin C Tgai(a)) and sol(Gal(A(x))) C sol(Lin).
PROOF. ¢f proof of Proposition 3.2.1 of [Gra09] for more details. O

REMARK 8.3. Given their shape, the solutions of Lin are naturally defined
in neighborhoods of transversals {z,} x C” of M. Actually, consider a particu-
lar element of sol(Lin), that is precisely a germ at a point (z,, X,) € M of a
local diffeomorphism g of M of the form (x, X) — (az, 5(z)X). Consider then a
neighborhood A of x, in P'C where the matrix 8(z) is well defined and invertible,
consider the “cylinders” Ty = A x C” and Ty = aA x C” of M, and the diffeomor-
phism g : Ty — T; well defined by (z, X) — (ax, 8(x)X). Therefore, according to
the previous Proposition all the germs of § at the points of T are in sol(Lin)
too.

The defining ideal Z;, of the bound Lin is generated by very simple equa-
tions. This allows to reduce modulo Zr;, the equations of Zg,(a(s)) and obtain
some simpler representative equations, in the sense that they only depend on some
variables.

PROPOSITION 8.4. Letr > 2. For any equation E € Tgaa(x)) of orderr, there
exists an invertible element u € O j=(ar a1y, an equation L € Iripn of order r, and an
equation By € Lgaa(x)) of order v only depending on the variables written below,
such that:

= 9% 92X %
uE—L+E1<x,Xax 0X X X >

02’ 90X 0x0X " 910X
ProOOF. The invertible element u is a power of §. The proof consists then in
performing the divisions of the equation uF, and then its successive remainders, by

the generators of Z,;,. More details are given in the proof of Proposition 3.2.3 of
[Gra09]. O
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8.3. Groups from the Galois D-groupoid of a linear ¢-difference system

We are going to prove that the solutions of the Galois D-groupoid Gal(A(x))
are, like the solutions of the bound Lin, naturally defined in neighborhoods of
transversals of M. This property, together with the groupoid structure of sol(Gal(A(x))),
allows to exhibit groups from the solutions of Gal(A(x)) which fix the transversals.

According to Proposition an element of sol(Gal(A(x))) is also an element
of sol(Lin). Therefore, it is a germ at a point a = (x4, X,) € M of a local
diffeomorphism g : (M,a) — (M, g(a)) of the form (z,X) — (az,B(x)X), such
that, for any equation E € Zgq(a(x)), one has E((x, X), g(z, X),dg9(z, X),...) =0
in a neighborhood of a in M.

Consider an open connected neighborhood A of z, in P& on which the matrix
B is well-defined and invertible, that is where [ can be prolongated in a matrix
B € GL,(O(A)). Consider the “cylinders” Ts = A x C¥ and T3 = oA x C” of M,
and the diffeomorphism g : Ts — T} defined by (z, X) — (az, (x)X).

PROPOSITION 8.5. The germs at all points of Ty of the diffeomorphism g are
elements of sol(Gal(A(z))).

PRrROOF. For all r € N, the ideal (Igal(A(w)))’r = Igal(A(z)) N OJTT(MJV[) is coher-
ent. Thus, for any point (yo, 7o) € M?, there exists an open neighbourhood € of
(vo,%0) in M?, and equations E{, ..., ElQ of (Zgai(a(z)))r defined on the open set
Q such that:

(Zgara@n)r) g = (Os:uaan) g BY + -+ (Osz aan) 1 B

Let a3 € Ts = A x C”. Let v:[0,1] = T be a path in Ty such that v(0) = a and
v(1) = a1. Let {Qo,...,Qn} be a finite covering of the path v([0,1]) x g(~([0,1]))
in Ty x Ty by connected open sets Q; C (T x T3) like above, and such that the
origin (7(0),9(7(0))) = (a, g(a)) belongs to Q.

The germ of g at the point a is an element of sol(Gal(A(z))). Therefore, one
has B ((z, X), g(z, X),dg(z, X),...) = 0 a neighbourhood of a, for all 1 < k < I.
Moreover, by analytic continuation, one has also E,?O (x,X,9(x, X),09(z, X),...) =
0 on the source projection of ¢ in M. It means that the germs of g at any point
of the source projection of €y are solutions of (Zgai(a(x)))r-

Then, step by step, one gets that the germs of g at any point of the source projection
of Q. are solutions of (Zgqi(a(z)))r and, in particular, the germ of g at the point a;
is also a solution of (Zgai(a(x)))r- O

This Proposition means that any solution of the Galois D-groupoid Gal(A(x))
is naturally defined in a neighbourhood of a transversal of M, above.

REMARK 8.6. In some sense, the “equations” counterpart of this proposition
is Lemma |9.14

The solutions of Gal(A(x)) which fix the transversals of M can be interpreted
as solutions of a sub-D-groupoid of Gal(A(z)), partly because this property can
be interpreted in terms of partial differential equations. Actually, a germ of a
diffeomorphism of M fix the transversals of M if and only if it is a solution of the
equation = — x.

The ideal of O jx(ar,nr) generated by the equation z — x satisfies the conditions
(i), (ii), and (iiz) of Hence, thanks to Theorem 4.4.1 of [Mal01], the reduced
differential ideal it generates defines a D-groupoid:

DEFINITION 8.7. We call Trv the D-groupoid generated by the equation T — x.
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Its solutions, sol(7Trv), are the germs of the local diffeomorphisms of M of the
form: (z,X) — (z, X(x, X)).

e~

DEFINITION 8.8. We call Gal(A(x)) the intersection D-groupoid Gal(A(x)) N
Trv, in the sense of Theorem 4.5.1 of [Mal01], whose defining ideal of equations

Igam)) is generated by Zgai(a(z)) and Zryy.

REMARK 8.9. Let zg € PL. Since by Proposition the solutions of Gal(A(x))

are solutions of Lin, the solutions of sol(Gal(A(x))) defined in a neighborhood of
the transversal {xo} x C” are of the form (z,X) — (z,8(z)X) where B(z) €
GL,(C{x — x0}). The groupoid structure is given by composition of germs of
diffeomorphism with compatible source and target points. Let ¢; : (2, X) —
(z,B1(x)X) and ¢y : (z,X) — (z,B2(x)X) two solutions defined in a neighbor-
hood of the transversal. In a neighborhood of {zo} x C¥, where these germs are
both defined, one can compose them and find a new germ of solution ¢s o ¢q,
that is given by (z, X) — (z, B2(2)B1(2)X). The following proposition resume this
discussion for which one can find a more detailed proof in [Gra09, Proposition
3.3.2).

PROPOSITION 8.10. Let xg € PE. The set of solutions of Gal(A(x)) defined in
a neighborhood of the transversal {xo} x C* of M can be identified with a subgroup
of GL,(C{z — xo}).

In the particular case of a constant linear ¢-difference system, that is with
A(z) = A € GL,(C), the solutions of the Galois D-groupoid Gal(A) are in fact
global diffeomorphisms of M, and the set of those that fix the transversals of M
can be identified with an algebraic subgroup of GL,(C). This can be shown using
a better bound than Lin for the Galois D-groupoid of a constant linear ¢-difference
system (cf Proposition 3.4.2 of [Gra09]), or computing the D-groupoid Gal(A)
directly (¢f Theorem 2.1 of [Gral2| or Theorem 4.2.7 of [Gra09]). Moreover,
the explicit computation allows to observe that this subgroup corresponds to the
usual g-difference Galois group as described in [Sau04a] of the constant linear g-
difference system X (gqx) = AX(x) (¢f. Theorem 4.4.2 of [Gra09] or Theorem 2.4
of [Gral2]).






CHAPTER 9

Comparison of the parametrized intrinsic Galois
group with the Galois D-groupoid

A. Granier has defined a D-groupoid for non-linear ¢-difference equations, in
analogy with Malgrange D-groupoid for non-linear differential equations (see the
previous chapter). Roughly, this D-groupoid corresponds to the largest sheaf of
analytic differential equations that kill the dynamics of the non-linear ¢-difference
equation.

In this section we prove that the Malgrange-Granier D-groupoid, in the special
case of a linear g-difference equation, essentially “coincides” with the parametrized
intrinsic Galois group of the equation. This result, which is Corollary [0.12] is not a
priori straightforward because one has to compare a D-groupoid defined as a sheaf
of differential ideal over an analytic variety and a J-group scheme a la Kolchin.
This answers a question of Malgrange ([Mal09] page 2]).

Our proof is divided in three main steps. The first one relies on Theorem
[713] and allows us to compare the parametrized intrinsic Galois group with the
smallest d-scheme that contains the dynamic, namely its Kolchin closure. Then,
we sheafify the defining equations of the Kolchin closure in order to get an algebraic
D-groupoid, which is defined by the largest set of algebraic differential equations
that kill the dynamic. Finally thanks to GAGA arguments, we show that the
defining equations of the Malgrange-Granier D-groupoid are global and algebraic
and thus coincide with the ones of our algebraic D-groupoid. In the differential
case, the problem of the algebraicity of the D-groupoid has been tackled in more
recent works by B. Malgrange himself.

In the special case of a linear differential equation, Malgrange proves that his
D-groupoid, allows to recover the Picard-Vessiot group (see [Mal01]). The folia-
tion associated to the solutions of the non-linear differential equation, which exists
due to the Cauchy theorem, plays a central role in his proof, and actually in the
whole theory. There is a true hindrance to prove a Cauchy theorem and define a
foliation over C attached to a g-difference system. First of all, the solutions of a
g-difference equation must be defined over a g-invariant domain and they usually
have an essential singularity at 0 and at co. This fact prevents the existence of a
local solution on a compact domain and therefore a transposition of the Cauchy
theorem. To overcome the lack of local solutions, we use Theorem [7.13|as a crucial
ingredient of our proof. However, some steps of our proof are similar to Malgrange
theorem (cf. [Mal01]) and Granier’s proof in the case of ¢-difference system with
constant coefficients (see [Gral2} §2.1]). In §9.4 below, we show how in Malgrange
or Granier’s former comparison results, a parametrized intrinsic Galois group is
hidden and why the parametrized structure is inherent to Malgrange’s D-groupoid
constructions.

Our results shall give some hints to compare the algebraic definitions of Morikawa
of the Galois group of a non-linear g-difference equation and the analytic definitions
of A.Granier (¢f. [Mor09], [MUQ9], [Umel0]).

55
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9.1. The Kolchin closure of the Dynamics and the Malgrange-Granier
groupoid
Let ¢ € C* be not a root of unity and let A(x) € GL,(C(x)). We consider the

linear ¢-difference system

(9.1) Y(gqx) = A(x)Y (x).

A(z) == A(¢"2)TA(¢F T a) =t A(gTle) L for all k € Z, k < 0,

so that Y (¢*x) = Ax(x)Y (z), for any k € Z. Following Chapter [8, we denote by
M the analytic complex variety P x C”, by Gal(A(z)) the Galois D-groupoid of
the system (9.1)), i.e., the D-envelop of the dynamics

(9.2) Dyn(A(z)) = {(z, X) — (¢"z, Ap(2)X) : k€ Z}
in the space of jets J*(M, M). We keep the notation of Chapter [8] which is pre-

liminary to the content of this section.

WARNING 9.1. Following Malgrange and the convention in Chapter |8 we say
that a D-groupoid H is contained in a D-groupoid G if the groupoid of solutions of
H is contained in the groupoid of solutions of G. We will write sol(H) C sol(G) or
equivalently Zg C Zy;, where Zg and Zy are the (sheaves of) ideals of definition of
G and H, respectively.

NoTATION 9.2. In this section we introduce many tools that we use to get the
proof of our main result Corollary For the reader convenience we make a list
of them here, with the reference to their definitions:

Dyn(A(z)),  (9-2);
Gal(A(z)),  §8.2 Gal(A(z)),  Definition
Gal*9(A(z)), Definition Galals(A(z)), Definition 9.8

(
Kol(A(x)), Definition Kol(A(x)), Definition
Lin, Proposition Trv, Definition [8.7]

9.2. The groupoid Gal®I(A(x))

Let C(x) {T, ﬁ}a, with T = (T;; : 4,j = 0,1,...,v), be the algebra of dif-
ferential rational functions over GL,41(C(x)). We consider the following morphism
of 0-Clz]-algebras

T Clz] {T,ﬁ}a — H(M x¢ M, O+ (a,))
- - 0% 0% oF
0,0 0,1 e 0,v 9z 09X, o OXy
Ty &
— . ~
) : e
(Ti5)i4 ' <‘9Xf >u
TU70 X,
ox
from Clz] {T, ﬁ}a to the global sections H(M x¢ M, Oy« (ar,ar)) of O ys(ar, 0y

that can be thought as the algebra of global partial differential equations over
M x M. The image by 7 of the differential ideal

ZT=(Toa,--»Tou:T10,---,T00,0(T0y0)),
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that defines the 0-group scheme

{diag(a,ﬁ(x)) = (‘8‘ B(Ox)> . where a € C* and B(x) € GL,,((C(:U))} ,

is contained in the ideal Z.;, defining the D-groupoid Lin (c¢f. Proposition [8.2)).

DEFINITION 9.3. We call Kol(A(x)) the smallest 9-C(x)-scheme of GL, 11 (C(z)),
defined over C(z), which contains

{aiogtet vy = (4 45,)) hez.

and has the following property: if we call I a(s)) the differential ideal defin-
ing Kol(A(x)) and Liya(p)) = Ircoi(a()) N Cla] {T, ﬁ}a, then the (sheaf of)
differential ideal <I£7;n,T(I,/Col( A(z)))) generates a D-groupoid, that we will call
Gal®9(A(z)), in the space of jets J*(M, M).

REMARK 9.4. The definition above requires some explanations:

e For the reader convenience, we recall here the basic definitions of the
theory of affine differential schemes, that can be found in [Kov02]. If we
fix a 0-field k of characteristic zero, we define a 9-k-scheme as follows: An
affine 0-k-scheme (or d-scheme over k) is a (covariant) functor from the
category of d-k-algebras to the category of sets which is representable. It
means that a functor X from the category of 0-k-algebras to the category
of sets is a O-k-scheme if and only if there exists a 9-k-algebra k{X} and
an isomorphism of functors X ~ Alg?(k{X},—), where Alg? stands for
morphism of d-k-algebras. By the Yoneda lemma, the 0-k-algebra k{X}
is uniquely determined up to unique J-k-isomorphisms. We call it the
ring of J-coordinates of X. By a closed 0-k-subscheme Y C X we mean
a subfunctor Y of X which is represented by k{X}/I(Y") for some J-ideal
I(Y) of k{X}. The ideal I(Y") of k{X} is uniquely determined by Y and
vice versa. We call it the vanishing ideal of Y in X. A morphism of
0-k-schemes is a morphism of functors. If ¢: X — Y is a morphism of 0-
k-schemes, we denote the dual morphism of 0-k-algebras with ¢*: k{Y'} —
k{X}.

Reduced 0-schemes correspond to differential varieties in the sense of
Kolchin (see for instance [Kol73|), for whom it suffices to focus on the
solution set of a system of differential equations with value in a sufficiently
big field, i.e., a 0-closed field.

e The phrase “smallest 0-C(z)-subscheme of GL,11(C(z))” must be un-
derstood in the following way. The ideal of definition of Kol(A(x)) is
the largest differential ideal of C(z) {T, =7 } » Which admits the matri-
ces diag(q®, Ax(z)) as solutions for any k € Z and verifies the second
requirement of the definition. Then I a(s)) is radical and the Ritt-
Raudenbush theorem (¢f. Theorem above) implies that Iico(a(z)) is
finitely 0-generated. Of course, the C(x)-rational points of Kol(A(x)) may
give very poor information on its structure, so we would rather speak of
solutions in a differential closure of C(x).

e The structure of D-groupoid has the following consequence on the points
of Kol(A(x)): if diag(w, 8(x)) and diag(y,d(x)) are two matrices with
entries in a differential extension of C(z) that belong to KCol(A(z)) then
the matrix diag(ary, 8(yx)d(z)) belongs to Kol(A(x)). In other words,
the set of local diffeomorphisms (z, X) — (az, 8(x)X) of M x M such
that diag(c, B(x)) belongs to Kol(A(x)) forms a set theoretic groupoid.
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We could have supposed only that KCol(A(z)) is a 0-C(z)-scheme and
the solutions of Kol(A(x)) form a groupoid in the sense above, but this
wouldn’t have been enough. In fact, it is not known if a sheaf of differential
ideals of J*(M, M) whose solutions forms a groupoid is actually a D-
groupoid (c¢f. Definition and in particular conditions (ii’) and (iii’)).
B. Malgrange told us that he can only prove this statement for a Lie
algebra.

The 0-C(x)-scheme Kol(A(x)) is going to be a bridge between the parametrized
intrinsic Galois group and the Galois D-groupoid Gal(A(z)) defined in the previous
chapter, via the following theorem.

DEFINITION 9.5. Let M((C’?i) = (C(z)",%, : X = A 'o,(X)) be the ¢-
difference module over C(x) associated to the system Y (qz) = A(x)Y (x), where
04(X) is defined componentwise. We call [Col(A(x)) the 9-C(z)-group scheme de-
fined by the differential ideal (Ixoi(a(x)), To,0 — 1) in C(x) {T7 ﬁ}a'

Notice that, as for the Zariski closure, the Kolchin closure does not commute
with the intersection, therefore Kol(A(x)) is not the Kolchin closure of {A(z)}.
Then we have:

THEOREM 9.6. Gala(/\/lga)) = Kom)).

REMARK 9.7. One can define in exactly the same way a C(z)-subscheme
Zar(A) of GL,4+1(C(z)) containing the dynamics of the system and such that
{(2.X) > (aw, @) X) : diag(a, B()) € Zar(A)}

is a subgroupoid of the groupoid of diffeomorphisms of M x M. Then one proves

in the same way that Zar(A) coincide with the intrinsic Galois group, introduced
in Chapter [0}

PrOOF OF THEOREM [0.6] Let N = constr?(M) be a construction of differ-
ential algebra of M. We can consider:

e The basis denoted by constr?(e) of N built from the canonical basis e of
C(x)", applying the same constructions of linear differential algebra.

e For any 8 € GL,(C(z)), the matrix constr?(3) acting on A" with respect
to the basis constr?(e), obtained from 8 by functoriality. Its coefficients
lies in C(z)[B, 0(5), ---]

e Any ¢ = (a, ) € C* x GL,(C(x)) acts semilinearly on A in the following
way: Ve = (constr?(B)) e and ¢(f(z)n) = f(ax)n, for any f(z) € C(x)
and n € N. In particular, (¢*, Ax(z)) € C* x GL,(C(z)) acts as £¥ on
N.

A g-difference submodule £ of A/ correspond to an invertible matrix F' € GL,(C(z))
such that

(9.3) F(q"z) Yconstr?(Ay)F(z) = (; i) , for any k € Z.
Now, (1,8) € C* x GL,(C(z)) stabilizes £ if and only if
(9.4) F(x) Yconstr?(B)F(x) = (; :) .

Equation (9.3)) corresponds to a differential polynomial L(Tp o, (15 ;):,j>1) belonging
to C(x) {T, 4= }, and having the property that L(¢*, (4z)) = 0, for all k € Z. On
the other hand (9.4) corresponds to L(1, (T; ;)i j>1)). It means that the solutions

of the differential ideal (Iicoi(a(a)),T0,0 — 1) C C(x) {T, ﬁ}a stabilize all the
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g-difference submodules of all the constructions of differential algebra, and hence
that

Kol(A(z)) C Gal®(Mc(a)).-
Let us prove the inverse inclusion. In the notation of Theorem there exists a

finitely generated extension K of Q and a o,-stable subalgebra A of K(z) of the
forms considered in such that:

(1) A(z) € GL,(\A), so that it defines a g-difference module M(I?()z) over K (z);
A ~ A

(2) Gal? (M) ) ®e() Clar) = Gal? (M), );

(3) Kol(A(x)) is defined over A, i.e., there exists a differential ideal I in the

differential ring A{T, =2 }5 such that I generates Icoi(a(e)) in C(x) {T

W)
» det(T) > detT Jo°

For any element L of the defining ideal of Kol(A(x)) over A, there exists
1

L(Too:Tsivij=1,.... )€l T\
Tooi B =19 € 1€ A{T s}

such that L € Tioia(e)) and L= L(1;T; 4,4, = 1,...,v). If ¢ is an algebraic
number, other than a root of unity, or if ¢ is transcendental, then, for almost all
places v € C, we have

L(A.,) = L(1,A.,) = L(¢™, A.,) = 0 modulo ¢,,.

This shows that Kol(A(x)) is a 0-C(z)-subgroup scheme of GL, (C(x)) which con-
tains a non-empty cofinite set of v-curvatures, in the sense of Theorem [7.19] There-

fore, Kol(A(z)) contains the parametrized intrinsic Galois group of M((C’?;). O

P

DEFINITION 9.8. We call Gal®9(A(z)) the intersection of Gal®9(A(x)) and
Tro.

It follows from the definition that the D-groupoid Gal®9(A(z)) is generated by

its global equations, i.e., by Lin and the image of the equations of Kol(A(x)) by
the morphism 7. Therefore we deduce from Theorem the following statement:

—_~—

COROLLARY 9.9. As a D-groupoid, Gal®9(A(z)) is generated by its global sec-
tions, namely the D-groupoid Lin and the image of the equations of Gala(Mé‘?;))
via the morphism 7.

REMARK 9.10. The corollary above says that the sheaf of differential ideals

defining the D-groupoid Gal®9(A(z)) is generated by its global sections, Lin and
q, where q is the defining ideal of the intrinsic parametrized Galois group. This
statement is much stronger than saying that, in the neighborhood of zy € P(C),

the germs of diffeomorphism, solutions of Gal9(A(z)), can be written (z, X) —
(z, B(x)X) with B(x) € GL,(C{z — zo}) solution of gq.

The D-groupoid Gal®9(A(x)) is a differential analog of the D-groupoid gener-
ated by a group scheme introduced in [Mal01l, Proposition 5.3.2] by B. Malgrange.

9.3. The Galois D-groupoid Gal(A(z)) vs the intrinsic parametrized
Galois group
Since Dyn(A(x)) is contained in the solutions of Gal®9(A(x)), we have
sol(Gal(A(z))) C sol(Gal™9(A(x)))

and

—_~—

sol(Gal(A(z))) C sol(Gal*9(A(x))).
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As already mentioned, the solution are to be found in some differential closure of

(C(2),0).

THEOREM 9.11. The solutions of the D-groupoid Gal(A(x)) (resp. Gal(A(x)))
coincide with the solutions of Gal*'9(A(z)) (resp. Gal®I(A(x))).

Combining the theorem above with Corollary we immediately obtain:

—_~—

COROLLARY 9.12. The solutions of the D-groupoid Gal(A(zx)) are germs of
diffeomorphisms of the form (x,X) — (z, B(x)X), such that B(x) is a solution of
the differential equations defining Gala(/\/lgg)), and vice versa.

REMARK 9.13. The corollary above says that the germs of diffeomorphism,

—_~—

solutions of Gal(A(x)), in a neighborhood of a transversal {z¢} xC” (¢f. Proposition
above) are of the form (z,X) — (z, 8(z)X) with f(z) € GL,(C{z — x¢}) of
the differential equations defining the parametrized intrinsiﬁ\(_}/alois group. Notice
that we do not say that the sheaf of differential ideals of Gal(A(z)) is generated by
Lin and the defining equations of the intrinsic parametrized Galois group, which
would be a stronger statement.

Proor oF THEOREM [0.11l Let Z be the differential ideal of Gal(A(z)) in
Oy«m,m) and let Z,. be the subideal of Z of order < r. We consider the mor-
phism of analytic varieties given by

v PExPL — MxcM
(z,7) +— (2,0,7,0)

and the inverse image 7, := ¢t~ !Z, (resp. J := ¢~ 'Z) of the sheaf Z,. (resp. Z) over
P{ x PL. We consider similarly to [Mal01 Lemma 5.3.3], the evaluation ev(:~'Z)
at X = X = %Zf = 0 of the equations of 1717 and we denote by ev(Z) the direct
image by ¢ of the sheaf ev(:~17).

The following lemma is crucial in the proof of the Theorem

LEMMA 9.14. A germ of local diffeomorphism (z,X) — (ax,B(x)X) of M is
solution of T if and only if it is solution of ev(Z).

PRrOOF. First of all, we notice that Z is contained in Lin. Moreover the so-
lutions of Z, that are diffeomorphisms mapping a neighborhood of (zg, Xo) € M
to a neighborhood of (Zo, Xg), can be naturally continued to diffeomorphisms of a
neighborhood of xy x C” to a neighborhood of Ty x C”. Therefore it follows from
the particular structure of the solutions of Lin, that they are also solutions of ev (Z)
(¢f. Proposition [8.2).

Conversely, let the germ of diffeomorphism (z, X) — (az, 8 (z) X) be a solution
of ev(Z) and E € Z,. It follows from Proposition that there exists Eq € Z of
order 7, only depending on the variables z,X ,%, g—))g, 58;5; s am‘?if(a <> such that
(z,X) = (azx, B (x) X) is solution of E if and only if it is solution of E;. So we will
focus on equations on the form F; and, to simplify notation, we will write E for
E;.

By assumption (z, X) — (az, 8 () X) is solution of

o (oo 07 0X 0°X X
U 020X 920X 92— 10X
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and we have to show that (z, X) — (azx,S (z) X) is a solution of E. We consider
the Taylor expansion of E:

7 Y 2V Y
E(Z,Xax 0X 0°X orX >:ZEa(an)aaa

"0x 0X ' 0x0X ' Oxr—10X

. . . . T \ 2y T X .
where 0% is a monomial in the coordinates %, g—ﬁ, aia)g(v e 69:?*‘1){8 - Developing

the E, (z, X) with respect to X = (X1,...,X,) we obtain:

E=Y" (2{; (%’}E,;;“) (x,0) aa> Xk

with k € (Z>¢)"”. If we show that for any k the germ (z, X) — (o, 5 (x) X) verifies
the equation

OkE, N
Bp:=) ( axk) (2,0)8

we can conclude. For k = (0, ...,0), there is nothing to prove since By = ev (E).
Let Dx, be the derivation of Z corresponding to %, The differential equation

Dx. ()= 3 (G52 ) (0. X) 0 4 3 B (0. ) D, (07

is still in Z, since Z is a differential ideal. Therefore by assumption (z,X) —
(azx, B (x) X) is a solution of

ev(Dx,E) =Y (gf(‘)‘) (£,0)0% + 3" Fa (2,0) Dx, (0%).

Since Dy, (0%) € Lin and (z,X) — (az, f(x) X) is a solution of Lin, we conclude
that (z, X) — (az, 8 (z) X) is a solution of

Za: <a£g> (2,0) 0%

and therefore of B;. Iterating the argument, one deduce that (z, X) — (az, 8 (z) X)
is solution of By, for any k € (Z>()”, which ends the proof of the lemma. O

We go back to the proof of Theorem Lemma[9.14] proves that the solutions
of Gal(A (x)) coincide with those of the D-groupoid I' generated by Lin and ev (T),
defined on the open neighborhoods of any xy x C¥ € M. By intersection with the

equation 7rv, the same holds for the transversal groupoids Gal(A (z)) and T.

Since P{ x P and M x¢ M are locally compact and Z,. is a coherent sheaf over
M x¢ M, the sheaf 7, is an analytic coherent sheaf over P{. x Pl and so is its quotient
ev(¢™1(Z,)). By [Ser56l Theorem 3|, there exists an algebraic coherent sheaf J,
over the projective variety ]P’(lC X ]P’(lC such that the analyzation of J, coincides with
ev(t=1(Z,)). This implies that ev (Z) is generated by algebraic differential equations
which by definition have the dynamics for solutions.

We thus have that the sol(I") = sol(Gal(A(x))) C sol(Gal®9(A(x))). Since both
I and Gal®9(A(z)) are algebraic, the minimality of the variety Kol(A(x)) implies
that sol(Gal™9(A(x))) C sol(I"). We conclude that the solutions of Gal(A(x)) coin-

cide with those Gal®9(A(z)). The same hold for gam)), T and Gal®9(A(x))).
This concludes the proof. O
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9.4. Comparison with known results

In [Mal01], B. Malgrange proves that the Galois-D-groupoid of a linear differ-
ential equation allows to recover, in the special case of a linear differential equation,
the Picard-Vessiot group over C. This is compatible with the result above, since:

e due to the fact that local solutions of a linear differential equation form
a C-vector space (rather than a vector space on the field of elliptic func-
tions!), [Kat82, Proposition 4.1] shows that the intrinsic Galois group
and the Picard-Vessiot group in the differential setting become isomor-
phic above a certain extension of the local ring. For more details on the
relation between the intrinsic Galois group and the usual Galois group see
[Pil02] Corollary 3.3].

e In the differential setting the parametrized intrinsic Galois group with
respect to % is conjugate to the constant points of the differential group
scheme attached to the intrinsic Galois group. Therefore, the set of germs
of solutions of the defining equations of the parametrized intrinsic Galois
group coincide with the C-points of the intrinsic Galois group.

Therefore B. Malgrange actually finds a parametrized intrinsic Galois group, which
is hidden in his construction. The steps of the proof above are the same as in his
proof, apart that, to compensate the lack of good local solutions, we are obliged
to use Theorem Anyway, the application of Theorem appears to be
very natural, if one considers how close the definition of the dynamics of a linear
g-difference system and the definition of the curvatures are.

In [Gral2], A. Granier shows that in the case of a g-difference system with
constant coefficients the groupoid that fixes the transversals in Gal(A(z)) is the
Picard-Vessiot group, i.e., a C-group scheme. Once again, this is not in contradic-
tion with our results. Indeed, let M be a ¢-difference module over C(x) associated
with a constant g-difference system. Under this assumption, the curvatures of the
system are defined over C. Thus, the intrinsic Galois group is defined over C and
coincides with the Picard-Vessiot group. Moreover since the prolongation of M
splits, the parametrized intrinsic Galois group is conjugate to the group of constant
points of the differential group scheme attached to the intrinsic Galois group. This
allows to conclude that the set of germs of solutions of the defining equations of the
parametrized intrinsic Galois group coincides with the Picard-Vessiot group for a
constant g-difference system.

Because of these results, G. Casale and J. Roques have conjectured that “for
linear (g¢-)difference systems, the action of Malgrange groupoid on the fibers gives
the classical Galois groups” (¢f. [CROS8]). In loc. cit., they give two proofs of
their main integrability result: one of them relies on their conjecture. Here we
have proved that the Galois-D-groupoid allows to recover exactly the parametrized
intrinsic Galois group. By taking the Zariski closure one can also recover the
intrinsic Galois group. One can prove that we can also recover the Picard-Vessiot
group (cf. [vdPS97], [Sau04al), performing a Zariski closure and a suitable field
extension, and the parametrized Galois group (c¢f. [HSO08]), performing a field
extension. See Remarks [6.17 and [.200
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