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Abstract

Missing Not At Random (MNAR) values lead to significant biases in the data,
since the probability of missingness depends on the unobserved values. They are
"not ignorable" in the sense that they often require defining a model for the missing
data mechanism, which makes inference or imputation tasks more complex. Fur-
thermore, this implies a strong a priori on the parametric form of the distribution.
However, some works have obtained guarantees on the estimation of parameters in
the presence of MNAR data, without specifying the distribution of missing data
[L7, 24]. This is very useful in practice, but is limited to simple cases such as
self-masked MNAR values in data generated according to linear regression models.
We continue this line of research, but extend it to a more general MNAR mecha-
nism, in a more general model of the probabilistic principal component analysis
(PPCA), i.e., a low-rank model with random effects. We prove identifiability of
the PPCA parameters. We then propose an estimation of the loading coefficients
and a data imputation method. They are based on estimators of means, variances
and covariances of missing variables, for which consistency is discussed. These
estimators have the great advantage of being calculated using only the observed
data, leveraging the underlying low-rank structure of the data. We illustrate the
relevance of the method with numerical experiments on synthetic data and also on
real data collected from a medical register.

1 Introduction

The problem of missing data is ubiquitous in the practice of data analysis. Theoretical guarantees
of estimation strategies or imputation methods rely on assumptions regarding the missing-data
mechanism, i.e. the cause of the lack of data. Rubin [21] introduced three missing-data mechanisms.
The data are said (i) Missing Completely At Random (MCAR) if the probability of being missing
is the same for all observations, (ii) Missing At Random (MAR) if the probability of being missing
only depends on observed values, (iii) Missing Not At Random (MNAR) if the unavailability of the
data depends on both observed and unobserved data such as its value itself. We focus on this later
case, which is frequent in practice, and theoretically challenging. A classic example of MNAR data
is surveys about salary for which rich people would be less willing to disclose their income.

When the data is MCAR or MAR, statistical inference is carried out by ignoring the missing data
mechanism [9]. In the MNAR case, the observed variables are no longer representative of the
population, which leads to selection bias in the sample, and therefore to bias in the parameters
estimation. Therefore, it is usually necessary to take into account the missing data distribution.
Most of the time, the missing-data mechanism distribution is specified by logistic regression models
[2, 18} 123]. This comes at the price of an important computational burden to perform inference and is
often restricted to a limited number of MNAR variables. In the recommender system community, there
are some works [[L1} (1,10} 27]] proposing a joint modelling of the data and mechanism distributions
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using matrix factorization by debiasing existing methods for MCAR data, for instance with inverse
probability weighting approaches.

In addition, a key issue of MINAR data is to establish identifiability, which is not always guaranteed
[14]. There is a huge litterature on this, both in the non-parametric [16} [15} 4} 22| [19], and semi-
parametric settings [26} |13]]. For parametric models, in the case of multivariate regression, Tang et al.
[24] and Miao et al. [14]] guarantee the identifiability of the coefficients of the conditional distribution
of Y| X, whereas Y is missing. Tang et al. [24] estimate them by calculating those of the distributions
of X and XY in the full case (using only observations with no missing values). Besides, assuming a
self-masked mechanism, i.e., the lack depends only on the missing variable itself, Mohan et al. [17]]
consider a related approach based on graphical models, adopting a causal point of view. Despite the
great advantage of not modeling the distribution of missing values, the hypothesis of a self-masked
MNAR mechanism can be strong in certain contexts as well as that of considering simple models.

Contributions. We consider that data are generated under the latent variable model, probabilistic
principal components analysis (PPCA) [25]] and contain missing values. providing linear embedding,
used in practice both for data visualization and as a powerful imputation tool [3, 5]. Contrary to
available works that handle only MAR data [3]], we perform PPCA with MNAR values (on several
variables) and with the possibility of having different mechanisms in the same data (MNAR and
MAR).

e We discuss identifiability of the PPCA model parameters, and prove it considering self-
masked MNAR encompassing a large set of self-masked mechanism distributions.

e For more general MNAR mechanism, we suggest a strategy to estimate the PPCA loading
matrix without any modeling of the missing-data mechanism and use it to impute missing
values in this non-ignorable missing data setting.

e The proposed method is based on estimators for the mean, the variance and the covariance
of the variables with MNAR values. We show that they can be consistently estimated, only
using the complete-case analysis. Two strategies can lead to the proposed estimators: (i)
the first one is made of algebraic arguments based on partial linear models derived from the
PPCA model; (ii) the second one is inspired by [17] and uses graphical models tools and the
so-called missingness graph.

e We derive an algorithm implementing our proposal. We show that it outperforms the state-
of-the-art methods on synthetic data and on a real data set collected from a medical registry
(Traumabase'w). The code to reproduce all the simulations and numerical experiments is
available on https://github. com/AudeSportisse/PPCA_MNAR.

2 PPCA model with informative missing values: identifiability issues

Setting The data matrix Y € R™*P is assumed to be generated under a fully-connected PPCA
model [23]] (a.k.a. low-rank random effects model), i.e. by the factorization of the loading matrix
B € R"*P and r latent variables grouped in the matrix W € R™*",

W= (Wi |...[W,)T, with W;_ ~ N(0,,1d,,) € R",

B of rank r < min{n, p}, 0
aeRPand1 = (1...1)T e R",

€= (e1]...|ex)T, with €. ~ N(0p,0%Id,x,) € RP,

for o2 and r known. In the sequel, Y ; and Y;. respectively denote the column j and the row i of Y.
The rows of Y are identically distributed, Vi € {1,...,n}, Y; ~N(a, BTB + 02Id,,).

Some variables Y., , ..., Yy, indexed by M := {my,...,mgq} < {1,...,p} (withd < p), are
supposed to have MNAR values. The other variables are considered to be observed (or M(C)AR see
Appendix [B.3). We let Q € {0, 1}"*? denote the missing-data pattern (or mask) as

Vie{l,...,n}, Vie {1,...,p}, Qm:{

In the sequel, let us denote the complementary of a set A as A := {1,...,p}\A. The MNAR
mechanism we consider is defined as follows, with 7 < M and |J| = r,

Yme M,Vie{l,...,n}, P(Qim = 1[Y;) = P(Qim = 1|(Yir)re ) 3)

Y =1a + WB + ¢, with

0 if Y;; is missing,
1  otherwise.
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which implies that the distribution of the mechanism may depend on all variables (missing or
observed) except 7 of them, that we will call pivot variables. Note that (3) implies that d < p — r.

Model identifiability Under a self-masked MNAR mechanism, one can prove the identifiability
of the PPCA model, i.e. the joint distribution of Y can be uniquely determined from available
information.

Proposition 1. Consider that d variables are self-masked MNAR indexed by M and p — d variables
are MCAR (or observed), indexed by M, as follows

Vm e M7VZ € {la ce ,TL}, P(sz = 1|Y;) = ]P)(Qim = 1|}/im) = Fm(¢9n + ¢in§/zm)7 (4)

Vje./W,Vie{l,...,n}, P(Qij :1|5/z) :P(Qij = 1) :Fj(¢j)a (5)

with ¢; € R and ¢, = (4%, 1,) € R? the mechanism parameters. F; and F,, are assumed to be
strictly monotone functions with a finite support. Assume also that

V(k,0)e{l,....p}% k#1,  QplLQY (6)

The parameters (o, X.) of the PPCA model (1) and the mechanism parameters ¢ = (¢1)ieq1,...p}»
despite self-masked MNAR values as in {@)) and MCAR values as in (3)), are identifiable. Assuming
that the noise level o is known, the parameter B is identifiable up to a row permutation.

The proof is given in Appendix |Al What is striking here is that mild assumptions are added about the
mechanism definition. Indeed, no standard function for F,,,, m € M is discarded. In particular, the
logistic function can be used, whereas [14]] presented many counterexamples when identification fails
considering this distribution.

3 Estimators with theoretical guarantees

In this section, we provide estimators of the means, variances and covariances for the MNAR variables,
when data are generated as described in Section 2] These estimators can be used to perform PPCA
with informative missing values, providing an estimator of the loading matrix B in (). This latter
can be in turn used to predict missing values. This new imputation method for MNAR variables in a
low-rank context is detailed in Algorithm I}

For the rest of this section, denoting J_; := J\{;}, assume the following

Al. Yme M,V¥je J, (B_m (B,j/)j/ejﬂ,) is invertible,

A2. Yme M,VjeJ, Y; 1L Q_m\(Y_k)kem.
Note that Assumption[AT.]implies that B has a full rank r and that any variable is generated by all
the latent variables. Assumption[A2]follows from the missing-data mechanism in (3).

For the sake of clarity, we start by illustrating these assumptions presenting the methodology in small
dimension, before showing results in the general case.

3.1 Toy example: estimation of the mean of a MNAR variable

Consider the toy example where p = 3,7 = 2, in which only one variable can be missing, and
fix M = {1} and J = {2,3}. Note that the MNAR mechanism is self-masked in such a context,
because Equation leads to P(21 = 0]Y1,Y,Y3) = P(Q; = 0|Y;). but the method can be
extended to other cases. A first goal is to estimate the mean of Y, without specifying the distribution
of the missing-data mechanism and using only the observed data.

Using algebraic arguments We proceed in three steps: (i)[AI] allows to obtain linear link between
the pivot variables (Y2, Y 3) and the MNAR variable Y ;. In particular, one has
Yo = Bo,1 30 + Bass1,3(11Y1 + Basa 3(31Y3 + G, (7)

with By_,1 3101» B2—1,3[1] and B;_,1 3[3) the intercept and coefficients standing for the effects of
Y, on Y and Y3, and with ¢ a noise term; (ii) ie. Yo L Q4|Y1,Ys, is required to obtain



identifiable and consistent parameters of the distribution of Y5 given Y 1, Y 3 in the complete-case

when ., = 1, denoted as B5_,; 5151, B5_, 5117 and B5_,; 5731
(Yo)ia,=1 = Bo_1 3001 + Bz_>173[1]Y1 + B3 1 303Y3 + ¢, 3

(note that the regression of Y1 on (Y5, Y3) is prohibited, as does not hold); (iii) using again[A2)
E[YolY1, Y3, Q1 =1]=E [Bgﬁl,s[m + B 1Y+ 35_>1,3[3]Y3|Y1»Y3] ;

and taking the expectation leads to
E[Y2] = B§—>1,3[0] + 8(2:—>1,3[1]E[ 1+ B3, ,3[3 E [Vs].

The latter expression can be reshuffled so that the expectation of Y ; can be estimated: the means of
Y» and Y5 are estimated by standard empirical estimators (it will be Assumption[A4]in the sequel).

Using graphical arguments The PPCA model

can be represented as structural causal graphs

[20], as illustrated in Figure[I] Starting from the

top left graph (in which each variable is generated '

by a combination of all latent variables, see s

one gets the top right one, as Y1 «— W AEY)E @ @ @
is equivalent (see [20, page 52])to Y; < Y.

Then, six reduced graphical models can be de- @

rived from the top right graph (two instances are
represented in the bottom). Indeed, a bidirected

edge Y ; < Y5 can be interchanged (see [20} rule A h
1, page 147]) with an oriented edge Y1 — Yo, @ @ @
if each neighbor of Y5 (i.e. Y; or Y3) is insepa- @ @

rable of Y; (see [20, page 17]). The bottom left
graph can also be represented by Equation (8,

which gives a connection between the algebraic F i.gure I: Graphical models for the toy example
and graphical approaches. with one missing variable Y1, p = 3 and r = 2.

3.2 Estimation of the mean, variance and covariances of the MNAR variables

Estimators of the mean, variance and covariances of the variables with MNAR values can be computed
one by one. That is why in the following, we detail the results only for a single variable, but we still
consider the case where several variables have MNAR values. It can easily be extended to the case
where other variables can have MCAR and MAR values, as explained in Appendix [B.5]

We adopt an algebraic strategy to derive estimators (see Appendix [B] for proofs) but graphical
arguments can be used to obtain similar results (see Appendix [F)). The starting point is to exploit the
linear links between variables, as described in the next lemma.

Lemma 2. Under the PPCA model (1)) and Assumption[A1l] choose j € J. One has

Yj = Bj—wn,j + Z j—m,JT—;[5'] .j’ + Bjﬁm,j_j[m]Ym + Cv (9)
j'edg—;
where { = — Zj'ej,j Bjﬁm“y_j [1€.5 — Bjﬁm“y_j [m]€.m + €.j- is a noise term.

B m,7_;[0) Bjﬁm g1 and B 7 [m] are given in Appendixand depend on the coeffi-
cients of B given in (). '

We then define the regression coefficients of Y ; on Y, and Y, for k € J_; in the complete case,
that will be used to express the mean of a variable with MNAR values.
Definition 3 (Coefficients in the complete case). For j € J and k € J_j;, let B]Hm T[]0
B¢ T [m] ]c-_,m, T be respectively the intercept and the coefficients standing for ‘the
effects of Y.j on (Y., (Y.j1) i ;) in the complete case, i.e. when ) ., = 1:
Yoo = Bima o+ 20 Bioema Yo + Bz o Yom + ¢ (10)
J'ed—;

e c L ,
with (¢ = Zj'ej,j B]Am,j,j [j7]€-9 Bjﬂm 7 [m)€m + €5
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Then, we make the two following assumptions:

B¢

A3. Vj € J,Ym € M, the complete-case coefficients Bj? T

C
Bjﬁm,ij[k

_,m7j_j [0] B m] and

P k # j,k € J_; can be consistently estimated.

A4. The means («a;);e 7, variances (Var(Y;)) ez and covariances (Cov(Y;,Y ;7)) e, for
J # j' of the r pivot variables can be consistently estimated.

Note that Assumption[A4.] is met whether the 7 pivot variables are fully observed.

Proposition 4 (Mean estimator). Consider the PPCA model (1). Under Assumptions[AL) and[A2.] an
estimator of the mean of a MNAR variable Y ,,,, for m € M, can be constructed as follows: choose
j € J, and compute

05 = B sm.g_y10 ~ Zijreq; Biom.a, 1%’

Be

j—m,J_;[m]

; (1)

A 1=

with (B¢

jom,J—;

[k]) ke{0,m}ug_,; estimators of the coefficients obtained from Deﬁnition

Under the additional Assumptions[A3. and this estimator is consistent.

The proof is given in Appendix [B:2} Proposition ] provides an estimator easily computable from
complete observations. Furthermore, different choices of Y ;, j € J can be done in Equation (]'1;1'[):
all the resulting estimators may be aggregated to stabilize the estimation of «,.

Proposition 5 (Variance and covariances estimators). Consider the PPCA model (I). Under As-
sumptions[AL] and[A2Y) an estimator of the variance of a MNAR variable Y ,,, for m € M, ,and its
covariances with the pivot variables, can be constructed as follows: choose a pivot variable Y ; for
7 € J and compute

(Var(Y.,) Cov(Ym, (Y.j/)j’ej))T = (M) P; (12)

assuming that o tends to zero, with Mj_1 e ROTVX(+1) P e R detailed in Appendix
These quantities depend on (&j/)jic g, G given in Proposition 4, and on (Var(Y;)jes and on

. N4
complete-case coefficients such as (B;/—ﬂﬂ,J—j’[k])ke{m}ujij, forj' e J.

Under the additional Assumptions [A3.] and the estimators of the variance of Y., and its
covariances with the pivot variables given in (12) are consistent.

The proof is given in Appendix [B3] Note that to estimate the variance of a MNAR variable, only
r pivot variables are required to solve (12) and r tasks have to be performed for estimating the
coefficients of the effects of Y1, on (Y¢)sefmyo g, forallk e J.

All the ingredients can be combined to form an estimator  for the covariance matrix (I). Define

3= (COV(Y}mY@)) k,le{1,...,p} 7 "

where

e if Y, and Y, have both consistent mean/variance estimators, then Cov(Y,Y,) can be
trivially evaluated by standard empirical covariance estimators.

e if Y, is a MNAR variable and Y, is a pivot variable, then @(Y_k, Y ) is given by (12),

e if Y is a MNAR variables and Y, is not a pivot variable, i.e. £ € J \{k}, a similar strategy

as the one above can be devised. Then Cov(Yx, Y ) is given by (50) detailed in Appendix
and for which some additional assumptions similar as the ones above are required. This
estimator relies on the choice of » — 1 pivot variables indexed by j and H < J, and only
necessitates to evaluate the effects of Y; on (Y ;/) j'e{k,.yun in the complete case.



3.3 Performing PPCA with MNAR variables

With the estimator 3 given in (I3)), one performs the estimation of the loading matrix B in (T)).
Definition 6 (Estimation of the loading matrix). Given the estimator by of the covariance ma-
trix in (T3), let the orthogonal matrix U = (i]...|d,) € RP*P and the diagonal matrix
D= diag(czl,cfg, .. .,cZ,,) e RP*P withdy > dy > ... = dp = 0 form the singular value de-
composition of the following matrix - azIdpxp =: UDUT. An estimator B of B can be defined
using the r first singular values and vectors, as follows

B=D/P0L = diag(ds, ..., d,)V*@]] ... |aF)T (14)

|

The estimation of the loading matrix is used to impute the variables with missing values. More
precisely, a classical strategy to impute missing values is to estimate their conditional expectation
given the observed values. One can note that with ¥ = B B + 61d,,,,, the conditional expectation
of Y., for m € M given (Y1), iz reads as follows

E[Y.nl(Yi)rest) = am + S iS5 g (Yu — i) »

with 2., 5 = Cmk)f i Zrin o= Crw)ppests Y a1 = Vi)rert and g = () peid-

Definition 7 (Imputation of a MNAR variable). Set " := BT B + 021d,,, for B given in Definition
@ The MNAR variable Y ,, with m € M can be imputed as follows: for i such that €; ., = 0,

Vim = @ + Dol 5t 5 (Vi = 630 (15)
with fm,/\? = (fm,k)fe/q’ fﬂ,/ﬁ = (fk,k’)k,k’eﬂ’ Y i1 = (Yi) e and épq = (Qk) e pr-
3.4 Algorithm
The proposed imputation method is described in Algorithm [T] and can handle different MNAR

mechanisms: self-masked MNAR case but also cases where the probability to have missing values on
variables depends on both the underlying values and values of other variables (observed or missing).

Algorithm 1 PPCA with MNAR variables.

Require: 7 (number of latent variables), o2 (noise level), 7 (pivot variables indices), {2 (mask).

1: for each MNAR variable (Y., )mer do 6: Form f) covariance matrix estimator in @])
2:  Evaluate &, the estimator of its mean | 7. Compute the loading matrix estimator B
given in (TI) using the r pivot variables given in (T4).
indexed by J. o 8: Compute ' = BT B + 0*1d,x,p.
3:  Evaluate Var(Y,,,), and Cov (Y., Y,) for [ 9: for each missing variable (Y ;) do
te J, usiIBg\@]). - 10:  for ¢ such that Q;; = 0 do
4:  Evaluate Cov(Y.,,,Y,) for £ € J\{m} | 11: Yi; < Impute Y;; as in (T3).
using Proposition [§] 12:  end for
5: end for 13: end for

Algorithm [T] requires the set 7, i.e. the selection of 7 pivot variables on which the regressions in
Propositions 4] [5]and[8| will be performed. If there are more than r variables that can be pivot, the final
estimator is provided by computing the median of the estimators over all possible combinations of r
pivot variables. In addition, in order to estimate the coefficients in Definition [3] we use ordinary least
squares despite that the exogeneity assumption, i.e. the noise term is independent of the covariates,
does not hold. It still leads to accurate estimation in numerical experiments as shown in Section 4}

4 Numerical experiments

4.1 Synthetic data

We empirically compare Algorithm[I|(MNAR) to the state-of-the-art methods, including



(i) MAR our method which has been adapted to handle MAR data (inspired by [17, Theorems
1, 2, 3] in linear models), see Appendix |Gl for details;

(ii) EMMAR: EM algorithm to perform PPCA with MAR values [3]];

(iii) SoftMAR: matrix completion using iterative soft-thresholding singular value decomposition
algorithm [12]] relevant only for M(C)AR values;

(iv) MNARparam: matrix completion technique modeling the MNAR mechanism with a
parametric logistic model [23].

Note that method [(i1)]is specially designed to estimate the PPCA loading matrix and not to perform
imputation, but this is possible combining Method [(iD)] with steps 8 and 9 in Algorithm[I] This is the
other way around for completion methods and [(1v)| but the loading matrix can be computed as in
(T4). Note also that methods|[(iiD)] and [(iv)] are developed in a context of fixed effects low-rank models.
They require tuning a regularization parameter \; we consider an oracle value minimizing the true
prediction error. We also use oracle values for the noise level and the rank in Algorithm[I] These
methods are compared with the imputation by the mean (Mean), which serves as a benchmark, and
the naive listwise deletion method (Del) which consists in estimating the parameters empirically with
the fully-observed data only.

Measuring the performance For the loading matrix, the RV coefficient [7]], which is a measure of
relationship between two random vectors, between the estimate B and the true B is computed. An

RV coefficient close to one means high correlation between the image spaces of B and B. Denoted
the Frobenius norm as | .|z, the quality of imputation is measured with the normalized prediction

error given by (Y —Y)® (1 — Q)|%/]|Y ® (1 — Q)[%. A discussion on computational times can
0.5-

be found in Appendix .
0.0%—%?

Setting We generate a data matrix of sizen = 4 =S

1000 and p = 10 from a PPCA model (I) with " 2 -

two latent variables (r = 2) and with a noise level _zz == =

o = 0.1. Missing values are introduced onseven = 2 2 @& §5 5 &2 @& § s

variables (Y.;)e[1.7] according to a logistic self- § §§§§ g9 § ggﬁg—? ¥ °

masked MNAR mechanism, leading to 35% of s N

missing values in total. Results are presented for == ‘ 6

one missing variable (same results hold for other T $ ? o =E ﬁ E5ES

missing variables). All the observed variables ° = 4

(Y1) ke[s:10] are considered to be pivot. Figure 2 X -

[ shows that Algorithms[T]is the only one which 1 T = S5

always gives unbiased estimators of the mean, o e O e e e

variance and associated covariances of Y ;. As S §’ & Q_@ £ S § & Qgg? AR

expected, the listwise deletion method provides g5 N ¢ Nl

biased estimates inasmuch as the observed sam- ) o

ple is not representative of the population with ~Figure 2: Mean and variance estimations of the
MNAR data. Method (i} specifically designed ~Missing variable Yy (top left and right graphics)
for PPCA models but assuming MAR missing and covariances estimations (bottom graphlcs). of
values, provides biased estimators. Method [(iv)] Cov(Y3,Y) (i.e. covariance between two miss-
improves on the benchmark mean imputation and  1ng variables) and of COV(Y.la. V) (i.e. between
on Method [(iii)] as well, as it explicitly takes into One missing variable and one pivot variable). True
account the MNAR mechanism, but it still leads values are indicated by red lines.

to biased estimates probably because of the fixed

effect model assumption.

Figure 3| shows that Algorithm || gives the best dimensional example (yet not in higher dimen-
estimate of the loading matrix and the smallest sion, see Appendix [C).

imputation error. Biases in estimation results be-

ing lower, Method [(D)} based on same arguments

as Algorithm [I|but considering MAR data, may

be considered as a second choice for this low-



2.0 RV

1.5 MNAR 0.997

1.0 MAR 0.993

05 EMMAR | 0.988

e SoftMAR 0.986

e & & & § s Mean | 0.593
o &

<
Figure 3: Prediction error (left) and median of the
RV coefficients for the loading matrix (right).

In Appendix [C} we report further simulation results, where we vary the features dimension (p = 50),
the rank (r = 5), the missing values mechanism using probit self-masking and also multivariate
MNAR (when the probability to be missing for a variable depends on its underlying values and on
values of other variables that can be missing) and the percentage of missing values (10%, 50%).
The results obtained on the simulations presented before are representative of other results obtained
with different number of variables, ranks and mechanisms. Besides, as expected, all the methods
deteriorate with an increasing percentage of missing values but our method is stable.

We also assess the robustness of the methods in terms of noise, model misspecification (assuming a
fixed effect model) and we evaluated the impact of underestimating or overestimating the number r of
latent variables. When we increase the level of noise, our method is very robust in terms of mean and
variance estimations, and despite a bias for some covariances estimation for large noise it outperforms
competitors regarding the prediction error. When data are simulated according to a low-rank fixed
effect model, Algorithm [I] provides results close to the ones of Method which is specifically
developed for this model and MNAR data. Moreover, it turns out that the procedure remains stable at
a wrong specification of the number of latent variables r. These extensive simulations highlight that
our approach is stable to model misspecifications of the PPCA assumption.

4.2 Application to clinical data

We illustrate our method on the TraumaBase® dataset containing the clinical measurements of 3159
patients with brain trauma injury. Nine quantitative variables, selected by doctors, contain from 1
to 30% missing values, leading to 11% in the whole dataset. After discussion with doctors, some
variables can be considered to have informative missing values, such as the variable HR.ph, which
denotes the heart rate. Indeed, when the patient’s condition is too critical and therefore his heart rate
is either high or low, the heart rate may not be measured, as doctors prefer to provide emergency care.
Both percentage and nature of missing data demonstrate the importance of taking appropriate account
of missing data. More information on the data can be found in Appendix

Imputation performances To assess the quality of our method, we introduce additional MNAR
values in the variable HR.ph (which has an initial missing rate of 1%) using a logistic self-masked
mechanism leading to 50% missing values. The other variables are considered M(C)AR.

The noise level is estimated using the mean of the 1.0- e ——— ——
last eigenvalues [8] and the rank of Y is estimated 3'2: ——

using cross-validation [6]]. Both quantities are es- 0.4]

timated using the complete-case analysis (1862 —c @ @ £ s
observations). In Figure ] the prediction error § § & & ¥
is relative to the error of the benchmark imputa- « @ S

<
tion by the mean. Algorithm ] gives significantly Figure 4: Comparison of the prediction error
smaller prediction error than other methods. over 10 replications for the TraumaBase data.

Conclusion

In this work, we propose a new estimation and imputation method to perform PPCA with MNAR data
(possibly coupled with M(C)AR data), without any need of modeling the missing mechanism. This
comes with strong theoretical guarantees as identifiability and consistency, but also with an efficient
algorithm. Estimating the rank in the PPCA setting with MNAR data remains non trivial. Once
the number of latent variables is estimated, the noise variance can be estimated. A cross-validation
strategy by additionally adding some MINAR values is a first solution, but this definitely requires
further research. Another ambitious prospect would be to extend work to the exponential family to
process count data, for example, which is prevalent in many application fields such as genomics.
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A Proof of Proposition [I]

For the sake of readability, we first present the proof of Proposition [I]in the case of the toy example
presented in Section [3.1|with p = 3 and » = 2. The proof in the general setting follows.

A1 Proof of Proposition [I)in the case of the toy example presented in Section [3.1]

Consider the setting of the toy example presented in Section[3.T|with p = 3 and » = 2. The PPCA
model in (I reads

Y = (Yl Y, Yg) = (041 2 013> + (Wl WQ)B +e€,
Y ~N(,X), Y =BTB+0%l.
Y5 and Y3 are assumed to be observed and Y is self-masked MNAR, i.e.
P(Q1 = 1]Y1, Y2, Ys561) = P(Qy = 1|Y1;¢1) = F1(¢) + o1v1), (16)

where F is strictly monotone with a positive finite support.

Proof. Assume that (Y, ) and (Y, ') have distributions respectively parameterized by («v, ¥, ¢1)
and (o/, %', ¢)). Assume that Y and Y’ have the same observed distribution, i.e.

LY, Q= 11,80, ¢1) = LY, 2 = 107, %, 1) (17
['(Ylayvjan = 1;a17aj72(1j)7¢1) = )C(Yllvy;/vgll = 1;a/1aa;'72/(1j)7¢/1) jE {273}’ (18)

Y Xy,

1y 2jj
holds, we need to show that (I7) and (I8) imply that & = o/, ¥ = ¥ and ¢; = ¢}. Then, under a
known noise level o2, we prove that B and B’ are equal up to a row permutation.

As (Y2,Y3) and (Y3, Yy) are fully observed, the parameters of the distributions £(Y3), £(Y3), L£(Y3),
L(YY), L(Y2,Y3) and L(Y3,Yy) are identifiable. It trivially implies that as = b, Yoo = b,
a3 = Oég, 233 = 219)3 and 223 = 2/23

where Yy is the covariance matrix < > . In order to show that parameters identifiability
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Identifiability of the MNAR variable variance Equation (T7) can be rewritten in terms of density
function as follows

friai=1(ys 0, 811, 61) = fyrop=1 (v 04, 211, 61) Yy eR.
Given the missing mechanism in (I6) and that Y; ~ N (aq,X11), [14, Theorem 1 a)] ensures that
Y =Y.
Identifiability of the Mean and the MNAR mechanism parameter Using (I7) and (Ig), the
previous computations entail that
‘C‘(1/2|}/13 Q= 100, g, Z(12)a ¢1) = ‘C(Y2/|1/1/7 Q/1 =1 0/17 0/27 Z/(12)7 ¢/1)7
noting that

Iy va,00=1(Y1, Y25 a1, a2, B(12), $1) 2
Iavi=y,00=1(Y2; a1, a2, X(12), 1) = —— V(y1,92) €R
YZ‘Yl yl,Ql 1( 2 1 2 (12) 1) fY17Q1=1(y1;a1,211,¢1) ( 1 2)

One obtains

P(Q1 = 1|Y1 = y1, Y2 = y2;61) fra vy =y (Y25 @1, @2, B(12))
P(Q = 1|Y1 = y1;¢1)
POy = 1Y) = y1, Y5 = y25 1) fyg vy =y, (Y2; 01, 0, Xy 5))

= Y(yy, e R?
P =11 = y1;¢)) (v, 32)

Yet,
P(Q = 1{Y1 = y1,Y2 = y2;41)

E[E[lo,=1|Y1 = y1,Y2 = y2, Y3 = y3;01][Y1 = 41, Y2 = 1]
[P(Q2 = 1Y = y;01)|Y1 = y1, Y2 = y2]

[P(Q21 = 1|Y1 = y1501)[Y1 = 1, Y2 = 2]

Q1 = 1Y =y1;61) (19

by measurability. It implies for all y; € R and y5 € R

E
E
P

fY2|Y1=y1 (y2; a1, g, 2(12)) = sz’\Yl’:yl (Y23 0/1» 0/2, E'(m))

which leads to the equality of the conditional expectations and variances associated to the above
densities:

ar + SpS e —y1) = az + 2,87 (o) —y1) Vg eR
To2 — BHEE = B2 — (B15)°51

It implies that
STy = (D12)" = [Sa] = [Ty (20)
o1 _ (aq — 1) /
o = ——= |l —yi|=|a] —n Yy e R 21
2/21 (CY1 _ yl) | | | 1 |
Equation (21)) implies that oy = o, since for y; = o, one has a3 — o) = 0.
Using (T8), one has

P(Q1 = 1|Y1 = y1, Yo = yo;61) fivy,ve) (W1, Y25 1, a2, Ba2y)
=P = 1Y =51, Y5 = y2; ) fvrvy (Wn, 25 0, 09, Biag))  Y(y,42) € R®(22)

Using (19),

_1 _ _ -1 (Y1 — 1
exp( s (W —a Y2 —a2) Xy, (yz - 042>> P(Q; = 1Yy =y1;5¢1) det(X(12))

)t (31 - 31)) P =107 =yi:d1) | det(s) )’
2 — G2

exXp <—§ (y1 —a1 Y2 — ag2) (E/(

11



where det(X(;2) denotes the determinant of the matrix ¥9).

. 2 _ Ry Vdet(Eaz)
With , one has Y1195 — 212 = Y1129 — (212) and m =1.
It leads to V(y1, y2) € R?,

P(Qy = 1|Y1 = y1;¢1)
P(Q) = 11Y{ = y1;61)

K- =1,
with

exp (—m ((y1 — 1)®Tu1 + (Y2 — a2)*D2 — 2(y1 — 1) (y2 — ag)Elz))

K = .
exp (_m ((y1 — 01)?E11 + (Y2 — a2)?X92 — 2(y1 — o) (y2 — 042)2'12))

The quantity K is equal to one, because

(y2 — o2) ((y1 — 1) 12 — (31 — @) B],) =0

using (ZI)). Thus,

P(Qy = 1|Y1 = y1;¢1)
P(Q) = 1|Y{ = y1;¢7)

=1 < F(¢)+o1m) =F((¢)]+(¢)y) VimeR

As F is strictly monotone, it is an injective function. Thus,

Hirorm = (@N+(@hm  VmeR = (@-(@N)+H(@1—d1)y =0 VymeR
It implies ¢1 = ¢.
Identifiability of the Covariances of the MNAR variable Equation (22)) thus leads to

fov va) (Y1, 923 a1, a0, B12)) = frvy vy (Y1, 925 04, a5, X4 9)) Y(y1,y2) € R?

One can conclude that X1 = X ,. The same reasoning may be done for the covariance between Y;
and Y3.

Identifiability of the loading matrix One wants to prove B = B’ up to row permutation. One has
Y=Y oY -0l =% —0’l,x,
< BB = (BB (23)
As BT B is a positive symetric matrix of rank 2, one has the following singular value decomposition,
BTB = (B)'B' =UDU7,

where U = (uq|us|us) € R3*3 the orthogonal matrix of singular vector and
g g

Vdi 00
D= 0 \/@ 0le R3x3
0 0 0
with d; = do = 0. One can choose
o (]
\/@Uz

noting that a row permutation of B would not change the product BT B. Therefore, B = B’ up to a
row permutation.

O
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A.2  Proof of Proposition[T]in the general case

We present the proof of Proposition[I]in the general case where d variables are self-masked MNAR
and p — d variables are MCAR.

Proof. Assume that (Y, Q) and (Y, ') have distributions respectively parameterized by («, X, ¢)
and (o, %', ¢'). Assume that Y and Y have the same following observed distributions

‘C(YVJaQJ = 1;ajvzjj7¢j) = E(ij/aQ; = 1,0[37Z;j,¢3) v] € {17---,]7}7 (24)
L(}/JaykaQ] = lan = 17a]7ak?E(Jk)7¢]?¢k)
:‘C(}/jlvyk/vQ; :179% :1,a;,a§€,2’(jk),¢;,¢;€) v_]?ékiE{l,,p}, (25)

. OV TEE
where Y ;1) denotes the covariance matrix | ./’ ik,
J Dk 2kk

In order to show that parameters identifiability holds, we need to show that and implies that
a=a',Y =Y and ¢ = ¢'. Then, under a known noise level o2, we will prove that B and B’ are
equal up to row permutations.

In what follows, fy ; or f(y, v, respectively denote the density function of Y ;, and of (Y, Y.

In the following, we will use the following tip, for any [ € {1,...,p} and £ < {1, ..., p}\{{} such
that 0 < K| <p—1,

P(Q = 1Y, = y1, Yk = yx; 1) = E[E[1q,=1]Y;0:]|Y1 = w1, Y = yx]
=E[P(Q = 1Y = y;00)[Y = w1, Yk = yx]
Thus,

Py = 1Y, = i, Y = yx: 1)

| E[P(y =1|Y; = yi; 00)|Y1 = w1, Yic = yx] if Y} is self-masked MNAR
| E[P(Q =100 Y = wi, Y = yk] if Y; is MCAR

by measurability if Y] is self-masked MNAR and by independence if Y; is MCAR. Thus, using the
mechanisms in @) and (@),

Py = 1Y, =y;;¢1)  if Y] is self-masked MNAR  (26)

P(Q; =1lY; = Ye = . =
(S IYi =y, Y = yic; 1) {P(Qz=1;¢z) if Y is MCAR (27)

Identifiability of the parameters for the not-MNAR variables (Y}) ;c i1

Mechanism parameter, Mean and Variance of Y}, j € M. Equation (24) trivially gives that
P =1)=P(Q; =1).

Using @7), P(Q2; = 1) = P(Q; = 1]Y; = y;;¢;) = F;(¢;). As Fj is strictly monotone, it implies
that

Fj(¢;) = Fj(¢)) = ¢j = ¢}
Equation (24) also leads to
P(Q; = 1Y) = y;30;) fy; (ys5 05, By5) = P(Q = 1|Y] = y;30)) fv: (y;:05,5};)  Vy; eR.
As ¢; = ¢, one obtains
fri(yji05,555) = fyvi(yj:05,55;)  Vy;€R

!

Lo N o _ . , . .
which directly implies that oi; = o and ¥;; = 37, since Y and Y are Gaussian variables.
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Covariance between two not MNAR variables Y; and Yy, j # k € M. Equation (23) gives that
for all (y;,yx) € R?

P(Q; =1, = 1Y) = y;, Y = yk; 05, Ok) fv; vi) Wi Yk @y Qs 2 k)

=P(Q) = 1,9, = 1Y} = y;, Yy = ys &5, %) fovr v (Y5, Uks o, 0 B ), (28)

and one has as well that

P(Q; =1, = 1Y) = y;, Yi = yr; 95, 0x) = P(Q = 1|V = y;; 6;)P(Q = 1Yk = yx; dx),
because ; 1L Q|Y. Likewise,

P =1, = 1Y) = y;, Y{ = y; 8}, ¢) = P(Q = 1Y} = ;5 ¢7)P( = 1Y) = yx; ¢},)-
Given that ¢; = ¢ and ¢}, = ¢}, one obtains

P(Q; = 1,% = 1|Y; =y, Yo = yr; 5, ) = P(Q) = 1,9, = 1Y) = y;, Yy = yr; &5, Ok
Thus, Equation (28) leads to, for all (y;, yx) € R?,

fors v Wiy g, s Bg ) = fovy vy Wi s 055 0%, S(50),

and Xj; = X7, .
Identifiability of the parameters for the MNNAR variables

Variance of Y,,,, m € M Equation (24) gives that
f(Ym,Qm:I)(ym; Qo Ymm, ¢m) = f(Y’ Q1 =1) (ym§ a;nv E;nma ¢;n) vym e R.

mo~im

Given the missing mechanism in (E[) and that Y, ~ N (o, Xmm), [14] Theorem 1 a)] ensures that
Emm =3

mm:*

Mean and mechanism parameter of Y,,,m € M Let j be the index of a not MNAR variable.
One has

,C(Y}, Qj = 1|Ym, Qm = ].; Qj,y Qi E(jm), (bj, ¢m)
:ﬁ(Y;/,Q; = 1|Y1,naQ/7n = 1;@;,0&;7” l(_,m)agbljv(b/m,) (29)
using (24) and (23) and noting that
f ;.0 =1)1 Yo = 2 =1 (Y55 Q5 Qs By s G5y Om)
_ f(Yj,szl,Ym,szl)(ij Ym; Oy, O,y E(j'm)u ¢j7 (bm)
f(Ym,Qm=1) (ym, Qmy L ¢m)
Equation (29) implies that ¥ (y;, y.,) € R?,

v(yja ym) € R2'

]P(Qm = 1|YJ =Y, Yo = Yms ¢M)ij\Ym:ym (yj;aja a7 %) Z(jm))
P(Qm = 1|Ym = ym§¢m)
P(Q;n = 1|Y;I = yj’len = ym;qslm)fYﬂYT'n:ym (yj;az‘aa;na E/(]m))
B, = 11, = tmi )

P(QJ = 1|}/J = yjaYm = ymygm = 1;¢j)

=P = 1Y) = y;, Y., = Ym, Dy, = 1;9))

(30)
One can note that
Py = 11Y; = 45, Y = Ym, Qm = 1:6;) = P(Q; = 1Y = y;;6;).

Indeed,
P =1nQy = 1Y, =y, Yoo = Ym; &5, Om)

P(Qn = 1Y) = y;, Yin = ym} ém)
_ Py = 10Y) = 953 6)P(Qm = 1Y = Y $m)

P(Qm = I‘YJ =Y, Ym = ym%¢m)

=P(Q; = 1Y) = y;:6;),

P(Q; = 1Y) = 45, Yin = Ym> Qm = 1;05) =
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using (6) in the second step. Likewise,
B(QY = 1Y) = ;. Yy = 4y = 110)) = BQ) = 1[Y] = 116,
Given that ¢; = ¢,
P(Qj=1|Y}=yjaym:ym;9m:1§¢j): ( _1|Y/_y]aY/ _ym7 _ld))
Thus, Equation (30) leads to
P(Qm = 1|Y] = yjaYm = YUm; ¢m)ij|Ym=ym(yj;ajvama E(jm))
B, = 1Y} = 93, Y1 = Yo S) Fy 1y mym (475 @ 0l 50

= s i Um) € R2,
B = 11V, = ymi ) Y am) €
AsP(Qy, = 1Y =y, Yo = Ym; &m) = P(Q, = 1|Y; = y;; ¢ny) by using (26), one obtains

I3 =y (Y53 05 Qs D)) = Sy 11y, =ym (Y55 &5 Oy Zjimy) V(yj, ym) € R?,

which leads to the equality of the conditional expectation and variance, as follows:

a4 B S (o = Ym) = & + 50,5(50,,) (@ —ym)  V(ys, ym) € R?
2 1 2 -1
E ijzmm = EI (Z;n]) (E;nm)

— A /
As aj = o and X, = X0,

Srng = (Cmg)? = Sl = S0y 31)
Emj (a;n - ym)

S = (o gy = lom —yml =l —ym| Yy R (32)
mj m m

Equation (32) implies that v,,, = o,,, since for y,,, = o/, one has a,,, — ], = 0.

In addition, using (24), one has for all (y;, y.,) € R?,
P(Q =1, Q= 1‘Y = yjaY = Ym; ¢ja¢m)f(YJ,Ym)(yj7ym;O‘jaO‘mvz(jm))

=P = 1,0, = 1|Y] =v;, Y, = ym31 0} &) fvr vy Wi Ymi @, 0y, Sy) - (33)
One can note that
(Q =1 an - I‘Y - y]a - y'ma¢ja¢m)

=P(Q; = 1Y = y;; 6;)P(Qn = 1Y = Y b)),
using (B). The same equation holds for (Y},Y,,,, €, ) with the parameters (¢, ¢/,). Using
¢; = ¢, Equation (33) leads to

P(Qm = 1|Ym = ym;¢m)f(Yj,Ym)(yj?ym;ajaam72(jM)) =
P(2, = 1Y = yimi 6n) fovr v (W5 Ums @5 00, ) V(5. ym) €RZ (34)

m

It implies that, V(y;, Ym ) € R?,

(g — g — )DL YT
exp ( 2 (y] a; Y « ) (Gm) Ym — Qm, P(Qm _ 1|Ym _ ym;(pm) B det(E(Jm))

=\ B = 1Y = g Ol
exp (4 =05 v —al) (5,01 (2227 )) PO = IR =000 a3, )

Ym — Qppy

where det(X;,,,)) denotes the determinant of the covariance matrix X ;,y,).

With ¥ EJ s Zm = 3/ ., and Equation (3T)), one has
det(S(jm) )
E]]me - 21271] = Z]jzmm - (Z;nj)z = 717” =
det(Z’(jm))
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Besides, using o; = o}, ¥j; = X and Xy = X7,,,,,, one obtains that for all (y;,ym) € R?,

mm?

P, = 1Y), = ymidp,)

!/
js

K

with
o O (—m (%5 = 0)* 855 + (Ym — am)*Smm — 25 — ) (ym — am)zmj))

exp (*m (5 — )2 855 + (Ym — @) Zmm — 245 — ) (Yym — a’m)Einj))
The quantity K is equal to one, because
(yj - aj)((ym —am)Emj — (Ym — O‘;n)zgnj) =0
using (32)). Thus, for all y,,, € R,

]P(Qm = 1|Ym = ym;(bm)

=1 < F,(¢° L ym) = Fo, /Om /}nm.

As F is strictly monotone, it is an injective function. Thus,
G+ Ot = () + () = (80 — &) + (@) — P1)ym =0 Yy R
It implies that ¢,,, = ¢/,.
Covariance between Y; and Y,,, with j € M, m € M Using (34) and ¢,,, = ¢/,,, one has
F0v; Yo Wi Y @, Qs Bigimy) = Fovr,v) Wi Ym3 & Qs Bigmy) - V(Y55 Ym) € R?

/!
One can conclude that X,,; = X ..

Covariance between Y; and Y,,, with ¢ # m € M Using (24), one has for all (ys, ¥ ) € R?,
P(Q = 1,Qm = 1Y) = yj, Yin = Ym; 00, Om) F(ve,v) Ut Yms Qs Oy Xom))
= P(QIE = 13 Q/m = 1|}/[/ = Yu, Yr; = Ym; Qb%v (rzs;n)f(Yl’,an)(yZaym; O‘Za Oé;nv El([m)) (35)

One can note that

P(Q€ = LQm = 1|}/Z = yf7Ym = ym;(bfagbm)
=P(Q = 1Y, = yo; 00)P(Qr = 1Y = Y Om),

using (6). The same equation holds for (Y,, Y., €2}, Q) with the parameters (¢}, ¢.,,). Yet ¢y = ¢,
and ¢, = ¢,,,, which gives, for all (y;, ym) € R?,
P(Q =1, Qm = 1[Ye = Yo, Yoo = Ymi b0, o) = P(QU = 1,0, = 1|Y{ =y, Yy, = Y} Ge, &y
Equation (33)) leads to

Fveyu) Wes Yms @0, Qmy Sem)) = Fve v e, Yms @ s i) V(Y ym) € R?,

which implies that X, = 3, .

Identifiability of the loading matrix One wants to prove that B = B’ up to a row permutation.
One has
Y=Y =N 0%, =Y — %Ly
— BB = (BB (36)
As BT B is a positive symetric matrix of rank r, its singular value decomposition reads

BB = (BB =UDU",
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where U = (u] ... |u,) € RP*P is an orthogonal matrix containing the singular vectors and

Vidy
D= . Vi € RP*P
0
with dy = --- = d,- = 0. One can choose
\/dluf
B = :
Vidul

A row permutation of B does not change the product BT B. Therefore, B = B’ up to a row
permutation.

O

B Proof for Section[3|

B.1 Proof of Lemmalf2l

Lemmal[2| Under the PPCA model (T) and Assumption|A1] choose j € J. Denote B~' € R™" the
inverse of (B.m  (B.j')jicg_,). One has

Y =Bima o0+ Y, Bisma,i1Ys + Bismg,mYm + ¢

J'€T—;
with:
-1 .
Binma = 2 BB Vel
ke{m}uJ_;
Bimgtm = Y, BunBik,
kE{m}uJ,j

Bimg o) =105 — Y Bimm.g 11105 = Bjsm, 7 fm)10m
j/ej—j

(== Z Bj—’mxj—j [i1€3" — Bj—>m,j,j [m]€.m + €5
Jj'edg—;
Proof. Starting from the PPCA model written in (T)) and recalled here
Y=1la+WB+e¢

and the matrix B € R"*P being of full rank r, solving this linear system is the same as solving the
following reduced system

(Y (Yj)jeq;) =1loy+(Wa ... W,)B, + €,

where B|,. € R"*" denotes the reduced matrix (B_m (B.j/)j'ejij) of B. Similarly, o, € R" and
€ € R™*" denote the reduced matrices of o and e. With a slight abuse of notation, B ~! denotes the
inverse of the reduced matrix (B, (B.j)jcs_;) which exists using

Then, one can derive that

Wi oo Wa) = ((Yan (Vj)yes,) —1lay, —¢,) B!
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The expression of Y ; as a function of the latent variables is
Y,=1la;+ (W1 ... W,)Bj +¢€;
=1a; + ((Ym (Yj)jes,) — Loy —€,) B 'B; + e,
so that

Yi= ) >, Bu'Bu|Ya

ke{m}uJ_; \Le{m,}uT_;

- D By'Bj|(lak +ex) + € + 1oy,
ke{miod—; \tefmpuT-;

which leads to the desired solution.

B.2  Proof of Proposition[d]

Proposition[d] (Mean estimator). Consider the PPCA model (1). Under Assumptions[AL) and[A2] an
estimator of the mean of a MNAR variable Y ,,,, for m € M, can be constructed as follows: choose
j € J, and compute

A PR— C J— C .
& =B, g 100 = 2yreg; Biom.g_ 11
B¢

j—m,J—;[m]

Qo 1=

)

with the (Bjﬁm’jﬂ. [k]) s estimators ofAthe coefficients given in Deﬁnitionand assuming that the
coefficient BS estimated by B¢

j*’mvjfj [’ITL] jﬁm,J,]’[m

Under the additional Assumptions[A3. and this estimator is consistent.

] is non zero.

Proof. The main goal is to obtain a formula for « ,, i.e.

P C _ c .
a; = Bj_,. 7 0] ~ 2jrea, Bim.g, 11
B¢ ’

Jom,J—;[m]

U = (37
from which an estimator can be deduced. The idea is to express «; from o, and () e 7_;. Note
that E[Y ;] = E[E[Y;|(Yx)4eg;3]]- Assumption leads to

E[Y;1(Yi)rey] = E[Y,(Y) Qo =1].

ke@ ke@?

Then, by Definition [3|which gives (Y ;)0 . ~1.

=E|Bj.mg 0+ Z B w7 Yk + CC‘(Y.k)kgg}
ke{m}uJ_;

= ngam,.f],j [o] + Z ]C'H'm,J,j [k]Yk +E [CC’(Yk)kem]
ke{m}uJ_;

Thus, by taking the mean and given that E[e | = 0, Yk € {m} v J_;, one has
=Byt 2 Bim 1%+ Bl g )
j'edg—;

implying Equation (37)), provided that 3¢ # 0.

jom,J—;[m]

From this formula for the mean v, one define its estimator ¢, as in (TT). It is trivially consistent as
the linear combination of consistent quantities under[A3] and [A4]] O

18



B.3 Proof of Proposition 5]

Proposition [5| (Variance and covariances estimators). Consider the PPCA model (1). Under As-
sumptions[AL.] and[AZ)] an estimator of the variance of a MNAR variable Y ., for m € M and its
covariances with the pivot variables, can be constructed as follows: choose j € J and compute

(Var(Yom) Gov(¥m (Yires)) = (M) B,

1

assuming that o® tends to zero and the inverse of the matrix M; estimated by (M;)™" exists, with

EAR € ERT

R R ) T
]/\j] — € R { (Bj*)m"y*j [m])2 0 28;_’m7\7—j [m] (B;—)mvj—J [j—7])
e R {| = (B g, ke (M*)reg

c
J1—=m,J—j, [m]

Let us precise that Z\/Zj e RUDX+1) Ope has (Bz_}m.jik[m])kej =

C
Jr—=m,J—j,.[m]

One details W for k = 31 and the same definition is valid for all k € J.

Mi = (1 _Be

— B¢
J1—>m,J—j [d2] " ji—=m,JT—j, [r]

)ER’”

eR

A

(Var(Y;) - Q° — (BJCHm,J_j[J—j])TVM(YJ*J)Bac'ﬁmwj—j [T-5] }e R
5c N N T . \a
(B 7O G (@er )" —anan])  |lerr

P;

QC = (@‘(YJ)}Q"L = 1)
— (Cov((V e Y) Var( (Yo epy) ™ Cov (Ve Ya) ' [2m = 1).

Under the additional Assumptions [A3] and the estimators for the variance of Y ,, and its
covariances with the pivot variables given in (13) are consistent.

Proof. As for the mean, to derive some estimator of the variance and the covariances, we want to
obtain a formula as

M; (Var(Y) Cov(Yom, Yilres))' = (P — O(a?)), (38)

with

eR e R"

N A

. T
M. = € R{ <BJC-—’m-A7—_7 [m])2 0 28;—>m,\7,j[m] (B]C'—Wn,ij[jfj])

J
- (M¥)es
B;, om.g s, )
Let us precise that M; € ROTDX("+1)_ One has (B[] keT =
B¢

Jr—=m,J—j,.[m]
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One details M* for k = j; and the same definition is valid for all k € 7.

M= (U =Bt Beng, ) € R

eR

A

(Var(Y,)) = Q° = (B, ;o )TVar(Vz )BS o o1 |leR

Pj - (((Bgﬁm,J_k)T (1 E[Ym] (]E[YZ])KGJ—R-)T - ]E[Yk])E[YM])kEJ }E R’

eR

Ovar(0'2) }ER

O(0?) = _ (Ocov,k(02))k€j }e R’

with 0yar (%) and ocoy k (02) detailed in (@) and @7) respectively.
Q° = (Var(Y‘j)’Q‘m = 1)

- (COV((YIC)I@G@’Yj)Va‘r((Yk)kem)_1COV((Y7€)]¢€{7}’Yj)T|Q~m = 1) - (39
The strategy is to prove each equality of the linear system in (38).
Deriving an equation for the variance. The idea is first to express Var(Y ;) from Var(Y,,),
(Var(Yjr))jes_; and (Cov(Y.k, Y.e))rsee(myos_ ;- The law of total variance reads as

Var(Y ;) = E[Var(Y;|Z)] + Var(E[Y ;] 2]), (40)
with Z = (Yk)kem
For the first term in (#0), using Assumption[A2.] one has
Y, L (Q, =1)|Z

which leads to
Var(Y;|Z) = Var(Y;|Z,Q., = 1).

The conditional variance for a Gaussian vector gives
Var(Y;|Z) = Var(Y ;) — Cov(Z,Y,;)Var(Z)~'Cov(Z,Y;)7,
implying that
Var(Y;|Z, Q. = 1) = (Var(Y,;) — Cov(Z, Y ;)Var(Z) ' Cov(Z, Y.j)T|Q.m =1)
and then, as deterministic quantity,
E[Var(Y;|Z)] = (Var(Y;) — Cov(Z,Y,;)Var(Z)'Cov(Z,Y ;)" | = 1) .
One has

Cov(Z,Y ;)Var(Z)'Cov(Z,Y ;)" =
Cov((Ya) ey Y ) Var((Y)ep) ™' Cov((Yie sy Vo)
leading to
E[Var(Y;|2)] = Q°, 41
where Q° is defined in (39).
For the second term of (#0), remark that[A2] implies that
Var(E[Y;]2]) = Var(E[Y;|Z, Q2 = 1]),
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and

Var(B[Y;|2,Qm =1]) = Var (E | BS,,, 7 g+ O, B mYe+<°\2 ] |,

ke{m}uJ_;
ie.

Var(E[Y]Z, Q. = 1])

= Var Z BS .7 sk Yk — 2 BS g, Elerl 2] + B 7,101 T Ele]
ke{m}uJ_; ke{m}uJ_;

In the variance, the first term is obtained using that the variables (Y1 )re(m}o_, are Z—measurable.

. .. J
The two last terms use that B;_)m o,k 182 constant and € ; is independent of Z. To calculate the sec-
=g

ond term, involving E[e ;| Z], one first shows that the vector ((Y.e)refmyos_, (€x)refmjvg., )T
is gaussian. Indeed,

° (Yk)ke{m}uj_j is a gaussian vector, using the model ().

o (€r)kefm}u 7., 1s a gaussian vector, because its components are independent gaussian
variables.

o fork # e {m}u J_;, (WB. e,g)T is a gaussian vector, because Y, L € ,.

o forke{m}u J_j,(Yr e€x) isagaussian vector, given that Y, is a linear combination
T L. . . . .
of (WBy,. €) which is gaussian, as W By, and € j, are independent gaussian variables.

Thus,
E[e x| Z] = E[ex] + Cov(ey, Z)Var(Z)"*(Z — E[Z])
= Cov(e, Yi)(Var(2) ). (Z — E[Z]),

using Cov (e, Y;) =0, for k # 1. Tz = Var(Z)~! denotes the inverse of the covariance matrix of
Z and (T z)i. is its k-th row. It leads to

Ele x| Z] = 0*(T'2).(Z — E[Z]). (42)
given that Cov(e g, Yy) = Cov(e y, WBy. +€) = Var(eg).
Therefore,
Var(B[Y;|Z, Qm = 1) = >, (BS,, 7 ) Var(Ya)
ke{m}uJ_;
+ > 2B5 0 7 k1B 10CoV(Yk, Vi) + 0var(0?),  (43)
(k<€)e{m}uJ_;
where
Ovar(UQ) =-20" Z fﬁm,j,j[k]Bgc'—»m,J,j[e] Z (T'z)ewCov(Yk,Ye)

(k,0)e{m}uT_; te{fmiuJ_;

+ot Y (Biama )’ ] (T2)ieVar(Yee) — 2(T2)ke(Tz)ee Cov(Ye, Yier)
(e<t)e{m}ouJ_;

ke{m}uJ_;
—20* 2 B]c'ﬂm,J_j [k]B]‘?Hm,J_j 1] Z (T2) ik (T2)eerCov(Yp, Yr)  (44)
(k<f)e{m}uI_; (k' )e{myuT_;

Combining (@T)) with @3), one get the following expression for the first line of the linear system

c 2 c c
(Bj—wn,J,j[m]) Var(Ym) + Z 2 j—»m,jfj[j']Bj—Wn,J,j[77L]COV(Yj/?YM)

j'ed—;

= Var(Y]) - QC - (B;Hm,.j,j [,],j])Tvar(ijj)B;ﬁm,J,j [T-;1 OV&T(OQ) (45)
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Deriving equations for the covariances. Let k& be an element of .7, our objective is to express
COV(Y.ma Yk) from Var(Ym)a Ay (Oék)kej and (COV(Ym; Yk))ke{m}u]~

Cov(Yom, Vi) = E[Y., Y] — E[Vm]E[V]
_E[ [YmYk|Z]] E[Ym] [ ]
= E[YnE[Y | Z]] — E[Y.5 JE[Yk], (46)

with Z = (Yf)le{?}'

For the first term in #6)), one has

E[Y B[V 4| Z]] CE[Y B[V 4]Z, Q. = 1]]
(#4) c C ¢
=E|Ym Bk—wn,]fk[O] + Z Bk—"n,jfk[é]y'l +E[G|Z]
Le{m}uJ_y

h)
= Bzﬁm,J_k[O]]E[Ym] + Bzﬁm,J_k[m]E[Yiz]

+ Z Blccam,J,k[Z]]E[YmY.d+Ocov,k(0'2)
e i

with Cl? = Zéej_k Bz_»m,J,k[e]E'Z - BZ—»WL,J,k[m]em + €k
Assumption[A2] and Definition [3|are used for (i) and (ii) respectively. For (iii), using (42)), one has

EY E[GEIZ]) =B\ Yo | = D) Bim s 100" T2)e(Z =E[Z]) = Bi L 5 pmj€m || -
leJ i

given that E[e | Z] = E[e ] = 0 by independence.

E[Y.mE[¢]Z]]

=—0® |E| ) Biomas,g¥m Y, @2 (Yo —EYe]) | + B s |
I 2

because E[Y.ne.m] = Cov(Ym, €.m) + E[Y u]E[€.m] = Cov(Ym, €.1m) = o2. In addition,

E| > Bimg,q¥m O, Cz2)ew e —E[Yye])

eJ_y veg
= Z Z (Fz)u/B,ﬁ_,mek[e] (Cov (Yo, Yo ) + E[Y o JE[(Y.e — E[Ye])])
eJ_ UeT_y
= Z Z (FZ)M/BICC—Vm,J,k[Z] Cov (Yma YZ’)
eJ_ VeT_y

It implies that, in (iii),
Ocov,p(07) = =07 2 Z (FZ)EE/BE—)m,j—k[Z]COV (Yo, Yor) + Bli’—»ﬂ’t,j—k[m] 47)

teg_ U'ed_x

Equation ({6)) leads thus to

Cov(Yim,Yi) = By 7 %[0 ]E[Y.m] + Bzam,.?_k[m] (Var(Y.m) +E[Y.]?)

+ Y B 710 (Cov(Yinm, Vo) + E[Y 1 JE[Y]) — B[V JE[Y] + Ocov i (07), (48)
eT_1
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which can be rewritten as

COV(Ym’ Yk) - B/f:%m,j,k[m]var(ym) - Z B/f:%m,j,k[(](jov(}/»m? YZ)
leJ_i

= ((Bz%m,J,k)T (1 E[Y.] (]E[Y.l])éejfk)T —E[Y:DE[Y.m] + Ocov,k(02)7 (49)
Combining Equations (@3) and (@9) forms the desired matrix system (38).

From these formulae for (Var(Y,,) Cov(Y.., (Y)ke j))T, assuming that A/ is invertible and
that o2 tends to zero, one get their estimators (@(Ym) 6(;;(}/'~m7 (Yi)ke J))T defined in (T2).

As for the consistency, d», is a consistent estimator for c,,, by using Proposition[d] The estimators in
(T2) are consistent, under Assumption[A3]and[A4] O

B.4 Proof of Proposition ]

For deriving the covariance between a MNAR variable and a MNAR or not pivot variable, we assume
the following

AS. Yme M, Ve J,forall set H J_jsuchthat |[H| =r—2,(B,, By (Bj)jen)is
invertible,

A6. Vke J\M,Vje J,forallset H = J_;suchthat |[H|=7—2, YV, L Qi (Ye) ey

A7. Yk leld, k#1,Qp LQ, Y
A8. Vje J,Vme M,Vle J,forall set H J—; such that |H| = r — 2, the complete-case
coefficients B]C‘—nn,e,ﬂ[o] and B,?—»m,éﬂ[k]’ k # j,k € {m,¢} U H can be consistently
estimated. (Here, note that the complete case is when 2 ,,, = 1 and Q, = 1.)
A9. For the variables neither MNAR nor pivot, their means (ay)pez g, variances
(Var(Yy)) e 7\ m and covariances (Cov (Y k, Yr)) 2 pre 71 a1 €an be consistently estimated.
The covariances between these variables and the pivot variables (Cov(Y ;, Yk)) je 7 ke 7\ m
are also consistent.
Proposition 8 (Covariance between a MNAR variable and a MNAR or not pivot variable). Consider
the PPCA model (I). Under Assumptions[A2.] [A6.] and an estimator of the covariance

between a MNAR variable Y., for m € M, and a variable Y., for { € J \{m}, can be constructed
as follows: choose j € J and r — 2 variable indexes in J_; and compute:

— 1 — 9y e —
Cov(Yom,Ye) = =Var(Y;) =d° = > (B ompg)’Var(Ye)
K ke{m £} UoH
- > 285 034111 B, 11 COV (Yo, Yir ), (50)

k<k!,ke{m 0} UH k'eH

assuming that o tends to zero and with K = ZBJC.ﬁmw 0 1[m1 B —m 2y and

@ = (Var(v,)|m = 1,20 = 1)
- (COV((Y.k)kem7Y.j)Var((Y.k)ke{T})_1COV((Y.k)ke@,Y.j)T|Q.m =1,Q,= 1) ,

given that K estimated by K is non zero.
Under the additional Assumptions[A3.] [A8] and[A9. this estimator given in (50) is consistent.

Proof. Let H bet the set of the  — 2 variable indexes. One has H < J_;. We use the same strategy
as the proof for Proposition [5] (paragraph for deriving an equation for the variance).

To derive a formula for Cov(Y.,,, Y), the idea is to express Var(Y ;) from (Var(Yx))re{m.ijon
and (Cov(Yk, Yiur)) krkrefm, e um-
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The law of total variance reads as

Var(Y;) = E[Var(Y,;| Z)] + Var(E[Y ;] Z]), (51)
with Z = (Y,k)kem.
For the first term in (31), one uses

Y; L Qo Q2

IfY,, and Y, are both MNAR variables, this conditional independance is obtained using Assumption
[A2] and[A7] Otherwise, if Y., is not a MNAR variable, Assumption [A6.] and [A7] lead to the desired
result. It implies

Var(Y;|Z) = Var(Y;|Z,Q.m = 1,Q,0 = 1).
The conditional variance for a Gaussian vector gives

Var(Y;|Z) = Var(Y ;) — Cov(Z,Y.;)Var(Z) ' Cov(Z,Y;)7,

implying that
Var(Y;|Z,Q.m = 1,Q, = 1) = (Var(Y;) — Cov(Z,Y;)Var(Z) 'Cov(Z,Y;)" |Qm = 1,0, = 1)

and then, as deterministic quantity,
E[Var(Y;|Z)] = ¢° (52)

with
¢ = (Var(Y;)|Qpm = 1,0, =1)
— (CoMV ez Yo Var (V) pegsy) ™ CovlY ) ey Vi) T Qm = 1,920 = 1).
For the second term of (#0), remark that[A2] [A6. and[A7] implies that
Var(E[Y,|Z]) = Var(E[Y|Z, Qm = 1,0 = 1]),

and

Var(E[Y|Z,Qm = 1, Qe =1]) = Var [ E| B o)+ D, B Ye + 6512 |,
ke{m L} OH
ie.
Var(E[Yj‘Z7Q.m = l,Q_g = 1])
= Var Yo BimenmYr = Dy BimerqmBlerlZ] + B g ugo) + Ele]

ke{m L} UoH ke{m L} OH

One uses the same reasoning as in the proof of Proposition [5| (paragraph for deriving an equation for
the variance) to get

Var(E[Y 12, Qo = L2 = 1) = Y (Boypagu)*Var(Ya)
ke{m L} UH
+ Z QB;ﬁm,é,H[k]B]c‘_)m,e,H[k/]COV(Y-kaY.k/)+OcovmiSS(02)a (53)
k<k'e{m L}UH
where

Ocovmiss (02) = —20? Z Bjc'am’&}[[k]BJC‘_)m,z’H[k/] Z (FZ)k’Z’COV(YIm YZ’)
(k,k")e{m L} UH t'e{m L} UuH

+o' Y B i) > (T2)iw Var(Yr) = 2(0z) ki (D) ke Cov (Y, Yr)
ke{m L} OoH (k'<t")e{m L}UH

— 204 Z Bj im0 1111 B —me 1] Z (T2) ik (T z) ke Cov(Ypr, Yor)
(k<k")e{m L} UH (k"0 e{m L} OH
(54)
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Combining (51)), (52) and (33)), one get the following formula for Cov (Y., Y,),

2Bjc'—>m,€,7-£[m]B]C'—wn,?-[[f]COV(Ymv Yf) = Var(Y,j) - qc - Z (B]C'—>m,,€,7-t[k’])2var(y—-k)
ke{m L} OoH

c c 2
- Z QBj_,mlyH[k]Bj_,m’H[k/]COV(Y.k, Yk’) — Ocovmiss ((7 )
k<k’,ke{m } UH k'eH

An estimator of Cov(Y,,,,Y,) is then derived as in (50), given that o2 tends to zero and K =

C C 1
B .0 34 (m) Bj—m ) 1S nON Z€TO.

We use the consistent estimators defined in Propositionfor Var(Y.,,) and Cov(Y ., Y ) ke If
Y is also a MNAR variable, Propositionis applied for estimating Var(Y’;) and Cov (Y, Y ) ken-
Otherwise, if Y, is not a MNAR variable, we use[A9]

Eventually, and leads to the consistency of C/C;I(Y_m, Y. O

B.5 Extension to more general mechanisms for the not MNAR variables

The results of Proposition 4} [5] and[§]can be extended to a more general setting than the one presented
in Section 2] The pivot variables may be assumed to be MCAR (or observed). The variables which
are neither MNAR nor pivot may be observed or satisfying

Vie I\M,Vie{l,...,n}, P(Q = 1Yi) = P(Qr = 1{(Yie)re 7\ (3om)> (55)

i.e. they are MCAR or MAR but their missing-data mechanisms may not depend on the pivot
variables.

The proofs are similar and not presented here for the sake of brevity.

Note that the main difference is that the complete case has to be extended. For instance, for j € J
and k € J_;, the coefficients standing respectively for the intercept and the effects of Y ; on
(Yom, (Y.j1)jrcg_,) in the complete case, i.e. when Q.,,, = 1, (Q; = 1);c7 are in this general setting
defined as follows

(YJ|Qm =1, (QJ = 1).75.7) = Bgﬂm,j,j[O] + Z Bjc‘am,J,j[j’]Y-]‘/ + Bjc’ﬂm,J,j[m]Ym + Ccv
J'eT—;

: c _ _ c ., — R¢ .
WlthC = Zj'ej,j Bjﬂm,.jfj [j/]ﬁ_] Bjﬂm,j,j [m]em + €5

C Other numerical experiments

Robustness to noise. Considering the same setting as in Section (n =1000,p =10, r = 2
and seven self-masked MNAR variables), the methods are tried for different noise levels o2 €
{0.1,0.3,0.5,0.7,1}. The results are presented for one missing variable and for all the other ones,
the results are similar. In Figure [5] Algorithm [T]is the only method that does not give a biased
estimate of the mean and the variance regardless of the noise level. In Figure[6] despite a larger bias
in the estimation of the covariance between a missing variable and a pivot one as the noise level
increases, Algorithm [I] outperforms all the other methods, regarding the estimation of the covariance
between two missing variables. Note that the formula for the estimate of the covariance between
two missing variables relies on the one for the estimate of the variance, but both differ from the
one used for the covarance estimation between a missing variable and a pivot one. As expected, in
Figures [/] estimation deteriorates as the data gets noisier and then the loading matrix estimation
and the prediction error get closer to the results of mean imputation. In term of prediction error, the
proposed method yet remains competitive in regards of the approaches and[(ii)} Overall, when
the noise level increases, the exogeneity will be worse and that ignoring it in practice can be made to
the detriment of performance.
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Figure 5: Mean estimation (left graphic) and variance estimation (right graphic) of one missing
variable for different values of the level of noise when = 2, n = 1000, p = 10 and seven variables
are MNAR. True values to be estimated are indicated by red lines.
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Figure 6: Covariance estimation beetween a missing variable and a pivot one (left graphic) and two
missing variables (right graphic) for different values of the level of noise when r = 2, n = 1000,
p = 10 and seven variables are MNAR. True values to be estimated are indicated by red lines.
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Figure 7: RV coefficients for the loading matrix (left graphic) and prediction error (right graphic) for
different values of the level of noise when » = 2, n = 1000, p = 10 and seven variables are MNAR.

Varying the percentage of missing values Considering the same setting as in Section [#.1](n =
1000, p = 10, r = 2, 0 = 0.1 and seven self-masked MNAR variables), the methods are tried for
different percentages of missing values (10%, 30%, 50%). The results are presented in Figure[§] As
expected, all the methods deteriorate with an increasing percentage of missing values but our method
is stable.
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Figure 8: Mean estimation (left graphic), variance estimation (middle graphic) and prediction error
(right graphic) for different percentages of missing values when r» = 2, n = 1000, p = 10 and seven
variables are MNAR.

Misspecification to the PPCA model. The fixed effects model is considered, i.e. the data Y €
R™*? is generated as a sum of a low-rank matrix © € R™*? (the rank r of © satisfies » < min{n, p})
and a Gaussian noise matrix, i.e.

Y =0+e (56)
The data matrix of size n = 200 and p = 10 is generated under the fixed effects model as (56)
with a rank » = 2 (for ©) and a noise level ¢ = 0.1. Missing values are introduced on seven
MNAR variables according to a self-masked MNAR mechanism, resulting in 35% missing data in
the whole matrix. Figure[9]shows that estimators for the mean and the variance given by Algorithm T]
have a larger variance than those given by the parametric Method But surprisingly, Algorithm
[T] provides less biased estimates of the mean and the variance, than Method while precisely
dedicated to this specific setting. Note that with Method [(iv)] designed for fixed effects models, the
variance is slightly under-estimated, which is expected as the method imputes missing entries with 6
and consequently the variability in the imputed data is smaller than the one in the observed data.

As for the imputation performance, Figure [9] also shows that Algorithm [T] gives similar results
as Method which explicitly models the MNAR mechanism. In addition, despite the model
misspecification, it also remains competitive compared to Method which ignores the MNAR
mechanism but is specially designed to handle fixed effect models.
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Figure 9: Mean estimation (left graphic), variince estimation (middle graphic) of one missing
variable and prediction error (right graphic) when data are generated under the fixed effects model
in @) r = 2,n = 200, p = 10 and seven variables are MNAR. True values to be estimated are
indicated by red lines.

Misspecification to the rank The misspecification to the parameter  has been evaluated: under a
model generated with = 3 latent variables (n = 1000, p = 20, 0 = 0.8 and ten MNAR self-masked
variables), the rank is either underestimated, well estimated or overestimated by giving to Algorithm
[T the information that r = 2, = 3 or 7 = 4. Both estimation of the loading matrix and prediction
error are shown in Figure[I0] The results for an underestimated (r = 2) or overestimated (r = 4)
rank are comparable to the case where the accurate rank is considered instead (r = 3), showing a
stability of Algorithm |T]to rank misspecification.
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Figure 10: RV coefficients for the loading matrix (left graphic) and prediction error (right graphic)
when r = 3, n = 1000, p = 20 and ten variables are MNAR for different cases where the rank is
either underestimated, well estimated or overestimated.

General MNAR mechanism We consider the setting n = 1000, p = 20 and ¢ = 0.8. Here,
missing values are introduced on ten variables (Y )xe[1:10] using a more general MNAR mechanism
(see @)) than the self-masked one. In particular, the MNAR mechanism we consider is defined as
follows,

Vm e [1:10],Vie {1,...,n}, P(Qim = 1|Y;) = P(Qip = 1|Yim, Yir, Yie), 7

where k and ¢ are indexes of MNAR variables randomly chosen such that k # £ € [1 : 10]\{m}. In
Figure[TT] Algorithm [I]provides the best estimators of the mean and the variance (in term of bias)
and the smallest prediction error.
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Figure 11: Mean estimation (left graphic), variance estimation (middle graphic) of one missing
variable and prediction error (right graphic) when r = 2, n = 1000, p = 20 and ten variables are
MNAR as in (57).

Higher dimension and variation of the rank The performance of the different methods for higher
dimension is assessed. A data matrix of size n = 1000 and p = 50 is generated from two latent
variables (r = 2) and with a noise level 0 = 1. Missing values are introduced on twenty variables
according to a self-masked MNAR mechanism, leading to 20% of missing values in total. Without
loss of generality, the results are presented for one missing variable. Method [(iv)] has been discarded,
as its computational time is too high for this setting.
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Figure 12: Mean estimation (left graphic) and variance estimation (right graphic) of one missing
variable when r = 2, n = 1000, p = 50 and twenty variables are MNAR. True values to be estimated
are indicated by red lines.
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Figure 13: Covariance estimation beetween two missing variable (left graphic) and a missing variable
and a pivot one (right graphic) when r» = 2, n = 200, p = 10 and seven variables are MNAR. True
values to be estimated are indicated by red lines.
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Figure 14: RV coefficients for the loading matrix (left graphic) and prediction error (right graphic)
when r = 2, n = 1000, p = 50 and twenty variables are MNAR.

In Figure[T2] as for the estimated mean and variance, Methods (D} [(iD)] and [(iiD)] suffers from a large bias,
whereas Algorithm ] gives unbiased estimators. The same comments can be done for the estimation
of the covariance between two missing values in Figure[T3] As for the covariance estimation between
a missing variable and a pivot one (Figure [I3] Algorithm [I] suffers from a variability, which can
be due to the fact that in this higher dimension setting, not all the possible combinations of pivot
variables are considered. Indeed, instead of taking the set of pivot variables as all the not MNAR
variables i.e. J = M, we choose J < M such that | 7| = 10. For the mean, 270 combinations of
the pivot variables are aggregated over 870 possible combinations if J = M.

Despite this dispersed estimator of the covariance between a MNAR variable and a pivot one,

Algorithm [T] gives in Figure [T4] a high RV coefficient, by improving Methods [(D} [(ii1)] and
and

Concerning the imputation performance, Algorithm|[I]strongly improves Methods

For the same dimension setting (n = 1000, p = 50) and the same noise level (o = 1), we vary the
rank to r = 5. Similarly as before, missing values are introduced on twenty variables according to a
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self-masked MNAR mechanism, leading to 20% of missing values in total. In Figure[I5] for the mean
and the variable estimations, Algorithm [I] gives unbiased estimators. In Figure the covariance
between a missing variable and a pivot one estimated by Algorithm []is biased but still less than the
other methods. In addition, the covariance between two missing variables is unbiased but suffers
from a high variability. Note that once again we have chosen J < M such that | 7| = 10. For the
mean, 1260 combinations of the pivot variables are aggregated over 712530 possible combinations if
J = M. In Figure|17} despite such results for the covariance estimators, Algorithm gives a similar
RV coefficient than Methods [(iD)] and [(iiD)] but strongly improves all the methods in term of prediction
error.
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Figure 15: Mean estimation (left graphic) and variance estimation (right graphic) of one missing
variable when r = 5, n = 1000, p = 50 and twenty variables are MNAR. True values to be estimated
are indicated by red lines.
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Figure 16: Covariance estimation beetween two missing variable (left graphic) and a missing variable
and a pivot one (right graphic) when » = 5, n = 1000, p = 50 and twenty variables are MNAR. True
values to be estimated are indicated by red lines.
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Figure 17: RV coefficients for the loading matrix (left graphic) and prediction error (right graphic)
when r = 5, n = 1000, p = 50 and twenty variables are MNAR.

D Computation time

Table[T] gathers computation times of the different methods, for both settings considered in Sections[4]
and
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r=2,p=10,n=1000 | r = 5,p = 50,n = 1000
Method 35% MNAR values 20% MNAR values

in 7 variables in 20 variables
MNAR algebraic | 0,1 s 11 min 48 s (1260 aggregations)
SoftMAR 5,5s 28 s
EMMAR 50,8 s 2min9 s
Param 5h 15 min not evaluated

Table 1: Computation time for simulations in Sections 4| and Appendix |C| The process time is
obtained for a computer with a processor Intel Core i5 of 2,3 GHz.

E Details on the variables in TraumaBase®

A description of the variables which are used in Section £.2]is given. The indications given in
parentheses ph (pre-hospital) and h (hospital) mean that the measures have been taken before the
arrival at the hospital and at the hospital.

e SBP.ph, DBPph, HR.ph: systolic and diastolic arterial pressure and heart rate during pre-
hospital phase. (ph)

o HemoCue.init: prehospital capillary hemoglobin concentration. (ph)

e SpO2.min: peripheral oxygen saturation, measured by pulse oxymetry, to estimate oxygen
content in the blood. (ph)

o Cristalloid.volume: total amount of prehospital administered cristalloid fluid resuscitation
(volume expansion). (ph)

e Shock.index.ph: ratio of heart rate and systolic arterial pressure during pre-hospital phase.
(ph)

e Delta.shock.index: Difference of shock index between arrival at the hospital and arrival on
the scene. (h)

e Delta.hemoCue: Difference of hemoglobin level between arrival at the hospital and arrival
on the scene. (h)

F Graphical approach

F.1 Preliminaries

Lemmas of Mohan et al. [17] are used to construct some estimators of the mean, variance and
covariances for a MNAR variable based on a graphical approach.

Lemma 9 (Lemma 2 [17]). Let us consider the m-graph G. The coefficient of the linear regression of
Y;jonYy, k # j, denoted as B, 1+ is recoverable (i.e. they are consistent in the complete-case
analysis) if Y; L Q|Yy, k # j and one has

Bimkbti = Bjk ks
Lemma 10 (Lemma 1). [lI7]](Graphical approach for computing the covariance) Let G be a m-

graph with k unblocked paths p1, . . ., pi, between two variables Y ; and Y 5. Let A, be the ancestor
of all notes on path p;. Let the number of notes on p; be n,,,. One can derive that

Mp; —

k 1
Cov(Y.,,Ys) = Z Var(4,,) H a?",
i=1 j=1

-1 ..
where ;Li’l a? * is the product of all causal parameters on path p;.

In addition, let us recall the basic formula,
Cov(X,Y)
Var(X)

where Y and X are two variables of a linear model.

By -x = (58)
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F.2 Estimation of the mean, variance and covariances of the MNAR variables

The graphical approach to construct an estimator of «; is based on the transformation illustrated in
Figure 1| of the graphical model of PPCA as structural causal graphs, whose context is introduced in
[20]. This latter framework allows to directly apply the results of Mohan et al. [[17] who consider the
associated (linear) structural causal equations under the exogeneity assumption with MNAR missing
values for one variable.

For the sake of brevity, the results are presented for the toy example in Section [3.1] where p = 3,
r = 2 and Y is self-masked MNAR and the other variables are observed.

Then, one can associate to Figure[T] (bottom right graph) the structural equation model detailled in
the following lemma.
Lemma 11. Assuming E[e 2|Y.1,Y 3] = 0, the structural equation model associated with the bottom
right graph in Figure[l)is

Yo = Ba130] + B 311Y1 + Basi331Y3 + €2, (59)
where B3_,1 3[0), B2—1,3[1] and P21 3[3] are the intercept and the coefficients of the linear regression
of YoonYandYs.
Using Equation (59) and Lemma 9] we apply the results of Mohan et al. [17] to get an estimator for
the mean of the MNAR variable.

Proposition 12 (Mean estimator for the graphical approach). Under the equation (59), assuming[A1]
and 35_,, 3 # 0, one can construct an estimator of the mean o of the MNAR variable Y ; as follows

A~ _ AC _ AC A~
a2 = B34 5101 — P31 313103

) (60)

CA¥1 =
5c
2—1,3[1]

where 35 3101 Bo_1 a1y and B3, 53 denote some estimators of 5 5101 By 311y and
B5 1 3[3] given in Lemma This estimator is consistent under additional Assumption

Proof. To derive some estimator of the mean, we want to obtain the following formula

_ pe _ pe
a2 = B34 310) — Po1 3[3)3

o = (61)

B3 1301
Indeed, one has:
E[Y] = E[E[Y,|Y,, Y]
=E[E[Y.|Y1,Y35,Q1 =1]] (by using[AT)
= E[E[B5_1 310] + Bo—1,301Y1 + BogapzYis + €2|Va, Y]]
= B3 13100 T Bom s EY ] + B35 115 E[Ys],
which leads to the desired Equation (61}, provided that 55%173[1] # 0. A natural estimator fo o is

then given by (60). It is consistent given that all the quantities involved are consistent, by using[A4.]
(for the consistency of &s and &3) and Lemmaﬁ(for the consistency of the coefficients 35, s[o]

8513111 a0d B34 315))- O

Remark 13 (Mean estimation: algebraic vs. graphical approach). In both approaches, the PPCA
model is translated into a linear model. However, both estimators in Equations (1) and (60)
theoretically differ. The exogeneity assumption and approximation is not made at the same step. In
the algebraic approach, the results are first derived without using any approximation. It gives linear
models that do not comply with the standard exogeneity assumption. Consequently, an approximation

is done at the estimation step since the parameters B o) BS_, 3[1) and BS_, 3[3) @re estimated

2—1,3
with the standard linear regression coefficients. In the graphical approach, an approximation is made
at the first step when a structural equation model is associated with the graphical model by assuming
the exogeneity, i.e. E[e 2|Y 1,Y 3] = 0. In practice, for both approaches, the same coefficients are
naturally computed, i.e. 55, , = Bj_,, ,, which leads to the same computed estimators for the
mean of Y 1.
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Whereas only one simplified graphical model between Y1, Y2 and Y3, displayed in the bottom
right graph of Figure[I] was required to construct an estimator of the mean of Y;, the variance and
covariance estimation relies on Equation (39) and the following one (associating to the bottom left
graph of Figure[T),

Y3 = Bs12/0) + B31,211Y1 + Bs1212) Y2 + €3, (62)

assuming E[e 3|Y1,Y2] = 0 and where 33,1 o[0], 31,2717 and (3,1 2[2] are the intercept and the
coefficients of the linear regression of Y3 on Y; and Y.

Using Equations (59) and (62) and Lemmas 9} [T0} one can derive some estimators for the variance
and the covariances of Y;.

Proposition 14 (Variance and covariances formulae resulting from the graphical approach when
p = 3and r = 2). Under the two equations ©9) and ©2), assuming [AT]| and also B5_,, # 0,
B5 1 3p) # 0 and Var(Ys) # 0, one can construct an estimator of the variance of the MNAR

variable Y 1 and its covariances as follows

_— Var(Y. 1 Cov(Ysa,Y .
Var(Yl) = AC( .3) e ( /(\ 2 .3) - ,85_,173[3]> ) (63)
63_>1 524,1’3[1] Var(YS)
—~ 1 Cov(Ya,Ys) - _
Cov(Y1,Ys) := = /(\ 2¥s) _ B510p21 | Var(Ya), (64)
613%1,2[1] Var(Ys)
_ 1 Cov(Ys,Y . —
Cov(Y1,Y3) 1= = /(\ 2Ya) B5—1,303 | Var(Ys), (65)
6§H1,3[1] Var(Y3)

ac ae ac : c c c : :
where 63a1,2[1]’ 63ﬂ172[2] and B5_,, are some estimators ofﬁ3ﬁ172[1], 63ﬂ1,2[2] and B5_,, given in

These estimators are consistent under additional Assumption

Proof. To derive some estimators of the variance and covariances of the MNAR variable Y 1, one
want to obtain the following formulas:

VaI‘(Yg) 1 (COV(YQ,Yg)
Var(Yy) = - B3, ; (66)
B?(jal Bgﬁlyg[l] Var(yd) 2=-1,303]
1 COV(YQ, Yg) )
Cov(Y1,Y2) = — - 55, Var(Ys), (67)
oY) ﬁ3‘4>1,2[1] < Var(Y) 12l (¥2)
1 COV(Y27 Y3) )
Cov(Y1,Y3) = — - 55, Var(Ys). (68)
o Ys) Ba130) < Var(Y3) LAl ¥s)
Using Equation (58), one has
Cov(Y1,Y3) = Var(Y1)B3-1,
Cov(Y3,Y1) = Var(Y3)B1-3,
o) ——
Var(Y,) = ar( 3)51—»3.
53~>1
Considering the graphical model in the bottom left graph of Figure[T]
Cov(Y2,Y3) = Bars1 3111 P13 Var(Y3) + Basq 3137 Var(Y3) (by Lemma [T0)
1 Cov(Y2,Y3) )
= —3 = - 6 —
Pros Ba—s1,301] < Var(Y3) sl
1 Cov(Y2,Y3) )
= P13 = = - B3 (69)
o 31,30 < Var(Y3) ]
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where the last implication is given by Lemma[9and Assumption[AT] giving also

53—»1 = Bg—ﬂy

which leads to Equation (66).

By (38), the covariances can be expressed in two different ways,
Cov(Y1,Y2) = foiVar(Yy) and  Cov(Yy,Y3) = f31Var(Yy), (70)
Cov(Y1,Ys) = B1oVar(Ys) and Cov(Y:,Ys) = fio3Var(Ys). (71)
In (70), the coefficients 8,1 and 3,1 can be estimated on the complete case using Lemma[9] but

the variance of Y ; has still to be taken care of. Instead of potentially propagate error from (66), we
propose to favor the expressions given in (71)) to evaluate the covariances.

Focusing on (7)), the coefficient 31,3 is given in (69) and /31,2 can be obtained using the same
method, based on the reduced graphical model in the bottom right graph of Figure T] (by Assumption

[AT)), so that

ﬁ - 1 (COV(YQ,Yg) ﬂc >

. B3 201 Var(Y2) s-n22] )

Therefore, by plugging it in (71), Equations (67) and (68) are obtained.

The natural estimators for Var(Y;), Cov(Y.1,Y2) and Cov(Y1,Y3) are then given by (63), (64)
and (63). They are consistent given that all the quantites involved are consistent, by using [A4]
(for the consistency of \//a\r(Y_Q), \//a\r(YB) and @(Yg, Y'3)) and Lemma [9| (for the consistency of

B‘]C'—ﬂc,e)’ D

Remark 15 (Var-covariance estimation: algebraic vs. graphical approach). As for the mean, the
exogeneity assumption is required in the last step of the algebraic approach to estimate coefficients
and in the first step of the graphical approach to obtain structural equation models. However, contrary
to the estimator suggested for the mean, the estimators in both graphical and algebraic approaches
here differ (compare (12) with (63), (64) and (63). Indeed, the algebraic approach is based on the
use of conditionality, whereas the graphical one relies on graphical results standing for the linear
models when exogeneity holds.

G PPCA with MAR data

The following proposition is an adaptation of our method to handle MAR data, called MAR in
Section@ inspired by [[17, Theorems 1, 2, 3]. In the MAR case, we assume the following
AlpMAR- (B.j/)jlej is invertible.

AZMAR- Vm € M, Ym A1 Qm|(Yk)kem

A3par. Vm € M, the complete-case coefficients B, 700] and BY | Tk k € J can be consistently
estimated.

ASyiar. Ve T, forall set H J—jsuchthat |[H| =7 —1, (B, (B.j)jen) is invertible,
AGpaAR. YM € M,V € j\M, Vied, Yol Q@‘(Yk)ke{mi}

A8yiar. Ym € M, V0 € {m}\J, for all set H — J such that || = r — 1, the complete-case
coefficients By, 5,107 and By, 319, F € {¢} U H can be consistently estimated.

Proposition 16 (Expectation, variance and covariances formulae for a MAR variable when p = 3 and
r = 2). Consider the PPCA model (]I[) Under Assumptions|Alyagr.| and|A2yag.| one can construct
the estimators of the mean, the variance and the covariances with a pivot variable for any MAR
variable 'Y ,,, m € M, as follows

— the mean of the missing variable
m = B, i+ D B 1100
JeT
with J the pivot variables set,
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— the variance of the missing variable

Var(Yon) = Qfar + 3. (BSyspyp)* Var(Y,))

JjeT
+2 > B B s Cov(Y, Vi),
(j<k)eT
with
QMAR*<V3’I‘ ’Q )
— (Cov((Y.5) ey Yo Var (Y5 egny) ~ Cov((Y.g) ey Vo) |2 = 1)

— the covariances between the missing variable and a pivot variable, for all { € 7,

Cov(Y.m, Yie) = By, 71076 + By, 71 (Var(Yee) + 67)
+ Z BZL—)J[[{]](COV(YE7 Yi) + Gubiy) — Gumyg
ked_e
Under Assumption[A3yar.| and these estimators are consistent.
In addition, under Assumption and[A7) one can construct the estimator of the

covariance between a MAR variable Y ., for m € M and any not pivot variable as follows

— the covariances between the missing variable and any not pivot variable, for all { € {H}\j ,
choose r — 1 variable indexes in J to form the set H U J such that |H| =r — 1

Cov(Yom, Vo) = By ooy + B gy (Var(Ye) + 67)

+ 3 B ey (Cov(Yie, Vi) + Gidin) — i
keH

Under the additional Assumptions and[A9.] this estimator is consistent.

Proof. The proof follows exactly the same direction than in Proposition [ [5] and [§] The only
difference is that the regressions used are not the same.

For the sake of clarity, consider the same toy example as in Section [3.T|where p = 3, = 2, in which
only one variable can be missing (at random), and fix M = {1} and J = {2, 3}. Note that here the
MAR mechanism leads to P(Q2; = 0]Y1,Y5,Y3) = P(Q; = 0]V, Y3).. The goal is to estimate
the mean of Y ;, without specifying the distribution of the missing-data mechanism and using only
the observed data.

Assumption[ATyar allows to obtain linear link between the MAR variable Y'; and the pivot variables
(Y2,Y3). In particular, one has

Yi =013/ + Bio2321Y2 + Bio2apE Vs + G

with 31,5 3101, B1-2,3[2] and B1_,2 3[3] the intercept and coefficients standing for the effects of Y,
on Y, and Y 3, and with
¢ =—B1 2312162 — Bi23[31€3 + €1

Assumption[A2yiar] i.e. Y1 L Q1]Y2, Y3, is required to obtain identifiable and consistent parame-
ters of the distribution of Y7; given Y5, Y 3 in the complete-case when €2 ; = 1, denoted as 3 , a[o]

Bl 2,312 a0d BT 505
(Ya)ie.=1 = Bisasio) + BimaspYe + Bioa g3 Ys +C5
with

C“ = —=Bi 5 3p€2 — —Bi_os3€3 T €1
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(In the MNAR case, the regression of Y1 on (Y2, Y3) is prohibited, as[A2yarJ does not hold. That
is why we used the regression of Y2 on Y; and Y 3.);

Using again|A2pyar< one has
E[YalY2, Y Q1 = 1] = E |8 p g0 + Bz a Ve + B g opeValVa, Vs | + EICIY2, Vi),
and taking the expectation leads to
E[Y1] = B La300) T B2z E [Yal + 810 305 E [Vs]
given that E[e ;] = 0, Yk € {1,2,3}.

One obtains
=By + 51 + 51
1 = P12.3[0] 1-2,3[1]%2 1-2,3[3] 43
A natural estimator for v is

01 = Bia300] + PiozsyQz T B2 50343,

which is consistent using Assumption and[A4] O
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