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Abstract

In this work, we present a numerical method for the resolution of transmission
problems with non-conformal meshes which preserves the optimal rates of conver-
gence in space. The Smooth Extension method is a fictitious domain approach based
on a control formulation stated as a minimization problem, that we prove to be equiv-
alent to the initial transmission problem. Formulated as a minimization problem,
the transmission problem can be solved with standard finite element function spaces
and usual optimization algorithms. The method is applied to different transmission
problems (Laplace, Stokes and a fluid-structure interaction problem) and compared
to standard finite element methods.
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1 Introduction

The numerical simulation of transmission problems (also known as interface problems or
problems with discontinuous coefficients) is of major importance for the mathematical
study of many physical and living systems. As examples, we can mention the study of
composite materials (see [29]), the flow of multiphasic fluids or the swimming of bacteria
in a viscous fluid (see [16]). There exists a wide variety of numerical methods for this type
of problems, which can be categorized in two classes: fitted and unfitted mesh techniques.

Fitted mesh methods are successful when dealing with stationary problems or problems
with domains ongoing moderate displacements. In the later, the mesh is moved using a
regular extension of the displacement of the interface, which is only possible in practice if
this displacement is small enough. For example, in the case of fluid-structure interaction
problems it can be done using an arbitrary Lagrangian-Eulerian (ALE) description of the
fluid (see [17]). The main advantage of fitted mesh techniques is their optimal convergence
rate in space. However, when transmission problems involve large deformations, a much
more appropriate method is the use of unfitted meshes, in which the interface deforms
independently of a background fixed mesh.

Unfitted mesh techniques use a non-conformal mesh, i.e. a mesh that does not fit
the interface. Among these methods we can reference the immersed boundary method
(see [31]), fictitious domain methods with Lagrange multipliers (see [5], [33]) or penalization
terms (see [24]), the extended-finite element method (XFEM, see [27], [21] and [20]), the
Nitsche-XFEM method (see [2]) and the fat boundary method (FBM, see [7]). The first two
techniques do not converge with optimal orders in space (see [22], [23], [32], [26]), because
of the discrete treatment of transmission conditions. The XFEM and the Nitsche-XFEM
overcome this issue, but they come with a cost: the XFEM is known to lack robustness;
the Nitsche-XFEM method circumvents theses difficulties but, still, all cut-FEM based
methods require a specific evaluation of the interface intersections, which can be difficult,
especially in three space dimensions (see [9]). An interesting fictitious domain method is
also presented in [25], where the optimal rates of convergence are obtained for the Poisson
problem with Dirichlet boundary conditions on a mesh that does not fit the boundary of the
domain. The originality of this work consists in avoiding integration over the elements cut
by the boundary of the problem domain, while preserving the optimal rates of convergence.
The FBM is a fictitious domain method designed to recover the optimal convergence at any
order. It is well suited for elliptic stationary problems or problems involving rigid domains,
but it is not straightforward to adapt it to deformable moving materials. An other class of
unfitted mesh techniques is the control based approach presented in [3], initially developed
to solve boundary value problems in complex geometries and which is based on an optimal
control formulation. In [3], the authors consider the Poisson problem for the Laplace
operator with an included obstacle on which Dirichlet and Neumann boundary conditions
are applied. The idea of the method is to extend the problem inside the obstacle and use
the right-hand side of the equations as a control to impose the boundary conditions on the
frontier of the obstacle. This method has also been used to treat boundary conditions in a
fictitious domain approach for the Helmoltz equations in [3], [4] and [30]. In [18] and [19],
the authors present the smooth extension method, an extension of the control based method
to the resolution of fluid-structure interaction problems involving rigid particles and a
viscous fluid. This method has the advantages to recover optimal convergence in space



and to be rather simple to implement (it does not necessitate any mesh adaptation or local
enrichment of the function spaces).

Here, we aim to generalize this smooth extension method to transmission problems,
i.e. to a class of problems where the behavior of the obstacle is also described by partial
differential equations with transmission conditions on the interface. Then, the smooth
extension method presented in this chapter is a finite element method based on a control
approach to solve elliptic transmission problems with unfitted meshes and which recovers
the optimal convergence rates. This method is designed to be suitable for transmission
problems involving several small materials included in a bigger material, such bubbles in
a fluid, rigid and deformable particles in a fluid or problems of conductivity and elasticity
of non-homogeneous materials. Because it is an unfitted mesh technique, it enables to
precisely mesh the small materials without necessarily considering a thin mesh on the
whole domain and thus, speed up the numerical resolutions of such problems. It also
enables to use a Cartesian mesh on the bigger domain, which permits the utilization of
fast solvers (e.g. FF'T solvers).

The remaining of the chapter is organized as follows. In section 2, we state the smooth
extension method for the Laplace transmission problem. section 3 is devoted to the presen-
tation of numerical experiments using the methodology described in section 2. In section 4,
we extend the method to other transmission problems: the Stokes transmission problem
and a fluid-structure interaction problem involving a linear elastic structure and a viscous

fluid.

2 Presentation of the method

The smooth extension method presented here is devoted to the numerical simulation of
transmission problems. It is a fictitious domain method which enables to recover the
optimal order of convergence in space by smoothly extending a part of the exact solution
to the whole domain. In this section we focus on a toy model, the Laplace transmission
problem, in order to properly explain the main steps of the method. This section is divided
in four parts. In subsection 2.1, we state the smooth extension formulation of the problem
as a control problem and explain how to recover the exact solution from it. Then, in
subsection 2.2 we rewrite this control problem as a minimization problem and prove the
equivalence of the two formulations. In subsection 2.3 we discuss the advantage of this
method compared to the classical finite element method. Finally, in subsection 2.4, we
extend the method to the particular case of strictly included domains.

2.1 The smooth extension formulation

Let n > 0 and 2 be a domain of R” that satisfies the following set of hypotheses:

i) Domain € is a bounded connected Lipschitz domain of R".
1) Domain  is divided in two subdomains, 1 and 3, which have Lipschitz
boundaries. (Hy)
ii1) The interface I' = 92y N 902 is not empty.
iv) The remaining boundaries I'y = 9 \ I' and I'y = 9y \ I' are not empty.

The problem we are interested in, for now, is the coupled Laplace problem with homoge-
neous Dirichlet boundary conditions, also called Laplace transmission problem or Laplace
problem with discontinuous coefficients. It is the simplest coupled system of partial dif-
ferential equations that we can think of and, given two positive real constants p; and us



such that 1 # p2 and two source terms f; € L?(Q1) and fo € L?(Q2), it writes:

(find u1: Q1 — R and ug: Q9 — R such that
—u1Auy = fi, in Q1,
pr1Auy = fi 1 (1a)
up =0, on I'y,
—uaAug = fo, in Qo,
poAug = fo 2 (1b)
ug = 0, on I's,
Ul = U, on I,
1 2 (1c)
wiVuy -np = —puaVug - ng, onI.

This problem is completely equivalent to the more classical formulation of the Laplace
problem, written in the whole domain §2,

find u: 2 — R such that

—div(pVu) = f in
u = 0 on 09,
where p and f are defined by
_ Jm in O
po= { H2 in QQ?
f . f1 n Ql,
o f2 in QQ.

However, the formulation (1) has the advantage of making the coupling between the two
subproblems (1a) and (1b) clear. The so-called coupling conditions are detailed in equa-
tions (1c) and physically represent the continuity of the field and the continuity of the
normal constraint through the interface I'.  Moreover, ny (resp. ns) is the unit exterior
normal vector of € (resp. €2). The solution of problem (1) will be searched in V; x V5,
where these two functional spaces are defined by

{v1 € H'(Q); 01, = 0},
{v2 € Hl(Qz);vz‘FQ = 0}.

Vi =
Vo =

In addition, the dual spaces of V; and V, will be denoted by V{ and Vj.

Let v be a distribution in D(2) and suppose that u; and ug are sufficiently regular.
We can formally multiply the first equation in (1a) by v)q, and the first equation in (1b)
by v, and integrate respectively over {1 and {22. After an integration by part, we obtain

1 Vuy - Vg, — / (r1Vug - ny)v + g Vug - Vg, — / (neVug - no)v
T T

Ql Q2

= five, + J2vi,; Vv € D(Q).
1 Qg

Q

Using the second transmission condition in (1c) i.e., that p;Vu; - ny = —puaVug -ng on T,
it follows that

1 Vuy - Vg, + ,uz/ Vug - Vg, = / J1vjo, +/ favj,, Vv € D(Q).
Q1 Qo 1941 Qo

Then, introducing the space

Vo= {(v1,v2) € Vi x Vasuy). = vy},

4



we can define the weak formulation of problem (1):
find (u1,u2) in V such that,

M1/ Vui - Vo + MQ/ Vug - Vg = fivr + fova, V(Ul, Ug) eV. <2)
951 Qo Q1 Q2
Problem (2) is well-posed, since f; € L?();) and fo € L?(€)), according to the Lax-
Milgram theorem. Furthermore, the unique solution of problem (2) will be denoted
by (ﬂl,ﬂg).

At this point, we can precise in what sense the solution of (2) is also solution of the
initial problem (1). Taking test functions v; in D(2;) and vy in D(€29) in (2) gives that

—ui1Au; = f1 and — pusAtis = fo in L.

It also implies that Vu; belongs to Hgiy(£21) and that Vauy belongs to Hgiy(§22), where
Hygiy(21) and Hgiy (Q22) are the spaces defined by

Haiv(X) = {o € (L*(X))"div(v) € L*(X)},

and where X stands for either 21 or €29. In particular, we are able to give a weak sense to
the normal derivatives of @, and uo. Let X stand for either €y or {5 and let 1 be the unit
exterior normal vector of X. Let A = H%Q(F) be the image of H(%X\F(X) by the trace
operator on the interface T, i.e. the space of functions in HY/ 2(T") whose extension by zero
on X \ T belongs to H/2(9X). Then, For all ¢ in Hg;y,(X), we have the following Stokes
formula:

/U-Ver/div(J)v = (m(0),0)n 4> VUEH(%X\F(X). (3)
X X

where A’ = (HégQ(F))’ is the dual space of A and v, denotes the normal trace operator
on I'. Then, 4y verifies —pu1 Aty = f1 a.e. in Qy, Uy verifies —pusAtie = fo a.e. in {9, the
first transmission condition, ;3 = @9 on I', is included in the functional space V and the
second one is verified in a weak sense:

<u1'7n1 (Vﬂl), ’U>A’,A = = <M2’Yn2 (VEQ)v ’U>A/,A , YveA (4)

Now, we present the smooth extension method applied to problem (1). This method
consists in i) extending the problem in ; into a problem defined in the whole domain €2,
i1) relaxing the condition of equality in the functional space V and 4ii) finding a control
term in 9 to enforce the condition of equality on I'. We denote by g this control term,
which should belong to V3, and we define 7%, the extension of ¢ in the whole domain
such that

<§Q7U>H—1(Q),H3(Q) = <97U|92>v2,y2 RS H& ().

In a similar way, as f; belongs to L?(£), EQ denotes the extension of f; by 0 over the
whole space Q.

Formally, we define the smooth extension problem associated to problem (1) as the
problem of finding a suitable control g in Vj, such that the solution of the following
problem,

(find u1: Q@ — R and us: Q9 — R such that
—mAur = fi 7%, in §, (5a)
u; =0, on 0f),
—p2Auy = fo, in Oy,
ug =0, on I'y, (5b)
,UQVUQ cNg = —,u1Vu1 ni, on F,




satisfies the equality

(u1)q, , uz) = (U1, U2),
where (41, uz) is the solution of the initial problem (1). Again, let v be in D(£2) and
suppose that u; and us are sufficiently regular. Moreover, we assume for the moment that g
belongs to L?(€2) in order to do formal computations. We multiply equation (5a) by v
and equation (5b) by v|, and integrate respectively over 2 and {2p. After an integration
by part and using the Neumann condition on I'; we find

ul/Vul'Vv = f1U|Q1 +/ gV
Q Q1 Qo

125) VUQ . VU‘QQ = f21)|Q2 — / (/“Vul . 711)1).
Q2 Qo I

Furthermore, we remark that

—/(mVul-nl)U = /(mVul-ng)v,
r r
= M1/ Au1|QQ’U|QQ+M1/ Vg, - Vi,
Qz QQ
Q

= — [ gvq, +,u1/ Vuyq, - Vujg,.
2 Q2

Thus, we define the weak formulation of the smooth extension problem associated to prob-
lem (2), that makes sense for g in V3, as the problem of finding a suitable control ¢ in V3,
such that the solution of the following problem,

find (u1,us) in H}(2) x Va such that
. — HN (D
Ml/QVm Vuy /Ql froye, + <g’v1‘ﬂz>v2',v2’ Yoy € Hy(9),

6

IUQ/ VUQ . V’Ug = f23'02 - <g’v2>V2’,V2 ( )

QQ QQ
+/L1/ Vul‘QZ . V’UQ, Yvg € Vs
Qo

satisfies the equality
(u1|Q1 sug) = (U1, u2), (7)

where (@y,u2) is the solution of the initial weak problem (2). By standard arguments and
considering the regularity of f; and fs, it is straightforward to prove that problem (6) is
well-posed for every ¢ in Vi, using the Lax-Milgram theorem. Consequently, we denote
by (uf,ud) its unique solution. Problem (6) is weakly coupled, in the sense that, given g
in V3, uf is obtained independently of uj and uj is obtained afterwards from g and uf. We
remark that finding such a control g enables to directly obtain the solution of the initial
coupled problem (2). Then, in what follows, we will prove the existence of at least one
control g and detail the process of finding it.

With these notations we state the following theorem, showing the existence of a control
g for which the couple (u,u3), the unique solution of (6), verifies the condition (7).

Theorem 2.1. Let ) be a domain that satisfies Assumption (Hy). Consider fi in L2(S1), f2
i L2(Qs) and let (uy,us) be the unique solution of problem (2). Then, there exists a func-

tion g in Vg such that the solution (u{,u3) of problem (6) verifies (7).

Proof. We can construct an extension operator E that extend w; into the whole
space H&(Q) Indeed, consider the operator defined by

{ up  in

Fup, = _ .
uy Iin €9



Since w1 belongs to Vi, us belongs to Vo and w1 = Uo on the interface I', then Fuq is an
extension of W which belongs to H}(£2). Furthermore, A(FE1i;) belongs to L?(Q).
Then, we construct ¢ in V5 such that

(g0 = m A V(Eu1)0, - Vo + (u17n, (VEU1), 0) o/ o
2

= | AET)j0,0 + (190 (TEw), V) g (®)
2
+<M1"Yn1(VEa1);U>A/’A, You € ‘/2

Using the Stokes formula (3), it follows that the extension Ety in H} () verifies

Ml/ V(Buy)-Vur = [ Vag-Voyg, + Ml/ V(Bu1)q, - Voija,,
Q 951 Q2

= —m . Auyvyg, + <M1’>’n1(VEU1),v1‘Q2>A,’A
1
+H1 fQ2 V(Eal)‘ﬂz ' vvl‘ﬂg?
1
= /S')1 f].,UlIQl + <9701‘QQ>V2,7V2 9 \V/’U]_ E HO (Q)

Similarly, the function @g in V3 verifies, using (3) and (4),

2 Vig - Vg = —,uz/ Aty + (27n, (Vii2), v2) o o
QQ QZ

= <f2av2>V2’,V2 - <,U1'Yn1 (va1)7v2>A’,A7

— / fovg + ,ul/ V(Euy)q, - Vva — (g,v2>v2,y2 , Yug € Vs
Qs o

Finally, we can conclude that the couple (Euy,u2) is the solution of problem (6). Thus

(ui, u3) = (B, )

and by construction of the operator E, the condition (7) is verified since (uglgl,ug) =

(ﬂl,ﬂg).

Remark 1. The control g is not unique. In fact, the extension operator E constructed
in the preceding proof can be defined in different ways, leading to the construction of a
different control g from an other extension of u;.

Remark 2. If @y is of regularity H 2(91) and if Fup is an extension which preserves this
regularity on the whole domain 2, then the following weak transmission condition holds:

<,u1’7n2 (anl)v U)A’,A = - <:u17n1 (VEQ_“), U)A/,A :

Thus, because A(Eu1))q, belongs to L?(€), we see from the definition of g in (8) that
g belongs to L?*(Q) and can be identified to —u1A(Eu1))q,. This justifies the use of
the smooth extension method because the numerical approximation of the solution of the
smooth extension problem (6) will converge in space with optimal rates of convergence,
using P1 finite elements, whereas the numerical approximation of the solution of the trans-
mission problem (2) will not in the general case. We refer to subsection 2.3 for details.
Moreover, in what follows, we will explicit some cases where such a regular extension can
be constructed (in subsection 2.3 and subsection 2.4).



Remark 3. For the presentation of the smooth extension method, we considered the Laplace
transmission problem with homogeneous Dirichlet boundary conditions. However, the
extension of our results to the non-homogeneous case is straight forward and amounts to
study a problem with homogeneous Dirichlet boundary conditions, where only the external
forces are modified.

Remark 4. The hypothesis that I'1 and I's should not be empty could also be weakened.
For example, the case where €2y is strictly included in €2y could be particularly interesting
to study. In this situation uJ is not unique in V4 but can be searched such that it has a

zero mean value. This is the subject of subsection 2.4.

2.2 Formulation as an optimisation problem

We saw in the previous subsection that a suitable control g can be obtained by extending u,
in the whole domain. In practice, the control g can not be constructed in such a direct
manner, since the solution (@, ds) of the initial problem (2) is unknown. To that matter,
we introduce the following cost function, defined from VJ to RT,

1
Ho) = [ Iut g (9
r
g ,9

where (uf,u3) is the unique solution of problem (6). The main idea to overcome this
issue is to write the problem of finding a function g such that the solution (u,u$) of the
problem (6) verifies the equation (7), as a minimization problem on the function J. A first
link between the minimization of J and the research of a good control g is given by the
following theorem.

Theorem 2.2. Let g be in V3 be such that the solution (uf,u$) of (6) satisfies condi-
tion (7). Then, g is a minimizer of J.

Proof. Let g be such a control, which exists according to Theorem 2.1. We know
that the couple (ui"g ,u3) is the unique solution of the weak initial problem (2). In par-
1

ticular, this couple satisfies the constraint of continuity through the interface I', which
writes uf{lr = uglr and implies that J(g) = 0, so that g is in fact a minimizer of J. O

Remark 5. Theorem 2.2, along with Theorem 2.1, proves the existence of several minimizers
of J. Actually, every control g such that the solution (uf,uj) of (6) verifies (7) is a
suitable minimizer. At the end of this section, we will prove the reciprocal statement of
Theorem 2.2, i.e. that for every minimizer g of J, (uf, u3) verifies the condition (7). In other
words, finding a minimizer of J would enable us to obtain the solution of the transmission
problem (1).

The problem we face now is the minimization of the cost function J. To do that, classi-
cal methods such as gradient methods or quasi-Newton methods require the computation
of the gradient of the cost function with respect to the control g. For that purpose, we will
use the adjoint approach (see [12]), a suitable method to compute the gradient of a cost
function which depends on the solution of a system of differential equations. The idea is
the following: knowing that, for any g in VJ, J(g) is obtained by solving problem (6) and
computing the explicit formula % fF |uf — u‘g\Q, we will prove that we can compute the gra-
dient VJ(g) by solving a system of linear partial differential equations, called the adjoint
equations, and evaluating V.J(g) with an explicit formula. The key here is to remark that
the minimization of J(g) can be seen as the minimization of the real-valued function

H&(Q)XVQ — Rt
1
o) = 5 [ o v

8



under the constraint that (vi,vs) is solution of (6). Thus, it is indicated to introduce the
Lagrangian function associated to this constrained optimization problem, defined from

Vi x (HY() x Vo) x (H(Q) x V&)
to R by

£(gv (1)5, U2)> (>\17 /\2))
1
= 5””1 - U2||%2(F) + Ml/ Voq - V>\1 — ,Ul/ VU1|Q2 . V)\z
Q Qo

Vg - Vg — A — Ao — A
+po o, V2 2 /Q1 Jidgg, /92 f2A2 <g, 1|Q2>v2',v2
+ <ga)\2>V2’,V27

(10)

where the Lagrangian multipliers A\; and Ao are called the adjoint variables of vy and
v, associated to the state equations (5a)-(5b). We also introduce the so-called adjoint
equations, defined for all g in VJ by

oL
(o (on (), O 2,0 ) ~ 0, Vou € (@),
ut H=H(9),H§ (©)
(11)
oL g g
a (97 (u17u2)7(A17)\2))75fU2 - 07 V6U2 S V27
v2 \ZR%
where (uf,uj) is the solution of the smooth extension problem (6). The computation of

the differential forms g—vﬁl and g—vﬁ will be detailed later on.

Remark 6. The Lagrangian £ is differentiable with respect to v; and vo because all its
terms are quadratic or linear with respect to each of them. Thus, equations (11) are well
defined.

With all these notations, we state the following theorem adapted from [12]|, where the
use of the Lagrangian function £ is made clear in providing a convenient way to compute
the gradient of J.

Theorem 2.3. The mapping g € Vi — J(g) € R is differentiable and its gradient V.J(g) €
Vy' is given, by

_ g _ 9 /
(VI(9):09) vy vy = <5g,>\2 A >V2,,V2, Vig € V3, (12)

1a,
where (A, \]) verifies the adjoint equations (11).
To prove this theorem, we first need to prove the following result.

Lemma 2.1. There ezists a unique (X, \J) in HE(Q) x Va, solution of the adjoint equa-
tions (11).

Proof. We start by computing the partial derivatives of £ with respect to v; and wvs.



Let ¢ > 0. For all g € VJ, and for all (v1,v3), (dv1,dve) and (A1, A2) in HE(Q) x Va,

L(g, (v1 + edv1,v2), (A1, A2))

1
= 5||v1 — g + €5U1||%2(F) + ,u1/ V(v1 + edvy) - VAL + 2 Vs - Vg
Q Qo

- /Qz V(v1m2 *ebv) Ve = /Ql fl)\l‘ﬂl - /Qz fade = <g7 )\1|92 >V2/7V2
+ <g> )\2>V2/7V2 ’

= Ly, (v1,v2),(>\1,/\2))+w1/ V(dv1) - VA —€u1/ V(bv1j,) - VAz
Q Qg
2
€
+€/F (v1 — v2)dv1 + 5||5U1H%2(r)-

It leads to define g—zﬁ(g, (v1,v2), (M1, A2)) € H-H(Q) as:

oL
<(97 (v1,v2), (A1, /\2))75v1> = M1/ V(dv1) - VA1 —p1 | V(dvyg,) - VA
dvy H-1(Q),HL () 0 2

+/ (’Ul — 112)51}1, Yov, € H&(Q)
r

Similarly, we define the derivative of the Lagrangian function £ with respect to vs evaluated
at point dva, g—é(g, (v1,v2), (A1, A2)) € V3 as:

oL
<6(97 (v1,v2), (A1, >\2))75U2> = p2 [ V(év2) VA — / (v1 — v2)dve, Vovz € Va.
U2 VY Vo Qo r
Then, we can deduce the adjoint problem:
find (A1, A2) in H}(Q) x V4 such that,
Ml/ VA Vv = Vz - Vuyg, — / (uf —uf)vy, Vi € HEH(Q),
Q Q, r (13)

1o Vs -Vvg = / (uf — uf)va, Yug € Vs.
Qo T

Again, we can use the Lax-Milgram Theorem to show that problem (13) admits a unique
solution (Y, \9). O

We now have all the tools we need to prove Theorem 2.3.

Proof of Theorem 2.3. The solution (uf,uj) of problem (6) is unique for every
control g in V3. Thus, we can define the so called direct mapping

o: Vy — H&(Q)XVQ,
g = (¢1(9), ¢2(9) = (uf, uj).

Because of the linearity of the equations in (6), the mapping ¢ is linear, thus differentiable
on VJ. Similarly, the mapping which for every (ui,us) in H}(2) x Vi associates the
quadratic functional fF |up — uz|? is differentiable. By composition, it follows that the
mapping g — J(g) is differentiable on VJ.

Taking (v1,v2) = (uf,u3) the Lagrangian (10) reduces to

(14)

L(g, (ud,u3), (M1, X)) = J(g), Vg € V3, ¥(\1,\2) € H}(Q) x Va.

10



Then, we differentiate this previous equality with respect to g for a fixed couple (A1, A2)
and we obtain, using the chain rule, the following equation:

oL
<TI0 vy = (Gl (). 00)

V' Ve
oL 091
+ g, (uf,u AL, A -5g>
<8v1< . o). G 0)

oL 0
(G o). 00 ). 52000 30)

for all 6g € V3. Considering (A1, A2) = (A, A\]), the solution of the adjoint equations (13)
(see Lemma 2.1), this reduces to

oL
< v‘](g)’(;g >V2”,V2’ = <a (97 (u17u2) (A£177)‘g))75.g> ) vag € ‘/2,

g \VARV

2072
It remains to compute the derivative of £ with respect to g at point dg: let € > 0, for

all g and &g in VJ, and for all (v1,v9) and (A1, A2) in HE(Q) x Va,

£(g+dg, (v1,02), (A, A2)) = L{g, (v1,02), (M, A2)) = & (39, A, )

+E <6g7 )\2>V2,,V2 5

VQI ’ Va

which leads to the definition of %(g, (v1,v2), (A1, A2)) € V' as

oL ,
<69(9, (v1,v2), ()\17>\2))’5g>v2”,v2' = <59, Ao — )\1|92>V2’,v2 , Vog e Vs.

Finally, we obtain an explicit expression for the gradient of J, which writes

<VJ(9),69 >vpvy = <5g,)\g X

1oy’

V(S S L/.
> 2,727 g 2
O

Now that we have an explicit expression for V.J, we can prove the reciprocal statement
of Theorem 2.2.

Theorem 2.4. Let g be a minimizer of J in V. Then, the solution (u,u$) of (6) satisfies
condition (7).

Proof. As a minimizer of J, g verifies the equality < VJ(g),dg >y, y;= 0, for all dg
in VJ. According to Theorem 2.3, it follows that the couple (A\{, \J) verifies

<59,Ag— = 0, Vége Vi

fo.)
1|Q2 VQI,VQ

It comes that )\g = AJ in V5 and the couple (\Y

1o, 1|91
couple (A\{,\]) is 5olution of problem (13). In particular, for all (v;,v9) in the space V
defined by

AJ) belongs to the space V. Yet, the

V= {(v17v2) € H&(Q) X ‘/2;v1|91 = ’Ug},

11



the two equations in (13) write

,U,l/ V)\“i] -V, = M1 V)\g : vvlmg - / (uil - ug)vh
Q Qo I

L2 VA -V, = / (uf — uf)vr.
Qo T

Summing the two equations in (15) and using the fact that A9, = A\J, we find that

1o,

ul/ V/\iQ 'V'Ul‘Ql + o V)\g -Vuy = 0, VY(v1,v2) € V.
Ql 1 QQ

Moreover, let (vi,v2) be in V. We can construct an extension of v; in the whole space
H}(Q) using v2, as in the proof of Theorem 2.1 and we still denote Ev; this extension.
Then, the couple (Evi,vy) belongs to V and it follows that the couple ()\‘1"91,)\‘2’) verifies
the equation

Nl/ V)\‘;]ml - Vo1 + s V)\‘g -Vvy = 0, V(’Ul,'l)g) ev.
Ql QQ

We conclude that the couple ()‘?\91’ AJ) is solution of a weak problem similar to (2) but
with no external force and, thus, is the zero of V. Especially, this implies that A = 0 and,

according to the second equation of (15), that
/(uﬁ] —ud)vy = 0, Vg € Va.
r

Because u‘{‘r and u?, belong to HY/ 2(T") the previous equality implies that uf

2|r r —

in H1/2(F), so that the couple (u%Q ,u3) belongs to the space V. As the unique solution
1

g
u
2|p

of problem (6), the pair (uf,uJ) verifies, in particular, for all (v, vs) in V,

,ul/ Vuf Vo, = / flvugl + <9aU2>V5,VQ’
Q 91

/@/ Vuj - Vvy = / fovg — <97U2>V2’,v2 + 1 \UTR Vvl‘QQ.
Qo Qo (923

(16)

Summing the two equations in (16) it follows that the pair (uf, ,u3), which belongs to V,

1o,
verifies the equation

Ml/ VU%Q 'V7)191+M2/ Vug-Vv2 = / f1U1|Ql+/ fova, V(Ul,vz) ev.
(91 1 (9 951 Qo

As before, for all (vi,v2) in V, the couple (Ewvi,vs) belongs to V and, finally, the cou-
ple (u‘{ml,ug) verifies the equation

,LLl/ VUE{‘Q -V + o Vug -V, = f1v1 + fQUQ, V(’Ul, ’Uz) eV.
Q 1 (9 951 Q2

Thus, (ufIQ ,u3) is the unique solution to the initial coupled problem (2) and verifies, a
1
fortiori, condition (7). O

So, the minimization of the function J in Vj is equivalent to the resolution of the
problem of finding a suitable control g such that the solution (uf,uJ) verifies (7) and thus,
to the resolution of the initial coupled problem (2). As we will explain it in the next
section, this minimization formulation offers, for the purpose of the numerical resolution
of problem (2), the advantage of conserving the optimal rates of convergence, even with
non-conformal meshes.

12



Remark 7. Theorem 2.4 also shows that all extrema of J correspond to global minimizers.
Actually, in Theorem 2.4, it is enough to assume that g verifies < V.J(g),dg >y =0
i.e., that J(g) is a local extremum of .J, to conclude that the solution (uf,uj) of (6) verifies
the condition (7). According to Theorem 2.2, this implies that g is a global minimizer of
J.

2.3 On convergence rates for the numerical method

The main difficulty with the numerical simulation of the Laplace transmission problem,
that we will also find in other transmission problems, is to recover the optimal rate of
convergence when the solution is more regular. Actually, even if f; belongs to L?(Q1), fo
to L?(Q3) and the boundaries of £; and € are smooth, the solution of problem (2) is not
of regularity H? in the whole domain €2, because of the jump in its gradient across the
interface I'. As a consequence, the standard finite element method with P1 elements does
not enable to recover the optimal rates of convergence in L? and H'-norms, unless we use
a conformal mesh that fully represents the interface I' (see Figure 5).

Nevertheless, with such a regularity on the data and the boundaries, one can show
that the solution of problem (2) is partially of reqularity H?, in the following sense:
belongs to H?(Q1) N V7 and %y to H2(Q2) N Va (see [14, Theorem 5.2.1]). Thus, if we can
extend @; in the whole domain Q with regularity H?, we know how to construct a suitable
control g in L?(§22) such that the solution of the smooth extension problem (6) is also of
regularity H2: u{ belongs to H%(Q) N H}(2) and uj belongs to H2(Q2) N Va.

The advantage to consider the smooth extension problem (6), instead of problem (2), is
now clear: the approximations of the two functions u{ and u§ are defined on two indepen-
dent meshes and the two subproblems in (6) can be solved consecutively using standard
finite element function spaces. These make the smooth extension method a fictitious do-
main method with optimal rates of convergence, even with non-conformal meshes.

To precise more the possibility to actually extend a function u; which belongs to H?(£2;)
into the whole space 2 with the same regularity, we state the following theorem, which
requires some (rather weak) assumptions on the domains.

Theorem 2.5. Let Q € R™, with n € {2,3}, be a bounded open set with Lipschitz bound-
ary 0, and let T' be an interface that divides ) into two bounded open connected sub-
domains 1 and Qo with Lipschitz boundaries. Consider a function uy in H2(Ql) N V.
Moreover, if n = 3, we assume that T N 0Q is a curve of reqularity C%. If T' and 09
have at least C%-regularity in a neighborhood of each element of T' N OQ (a curve in
three space dimensions and a point in two space dimensions), there ezists a regular ex-
tension u € H?(Q) N HE(Q) such that uw = uy in Q.

Remark 8. The case where 0{25 = I' is particularly easy to study and is the subject of
subsection 2.4. Thus we will only consider the case where 0£2; N9§2 and 0§22 N OS2 are both
non empty in the following proof.

Proof. Suppose that 921 N INQ and 00 N IS are both non empty. For the sake of
simplicity, we consider the two-dimensional case, i.e.  C R?, but the extension to the
three-dimensional case can be performed in a similar manner. In two space dimension, the
interface I' intersects the boundary 92 in two points that we denote by x1 and x9, i.e.
F'noQ = {x,z2}.

For i € {1,2}, let us denote by B; = B(z;,¢;) the open ball of radius ¢; and center x;.
Moreover, we consider two open balls B;" = B(;,&; +¢;/4) and B; = B(x;,&; — €;/4),
such that B, C B; C B;". Furthermore, we should ensure that, for i € {1,2}, &; is small
enough such that I'N B;r and 02N B;r are included in the neighborhood of x; where both
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Figure 1: Two-dimensional example of a geometry considered for the proof of the smooth
extension.

frontiers I' and 0 have C?-regularity. A quite general example of such a configuration is
illustrated in Figure 1.
Let ¢ € C*°(R™) be a real-valued function satisfying

[ 1 ifz<3/4,
“D(x)_{ 0 ifa>1.

Then we can define, for i € {1,2}, the functions
o; 1 — [Oa 1]
r =P lz =il
e )

whose regularity is C*°(£21), and the functions

& : Ql - R

x = u(x)pi(x).
Thus, we can write the following decomposition for the function u; on €;:
uy = urpr + urpz +ui(l — 1 — 2) = &1 + &2 + Lo,

where & = u1(1 — ¢1 — ¢2). The problem to construct a regular extension for wu; is
equivalent to extend the three functions &y, & and & to the whole domain 2. Moreover,
let us remark that we have

&i(r) = wu(x), Vx e B, Ny, Vie{0,1},

fz(.’L‘) = 0, Vr € \ (Bz N Ql), Vi € {0, 1},
and

S(x) = 0, Ve e B Ny, Vie{0,1},

§0(x) = ul(l'), Vo € \ (Bz N Ql), Vi € {0, 1}.

14



By

Figure 2: Construction of the function &y and its regular extension, 50.

We begin with the function &. For that matter, we make use of Stein’s theorem
( [1, Theorem 5.24]), which states that, for any bounded Lipschitz domain O C R", there
exists a total extension operator, i.e. an extension operator from H™(QO) into the whole
space H™(R"™), for all m > 0. Then, ; being a bounded Lipschitz domain, there exists
an extension operator from H?2(£);) into the whole space H?(R?). We denote by E¢y the
restriction to € of such a regular extension of & to R2. This extension is regular enough
but it is not zero on the boundary 92N 9€Qs. Therefore, we introduce a compact set U such
that (02N ON) C YV and YN = 0, and an open neighborhood of Y, denoted by §l, such
that (LN Q) C (B] UB; ). We also define a smooth cut-off function ¢ : x € Q — (z)
such that ¢(z) = 0 in 9, and 1 (x) = 1 in Q\ Y. Then, the function & = YEE is an
extension of & to the whole domain € of regularity H?, which satisfies 50 =0 on 0. The
construction of & is represented in F igure 2.

Let us now proceed with the construction of a smooth extension of &;, for i € {1,2}.
First, since & = 0 in Q; \ (B; N 1), we can extend it by 0 in Qo \ (B;" N Q). Then, it
remains to construct the extension in B;L N Q. Due to the C?-regularity of the interface I'
and the boundary 952 inside the balls Bf and B; (if &1 and &9 are chosen small enough),
there exist two C?-diffeomorphisms y; and y» that map Bf and B; respectively into the
open unit square , and such that

xi(zi) = 0, Vi € {1,2},
xvi(LNB) = {0} x]0,3[, Vie{1,2},
xi(0QNBf) = ]-3,3[x{0}, ¥ie{1,2}.

For i € {1,2}, we define & = & o x; !in

1 1
Xi(Bjmﬂl):]—2,o[x]0,2[,

which belongs to H2(x;(B;” N Q1)) (see [1, Theorem 3.41]) and, recalling that & = 0
in (B \ B;) Ny, it follows that & = 0 in x;((B;" \ B;) N Q1). Then, a regular extension
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of & to the whole square Q can be obtained using Babit’s extension (see [6] or [1, Theorem

5.19]), defined for i € {1,2} by

~ g(xay)v if x <0,
E&i(x,y) = X . V(z,y) € |—3, 5[ x]0,3].
=3¢(—xz,y) +4£(—3,y), ifx >0,

Clearly, for i € {1,2}, the extension Eéz and its first derivative are continuous through
the interface {0}x]0, 5[, such that E¢; well defines an extension of & in H?(x;(Bf NQ)).
However, the extension Eél is not zero on the exterior frontier %X]O, %[, thus we multiply
it by a smooth cut-off function that is zero for x > 1/2 — ¢ and equal to 1 for z < 1/2 — 2¢,
for some ¢ < 1/4. Let us denote by & the product of Efl by this cut-off function, which
belongs to H2(x;(B;” N )) and is zero on x;(9Q N B;"). Mapping this extension into B;"
we obtain & o y;, which then is an extension of &; in B;r NQ of regularity H?. Now, we can
construct the smooth extension of &; to the whole domain €2, denoted 52 and defined by

& = &, in €y,
@‘ = 0, in 9 \ (B:_ N Qg),
& = &Goxi inBfnQ.

Thus, for i € {1,2}, & is an extension of & which belongs to H2(2) and is zero on 9.
Finally, we define S
=& +& + &2, inQ
and it follows that @ belongs to H2(Q) N H}(Q) and @ = uy in ;. O

Remark 9. The proof of Theorem 2.5 in three dimensions of space follows the same path.
We start by considering three tubular neighborhoods of the intersection I"'N OS2 with circu-
lar cross sections and decompose the function u; in two regular functions £y and &;. The
function &y is zero inside the smallest neighborhood and is equal to u; far from the inter-
section I' OS2, while the function £; is equal to u; inside the smallest neighborhood and is
zero far from I' N1 9. On one hand, the extension of the function &y is done using Stein’s
extension theorem. On the other hand, the extension of the function &; is conducted by
transforming the largest tubular neighborhood into the unit torus with square cross section
with a C2-diffeomorphism. Then, Babi¢’s extension theorem is used in the unit torus and
the resulting extension is brought back to the initial domain. In both cases, the extensions
are multiplied by cut-off functions to ensure that they are zero on the exterior frontier 0.

To conclude, the smooth extension formulation of transmission problems is possible
as soon as the domains have Lipschitz regularities. Moreover, if their frontiers are more
regular, such that the hypotheses of Theorem 2.5 are satisfied, then the smooth extension
method applied to the numerical resolution of transmission problems has optimal rates of
convergence.

A well-suited situation where the domains only have Lipschitz regularities is presented
in the next subsection.

2.4 Particular case for strictly included domains

We explained in the previous subsection that the smooth extension method preserves the
optimal order of convergence if there exists a H?-extension of the solution of the Laplace
transmission problem from €27 into the whole space Hol(Q) However, this may not always
be possible, depending on the geometry of the problem. A most suitable case is, for
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example, the one where )y is strictly included in €. Indeed, we will show that the
construction of such a regular extension is always possible in this case, so that the smooth
extension method could always converge with optimal rates. Then, in this subsection we
relax the hypothesis iv) in Assumption (Hj), i.e. we suppose that Q9 is strictly included
in 7 and that I'; = 9. Then, the set of hypotheses in this subsection is the following:

i) Domain  is a bounded connected Lipschitz domain of R”.
1) Domain  is divided in two subdomains, €; and g,

which have Lipschitz boundaries. (Ha2)
i4i) The interface is I' = 0€)s.
iv) The remaining boundary of £ is I'; = 99Q.
Again, we are able to define a smooth extension formulation for the Laplace transmission
problem.
We still consider the Laplace problem presented in subsection 2.1:
find u: 2 — R such that
—div(uVu) = f in (17)

u = 0 on

where p and f are defined by

,u:

{ M1
K2

n
n
n

Qh

_ | h
f= { fo in Q.
For the same reasons, problem (17) admits a unique solution 7 in Hg ().
Let us define the following subspace of H' ()’

{U c Hl(ﬂg),, <U, 1>H1(Q2)’,H1(Qz) = 0} ’

The smooth extension problem associated to problem (17) is the problem of finding a
suitable control g in V, such that the solution of the following weak problem,

( find w1 € H}(Q) and uz € H'(Q2) N L2(Q2) such that
Ml/ Vuy -Vop =
Q

vV =

1U1|Ql <gaU1|Qg>H1(92) ()

f2/ U110
\Qzl . 20

f2v2 + (g (11 V), v) yrya oy iy, Vo2 € HY(Q2),
(18)

Vv € H&(Q),

2 Vug - Vg =
Qg QQ

enables to recover the solution @ of the initial Laplace problem (17).

Theorem 2.6. Let Q) be a domain that satisfies Assumption (Hs). For every fi € L?(1),
every fo € L*(Q) and every g € V, problem (18) admits a unique solution (uf,u3)

in Hi () x (H*(Q2) N L3(Q2)). Moreover, there exists a control g such that (uf,ud) sat-
isfies the following equality:
1 1
w) — — [ uf ug—/ug, onT 19
1 |F| /F 1 2 |F| r 2 ( )
and we can recover the solution of the initial Laplace problem (17):
ﬁ‘ﬂl = U%Ql’ . (20)
o, uf + T </ (uf — u%)) :
INRW
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Proof. Problem (18) is well-posed under the compatibility condition

Q f2 = - <’Yn2(,ulvul)v1>H_1/2(F)7H1/2(F) '
2

Let us prove that this condition is satisfied. Using the Stokes formula (3), we know that,
for all v € H (),

{(na (1 Vur), v) - 1/2(T),H/2(T)

/ fl'U_Ml/ uy - Vo,
951

1
= Vuy - Vv — (g,v ' - — / v
H /QQ 1 9 Vi a2 €] Jo, 2 Qs

In particular, taking v = 1 and remembering that g belongs to V it follows that

O Vo), Dysray ey = = [ f2
2

which is the desired equality and prove the first part of Theorem 2.6.
Now, we prove the existence of a suitable control g in V' such that the equality (19)
holds. We define

Uy = H\Qla
U = H\an

and construct an extension of @y in the whole space H&(Q) This is possible according to
the Stein extension theorem (see [1, Theorem 5.24|) which states that, for any bounded
Lipschitz domain O of R"”, there exists a total extension operator, i.e. an extension operator
from H™(O) into the whole space H™(R"), for all m > 0. We apply this theorem to u;
and we denote by Eu; the restriction to € of its total extension. Thus, if @, belongs to
H™(Q1) NV for m > 1, the extension Euy belongs to H™(2) N HE(Q). In particular, if
% belongs to H?(1) N Vi, Etp belongs to H2(2) N HE(Q). Then, we construct g in V
such that

1
(Vv = m | V(BEu) Vo— — f2/ v
. Qo ‘QQ| Qo Qo
+p1 {yn, (VET), U)H*1/2(F),H1/2(F) , Yo e HY (Q2).

(21)

Using the Stokes formula (3), it follows that the extension Eu; satisfies, for all v; € H}(Q),

/Ll/ V(Eﬂl) -V, =m V(Eﬁl) -Vour + 1 V(Eﬂl) -V,
Q 951 Q2

= [ fron+ p (g (VEU), 0) ooy ey + 40 | V(ET) - Vo,

91 1 QQ
= Jio1 + (g, V), + f2/ v
/91 9 U gy 2" Ja
1
Similarly, the function s = ug — ol Uy belongs to H(Q2) N L3(2) and satisfies, for
2| Ja,

all vo € H'(Q),

Jip) Vig - Ve = 9 Vs - Vg,
QQ Q2

= o fava + <”Yn1(VEﬂ1)7U>H—1/2(r),H1/2(r)
2
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It follows that (Euy,d2) is the solution of (18), i.e
(U%UQ) (Eulqu)

Moreover, on I' we have

1 1
9_ g = U9 — — U
TR AR
1

ul + — Uy — / Uz),
2 |§122| Qo IT| !Q2| Qs
- AT

which proves equality (19).
Finally, the solution (u,u3) of the Laplace problem (17) can be recover from (uf,u):

g9
u1|Q17
Uy = ug + C,

where the constant C can be determined by integrating the difference s — uj on I':

Jo= [ @)= [ wt-u
o~

Theorem 2.6 implies that, if we can construct a suitable control g, then we are able
to recover the solution of the Laplace transmission problem (17) from the resolution of
the smooth extension problem (18). To obtain such a control, we can solve the following
optimization problem:

which leads to

O

él’él‘r/l J(g /|u1 —ui + — |F| (u§ —ud) . (22)

Problem (22) admits at least one solution, according to Theorem 2.6, which corresponds
to a zero of the cost function J. As before, one can show that if g is a minimizer of J,
the solution (u{,u3) of problem (18) can be used to recover the solution of the Laplace
transmission problem, with formulas (20). The proof is similar to what we have done in
subsection 2.2 and is let to the reader.

3 Validation of the method

In subsection 2.2 we have proved the equivalence between the initial coupled problem and
the smooth extension formulation stated as a minimization problem. Based on this result,
we detail the numerical procedure used to solve the smooth extension formulation of the
Laplace transmission problem presented above. In particular, in subsection 3.1, we explain
how to minimize the function J defined in (9) using its gradient. Thereafter, we present
in subsection 3.2, subsection 3.3 and subsection 3.4 some numerical experiments obtained
through this process.
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3.1 Numerical procedure for the smooth extension method

To solve the smooth extension formulation of problem (2), we consider an optimization
problem whose solution allows to directly recover the solution of the initial transmission
problem. In the case of the Laplace transmission problem, it gives the right control term g
for which the solution u{ of problem (6) is a smooth extension of % in the whole domain 2.
Then, instead of directly finding u; and we by solving a Laplace problem with discontinuous
coefficients, one solves a minimization problem on the control g. As already explained, this
formulation is advantageous for the numerical resolution because it allows the use of non-
conformal meshes on 2. Thus, the smooth extension method is a fictitious domain method
in the sense that the various problems appearing in the numerical resolution process are
solved on two meshes, one for {2 and an other for )5 which are not conformal.

An explicit formula is provided for the computation of the gradient of the cost function
to minimize (see Theorem 2.3), which enables to treat the minimization problem with a
classical descent method. The general algorithm that we use is the following: we choose an
initial guess go for the control term. For each iteration k of the gradient algorithm, we first
solve problem (6) with g = gx and obtain the couple (uf*,u3"). Then, we solve the adjoint
problem (13) with g = g to get the adjoint variables (A{*, \J¥). The gradient V.J(gy) is
computed using the explicit formula given by Theorem 2.3. Finally, the control is updated
using the chosen optimization algorithm. The general formula for the update can be written

Gk+1 = 9k — PV J (9k),

where pg is either a real positive parameter or a matrix, depending on the chosen opti-
mization algorithm. This process is summarized in the Algorithm 1.

Algorithm 1 Implementation of the smooth extension method

Choose an initial guess gy for the control term.
k=0.
while exit criteria are not satisfied do
Compute the solution (u{*,uJ") of problem (6) with g = g.
Compute the solution (A{¥, \J*) of the adjoint problem (13) with g = gj.
Compute the gradient V.J(gi) = A\J* — )\ﬁ”l“QQ.
Update the control gxy+1 = gr — pVJ(gk), with pg depending on the chosen gradient
method.
Update the number of iterations k = k + 1.

end while

In practice, the exit criteria for a descent method usually concern the norm of the
difference between two successive solutions ||gk+1 — gi|| divided by the update coefficient
pr- The choice of the initial guess gg is of minor importance for the convergence of the
algorithm since, as we explained in Remark 7, every extremum of the cost function J
corresponds to one of its minimizers.

3.2 Test case 1: the transmission Laplace problem in the unit square

Let © be the unit square of R?, divided in two pieces by a vertical segment which represents
the interface I' (see Figure 3). We denote by xr the position of this interface on the z-axis.
We aim to apply the smooth extension method to the Laplace transmission problem (1)
with homogeneous Dirichlet boundary conditions, studied in subsection 2.1. Because the
interface I' meets the boundary 02 with a right-angled corner and because f1 and fo are
constants, the solution of (1), denoted by , is partially of regularity H?, i.e. Ujn, belongs
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O Q2

('ZT: 0)

Figure 3: Two dimensional representation of the geometry for the Laplace transmission
problems (1).

to H*(Q1) and 7, belongs to H?(2). Moreover, because I is a straight line, we can
construct a H?-extension of g, in the whole space H?(Q) N H{ (). This is done using
the Babi¢ extension (see [6] or [1, Theorem 5.19]), defined for all 0 < zr < 1 and for
all0 < z,y <1by

u(x,y), if x<uar,
Eujo,(,y) =  2r—2_ far(z—1) 2 (lap(z—1) _
U )+ —ul =——%y |, if x>ar.
T ar — 1 xrr 2 ar—1

It is straightforward to see that Eu|q, and its first order partial derivatives are continuous
through T', then Eug, well defines an extension of g, in H?(Q2). Furthermore, we can
see that

Eﬂml (.%', 0) = Eﬂml (.1‘, 1) =0.

Then, it remains to multiply this extension by a cut function such that it is zero on 0f2.
To do that we consider two real values a and f in ]0, 1[ such that o < § and we define the
following cut function:

1, if zp <z <y,
_ 223 — 3(xp + 25)x2 + 620181 + 22(25 — 32
x(r) = ( (za 5) @ ;)g ﬁ( b a)), if x4 <z < g,
e
0, it zg<a<1,
where

zo =ar+o(l —ar), zg=2ar + (1 —2p).

Because x is regular enough, it follows that Eujqg, x belongs to H2(Q) N H(Q). Thus,
all conditions are satisfied so that the smooth extension method applied to this problem
converges with optimal rates.

The numerical values of all parameters are pu; =1, us =10, f{ =1, fo =1 and zp =
0.57. An approximation of the solution @ of (1), obtained with the classical finite element
method, is represented in Figure 4. Because of the jump of its gradient through I', the
entire field @ does not belong to H?(Q2). As a consequence, the use of the classical finite
element method to approach the solution of (1) leads to different rates of convergence when
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(c) (d)

Figure 4: Numerical solution for the Laplace problem (1) with p3 = 1, po = 10, f1 = 1,
fo =1 and xr = 0.57. We compare the reference solution u obtained with the standard
finite element method on a fine mesh (a) to the one obtained through the smooth extension
method (c). The fields uf (b) and u§ (d) are superposed (c¢) to show the continuity through
the interface I' despite the use of non-conformal meshes. For the SEM, the mesh is 16 x 16.
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Figure 5: Rates of convergence in space for the finite element method (P1 elements)
applied to the resolution of the Laplace problem (1) with pu; =1, uo =10, f1 =1, fo =1
and xp = 0.57. The solution with a conformal mesh (a) is compare to the one with a
non-conformal mesh (b)

refining the space discretization, whether the mesh of the domain fits the interface I' or
not. Indeed, in Figure 5 we can observe that if the mesh fits the interface I', the rates
of convergence are of order 2 for the L?norm and of order 1 for the H}-norm, using P1
elements. These are the classical rates of convergence with P1 elements for a H? solution
of a Laplace problem, which is not the case here. Then, this result is only due to the
fact that the interface I' is well represented by the mesh. On the other hand, if the mesh
does not fit the interface, we recover degraded rates of convergence: here we find a rate of
order 1 in L?-norm and 0.5 in H&—norm.

For the numerical resolution with the smooth extension method, we follow Algorithm 1.
In particular, we choose the initial guess gg to be zero and use a classical gradient descent
with constant parameter p to minimize J. The value of p is chosen such that the gradient
method convergences and can be different depending on the mesh size. We use unstructured
meshes for both 2 and €9, such that the interface I' is not represented by the mesh on 2.
At each iteration of the method, we solve 4 second-order boundary problems (the direct and
adjoint equations) using P1 elements, whose solutions enable us to compute the gradient
VJ(gx). Then, we update the control such that,

Ik+1 = gk — PV J (gr)-
We also compute the residual error,

lgk+1 — g&ll 7 (23)
p
and stop the algorithm if it is smaller that a given tolerance €. This method shows to
easily converge to an optimal control.

The solution of (1) obtained through the minimization of the function J is represented
in Figure 4. It is clear than u‘{ml and uJ are approximations of U, and ujq,. Moreover,

superposing these two solutions, we can observe that the condition on the equality of uf
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Figure 6: Rates of convergence in space for the smooth extension method applied to the
resolution of the Laplace transmission problem with homogeneous boundary conditions (1)
,with py =1, uo =10, f1 =1, fo =2 and ar = 0.67.

and uJ on I is fulfilled. Refining the mesh, we compute the L? and H&—errors between
the couple (uf,uj) and the reference solution obtained with the classical Finite Element
method and using a fine conformal mesh. We obtain the convergence graph presented in
Figure 6 where we observe than optimal rates of convergence are conserved by the smooth
extension method in this case.

3.3 Test case 2: the transmission Laplace problem with a spherical in-
clusion

Let Q be the unit square of R? and let Qy be the disk of center (x,y.) and radius .,
strictly included in © (see Figure 7). We aim to apply the smooth extension method to
the Laplace transmission problem (17) with a strictly included domain Q9 in €2, studied
in subsection 2.4. Because the interface I" is smooth and 2 is convex, the solution of (17),
denoted , is partially of regularity H?. Moreover, we have seen in subsection 2.4 that it
is possible to construct an extension of u|q, in the whole space H2(Q)N H(). Then, this
test case is particularly adapted to the use of the smooth extension method, which enables
to recover the optimal rates of convergence in space with non-conformal meshes, whereas
the classical finite element method does not.

Choosing the set of parameters, uy = 1, ug = 10, f1 =1, fo =2, (z¢,y.) = (0.62,0.43)
and r. = 0.2, we apply the smooth extension method to this transmission problem and
obtain the convergence graph presented in Figure 8, where we observe, one more time,
than optimal rates of convergence are preserved by the smooth extension method.

3.4 Test case 3: the transmission Laplace problem in a L-shape domain

Let Q be a L-shape domain of R? and let 23 be a quadrilateral included in € (see Figure 9).
As before, we apply the smooth extension method to the Laplace transmission problem with
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Figure 7: Two dimensional representation of the geometry for the Laplace transmission
problem (17).

,_.
o
\

[y
o
|

w

=
o
|
IN

Error to the reference solution

m Hi-error for uf | scale = 1.12
10-5 + Hg-error for ud | scale = 1.21
A L2-error for uf | scale = 2.10
% x L2-error for uf | scale = 2.17
JARTE S
Mesh size

Figure 8: Rates of convergence in space for the smooth extension method applied to the
resolution of the Laplace transmission problem with a strictly included subdomain Q5 (17),
for pp =1, po =10, f1 =1, fo =2, (z¢,y.) = (0.62,0.43) and r. = 0.2.
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Figure 9: Two dimensional representation of the geometry for the Laplace transmission
problem (1) in a L-shape domain.

homogeneous Dirichlet boundary condition (1). Because of the geometry of the problem
and especially the presence of a reentrant corner, the solution is not regular and only
belongs to H{ (). Thus, there do not exists a H2-extension from €2 to the whole domain
and the method will not converge with optimal order. However, the smooth extension
method can also be applied in this case and we will see that it is still better than the
Finite Element method with non-conformal mesh (see Table 1). Considering the set of
parameters uy; = 1, po = 10, f1 = 1, fo = 1, (z¢,y.) = (0.62,0.7), 21 = 0.43, 29 =
0.58, (x3,y3) = (0.36,0.38) and (z4,y4) = (0.64,0.49), we obtain the convergence graph
represented in Figure 9.

To summarise the results obtained for all test cases that we have studied, the conver-
gence rates are presented in Table 1. As a result, the Smooth Extension method applied to
the Laplace transmission problem, converges with optimal rates even with non-conformal
meshes when the solution of the Laplace transmission problem is partially of regularity H?2.
When the solution is less regular (because of the geometry of the domain or the regularity
of the right-hand sides) the Smooth Extension method can also be applied and showed
to converge with the same rates than the Finite Element method with conformal mesh.
In the next section we will show that this method can be extended to other kind of cou-
pled problems and enables to treat the numerical resolution of more general transmission
problems with non-conformal meshes.

4 Extension to other coupled problems

In this section we extend the smooth extension method to two other coupled problems: the
Stokes transmission problem in subsection 4.1 and a fluid-structure interaction problem in
subsection 4.2.
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Figure 10: Rates of convergence in space for the smooth extension method applied to the
resolution of the Laplace transmission problem (1) in a L-shape domain.

Test case | Method | Mesh conformity [ conv. rate in Hj-norm [ conv. rate in L*-norm

1 FEM Conformal 1.11 2.08

1 FEM Non-conformal 0.58 1.28

1 SEM Non-conformal | 1.08 (in ;) / 1.14 (in Q3) | 2.08 (in Q) / 2.1 (in Q2)
2 FEM Conformal 1.06 2.13

2 FEM Non-conformal 0.58 1.04

2 SEM Non-conformal | 1.12 (in ©;) / 1.21 (in Q3) | 2.1 (in Q) / 2.17 (in Q)
3 FEM Conformal 0.96 1.7

3 FEM Non-conformal 0.76 1.43

3 SEM Non-conformal 0.93 (in Q1) / 1.2 (in Q2) | 1.72 (in ©1) / 2.08 (in )

Table 1: Comparison of the rates of convergence between the finite element method (FEM)
with a conformal mesh, the FEM with a non-conformal mesh and the smooth extension
method (SEM) with a non-conformal mesh for different test cases.
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4.1 The Stokes transmission problem

Let n > 0 and €2 be a domain of R™ that satisfies the following set of hypotheses:

i)
subdomains, 7 and .

ii1)
iv)
are not empty.

The interface I' = 91 N 025 is not empty.
The remaining boundaries I'y = 9Q; \ ' and T'y = 9Q2 \ T

Domain 2 is a bounded connected Lipschitz domain of R™.
Domain 2 is divided into two connected Lipschitz

Consider two real coefficients, 11 and po, and two external forces, fi in (L?(21))" and fo
in (L?(922))". Then, the Stokes transmission problem writes:

—pmAuy + Vpr = fi,
div(ul) = 0,

U1=0,

—p2Aug + Vps = fo,

(11 Vur —pil) - ny

div(uz) = 0,
U2 = O,
Uy = U2,

—(p2Vug — pal) - na,

find ur: Q1 = R™, p1: Q1 = R, ug: Q9 — R™ and ps: Q5 — R such that

in Qq,
in Oy, (24a)

on Fl,

in QQ,
in QQ, (24b)

on I'sy,

on I,
(24c¢)
on I

Equations (24a) and (24b) are two sets of Stokes equations coupled at the interface T’
with the coupling conditions (24c). These conditions represent the continuity of the fluid
velocity and the continuity of the constraints applied by the fluid on I'. The vectors n;
and ng still denote the unit exterior normal vector of €21 and Q9. Of course, problem (24)
is equivalent to the Stokes problem with discontinuous viscosity and external force,

find u : Q@ — R™ and p : 2 — R such that

—div(uVu—pI) = f in
div(u) = 0 in
v = 0 on
where p and f are defined by
_ pr o in
po= { p2 in Qo
f . f1 n Ql
B Jo  in Qo

Q,
Q,
o9,

We can define a weak formulation of problem (24). Let us introduce the functional spaces

iy

(7 )=o)

Wi = {or e (HY(N))";01r, = 0},
Wy = {vy € (H(D2))";v9r, = 0},
w = {(v1,vz) € Wy x W2;01|r = U2|F} )
Q = {(pl,pz) € L*() x L*(Q); =S
(Hagiw (X)) = {a € (L3(X))™m, div(o) € (LQ(X))"},
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where X stands for either 1 or Q9. Then, the weak problem associated to problem (24)
writes:

find (u1,u2) € W, and (p1,p2) € Q such that

,ul/ Vuy: Vvl+u2/ Vug: va—/ pidiv(vy) —/ padiv(vg)
o Qs o Qs

:/ f1‘v1+/ fa-v2, VY(vi,v2) €W,
Ql Q2

/ qldiv(ul) +/ QQdiV(UQ) = 0, V(ql,QQ) € Q
951

Q2

(26)
The well-posedness of problem (25) in (Hg ()" x L3(£2) is a particular case of [10, Theorem
IV.8.1], where u (positive) needs to be in L>(Q2) and f belongs to (L?(Q2))". It follows
that problem (26) is well-posed and we denote by ((w1,w2), (p;,P2)) its unique solution.
In particular, o7 = p1Vuy — p1I belongs to (Haiv(Q1))", 02 = peVua — pal belongs
to (Haiv(£22))™ and we are able to give a weak sense to the second transmission condition
on I' in (24c). Let X stand for either ©; or Q9 and let n be the unit exterior normal
vector to X. Let T = (H%Q(I‘))" be the image of (H(%X\F(X))" by the trace operator on

I, i.e. the space of functions in (H'/2(I'))® whose extension by zero on dX \ I belongs
to (H'/2(0X))". Then, for all o in (Hgy(X))™, we have the following Stokes formula:

/ o Vv—i—/ div(e)-v = (o), v)yy, YvE (H(%X\F(X))". (27)
X X

where Y’ is the dual space of Y. Then, the second transmission condition in (24c) is
satisfied in the following sense:

<’Yn1(01)av>r',r = - <’7n2(02)vv>T/,Tv VoeT. (28)

Now, we present the smooth extension method applied to problem (24). Formally, it
writes: find g such that the solution of the following problem,

find up : Q1 > R", p1 : Q1 = R, ug : Q9 — R™ and po : Q9 — R such that
*MlAul +Vp1=Ffi +§Q, in €,
div(uy) = 0, in Q, (29a)
uy = 0, in 01,
—p2Auy + Vpg = fo, in Qy,
div(uz) = 0, in Qo,
(u2) ? (29b)
ug = 0, on I's,
(n2Vug —pal) -ng = (11Vur —p1I) -na,  onT,

satisfies the equality
uy = uz, onT’

Let v be in (D(2))™ and suppose that ui, p1, us and ps are sufficiently regular. Moreover,
we assume for the moment that g belongs to (L?(€22))" in order to do formal computa-
tions. Formally, we multiply equation (29a) by v and equation (29b) by v|q, and integrate
respectively over Q and €. After an integration by part and using the Neumann condition
on I', we find

,ul/ Vuy: Vv—/pldiv(v) = fl‘lel+/ g Qs
Q Q Q1 95

Mz/ Vus: VUm—/ p2div(vg,) = / f2'v|92+/((Mlvul—plf)nz)'v-
Qs Qg Qo r
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Moreover, we remark that

/ (1 Vur —pil)ng) v = / (mAuy = Vp1) -vjg, + 1 | Vur: Vypg,
r Qo
—/ pldiV(UmZ),
Qo
= —/ g Vo, + M1 Vuy: Vo,
Qo
/ pldiv(v|92).
Qo

Thus, we define the weak formulation of the smooth extension problem associated to prob-
lem (29), which makes sense for ¢ € W3, as the problem of finding a suitable control g
in W3, such that the solution of the following problem,

find (u1,p1) € (HE(Q))™ x LE(Q) and (ug, p2) € Wa x L?(s) such that
/Ll/ Vul : V’Ul — / pldiv(vl)
Q Q

= 0 fl . 01‘91 + <g7v1‘QQ>W2/’W2 ) v’l)l € (H(}(Q))nv

1

/ qdiv(uy) = 0, Vg1 € L§(Q),
Q
(30)
f2 Vuy : Vg —/ padiv(vy)
Qo Qo
= f2 Vg — <g7U2>W/,W2
Qo 2
+u1 Vu1 : V'UQ —/ pldiV(UQ), VUQ € WQ,
Qo Qo
| wdivtus) = o Vg € L2(0),
\ QQ
satisfies the equality
uy = uz, onT. (31)

For every fi in (L?(€21))", every fo in (L%(Q2))" and every g in W3, the two subproblems
in problem (30) admit a unique solution. They are denoted by (w{, p{) and (w§, pj). These
are well-known results on Stokes equations; we refer to [10] for details. In the following
theorem, we state the existence of a control g such that the solution of (30) satisfies the
condition (31) and explain how to recover the solution of the initial Stokes transmission
problem (26).

Theorem 4.1. Let Q be a domain that satisfies Assumption (Hz). Consider f1 in (L*(Q1))"
and fo in (L?(Q2))™. Then, there exists a function g in W4 such that the solution ((wf, p{), (w3, p3))
of (30) satisfies (31). Moreover, we can recover the solution of the Stokes transmission
problem (26):
(w1, w2) = (wi’lm,wé’),
(plvﬁQ) = (pfll‘Ql -G, Pg - C)a

1
C:/ H +/ g).
Q| < o Plien sz2

The proof of Theorem 4.1 is similar to the proof of Theorem 2.1. It relies on the
construction of extensions for the velocity w; and the pressure p; in the whole domain €.
Details are given in Appendix A.

where
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As before, the problem of finding a suitable control g such that the solution of prob-
lem (30) satisfies (31), can be formulated as an optimization problem. In practice, it is this
minimization problem which is solved in order to obtain a suitable control and recover the
solution of the transmission problem (24). The cost function to consider, that we denote
by J, is now defined from W} to R with the formula

1
=5 [t —ugp (32)

where w{ and w§ are the velocities of the fluid, solutions of problem (30). Yet, the mini-
mization of this cost function is equivalent to the minimization of the real-valued function

(H} Q)" x Wy — RT

1
(’()1,’02) — Q/I\’UIF_UQFP?

under the constraint that v; and ve are the velocities that solve the problem (30). Then,

to this constrained optimization problem we associate the following Lagrangian function
defined from

W5 x [((HS ()" x L§()) x (Wa x L*(922))] x [((HF(2))™ x L§()) x (Wa x L*(Q))]
to R by
£~(ga ((ubpl)v (u2,p2))7 (()‘177T1)7 ()‘27 7r2))) =

1
2/ \ul — U2|2 + ,LL1/ Vuy : VA1 — 1 Vup : Vg + uo Vaug : Vg
T Q Qo Q2

—/Qp1div(/\1) —/deiv(ul) —/92172div(>\2) _/92 7r2div(u2)+/ p1div(Az)

Qo
— [ i M — (9, )\1|92>W2/’W2 —/ fa A2+ (g, M)y w,
Ql QQ
. (33)
Again, this Lagrangian function enables to compute the gradient of J and it is possible to
show the equivalence between the minimization of J and the research of a suitable control

such that the solution of (30) satisfies the condition (31). For that matter, we introduce
the adjoint problem of (30),

( find ()\1,7r1) H ()™ x L3(Q ) and (Mo, ) € Wa x L?(3) such that,
ug/ va / modiv(vy) = / (w] —wd) - va, Yoy € Wa,
Qs o r
/ QQdIV )\2 = 0, VQQ S L2(Qg),
Q
/ VA1: Vo — [ mdiv(vy) = —/ (wf —w) vy
Q T
+11 V)\Q : V’Ul, V’Ul S (H&(Q))n,
Qo
/qldiv()\l) = / qldiV()\Q), Vql S L%(Q)
Q Q2

(34)
Problem (34) admits a unique solution denoted by ((w{,n{), (w3, 73)) (see Appendix A).
Then, the existence and the characterization of the gradient of J is given in the following
theorem,
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Figure 11: Two dimensional representation of the geometry for the Stokes transmission
problem.

Theorem 4.2. The mapping g € Wh— J(g) € R is differentiable and its gradient V.J(g) €
WY is given by,

7 — g _ .9 /
(VI0)09) 1 = (P0rd = ) o Vo9 €TV, (35)

where w and w§ are the unique velocities that verify the adjoint problem (34).

Moreover, the equivalence between the smooth extension problem and its formulation
as a minimization problem can now be proved,

Theorem 4.3. A control g in W} is a minimizer of J if and only if the solution of (30)
satisfies the condition (31).

For reasons of clarity, the proofs of Theorem 4.2 and Theorem 4.3 are done in Ap-
pendix A.

As for the Laplace transmission problem, the formulation of the Stokes transmission
problem (24) as a control problem and as a minimization problem on the function J enables
us to numerically solve these equations with a fictitious domain approach. Here, we apply
this method to the numerical simulation of a two-layer Stokes fluid in the unit square of R?.
The geometric settings are represented in Figure 11: €21 and )5 are separated by a smooth
curve which encounters the boundary 9 at two points, (1,ar) and (fr,1), where ar
and fr are two positive constants. The interface I' is defined such that a point (x,y)
in [Ar, 1] x [ar, 1] belongs to I if and only if

y—ar

11—z <fr :
Yy

We consider homogeneous Dirichlet boundary conditions on the left and right boundaries
and a pressure drop of 1 between the top and the bottom boundaries. No external force
are considered and constant viscosities 1 = 1 and uo = 10 are chosen. For the interface I,
we choose ar = 0.25 and Sr = 0.5.

The solution given by the smooth extension method is obtained following Algorithm 1
and using the gradient method with fixed parameter p. This parameter is chosen such
that the gradient method convergences and the stopping criteria is defined in (23). The
resolution of the four different Stokes problems appearing in the minimization process is
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done using Mini elements. To compare the smooth extension method to the classical finite
element method, we use meshes that have about the same numbers of cells: 26 x 26.

Results are shown in Figure 12, where both the velocity and the pressure of the fluid
are plotted. We compare the solution obtained through the standard finite element method
with a mesh which is actually conform with the interface I', to the one produced by the
smooth extension method with unstructured meshes. We observe that both solutions are
similar at the difference that the Smooth Extension method well represents the physical
jump in pressure through the interface I', while the finite element method with Mini el-
ements does not. Moreover, the former also has the advantage to be computed with a
non-conformal mesh.

4.2 A fluid-structure interaction problem

Now, we are interested in the resolution of a fluid-structure problem where the fluid is
modeled by the Stokes equations and the structure by the stationary equations of linear
elasticity. The unknowns for these two systems of equations are the fluid velocity and
pressure as well as the displacement of the structure from its reference configuration. The
fluid problem will be set in Eulerian coordinates, i.e. in the current configuration, whereas
the elastic equations will be written in Lagrangian coordinates, i.e. in the reference config-
uration. This amounts to consider two configurations for both problems, supposing that,
at each time, there exists a smooth enough mapping between the two configurations to
ensure that all boundaries in the current configuration are sufficiently regular.
Let n > 0 and ) be a domain of R" that satisfies the following set of hypotheses:

i) Domain Q is a bounded connected Lipschitz domain of R™.
i1) Domain 2 is divided in two connected Lipschitz subdomains, €2¢
the fluid subdomain and Qg the solid subdomain. (Hy)
i1i) The interface I' = 02y N 082 is not empty.
iv) The remaining boundaries I'y = 0Q \ I and I'y = 09, \ I' are not empty.

We assume that, at each time ¢ > 0, there exists a deformation ®;, i.e. a smooth enough
injective and orientation-preserving mapping, defined from 2 to R™, such that the current
fluid configuration ®;(€2f) and the current solid configuration ®;(€2,) also are Lipschitz
subdomains of Q. Moreover, ®;(Qy) and ®;(€,) should be connected. We should precise
here that the mapping ®; directly depends on the displacement of the structure at time ¢.
For all z in g, this mapping writes

®y(x) = 2 + ds(t) (2),

and we can easily extend ®; in the whole domain ). The existence of a smooth transfor-
mation ®; is rather complicated to prove and is out of the scope of this study. However,
for the numerical resolution of this fluid-structure interaction problem, it is possible to
construct @, if the deformation of the structure is reasonable, i.e. if the structure does not
enter in contact with itself or the boundary 92 \ I'y and if the mesh which represents the
domain € is admissible (no overlapping cell).

Then, at each time ¢ > 0, the subdomain ®;(€y) is filled with an incompressible
Newtonian fluid whose velocity uy(t) : ®4(2y) — R™ and pressure pg(t) : ®4(25) = R
satisfy the Stokes equations in conservative form

—div(oy(us(t), pr(t))) = [fr(t) in (),
div(ug(t)) = 0 in  ®;(Qy),
up(t) = 0 on ®(I'y),



() (d)

Figure 12: Representation of the solution for the Stokes transmission problem (24) with
p1 =1, pe =10, f1 = (1,0), fo = (1,0), ar = 0.25 and fr = 0.5. One the top, we compare
the magnitude of the fluid velocity obtained with a standard finite element method (a) and
with the smooth extension method (b). On the bottom, we compare the pressure of the
fluid computed with the classical finite element method (c) and the smooth extension
method (d). The interface I" is highlighted with a white curve.
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where o is the fluid tensor defined for all w: R™ — R"™ and all p: R™ — R by

of(u,p) = %NfD(U)*pL
D(u) = §(Vu+VuT),

the constant juy is the viscosity of the fluid and f¢(t) : ®;(£2y) — R™ is the external force
applied to the fluid at time ¢. Inside the fluid lies an elastic medium, whose displacement
at time ¢, dg(t) : Qs — R”, verifies the following equations of linear elasticity written in
the reference solid configuration €2

—div(os(ds(t))) = fs(t) in Qs
ds(t) = 0 on Ty,

where o, is the solid tensor defined for all u: R® — R™ by
os(u) = 2usD(u) + Asdiv(u)l,

the two positive constants pgs and As are the Lamé coefficients and fq(t) : 25 — R™ is the
external force applied to the structure at time ¢. To complete this system of equations, we
consider at each time t the coupling conditions that correspond to the continuity of the
velocities and the normal constraints through the fluid-structure interface in the reference
configuration I'. For that matter, we introduce the fluid velocity and pressure written in
the reference fluid configuration, denoted by w; and gf, and defined at time ¢ by

wy(t) =up(t) o Py, and qp(t) = ps(t) o Dy.

Moreover, we introduce the fluid stress tensor written in the fluid reference configuration,
denoted by Iy, and defined at time ¢ by

T (wp (), g (t) = pp (Vw8 F(ds(t) + V()T F(dy(£)T) — q; ()G (ds(t)), in Q,

where F(ds(t)) and G(ds(t)) are the following matrices:

F(ds(t)) = (V(®(ds(t)))) " cof(V(D(ds(1)))), (36)
G(ds<t)) = COf(v<(I)(ds(t)>))'
Thus the transmission conditions write
od,
5t (t) = wug(t)ody on T, (37)

ou(ds(D)ns = Tp(wy(t).qp())ns on T

where the vector ns denotes the exterior unit normal vector to 9€2;. Similarly we denote ng
the exterior unit normal vector to 9€1;. Furthermore, we suppose that the structure is at
rest initially, i.e. that ds(0) = 0.

For the purpose of the numerical resolution we consider a discretization of R for
the time variable. Let dt > 0 be the step size. We construct a sequence (t)pcr+ such
that tg = 0 and t341 = t; + 0t for k > 0. Thus, we define the time discretizations of uy, py
and dg such that, for all £ > 0,

Uz uy(ty),
p),; = Py (tr),
ds = dS (tk)



In addition, we also define fJ]f = f(tx) and fE = fo(ty) for all k > 0. The discretization of
the first coupling condition (37) is obtained using the implicit Euler scheme:

ditt = d’;+5tu’;+1, Yk > 0,
dd = 5tu(}.

At time 5 the current solid domain is given by ®;, (€2s) = (id + d%~1)(Qs) and the current
fluid domain ®;, (€2f) is obtained by extending the mapping ®;, in the whole domain 2.
Moreover, because of the homogeneous Dirichlet boundary conditions on the external fron-
tier 012, it is clear that for all £ > 0, ®;, (2) = Q. Furthermore, the matrices F}, and Gy,
only depend on the displacement of the structure at time .

Hence, for all £ > 0, the triplet (u’}, p’}, d") is solution of the following problem,

find u: @4, (Qf) = R™, p: &4, (25) = R and d: Q; — R" such that
—diV(O’f(u,p)) = f}ga in (I)tk (Qf)7
div(u) =0, in @, (), (38a)
u =0, in @, (I'y),
—div(os(d)) = fF, in €,
iv(o,(d)) = in .
d=0, on [y,
d= dls%1 + dtu o By, , on I, (38¢)
os(d)ng =I¢(uo ®yy,po Py )ng, on T,

where by convention d; ' = 0 for kK = 0. We can define a weak formulation of problem (38).
Let X stand for either Qf, Qg, @4, () or @4, (€25). We introduce the following functional
spaces:

ka = {ve Hl(q)tk Qf)))n » U)oy, (Ty) = 0},

( (
V= {ve (HY(P4(2))" 5 via,, ) = 0},
Vi = {ve (H (%)™ ; yr, = 0},
Wy = <(vy,vs) x Vs (’Ufo(btk)u":i}s‘l"},

k
Vs
‘/f}‘C X VTS 5 5t(Uf o ‘I)tk)\I‘ + dé?—l = dS‘F}7

Wqg = (vf,ds)
2(X))™m 5 div(o) € (L2(X))"}.

(Haw(X)" = {o e (LX)

~—

The weak formulation of problem (38) writes:

( find (u,d) € Wy and p € L*(®4, (Q)) such that
/ of(u,p): Vug —i—/ os(d): Vs
Dy, () Qs

= / f}c‘var/ fove V(vg,v5) € W, (39)
oy, () Q.

/ qdiv(u) = 0, Vg € L(Dy, ().
@4, ()

Problem (39) admits a unique solution that we still denote by (u'}, p’]i, d®) (see Appendix B).
Moreover, af(u’},plj‘é) belongs to (Haiv (P, (2¢)))", os(d¥) belongs to (Haiv(2s))™ and we
can give a weak sense to the second transmission condition in (38c). Let X stands for
either Qy or Q, and let 1 be the exterior normal vector to X. Let T = (Hol({Q(F))” be the
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image of (H(%X\F(X))" by the trace operator on the interface I, i.e. the space of functions

in (H'/?(T"))™ whose extension by zero on X \ I' belongs to (HY/2(0X))".
Then, for all o in (Hgiv(X))"™, we have the following Stokes formula:

/ o: Vv +/ div(o) v = (v(0), 0}y, Vv E (H(%X\F(X))". (40)
X X

where Y” is the dual space of T and ~, is the trace normal operator on I'. Then, the second
transmission condition in (38c) is satisfied in the following sense:

<7ns (O-S(d,’;:))7v>’r/7’r = - <7nf(Hf(u§f © q)tkapl;f o (I)tk))a U>T’ r’ YoeT. (41)

Similarly, we define T* = (H&éQ(tI)tk (T")))™ which enables to also write Stokes formulas for
a tensor o in @4, (2f) and in Py, (£2s).

Now, we present the smooth extension method applied to problem (38). Formally, it
writes: find g in (V*)’ such that the solution of the following problem,

(find u: Q — R”, p: Q — Rand d: Qg — R" such that,
. - _a .
—dIV(O'f(U,p)) = ff +9, m Qa
div(u) =0 in Q, (42a)
u =0, in 092,
—div(og(d)) = fF, in Qg,
d=0, on Ty, (42D)
os(d)ns = s(uo Py, po Py )ng, on T

satisfies the equality,

1
wo®d;, = E(d—d’;—l), onT.

Let v be in (D(2))™ and suppose that u, p and d are sufficiently regular. Moreover, we
assume for the moment that g belongs to (L?(®¢, (Qs)))" in order to do formal computa-
tions. Formally, we multiply the first equation in (42a) by v and the first equation in (42b)
by vjq,, and integrate respectively over {2 and (5. After an integration by part and using
the Neumann condition on I', we find

/af(u,p):Vv = / f}“-v—i—/ g-v,

Q ®;, (Q) ®;, ()

/Q os(d): Voo, = /Q fsk ‘v, + / (I (uwo @y, po Py, )ns) - v.
s s r

Moreover, we remark that

/ (T (0 @y, po By, )my) - v
T

:/ diV(Hf(uoq)tk,pocl)tk))-vQS+/ Hy(uo @y ,po®y): Vug,,
Qs

s

=— | det(V®y)(g0 Py,) - vjq, +/ I (uo @y, po Py ): Vupg,,
Qs Qs
qg- (UIQS o (I);CI) + / Oy(uo®yy,pody,): Vg,
q>tk(Qs) Qs
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Thus, we define the weak formulation of the smooth extension problem (42), which makes
sense for g in (VF)/, as the problem of finding a suitable control g in (V) such that the
solution of the following problem,

(find u € H}(Q), p € L3(Q) and d € V; such that
o) Yoy = / IF - vs10, )

D4, ()
/ qdiv(u) =
Q

+(g, Uf|®y, (Qs)>(vsk)/7vsk, Yoy € H& (Q),

0, Vg € L2(Q), (43)
/QS os(d): Vs = /Q F§vs = (g,vs0 ‘I)t_k1>(vsk)',vf
+

y(uo @y, pody): Vus, Vo, € Vi,
\ Qs

verifies the equality
1

(5t(d — d’;—l), on I (44)

uo Py,
For every f}“ € (L*(®4,(Q4)))"™ and every g € (VF)', there exists a unique solution to the
Stokes problem appearing in problem (43), denoted by (u9,p9) (see [10]). On the other
hand, for all f¥ € (L?(£,))", the weak problem of linear elasticity that appears in (43)
also admits a unique solution in Vj, denoted by d9 (see [13]). In the following theorem, we
state the existence of a control g such that the solution of (43) satisfies the equality (44)
and explain how to recover the solution of the initial fluid-structure problem (39).

Theorem 4.4. Let Q) be a domain that satisfies Assumption (Hy). Consider fJ’f in (La(Py, (2f)))"
and % in (Lo(Q2))". Then, there exists a function g in (VF)" such that the solution (u9,p9, d9)
of problem (43) satisfies (44). Moreover, we can recover the solution of the fluid-structure
problem (39):
(Whpf) = (W, @) Plo, @)
& = a4

The proof of Theorem 4.4 relies on the construction of extensions for the functions u’}
and p’} to the whole domain €2, which is what we have done for the Stokes transmission
problem. Hence, the proof of Theorem 4.4 directly follows from the one of Theorem 4.1.
This is detailed in Appendix B.

As before, the problem of finding a control such that the solution of (42) verifies (44)
can be formulated as an optimization problem on the following cost function, defined for
any k > 0,

Jk : Vs/’ E 7 RT
1

1
g = 5 [lured, - @ —d P

(45)

where u9 and d9 are the velocity of the fluid and the displacement of the structure that
solve problem (43) at time #;. The function d*~! is the displacement of the structure that
solves problem (38) at time t;_1. Yet, the minimization of this cost function is equivalent
to the minimization of the real-valued function,

(Hp(@)" x Vs — RY
1

1 _
(i) > 5 [ luody — - d P
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under the constraint that u and d are the velocity of the fluid and the displacement of the
structure that solve problem (43). Then, to this constrained optimization problem, we can
associate the following Lagrangian function, defined from

(V) < ((Hg ()" x L§(2) x Vi) x ((Hg ()" x L§(€) x V) ,

to R by,
‘Ck(ga (iu‘apa d): ()\fa’r(a Vf)) =

5 [lwo @y — Sd—d P+ [ o) VA - [ wdivia)

2 Jr ot Q Q

+ US(d):VVS_/ Iy(uo Py, po®y): Vi (46)
Qs Qs

- ka _gv)‘ / _/ ff-y5—|— g,V Oq)_l I .
Lo T s [ 000

Again, this Lagrangian function can be used to compute the gradient of J; and show that
the minimization of Jj is equivalent to the problem of finding a suitable control g such
that the solution of (43) satisfies (44). For that purpose, we introduce the adjoint problem
of (43),

(find vs € Vi, A\f € (HF(Q))™ and 7 € L3(Q) such that,

1 1 _
S os(vs): Vs = 5 g (u? o Py, — &(dg — d? 1) - Vg, Yvs € Vs,
/ of(Ag,m):Vop = 2,uf/ D(vs 0 @;@1) : D(vy)
Q <I>tk(QS) 1
— oy — @ — ) oo, vy € ()
/ qdiv(Ap) = / qdiv(vs o q);cl), Vg € LE(Q).
\ Q (btk(ﬂs)

(47)
Problem (47) admits a unique solution that we denote (9, A9, 79). Then, the existence
and the characterization of the gradient of J is given in the following theorem,

Theorem 4.5. The mapping g € (VF) — Ji(g) € RY is differentiable and its gradi-
ent VJi(g) in (VF)" is given by,

<ka(g),5g>(vgk)//,(vgk;)l - <5g’ l/g (e} ®t_kl — Af@tk(Qs) 5 V&g S ‘/8/7 (48)

>(Vsk)/7(vsk)
where N9 and v9 satisfy the adjoint problem (47).

Moreover, the equivalence between the smooth extension problem and its formulation
as a minimization problem can also be stated in the case of a fluid-structure interaction
problem.

Theorem 4.6. A control g in (VF)' is a minimizer of Jy, if and only if the solution of
(43) satisfies (44).

Proofs of Theorem 4.5 and Theorem 4.6 can be easily adapted from the ones already
done for the Stokes transmission problem. However, the change of domains between the
structure in reference configuration and the fluid in current configuration can be confusing.
For that matter, all proofs are detailed in Appendix B.
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Figure 13: Two dimensional representation of the initial geometry for the fluid-structure
problem.

The formulation of the fluid-structure interaction problem as a control problem and as
a minimization problem enables us to numerically solve these equations with a fictitious
domain approach. Here, we apply this method to the numerical simulation of the bending
of an elastic beam in a viscous fluid subjected to shear boundary condition. The initial
geometry of the problem is represented in Figure 13: €y is the rectangle [0,2] x [0,1] in
R? and € is a rectangular beam of length L. and of radius .. This beam is anchored
at the bottom of €y, at positions (z. — r,0) and (x. + rc,0). We consider periodic
boundary conditions on the left and right boundaries of the fluid domain and imposed a
shear condition on the top, given by

upe(z) = (3,0), Vxe]0,1].

On the bottom boundaries of the fluid and solid domains, homogeneous Dirichlet boundary
conditions are considered. No external force is considered and constant values are chosen
for the fluid viscosity, py = 1, the Young’s modulus of the solid material, E, = 10°, and
its Poisson’s ratio, vs = 0.49. The Lamé coefficients s and As are then given by

Es
2(1+wvs)’

Vs

(14 vs)(1 = 20))

For the parameters of the beam, we choose z. = 1, r. = 0.05 and L. = 0.65. The final
time of the simulation is set to T'= 0.5.

The solution given by the Smooth Extension method is obtained following Algorithm 1
and using the L-BFGS algorithm (see [28]). The resolution of the two different Stokes
problems appearing in the minimization process is done using Mini elements, while the
resolution of the two elasticity problems is done using P1 elements. Fluid problems are
solved on a fixed mesh representing the whole domain ) and elasticity problems are solve
on a fixed mesh representing €, i.e. in the solid reference configuration. Moreover, the
fluid mesh does not conform with the solid boundary. We compare this solution to the one
obtained with conformal meshes and using a Lagrangian multiplier to ensure the continuity
of the fluid and solid velocities through the interface I'. With this method, an Arbitrary

Hs =

As =
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Figure 14: Comparison of the stationary states obtained through the Smooth Extension
method and the ALE method (a). The darkest grey mesh represents the equilibrium
position of the beam obtained with the ALE method. The lightest grey mesh represents
the initial position of the beam. The other three meshes represent the equilibrium positions
of the beam obtained with the Smooth Extension method for different coarsening ratios
(0.99, 0.71, 0.46): the lighter is the colour the coarser is the fluid mesh. Zoom on the tips
of the beams (b).

Lagrangian-Eulerian (ALE) methodology (see [9]) is used to ensure the mesh conformity
when the beam bends and prevent cells from overlapping within the fluid mesh. However,
if the quality of the fluid mesh is too poor, one needs to remesh it (this is done using the
Mmg remeshing software [15]). In the following, this method will be referred as the ALE
method.

In this test case, the fluid-structure system attains a stationary state, where the beam
is at equilibrium in a deformed configuration, which is well catched by both the ALE and
the Smooth Extension methods (see Figure 14). To study the robustness of the Smooth
Extension method, we coarsen the fluid mesh and observe the consequences on the dynamic
of the system. To do so we define the coarsening ratio of the fluid mesh as the ratio of
the number of nodes in the reference fluid mesh used in the ALE method divided by the
number of nodes of the fluid mesh used in the Smooth Extension method. For example,
a coarsening ratio of 1 means that the two fluid meshes have the same number of nodes,
whereas a ratio of 0.5 means that the fluid mesh used in the Smooth Extension method
has half as many nodes than the reference fluid mesh used for the ALE method. Then, in
Figure 14, we observe that the coarser is the fluid mesh, the farther is the stationary state
from the equilibrium state obtained with the ALE method. In order to quantify this error,
we consider the L!(£2) distance between the position of the beam obtained with the ALE
method and the one obtained with the Smooth Extension method at time ¢, defined by

/‘XQSEM(t) XQALE t)‘
ALE

SEM
/‘XQSEM |+/ |XQALE

where Xxqsenm(y) IS a L*(Q) function which has value 1 inside the solid current domain

QSFM (1) obtained with the Smooth Extension method, and 0 otherwise. Similarly, XQALE (1)
is a L2(2) function which has value 1 inside the solid current domain Q4L (#) obtained
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Figure 15: Distance d4%E, between the two solid configuration Q5F and Q2L¥ in function

of the time (a). Global norm in time ||d45%/|| in function of the coarsening ratio of the

fluid mesh in the Smooth Extension method (b).

with the ALE method, and 0 otherwise. Consequently, this distance is 0 if the two do-
mains are the same and 1 if they do not overlap. Moreover, for a final time 7" > 0, we also
consider the global norm in time of dg‘éﬁ defined by

1 T
skl = 7 | 1k

which is 0 if the two domains QALF(t) and QIFM(t) are identical for all ¢ in [0,7] and
1 if they never overlap. Then, we compute the distance dééﬁ in function of the time
for different coarsening ratios to study their influence on the dynamic of the system when
using the Smooth Extension method. This is represented in Figure 15a, where we observe
that, for all coarsening ratios, the distance dééf/[ increases in time to reach a constant
value when the stationary state is attained. This result corroborates and quantifies what
we observed on Figure 14, i.e. that the error on the equilibrium position of the beam seems
to increase when the coarsening ratio decreases, but stays relatively low considering the
coarsening of the fluid mesh. To go further, we plot in Figure 15b the global norm in time
of dégﬁ in function of the coarsening ratio. In addition to the already mentioned fact that
the error tends to increase when the coarsening ratio decreases, we remark that the error
in time is just above 0.1 for a coarsening ratio of 0.12, which implies that the coarsening
of the fluid mesh in the Smooth Extension method does not drastically change the time
dynamic of the bending of the beam in this test case.

All these results suggest that the Smooth Extension method is well suited for time
dependent problems involving a moving structure in a viscous fluid, where the fluid mesh

is fixed, possibly Cartesian and coarser that the structure mesh.

5 Conclusion

In this chapter we have presented a numerical strategy for the resolution of transmission
problems with non-conformal meshes and which preserves optimal rates of convergence in
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space. It is based on a control formulation of the transmission problem, namely the Smooth
Extension formulation, whose numerical resolution can be done by minimizing a particular
objective function. This method allows the use of standard finite element functional spaces
along with fixed structured or unstructured meshes and pre-existing finite element solvers
and optimization algorithms.

This smooth extension method has been derived in the particular case of the trans-
mission Laplace problem with only two subdomains and considering Dirichlet boundary
conditions. Other boundary conditions could also be considered with no additional diffi-
culty, provided that the initial transmission problem is well-posed. The same methodology
should also work for transmission problems with more than two subdomains. In addition,
we have shown that the Smooth Extension method can be applied to a wide variety of
transmission problems, even the ones with totally different operators, such as the fluid-
structure interaction problem studied in subsection 4.2.

The Smooth Extension method has been compared to a standard numerical method
for different test cases and has shown to give good approximations of the solutions for each
one of them. However, some numerical aspects, such as the use of fast solvers on Cartesian
meshes or the choice of the optimization algorithm appearing in the minimization process,
should be explored further.

A Proofs of theorems related to the Stokes transmission prob-
lem

This appendix is dedicated to the proofs of all results stated in subsection 4.1. In particular,
we are interested in showing the existence of the control g, in giving an explicit formula
for the gradient of J and, finally, in proving the equivalence between the minimisation of
J and the resolution of the Stokes transmission problem.

We follow the order of the previous enumeration and start with the proof of Theo-
rem 4.1.

Proof of Theorem 4.1. We can construct two extension operators F, and FE, that
extend w; into the whole space (Hg(2))" (and such that E,w; is divergence-free) and p,
into the whole space L%(Q). Indeed, consider the operators defined by

_ wp n N
E = .
ul1 { wy In Qy
_ pl in Ql
E = .
pP1 { By, in Qs

Since (w1, ws) belongs to W, the function E,w; is an extension of w; which belongs
to (HL(Q))™. Moreover, it satisfies div(E,w;) = 0 because both w; and Wy are divergence-
free. Similarly, since (py,py) belongs to @, the function E,p, is an extension of p; which
belongs to L(£2). Furthermore, 11V (E,w1) — (Epp;)I belongs to (Haiy ()™

Then, we construct a suitable control g in W4 such that

<97U>W2’,W2 = m V(E,w01)0,: Vv—/ P, div(v)
QZ QZ

+ </77”L1 (JE)v U)TQT s Yv € W,

(49)

where we define op = 11 V(E,w1) — (Epp;)I. Using the Stokes formula (27) and the
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definition (49), it follows that the extensions E,w; and E,p, satisfy

,ul/ V(E,w1): Vi —/ (Eppy)div(vy)
Q Q
= /Ql fi- U110, + <g,vlm2>w2/,w2 , Vv € H&(Q)
/ qdiv(Ew01) = 0, Vg1 € L3(Q).
Q

Similarly, using (27), (49) and the weak transmission condition (28), (w2, py) satisfies
4o Vg : Vg —/ Podiv(va)
Qz Q2

= / f2 - vy + /J1/ V(EUU1)|Q2: Vg — <g,v2)W2,7W2 — / (Epﬁlmz)div(vg),V’UQ € Ws,
Qo Q2 Q

2

Finally, we conclude that ((E,w1, Epp, ), (W2,P,)) is the solution of problem (30). Thus,

((wf, pY), (w3, p3)) = ((Eww, Eyp ), (W2, Ps))

and, by construction, the equality (31) is satisfied. This proves the first part of the theorem.

Now, suppose that g is a control such that the equality (31) is satisfied. In particular,
the equality wflr = ngF implies that (w?y wiq, ,wj) belongs to the space W. Let us define
the following Hilbert space:

W = {(v1,v2) € (H} ()" x Wasvyj0, = v2} .

As the unique solution of problem (30), the couples (wy, p{) and (w}, pj) satisty, in partic-
ular, for all (v1,ve) in W and for all (g1, q2) in L3(2) x L*(Q2), the equations

v g N V — gd. - / . ) i 9
Ml/Q wy : Vo /p1 iv(vy) f1-via, + (g ”1\92>W2,W2

qdiv(w{) = 0,
Q

2 ng : Vg / pgdiv(v2) = /f2 "U2 — <97U2>W2’7W2
Qz Q2
+ 11 Vw{ : Vg —/ pidiv(va),
QQ QQ
/ q|92div(wg) = 0.
Qa
Then, summing equations in (50), it follows that ((wi’ml,wg ), (pgml, pj)) satisfies

Ml/ Vwi’ml : Voo, —/ pi]'ﬂldiv(vlml) +,u2/ Vwi : Vg —/ pidiv(va)
(951 (951 Qo Qo

= / f1'v1+/ fo-va,  ¥(vi,v2) €W,
91 92

/ ql‘Qldiv(win) +/ qdiv(w)) = 0, V(q1,q2) € L3(Q) x L*(Q2).

Ql QQ

Because the test function vy belongs to H&(Q) and because vy = vy|q,, we can redefine the
pressures p] and pj up to a constant, by

po= 19(/9 P+ /pml>
2

- 1

Py = ph— Q(/ s+ /P191>
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such that (ﬁ“i’ml ,P5) belongs to the space Q). Moreover, for all (v1, v2) in W we can extend vy
in the whole space H&(Q) using ve, as we did it for w; and wy. We still denote E,v; this
extension. Similarly, for all (q1,¢2) in @, we can extend g; in the whole space L3(2)
and we still denote Ej,q; this extension. Then, the couple (E,v1,v2) belongs to W, the
couple (E,q1, q2) belongs to L2(Q) x L?(£2) and, finally, ((wiﬂl,wg), (ﬁ“ﬂﬂl,ﬁg)), satisfies
the equations

,ul/ waml : Vg —/ ﬁ?lgldiv(vl) + p2 Vwg : Vg —/ pydiv(va)
oh o Qo Qo

= /fl-v1+/ fa-v2, Y(vi,v2) €W,
0 Qo

/qumldiv(wfml)—i—/ﬂ ediv(wi) = 0, V(q1,q2) € Q.
1 2

Thus, ((w{ o w3), (p] o p9)) is the unique solution of the initial Stokes transmission prob-

lem (26), which proves that we can recover the solution of the Stokes transmission problem
from the solution of the smooth extension problem. O

‘We continue with the proof of Theorem 4.2, i.e. we show the existence of the gradient
of J and give an explicit formula to compute it.

Proof of Theorem 4.2. We start by computing the derivatives of the Lagrangian
function £ with respect to uy, p1, ug and pe, to justify the adjoint equations written in (34).
These computations are similar to the ones made in the proof of Lemma 2.1 and we have

! E-Y @) @) T ¢

—/ midiv(dur) — 1 Vg @ Viuy, Vouy € (H(Q))",
Q

Qo
oL
<au,5u2> = —/ (up — ug) - dug + 2 Vs : Vous
2 W4, Wa T Qg
—/ 7T2diV((SU2), Youg € W,
Qo
oL . :
<8,(5p1> = —/ 5p1d1v()\1) + 5p1d1v()\2), V5p1 S L(Q)(Q),
P1 L2(9),L2(Q) Q Q2
oL :
<a,(5p2> = — (Spgdlv()\g), V(Spg S LZ(QQ).
P2 L2(00),12(Q) 2

Then, taking (u1,p1) = (wf,p]) and (uz,p2) = (w§,p)), we can deduce that the adjoint
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problem associated to the direct problem (30) is,
( find ( )\1,7r1) € ( " x L2(Q) and (A2, m2) € Wa x L?(£2) such that

= 0, Vo€ (H{Q)",
(HA()"

> H-1(Q)n
= O, Vq1 c L%(Q),
Eapl im(ﬂ ),L2(Q) (51)

= L2(y).
L2(92),L%(9)

Thus, the adjoint problem for the Stokes transmission problem is indeed the weak problem
written in (34). Problem (34) consists in two Stokes problems, whose well-posedness derives
from well-known results about the Stokes equations (see [10]). We denote ((w{, 7}), (w3, 73))
its unique solution in ((H}(Q))™ x L§(Q)) x (W2 x L?(Q)).

The differentiability of J relies on the same arguments that the ones used in the proof
of Theorem 2.3. Likewise, taking (u1,p1) = (w{,p{) and (ug,p2) = (w§,p3), the Lagra-
gian (33) reduces to

= 0, Vv, € Wy,
w3

L(g, (], p). (w3, p3)), (A1, 1), (A2, m2))) = J(9), Vg € W3,
Differentiating this previous inequality with respect to g using the chain rule and taking
()\1,7T1) (wiﬂl) and ()\2,7T2) (wgﬂrg)a

we find that, for all dg in W3,
vis _ oL g . 9g g .9 g 5
, 09 W W o (97((“117191) (U}Q,])Q)),((Wl,ﬂ'l) (W27772))) g .
2,VV2 9 WY W
2

Moreover, the differentiate of £ with respect to g, g—g € W4, is defined such that, for all g
in Wi,

oL
<ag(gv ((ulapl)v (u2>p2))7 (()‘17 7-‘—1)7 ()‘21 7T2))), 5g> = <5g7 Ay — )\1‘92>W2’,W2
Wy
Finally, the gradient of .J is given by,

<vj, 5g> = (89,02 = Aoy sy + Y09 € W3

WQU ) Wa

O

Now, let us show the equivalence between the minimisation of J and the research of a
suitable control such that the solution of (30) satisfies the conditions (31).

Proof of Theorem 4.3. The reciprocal statement is straightforward. If, for a given g,
the solution of (30) satisfies the condition (31) then, J(g) = 0.
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Now, let g be a minimiser of J. It follows that one has
g g _ /
<5g,w2 — w1|92>W2,’W2 =0, Vige W,

which means that wlm = w§ and the couple (wfml,wg) belongs to W. Yet, the func-

tions wy, wi, 7] and 7J satisfy the equations in problem (34). In particular, for all (v, v)

in W and for all (q1,¢2) in L3(Q) x L*(Qy), where

W= {(v1,0) € (HY(Q))" x Wasvyjo, = v2},

these equations write,

142 Vw§ : Vg — / Sdiv(vy) = / (w] —wd) - vy,
Qo Qo r
/ gdiv(wi) = 0,
Q
Ml/ Vw{ : Vo — / {div(vy) = —/ (w] —wd) - v1 + w1 Vwi : Voyg,,
Q Q r Qo
/ qdiv(wy) = / q1|Q2div(wg).
Q Q2

(52)
Summing the first equation in (52) with the third one and summing the second equation
with the fourth one and using the fact that wleQ = wj, we find that

;11/ waml : Vg, / Wflﬂldiv(vlml) + 2 Vwd : Vg / (7§ + W‘;}‘Qz)div(’vg)
951 Q1 Qo - Qo
= 0, \V/(’U1,’02) S W,
/ q1|QldiV(wilel) —i—/ qediv(w)) =0, Y(q1,q2) € L3(Q) x L*(Qy).
Ql QQ

Moreover, because the test function vy belongs to (H}(£2))", we can redefine the pressure 7

up to a constant by

such that (ﬁflﬂl,ﬂg + 7?%92) belongs to the space Q). Moreover, let (vq,v2) be in W. We

can construt an extension of vy in the whole space (H{(£))" using vg, as in the proof of
Theorem 4.1 and we still denote E,v; this extension. Likewise, for all (¢1,¢2) in @, we
can extend ¢ in the whole space L%(Q) and we still denote E,q; this extension. Then, the
couple (E,v1,v2) belongs to W, the couple (E,qi1,q2) belongs to L3(Q2) x L*(Q2) and it
follows that ((wfflglng), (frflgl,ﬂ'g + ﬁi]\ﬂz)) satisfies the equations

Hl/ walﬂl : Vup —/ llﬂ div(vi) + e Vw§ : Vg —/ (7§ +7?f|92)div(02)
oft (o7} Qo Qo
— O, V(Ul,UQ) c W,
/ qdiv(w] ) +/ gdiv(wy) = 0, Y(q,q)c€Q.
Q1 Q2

We conclude that ((wi’ml,wg ), (ﬁi’lgl,wg + frleQ)) is solution of a Stokes problem similar
to (26) but with no external force and, thus, is the zero of W x Q). Then, the first equation
n (34) becomes

/(w%—wg)-vg = 0, V'UQEWQ,
r
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where

WQ = {U € WQ;diV(’U) = 0}.

Besides, w |

r and wg‘r belongs to the space

W%:weﬂ%%m/v:m,
T

because div(w{ |Q1) = 0 and div(wj) = 0, and for all vy in W we can construct an extension

of vy in the whole space Wa, according to Bogovskii’s result in [8]. In particular, taking

Vg = wi’ml — w§ in Wr, it follows that
Jwt—utp = o
which means that wir = wglr and the equality (31) is satisfied. O

B Proofs of theorems related to the fluid-structure interac-
tion problem

This appendix is dedicated to the proofs of all results stated in subsection 4.2. In particular,
we are interested in proving the well-posedness of Problem (39), in showing the existence
of the control g, in giving an explicit formula for the gradient of J; and, finally, in proving
the equivalence between the minimisation of J; and the resolution of the fluid-structure
interaction problem.

We follow the order of the previous enumeration and start with the well-posedness of
Problem (39). To study Problem (39), we do a change in variable on the displacement
d”®, in order to work on a velocity-velocity formulation of the fluid-structure problem. We
introduce the velocity of the structure at time ¢,

R L

Us = 5t

(db —di™h).

Because Problem (39) is linear, it is completely equivalent to the problem where dlg has
been replaced with du¥ + @81

find (uf,us) € Wy, and p € L?(®y, (Q)) such that
CL((Uf, us)’ (Uf’ US)) - (B(Uf’US)vp)LQ(‘i’tk(Qf)) - L(vavS)a V(vavs) € Wy, (53)
(B(ufa us)’Q)LZ(‘Dtk(Qf)) =0, Vq € LQ(q)tk(Qf)),

where (-, ')L2(¢.tk(gf)) denotes the scalar product in L?*(®, (7)) and a, L and B are defined
by

a((ug, us), (vf,vs)) = 2Mf/ D(uy) : D(vf)+2<5tus/Q D(us) : D(vs)

D), () (54)
ey / diviu)div(e,),  (up,us), (v, fs) € W,
Qs
L(vy,vs) = —2us/ D(d*1) D(US)—/\S/ div(d*1)div(v,)
Qs Qs
Jr/ ff-’t)f+/ fs - vs, V(Uf,’Us) e Wy,
Dy, () Qs

B(vy,vs) = div(vy), V(vy,vs) € Wy
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This is a saddle-point problem, whose well-posedness can be proved using results from [11].
Using the well-known Cauchy-Schwartz and Korn inequalities, we show that the bilinear
form a is continuous and coercive and that the linear form L is continuous. The operator
B is also linear and continuous. It remains to show that B is surjective form W, to
L%(®, (). Indeed, let g be in L*(®y, (25)). We can easily extend ¢ in the whole space
L3(9); it is sufficient to take

q in D (Qy),

Epq = —1 ; (55)
—_ g in Dy (Qy).
D¢, ()] Ja,, (2 "

Then, E,q belongs to LZ(2) and Bogovskii’s result in [8] implies that there exists @
in H{(Q) such that div(@) = E,q. Finally, we define vy = Ujg,, () and vy = Ujp,, (,)
and it follows that the couple (v, vs 0 1131;1) belongs to W,, and satisfies B(vy, v, o @;ﬁl) =
div(vf) = ¢. This proves the surjectivity of the operator B. Thus, problem (53), and
consequently problem (39), are well-posed.

We now give a proof of Theorem 4.4.

Proof of Theorem 4.4. We can construct two extension operators, still denoted
E, and E,, that extend u’} into the whole space (H}(2))" (and stays divergence-free) and

p];é into the whole space L%(Q). Indeed, for the pressure, consider the operator defined in

(55). Then, the extension of the pressure E'p]o];c belongs to L2(2). Now, because the fluid
is incompressible, we have that

0= / div(ulj‘i) = / u];c . n];c
D¢, () 4, (T)

Thus, using one more time Bogovskii’s result, there exists @ in H!(®y, (Qs)) such that
.~ ~ k ~
div(ay) =0, Uf|dy, (1) = Uf|d,, (I) and Uf|p,, (1) = 0.
Then, the extension of the fluid velocity, Euu’}, is defined such that
Bk = { EL? %n Pu ()
f ap in Py ()
The extension Euu];c belongs to (HJ(Q))", is divergence-free and satisfies the equality
1
ot
Furthermore, of(Euul}, Epp];c) belongs to (L2())™*".
Now, we construct a suitable control g in (V) such that

<97U>(vsk)f,vsk = / Uf(EuUIfc,EpPlff)ivv
(I)tk(QS)

+ <’Yn’; (O-f(Euufﬁ Eppl;))v 1)>

Euul} o®y, = —(d¥ —d* 1) onT.

(56)

, Yve Vsk,
(Tk)’ Tk

where n’} is the unit exterior normal vector to 0@y, (€2f). Using the Stokes formula (40)
and the definition (56), it follows that the extensions Euu’; and Eppl; satisfy

or(Byuk, Eyph): Vop = / ko
Af( 7 Evpf): Vg by O

+ <9,vf|q>tk(ﬂs)>(vk),7vk , va € (H&(Q))m

‘L@Mm@)zo, Vg € L3(Q).
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Similarly, using (40), (56) and the weak transmission condition (41), d* satisfies

/Q ( : Vg / fs Vs g,USO(I) (VEY VE

I1;(E, ufoétk,Eppfoq)tk) Vs, Yus € V.
Qs

Finally, we conclude that (Euu’;, Eppl}, d") is the solution of problem (43). Thus,
(u9,p?,d?%) = (E, uf, ppf,dk)

and condition (44) is satisfied by construction. This proves the first part of the theorem.
Now, suppose that g is a control such that the equality (44) is satisfied. In particular,
this implies that the couple (u Ug, (Qf),dg) belongs to the space W,;. Let us define the

following Hilbert space:

W = {(vy,v5) € (HE(Q)™ X Vi; (vg 0 By, ), = s} -

As the unique solution of problem (43), the triplet (uY,p9, d9) satisfies, in particular for
all (vf,vs) in W, and for all ¢ in LZ(€2), the equations

/ of(u?,p?) : Vo = / Fr-vp +49,08) vy ve
Q (Dtk(gf s 1S
/ gdiv(u?) = 0, (57)
Q
/ Us(dg) : Vg fs'Us_<97Uf>(Vk)/ Vk+/ Uf(ug,pg) :va.
s Qs sorE (Dtk(ﬂs)

Then adding the first and the third equations in (57) and using the fact that u9 is
divergence-free, it follows that the triplet (u U, (@) p|q>t (Qf),d ) satisfies

/ op(u?,p?) : Vouy +/ os(d?) : Vg
Qs
= / ff'Uer/ fs s, Y(vp,vs) € Wy,
(btk(Qf) Qs
D¢, ()

Moreover, for all (vf, vs) in Wy, we can extend vy in the whole space (H}(2))™ as we did it

for u’} and we denote E, vy this extension. Similarly, for all ¢ in L&(®y, (2f)), we extend ¢ in

the whole space L3(£2) and we denote E,q this extension. Then, the couple (Eyvyg,vs) be-

longs to Wy, E,q belongs to LZ(Q2) and, finally, the triplet (u!. Ulg, (Qf)’pld% @) d9) satisfies
k

the equations

I ? : g\ .
Atk(ﬂf) Uf(u\tbtk(ﬂf)ap|q>tk(gf)) : va +/Q Us(d ) : Vs

s

= / ff'Uf+/ fs"Us> V(Ufﬂ/s)ewua
Dy, () Qs
/ qdiv(u Ug, (© )) = 0, Vg € L?(®¢, ().
cbtk(Qf)

Thus, the triplet (uf] Ulg,

problem (39), which proves that we can recover the solution of the fluid-structure interac-
tion problem from the solution of its smooth extension formulation. O

(Qf),pfq)tk @) d9) is the unique solution of the initial fluid-structure
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Since there exists at least one suitable control g for the smooth extension problem,
we can hope to obtain it by a minimisation process on the function J,. This is actually
possible according to Theorem 4.5, which states that J is differentiable with respect to g
and gives a characterisation of its gradient. Here, we prove this result.

Proof of Theorem 4.5. On the first hand, the differentiation of the Lagrangian
function Ly, defined in (46), with respect to u, p, d and g follows the same process that
the one explained for the Laplace and Stokes transmission problems. Here, we only give
the expressions of these different derivatives:

<£k75u> = / Jf()\f,ﬂ)iv5u
O/ g-1(9), 53 (@) 1, ()

—2uf D(vs o (b;cl) : D(du)
q)tk(ﬂs) 1
+ [ oy, — =) Guo ), ou e (H))"

<§k,5p> = —/ dpdiv(Ay) —|—/ opdiv(vg oq);j), Vop € L3(9),
p L2(Q),L2(Q) Q Qs

Ly, > /
—.,4d = os(vs): Vod
(5et),,., [

1 1
—&/F(uo@k—&(d—df_l))-éd, vod €V,

Ly -1 /
<8g’5g>v;jkﬂ/;,k B <5g’ vs o Py, Af'q’tk(ﬂs»(vf)',vf o VeV
They enable us, in particular, to recover the adjoint equations, written in (47). Prob-
lem (47) consists in a linear elasticity problem and a Stokes problem, whose well-posedness
derives from the same arguments that we already used. We denote by (v9, A9, 79) its unique
solution.

On the other hand, the differentiability of Ji relies on the same arguments that the ones
used in the proof of Theorem 2.3 and the fact that the transformation ®;, is sufficiently reg-
ular. Then, replacing (u,p,d) in the Lagrangian function (46), by the solution (u9,p9,d?)
of the smooth extension problem (43), the Lagrangian (46) reduces to

Li(g, (w9,p9,d9), A\p,m,v5)) = Ji(g), Vg€ (VF).

Differentiating with respect to g using the chain rule and replacing the triplet (Af, 7, vs)
by the solution (A9, w9,19) of the adjoint problem (47), the gradient of Jj is finally given

by,

-1
<V']k(g)7 5g>(V5k)”7(VSk)’ = <5g’ V]g ° (I)tk B >\’g€|@tk (Qs)>(vsk)/7vsk

O

With this explicit expression of the gradient of Ji, we can now state the equivalence
between the research of a suitable control such that the solution of the smooth extension
problem (43) satisfies the condition (44) and the minimisation of Ji. This is the result of
Theorem 4.6, that we prove in the following.

Proof of Theorem 4.6. On the one hand, if for a given g in (V¥)', the solu-
tion (u9,p?,d?) of the smooth extension problem (43) satisfies the condition (44), then

Jr(g) = 0.

o1



On the other hand, suppose that g is a minimiser of Ji. Then, the adjoints A9 and v9
satisfy the equality,

1 g
<(5g) l/g o @t )\|q>tk( )>(V5k)’,Vsk

which corresponds to the fact that g is a zero for the gradient of Ji. It follows, in particular,
that,

= 0, Vége (VFY,

-1

and the couple (/\‘q) @)V v9) belongs to the space Wu. Yet, A9, w9 and 19 satisfy the
adjoint equations in (47). In particular, for all (v, vs) in W, and for all ¢ in L2(Q), where

A

W = {(vy,0s) € (HH(Q))" x Vi3 div(vg) = 0, (vf 0 Dy, )0, = vs} 4

these equations write
Ms/ os(v9): Vg = 5 / ody — (dg —d;h) v,

1
o [ DO Dlog) — [ wdiv(oy) / (w0 @, — (&~ 1)) v, (50)
@, () Q r ot

/ qdiv(\) =0,

Pty (Qy)

Multiplying the first equation in (59) by 0t and summing it with the second one, we obtain
that,

2Mf[b (Qf)D()\f@tk(Qf)):D(vf)+5tus/ os(¥?): Vo, = 0, V(vy,vs) € W, (60)
tg

s

Moreover, let (v, vs) be in W,. We can construct an extension of vy in the whole
space (Hj(€))", denoted Ey,vy, such that div(Eyvy) = 0 and ((Eyvf) o @) r = vgr,
as we did it in the proof of Theorem 4.4. Then, the couple (E,vs,vs) belongs to W, and
it follows that the couple ()\‘ o, ()7 v9) satisfies the equation

2,uf/ D()‘@tk(Qf)) D(vf)—l—étuS/ os(19): Vus = 0, Y(vf,vs) € Wy.
D¢, ()

s

We conclude that ()\| ®0, (0)); v9) is solution of the problem

find (A, v) in W, such that,
U atu o) o

) )’(vavs)) = 0, V(Uf,vs)EWu,

where the bilinear continuous and coercive form a has been defined in (54), which admits
the zero of W, as unique solution. Then, the first equation in (47) becomes

1
/<ugo¢>tk —(d9 — dk~ 1)) vy = 0, Yoz eV
r 0

Moreover, for all vg in (HSO/ (T"))™ we can construct an extension of v, in the whole space V.

1
In particular, taking vs = (u9 o @, )|p — 5, (d|gr dls""rl) it follows that
[ 0@ = 5 — DR = o,
which means that (u? o ¢, )r = 5, (d|gF d§|F1) and the equality (44) is satisfied. O
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