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FRACTURE AND PLASTIC MODELS AS I'-LIMITS OF DAMAGE MODELS
UNDER DIFFERENT REGIMES

FLAVIANA TURLANO

SISSA, Via Bonomea 265
34136 Trieste, Italy

ABSTRACT. We consider a variational model for damaged elastic materials. This model depends
on three small parameters, which are related to the cost of the damage, to the width of the
damaged regions, and to the minimum elasticity constant attained in the damaged regions. As
these parameters tend to zero, our models I'-converge to a model for brittle fracture, for fracture
with a cohesive zone, or for perfect plasticity, depending on the asymptotic ratios of the three
parameters.

1. INTRODUCTION

In this paper we analyze the asymptotic behavior of particular damage models for linearly elastic
materials. The standard presentations of damage problems describe the state of the elastic body
by means of two functions: the displacement u and an internal variable v, which is defined on the
reference configuration  C R™ with values in the interval [0, 1]. We assume that v = 1 corresponds
to the original elastic material, while v = 0 represents the totally damaged material, which is unable
to resist any force. The elasticity tensor depends continuously and monotonically on the variable v.

We consider a homogeneous isotropic material, which remains isotropic during the process, and
we face the antiplane case; by these assumptions the displacement v is scalar and the elasticity
tensor reduces to a single constant, which will be chosen as the internal variable v of the problem.
Then, the stored elastic energy related to the displacement u and to the internal variable v is

/ v|Vu| de.
Q

In the simplest model the energy dissipation due to the damage is given by

/ a(l —v)de, (1.1)
Q

for a suitable constant 0 < a < oco.
Reasonably, our model guarantees some regularity in the distribution of the damage. This is
obtained through the penalization term on the spatial variations of v

/ b|VulPdx, (1.2)
Q

for a suitable constant 0 < b < oo and for p > 1. We note that in [10] a different bound on Vv was
introduced, i.e. the constraint
Vo] <c¢ L"-a.e. in Q,
for some ¢ < co. In fact the previous constraint can be formally seen as the limiting case of (1.2)
when p — oco.
We also assume that the material is never totally damaged and we require

d<wv<l1, (1.3)
where d is a positive constant.
2010 Mathematics Subject Classification. Primary: 74A45, 74C99, 49J45; Secondary: 35A35.
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2 F. IURLANO

Therefore, the total energy is given by

/v|Vu|2dx+/ a(l—v)d:r+/ b|Vo|Pdz, (1.4)
Q Q Q

where v satisfies (1.3). This functional is complemented by suitable boundary conditions and lower
order terms due to the action of external forces. The damage model related to (1.4) in fact belongs
to the class of models studied in [12].

The purpose of this paper is to study the limit behavior of the energies (1.4) as a — oo, b — 0,
and d — 0. Since it does not introduce additional difficulties in our analysis, we replace the function
1 —wvin (1.4) by an arbitrary strictly decreasing continuous function ¢ on [0, 1] with (1) = 0. In
order to state precisely our results we introduce three sequences dy, €x, nx > 0 with o — 0, € — 0,
nx — 0. It is not restrictive to assume that 7, /0y — « and g /e, — B, with 0 < «, 8 < oo. For
u € HY(Q) and v € WHP(Q) with

e <v <1, (1.5)

we define

Fr.(u,v) := / (v Vul? + @ + ce£_1|Vv|p)dx,
Q k

where 0 < ¢ < oo; we set Fj(u,v) := +00 otherwise in L*(Q)xL(€).

We determine the I-limit in L'(Q)x L' (Q) of the sequence (F}). We find that this limit depends
on « and (. For some values of the parameters the limit functional is related to a fracture problem;
this is due to damage concentration along the limit cracks. For some other values the limit is related
to perfect plasticity; in this case we see damage diffusion, which leads to plastic strains. To describe
the limit problem we need some terminology from the theory of BV functions, for which we refer to
[1] and to Section 2 below.

For every 0 < a, 8 < oo we introduce the functional ®, g: L'() — [0, 00] defined as follows. In
the case 0 < a < 00, 0 < 8 < 0o we define

Do p(u) ;:/Q|Vu|2d:r+ag7-["_l(<]u)+ba/ [[u][dH™ ™ for u € SBV?(Q) (1.6)

u

and @, g(u) := oo if u ¢ SBV?(Q). Here Vu is the density of the absolutely continuous part of the
distributional derivative of u, H"~! is the (n — 1)-dimensional Hausdorff measure in R", J, is the
jump set of u, [u] is the jump of u, ag is a constant depending on § and p, while b, is a constant
depending on «. The precise definitions of ag and b, are given in (3.6), (see page 6 for the case

p = 00).
If a =0and 0 < 8 < oo we define

Do p(u) == /Q |Vu|?de +agH"(J,) for u € GSBV?*(Q)N LY(Q)

and @ g(u) := co otherwise.
For a = o0 or 8 = 0 we define

D, p(u) := /Q |Vul*de  for u € H*(Q)

and @, g(u) := oo if u ¢ H'(Q).
When o =0 and 8 = oo we set
o.oo(u) :=0 forue L'(Q).

Finally in the case 0 < a < co and 8 = 0o we set
Dy oo(u) = / fa(IVu|)dz + by |D?u|(2)  for u € BV(R)
Q

and @, oo(u) 1= o0 if u ¢ BV(Q). Here fo(t) :=t* for 0 < t < by /2, falt) = ba(t — ba/4) for
t > b /2, and D*u is the singular part of the distributional derivative of w.
We prove the following theorem (see Theorem 3.1).
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Theorem 1.1. The U'-limit of (Fy) in L' () xLY(Q) is the functional F, g defined by

st 200 121

+00 otherwise.

The functional Fi, g with @ = 0 and 0 < 8 < oo is related to variational models for brittle fracture
(see [5]), whereas for 0 < a < 00 and 0 < 8 < oo it is related to models for fracture with a cohesive
zone and also to models for plastic slips (see [2]). When oo = oo or § = 0 the limit functional
corresponds to an elasticity problem without cracks. Finally when 0 < o < oo and g = oo the
functional F, o is related to the Hencky’s plasticity model (see, for instance, [11]), so that we are
able to simulate a plastic material with damaged elastic materials.

Our functionals in the regime corresponding to a = 0 and 0 < 8 < oo are essentially those intro-
duced by Ambrosio and Tortorelli in [4] (see also [3]) to approximate the Mumford-Shah functional
for image segmentation. Here we extend the study of the limit behavior of these functionals to the
other regimes a > 0, or 8 = 0, or 8 = oo; we provide an approximation of the functional (1.6),
different from those studied in [2] and [10].

In the case @« = 0 and 0 < 8 < oo, which leads to the Mumford-Shah functional, proofs are similar
to those of [4], so that they are omitted. In the case 0 < a < 00, 0 < 8 < oo, which gives a fracture
model with a cohesive zone, some arguments of [4] and of [10] still work; for clearness we sketch
them, but we provide details only for original arguments. The case 0 < a < 0o, 8 = oo, which leads
to perfect plasticity, requires new strategies.

Through Theorem 3.1 we prove the following result about the limit behaviour of minima and
minimizers of some functionals related to F,, g (see Theorem 1.2).

Theorem 1.2. Let r > 1; let (6x), (ex), and (nx) be infinitesimal sequences of positive numbers,
and let g € L™ (Q). For every k, let (ug,vr) be a minimizer of the functional
P(v)

/ <U|Vu|2 +— ce? M VolP + |u — g|7')dsc (1.7)
Q k

with the costraint (1.5). Then vy — 1 strongly in L'(Q) and a subsequence of (ux) converges strongly
in L™(Q) to a minimizer u of the following limit problem:
uesrggg(m (/Q |Vu|?de + agH" (J,) + ba/ |[u]|dH" Jr/Q lu — g|’“dx)7 if 0 < a, B < oo,

u

(/ |Vu|?*dx + agH" (J.,) +/ lu —g|’“dx>, ifa=0,0< 8 < o0,
Q Q

min
wEGSBV2(Q)
. 2 T -
d —glrd - =0
win ([ a09ude +ba D@ + [ o= glrar). g0<a <o o
u€EBV(Q) Q Q

Moreover for every o and 8 the minimum values of (1.7) tend to the minimum value of the limit
problem.

The paper is composed of six sections. First we introduce the problem and the notation used
in the sequel (Sections 1 and 2). In Section 3 we state the I'-convergence result, whose proof in
dimension one is given in Section 4; the n-dimensional case is faced in Section 5. We conclude the
paper proving the convergence of minima and minimizers (Section 6).

2. NOTATION AND PRELIMINARIES

Let n > 1 be a fixed integer. The Euclidean distance of the point x from the set £ C R™ is
denoted by d(x, E). The Lebesgue measure and the k-dimensional Hausdorff measure in R™ are
denoted by £" and H*, respectively.
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Let £ be an open subset of R™ and let v € BV (Q2). For the definitions of the distributional
gradient Du, the one-sided approximate limits u™ and v, the jump function [u], the jump set J,,
and the approximate differential Vu we refer to [1, Sections 3.1, 3.6].

By strong convergence in BV ({2) we mean the convergence with respect to the norm

lullv (@) == lullLr @) + [Dul(2),

whereas by weakly* convergence of ug to u in BV (Q2) we mean the strong convergence uy — « in
L'(Q) joined with the weakly* convergence of Duy to Du in €2, i.e.,

lim pdDuy = / @ dDu,
Q Q

k—o0

for every continuous function ¢ vanishing on 0.
If w € BV(9) then
Du = D% + D%u = D% + D’u + D¢u,
where D%u is absolutely continuous and D*u = D 4+ D¢y is singular with respect to the Lebesgue
measure; in particular D7u denotes the jump derivative of u, whereas Du is the Cantor part of the
derivative of u (see [1, Section 3.9]). In particular the approximate differential Vu coincides L™-a.e.
with the density of D%u.

The spaces SBV(Q), GBV(Q), GSBV (1) are defined as in [1]. We recall that a GBV-function
is weakly approximately differentiable £™-a.e. in Q (see [1, Definition 4.31, Theorem 4.34]). Since
an approximately differentiable function w is also weakly approximately differentiable and the ap-
proximate differential coincides with the weak approximate differential £™-a.e. in €2, we also denote
the weak approximate differential by Vu.

Let p € ]1, 00]; in what follows we adopt the following definitions

SBVP(Q) := {ue€ SBV(Q) : Vu € LP(Q,R") and H"*(J,) < o0},
GSBV?(Q) := {u € GSBV(Q) : Vu € LP(Q,R™) and H""*(J,) < oo}.
We also recall that, in the case Q C R, if u € SBV?(Q) then u € H'(Q\ J,). Conversely, if 2 C R

and there exists a finite set F' such that u € H(2\ F) then v € SBV?(Q) and J, C F.
For the I'-convergence theory we refer to [9].

(2.1)

3. THE I'-CONVERGENCE RESULT

3.1. The case p < oco. Let Q be a bounded open subset of R™, let 1 < p < oo, and let d > 0,
e > 0, i > 0 be infinitesimal sequences. Our purpose is to study the I-limit in L!(Q)x L*(Q) of
the sequence of functionals Fy: L'(Q)x L (Q) — [0, 0o] defined by

2 Y(v) p—1 P . 1
F(u,v) = /Q<U|Vu| +75k +cey |Vl )dm if (u,v) € H'(Q)xV,,, (3.1)
400 otherwise,
where ¢ > 0,
¥ € C([0,1]) is strictly decreasing with ¢ (1) = 0, (3.2)
Vo = {v € Wl’p(Q) i <v<1LMae. in Q} .
We assume that the limits
— lim ™ — lim
o= klgl(r)lo 5, and 8= klgl(r)lo o (3.4)
exist. When 0 < a < 0o and 0 < 3 < oo we define @, 5: L'(Q) — [0, 00] by
\Vul?dz 4+ agH"  (Ju) + ba [ |[u]]dH"" if u € SBV?(Q),
B p(u) = /Q g . (3.5)

400 otherwise,
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where

1 1
ag = 2(%) “(cp)r /0 Yads, be :=2(arp(0))?, and % + % =1. (3.6)

In the limiting case when a = 0 and 0 < § < co we define

/ |Vul|?dz + agH" 1 (J,) ifu € GSBV?(Q)NLY(Q),
@075(11) = Q

00 otherwise.

If @ = 00 or B =0 we define

/ |Vul?de  if u € HY(Q),
Q

Do, p(u) = (3.8)

+00 otherwise.

It remains to define the functional ®, g when 0 < o < 0o and 8 = oo. When oo =0 and 8 = oo we

set
0 if ue LY(Q),
Do, o0 (u) 1= { . () (3.9)
400 otherwise,
whereas for 0 < a < co and § = oo we set
fa(IVul)dz + by |D°u| () if u € BV(Q),
(I)oe,oo(u) = /Q “ “ (310)

400 otherwise,

where f,(t) =% for 0 <t < bo/2 and fo(t) = ba(t — ba/4) for t > b, /2.
The following I'-convergence result holds.

Theorem 3.1. Assume (3.1)-(3.4) and assume that Q has Lipschitz boundary. The I'-limit of (F},)
in LY(Q)x LY(Q) exists and is given by

D, ifv=1 L"-a.e. in (,
Fop(u,v) := plw) o e (3.11)
' 400 otherwise.
Theorem 3.1 directly follows from the estimates for the functionals
F) 5:=T-liminf F, ~ and  F} 5 :=TI-limsup Fy (3.12)

k—o00 k—o00

stated in the following theorems.

Theorem 3.2. Assume (3.1)-(3.4). Let (u,v) € L'(Q)xL'(Q) be such that F, 5(u,v) is finite.
Thenv =1 L"-a.e. in Q and
Do, p(u) < F g(u,1). (3.13)

Theorem 3.3. Assume (3.1)-(3.4) and assume that Q2 has Lipschitz boundary. For every u € L*(£)
the following estimate holds

wp(u, 1) <@g (u). (3.14)
Theorem 3.2 is an immediate consequence of the following proposition.
Proposition 3.4. Assume (3.1)-(3.4). Let (ug,vi) be a sequence in L*(2)x L*(Q) such that
(ug, vi) — (u,v) in LY (Q)x L' (Q), (3.15)
(Fi(ug,vi)) is bounded. (3.16)
Then v =1 L"-a.e. in ) and

P (vg)
Ok

D, 5(u) < liminf (vk|Vuk\2 + + eVl )dac. (3.17)
k—o0 Q
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Moreover, when 0 < a < 0o and 0 < 8 < 0o the following estimates hold

/|Vu|2dx§liminf/ v | Vug|?de, (3.18)

Q k—o0 Q

agH" 1 (J,) < likrginf (1/ngk) tee! |Vvk\p)d$; (3.19)
o JQ k

estimate (3.18) also holds if « = oo or 5 =0.

We shall prove the one-dimensional case of Proposition 3.4 and Theorem 3.3 in Section 4, whereas
the n-dimensional case will be studied in Section 5.

3.2. The case p = oco. In [10] the limiting case p = co when 8 = 1 is faced. In order to give a
complete frame we state now the I'-convergence results when p = oo for different values of o and .

Let Q be a bounded open subset of R™ and let d; > 0, € > 0, nr > 0 be infinitesimal sequences.
We define Fj,: L'(Q)x L' () — [0, oc] by

Fr(u,v) := /Q (U |VU|2 + %)dw if (u,v) € HY(Q)xVj,

400 otherwise,
where,

¥ € C([0,1]) is strictly decreasing with ¢ (1) = 0,
1
Vi = {v eWh>®(Q):m <v<1, [Vo| < — L"ae. in Q}
€k
We assume that the limits

R . O

= lim — = lim —

o= lm 5 and 8 Jim ™

exist. Let ®, g be defined as in (3.5)-(3.10) with the only modification that ag and b, are now set

equal to

2 (1 )
= — ds, by :=2 0))z.
as B/O b ds (ath(0))

Under these hypotheses Theorems 3.1-3.4 holds. For proofs in the case 0 < 8 < oo we refer to
[10]; in the other regimes proofs are similar to the ones given in next sections for p < co, with few
adaptations.

4. PROOF OF THE I'-CONVERGENCE RESULT IN THE CASE n = 1.

Proof of Proposition 3./. Let (uk,v) be a sequence satisfying (3.15) and (3.16) with bounding con-
stant C. First we note that (3.16) and (3.2) imply v = 1 £!-a.e. in Q. This in particular concludes
the proof in the case a = 0 and 8 = co.

Let now @ = oo. Up to subsequences we can suppose that the lower limit in the right-hand side of
(3.18) is a limit and that n; > 0. We are going to prove that the sequence (|Vug|) is equi-integrable.
Let A C © be a measurable set, then the Hélder Inequality and (3.16) imply

Vuglde < /v Vu 2da:§ /111(1l3:§
J v ([ oe19usf dz)* ([ 1/unaa)
< C%(/ l/vkdx—i—/ l/vkdx)§
An{v,>1/2} An{vr<1/2}
1 1 5k I/J(Uk) %
< Cz(2LY(A)+ — d
- ( (4) V(1/2) e Jo Ok x)
1 C  p\3
< 2 1 _ .
< C (c A+ 507 nk) (4.1)
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% < % is true for k large since o = co. Therefore £1(A) < %
implies the last term in (4.1) is less than o for k large. Using for the first terms of the sequence
the absolute continuity of the Lebesgue integral, we conclude that (|Vug|) is equi-integrable. Now
the Dunford-Pettis Theorem implies u € WH1(Q) and Vu, — Vu weakly in L'(Q). By a classical
lower semicontinuity result (see, for instance, [7, Theorem 2.3.1]) finally we obtain (3.18) and then

u e HY(Q).

Given o > 0, the inequality ﬁ

Let 0 < < o0 and 0 < 8 < oo. In what follows we shall use the notation I(x, y1) for the interval
(x — p, v+ p), whereas we shall write Fj,(u, v, I) to indicate the functional in (3.1) when the integrals
are defined on the set I.

Proof of (3.18). Let zo € Q and p > 0 be such that u is absolutely continuous in I(xg,u) C 2.
Now the same argument used by Ambrosio and Tortorelli in [3, Lemma 4.2] and [4, Lemma 2.1] works
here with obvious adaptations. We conclude that v € H'(I(zg, 1)) and (3.18) holds in I(xq, ).

Proof of (3.19). Let now xg be a point such that « is not absolutely continuous in any interval of
the form I(xg, ). We sketch the argument proposed by Ambrosio and Tortorelli in [4, Lemma 2.1]
in order to prove that there are only finitely many points of such a type.

Let o > 0 small enough; since u is not absolutely continuous in I(xg, ¢t/2), the infimum " inf/ : Vg
xo,1/2

tends to 0 and this guarantees the existence for every k of a point xg — u/2 < z < x¢ + p/2 such

that vy (z3) — 0. Moreover, up to subsequences, vy — 1 Ll-a.e. in , so that we can find two points

Xo—p <y <z <yz < xo+ p with vg(y;) = 1 and vg(y2) — 1. The Young Inequality now gives

1 % Tk 1 1 % Y2 1
Fi(us, v I(wo, ) = (en)? () / (we)F [Voilde + (ep)? () / W(v) 7| Vog|da
Y1 Tk

(cp)i(q(;f)‘l’/vk(yl)w(s)idsjt(cp)i(?’“)‘l‘/ka(m)w(s)éds. (4.2)

vk (zk) k k(Tk)

Passing to the lower limit in the previous inequality we obtain

Y

likminf Fi(up, v, I(xo, 1)) > ag >0 (4.3)
—00

in the case 0 < 8 < oco. Since the left-hand side in (4.3) is bounded by (3.16), the number of disjoint
intervals such as I(z, 1) is bounded by a constant independent by p. This implies u € SBV ()
and (3.19) follows. From (3.18) we also deduce u € SBV?2().

In the case 8 = 0 we achieve a contradiction since the left-hand side of (4.2) is bounded by (3.16),
whereas the right-hand side tends to infinity. Therefore, each point of ) satisfies the previous step,
so that w € H'(Q) and (3.18) holds.

Proof of (3.17) in the case 0 < f < oo. First we note that (3.18) and (3.19) lead to (3.17) in the
case a =0, 0 < f < 0.

It remains to consider the case 0 < o < 00, 0 < f < co. We shall define suitably six points in
place of y1, zk, y2; in this way we determine some intervals we shall study separately. In the external
intervals, we shall be able to repeat the previous argument by Ambrosio and Tortorelli, the two
in-between intervals will be neglected, and the central one will give rise to the cohesive term.

Let 2o € J,, and assume u™ (x0) < ut(z0). Let 0 < o < |[u(z)]|/2 and let u > 0 be such that
lu(z) — ut(wg)| < 0/2 for 0 < |z — x| < p/2; since u, — u L'-a.e. in Q up to subsequences,
it is not restrictive to assume wuy(xo = p/2) — u(xg + p/2). We prove that there exist six points
1 < xp < Ij < 2 < a2 < yo in the interval I(zg, u), such that

lim v (y1) = lim vg(y2) =1,
k— o0 k—o00
lim vg(zg) = lim wvy(22) =0,
k—o0 k— o0
up(Zh) = u (wo) + 0, uk(@2) =ut(xo) — 0.

Let us define

Tr = max{x € [xg — p/2, w0 + p/2] : up(x) < u” (w0) + o}
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Since |ug (7o + p/2) — ut(xg)| < o for k large, the continuity of uj implies that Z} is well-defined,
that &}, < o + /2, and that ug(Z}) = u™ (xo) + 0.

We now verify that zg < liminfy_, f,i If not up to subsequences we have ;i:,lC < ¢p < xg, where
co is a constant. Using the definition of #; we obtain, as k — oo, that u(x) > u™(z¢) + o in (co, xo).
As x — x;, we get a contradiction.

We claim now that

limsup inf v, <O0. (4.4)
k—oo [To—p/2,;]
By contradiction we assume that the opposite inequality holds. By this and (3.16) we have, up

to subsequences, that
~1

Tk
/ |Vug|?dz  is bounded. (4.5)
zo—p/2

Let us verify now that limsup,_,. 7} < xp. We argue again by contradiction and suppose
I} > ¢1 > x0, where ¢ is a constant. Up to subsequences the integral f;:7#/2 |Vug|?dx is bounded
by (4.5), so that u is continuous in xy and this contradicts the assumption xo € J,. Therefore we
conclude #} — xo.

Now, by the absolute continuity of uy and the Holder Inequality we obtain for every y € (xg —
12, )

#}, 1
un(h) — )| < Jak ol ([ IVunPde)” < calsk - ol (16)
y

where in the last inequality co < 0o is a constant and we have used (4.5). Let us fix y € (xo — u, o)
such that ug(y) — u(y); then y € (zo — u, &1, for k large, so that inequality

_ - 1
[u™ (w0) + 0 — ur(y)| < ey —yl?

follows from uy, (7)) = u™(z¢) + 0 and (4.6). Passing to the limit first as k — oo and then as y — 2y
we achieve a contradiction and the claim (4.4) is proved.

By (4.4) we are able to find a sequence zg — /2 < zi < &} such that vg(z}) — 0. Since vy — 1
Lla.e. in Q, we also find a point y; € (zo — p, 2o — 11/2) such that vy (y1) — 1.

Let us define now

&% = min{x € [T}, x0 + /2] : up(z) > uT(20) — 0}

We can easily prove that it is well-defined, that ug(#2) = u™(z0) — o, and that 3 — zo. Note that
the convergence &7 — xo implies the convergence #i — .
As before we can also prove that

lim sup inf v =0
k—oo [E7,@0+p/2]

and the existence of 27 and yo follows.
Now let us proceed with the computation. In the intervals (y1, L) and (27, y2) we can repeat the
argument by Ambrosio and Tortorelli in (4.3), so that

lim inf Fi(ue, ox, (y1, 24) U (2, 92)) > ag. (4.7)
It remains to estimate the functional in the interval Iy := (Z, 7). Let us define
Wi = {w € H(I},), w(@}) = u" (20) + 0, w(ii) = ut(x0) — o},
Zy =4z € Wl’p(Ik), e < z2<1L'ae on I},

Hy(w, z) := / <Z|Vw|2 + M)dm, for (w, z) € Wi x Zy,
I Ok

h = min Hy(w,z), forz € Z.
k(2) ain k(w,2), for z k
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By elementary computation we find that this minimum is achieved and that

([uao)) =207 [ ¥(2)

hi(z) = dz. (4.8)
1alar; 1, Ok
I ?
Let now 0 < A < 1. We observe that
1 L]
/ L < ( k)7
{z€l:vp >N} Vg A

1 1
/ —dr < —ﬁc( wwk)d:ﬂ).
{(z€lpvp<A} Uk YN e\, Ok

We use the previous inequalities to estimate the functional Fy(ug, vk, Ix):

Fi(ug,ve, Iy) > Hy(ug,vr)
> hyg(ve)
([w(zo)] — 20)* ¥ (vk)
> L£1(Ix) +L‘i’€< w(vk)dx) + ok dx
A Y(A) 1k Iy g
> 2<77k1§:)\))5([u(x0)] _ 20) . ﬁkl/i())\\)ai (Ik:)7

where to get the last inequality we have minimized in [0, oo[ the function

([u(@0)] — 20)?
LY(1) 1 6

X D) m

t—

+t.

Passing to the limit first as k — oo, then as A — 0, and finally as ¢ — 0 we obtain
likminf Fy(ug, vg, L) > bal[u(zo)]|- (4.9)
— 00
Inequalities (3.18) for the set I(xo, pu), (4.7), and (4.9) lead to (3.17).

It remains to study the case 0 < a < 0o, § = c0. By [6, Theorem 2.1] the functional ®, o is
weakly* lower semicontinuous in BV (2) and strongly lower semicontinuous in L'(Q), so that it is
sufficient to prove that

liminf @4 oo (ug) < likm inf F, (ug, vg)- (4.10)
— 00

k—o0

In order to simplify the notation we set Ay, := {|Vug| < b /2}; we compute the integrals of f,,(|Vug|)
on Ay and on Af.

Let us fix 0 < A < p < 1. First we note that the convergence in measure vy — 1 implies

/ fa ([ Vurl)dz + / fa (| Vur)dz < / follVurdz +0(1).  (411)
A A A

eN{vp<p} kN {ve>p} pN{oxg>p}
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On A§ we have

[ v [ follVudo+ [ fu((Tuil)do <
Agn{o>p} Agn{A<ve<p} Agn{on <A}
< / |Vuy|>dz —|—/ (|Vuk| - —)da:—F/ (|Vuk| - —)dx
Agn{orzp} Agn{A<ve<p} Agn{or<A}
< / |Vuk|2dx+ba(/vk|Vuk|2d.’L')§(/ —dl‘)z
Aen{vp>p} Q {<ve<p} Vk
3 1 3
+ba(/ vk|Vuk|2d;v) (/ —dx)
{vr <A} {'uk<)\} Vk
C 1
< / Vg |2da + ba ( ) LY {or, < p})?
Aiﬂ{’uk>u}
1 o / 2 2 / ¢(Uk) 2
+ba v |Vug|“dx dx
(1#0\)771) ( {vkgx}k| ¢ ) ( {oe<r} Ok )
< / |Vuk|2d:c+b°‘(15k);/ ( k| Vg |* + (o ))dl’+0( 1), (4.12)
— Jasn{uesu} 2 \P(A) g {vp<A} Ok

where in the first inequality we have used the definition of f, and the fact that b, (t — b, /4) < t2
for t > b,/2; the Holder Inequality justifies the second estimate; the property (3.16) and an easy
computation have led to the third inequality; finally from the Cauchy Inequality and the convergence
in measure vy — 1 we have found the final expression. From (4.11) and (4.12) we deduce

bo (1 Op\z (k)
Dy oluy) < / Vug|?de + = ———= / v | Vug |2 + dr + o(1
( ) {ka/L}l | 2 (1110\) nk) {ukgx}( ‘ | O, ) ( )
1
< —/ (orl V] + E;}k)>dx
HJ v >p} k
bo 1 6 ;/ 2 Y(v)
+—=—=— v |Vug|® + ——= )dz +o(1
2 <1/1()\) 77k) {vk<)\}< Vo Ok ) )
1 b,y 1 0
< .
< max (,u’ 5 (w()\) nk) )Fk(Uk,vk)+0(l)
Passing to the limit first as ¥ — oo and then as A — 0, y — 1 we obtain (4.10). O

Let us complete the one-dimensional case of the I'-convergence result by proving the upper esti-
mate.

Proof of Theorem 3.3. The cases a = oo or 3 = 0 are trivial since F, 5(u,v) < oo implies u € H*(£2)
and v =1 L'-a.e. in Q.

Let now 0 < a < oo and 0 < 8 < oo and let u be such that &, g(u,1) < co. A truncation
argument shows that in dimension n = 1 a function v € GSBV?(Q) N L}(Q) with ®g g(u,1) < oo
actually belongs to SBV?(2). Therefore, both for a = 0 and for 0 < a < oo, we start with a
function u € SBV?(Q); for simplicity we also suppose J, = {ZT}. Let (0f) and (ux) be positive
infinitesimal sequences which we shall specify later and let

Ap =T -0, T+oy) and By :=(T—o) — g, —op)U(T+op, T+ of + pk)-
Let us define ug by u out of Ay and linking linearly in Ag.
1

Let f(p) = (1 — p), g(p) == ———r—

fol Py rds

strictly increasing and that h and f/g are infinitesimal in 0. Then the sequence py := h™1(d) is
infinitesimal and
f(ox) Ok

— 0,
Ok 9(p)

,and h = (fg)% for 0 < p < 1; we note that h is

0. (4.13)
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We now set v equal to 7 in Ay and equal to 1 — p out of Ay U By.
In order to define vy, everywhere, we first consider the following Cauchy problem

/ q % *% 1
W = (cka) 6 P (we)? (4.14)
wi(0) = ny.

Since n, < 1 and ¢ is continuous and strictly positive in [0, 1), the previous problem has only one
solution wy, in the interval [0, T}), where T}, € (0, o0] is defined by

1o
Ty = (—) Pe,z Y~ rds.
q Mk

Precisely, the solution wy, is obtained by taking the inverse of the function

epdp\y X (7 1
z € [Nk, 1) — (—) e | Y rdse€[0,Ty).
q Mk
By this we can define

vg(z) := wi(|x — T — of) on By, (4.15)
%) % 1 1—pr

W = (Cp—k) e,‘j/ ¢*%d57 (4.16)
q Nk

where py, is infinitesimal by (4.13).
Then (ug,vx) € HY(Q)xV,, and (ug,vg) = (u,1) in LY(Q)xL'(2). An easy computation shows
that

/ v | Vug|?de < / \Vu|?dz, (4.17)
Q\Ax Q
/ Pk gy < YA =P8 p1y. (4.18)
O\(AxUBy) Ok O
/Ak (vk|Vuk\2 + %i’“))dx = %(u(f +0%) —u(@ — 00))? + 2¢(nk)%’:. (4.19)

We note that the integral in (4.18) tends to 0 by (4.13). If @ = 0 we take o} such that 7y /o) — 0
and o) /8 — 0; by this choice the integral in (4.19) converges to 0. Whereas if 0 < o < oo we define

o = %(ﬁ)a[u@)ﬂék and the integral in (4.19) tends to by |[u(T)]|.
Let us compute now the integral on Bj. Thanks to the choice of wy the Young Inequality holds

with equality, so that

/ (1/)5;11@) + el |Vvk|p) dx
By k

1 € % Kk N
2Aer)? (") [ ()b da

2(cp)7 (%)

Q=

/ o ¥(s)ads. (4.20)

As k — oo this term tends to ag and the proof is complete.

Let us consider now the case a = 0, § = co. First we suppose that u is piecewise constant with
Ju = {Z}. If this is the case we define all parameters as before, so that by repeating the computations
in (4.17)-(4.20) we obtain that Fy' . (u,1) is null. In the general case when u € L'(2) we argue by
approximation with piecewise constant functions; since Fé’ oo 18 lower semicontinuous we achieve the
same conclusion as before.

The last case to study is 0 < a < 00, 8 = c0. By [6, Theorem 3.1] if we prove that for every
u € SBV?(Q) we have

F;/,m(u,1)g/ \Vu|2dx+ba/ ][O (4.21)
Q Ju
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we are done, since the left-hand side is lower semicontinuous in L!(2) and the lower semicontinuous
envelope of the right-hand side is @, . Inequality (4.21) is easily proved by defining all parameters
as before and repeating the computation in (4.17)-(4.20). O

5. PROOF OF THE I'-CONVERGENCE RESULT IN THE CASE nn > 1

Proof of Proposition 3.4. The case 0 < a < 0o, 8 = oo and the case @« = oo can be faced as for
n = 1. In all other regimes we can argue by slicing and the proof of [10, Proposition 1] works here
with obvious modifications. |

Let us focus now on the I'-limsup inequality.

Proof of Theorem 3.3. The cases o = oo or § = 0 are trivial.

Let now 0 < a < oo and 0 < 3 < oo. Let u € GSBV2(Q) N L(Q) and we consider first the case
u € L*(£2), so that u belongs in effect to SBVZ(Q) N L>(Q).

The first part of the proof is the same given for [10, Theorem 3.3], so that we sketch the main
ideas. First we need an approximation result in order to work with more regular objects. To this
aim we use a corollary of [8, Theorem 3.1] which is stated in [10, Theorem 6.1]. Thanks to [10,
Theorem 6.1] it is enough to prove (3.14) for a cube @ and for a function u € SBV?2(2) N L>=(Q)
such that

H* S\ J,) =0, ueWhk>(Q\S) forevery k, (5.1)

where S = U, S; with S; closed pairwise disjoint (n — 1)-simplexes contained in . To simplify the
exposition we consider only the case m = 1, so that S is a (n — 1)-simplex; in addition we assume
that S C {z,, = 0}. We write a point x € R" as x = (T, 2,,) € R""* xR and we orient J,, so that the
normal vector v, coincides with (0,1). Let Q* := {z € Q : £z, > 0} and let L be the maximum
between the Lipschitz constants of v in Q1 and Q.

Let us define 0@ (7) := %5k(ﬁ)1/2|[u(i 0)]| for x = (T, z,) € Q in the case 0 < a < oo; whereas
for a = 0 we define o} as any sequence of constant functions such that 7, /o) — 0 and of /8, — 0.
We observe that of is Lipschitz since u™ and u~ are; moreover in the case 0 < o < co we have
o(T) =0 for T € 95, where dS is the boundary of S in the relative topology of R"~!x{0}.

Let

Ay = {z eR":(7,0) €S, |z,| < cr,?(a:)},

| {x €R": (7,0) ¢ S, d(z,0S) < ag(x)},

where d(z, S) is the distance from the point z to the set S. The closure of Ay U A} is contained in
Q for k large.

Let
Tn+0r, 4 _ o _ o .
Uk(f, xn) — W(u(xaak) - u(x, _ak)) —|—U(.13, _Uk) ifxe Aky
u(x) ifxeQ\ (AgUAp).

In the case 0 < a < 0o we have A}, = @ and then uj, € W*°(); whereas for a = 0 the function
uy, is Lipschitz continuous in Q \ A}, with constant 4M /69 + 12nL, so that the McShane Theorem
implies the existence of a function, still denoted by wy, which extends uy to Aj and has the same
Lipschitz constant as uy (see [10, Theorem 3.3] for more details). From the definition of uy we
immediately deduce that uy — u in L*(£2).
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Let now py, wg and py be defined as in the one-dimensional case by (4.13), (4.14), and (4.16); we
are able to define now

By = {x eER": (7,00 € S, 0< |z, — o (T) < uk},

By, = {ac eR":(z,0) ¢ S, 0<d(z,05) — o (%) < ,uk},

and
Nk ifze Ay U A;,
wi(|zn| — op (T)) if x € By,
vg(z) =
wi(d(x,08) — o (T)) ifx e By,
1—pg otherwise.
By this choice 7y < v, < 1 L%a.e. in Q, v, € WHP(Q), and vy — 1 in L1(Q).

Let us proceed with the computation. The sequence F(ug,vi) can be written now as

Fturw) = [ oVafPdo+ [ LA / (A% 4 ot v ) do

/
B

We have already computed the first and the second term of the previous expression in [10, Theorem
3.3] and in (4.18), showing that when 0 < o < oo we find

2 w(vk) 2 n—1 .
/ka\VuM d:er/ de’S/Q|Vu| dx + by /Ju [[u]|[dH™ ™" 4+ o(1); (5.3)

a\(ByuB,) Ok

(M”"’) et |vuk|1’) da. (5.2)
Ok

’
k

whereas if &« = 0 we find

/vk|Vuk|2dx+/ Mdm‘g/ |Vul2dz + o(1). (5.4)
Q Q

o\(ByuB,) Ok

Let us consider now the integral on By in (5.2). By the choice of By and vi, we obtain

/Bn (%}f)ﬂei‘llvvklp)dw 2(cp)i(%€;“)i/] [ Oﬂkw(wk)éw;dxn}d?[”_l(m)

= 2cp)? (q;)(/nlp wéds)H”’l(Ju). (5.5)

Moreover coarea formula implies

/ (d’(%) +ce£_1|V1}k|p>daz <
A

Rtk 1
/ bwi(t — o))l (t — oV H " ({d(z, 0J,) = t})dt

a
k

IN
o
A%
/~
Oq‘('h
=~ | =
~—
Q=

Q
Q=

< o k a HE /!
< abtrm)(5)" [ vt d

€ 1
< 03(0,‘:+uk)<*k , (5.6)

(=%
e
N—
Q

where ¢y, co,c3 < 00 are constant and we have used the fact that H" 1 ({d(z,dJ,) = t}) = O(t).
The last term in (5.5) tends to 0 by the choice of 8, of, and . By (5.3), (5.4), (5.5), and (5.6) we
obtain (3.14).

In the general case when u ¢ L*°(£2), we obtain (3.14) through a truncation argument.
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Let now 0 < o < 00, § = 00; as in the case n = 1 it is sufficient to prove by [6, Theorem 3.1] that
for every u € SBV?(Q) we have

Flo(u) < [ [VuPdobo [ [lallanr .
Q u
We define all parameters as in the previous case; the computations in (5.3), (5.4), and (5.6) give
the same results as before, whereas the last term in (5.5) tends to 0 since 8 = co. Estimate (3.14)
follows.

We conclude the proof of the estimate from above by studying the case a = 0, = co. We shall
prove that Fy/ . (u,1) = 0 for every u € L'(Q).
Since Fy ., is lower semicontinuous, it is sufficient to prove the estimate on a set which is dense
in L*(2). To this aim we consider the set of functions which are constant on finitely many disjoint
balls and null otherwise. For simplicity we consider only the case of a function u which is constant
on a ball B well-contained in 2 and null out of A. Let 02, Pk, Wk, and pg be defined as before; let
¢r be a cut-off function such that ¢ =1 on (0B),0/2, ¢ = 0 out of (0B),0, and [Vey| < 4/0,
where (0B), := {d(z,0B) < r}. We define uy := (1 — ¢y )u and vy, as n on (9B),0, as 1 — py, out of
(0B) 91y, » and as wg(d(z,0B) — o) in (0B),04,, \ (0B)s0. By this choice uy € H'(Q), vk € V,
and (ug,v) — (u,1) in LY(Q)x L' (Q). Let us proceed with the computation.

We have that

/ka|Vuk|2dx+/ ¢E;;k)dm < (16u2 Tk +¢(”’“))£”((33)02)

(98) 0 (op)? Ok

A

0
Mk g

S le0+027k,
O 5k

where c¢1, co are constant; the last term in the previous expression tends to 0 by the choice of o}.
Since py, satisfies (4.13) we also obtain

/ Mdz <o(1).
O\ (9B) Ok

oty

Finally we note that

/ (Ho) e tiguyr) s
(9B),0 1, \OB) o Ok

Q=

(5.)
< ()

where c3, ¢y are constant; since 5 = oo also the last term in the previous expression tends to 0.
Equality Fy o (u, 1) = 0 follows. O

1225 N
/ U(w) vwp,(t +op)" T dt
0

Q

6. CONVERGENCE OF MINIMIZERS

We conclude this paper by proving Theorem 1.2. Since this proof is quite similar to the one of
[10, Theorem 7.1], we only sketch it focusing on the novelties. First we provide a compactness result.

Lemma 6.1. Let o > 0 or 3 < oo. Let (ug,vi) be a sequence in L'(Q)x LY (Q) such that (ug) is
bounded in L*(Q?) and
liminf Fj (ug, vg) < 0.
k—o0
Then there exists a subsequence (u;,v;) of (ug,vy) and a function u € GSBV () N LY(Q) such that
uj = u L"-a.e. on Q and v; — 1 in L1(Q).
If0 < a< oo and 8 = oo, or a = 00, the convergence u; — u is also in L' ().

The previous lemma does not apply when a« = 0 and § = oo, but we shall be able to prove
Theorem 1.2 also in this case.
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Proof. We can suppose, up to subsequences, that Fj(ug,v) is bounded; in particular then vy — 1
in L1(©). Now, when 0 < o < oo and 0 < 8 < 0o we can argue as in [10, Theorem 7.4].

Let @ = co. Repeating the computation in (4.1) we deduce by assumptions that (ux) is bounded
in BV (). This implies the existence of a function u to which uy, converges in L*(€) and £"-a.e. in
Q, up to subsequences. The same argument works in the case 0 < a < 00, f = 0. |

We also remark that we can define the sequence of functionals
Gr(u,v) = Fy(u,v) —|—/ lu — g|"dz, (6.1)
Q

with u,v € L'(Q), and we can easily prove, as in [10, Lemma 7.5], that G} T-converges in
LY (Q)x L' () to the functional

G p(14,0) = Foy (1, 0) + / i — gl de,
Q

where u,v € L1 ().
Let us prove now Theorem 1.2.

Proof. If & > 0 or 8 < co we can argue as in [10, Theorem 7.1] through Lemma 6.1.

We suppose now that &« = 0 and § = oco. We fix k and we consider a minimizer (ug,vy) €
H () xV,,, of Gi. Since Gy (uy,vy) is bounded, we can find a subsequence of uy, not relabeld, and
a function u € L™ (€2) to which uj, converges weakly in L"(€2). Therefore we have

/ lu—g|"dz < liminf/ |ug — g|"dx < liminf G (g, 0) = / |u — g|"dz,

where we have chosen (ig, 7%) — (u, 1) in L}(Q)x L1 () with limy— 0o G (g, U%) = Ga 5(u, 1).
Since now uy, — g — u — g weakly in L"(Q) and ||ux, — gl|rr) = |||v — 9|z~ (@) We also conclude
that ur, — w strongly in L" ().
By the I'-convergence of G, to G, and by a general property of I'-convergence (see [9, Corollary
7.20]), we find that (u,1) is a minimizer for G, (so that v = g L™-a.e. in Q) and we get the
convergence of minimum values and of minimizer in L*(2)x L*(€). O
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