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A DENSITY RESULT FOR GSBD AND ITS APPLICATION TO THE
APPROXIMATION OF BRITTLE FRACTURE ENERGIES

FLAVIANA IURLANO

ABSTRACT. We present an approximation result for functions u : £ — R" belonging to the space
GSBD(Q) N L?(Q,R™) with e(u) square integrable and H"~1(J,) finite. The approximating
functions uy, are piecewise continuous functions such that ug — u in L?(Q,R?), e(ux) — e(u) in
L2(Q,Mgy), H* 1 (Ju, AJu) — 0, and fJukUJu \uki —uF|A1dH"" ! — 0. As an application,

we provide the extension to the vector-valued case of the I'-convergence result in SBV (2) proved
by Ambrosio and Tortorelli in [4, 5].

1. INTRODUCTION
A typical example of the minimum problems occurring in the mathematical formulation of some
variational models in Linearly Elastic Fracture Mechanics (see, e.g., [20, 21], [10]) is

(elw)de + (1) + [ fu=gfde). (11)

min (

w Q\J,,
where Q C R™ is a bounded open set, () is a positive definite quadratic form on the space of
symmetric nxn matrices, H" ! is the (n — 1)-Hausdorff measure in R", g € L?(Q,R"), e(u) is the
symmetric part of the gradient of u, and J,, is the jump set of u.

For a numerical treatment of these minimum problems, a standard approach is to approximate
(1.1) with functionals defined on a class of functions without jumps. Drawing inspiration from the
scalar-valued case, numerical computations concerning (1.1) and similar problems are performed,
e.g., in [9, 10], and [8] using a phase-field approximation, which leads to the minimization of
Ambrosio-Tortorelli type functionals [4, 5]

2
min/ (vQ(e(u)) + [l + ek |Vol? + |u — g|2>dx, (1.2)
(wv) Jo €k
where 1y, ex belong to (0, +00), nx/er, — 0, and (u,v) runs in HY(Q,R")x H*(Q) with g, < v < 1.
Nevertheless, the rigorous convergence of these minimum problems to the problem (1.1) has not
yet been proved in the vector-valued case. An important contribution in this direction has been
given by Chambolle in [12, 13], where the problem (1.1) is set in the space SBD(2) (we refer to [23]
for its definition) and the convergence result is proved under the assumption of an a priori bound
on the L*-norm of the functions u. Actually, even the existence of solutions in SBD() to the
problem (1.1) is guaranteed only if an a priori L°°-bound for minimizing sequences is assumed (see
[7, Theorem 3.1]).

In the present paper we provide the first complete proof of the convergence of the solutions to (1.2)
toward a solution to (1.1), formulating these problems in a more convenient framework. Precisely, if
(ug, vx) is a sequence of minimizers of the problem (1.2), we prove (see Corollary 4.2) that v — 1
in L}(92) and a subsequence of uy converges in L?(2,R") to a minimizer u of the problem (1.1) in
the space GSBD() of Generalized Special Functions of Bounded Deformation.
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2 FLAVIANA ITURLANO

This space has been recently introduced by Dal Maso in [17] to solve minimum problems of
the form (1.1) without L*°-bounds on the minimizing sequences. For every u € GSBD() one
can define the approximate one-sided limits u® on regular submanifolds, the approximate jump
set J,, which turns out to be (H" "1, n — 1)-rectifiable, and the approximate symmetric gradient
e(u) € L'(Q,MZ<") (see Section 2 for a summary of these fine properties of G'SBD-functions).
Therefore the functional occurring in (1.1) makes sense in this more general context and a solution
in GSBD(f?) to the minimum problem is ensured by the compactness and semicontinuity result
proved in [17, Theorem 11.3].

The proof of the convergence of (1.2) to (1.1) is obtained in three steps, following the approach
in [12, 13]. The first (and crucial) step allows us (see Density Theorem 3.1) to approximate a
function u € GSBD(Q) N L%(Q,R"), for which e(u) is square integrable and H"~1(.J,) is finite, with
a sequence (ug) C SBV(,R™) N L>(2,R™) of piecewise continuous functions in a way that

Huk — u||L2(Q7Rn) — 0,

||€(Uk> - e(u)||L2(Q7M"X" — 0,

sym)

H (T Ad) — 0,

/ luf —uE| A TdH" ™ — 0,
Tu U

where A denotes the symmetric difference and a A b := min{a, b}.

The second step concerns the I'-convergence of the functionals occurring in (1.2) to the one
occurring in (1.1) (see Theorem 4.1). In particular the Density Theorem 3.1 is involved in the proof
of the I'-lim sup inequality, allowing us to construct a recovery sequence starting from more regular
functions.

The third step is the proof of the compactness of the minimizing sequences of (1.2). This is
obtained in Proposition 4.5 using a characterization which relates L!-compactness of sequences with
L'-compactness of slices (see [1, Theorem 6.6] and [17, Lemma 10.7]). The convergence of minima
and minimizers eventually follows from well-known results in I'-convergence theory.

The paper is organized as follows. In Section 2 we supply the essential notation and preliminaries.
Sections 3 is devoted to state and prove the Density Theorem 3.1. Finally in Section 4 we show the
application of the density theorem to the Ambrosio-Tortorelli approximation of (1.1).

2. NOTATION AND PRELIMINARIES

Let n > 2 be a fixed integer. The Lebesgue measure and the k-dimensional Hausdorfl measure
in R™ are denoted by £" and HF, respectively. For every set A the characteristic function y 4 is
defined by xa(z) :=1if x € A and by ya(x) := 0 if ¢ A. Throughout the paper  is assumed
to be a bounded open subset of R™. Moreover ¢ will denote a constant which may vary from line to
line.

BV-functions. For the definitions and the main properties of BV (2, R"), of SBV(Q2,R"), of
the distributional derivative Du of a function v € BV (2, R"), of the approximate gradient Vu, of
the approximate one-sided limits u* on regular submanifolds, of the jump function [u] := ut —u~,
and of the approximate jump set J,, we refer to [3]. Here we only recall the definition of the space
SBVP(Q,R"™), with 1 < p < 400, used in the sequel:

SBVP(Q,R") := {u € SBV(Q,R") : Vu € LP(Q,M"*") and H"*(J,) < 400},
being M"™*" the space of all nxn matrices.

BD-functions. For the definitions and the main properties of BD(f2), of SBD(Q), of the
symmetric distributional derivative Fu of a function u € BD(), of the approximate symmetric
gradient e(u), of the approximate one-sided limits u* on regular submanifolds, of the jump function
[u] := u™ —u~, of the approximate jump set .J,, we refer to [24], [23], [6], and [2].
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We point, out that if € has Lipschitz boundary and u € L'(Q,R") satisfies Eu € L*(Q, MZxX"),
where M" is the set of all nxn symmetric matrices, then u actually belongs to H'(Q,R"). This
can be obtained arguing as in the proof of [23, Proposition 1.1].

We define SBD?(Q), 1 < p < +o0, by
SBDP(Q) := {u € SBD(Q,R") : e(u) € LP(Q, M) and H"'(J,) < +oo}. (2.1)

Slices. Fixed ¢ € S"71:= {£ e R" : |¢| = 1}, we set
¢ .= {yER":yf:O} Qg = {tER:y+t§EQ} for y e II¢, QF := {yeH5:Q§¢®}.
For u: Q — R™ and for e : Q — M"*"™ we define the slices uE 65 : Qg — R by

sym
wy(t) = u(y +1€)-€  and (1) = ey + S &, (22)
If ug,u € LY(Q,R") and uyp — w in L1(£2,R™), then for every & € S"~! there exists a subsequence

(ug;) such that
(ug, )5 — u inL (Qi) for H" '-a.e. y € Q5.

GBD-functions. We now summarize the definition and the main properties of G B D-functions,
referring to [17] for more details.

Let us denote by M, () the set of all bounded Radon measures in  and by M, () the set of
nonnegative ones.

Definition 2.1. An L™-measurable function u: Q — R™ belongs to GBD(Q) if there exists A\, €
M () such that the following equivalent condition hold for every & € S"~1

(a) for every T € C*(R) with —5 < 7 < 5 and 0 < 7/ < 1, the partial derivative De(7(u - £))
belongs to My(2) and its total variation satisfies
| De(7(u-§))(B) < Mu(B), (2.3)

for every Borel set B C §;
(b) for H" t-a.e. y € QF the function ug belongs to BVIOC(Qg) and for every Borel set B C Q) it
satisfies

/Q£ (|Du§|(B§ \ ) +HO(B; N Jig))d’H”’l < Au(B), (2.4)

where we have set
Jig ={te Jys |[u§](t)| > 1}

The space GSBD(Q) is the set of all functions u € GBD(Q) such that for every £ € S*~1 and for
H' 1-a.e. y € QF the function ug belongs to SBVIOC(Qg).

For every u € GBD(Q) one can define the approximate one-sided limits u* on regular subman-
ifolds, the jump function [u] := u™ — u ™, and the approximate jump set .J,,, which turns out to be
(H"~ 1, n — 1)-rectifiable [17, Sections 5 and 6].

Let £ € S"! and let

Jo={z e, ut(x) € —u(x)-£#0}. (2.5)
Then for H" !-a.e. y € Qf we have
uF(y+tE)- €= (ufj)i(t) for every t € (J,, )5, (2.7)

where the normals to J, and J WS are oriented so that £ - v, > 0 and v W = =1.

For u € GBD(Q) the approxnnate symmetric gradient e(u) in the sense of [6, Definition 8.1]
exists and belongs to L' (Q; MZ"). Moreover for every £ € R\ {0} and for H" '-a.e. y € Q¢ one
has

(e(u))% = Vug L'-a.e. on Qf/ (2.8)
Let us define GSBDP(Q) for 1 < p < 400 as in (2.1), with SBD(Q) replaced by GSBD(Q).
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Using the Fubini Theorem one can shows that
H' (T, \ JS) =0, (2.9)

for H*" L-a.e. £ € S"~L. With the following lemma we deduce the existence of an orthonormal basis
(e;)7—; for which (2.9) holds for every { € D :={e; fori=1,...,n, e;xte; for 1 <i < j<n}.

We denote by p the invariant Radon measure on the rotation group SO(n) with u(SO(n)) =
an—l(Sn—l).

Lemma 2.2. Let &1,...,& € S"7L. Then each & € {R&y,..., R} satisfies (2.9), for u-a.e.
R € SO(n).

Proof. Let N C S"™1 be the set where (2.9) fails and let
M; :={R € SO(n): R € N}.
For j =1,...,k we have
p(M;) =H""Y(N) = 0.
Therefore for every R ¢ U?=1 M; we find that R&q, ..., RE ¢ N and this concludes the proof. O

The following remark is about the extension by zero of G BD-functions.

Remark 2.3. Assume that Q has Lipschitz boundary and consider a bounded open set Q with Q c Q.
Letu € GBD(Q)NL'(Q,R™) and let us define @: Q0 — R™ by i := u in Q and by @ := 0 outside of Q.
Then the extension U belongs to GBD(Q). Indeed, for every € € S*™1 and for H" '-a.e. y € QF the
slice u§ belongs to BV(Q%), Since Q has Lipschitz boundary, for every € € S"~! and for H" 1-a.e.

y € QF the set Qg has finitely many connected components, so that ﬁg € BV(R). Moreover an easy
computation and the coarea formula show that

/ (IDagI(BS \ 7%e) + OB 1Tk ) am™ < A (B Q)+ H*90B),
(913 Y Y

for every Borel set B C Q0 and for A, satisfying (2.4).

The next result provides an estimate for the trace tr(u) of a function v € GSBD(Q2) N L} (2, R™)
(for the definition of tr(u) see [17, Section 5]).

Lemma 2.4. Assume that Q has Lipschitz boundary and define 7(s) := %arctg(s) for s € R. Then
there exists a constant c¢(€) < 400, depending on Q, such that

/ () aH" ™ < (@) (Il @80 + () (2.10)
[219]

holds for every uw € GSBD(2) N LY (Q,R™) and for A\, € M () satisfying (2.4).
Proof. Tt is not restrictive to assume that €2 has the form
{y+tneR":ye B", 0<t<al(y)} (2.11)

and that u has compact support in QU graph(a), where € S*~1, B7 C 11" is a relatively open ball,
and a : B7 — R is a Lipschitz function. Indeed, let (A4;)%_; be an open covering of 9 in a way
that A; N Q has the form (2.11). Let Ay CC Q be such that (4;)%_, covers Q. Let us consider also
a partition of unity (¢;)%_, such that ¢; € C(4;), 0 < ¢; < 1, and Zf:o @; =1 on Q. Then each
@;u belongs to GSBD(A; N Q) N LY(A; N Q,R"™) and has compact support in A; N 2. Moreover ¢;u
satisfies (2.4) with A, (B) replaced by

19%il [ () /B uldz + Mo(B), (2.12)

for every Borel set B C A; N ). Note that the measure defined in (2.12) belongs to M; (A; N Q).
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Using the triangle inequality for 7 and inequality (2.10) for @,u with the measure (2.12), we
obtain

k
/ r(tr@harnt < 3 / r(ler(su) )dH" !
00 = Ja,no0
< e(llullzr@mn + M(®),

where ¢ < +oo depends on €2 and (¢;)5_;.

Let us prove now (2.10) under the assumption that  has the form (2.11) and that « has compact
support on € U graph(a). We may also assume that there exists a basis (1;)?_; such that M :=
graph(a) is still a Lipschitz graph in the direction determined by each n; and that v(z) -n; >0 >0
for H* '-a.e. x € M, where ¢ is constant and v is normal to M.

Therefore we obtain

7(|tr(u = (ftr(u nel r(u nl .
/m (Jtx(w)])aH /M (Jtx(w)])aH s/ Z|t dH (2.13)

where ¢ < 400 depends only on (7;)!_;. The very definition of 7 implies that

/ Z |tr(u) - n;[)dH™ ! < / Z |7 (tr(w) - m)|dH" T, (2.14)

where the constant ¢ < +o00 can possibly change from the first to the second term.
Since 7(tr(u)-n;) = tr(7(u-1;)) by the definition of trace in GSBD(Q) (see [17, Proof of Theorem
5.2]), we deduce by (2.13) and (2.14) that

/8 (i < c; /M fer(r (- ) )M (2.15)

We observe now that 7(u-7;) belongs to L' (Q) and its derivative D,,7(u-n;) belongs to M; (€2),
so that [24, Lemma 1.1] yields

CZ/ ltr(7(u - ;)| dH"™ = CZ/ [tr(7T(u - n;))|dH"
i=17M

n

e (@ m) (Il )l + 1Dy, (- 1)|(9))

i=1

IN

IN

C(HUHD(Q,R") + /\u(Q)>7 (2.16)

where ¢ < 400 depends on 2 and A, € M; (Q) satisfies (2.3). Inequality (2.10) follows from (2.15)
and (2.16). O

Remark 2.5. Let u € GSBD(Q) N LY(Q,R") with H"1(J,) < +oo and let us define
Au(B) = / le(u)|dz +H" (], N B), (2.17)
B

for every B C Q Borel set. Then (2.6), (2.8), and the coarea formula imply that A, satisfies (2.4).

The following theorem concerns the continuity of the trace operator. For the proof we follow the
lines of [23, Section 3.2].

Theorem 2.6 (Continuity of the trace). Assume that Q@ has Lipschitz boundary. Let ug,u belong
to GSBD(Q) N LY (Q,R™) with H"~(Jy, ), H* 1 (J,) < 400, and let

up —u in LY(Q,R") and Ay, — Ay weakly® in (CY), (2.18)
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where \ has been introduced in (2.17) and the weakly* convergence in (CP) means, by definition,

that
/<deuk —>/<pd5\u,
Q Q

for every bounded continuous function ¢ defined on ). Then
/ \tr(ug) — tr(u)| A 1dH" ™ — 0. (2.19)
o0

Proof. Let n > 0 and let g CC Q be such that
M\ Qo) <y and A, (89) = 0. (2.20)
Let ¢ € C°(€2) be such that g =1 on Qg and 0 < ¢ < 1, and let ¥g := 1 — .
By (2.18) and (2.20) we obtain for k large
e < 221
Aug (2 Qo) < Au(Q\ Qo) + 1 < 20 (2.22)
Applying inequality (2.10) to the function (ux — u)1pg we find

| rllertun) — = <
o0

< el = wnllmn + [ lelC = wilde + 7 o ayen))
< C(H“k — ullzr@rm) +/ _ le(ur)|dx +/ _ le(u)|dz + [|ur, — ul| @,z |[Yol | L= ()
2\ Qo O\ Qo
FH T (g, 02\ D) + 1 (0 (2 D))
< C(Huk — )|z rn) (14 [[%0ll L (9)) + Ay (2N Qo) + Au(Q \ﬁo)) < 4en,

where in last inequalities we have used (2.20)-(2.22). Since n > 0 is arbitrary we deduce that
7(|tr(ug) — tr(u)|) = 0 in L}, (8Q). Finally using the dominated convergence theorem we obtain
(2.19). 0

3. THE MAIN RESULTS

In this section we present the main result of the paper: the approximation theorem for GSBD
functions. The application to the Ambrosio-Tortorelli convergence will be given in Section 4.

Theorem 3.1 (Density). Assume that 0 has Lipschitz boundary. Let u € GSBD?*(Q) N L?(2,R").
Then there exists a sequence (ug) C SBV2(,R™) N L>®(Q,R") such that each J,, is contained in

the union Sy of a finite number of closed connected pieces of C*-hypersurfaces, each u, belongs to
Whee(Q\ Sg,R™), and the following properties hold:

(1) [uk — ul[z2(@rm) — 0,
(2) ||€(Uk) - C(U)HLQ(Q,MQ’J}Z”) — 0,
)

(3) H" Y (Ju AJy) — 0,

(4) / luf —uE| A LdH" ™ — 0.
JupUu
We remark that Theorem 3.1 can be combined with the following theorem by Cortesani and
Toader [15, Theorem 3.1] (see also [14]) to obtain better approximating functions.
We say that u € SBV (2, R") is a piecewise smooth SBV-function if u € W™ (Q\ J,,R") for
every m, H" 1((J, N Q) \ J,) = 0, and the set .J, N Q is a finite union of closed pairwise disjoint
(n — 1)-simplexes intersected with €.
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Theorem 3.2. Assume that Q has Lipschitz boundary. Let u € SBV2(,R™) N L (2, R"). Then
there exists a sequence (uy) of piecewise smooth SBV -functions such that

(1) ||Uk - u||L2(Q,R7") — O,

(2) [[Vuk — V|2 mnxn) — 0,

(3) limsup/ cp(x,u;:,u,;,uuk)d?["_l S/ o(x,ut,u™, v, )dH !,
AnJ A

k—+o0 g AN,
for every open set A C Q and for every upper semicontinuous function
0 OXRPXR"xS" 1 — [0, +00) such that

Lp(x,a,b,l/)zgo(x,b,a,—l/) fO’f'J?EQ,

lim sup o(y,a’ b’ u) < 400 for x € 09,

(y,a’ b, )= (z,a,b,v)
ye

for every a,b € R”, and v € S*~1.

Remark 3.3. If  C R" is an open cube, the intersection J,, N is a polyhedron, so that the
arguments in [15, Remark 3.5] and [14, Corollary 3.11] could be adapted to construct a new ap-
proximating sequence (uy) satisfying all requirements of Theorem 3.2 and for which the set Jg, is
compactly contained in 2.

A useful tool for the proof of Theorem 3.1 is the following lemma, which allows us to substitute a
GSBD?-function with another function of the same type, defined in a larger set, in a way that the
norm of the function and of its approximate symmetric gradient, the measure of the jump set, and
the trace on 92 do not increase too much.

Lemma 3.4. Assume that  has Lipschitz boundary. Let Q: Mg " — R be a positive definite
quadratic form and let u € GSBD?*(Q) N L?(2,R™). Then for every ¢ > 0 we can find a Lipschitz
open set Q with Q CC Q, and a function @ € GSBD?*(Q) N L?(2,R™), such that

(1) @ —ullp2(orm) <e,

/Q dx</Q ))dx + ¢,

(3) H" 1(Ja) SH" () +e,
(4) H" 1 (Jan0Q) =0,

(5) / i — tr(u)| A1dH™ ! < &
o0

Proof. For the first three properties of the lemma we follow the proof of [12, Lemma 3.2] and we
only summarize the essential lines. Property (4) will be an easy consequence of a well-known result
in Measure Theory. Eventually, property (5) will be obtained through Theorem 2.6.

Since Q has Lipschitz boundary, we can cover 9 with open sets (A4;)¥_;, in a way that each
A; N Q is the subgraph of a Lipschitz function f; : II& — R, for a suitable & € S*™!'. Then we
consider an open set Ag CC €, such that  C Uf:o A;.

We define

u) :==u in Ap
ui(z) =u(z —t&) forx e A; N (Q+0,1)E),
for ¢ small enough; we extend ui by 0 in the rest of A;.

Clearly we are going to glue the functions u} together through a partition of unity, but the choice
of the partition has to be done properly in view of property (3).
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We choose a partition of unity (p;)¥_, subordinate to (A;)*_; such that Zf:o ¢; =1 on Q and
k

H (Jun | J{0<ei <1}) <
=0

€

ST (3.1)

this is possible through [12, Lemma 3.3] applied to the positive Borel measure H"~1|J,, which is
finite on R™.

We set i i
UZ = Z U;IQOZ and Qf = AQ U ( U(AZ N (Q + [07 tz)gz)));
i=0 i=1
where we have set t = (f1,...,t;) and each ¢; is small. Arguing as in [12, Lemma 3.2] we prove that

the pair (ug, Q) satisfies properties (1)—(3) for ¢ small enough.
Proof of (4). Let us fix i = 1,...,k, then for every t € R we have
H (S NOQ) = H" (S, N A; N 0Q) = H (S N (A NOQ) — t6:)). (3.2)

Since the measure H" 1| J, is finite, a classical result of measure theory implies that the pairwise
disjoint Borel sets ((A4; N OQ) — t&;); are H" 1| J,-negligible, except for a countable set of indices
t € R. This proves that uz also satisfies property (4) for £*-a.e. T € R¥.

Proof of (5). First we note that

/ 7(Jtr(ug) — tr(u))dH" ! < Z/ T(Jtr(uf,) — tr(u)|)dH" ",
20 20N {0}
where 7(s) := Larctg(s) for s € R. Let us fix i = 1,...,k and let us define M := 9Q N {p; # 0}.
Let 23 CC A; be such that 9€2; is smooth, M CC (2; N 9N), and H" (9 N J,) =0

We aim to apply Theorem 2.6 to the functions uii,u on the set 2, N Q. Clearly we have ua —u
in L'(Q; NQ,R") and e(uf,) — e(u) in L' (2 N Q,R") by the L'-continuity of the translations. It
remains to check that

/ pdH" ™ — pdH" (3.3)
J i NQ21NQ J.N21NO

for every 1 € CP (21 N Q). Fixed ¢ € CP(Q1 NQ), one easily shows that

Y(x + i) xane (T + &) — ()Xo na(r)
when z € J, \ Q. By our assumptions on ; we find that H" !-a.e. x € J, is out of 9Q;. By
the dominated convergence theorem we eventually obtain (3.3) and finally Theorem 2.6 gives the

continuity of the trace. We conclude that there exists ¢ small enough such that properties (1)—(5)
hold for the pair (ug, 7). O

The proof of Theorem 3.1 is quite technical, so we break it into three steps. The first step is the
following theorem, which will give a rough and unified approximation of the energies.

Theorem 3.5 (A first unified approximation of the energies with bad constants). Assume that
has Lipschitz boundary and let w € GSBD*(Q) N L*(Q,R™). Then there exists a sequence (uy) C
SBV?2(Q,R") N L2(2,R™) such that J,, is contained in the union Xy of a finite number of (n — 1)-
dimensional closed cubes, u, € W1>°(Q\ X, R™), and the following properties hold:

(1) [luk — ul[z2@@rn) — 0,

(2) limsup /Qn (ug)) dx + H" Y Zk /Qn ) dx 4 c;H" 1 (J,). Here ¢, is a

k— oo
positive constant depending only on the dimension n and Q,, is the positive definite

quadratic form on MZX" defined by

sym

Qn(A) := ?’("T_Q > al; 4+ Tr(AAY) + 2(Tr(A))2, for A e M" (3.4)

sym ’
i=1
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where Tr(A) denotes the trace of the matriz A;
(3) / [tr(ug) — tr(u)| A1dH™ — 0,
o0

(4) if (T;)j_ 00 is a fized sequence of Ct-manifolds contained in Q, then (uy) can be chosen
such that also H" (3, NT;) =0, fori=1,...,+oo.

Proof. We follow the lines of [12, Proof of Theorem 1]. We first substitute the function w with a
similar function @ defined on a larger set Q). Then we discretize @ on a suitable lattice and interpolate
it with a continuous function. Finally the approximating function will be obtained redefining the
interpolating function on some cubes of the lattice which intersect Jj.

Let u € GSBD2(Q) N L2(Q,R™), let € > 0, and let @ and ) as in Lemma 3.4. By Lemma 2.2 we

can find a basis ey, ..., e, of R™ such that, for every vector e in the set
D:={e;, i=1,...,n, e, £ej, 1 <i<j<n},
one has
H  {x € Jg : [4)(x) - e =0}) = 0.

For each small discretization step h > 0 and for each y € [0,1)", we define the discretized function

of u
4l (€) :=alhy +€), for & € hZ" N (Q — hy).
We also define the continuous interpolation of j,

— h
wi(z) = Z A ﬁ%(&)A(#) for x € Q,
£ehZrNQ

where
n

Afz) =] = Jai) ™.
i=1
We note that w? € W*°(Q,R"). In view of the definition of the discrete energies we introduce
JT = U [,z — 7] for T € R",
zE€Jy

lg,h(f) = xre(hy +&) for £ € hZ™ and e € D.

In what follows £ is intended to belong to hZ™.
We are now in a position to define the discrete energies

A ) e)—u -e)?
Ei},h(Q) = p" Z Z a(e) (( h(g +h )h2 h(f)) ) (1 _ lzyh(€)>7 (35)
ecD QeQ*hy
£eQ—hy—he

- 15 (8)
h o~ e,h
EYMQ) =ahm Y Y o (3.6)
e€D  ¢eQ—hy
ceQ—hy—he

where (a(e))eep are positive parameters, chosen in a way that we shall be able to keep the constant
1 for the bulk term in estimate (2). Precisely, we define a(e) :=n—1ife=e¢;, fori=1,...,n and
ale) :=1/4 for 1 <i < j <n. Moreover ¢ is a constant depending only on the dimension n which
will be chosen later. We also set é := ¢/|e|.

The first part of the proof is devoted to the choice of a suitable y € [0,1)", and a suitable
subsequence of h, not relabelled, such that the following properties hold:
(1) wy = 4|2 @rm) — 0,

(2))  lim |EY"(Q) —i—Egh(Q)} < / Qn(e(t))dz +ciH" 1 (J3), where ¢; < 400 depends on &,
)

h—+oo
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(3'a) / ol — | A LdH Y = 0,
o0

(3'b) EY"((8Q)nn) — 0. Here (8Q),, = {z € R™ : d(z,09) < nh} and the expression
EY"((09) ) means that (), replaces ) in the definition (3.6);

(4) if (I';);_,00 is a fixed sequence of C''-manifold contained in €2, then y and the subsequence
of h can be chosen such that also H"~*((hy + hZ™ + [0,h)e;) NT;) =0, for i = 1,...,+00
and j=1,...,n

The first part of the proof (properties (1’) and (2')) is analogous to that in [12, Theorem 1]. We
summarize it for completeness and for future convenience.
Proof of (1'). By the very definition of w}, the Fubini Theorem, and a change of variable we find

N +hy)\, . N
[ [ —awpa < [ [0S0 a(FEE ) i) do
[0,1)n Q 0,1)" Q fEhZ”F‘IQ
< Z / dx/ 2)|a(x — hz) —a(z)|* dz
cchzrnf) -, 1)"
< / A(z)dz/ |(z — hz) — a(z)|? dx
(-1,1)n Q

where to infer the last inequality we notice that the sets % —[0,1)™ are pairwise disjoint as £ varies

in hZ™ N Q. The last term in the previous inequality converges to 0 by the dominated convergence
theorem. Then property (1) is satisfied for a subsequence of h, not relabelled, and for y varying in
a subset of [0,1)™ with full measure.

Proof of (2'). Let us estimate
e
J (37)
[0,1)"

for j = 1,2. For convenience we introduce I¢ := {s € R: z 4 sé € 1} and It ={seR:z+sée€
Q,z+ (s + hle|)é € Q}. First a change of variable gives

/[01) EV(Q) dy =
u(x e) — a(z)) - el?
Sa) 3 [ v T )

eeD cEehn
h _
/ dz/ iz (s + |e|) B (1 3 e (2 + 58)) ds. (3.8)
eED N sh

As in the SBD-case [12], when @& € GSBD?(Q) N L*(Q, R™) the slice 4¢(s) := i(z + sé) - € belongs
to SBV?2(I¢), for e € D and for H" !-a.e. z € II°. Noticing that x jue(z + sé) = 0 is equivalent to
Jae N [s, 5+ hle]] =0, we deduce that (3.8) is less than or equal to

/edz/e t dt</z w)e - e|*dx, (3.9)

where we have used (2.8). Eventually the very definitions of a(e) and @, give

> ale)le(@)e - el* = Qule(a)),

ecD

/ EYMQ) dy < / Qule(d)) d. (3.10)
[0,1)n QO

so that
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The same argument applied to Ey’h gives
/ EYMQ) dy = Z 61/ dz/ XJhe(z+58) g < Z aH (Jae) < aH" 1 (Ja) (3.11)
[0,1)" ecD ¢ 2 |€|h ecD

where ¢ := ¢ max, =1 (D .cp |V - e|/|e]) and we have used (2.6).
For technical reasons, which will be clear at the end of the proof, it is convenient to prove
properties (3'a)—(4") before completing the proof of (2).

Proof of (3'a). Using the very definition of wj and defining z := (z — £)/h — y we obtain

/[01 /mlwh (@) A 1dH"\(z) <

< ¥ / / (A€ + hy) — @l@)| A1 dH (@)
cchzng”’ 0 1)n oON(E4+hy+h(—1,1)7)

< > / dH"(z )/ li(z — hz) — a(z)| A 1dz
cenznng’ OMNE+R(=1,2)™) =L —[0,1)"

< > / A" 1()/ li(z — hz) — a(z)| A 1dz
§ethmQ QN (E+h(—1,2)") (=2,2)"

< c/ d’}-["*l(:y)][ la(z") — a(x)| A 1da,

oN B(z,ch)

where ¢ < +00 depends only on the dimension n.
Now, for H" l-a.e. z € OQ we obtain

][ (') — ()| A 1da’ — 0,
B(z,ch)

by [17, Theorem 5.1] and property (4) of Lemma 3.4 applied to 4. Eventually the dominated
convergence theorem implies [, |wy (z) — @(z)| A 1dH" "' (x) — 0 in L'([0,1)").

Hence property (3'a) holds for a subsequence of h, not relabelled, and y in a subset of [0,1)™ with
full measure.

Proof of (3'b). This step requires a computation analogous to that in (3.11), which leads to
/[ ) EYM(0Q)n) dy < ey H™ (Ja 0 (9 nn). (3.12)
0,1)n

Since @ satisfies property (4) of Lemma 3.4, we find that EY"((9Q),5) converges to 0 in L*([0,1)")
and then a subsequence of h and a set of full measure of [0,1)" satisfy (3'b).

Proof of (4'). Let us fix i =1,...,400, j =1,...,n, and let us consider the set
Fiﬂ U {xeR":szhyj+§j}.
y;€[0,1)
;€N
Since g, epz{z € R" 1 @ = hy; + §;} are disjoint sets as y; varies in [0,1) and since the measure
H"T; is finite, we infer for H" !-a.e. y; € [0,1) the following holds
H U @in{z eR" tay = hy; +}) =0
EjERL
Taking the union as i = 1,..., 400 and j = 1,...,n we obtain (4').

Continuation of the proof of (2'). Let us consider the subsequence of h given by the proofs of
(1", (3'a), (3'b), and (4’) and write inequalities (3.10) and (3.11) for this subsequence. Now we are
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in the position to apply the Fatou Lemma, so that

/ lim inf [EJ ") + EV"( dy < / Qn(e()) dz 4 c;H" 1 (Jy).
[0 1)71

h—0

Eventually we can find y € [0,1)™ and a further subsequence of h, not relabelled, such that properties
(1')—(4’) hold. In what follows we shall omit y, writing, e.g., wy, in place of wy.

In this second part of the proof we redefine the function wj, within some cubes. Precisely, we say
that a hypercube

C=¢&+hy+1[0,h)"
is “bad” if either J; crosses an edge of C'
&+ hy+ hn+[0,he;], where i =1,...,n and n € {0,1}" withnp; =0 (3.13)
(namely if I., (€ + hn) = X jne; (§ + hy + hn) = 1), or J; crosses a diagonal of a 2-dimensional face
€+ hy +hn+[0,h(e; +¢€;)], where ¢ < j and n € {0,1}" withn; =n; =0 (3.14)
(namely if le, e, n(§ + hn) = X jnce;+ep (§ + hy 4+ hn) = 1), or
&+ hy + hn + [hej, he; + h(e; — e;)], where i < j and n € {0,1}" withn;, =7; =0 (3.15)

(namely if le, —¢; n(§ + hn + hej) = X jnee;—e;) (€ + hy + hn + he;) = 1). We define vj, := 0 in every
bad hypercube and vy, := wj, otherwise.
Thanks to the previous definition the following properties hold:

(") lwn = vnllz2 @) = 0,
(2"”)  the constant ¢;(n) in (3.6) can be chosen in a way that

/Q Qule(on))dz + M1 (T,,) < EVM(Q) + L (€),

(3" / lwy, — tr(vy)| A 1dH™ ™ — 0, where tr(vy,) is the trace from the interior of .
a0

The proof of (1”) and of (2") work as in [12, 13] since the definition of vj, and of the discrete energies
are the same. Let us prove now (3").

Proof of (3"). First we note that

/ jwn — tr(on)| A LdH* L <HI (o | o))
o0

C bad cube
and that for each cube we have
H T {oQNCY) < ch™ L, (3.16)
where ¢ depends on 2. Now the contribution of a bad cube C to E¥((09),4) is given by

n

n—1
;Ln—l Z Z eih §+h77

=1 ne{0,1}" 1<’L<]<Tl ne{0,1}"
7:=0 n:=n;=0

leyve; n(E+hn) +le,—e; n(§ + hn + hej)
Z Z + \/5 J ,

(3.17)
where the coefficients take into account the fact that each edge is common to 2"~ ! hypercubes and
a diagonal of a 2-face is common to 2"~2 hypercubes. Since at least one of the . 5, in the sum is

equal to 1, we find the term in (3.17) is greater than or equal to gt—: Hence by this and (3.16) we
find
> HTH{09N CY) < B ((0)n).
C bad cube
for a suitable constant ¢ < +oo depending on €. Thanks to property (3'b) we eventually obtain

(3").
Finally properties (1')-(4"), (1”)—(3"), and (1)—(5) of Lemma 3.4 yield (1)—(4). O
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With the next theorem we provide a further approximation of the given function in a way that
the unified estimate for the bulk and the surface energies has now the right coefficients. The proof
follows the line of [12, Theorem 2].

Theorem 3.6 (A unified approximation of the energies with the right constants). Assume that
Q has Lipschitz boundary. Let w € GSBD?*(Q) N L*(Q,R™). Then there exists a sequence (uy) C
SBV?2(Q,R") N L2(,R") such that J,, is contained in the union Sy of a finite number of closed
connected pieces of C1-hypersurfaces, up € WH>°(Q\ Sk, R™), and the following properties hold:

(1) [luk — ullL2@rn) — 0,

(2) limsup /Qn (ur))da +H" ! Sk /Qn ) da +H" (),

k—+oco

(3) / i — | A LdH 0,

u

(4) H" Y (T, \ Ju,) = 0, where Q,, is defined in (3.4).

Proof. Since J, is (’H”’l n — 1)-rectifiable, we can find a sequence (I';) of C!-hypersurfaces such
that H"~1(J, \ Ui, ool';) = 0. We fix now ¢ > 0 and use a Besicovitch recovering argument, as in

[12, Theorem 2], to find a sequence of pairwise disjoint closed balls E C 2 and an index jp such
that

(a) for every j there exists 4; for which I';, divides B; into two connected components,
(b) H* ' (J,NOB;) =0
() H* M\ U Bj) =0,
i>1
d) Y H"'(JuNB;)<e
J>Jjo .
(e) H" H((JuAly)) N B)) < T——H" 7 (Ju N By), for j =1, jo.
Applying Theorem 3.5 in both of connected components of B; \ I';;, we find a sequence of functions

ui defined L"-a.e. on B; for which property (1) of Theorem 3.5 holds in Bj, property (3) holds in
0B; and in I';,, property (4) holds for the sequence (T';) introduced above, and

limsup/ Qn(e(ui))dm‘—&—?-i"_l(JuiﬂB / Qn(e(w))dz +H" 1 (J, N By)

k— 400
+ciH”*1(JH N B;), (3.18)

for a suitable universal constant ¢ < +o0.
Defined

Jo
Ay =12 € R" - dist(z, 2\ F)<t,
vi={ (rUm) <1
we observe that

H ! (Ju N ﬂ At) =H""! (Ju \ [OJ Fj) <e and lim _ Qn(e(u))dx =0,

t—0
t>0 =1 A:nUL, B;

therefore we can choose ¢t > 0 such that
/ _ Qnle(u))dr <e and H" ' (J,NA) <e. (3.19)
A’
Let (u?) be the sequence obtained applying Theorem 3.5 in A; N 2. Then using (3.19) we find

lim sup Qn(e(ul))dz + ’H"_l(fg) < Qn(e(u))dx + ce. (3.20)
k—+oo JA,NQ AN
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Now we construct a suitable partition of unity to glue together the functions ufc For 7 =0,...,7
we find a compact set K, with AN B; CC K; CC By, such that
W (B \ K;)NTy,) < ]i (3.21)
' 0
Let ¢; € CX(B;y) for j =1,...,j0 such that ¢; =1in K; and 0 < ¢ < 1. Let also ¢g € C°(A;) be
such that o := 1 —¢; in B; and ¢ := 1in Q\ U2, B;.
We finally define

Jo
- o
Up 1= E Py
7=0

Then property (1) is satisfied by construction. As for property (2), inequalities (3.18), (3.19), and
(3.20) yield

lim sup/ Qn(e(ur))dz +H" 1 (Jy,) < / Qn(e(u))dz +H 1 (Jy) + ce,
k—+o0o JQ Q
where ¢ < +00 is a universal constant.
Let us prove property (3). Using (c), (d), and (e) we find

/ luf —uF|ATdH" ! < luf —uF| A TdH" ™ e
Ju

/]7‘,0U§01 (Bj ﬂF,;j )

Jo
E:/ﬁ luf —uE | ATdH ! + ce. (3.22)
B

jﬂFij

IN

j=1
The very definition of uj implies now that (3.22) is less than or equal to
Jo Jo n
S [ el A e
j=11=0 * BiNls,
Jo

= Z(/ gpo|u2i7ui|/\ld7{"71
B

j=1 0L

i+
+/ ©jlul, fui|/\1d7-1”71> +ce
B]-ﬂl‘ij

Jo
i+
< E / lul,” —ut| A TdH" ! + ce,
o /BTy,

where ¢ < 400 and the last two inequalities follow from the assumptions on ¢; and from (3.21). By
the definition of uj,, passing to the limit as k — +oco we find

limsup/ luf —uF| A TdH" ™ < ce.

k—+oo w

Eventually a diagonalization argument conclude the proof of properties (2) and (3).
Now property (4) easily follows from property (3). Indeed, the measure H"~!|.J, is absolutely
continuous with respect to the measure defined by

v(B) := / [u]| A 1dH™ Y,
BNJ,
for every Borel set B C 2. Moreover

/ | A 1dH™ = 0 (3.23)
T\

holds true by property (3); this yields property (4) and concludes the proof. a
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We are now in a position to prove the Density Theorem 3.1. The proof follows the lines of [12
Theorem 3].

Proof of the Density Theorem 3.1. Let us consider the sequence (uy) given by Theorem 3.6. Using
the compactness result for GSBD [17, Theorem 11.3] we infer that a subsequence of (ux), not
relabelled, satisfies

uy) — e(u) weakly in L?(Q, MZX"), (3.24)
/ Qn(e(u))dx < hmmf/ Qn(e(ug))dz, (3.25)
H 1( w) < liminfy oo H (T, (3.26)
From property (2) of Theorem 3.6 and from (3.25) and (3.26) we deduce
/ Qn(e(u))dz = lim / Qn(e(ur)) (3.27)
k—+oo
HH(Jy) = limg 00 HV 1 (). (3.28)

Now (3.24) and (3.27) yield property (2) of the thesis. Property (3) follows from property (4) of
Theorem 3.6 and from (3.28). To obtain property (4) it is sufficient to use property (3) of Theorem
3.6 and the already proved property (3) of the thesis. a

4. AN APPLICATION: APPROXIMATION OF BRITTLE FRACTURE ENERGIES

In this section we compute the I-limit in L!(Q, R™)x L!(Q) of the sequence of functionals

Culu,n) = /Q(Q(ue(u))—i— %}Z’)+as§*1|w|p+|u—g|2)dx if (u,v) € H'(Q,R")xV,,

400 otherwise,

where

(a) Q C R™is abounded open set and e > 0, 7, > 0 are infinitesimal sequences with ny /ex, — 0,

(b) @ : RxMgy — R is lower semicontinuous,

(c) for every s € R, the function Q(s, ) is a positive definite quadratic form on Mg ",

(d) there exist two constants 0 < ¢1, ca < 400, such that ¢1s|A? < Q(s, A) < cas|A|?, for every
s€Rand A € M7,

(e) ¥ € C([0,1]) is strictly decreasing with ¢(1) = 0 and g € L?(Q,R"™),

(f) a,pe R witha >0and p > 1,

(8) Vi :i={veWl?(Q):n, <v<1Lae inQ}.

We also define the functional ¥: L(Q,R™) — [0, +o0] by

/ Q(e(u))dx + aH" " (J,) —|—/ lu — g|*dx if u € GSBD?*(Q) N L*(Q,R"),
Q
otherwise,

where Q(e(u)) := Q(l,e(u)) and
= 2q ( %/wds LN (4.1)
P q

-

Then the following result holds.
Theorem 4.1. Assume (a)-(g) and assume that 2 has Lipschitz boundary. Then the T'-limit of
(Gr) in LY (S, R™)x LY() is given by

G(u,v) = {\I/(u) ifv=1L"-a.e. in (),

+o00  otherwise.

The previous theorem, together with a compactness result for the functionals Gy (Proposition
4.5), will give in turn the convergence of minima and minimizers in the space L%(Q, R™)x L*(€).



16 FLAVIANA IURLANO

Corollary 4.2. Assume (a)-(g) and assume that Q@ has Lipschitz boundary. For every k, let (ug, vg)
be a minimizer of the problem

. ¢(U) p—1 P 2
(u,v)ele?slzr,an)xV,, /Q(Q(U,e(u))Jr - +aeg, "|VulP + |u—g| )dx. (4.2)

Then vy, — 1 in LY(Q) and a subsequence of (ux) converges in L*(,R™) to a minimizer u of the
following problem

i ))dz + aH" ! / ~gPda). 4.3
i ([ @yt +an (10 + [ ju= oo (43)
Moreover the minimum values in (4.2) tend to the minimum value in (4.5).

As usual, we shall prove Theorem 4.1 giving a lower estimate for the I'-lower limit of Gj and an

upper estimate for the I'-upper limit of Gy. To simplify the notation we introduce the functionals
Fy: LY(Q,RY)xLY(Q) — [0, +00] and ®: L(Q,R™) — [0, +o0] defined by

Fio(u,v) == /Q (Q(U,e( )+ M +ael” |Vv|p)da: if (u,v) € H'(Q,R")xV,,,

otherwise,

/Q Ndz +aH" 1 (J,) ifue GSBD?*(Q) N LY (Q,R"),

otherwise.

For technical reasons Wthh will be clear in the last part of the proof, we first study the I'-lower limit
of Fy in the space L'(Q,R™")x L(Q) (Theorem 4.3) and the I'-upper limit of (the restriction of) Fj
in the space L2(Q, R")x L*(Q) (Theorem 4.4).

Theorem 4.3. Assume (a)-(g). Let (u,v) € L'(Q,R")xLY(Q) and let (ux,vx) be a sequence such
that

(ug,vp) — (u,v) in LY(Q,R")x L} (Q), (4.4)
(Fi(ug,vk)) is bounded. (4.5)
Then u € GSBD?*(Q) N LY(Q,R"), v =1 L"-a.c. in Q, and
/ Qe(w))dr < hm inf [ Q(vg,e(ux))dx, (4.6)
k—4o00 Q
n— ¢(Uk) —
aH 1( ) <1klgl-‘,1-2£/s; (74‘@6‘2 1|V’Uk|p>d$. (47)

Proof. The convergence vx — 1 in L}(£2) is an immediate consequence of (4.4) and (4.5). In the
first part of the proof we argue by slicing following the lines of [18, Proposition 1].

Proof of (4.6). We fix £ € R™, £ # 0. We are going to prove that u € GSBD()) and that satisfies

/(e(u)f -€)%dx < lim inf/ vg(e(ug )€ - €)2da. (4.8)
To this aim we first extract a subsequence (u,,v,) of (uk,vy) such that
((up)§, (0r)5) = (uf, 1) in LY(Q5)x L' (€5) for H™ '-ae. y € QF (4.9)
and
. )2 — i 2
Tgrfoo er(e(ur)f &)“dx lklgigof/ka( e(ug)€ - £)=dx. (4.10)

Fixed 0 < k < 1, the Fubini Theorem, [2, Structure Theorem 4.5, and (4.5) imply

(
/ﬂﬁ Uﬂﬁ <(U’”)§ [Vl + “(W + aEi’IIV(miI”))dt A (y) <
)

< /Q <vr(e(u,«)£ 6% + /@(%ﬁr) + asﬁfl\V(vr)\p) dz < c, (4.11)
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where ¢ < +o0o is constant. Using the previous inequality and the Fatou Lemma, for H" !-a.e.
y € Qf we can find a subsequence (u,,vp,) of (u,,v,) such that

lim ((vm)g IV ((un)$) (¢(”m)

€
2 Y p—1 Ep> —
LNy | o Tael V)l ) dt =

+ K

r——400 r

= liminf/gi ((vr)g |V((ur)§)‘2 +H('lp(:r)§ +a5€‘1|V(vT)§p>>dt < 4oo. (412

Since (4.9) and (4.12) hold, we can apply the scalar result [22, Proposition 3.4] to ((um)5, (vm)5),
so that u§, € SBVZ(Qf) and

£Y12 imi 3 £Y]2
/Qg [V (ug)|*dt < }ig}rlg/ﬂg(vm)yV((um)y) dt, (4.13)
P(vm)§
n—1 < limi Y p—1 E\|p . .
aoH (Jug) < Tlrlgfg /Qg <7€m +aeh IV ((vm);)l )dt (4.14)

To check that w € GSBD(Q), we observe the following inequalities hold

[, (Ps095 0= w00 )0 <

IA

| (eres) +/Q§\J V() Pt + HO( ) ) () <
Y ug

IN

[t ] (S (22 o))l

where ¢ := diam () + 1 + o and we have used (4.11)-(4.14). The last term in the previous estimate
is bounded by (4.11) and this gives u € GSBD(Q).

Now we integrate on Q¢ both sides of (4.13); by (4.10)-(4.12), (2.8), and the Fubini Theorem we
find (4.8) as k — 0.

Now we observe that

[ ectws ¢~ wpds < tmint [ tetun)e € - wiis (4.15)

follows from (4.8) for every w € L?(2). Indeed, (4.15) trivially holds if w is piecewise constant on a
Lipschitz partition of 2; then a density argument proves (4.15) for an arbitrary w € L?(£).
The next step is to deduce by (4.15) that
e(ug)vf — e(u) weakly in L2(Q, M™XM). (4.16)

To this aim, we first extract a subsequence (u;,v;) of (ug,vr) such that v; — 1 L™-a.e. in 2 and
1
e(w)vy — A weakly in L*(Q,M2%"), for a suitable A € L*(Q,M2*"). Now we apply (4.15) to

sym sym

w=A¢- & —tz, for t € R and z € L(2). After an easy computation we find

[ (et = 206 2o 2t [ etw) ~ )¢ ¢do < tmint [ w((ew) - A € da.
Q Q =400 Q
As t — =00, the previous inequality leads to a contradiction unless [, z(e(u) — A)¢ - {dz = 0 for
every z € L%(Q) and every ¢ € R", namely unless e(u) = A L"-a.e. in Q. Therefore (4.16) holds
true.

We use now the Egorov Theorem to find, in correspondence of p > 0, a Borel set B, C 2 such
that £L"(Q\ B,) < p and vy, > 1 —p on By, for k large. An easy computation then shows that

e(uy)xn, — e(u)xp, weakly in L(€, MZ™). (4.17)

sym

We are now in a position to apply [11, Theorem 2.3.1], so that

/BM Qe(u)) < liminf/QQ(vk,e(uk)XBu)dx < /QQ(U;C,e(uk))dx.

k— 400
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By the absolute continuity of the Lebesgue integral the left-hand side of the previous inequality
tends to [, Q(e(u))dz as p — 0, and this concludes the proof of (4.6).

Proof of (4.7). For this part we refer to [18, Proposition 1]. We only point out that arguing again
by slicing, using (2.6) and the coarea formula, we find

a/ v - €M < liminf/ (w(”’“) ah Vo )de, (4.18)
JE k—+oo Jo €k

namely the set JS replaces the set .J, appearing in [18, Inequality (58)]. Nevertheless, inequality
(4.18) still holds true with .J, in place of JS by (2.9), being the set

{eesm i Hr (T, \ JS) = 0}

dense in S"~!. Eventually, inequality (4.7) follows from this and from a classical localization argu-
ment. (Il

Let us prove now the upper estimate. We denote by Fy' the I-limsup of Fy in L?(Q, R")x L (Q).
Theorem 4.4. Assume (a)-(g) and assume that Q has Lipschitz boundary. Then
FY(u,1) < ®(u), (4.19)
for every u € GSBD?*(Q) N L?(Q,R™).

Proof. The crucial point of this proof is the approximation of a function u € GSBD?*(Q)NL?*(Q, R")
with more regular functions, through the Density Theorem 3.1. Precisely, it provides a sequence
ur, € SBV2(Q,R™) N L*°(Q, R™) such that

up — u in L*(Q,R™) and O (up) = @(u), (4.20)

so that if we prove that uy satisfies (4.19), then also u satisfies (4.19), being F}’ lower semicontinuous
in L2(Q,R™)x L}().

The proof of (4.20) for functions in SBV?Z(Q, R™) N L>(Q, R") is now standard (see, for instance,
[12, 13]). Let us give a brief description of the construction of the recovery sequence, following the
approach of [22; Theorem 3.3].

Using a local reflection argument we reduce to prove the statement for €2 open cube in R™. Now
Theorem 3.2 and Remark 3.3 allow us to assume in addition that .J,, is contained in Q and that u
satisfies properties (1)—(3) of Theorem 3.2. Moreover, it is not restrictive to consider only the case
when J, is a (n — 1)-simplex, which we denote by S.

Let us fix a sequence of constants o such that 7 /o — 0 and oy /e, — 0. We introduce now the
sets Ay, A, By, and By, defined precisely in [22, Theorem 3.3]. Here we just recall that A, U A} is
a neighborhood of S such that

L'(Ag) < cop, and  L"(A}) < coi (4.21)
and the set By, U By, is a layer which envelops A; U A} and satisfies
L"(By) < cep and L™(By,) < ce3, (4.22)

for a suitable constant ¢ < 4oc.

Also the definition of the recovery sequence (uy,vy) is given in analogy with [22, Theorem 3.3].
In particular ug is set equal to u out of Ay U A} and it is a linear link in Ay, in the direction of e,,.
With this definition us is a Lipschitz function in Q\ Aj, with constant ¢/oy, where ¢ < +o00. To
check this it is sufficient to apply the arguments given in [18, Theorem 3.3, Inequalities (71)-(78)]
to each components uf of u;. Thanks to the Mc Shane Theorem we are now able to define uy also
in A} in a way that

|Dug| < ¢/op, L™-a.e. in Q. (4.23)

In addition, we define vy by 1 in Ay U A, by 1 out of Ay U A} U By U By, and in a way that, in
terms of energy, the transition in By U By, is optimal.
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As for the computation of Fy(uy,vy), we only observe that
[ etz o, (1.24)
.A]‘,LJAA;C

by (4.21), (4.23), and by the convergence /o — 0. This concludes the proof, since the computation
for the other terms work as in [22, Theorem 3.3]. O

Let us prove the I'-convergence Theorem 4.1 for (Gy).

Proof of Theorem 4.1. Let us introduce H: L'(Q,R")xL'(Q) — [0, +00], defined by

/ lu — g|*dx if u € L?(Q,R"™),
Q

H(u,v) := (4.25)

400 otherwise.

On the one hand we notice that
FyH<d, (4.26)
where F' G’ represent the I-lower limits of Fy and Gy in L'(Q,R")xL*(Q)) and we have used
the fact that H is lower semicontinuous in L'(Q,R")xL!(Q). Then if (u,v) € L'(Q,R")xL(Q)
satisfies G'(u,v) < +o00, one deduces by Theorem 4.3 that u belongs to GSBD?*(Q) N L?(Q,R"),
v=1L"a.e., and
U(u) = ®(u) + H(u,1) < G'(u,1).

On the other hand if u € GSBD?(Q) N L?(2,R™), then the continuity of H in L?(Q,R™)x L}(Q)

and Theorem 4.4 yield

G"(u,1) < Gy (u,1) = Fy (u,1) + H(u, 1) < ®(u) + H(u,1) = ¥(u), (4.27)
where G”, G represent the I'-upper limits of G}, in L' (Q, R")x L' (Q) and in L?(Q, R")x L(Q). The
thesis follows from (4.26) and (4.27). O

A key point for the proof of Corollary 4.2 is the compactness of a minimizing sequence. This
is obtained in the following proposition, through a characterization which relates compactness of
sequences to compactness of slices (see [1, Theorem 6.6] and [17, Theorem 10.7]).

Proposition 4.5. Let (ug,vr) € LY(Q,R*)xLY(Q) be such that (G(uk,vy)) is bounded. Then
vj — 1in L' () and a subsequence (u;) of (ux) converges in L*(, R™) to a function u € L?(Q,R™).

Proof. The proof follows the lines of [17, Theorem 11.1]. It is sufficient to prove the statement for
any open set which is relatively compact in €. Furthermore we assume that ) is a finite union
of open rectangles and we extend each function by zero out of . Let M < 400 be such that
Gr(uk,vp) < M.

Since (Fy(ug,vx)) is bounded, the sequence vy converges to 1 in L'(Q2) and £L"-a.e. in , up to
subsequences. We fix now & € N and £ € S*!. For y € Qf we introduce the one-dimensional
functional Fy : L'(Q5)x L' (Q5) — R defined by

Y(z - .
Fyp(w, z) = /QE (2 [Vwl® + ?(k) +ael 1|V(z)|p)dt if (w,z) € H'(Q5)XVy 4,

400 otherwise,

where V. = {z c Wl’p(Qg) ‘e < 2<1H'ae. in Qg} We also define for A > 0
A = {y € 06 wof € HY©), By, ()f) <A}, BEY = 08\ AR,
A%)‘ = {x €N:Nx) € Ai)‘}, B,E’)‘ = {x €N:M(z) € B,E’)‘},

being T1¢(x) the projection of x on the plane IT¢. Since (F(uy,vy)) is bounded, the Chebychev
Inequality and the Fubini Theorem yield

Lr(BSY) < diam(Q); (4.28)



20 FLAVIANA IURLANO

Here and henceforth ¢ represents a finite constant; in particular ¢(d) will denote its possible depen-
dence on 0. For 1 > 0 and t € R, we introduce the truncation function 7,(¢) := —p vVt A p and we
set
. A
£ { Tuluk-€) i A%
wk = . [
H 0 in B,

Let .
o(t) == %d forte (0,1
() /Ow S T [ ]

and let ¢ be a constant which uniformly bounds ¢(vy). For § > 0 we are able to find As and p; large
enough to guarantee

&lluk - & — w2 |y < 0 (4.29)

uniformly with respect to k. Indeed, let us > 0 be such that s < ﬁsQ for s > us and let A\s be such
that u[;[:”(B,E’)“S) < 4/2, (this is possible by (4.28)). Therefore we find

u-g— il = [ ur—wfldo+ [ ju- €lda
/fz e {w€l>ps) e BE 0 {Ju-<ps)
< 2/ luldz + ps L™ (BE™?)
(lu-g>ps)

5 , 6

&
k.ps*

IN

For simplicity in what follows we write wy, in place of w
In order to apply [17, Lemma 10.7], we set

U = (¢(vr)ur), V5 = (d(vr)w),

and we show that for every k and for H" l-a.e. y € Q° we have

/R (Sor)wi)(t + h) — ((or)w)S(Odt < ws(h) for h e (0,1), (4.30)

for a suitable modulus of continuity ws independent on k, y, and £&. To this aim we check that for
every k and for H" '-a.e. y € OF the function (¢(vx)wy)} satisfies all requirements of [17, Lemma
10.8], uniformly with respect to k and y.

First note that for every k and for H"!-a.e. y € Q¢ the function (¢(vk)wk)§ belongs to SBVZ(R)N
L>(R), that HO((Jw,)5) < ¢, and that ||(¢(vk)wk )5l L @) < ¢(5). Moreover the Young Inequality,
the estimate ¢(t) < ct, and the Holder Inequality yield

[ V@l <

Yy

w((vk)f,) -1 ¢ . 1 ¢ 2 3
(6) /Qg (P2 4 e V(@) )i + cfdiam () (/Qg (00)§ [V (wi)§ [ de)” < e()

We are now in a position to apply [17, Lemma 10.8], so that (4.30) holds with ws(h) := ¢(d)h.
Through [17, Lemma 10.7], inequalities (4.29) and (4.30) imply the existence of a subsequence
(d(vj)u;) of (p(vk)uk) and of a function @ € L' (2, R™) such that ¢(v;)u; — @ in L*(Q,R™). The
Fatou Lemma also gives @ € L?(Q, R"). Eventually the thesis follows for u := @/¢(1). O

We conclude proving Corollary 4.2.

Proof of Corollary 4.2. Let us fix k and check that the functional G, achieves its infimum. If (u;, v;)
is a minimizing sequence for Gy, the sequence (u;) belongs to H'(€2,R™), is bounded in L?(Q2, R™),
and the sequence of symmetric gradients e(u;) is bounded in L*(2, M7 "). By Korn’s inequality this
implies that (u;) is bounded in H'(Q, R™), so that there exist a subsequence of (u;), not relabelled,

and a function u € H*(Q,R™) such that u; — u weakly in H ({2, R").
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Being (v;) bounded in W!?() we also infer that there exists a further subsequence of (v;), not
relabelled, and a function v € V;, such that

v; — v weakly in WHP(Q) and £"-a.e. in Q.

By the Ioffe-Olech semicontinuity theorem (see, for instance, [11, Theorem 2.3.1.]) and the Fatou
lemma we deduce that

/ Q(v,e(u))dr < hmlnf/ Q(vj,e(u;))dr and / lu — g|?dx < liminf/ luj — g|*dr  (4.31)

—to Ja Q j=teo Jo
hold, therefore (u,v) minimizes Gy.

Now a sequence (ug,vx) of minimizers of Gy, is compact in L*(£2, R™")x L1 (2) by Proposition 4.5.
Let (u, 1) be the limit point of a subsequence, not relabelled, of (ug,vk). By Theorem 4.1 and by a
general result of I'-convergence, we infer that (u, 1) is a minimizer for G and that the convergence
of minimum values holds.

To conclude the proof it remains to show that uy — w in L*(Q,R™). To this aim it is sufficient
to prove that

/ luk — g dm—>/ lu — g|*da. (4.32)

By the convergence of the minimum values G (ug, vr) — G(u,v), the following inequalities

®(u) < liminf Fj(ug,v;) and / lu — g|*dx < liminf/ lug — g|*dx

k— 400

(holding true by Theorem 4.3 and the lower semicontinuity of H) are actually equalities. This gives
(4.32) and concludes the proof. O
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