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PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS

S. CONTI - M. FOCARDI - F. IURLANO

ABSTRACT. We obtain a cohesive fracture model as a I'-limit of scalar damage models in which

the elastic coefficient is computed from the damage variable v through a function fi of the form
fr(v) = min{1, ai/Qf(v)}, with f diverging for v close to the value describing undamaged material.

The resulting fracture energy can be determined by solving a one-dimensional vectorial optimal
profile problem. It is linear in the opening s at small values of s and has a finite limit as s — oo.
If the function f is allowed to depend on the index k, for specific choices we recover in the limit
Dugdale’s and Griffith’s fracture models, and models with surface energy density having a power-
law growth at small openings.

1. INTRODUCTION

The modeling of fracture in materials leads naturally to functional spaces with discontinuities, in
particular functions of bounded variation (BV') and of bounded deformation (BD). In variational
models, the key ingredients are a volume term, corresponding to the stored energy and depending
on the diffuse part of the deformation gradient, and a surface term, modeling the fracture energy
and depending on the jump part of the deformation gradient [32, 16, 10, 26]. For antiplane shear
models one can consider a scalar displacement u € BV (Q2), typical models take the form

/ h(IVul)dz + 5 | Deul () +/ g(lfllydH (L.1)
Q QnJ,

Here h represents the strain energy density, quadratic near the origin; g is the surface energy density
depending on the opening [u] of the crack, and k € [0, +oc] is a constant related to the slope of g at
0 and the slope of h at co.

In models of brittle fracture one usually considers g to be a constant, given by twice the energy
required to generate a free surface [32, 16]. Correspondingly x = oo and the Cantor part D°u
disappears, so that one can assume u € SBV. Physically this represents a situation in which
already for the smallest opening there is no interaction between the two sides of the fracture, surface
reconstruction is purely local. Analytically, the resulting functional coincides with the Mumford-
Shah functional from image segmentation.

In ductile materials fracture proceeds through the opening of a series of voids, separated by thin
filaments which produce a weak bound between the surfaces at moderate openings [10, 26, 31].
The function g grows then continuously from ¢g(0) = 0 to some finite value g(c0), representing the
energetic cost of total fracture. The constant « is its slope at 0, and Du represents the distribution
of microcracks. For the same reason the volume energy density h becomes linear at oc.

A large literature was devoted to the derivation of models like (1.1) from more regular models, like
damage or phase field models, mainly within the framework of I'-convergence. These regularizations
can be interpreted as microscopic physical models, so that the I'-limit justifies the macroscopic
model (1.1), or as regularizations used for example to approximate (1.1) numerically. Ambrosio and
Tortorelli [7, 8] have shown that

/Q ((v2 + 0(e))|Vul|* + % + 6|V1}|2> dz (1.2)
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converges to the Mumford-Shah functional, which coincides with (1.1) with h(t) = 2, Kk = oo,
g(t) = 1. This result was extended in many directions, for example to vector-valued functions [28, 29],
to linearized elasticity [22, 23, 34], to second-order problems [4], vectorial problems [38], and models
with nonlinear injectivity constraints [27]; for numerical simulations we refer to [11, 15, 14, 20, 21].
There is also a large numerical literature on the application to computer vision, see for example
[33, 9] and references therein.

Models like (1.1) with a linear h were obtained in [2, 3]. The case with a quadratic h and an affine
g, i.e. h(t) =12, g(t) = t+c, and kK = 400, described in [6] a strain localization plastic process.
From the mathematical point of view the functional was limit of models like (1.2) with an additional
term linear in [Vu|. In [25, 35] the asymptotic behavior of a generalization of (1.2) with different
scalings of the three terms was analyzed. In one of the several regimes identified, the limiting model
again exhibited an affine g. The result was then extended to the vectorial case in [30]. In [35] a
different scaling of the parameters led to the Hencky’s diffuse plasticity, i.e. to a model like (1.1)
with a linear g. This functional can be used to describe ductile fracture only at small openings.
Discrete models for fracture were studied for example in [18, 19]. Up to now, we are unaware of any
result in which a ductile fracture model with g continuous and bounded, as described above, has
been derived.

In this work we study a damage model as proposed by Pham and Marigo [36, 37] (cp. Remark 3.2),
namely,

— )2
F.(u,v) := /Q (ff(v)|Vu|2 + % +5Vv|2) dx, (1.3)

with u,v € HY(Q), 0 <v <1 L%a.e. in Q, and F.(u,v) := 0o otherwise, and show that it converges
to a cohesive fracture model like (1.1), where ¢ is a continuous bounded function with g(0) = 0,
which is linear close to the origin. The potential f. : [0,1) — [0,40c] in (1.3) is defined by

fo(s) = 1AV f(s), (1.4)
where f € C°([0,1), [0, +00)) is nondecreasing, f~1(0) = {0}, and it satisfies
;L)Ir%(l —s)f(s) =4, L€ (0,+00). (1.5)

Our main result describes the asymptotic of (F.) as follows.

Theorem 1.1. Let  C R™ be a bounded Lipschitz set.
Then, the functionals F. T-converge in L*(Q)x L(Q) to the functional F defined by

/ h(|Vul)dz +/ g([l)dH Y + € Du|(Q) if v =1 Liae. in Q, u € GBV(Q)
Q u

400 otherwise.

F(u,v) :=

Here the volume energy density h is set as h(s) := s if s < £/2 and as h(s) := €s — (% /4 otherwise,
while the surface energy density g is given by

g(s) = inf{/o 1= BV PB)le' 2 + |2 dt : (o, ) € H'((0,1)),

a(0) =0, a(l) = s, B(0) = B(1) = 1}. (1.6)

The key difference with the previously discussed work is that in our case the optimal profiles for
the damage variable v and the elastic displacement u cannot be determined separately. They instead
arise from a joint vectorial minimization problem which defines the cohesive energy g, specified in
(1.6). Figures 1 and 2 show the behavior of f. and g in the case f(s) = s/(1 — s), Figure 3 shows
the profiles «, 3 entering (1.6).

Theorem 1.1, in the equivalent formulation given in Theorem 3.1 below, is proved first in the
one-dimensional case in Section 5, relying on elementary arguments in which we estimate separately
the diffuse and jump contributions, and then extended to the general n-dimensional setting in
Section 6. This extension is obtained by means of several tools. A slicing technique and the above
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fa(s) gl/2
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FIGURE 1. Sketch of the function f.(s) for the prototypical case f(s) =s/(1 — s).

mentioned one-dimensional result are the key for the lower bound inequality. Instead, the upper
bound inequality is proved through the direct methods of I'-convergence on SBV, i.e. abstract
compactness results and integral representation of the corresponding I'-limits. The latter methods
are complemented with an ad-hoc one-dimensional construction to match the lower bound on SBV
and a relaxation procedure to prove the result on BV. Finally, the extension to GBV is obtained
via a simple truncation argument.

The issues of equi-coercivity of F. and the convergence of the related minima are dealt with in
Theorem 3.3 and Corollary 3.4 below, respectively.

Qualitative properties of the surface energy density g defined in (1.6) are analyzed in Section 4.
Its monotonicity, sublinearity, boundedness and linear behavior in the origin are established in
Proposition 4.1. Proposition 4.3 characterizes g by means of an asymptotic cell formula particularly
convenient in the proof of the I'-limsup inequality. Furthermore, the dependence of g on f is
analyzed in detail in Proposition 4.5. The latter results on one hand show the variety of such a class
of functions, and on the other hand are instrumental to handle the approximation of other models.

In Section 7 we discuss how the phase field approximation scheme can be used to approximate
different fracture models. We first consider damage functions of the form

fr(s) := min{1, 5,16/2 max{f(s),ars}}

and show that if ax — oo and aksi/ 2 5 0 then the a similar result holds with the limiting surface
energy g(s) = 1 A (¢s), so that (1.1) reduces to Dugdale’s fracture model (Theorem 7.1 in Section
7.1).

Secondly we consider a situation in which f diverges with exponent p > 1 close to s = 1, so that
(1.5) is replaced by

lim (1~ )7 f(3) = £

Also in this case the functionals I'-converge to a problem of the form of (1.1), in this case however
the fracture energy g turns out to be proportional to the opening s to the power 2/(p + 1) at small
s. Correspondingly the coefficient x of the diffuse part is infinite, so that the limiting problem is
framed in the space GSBYV, see Theorem 7.4 in Section 7.2.

Finally we show that if fj(s) diverges as ¢ /(1 — s), with £, — oo, then Griffith’s fracture model
is recovered in the limit, see Theorem 7.5 in Section 7.3 below.

We finally resume the structure of the paper. In Section 2 we introduce some notations, some
preliminaries, and the functional setting of the problem. The main result of the paper is stated in
Section 3, where we also discuss the convergence of related minimum problems and minimizers. Our
I’-convergence result relies on several properties of the surface energy density g that are established
in Section 4. The proof is then given first in the one-dimensional case in Section 5 and then in n
dimensions in Section 6. The three generalizations are discussed and proven in Section 7.
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FIGURE 2. Sketch of the function g(s) defined in (1.6), obtained by numerical
minimization using f(s) = s/(1 — s) (cp. Proposition 4.1 and Remark 4.2).
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FIGURE 3. Optimal profiles («/s, 3) obtained numerically from the minimization
in the definition of g(s), see (1.6), for f(s) = s/(1 —s) and for s = 0.1,0.3,0.5, 1,
and 1.5 (from top to bottom). All curves remain inside the rectangle (0,1) x (0,1)
except for the two endpoints.

1 afs

2. NOTATION AND PRELIMINARIES

Let n > 1 be a fixed integer. We denote the Lebesgue measure and the k-dimensional Hausdorff
measure in R™ by £" and H*, respectively. Given @ C R” an open bounded set with Lipschitz
boundary, we define A(€2) as the set of all open subsets of .

Throughout the paper ¢ denotes a generic positive constant that can vary from line to line.

2.1. T- and T'-convergence. Given an open set @ C R” and a sequence of functionals .%, : X x
A(Q) — [0, +00], (X, d) a separable metric space, such that the set function % (u; -) is nondecreasing
on the family A(Q) of open subsets of 2, set
F'(A) :=T-liminf F,(; A), F"(;A):=T-limsup F(;A)
k—+o00 k——+o0

for every A € A(R2). If A = Q we drop the set dependence in the above notation. Moreover we recall
that if # = %' = F" we say that %, I'-converges to % (with respect to the metric d).

Next we recall the notion of I'-convergence, useful in particular to deal with the integral rep-
resentation of T-limits of families of integral functionals. We say that (%) T -converges to F :
X x A(Q2) — [0, 400] if Z is the inner regular envelope of both functionals %’ and %", i.e.,

F(u; A) =sup{F'(u; A'): A" € AQ), A cC A} =sup{F"(u; A") : A" € A(Q), A" cC A},
for every (u,A) € X x A(Q).
2.2. Functional setting of the problem. All the results we shall prove in what follows will be
set in the spaces BV and SBV and in suitable generalizations. For the definitions, the notations

and the main properties of such spaces we refer to the book [5]. Below we just recall the definition
of SBV?2() that we shall often use in the sequel:

SBV*(Q) = {u e SBV(Q): Vu € L*(Q) and H"'(J,) < +oo}.

Moreover, a function u : £ — R belongs to GBV () (respectively to GSBV(2)) if the truncations
uM := —M V (u A M) belong to BVj.(Q) (respectively to SBVi,(Q2)), for every M > 0. For fine
properties of GBV and GSBYV again we refer to [5].
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The prototype of the asymptotic result we shall prove in Sections 5, 6, and 7 concerns the
Mumford-Shah functional of image segmentation

) /|vu|2dx+H"*1(Ju) if u € GSBV (),
u) = Q

+00 otherwise in L!(2).

MS( (2.1)

Let 1 : [0,1] — [0, 1] be any nondecreasing lower-semicontinuous function such that 1»~1(0) = 0 and
(1) = 1. Then the classical approximation by Ambrosio and Tortorelli (cp. [7, 8], and also [28])
establishes that the two fields functionals AT,;’[’ c L) x LY(Q2) — [0, 4+00)

/ <¢2(v)|Vu|2 + (14_7“)2 + Ek\Vv|2>dx if (u,v) € HY(Q)x H(Q)
Q Ek

and 0 <wv <1 L"a.e. in (),

+00 otherwise

[-converge in L*(2)xL*() to

ATIf(u, v) = (2.2)

MS(u) ifv=1L"a.e. in ,
400 otherwise,

]\//E'(u,v) = {

that is equivalent to the Mumford-Shah functional MS for minimization purposes.
We finally introduce the notation related to slicing. Fixed £ € S"71 := {£ € R™ : |¢] = 1}, let
II¢ ;= {y € R" : y - £ = 0}, and for every subset A C R™ set

Ag::{tGR:ertﬁGA} for y € II¢,
Agzz{yéﬂngg#Q}.

For u: Q — R we define the slices uf : Q5 — R by us(t) := u(y + t£).
Observe that if ug,u € LY(Q) and ux — u in LY(Q), then for every & € S"~! there exists a
subsequence (ug;) such that

(ukj)g — ug in Ll(Qi) for H"t-a.e. y € Q.

3. THE MAIN RESULTS: APPROXIMATION, COMPACTNESS AND CONVERGENCE OF MINIMIZERS

Given a bounded open set 2 C R™ with Lipschitz boundary and an infinitesimal sequence ¢; > 0,
we consider the sequence of functionals Fy: L*(£2)x L*(2) — [0, +o<]

/Q (f,3<v>|w|2+“4€:’2+sk|w|2)dz if (u,0) € H'(Q)xH'(Q)

Fy(u,v) := and 0 <wv <1 L"a.e. in ), (3.1)
400 otherwise,
where
1/2
fu(s) = 1A% f(s), (1) =1, (3.2)
and
f€C°(0,1),[0,+00)) is a nondecreasing function satisfying f~1(0) = {0} (3.3)
with
1ini(1 —38)f(s)=¢, (e (0,+00). (3.4)
s—
In particular, the function [0,1) — (1 — s)f(s) can be continuously extended to s = 1 with value /.
One can consider f(s) := 1>~ as prototype.

It is also useful to introduce a localized version Fy(-; A) of F, simply obtained by substituting the
domain of integration 2 with any measurable subset A of Q itself. In particular, to be consistent
with (3.1), for A = Q we shall not indicate the dependence on the domain of integration.
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Let now ®: L'(Q2) — [0, +00] be defined by

/Qh(|Vu|)d$c+/ ([l )dH™ + (| D%u|(Q) if u e GBV(Q),

400 otherwise,

D(u) :=

where we recall that h, g: [0, +00) — [0,400) are given by

[ s? if s <1/2,
his) = { s —2/4 ifs>0)2, (3.6)

and
1
o= int [ 1= sV PGP, (37)
where U, := U;(0,1) and for all T > 0
U(0,T) = {0, 6 € HN(0,T)) 1 0 F<1,0(0) =0, a(T) =5, B0) = BT) =1} (38)

At the points ¢ with () = 1 the integrand in (3.7) reduces to £|o/|(t), in agreement with (3.4).
Our main result is the following.

Theorem 3.1. Under the assumptions above, the functionals Fy, T'-converge in L*(Q)x L' () to the
functional F defined by

Flu,v) = {fb(u) ifv=1L"-a.e. inQ, (3.9)

) +oc0  otherwise.

Remark 3.2. The assumption that f~1(0) = 0 is not restrictive and changes only the detailed
properties of g. Indeed, standing all the other hypotheses, defining A :=sup{s € [0,1): f(s) =0} €
[0,1), we would get that g(s) < (1 — X)2 Als (cp. Proposition 4.1 below).

In addition, the function (1 —v)? in (3.1) can be replaced by any continuous, decreasing function
d(v) with d(1) = 0. In this case d*/?(s) and d*/?(B) appear in formulas (3.4) and (3.7) in place of
1 —s and 1 — 8 respectively, and we obtain g(s) < 2f01 dY2(t)dt A\ ls (see Proposition J.1).

Finally the definition of fi in (3.2) can be given in the following more general form fi := ¥y A
e'/2f. Here the truncation of f is performed with any continuous nondecreasing function vy, :
[0,1] — [0,1] satisfying ¥ > ¢ > 0, limg (1) = 1, and converging uniformly in a neighborhood of
1.

We next address the issue of equi-coercivity for the Fj’s.
Theorem 3.3. Under the assumptions above, if (uy,vi) € HY(Q)x HY(Q) is such that
sup (Fi(ug, vi) + [Juel| 1)) < +oo,
k

then there exists a subsequence (uj,v;) of (ug,vx) and a function u € GBVNLY () such that uj — u
L"-a.e. in Q and v; — 1 in L'(Q).

We shall prove Theorem 3.1 in Sections 5 and 6, Theorem 3.3 shall be established in Section 6.

In the rest of this section instead we address the issue of convergence of minimum problems.
Minimum problems related to the functional Fj could have no solution due to a lack of coercivity.
Therefore we slightly perturb the fi’s to guarantee the existence of a minimum point for each
Fy,. This together with Theorems 3.1 and 3.3 shall in turn imply the convergence of minima and
minimizers as k T co.

Let nx, €x, be positive infinitesimal sequences such that n, = o(ex) and let ¢ € L9(Q), with ¢ > 1.
Let us consider the sequence of functionals Gy : L'(Q)x L!(Q) — [0, +o0c] defined by

/((f;:‘(v)+nk)|w|2+(1;”) el Vot lu— () it (uv) € HYQ)xH'(®)
Q Ek

Gi(u,v) :== and 0 <v <1 L"a.e. in Q,

400 otherwise,
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where fj is as in (3.2). Let now ¢: L'(Q) — [0, +00c] be defined by

/ h(|Vu|)dx + / g(|[u}|)d7{"71 + ¢|Du|(2) + / |lu—¢|%dx  if u e GBV(Q),
Y (u) == Q Ju Q
400 otherwise,

where h, g, and ¢ are as in (3.6), (3.7) and (3.4) respectively. Then the following corollary holds
true.

Corollary 3.4. For every k, let (ug,vi) € HY(Q)x H () be a minimizer of the problem

i . 1
(u,v)eHrlr(lg;x H(Q) Gilur, o) (3.10)

Then vy, — 1 in LY(2) and a subsequence of uy converges in LY()) to a minimizer u of the problem

min  ¥4(u).
weGBV (Q)

Moreover the minimum values of (3.10) tend to the minimum value of the limit problem.

Proof. We shall only sketch the main steps to establish the conclusion, being the arguments quite
standard.

One first proves that in fact the functionals Fj I-converge to F in L4(Q)x L'(Q2), where F}, and F
are the functionals in Theorem 3.1. Indeed, when ¢ > 1 the I'-limsup inequality works exactly as in
the case ¢ = 1, whereas the I'-liminf inequality is an immediate consequence of the comparison with
the case ¢ = 1 and of [24, Proposition 6.3]. Let us observe that the presence of 7y in the functional
I} does not modify the I'-convergence result and that the proofs still hold analogously.

As a consequence Gy, I'-converges to G in L'(Q)xL1(Q) for every ¢ > 1, where G(u,v) := %(u)
if v =1 L"ae. in Q and co otherwise. Indeed, [24, Proposition 6.3] yields that the T'-limsup of
G in L'(Q)x L' (Q) is less than or equal to the one in L(Q)xL'(Q2). In addition, [, |- —¢|%dz is
continuous in L9(Q)x L' (), so that the conclusion follows from [24, Propositions 6.17 and 6.21].

The previous result combined with a general result of I'-convergence technique [24, Corollary 7.20]
concludes the proof of Corollary 3.4 through the compactness result Theorem 3.3. O

4. PROPERTIES OF THE SURFACE ENERGY DENSITY

In this section we shall establish several properties enjoyed by the surface energy density g defined
in (3.7).

To this aim we shall often exploit that, in computing g(s), s > 0, we may assume that the
admissible functions « satisfy 0 < a < s by a truncation argument (whereas 0 < 5 < 1 by definition).
Further, given a curve («, ) € Us(0,T), note that the integral appearing in the definition of g is
invariant under reparametrizations of («, 3).

Proposition 4.1. The function g defined in (3.7) enjoys the following properties:

(i) g(0) =0, and g is subadditive, i.e., g(s1 + s2) < g(s1) + g(s2), for every s1,s2 € RT;
(ii) g is mondecreasing, 0 < g(s) < 1 Ads for all s € RT, and g is Lipschitz continuous with
Lipschitz constant £;

lim g(s) = 1; (4.1)
(iv)

- g(s) _

151%1 = L. (4.2)

Proof. Proof of (i). The couple («, 8) = (0,1) is admissible for the minimum problem defining g(0),
so that g(0) = 0.
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In order to prove that g is subadditive we fix s1,s» € RT and we consider the minimum prob-
lems for g(s1) and g(s2), respectively. Let n > 0 and let («1,51), (a2, 82) be admissible couples
respectively for g(s1) and g(s2) such that for ¢ = 1,2

1
| 1= sl /Pl + P < ots) 0. (43)

Next define o := a3 in [0,1], & := az(- — 1) + 51 in [1,2], f := f1 in [0,1], and 8 := B2(- — 1) in
[1,2]). An immediate computation and the reparametrization property mentioned above entail the
subadditivity of g since 7 is arbitrary.

Proof of (ii). In order to prove that g is nondecreasing we fix s1, s3 with s1 < so and 7 > 0, and
we consider («, 3) satisfying a condition analogous to (4.3) for g(s2). Then (£«,3) is admissible
for g(s1), thus we infer

1
o< [ 1=y () POl + 15 < g(s2) +0

since s1/s9 < 1. As n — 0 we find g(s1) < g(s2).

Next we prove that g(s) < 1 A¥s. Indeed, inequality g < 1 straightforwardly comes from the fact
that for every s > 0 the following couple («, 8) is admissible for g(s): a:=01in (0,1/3), o :=s in
(2/3,1), and linearly linked in (1/3,2/3), and 8 := 0 in (1/3,2/3) and linearly linked to 1 in (0,1/3)
and in (2/3,1). Moreover, g(s) < ¢s for every s > 0 since the couple (st, 1) is admissible for g(s).

The Lipschitz continuity of g is an obvious consequence of the facts that ¢ is nondecreasing,
subadditive and g(s) < £s for s > 0.

Proof of (iii). Let s, k € N, be a diverging sequence and let (ay, 8x) be an admissible couple for
g(sk) such that

! 1
1= By PB0lag+ 5Pt < o) + - (1.4

If inf(o,1) Bx > & for some § > 0 and for every k, then there exists a constant c(d) > 0 such that
F(Br)(1 = Br) > ¢(d), since f(s)(1 —s) — 0 if and only if s — 0. Therefore by (4.4) one finds

1
c(0)sk < glsk) + 7,
so that g(sg) — 400 as k — +o00 and this contradicts the fact that g < 1. Therefore there exists a
sequence zj € (0,1) such that Sy (zr) — 0 up to subsequences. Since we have already shown that

g <1, we conclude the proof of (4.1) noticing that (4.4) yields

Tk 1 1
(=B < [ 1= Bullgiide+ [ 10— Al < o(s) + - (45)

Proof of (iv). Let s, k € N, be an infinitesimal sequence and let (a, S;) be an admissible couple
for g(sy,) satisfying (4.4) with si/k in place of 1/k. If there exists § > 0, a not relabeled subsequence
of k, and a sequence xj € [0,1] such that Sx(zx) < 1 — 4, then the same computation as in (4.5)
leads to

S
5% < g(sk) + f

As k — +oo this contradicts the fact that g(s) < £s. Therefore, 8y converges uniformly to 1 and
fixing 6 > 0

(=05 < [ (1= BBl < g(s0) + F

holds for k large by (3.4). Formula (4.2) immediately follows dividing both sides of the last inequality
by s, taking first £ — 400 and then § — 0, and using the fact that g(s) < ¢s, for s > 0. O

Remark 4.2. We can actually show that g does not coincide with the function 1 Al s at least in the
model case f(s) = 14_53 by slightly refining the construction used in (ii) above. With fized s > 0, let
A €[0,1] and set «:=0 on [0,1/3], a:= s on [1/3,2/3], and the linear interpolation of such values

on [1/3,2/3]; moreover, set By := A on [1/3,2/3] and the linear interpolation of the values 1 and




PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS 9

A on each interval [0,1/3] and [2/3,1] in order to match the boundary conditions. Straightforward
calculations lead to

9(s) A=A+ (1 =N f(N)s.

Thus, minimizing over A € [0, 1] yields in turn

(¢s)?
1

g(s) < ls— <1Atls forallse(0,2/0).

In what follows it will be convenient to provide an alternative representation of g by means of a
cell formula more closely related to the one-dimensional version of the energies Fj’s.
To this aim we introduce the function §: [0, +00) — [0, +00) defined by

T _ 72
g(s) := lim inf (O,T)/O (f2(5)|0/|2 + L-5F + 5/|2) dt, (4.6)

Ttoo (a,8)EUs 4

the class Uy(0,T) has been introduced in (3.8). We note that § is well-defined as the minimum
problems appearing in its definition are decreasing with respect to 7.

Proposition 4.3. For all s € [0,+00) it holds g(s) = g(s).

Proof. Let o, 8 € Hl((O,T)), T > 0, be admissible functions in the definition of §(s). By Cauchy
inequality we obtain

(1-8)°

VE@IPHIBPL =B < @)+ 81+

and integrating

’ 2 /12 12 g 2 72 ‘1_5|2 12
[ -svEEErEtas [ (pewes B ) a.

The first integral is one-homogeneous in the derivatives, therefore we can reparametrize from (0,7)
to (0,1). Taking the infimum over all such «, 8, and T we obtain g(s) < g(s).

To prove the converse inequality, we first show that « and £ in the infimum problem defining g
can be taken in W>°((0,1)). Let n > 0 small and let o, 3 € H'((0,1)) be competitors for g(s)
such that

/0 1 - 8l VB + BRdt < g(s) + 1. (4.7)

By density we find two sequences o, ; € W1*°((0,1)) (actually in C*°([0, 1])) such that a;(0) = 0,
a;(1) = s, B;(0) = B;(1) =1, 0 < B; < 1, and converging respectively to o and 8 in H'((0,1)).
Since the function (1 — s)f(s) is uniformly continuous and 8; — § also uniformly, we deduce that

1
| a1 @R 418 R e < gts) 4
0

for j large, and this concludes the proof of the claim.
Let us prove now that ¢ < g. We fix a small parameter > 0 and consider competitors «, 5 €
W12((0,1)) for g(s) satisfying (4.7). We define, for ¢ € [0,1],

pIt) = BE) A (L —n) and  y(t) ::/ - Vi f2(B7) o2+ [(B) 2t

o 1—p"

The function ¢, : [0,1] — [0, M, := ¢,(1)] is bilipschitz and in particular invertible. We define
an, B" e Whee((0, My)) by

al ::aoqp;l and 3" ::ﬁ”owgl.
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We compute, using the definition and the change of variables z = v, (t),

R AL i) P SR )
/0 dm—/o d /0

4 4 4

wﬁwm

1 J—
:/o N oI Core

1 j—
< Vit [ S VPEE P,

where we inserted w; from the definition of t,, and used /n + A4 < \/n+ V'A. Analogously,
M, B ) .
| @@y @) de= [ (IR 1) e
0 0 '
1— B
dt
2¢/m+ f2(B87) [/ + [(87) 2
11 _gn
< [ LV .

We extend a” and B" to (=1, M, + 1) setting &” := 0 in (—1,0), &” := s in (M,, M,, + 1), and
5" the linear interpolation between 1 — 7 and 1 in each of the two intervals, so that they obey the
required boundary conditions for § in the larger interval. Collecting terms, we obtain

My+1 _ AN2 _ _
s [ (B e+ i) ao

1
0

- / (F2(BM)o’? + (87 2)

< i+ 30 +/0 (1= BNV F2(B7) [/ 2+ [(B7)dt (4.8)

where the 3n? term comes from an explicit computation on the two boundary intervals.
It remains to replace 5" by 8 in the last integral. We observe that (5”7)" = 0 almost everywhere
on the set where 8 # " (which coincides with the set {8 > 1 — n}). Therefore

/ (1= B") /2B [/ + (57) Pdt = / (1= B7)£(B7) o’ |dt
{B#B"} {B#p"}

1
<[, 0= DI@ it [

where w(n) is the continuity modulus of (1 — s)f(s) near s = 1, and therefore

a(s) < /i + 30 + w(n) / ot + / (1 - B)v/T2(B) |2 + 1B dt

Since the last integral is less than g(s) + 1 and 7 can be made arbitrarily small, this concludes the
proof. O

For the proof of the lower bound we also need to introduce the auxiliary functions g(: [0, +-00) —
[0, +00), for > 0, defined by

1
9" (s):= inf /0|1—5|\/f2(5)|a’|2+|ﬁ’|2dt7 (4.9)

(e, B8)€U{™
where
U = {a,p € H((0,1)) : a(0) =0, a(1) = s, B(0) = (1) = 1 - n}.
Proposition 4.4. For all s € [0, +00) it holds

lg(s) — g (s)| < n*.
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Proof. We consider the minimum problems for g and ¢g(™ respectively in the intervals (-1,2) and
(0,1). Let (), 3,) be an admissible couple for ¢ (s) and let a := 0 in (—1,0), @ := o, in (0,1),
and a := s in (1,2); we also set 5 := (3, in (0,1) and linearly linked to 1 in (—1,0) and in (1,2).
Then an easy computation shows that

1
g(s) < /0 |1 — ﬁn\\/f2(5n)|a;7|2 + 18, [2dt + n%.
By taking the infimum on (a,,, 8,) we infer that

g9(s) < g (s) + 0.

Reversing the roles of ¢ and ¢ we conclude. O

Finally, we study the dependence of g on the function f in detail. The results in the next
proposition provide a first insight on the class of functions g that arise as surface energy densities
in our analysis. Moreover, they will be instrumental to get in the limit different energies by slightly
changing the functionals Fj’s in (3.1) (cp. Theorems 7.1, 7.4, and 7.5 below).

Proposition 4.5. Let (fU)) be a sequence of functions satisfying (3.3) and (3.4). Denote by 4, g
the value of the limit in (3.4) and the function in (3.7) corresponding to fU), respectively. Then,
(i) if £; = € for all §, O > fUFD_ and fU)(s) | 0 for all s € [0,1), then g; > gj+1 and
g;(s) 10 for all s € [0, +00);
(i) if £; = € for all j, f9) < fUD and fU)(s) 1+ oo for all s € (0,1), then g; < gj+1 and
gj(s) T 1A Ls for all s € [0,+00);
(iii) if £; 1 oo, fY9) < fUD and fU)(s) 1 oo for all s € (0,1), then g; < gj+1 and g;(s) —
X(0,400)(8) for all s € [0, 400).

Proof. To prove item (i) we note that the monotonicity of the sequence (f ( )) and the pointwise
convergence to a continuous function on [0,1) yield that the sequence (f()) actually converges
uniformly on compact subsets of [0,1) to 0. Therefore, for all § € (0,1) we have for some js

max f(j) <4 for all j > js.

0,1-]
Then, consider o, 5; defined as follows: «a;(t) := 3s(t —1/3) on [1/3,2/3], o; := 0 on [0,1/3], and
aj:=son [2/3,1]; f; :=1—¢ on [1/3,2/3] and a linear interpolation between the values 1 and 1 —¢
on each interval [0,1/3] and [2/3,1]. Straightforward calculations give

g;(s) < 62 s+ 62 for all 7 > js,

from which the conclusion follows by passing to the limit first in j 1 oo and finally letting § | 0.
We now turn to item (ii). We first note that (g;) is nondecreasing and that

limg;(s) <fsA1l (4.10)
J
in view of item (ii) in Proposition 4.1. Next we show the following: for all 6 > 0
lim min (1 —¢)f9(¢) = ¢. (4.11)
Jj teo,1]

Let s; € argmings ;)(1 — t)f9)(t), and denote by j a subsequence such that

lim min (1 — ¢)fY%)(t) = liminf min (1 — )£ (¢).
i~ 0O = T i, 0= 0780

Either limsupy, s;, < 1 or limsupy, s;, = 1. We exclude the former possibility: suppose that, up to
further subsequences not relabeled, limy sj, = S0 € [0, 1), then for all i € N

lim inf (1 — s;,) f7)(s5,) = (1 = soo) liminf f09)(s5,) > (1 = 500) f (s500),
that gives a contradiction by letting i 1 co since by minimality of s;

(1—s;)f9(s;) <t  forall j. (4.12)
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Therefore, limsup,, s;, = 1, and thus we get

liminf(1 — s;)f)(s;) > limkinf(l — 5, )fB(s;,) = L.
J
Formula (4.11) follows straightforwardly by this and (4.12).

If s = 0, clearly we conclude as g;(0) = 0 for all j. Let then s € (0,+00) and «;, 3; € H*((0,1))
be such that «;(0) =0, o;(1) = s, 5;(0) = §;(1) =1 and

59+ > / L= B\ )28l 2 + |3 2t

There are now two possibilities: either there exists § > 0 and a subsequence jj, such that inf(o 1; 85, >
d, or infjg 17 85 — 0. In the former case the subsequence satisfies

1 _
) > in (1 =11 fU) (1) s.
i (s) + W (tggg]( )FUR(L)) s

Taking the limsup,, and using (4.11) we obtain

limsup g;(s) > ¥s. (4.13)
J

In the other case for every é > 0 definitively it holds

1 1
5 +3 2 [ A== 1 -5 (4.14)
0
Taking again the lim sup we obtain

limsup g;(s) > (1 — 5)2. (4.15)

Since ¢ was arbitrary, from (4.13) and (4.15) we obtain limsup; g;(s) > 1 A £s and, recalling (4.10),
conclude the proof of (ii).

Let us now prove item (iii). First we observe that g;(s) <1 for all j. To prove the lower bound,
we notice that arguing similarly as in the proof of (4.11) one obtains

lim min (1 — )£ (t) = oo for all § > 0. (4.16)
Jj tes,1]

For any s € (0,400) we choose (¢, 5;) € Us such that

1 ! ,
5 +5 2 [ =Bl ORGP + |3
0
If there is § > 0 such that inf 8; > ¢ for infinitely many j then for the same indices

1 .
: = > min (1—-t)f9@
9i(s) + 5 2 min (1 =) (1)s,
which in view of (4.16) and the bound g;(s) < 1 is impossible. Therefore inf(y ; 8; — 0, which in
view of (4.14) proves the assertion. O

Remark 4.6. The monotonicity assumption fO) < fUTY in items (ii) and (iii) above leads to
simple proofs but it is actually not needed. The same convergence results for (g;) would follow
by using the uniform convergence on compact subsets of [0,1) of (fU)). The latter property is a
consequence of the fact that each f\9) is nondecreasing and that f € C°([0,1)).
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5. PROOF IN THE ONE-DIMENSIONAL CASE

Let us study first the one-dimensional case n = 1. As usual, we will prove a I'-liminf inequality
and a I'-limsup inequality. The following proposition gives the lower estimate.

Proposition 5.1 (Lower bound). For every (u,v) € L*(Q)xL(Q) it holds
F(u,v) < F'(u,v).
Proof. The conclusion is equivalent to the following fact: let (ug,vg) be a sequence such that

(ug,vi) — (u,v) in LY(Q)x L' (Q), (5.1)
s%p Fy(ug, vg) < 400, (5.2)

then u € BV(Q2), v =1 L!-a.e. in Q, and
O (u) < liminf Fy (ug, vg)- (5.3)
k—o00

Since the left-hand side of (5.3) is o-additive and the right-hand side is o-superadditive with respect
to €, it is enough to prove the result when 2 is an interval. For the sake of convenience in what
follows we assume Q = (0, 1).

By (5.2) one deduces that v = 1 L™-a.e. in . Up to subsequences one can assume that the lower
limit in (5.3) is in fact a limit and that the convergences in (5.1) are also £L!-a.e. in .

For the first part of the proof we will use a discretization argument, following the lines of [2]. We
fix 6 € (0,1) and for any N € N divide Q into N intervals

' j—17 ,
IJJV = <T,N>, ]:1,,N

Up to subsequences we can assume that . lim inf vy exists for every j =1,..., N. We define
— 400 [IJV

Jn={j€{l,...,N}: lim info, <1-6}.

k— o0 I

Fixed 7 € Jy, we denote by z; and y two points in I{;, such that vg(xg) <1 —9/2 and v (y) — 1.
Then by Cauchy’s inequality we deduce for k large (assuming for instance zj < y)

V(1 —w)? 1 52
[ aod ) > 500 - w0 - (- ) > 3o (5.4)
o N ey, 2 16
The previous computation entails
sup HO(Jn) < +o0,
N
so that up to subsequences we can assume Jy = {jI,..., ¥}, with L independent on N, and that

all sequences j /N converge. We denote by S the set of limits of these sequences,
N
={t1,...,tpr} =1 1 < i=1,...,L Q.
S { 1, s UL } {N—1>I—r‘rloo N y 9 ) } C

We claim now that there exists a modulus of continuity w, i.e., w(d) — 0 as § — 0, depending only
on f, such that for all n sufficiently small and & sufficiently large (depending on 7)) one has

(1=w(@) [ Hlkds < Pl o2\ S,) (5.5)

where S, := Ule/l(tt —n,t; + n). It suffices to prove (5.5) in the case that 1 is so small that the
intervals (t; — n,t; +n) are pairwise disjoint.
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In order to prove (5.5), we observe that by definition of f; in (3.2) and by Cauchy’s inequality
we obtain

1 —vg)?
Feueos\8y) > [ (sl + S0 )
Q\ Sy, Ek

_ 2
/Q\S (‘ULP A (5kf2(vk)|u;€|2 i %))dz

n

vV

> [ P A= v fe ) ds. (5.6)
\8,

Let us note that vy, > 1 — 4§ in Q\ S, for k large. By (3.4) there exists a modulus of continuity w
such that

[(1—3s)f(s) — €| < Lw(d), for s > 1—6. (5.7)
Therefore by (5.6) and (5.7) we obtain
Fulin, v\ 8) = (1= w(®) [ [P Aluplds > (1) [ h(uhiz (53
Q\S, Q\S,

The last inequality holds true as h is the convex envelope of t? A £t. Formula (5.8) proves the claim
in (5.5).
Notice that the boundedness assumption in (5.2) and formula (5.5) imply that

sup/ lu|dx < +o0.
K Jovs,

Therefore v € BV (Q\ S;), and actually the finiteness of S ensures that v € BV(2). In addition,
the L'-lower semicontinuity of the functional ® defined in (3.5) yields

(1 —w(9)®(u; 2\ S,) < limkinf Fi(up,vp; 2\ Sp). (5.9)

We now estimate the energy contribution on S,. To this aim it is not restrictive to assume that
S C J,.

Let us fix i € {1,..., L'} and consider I} := (t; — 1, t; +n). We claim that

(1 —w(d))g(esssupu — esinnf u) < lkim_ii_nf Fy(ug, vg; 1}7) + O(n). (5.10)
Ij’) ':I —+00

Let us introduce a small parameter p > 0 and x1, x5 € I; such that

vg(x1) = 1, vg(x2) — 1,
up(w1) = u(w1), ug(z2) — u(z2), (5.11)
u(xy) > esssupu — [, u(za) < ess}jnfu + p. (5.12)
I 7

Assuming without loss of generality that z1 < zo, we define I := (x1, x2).
There are just finitely many connected components of the set

{zel:v(z)<l-n}

where vy achieves the value 1 — ¢, as a computation analogous to (5.4) easily shows (recall that
1 < §). Precisely one finds up to subsequences that the number N of these components is

C

NS5m0

for some constant ¢ > 0 independent of N. Let us now estimate the functional Fj over each
component CY of this type, j = 1,...,N. Since vy < 1 —n in C} one finds for k large that
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/2 50 that for j it foll
fr(vi) =€,/ " f(vg), so that for j =1,..., N it follows

1—wvg)?
=) 45;) +Ek|1};€|2)dl‘

> g / ‘updz| | >g / ujdx
c ci
by Cauchy’s inequality and Proposition 4.4.

i
Outside the selected components C7, j =1,..., N, one has v > 1—4, so that estimate (5.8) also
holds with I\ U;V:1 C/ replacing Q \ S,,. Therefore

Fi(ug, vy CF) > /j

(2200 i +
ck

) —n?, (5.13)

N
Felwost\Ucl| = a-wo) [ wllug)ds
e UL, o
2 N
> (@mwef o ke = (1 -e@) LU e
j=1 "k =1
02 J
> (1-w(®)| /I\UN ua]) = G (5.14)
=1 "k

where we have used the definition of h and Proposition 4.1 (ii).
By (5.13), (5.14), and the subadditivity of g one finds

0 cn?
Pl D) + G+ 57 > (w0 (| i) = (0= w@aunten) = )
- I
By property (5.11) and by the continuity of g, as k — +o0o one deduces
. PRI cn?
1k1§i1;£Fk(uk7Uk§In) Tt 2 = (1= w(0))g(lu(z1) — u(x2)]).

Finally property (5.12) concludes the proof of (5.10) as p — 0.
The thesis follows by summing (5.9) and (5.10) for ¢ = 1, ..., L and taking first  — 0 and finally
d—0. O

Proposition 5.2 (Upper bound). For allu € BV (Q) there exists (uy,vi) — (u, 1) in L' (Q)x L}(Q)
such that

lim sup Fy (ug, vi) < ®(u).

k—+oo
Proof. Let us consider first the case when u € SBV?(Q). By a localization argument it is not
restrictive to assume that J, = {zo} and to take o = 0. We also assume for a while that u is
constant in a neighborhood on both sides of 0.

With fixed n > 0, we consider T, > 0 and oy, 3, € H'((0,T)) such that o, (0) = u=(0),

an(Ty) = u*(0), 0 < B, < 1, By(0) = B,(T;) = 1, and

Ty, _ 2
g([[u](0)]) +n >/0 (fQ(Bn) ol + L f"' + |B;7|2) dt. (5.15)

This choice is possible in view of Proposition 4.3, up to a translation of the variable «,.
Let us define Ay, := (—E’“TT”, EkTT”) and
xz T,
ap | —+ = if z € Ay,
! <€k 2 ) *
U otherwise,

T T, .
vp(z) = Bn (gk + 2) itz e Ay, (5.16)
1 otherwise.
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An easy computation shows that (ug,vg) — (u, 1) in L*(Q)x L' (2), that uy, v, € H*(Q) for k large,
and that for the same k

JMWWMNAms/me,
Q

being fi < 1. Moreover using that f; < Ellg/Zf and changing the variable z with y = ﬁ + % one
has

Fyo(ug, vi, Ax) < g(|[u](0)]) +,
where we have used (5.15). Therefore we find

WWUSAW%Mf[@wm+mMQ

and then
F"(u,1) < ®(u), (5.17)
since 7 is arbitrary.

Let us remove now the hypothesis that u is constant near 0. For a function u € SBV?(Q) with
Ju = {0}, one can consider the sequence u; := uin Q\ (—1/4,1/7), with u; := u(-1/5) in (—=1/4,0)
and u; = u(1/7) in (0,1/7). Then u; — win L'(Q) and |u}| < [u/| L-a.e. in Q, so that by the lower
semicontinuity of F and by the absolute continuity of u on both sides of 0 we conclude as j — +oo
that u still satisfies (5.17).

The extension of (5.17) to each u € SBV?(2) with H°(J,) < +oo is immediate and finally [12
Propositions 3.3-3.5] conclude the proof. D

6. PROOF IN THE n-DIMENSIONAL CASE

In this section we establish the I'-convergence result in the n-dimensional setting. We recover the
lower bound estimate by using a slicing technique thus reducing ourselves to the one-dimensional
setting of Proposition 5.1. Instead, the upper bound inequality follows by an abstract approach

based on integral representation results (cp. Proposition 6.4 below).
Proposition 6.1. For every (u,v) € L*(Q)xL*(Q) it holds
F(u,v) < F'(u,v).

Proof. Let us assume first that v € L>(Q). We set M := ||u||~(q). Let (ug,vx) be a sequence
such that (ug,vg) — (u,v) in L*(Q)x LY () and sup Fy(ug,vr) < +o0o. Then it is straightforward
that v =1 L™-a.e. in . We are going to show that u € BV (Q2) and that

O (u) < liminf Fy(ug, vg), (6.1)
k—4oc0

that proves the thesis under the assumption of the boundedness of u.
Given ¢ € S"~!, we consider a subsequence (u,.,v,) of (u,vy) satisfying

((ur)§, (0r)5) = (U, 1) in LN(Q5)x L' () for " '-ae. y € I1¢

Yo Y
and realizing the lower limit in (6.1) as a limit.
By Fubini’s theorem and Fatou’s lemma one deduces that

1— (v)5)2
liminf/ (f,« UT |V )|2 —+ M ¢|V((1}T) )|2>dt < 400 (6.2)
r—00 Q§ 48’)"
holds for H" !-a.e. y € Q¢

The one-dimensional result Proposition 5.1 yields now that ug € BV(Q%) and that

| OV @§IDde+ [ g(lusare + ) ef) <
§2y Jué

- (Ur)g)Q

gliminf/gf (fT vr)5) |V ((ur) )\2+(1 " +€T|V((vr)§)|2>dt. (6.3)

r—00
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Let us check that (6.3) implies u € BV (£2) by estimating [, |D(u$)[(€5)dH" . We first notice
that

IV s g [ v ashas gt (6.4)

being h(s) > s — (% /4.
Since g(s)/s — £ as s — 0, with fixed > 0 one has

g(s) > (l—n)s  fors<d, (6.5)

for some ¢ sufficiently small.
Therefore (6.4), (6.5), and the boundedness of u entail

1 ¢ 1
D 08) < 7/ R(|V (ué)|)dt + ~ ; diam @ + — g(|[ué]])dH°
|D(u)|(€) < 7 |V (uy)l) = Jues e (I[wgl))

2M
/ SIDAH° + DS (95)
{teJ ¢ :llug)|>6} ( ‘

M)

c+c ué ué 0 cub (08
<o+ /Qgh(lv( y>|>dt+/“g<|[ E))dH® + 0D°uS| () | |

where diam Q denotes the diameter of  and ¢ := max{7, dlarn Q, ~ 0 q( 3) M Integrating the last

inequality on Q¢ one deduces by (6.3)
/ \D(u§)|(Q§)d’H"71 < cH"HQE) + esup Fy (ug, vi)-
Qs k

Taking £ = ey,..., e, one obtains u € BV ().
Let us prove now formula (6.1) using localization. The integration on Q¢ of the one-dimensional
estimate in (6.3) gives

/h V- €)) d:c—i—/ v - Elg(|[ul )M 1+z/ - €ldl D] < limint Fi(ug, v50), (6.6)

where 7, : d\Dfu| denotes the density of D°u with respect to |Du|. Let E C Q be a Borel set such
that D*u(F) =0 and D*u(Q\ E) =0, and let

A= L Q\E+H" T, + | DUl E\ J..
Let us consider a countable dense set D C S"~! and the functions
e = h(|Vu-Exare + vu - Elg([ul)xs, + v - Elxprs,, €D

Then (6.6) gives (¢eA)(A) < F'(u,1,A) for all open sets A C Q. Since F'(u,1,-) is superadditive,
this implies ((supg ¥¢)A)(A) < F'(u,1, A) (see [17, Lemma 15.2]) and therefore the conclusion.

In the general case, if u € L'\ L>°(Q) one considers (u}!,vy,) and (uM,v), where uM := (—M v
u) AM denotes the truncation at level M € (0, +00). Since the functional Fj, decreases by truncation
and uM — uM in L'(Q2), we deduce that u € BV (Q) and

®(uM) <liminf F(ul!,vy) < liminf Fy,(ug, v ). (6.7)
k—+oc0 k—+o00
Therefore u € GBV(Q2) and (6.1) follows easily from (6.7) as M — +oo. O

To prove the limsup inequality we follow an abstract approach. We first show that the T-limit is a
Borel measure. The only relevant property to be checked is the weak subadditivity of the I'-limsup.
This is a consequence of De Giorgi’s slicing and averaging argument as shown in the following lemma.

Lemma 6.2. Let (u,v) € L'(Q)xLY(Q), let A, A, B € A(Q) with A’ CC A, then
F"(u,1;A"UB) < F"(u,1; A) + F"(u, 1; B). (6.8)
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Proof. We assume that the right-hand side of (6.8) is finite, so that v € GBV(AUB) and v = 1
L™a.e. in AU B. We can reduce the problem to the case of functions u € BV N L*°(AU B). This
is a straightforward consequence of the fact that the energies F}’s, and thus the I-limsup F”, are
decreasing by truncations. Actually, thanks to L' lower semicontinuity, they are continuous under
such an operation.

Under this assumption, let (uj), vil), (uZ,vP) be recovery sequences for (u,1) on A and B respec-
tively, that is:

(uits v, (ug s o) = (u, 1) in LYQ)x L (), (6.9)
and
lim sup Fk(u?, v,‘?; A) = F"(u,1; A), limsup Fy,(u?,v2; B) = F"(u,1; B). (6.10)
k——+o00 k—+o0

Note that, again up to truncations, we may assume that
(ug, vit), (uP,vP) are bounded in L>(1). (6.11)

To simplify the calculations below we introduce the functionals Gy, : L() x A(Q) — [0, +o0] given
by

1— 2
<(U) + €k|Vv|2> de, ifve HY(Q),

Guwi0) = [ (5

o
+o00 otherwise. Notice that

Fy(u,v;0) = / f2(v)|Vul|*dz 4+ Gy (v; O).
o)
Let ¢ := dist(A’,0A) > 0, and with fixed M € N, we set for all s € {1,..., M}
A; = {m € 0 dist(z, A') < ]\64@} ,

and Ay := A’. Clearly, we have A;_; CC A; C A. Denote by o; € C1(Q) a cut-off function between
Ai—1 and Ay, de., wila,_, =1, pilac =0, and || V]| o (o) < %. Then, set

ul = piuip + (1 — pi)ul, (6.12)
and
} pi-10f + (1= i) (v Avff)  on Ay
vy, = Qv AP on A; \ A;—1 (6.13)
Pir1 (0 AvP) + (1= pip) v on Q\ A

With fixed i € {2,...,M — 1}, by the very definitions in (6.12) and (6.13) above (u},vi) €

HY(Q)xH'(Q) and the related energy Fy on A’ U B can be estimated as follows
Fk(uz, ’Ui; A/ UB) < Fk(uf, ’U]?; Ai,Q) —I—Fk(ukB, ’UkB; B\A2+1) +Fk(u§€7 Uz; BN (AiJrl \AZ,Q)) (614)

Therefore, we need to bound only the last term. To this aim we further split the contributions in
each layer; in estimating each of such terms we shall repeatedly use the monotonicity of f; and the
fact that it is bounded by 1. In addition, a positive constant, which may vary from line to line,
will appear in the formulas below. Elementary computations and the very definitions in (6.12) and
(6.13) give, using vi < v,

Fyo(uj, 03 BN (Aim1 \ Ai—g)) < / FRDIVui [? de + Gy(v; BN (A1 \ Ai2))
Bﬂ(Ai_l\A,;_g)
<ec (Fk(ug, VA B (A1 \ Ails)) + Fi(uP 0B B0 (A1 \ Ai_g)))

M2
¢ 2€k / o —vB 2 dx, (6.15)
g BN(Ai—1\A;_s)
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Fk(u};, U}Lﬂ; BN (Az \Alfl))

402
< c/ fE(vitno) (|wg‘|2 + | Vug P+ —ui — u,§|2) dz+Gr (v AvE: BN(A\Ai_1))
Bﬂ(Ai\Aifl) 6
A A c M? A
< C(Fk(uk Uk s Bﬂ(Al\Al,l))JrFk(ukB,v,]f, BO(AZ\Aifl))) + 5 / |uk —ukB|2 dx,
6 Bﬂ(AI\ALfl)
(6.16)
and
Fio(uj,, v3; BN (Aigr \ 4;)) < / fr)Vug |? do + Gr(vi; BN (Aigr \ A3))
BN(Air1\Ai)
cM?*e
<c (Fk(“?,vf; Bm(Ai+1\Ai))+Fk(ukavlf5Bﬂ(Ai+l\Ai)))+ 5 a / ot v |? da.
BN(Aiy1\Ai)
(6.17)

By adding (6.14)-(6.17), we deduce that
Fy(uj, vi; A" U B) < Fy(uit, vits A) + Fi(uf}, 0f; B)
+c (Fk(u;j, 07 BN (Air \ Aisa)) + Fr(ui o s BN (Aigr \ Ai—2)))

M? M?
o it — e+ S22 [ -
0 BN(Air1\Ai—2) 9 BN(Air1\Ai—2)

Hence, by summing up on i € {2,..., M — 1} and taking the average, for each k we may find an
index i in that range such that

+

Fk(uzk,v,ik;A’ UB) < Fk(u,‘?,v,‘f;A) + F(u? ,vpP; B)
= (Flut o B (AN AY) + Feuf of B4\ 4))
cM cMey

52 lugt — uP)? dx + 52 / vt — vP|? dz.
BA(A\A) BA(A\A)

By (6.9) we deduce that (upf,v}*) — (u,1) in L' (Q)xL*(Q), and actually in L(2)x L(Q) for all
q € [1,4+00) thanks to the uniform boundedness assumption in (6.11). Therefore, in view of (6.10)
and the definition of I'-limsup we infer that

+

+

F"(u,1; A UB) < (1 + %) (F”(u, 1, A) + F"(u, 1; B)).
The conclusion then follows by passing to the limit on M 1 co. |

We next prove that F”'(u, 1;-) is controlled in terms of the Mumford-Shah functional MS, whose
definition is given in (2.1). This result gives a first rough estimate for the upper bound inequality.
We shall improve on the jump part in Proposition 6.4 below and finally we shall conclude the proof
of the I'-limsup inequality using a relaxation argument.

Lemma 6.3. For all uw € L*(Q) and A € A(Q) it holds
F"(u,1; A) < MS(u; A). (6.18)
Proof. Denote by ¥ : [0,1] — [0,1] any nondecreasing lower-semicontinuous function such that

$=1(0) =0, ¥(1) =1 and
sup fr(s) < ¥(s) for all s € [0,1],
k

for instance 1) = x(o,1) satisfies all the conditions written above. Consider the corresponding func-

tionals AT} : L'(€2) x L(Q) — [0, +00] defined in (2.2), and note that Fy, < ATY for every k. The
upper bound inequality for (Fj) then follows at once from the classical results by Ambrosio and
Tortorelli (cp. [8], and see also [28]). O
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We are now ready to prove the upper bound inequality.
Proposition 6.4. For every (u,v) € L'(Q)x L' () it holds
F"(u,v) < F(u,v).
Proof. Since L' is separable, given any subsequence (Fy;) of (F) we may extract a further subse-
quence, not relabeled for convenience, I-converging to some F (see [24, Theorem 16.9]).

The functional F'(u,v;-) is by definition increasing and inner regular. Since F(u,v;-) is additive,
one easily deduces that F” is superadditive and from this that its inner regular envelope F = (F”)_
is superadditive (see [24, Proposition 14.18 or Proposition 16.12]).

Using Lemma 6.2 one can show that F = (F")_ is subadditive (see [24, Lemma 14.20 and the
proof of Proposition 18.4]). Therefore F is the restriction to open sets of the Borel measure

F.(u,v; E) = inf{F(u,v; A) : A€ AQ); E C A},
see [24, Theorem 14.23], in the following we identify F and F,.

If u € L'() is such that MS(u; Q) < +o0, then by Lemma 6.3 we obtain F” (u, 1;-) < MS(u;-) <

400 on all open sets, and by the regularity properties of Radon measures F”' coincides with its

inner envelope. Indeed, for a given open set A and ¢ > 0, choose open sets A’, A” and C with
A" cc A” cc Aand A\ A’ C C such that MS(u; C) < e. Then use Lemmas 6.2 and 6.3 to estimate

~

F'(u,1; A) < F"(u,1; A/UC) < F"(u, 1; A”)+ MS(u; C') < F"(u,1; A”)+¢. In other words, F(u, 1)
is the I'-limit of F}, for all u such that MS(u) < +oo.
For all u € SBV?(Q) in particular the estimate in Lemma 6.3 implies that

Flu,1:0\ J,) < / IVul2dz. (6.19)
Q
We provide below for the same u the estimate

Flu,1:7,) < / o(|[u]]) dH". (6.20)

u

Given this for granted we conclude as follows: we consider the functional Fo, : BV (2) — [0, +00]

(u) - /Q |Vul*dz +/ g(|[u])) dH™ if u € SBVZ(Q)
= Ju
+oo otherwise on BV ().

Fso

Further, note that by [12, Theorem 3.1 and Propositions 3.3-3.5] its relaxation w.r.to the w *-BV
topology is given on BV (Q2) by F(-,1). Since, by (6.19) and (6.20) we have that F' < F, and F(+,1)
is L'-lower semicontinuous, we infer that

F(u,1) < F(u,1) for all u € BV(Q).

We conclude that the same inequality is true for all w € GBV N LY(Q) by the usual truncation
argument.

Finally, by combining the latter estimate with the lower estimate of Proposition 6.1 allows us to
deduce that the I'-limit does not depend on the chosen subsequence and it is equal to F'. Hence, by
Urysohn’s property the whole family (Fj) I'-converges to F' (cp. [24, Proposition 8.3]).

Let us now prove formula (6.20). To this aim, fixed A > 0 we introduce the perturbed functional

Pr(u,1) == B(u, 1)+>\(/Q|Vu|2dx+/J (1+|[u]|)cm”*1)

for all u € SBV2(Q). We may apply to Fy the integral representation result [13, Theorem 1] to
infer that for X" '-a.e. z € J,

di(u. 1;) (z) = limsup

1 . —
d(H 1L J,) a0 0n1 inf {F*(w’ Lz +0Qu, @) we SBV(z+68Qu,w),

w = u; on a neighborhood of = + 58Ql,u(£)} , (6.21)
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where

() o d @) i (y — @ (@) > 0
) {U_(x) if (y —z,vy(2)) <0

and @, ;) denotes any cube of side 1 centered in the origin and with a face orthogonal to v, (z).
Hence, it is enough to show that for H" '-a.e. z € J,

~

1
lim sup —— Py, 15 + 8 Qu ) < g(1[u](z)]), (6.22)
510 gn—1

since by taking u, itself as test function in (6.21) we get

— <1 F 1; 1
A o (0) < s Pl 152 4+ Quy ) + AL+ [0

in turn implying

Plu150,) < Fa(u,1:.J,) < / (gl @)]) + A + Alful (2)]) d# .
Finally, (6.20) follows at once by letting A | 0.

Formula (6.22) easily follows by repeating the one-dimensional construction of Proposition 5.2.
More precisely, assume x = 0 and v,(x) = e, for simplicity. With fixed n > 0, let T;, > 0
and oy, B, € H'((0,T,)) be such that o, (0) = u=(0), o) (T;,) = u™(0), 8,(0) = B,(T,) = 1,
u (0) <oy <ut(0),0< B, <1, and

Ty _ 2
/0 (fQ(Bnna;F + % + 5;|2> dt < g(|[u)(0)]) +n-

o Ekj TU Ekj Tﬂ

Let Aj := (——45—, —5—), and set

no 1 .
an<y+2n) if y, € A;

u;(y) == Ek;
Uug otherwise,
Yn T .
Jn o, In £ A
v;(y) = B"<skj+ 2) B E (6.23)
1 otherwise.

Clearly, (uj,v;) — (uo,1) in L'(Qe,) x L'(Qe,), and if Q, = Q., N (R""! x {0}), a change of
variable yields

Fr, (1,056 Qe,,) = Fr, (uj, 05,6 QL x Aj)

n—1 T 2 72 |1_ﬁ ‘2 712 n—1
<ot [T (Pt + B2l g ) s oo o) +

Therefore, by the very definition of F we infer that

F(ug,1;6Qec,) < 8" (g(|[u](0)]) + n),

and estimate (6.22) follows at once dividing by 6"~! and taking the superior limit as § | 0, and
finally by letting n | 0 in the formula above. |

The proof of the compactness result Theorem 3.3 follows the lines of [25, Theorem 7.4], so we
just sketch the relevant arguments and refer to [25] for more details.

Proof of Theorem 3.5. One first proves the thesis in the one-dimensional case under the hypothesis
that wug is bounded in L>°(Q). Then one extends the proof to the n-dimensional case and finally
removes the boundedness assumption.
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Let us start assuming that n = 1 and that supy, [|ux||p=) < +o00. Up to a diagonalization
argument, one reduces to study the case Q = (0,1). Repeating the proof of Theorem 5.1 one finds
that v, — 1 in L'(2) and that for every § > 0 there exists a finite subset S C Q for which

<1—w<6>>/Q h(luf)de < Fi(ug, v, 2\ Sy)

n

holds for n > 0 small (dependently on §) and for k large (dependently on 7)), where w is a modulus
of continuity provided by f and S, := Ule(ti —n,t; +n). This implies by assumption that wuy is
bounded in BV (Q\ S;,) uniformly with respect to k& and 7. Hence up to subsequences uj converges
to a function w € BV (Q\ ;) L*-a.e. in 2\ S,. The boundedness hypothesis and a diagonalization
argument yield that u in fact belongs to BV (2) and that u, — u L'(Q).

In order to generalize the previous result to the case n > 1, one applies a compactness result by
Alberti, Bouchitté, and Seppecher [1, Theorem 6.6]. Indeed, fixed £ € S*~! and § > 0, one can
introduce the sequence wy, whose slices satisfy

(wk)§ = {(uk)g ity € A,

0 otherwise,
Ay = {y € Q8 FH((ug)§, (on)) < LY,

where F}! denotes the one-dimensional counterpart of the functional Fj, and L is chosen properly
and depends on 0. An easy computation shows that wy is bounded in L*°(Q2), that uy is in a
d-neighborhood of wy, in L'(€2), and that (wy)5 is pre-compact in L'(€) (the last property follows
from the first part of the proof). Then the pre-compactness of uy in L!(Q) is ensured by [1, Theorem
6.6] as £ varies in a basis of R™.

If uy is not bounded in L™ () the argument above applies to the truncations, so that up to
subsequences u} — ups in LY(Q) and L"-a.e. in Q, with upy, € BV(Q), for every M € N. One can
prove that the function

w:= lim wup
M ——+oc0

is well-defined, finite £"-a.e. in 2, and its truncation u™ coincides with uy; L£%-a.e. in Q. This

straightforwardly implies that uj, — u L£"-a.e. in Q and that uw € GBV N L1(). O

7. FURTHER RESULTS

In this section we build upon the results in Sections 3-6 to obtain in the limit different models by
slightly changing the approximating energies F}’s. More precisely, we shall approximate a cohesive
model with the Dugdale’s surface density, a cohesive model with power-law growth at small openings,
and a model in Griffith’s brittle fracture.

This task will be accomplished by letting the function f vary as in item (ii) of Proposition 4.5 in
the first instance, as in item (iii) in the third, and suitably in the second (cp. (iii) of Proposition 7.3
below), respectively. More precisely, we consider a sequence of functions (f)) satisfying (3.3) and
(3.4) and for all j,k € N introduce the energies

[ (0o + S o) it ) € 1 @)x19)
Q €k

Gy o
F(u,v) = and 0<v <1 Lr-ae inq (1)

400 otherwise,

where f,gj)(s) =1A ei/zf(j)(s).
In each of Theorems 7.1, 7.4, and 7.5 below we shall further specify the nature of the sequence

(f(j))_
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7.1. Dugdale’s cohesive model. In order to approximate the Dugdale’s model, i.e., to get in the
limit 2 : LY(Q) — [0, +o<]

/h(\vu\)dH/ (1A €[u]|)dH™ " + 6|Du|(Q)  if u € GBV(S),
D) =" T (7.2)

400 otherwise,

with h as in (3.6), we shall consider the specific choice

FO(s) = (a5) v f(5) (7.3)
with f satisfying (3.3) and (3.4), and
(a;) nondecreasing, a; T oo and such that a; E;/z 1 0. (7.4)
Theorem 7.1. Suppose that (f9)) is as in (7.3) and (7.4) above.
Then, the functionals F,Ek) [-converge in LY (Q)x L1 () to the functional 2 defined as follows
Fu,v) = {@(u) ifv=1L"-a.e. inQ,

7.5
+00  otherwise. (75)

Proof of Theorem 7.1. The very definitions in (3.1) and (7.1) give F,gj) < F,gk) for j < k, being (f\))
nondecreasing by assumption. Hence, by Theorem 3.1 we deduce

I- limkinf F,gk)(u, v) > F9 (u,v), (7.6)

where FU) is defined as F in (3.9) with f substituted by f() in formulas (3.4) and (3.6) defining
the volume density, and (3.7) defining the surface density.

In particular, being ¢; = ¢ for all j, the corresponding volume density h; equals the function
h in (3.6). Moreover, the surface energy densities g; are dominated by the constant 1, and by
item (ii) in Proposition 4.5 we have lim; g;(s) = 1 A ¢s for all s € [0,400). In conclusion, if

I-liminfy, F,Ek)(u, v) < 400, we infer that v =1 L™-a.e. in Q, u € GBV (), and
I-lim inf FP (u,1) > P(u),

by the Dominated Convergence theorem, as j 1 +oo in (7.6).
The upper bound inequality follows by arguing as in Proposition 6.4. Indeed, we first note that by
a careful inspection of the proofs, Lemmas 6.2 and 6.3 are still valid in this generalized framework.
More precisely, Lemma 6.2 continue to hold true as there we have only used that each function
fe=1A Ei/Qf in (3.2) is nondecreasing and bounded by x(q,1], properties enjoyed by f,gk) as well.
In conclusion, as a first step we establish the estimate

~

F(ug, 1,2 4+0Qy, (2)) < 1AL[u](z)], (7.7)

hrr(slisoup Sn1

for u € SBV?(Q2) and for H" l-a.e. x € J,, where F is the T-limit of a properly chosen subsequence
(F,Efj)) of (F,gk)) (cp. Proposition 6.4).

Given (7.7), the derivation of the upper bound inequality in general follows exactly as in Propo-
sition 6.4.

Let us now prove (7.7) by means of a one-dimensional construction. For the sake of simplicity
we assume z = 0 and v, (z) = e,. Actually, in view of the estimate in Lemma 6.3 we need only to
discuss the case |[u](0)| < £7!. To this aim, set

sji=sup{s € [0,1) : ar,s = f(s)},
it is easy to check that s; it is actually a maximum, i.e., ax;s; = f(s;), and that s; < s;,1 < 1 with
s; T 1. Let now
S(s4).

7 = WO
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then T} 1 co. Define o (t) := v~ (0) on [T —1, =T}], a;(t) := [u](0)- (QLTJ—&—%)—i—u_(O) on [T}, T}],
a;(t) == u"(0) on [T}, T; + 1], and B;(¢t) := s; on [-T},T}], B;(t) :== (1 — s;)(|t| — T}) + s; otherwise
in [-T; — 1,T; +1].

Setting A; := (—ey, (Tj + 1), ek, (T; + 1)), we have that £*(A;) — 0 as j 1 co by (7.4). Indeed,
in view of (3.4) and the definition of s; it is easy to deduce that (1 — s;j)ax, — £ as j 1 oo, so that
ek, Tj ~ e, aij — 0 as j T oo thanks to (7.4). Therefore, if

Yn .
i = fy, € A;
ui(y) == Y (&w) nY ’
Ug otherwise,
Yn .
2 f A
v;(y) == B <5kj> Hyn € 4 (7.8)
1 otherwise,

then (uj,v;) — (up,1) on LY(Q.,) x L' (Q., ), where ug = u~ (0)X y, <oy + U+(0)X{yn>0}~
Moreover, if Q) = Q., N (R™! x {0}), then a change of variable yields

F{ (w0536 Qe,) = i (ug, 0536 QL x Ay)
T 1— 8.2 Ti+1 /11 _ 3.|2
< vt ( [ (rPopvar+ S e [T (REEE e ) o

_gn-1 <<f2(5j) H“i(jg)'Q + QQW) +2(1—s;)? /TJ_TJ‘+1 wdt+ 2(1 - 5;‘)2>

=5 (= A O) 4 0= 5 ) =5 0] +o(1) w5t o,

Therefore, being |[u](0)| < £~1, by the very definition of F we infer that
Flup, 1;6Qe,)) < 0" (A A L[] 0)]),

and estimate (7.7) follows at once dividing by 6"~! and taking the superior limit as § | 0 in the
formula above. |

Remark 7.2. The analysis in the general case of a diverging sequence f*) is much more intricate
because of the combination of several effects: the speed of divergence of the f*)’s compared with
the scaling 5,16/2 in the definition of f,gk), and even more the behavior of each ) close to 1. In
this remark we limit ourselves to consider those families of functions f*) satisfying item (i) in
Proposition 4.5, another instance shall be discussed in Remark 7.6 below.

Therefore, assume for example that f(s) = 15_58, and that %) is defined as in (7.3) above but

with ap, = 5,:1/2, thus violating the last condition in (7.4). Then, one can show that the T'-limit is
given by the Mumford-Shah energy introduced in (2.1). This claim follows easily by noting that with
this choice

s Ogsgl—ZEi/z
14
f,gk)(s)z 511/271_88 1—@5;/2§s§(1+fa,1€/2)_1
1 (14" 1 <s<1,

so that f,ik)(s) > s for all s € [0, 1], and actually ( ,Ek)) converges uniformly to the identity on [0, 1].
Therefore, AT{® < F,Ek) < AT,;/’, with ¥(s) = X(0,1)(s) (cp. with (2.2) for the definition of AT:’),
and the result follows at once from Ambrosio and Tortorelli classical results (cp. [8], see also [28]).
o ) . 1/2 . .
A similar argument works also in the regime are,'” 1 0o, in which

1/2 —1_-1/2
f(k)(s): {akek/ s 0<s<a;'e, /

k 1 a;1€;1/2 <s<1,
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for k sufficiently large, so that f,g (5) = Xx(0,11(8) for all s € [0,1], and again we get the Mumford-
Shah energy in the T'-limit arguing as above
Finally, note that for ay as in (7.4), we have

akai/2s 0<s<1— Ea,;l
R =8 1—ta <s < (14477
1 (1+£al/2) l<s<1

so that f,ik)(s) — Xxq13(s) in [0,1].

7.2. A model with power-law growth at small openings. In Theorem 7.4 below we approxi-
mate a model with sublinear surface density in the origin and quadratic growth for the volume term.
To this aim, let p > 1 and consider a function v, satisfying condition (3.3) and

lim(1 = )74, (s) = s, 5 € (0, +00). (7.9)

Clearly, one can take 9,(s) = ﬁ as prototype. The surface energy density ¥, : [0,4+00) —
[0, +00) is defined as g in (3.7) by

By(s) = _inf / 1 BBl + 18 de, (7.10)

(e, B)EUS

where U, has been introduced in (3.8). In this case the integral is finite only if 8 < 1 almost every-
where on the set {@’ # 0}. We next prove some properties of ¥,, in analogy to Propositions 4.1, 4.3
and 4.5. In what follows, we keep the same notations introduced there. We also note that given any
curve (a, ), the integral to be minimized in the definition of ¥, is invariant under reparametrizations

of (o, B).

Proposition 7.3. Let 1, satisfy (3.3) and (7.9), let 9, : [0, +00) — [0, +00) be the corresponding
surface energy in (7.10). Then,

(i) 9,(0) =0, ¥, is nondecreasing, subadditive, and
0 <d,(s) < 1A cswi, for all s >0, (7.11)
where ¢ = ¢(pp) > 0. Moreover, ¥, € COwiT ([0,400)) and
9p(s) < p+1 2

k7T < lim 22 < — kP (7.12)
sl0 gprT ZW(p—l)ﬁ
(ii) ¥, = 0, where
U,(s) == lim inf /T <w2(ﬂ)|a’2 + a-57 + |B’|2> dt; (7.13)
PAT Proo (auB)ett. (0,T) 4 4 ’ ’
(iti) the functions
FO(s) 1= 7= Ay (9), (7.14)
satisfy (3.3) and (3.4). If g; denotes the corresponding surface energy in (3.7), then g; <
gj+1 and
lim g;(s) =9Y,(s) foralls>0. (7.15)

j—o0

Proof. We prove (i). The facts that J,(0) = 0 and that 1, is nondecreasing follow easily from the
definition. The subadditivity follows as in Proposition 4.1(i). Moreover, 0 < ¢, < 1 arguing as in
(ii) of Proposition 4.1.

To show (7.11) and the upper bound in (7.12), let s, A > 0 and consider @ := 01in [0,1/3], @ := sin
[2/3,1] and set « to be the linear interpolation of the values 0 and s on [1/3,2/3]; B\ :==1— (A s)ﬁ
in [1/3,2/3] and set B to be the linear interpolation of that value to 1 on [0,1/3]U[2/3,1].
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Then, clearly («, 8)) € Us and a simple computation shows that

1
9 [ = ARG B = (06, (1- () s+ (A (116)

By taking A = 1, since (1 — )P, (t) < ¢ for some constant ¢ = ¢(¢,) > 0 and for all ¢ € [0, 1], we
deduce that

Up(s) < (c+1) 577,
from which inequality (7.11) follows as 0 < ¢, < 1.
Note that the Holder continuity of ¥, then follows easily from (7.11) and its subadditivity and

monotonicity.
Further, by (7.16) we infer

Up(5)

lim sup ——
sl0 SP T

< KA p+1 +)\p+1

minimizing the latter inequality over A € (0, 00) yields the upper bound in (7.12).

We now prove the lower bound in (7.12). Let s — 0, sx > 0, and up to subsequences let the
liminf in (7.12) be a limit. Let ay, Bk be competitors for ¥, (sx) such that

1
1= Bl JORENGE + 15P dt < 0, (50) + s

If, after taking a subsequence, there is a sequence x; € [0,1] such that

1— B (x;
76{(%) > kM P for all 4,

p+1
5

then ]
Dp(s;) + 55 > (1= By(x;))? > w2/ 731, (7.17)
Otherwise, for all k large enough

sptr
must hold uniformly, so that S — 1 uniformly and by (7.9) for any € > 0

(1 — Br)P¥p(Br) > & — € uniformly, for k large enough.
Therefore

1 1 _
(o) 5> [ (- Bulaglar > [ PHINCSB o> SEEE 0 (1as)

Br)P k(P—1)/(p+1) 7k

Since e was arbitrary this and (7.17) give the lower bound in (7.12).
Finally we prove that the limit in (7.12) exists. We fix a sequence s; | 0 and choose o, 3; € Us;
such that

1
1
| =BGl + B < b,0s5) + 557 0.
0
By the computation above we obtain 3; — 1 uniformly. For £ > j we define oy, 8i € Us, by
1/(p+1)

Ekzs—kaj andﬁkzlf(s—k) (1-55).
S 8j
After a straightforward computation, using these test functions in the definition of ¥, (sy) leads to
2/(1""'1) )(1—1¢)P
Ip(sk) < (S— [/ [1— 33|\/1/)2 Bi)lal? + |B’2dt] Sup{t/))p :minB; <t t' < 1}.
J

Since ; — 1 uniformly as j — oo, and ¥, (¢)(1 — t)? has a finite limit as ¢ — 1, the sup converges
to 1 as j — oo. Therefore we obtain that for every € > 0 if j is sufficiently large, then

Up(sk) Up(s5)
Si/wnf(l“) 2/(p 1)

—|—f forall k> j.



PHASE FIELD APPROXIMATION OF COHESIVE FRACTURE MODELS 27

This implies that the sequence converges. Since the decreasing sequence s; was arbitrary, the limit
in (7.12) exists.

To establish (ii), we note first that by Cauchy inequality ¥, < 9,. For the sake of proving the
converse inequality, we first claim that o and g in the infimum problem defining ¥, can be taken in
Wh2((0,1)). Let n > 0 small and let o, 3 € H*((1/3,2/3)) be competitors for ¥, (s) such that

2/3
[ Bl @5 < a,05) . (719)
1/3

We define "(t) := S(t) A (1 —n) in [1/3,2/3]. Since (1 — s)P1),(s) has a finite nonzero limit at 1,
there is a function w, with w(n) — 0 as n — 0, such that

(1= s")Pehp(s’) < (1 +w(n))(1 — s)Pey(s) for all s,s" € [1 —n,1). (7.20)
In particular, if 1 —n < B(t) < 1, then

mp(1=n) < ' 7P(1+w(n) (1= BE) by (B(1) < (1+w(n)(1 = B(1)bp(B(1)) - (7.21)
We observe that 57 =1 —n and (")’ = 0 almost everywhere on the set {8 # 7} and compute

1— 3" 2 /12 N2dt = 1— " dt
[, A @ E @R = [ e

<re) [ - Bn@d (122

so that by (7.19) it follows

2/3
[y 1= RO 50Tt < Dy(e) 4+ )+ ) (7.23
By density we are able to find two sequences a;, 3] € Whee((1/3,2/3)) (actually in C>°([1/3,2/3]))
such that a;(1/3) = 0, ;(2/3) = s, 8](1/3) = B](2/3) =1 -7, 0 < 3 <1 -1, and converging
respectively to a and 87 in H'((1/3,2/3)).

Since the function (1 — 5)P4,(s) is uniformly continuous in [0,1 — 7] and since 8] — 7 also
uniformly, we deduce that for j large it holds

2/3
/ o = BRI + R de < 95(6) + 20+ (o) + i)

Finally we extend a; and 8] in [0,1] defining o := 0 in [0,1/3], o := s in [2/3,1], and 3] as a
linear interpolation of the values 1 — 7 and 1. Now o; and 6]77 are competitors for ¥, (s) and for j
large they satisfy

1
| 1= B S EDIal B Pt < 0,(0) + 20+ o) + )+

and this concludes the proof of the claim.
Let us prove now that 9,(s) < ¥,(s). We argue exactly as in Proposition 4.3 until estimate (4.8).

In doing this we point out that f, g and g have to be substituted by 1,, ¥, and 19,,, respectively.
By keeping the same notation introduced there, we repeat the computations in (7.20)-(7.22) and
we conclude that

y(s) < Vi 3+ (L) [ (1= 9)\ U308 P + 9.

Since the last integral is less than ¥,(s) + n and n can be made arbitrarily small the inequality

9, < ¥, follows at once.

We finally prove (iii). It is easy to check that fU) < fUD and that fU)(s) — v,(s) for all
s € [0,1). Hence, the sequence (g;) is nondecreasing and g;(s) < 9,(s) for all s > 0. To prove
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(7.15), with fixed s € (0,+00), consider the functionals ¥;, %, : L*((0,1)) x L'((0,1)) — [0, +o0]
defined for («, 8) € Us by

%(0,8) : /\1—W FOR@ N2 + (5 db

and

1
Troln8) = [ 1= BRGNP+ [

respectively, and set equal to 400 otherwise on L*((0,1)) x L*((0,1)).

Note that ¢; < ¢, and that ¢; pointwise converge to ¥ by Beppo-Levi’s theorem. Therefore,
(9;) T-converges to -, the relaxation of %, w.r.to the L' x L! topology. Being g;(s) = inf %; and
I,(s) = inf Y to conclude we need only to discuss the compactness properties of the minimizing
sequences of ¥;’s.

To this aim let a;, §; € Wl’o"((O, 1)) be such that «;(0) =0, o;(1) = s, 5;(0) = 5;(1) =1, and

1
Gi(aj,85) < g;(s) + G
Hence, either there exists 6 > 0 and a subsequence jj, such that inf|y ) 8, > d, or infjg 1) 8; — 0. In
the former case, we note that

1
1—1¢ (3k) ’ < g, 1
(min (1= 09 0) o, 1 < 93, (5) + =,

and since for k sufficiently large (depending on )

_ e (1) = _
tg[lg)(l t)fIR(t) = g%g)(l t)Yp(t) >0,

we conclude that supy, [, [[z1 < +00. Moreover, as

1
25 (1= 8% lles < 5upgy(s) < 0y(5)

the sequence (¢, , fj,) is pre-compact in L' x L', so that by standard properties of I'-convergence
we may conclude that

lim g;(s) = liminf %, = min %, = inf o, = 9p(s). (7.24)
J J
Instead, in case infjg 1) 3; — 0, set s; = argminy ;73; and deduce that
85 1
i g5(s) > timint [ 1= gyl at+ [ 1= 51551 de ) = 1 (7.25)
J J 0 Sj
Together with inequality ¥, (s) < 1, the latter formula provides the conclusion. |
The functionals F(k) corresponding to the sequence (f)) in (7.14) of Proposition 7.3 provide an
approximation of ®, : L'(Q) — [0, +00] defined by
/ |Vul|?dx + / Ip(|[u])dH" ™ if u € GSBV (),
D (u) = (7.26)
400 otherwise,

with 9, is defined in formula (7.10).

Theorem 7.4. Suppose that (f9)) is as in (7.14) above.
Then, the functionals Flgk) I'-converge in L*(Q)x L' () to ®,, where
P )= {@p(u) ifv=1L"-a.e. inQ,

. (7.27)
+o00 otherwise.
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Proof. By monotonicity of the sequence (f,gj)) we have that F,Ek) > F,Ej) for K > j, so that by
Theorem 3.1 if T'- lim infy, F,gk)(u,v) < 4oo then u € GBV(Q), v =1 L"-q.0. on Q and for all j € N

F-li%ianék)(u,l) ZF-li]gnF,Ej)(uJ):/hj(|Vu|)da:+/ g9; ([l )dH" " + §| D u| (),
Q Ju

where h; and g; are defined, respectively, by (3.6) and (3.7) with fU) in place of f. By letting
7 T oo, we get that

hi(s)1s*, and g;(s) T 9,(s) forall s> 0.
Indeed, the former convergence follows from the explicit formula h;(s) = s? for s € [0,;/2] and
h;(s) = js — j*/4 for s € [j/2,40o0), while the latter in view of (iii) in Proposition 7.3. Therefore,
by Beppo-Levi’s theorem we conclude that v € GSBV () with

- limkinf F,gk)(m 1) >, (u,1).

To prove the upper bound inequality we note that Lemma 6.2 and 6.3 still hold true in this setting
as there we have only used that each function f = 1 A 5,16/ 2 f in (3.2) is nondecreasing and bounded
by 1 from above, properties enjoyed by flgk) as well (cp. also Theorem 7.1).

Hence, we may argue again as in Proposition 6.4 and reduce ourselves to prove the estimate

1 -~

hH(slfoup WF(UI, Lz +6Q,, ) < Ip(|[u](x)]), (7.28)
for u € SBV?(Q) and for H" '-a.e. x € J,, where F is the D-limit of a properly chosen subsequence
(F,Efj)) of (Flgk)) Given (7.28), we deduce the upper bound estimate as follows: we employ first [12,
Propositions 3.3-3.5] to get the estimate f(, 1) < <5p(~, 1) on the full SBV space, by relaxing the
functional @, : BV () — [0, 4+o0]

/ \Vaul?dz + [ 9,(|[u](z)]) dH""" if u € SBV?(Q)
(I)OO(U) = (9] Ju
+o0 otherwise on BV (),

w.r.to the w % -BV topology on BV (). This implies F(-,1) < ®,, on BV (). We get the required
estimate on the whole GSBV N L'(2) by the usual truncation argument. We then argue as in
Proposition 6.4 to show that the whole family (F]gk)) I'-converges to ®,,.

The proof of (7.28) is identical to the proof of (6.22) in Proposition 6.4 and therefore not repeated.
O

7.3. Griffith’s brittle fracture. Finally, we show how to approximate the Mumford-Shah func-
tional by means of any sequence ( fu )) satisfying item (iii) in Proposition 4.5. Thus, we recover the
original approximation scheme of Ambrosio and Tortorelli [7], [8] (see also [28]).

Theorem 7.5. Suppose that (f9)) satisfies f) < fU+D) ¢; 1 oo and 9 (s) 1 0o pointwise in (0,1).
Then, the functionals F,gk) [-converge in LY (Q)x LY (Q) to the functional MS defined as follows

MS(u) ifv=1L"-a.e. inQ,

. (7.29)
+00 otherwise.

MS(u,v) := {

Proof of Theorem 7.5. We start off as in the proof of Theorem 7.1 and note that by the very defi-
nitions F,EJ ) < F,Ek) for j < k being (f)) nondecreasing by assumption. Thus, by Theorem 3.1 we
deduce

I-Jim inf FF (u,0) > FO) (u, v), (7.30)
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where FU) is defined as F' in (3.9) with f substitued by f) in formulas (3.6) defining h;, and (3.7)
defining g;. In particular, the corresponding volume density is given by

hy(t) {tQ ‘<%
i(t) = 2
J 4 4
Gt—4 t>4
where ¢; is the value of the limit in (3.4) and it satisfies £; 1 co. Thus h;(s) < s? and lim; h;(s) = s>
for all s € [0,400). Moreover, the surface energy densities g; are dominated by the constant
1, and by item (iii) in Proposition 4.5 we have lim; g;(s) = X(0,400)(s) for all s € [0,+00). In
conclusion, if - lim infy, F,Ek)(u, v) < +00, by letting j 1 oo in (7.30) we infer that v = 1 L™-a.e. in ,
u € GSBV () and by the Beppo-Levi’s theorem we get

I- limkinf F,gk)(u,v) > MS(u).

Eventually, we establish the limsup inequality. Set 1) := (0,1, we observe once more that F, ,ik) <

AT,;/’ for every k, where AT,;/’ has been defined in (2.2). Therefore the conclusion follows by the
Ambrosio and Tortorelli result [8] (see also [28]). O

Remark 7.6. In Remark 7.2 we have shown that both the divergence of the fr’s and the scaling with
Ei/Q in the definition of f,gk) are influencing the asymptotic behavior of the related sequence (F,gk))
Here, we show that also the sequence of values of the limits in 1 of the functions (1 — s)f*)(s) is
playing a role. In particular, we highlight that the pointwise limit of (f,gk)) is not determining the
asymptotics of (F,Ek)).

Indeed, suppose that f*)(s) = a1, where ay 1 oo, then

1/2

0y = { B 1 0S5 (Lras/)
g 1 (1+ape)/?) 1 <s<1,

and by letting k 1 oo we infer that
xay(s)  ifare/? L0

() > Sy = A1 ifagey’* =y € (0,4+0)
Xo,1(s) if aksiﬂ T o0.

Hence, by taking also into account the examples in Remark 7.2, we have built two sequences of

functions f,gk) both converging to x(1y but giving rise in the I'-limit on one hand to the Dugdale’s
cohesive energy and on the other hand to a Griffith’s type energy.

(k)
k
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