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0 Abstract and basic information

In this paper we prove the null controllability of the heat equation in domains with a cylindrical
part and limited by a Lipschitz graph. The proof consists mainly on getting a Carleman estimate
which presents the usual absorption properties. The main difficulty we face is the loss of existence
of the usual weighted function in C? smooth domains. In order to deal with this, we use its
cylindrical structure and approximate the system by the same system stated in regular domains.
Finally, we show some applications like the controllability of the semi-linear heat equation in

those domains.

Key words: Carleman inequalities, heat equation, Lipschitz domains, null controllability
AMS subject classification: 35D30, 93B05, 93C20
Abbreviated title: Null controllability in pseudo-cylinders

Acknowledgements: I would like to thank my thesis advisor Sergio Guerrero, two anonymous
referees and Luis Escauriaza for their helpful comments and remarks, which have improved the
quality of this paper. This work was supported by grants from Région Ile-de-France. This work
has been partially supported by the ANR research project IFSMACS (ANR-15-CE40-0010).

*E-mail: barcena@Iljll.math.upmec.fr
fSorbonne Université, Laboratoire Jacques-Louis Lions, F-75005, Paris, France



1 Introduction

The null controllability of the heat equation has been an interesting research topic in the last
40 years. Regarding this topic, in this paper we focus on domains; that is, on bounded connected

non-empty open sets of R%. There are three main approaches in the literature:

e The first one uses the observability estimates of the wave equation to prove the null
controllability of the heat equation. This method dates back to 1973 (see [34]) and recently,
it has been used to get accurate bounds on the cost of the null controllability (see, for
instance, [31], [32], [37] and [10]).

e The second one is based on spectral inequalities and on properties of analytic functions.
The first time this approach is used for the heat equation was in 1995 in [27], where the
authors proved the controllability in C*°° domains. More recently, the null controllability
of the heat equation has been studied with these techniques when the control is located
in an arbitrary measurable set of positive measure (see, for instance, [38], [39] and [2]),
which is one of the advantages of this method. In addition, these results have recently
been extended to Lipschitz domains which are locally star-shaped (see [3]). As for other
parabolic equations, this method has been used recently to study the controllability of the

Stokes equation (see [6]) and higher order parabolic equations (see, for instance, [11] and

12)).

e The third one is based on multiplying the adjoint function by an exponential weight and
using the PDE satisfied by the new function. Indeed, Fursikov and Imanuvilov proved with
this method in 1996 the controllability of the heat equation in C? domains (see [19]) when
the control domain is an open set. This method is really flexible and it is the base to study
the controllability of countless parabolic differential equations, both linear and non-linear
(see, for instance, [19]). As a continuation of the work made in [19], Carleman estimates of
the heat equation have been established when the system is not regular, which proves the
null controllability of some related linear and non-linear systems. For instance, in [24] and
[16] the authors consider non-regular source terms. Moreover, in [15] and [23] the authors
study some boundary conditions which imply that the solution is not in L?(0,T; H?(Q)).
Additional examples are given in [9], [4] and [26], where the authors analyse parabolic
equations in which the diffusion coefficient is not continuous. Finally, it is well-known that
this method can be easily generalized to cubes or, more generally, to any cartesian product

of C? domains (see, for instance, [20]).



The main objective of this paper is to extend the method of Fursikov and Imanuvilov to
additional domains which are not C? when there is a lack of regularity caused by the domain and
the control acts on an internal subdomain. In particular, we aim to get a Carleman inequality
with a source term. It is a relevant problem because, unlike in [3], this method allows us
to consider lower order terms with coefficients that just belong to L°°, and hence treat non-
linearities. We recall that the authors in [I9] prove a Carleman inequality with the help of an

auxiliary function n which satisfies:

neC?(Q), n=00n9Q, n>0inQ, g\lf |Vn| >0, (1.1)

for w the control domain. Since in a Lipschitz domain the heat equation has a unique energy
solution, the existence of some Carleman estimate seems reasonable. However, two difficulties

arise:

e The first and main difficulty is that the construction of the function 7 given in [19] does
not work when €2 is not C?. Indeed, if Q has corners and if w is compactly included in €,
the three conditions in are incompatible. The only solution known so far for other
domains (like cylinders) is to construct manually an auxiliary function which satisfies the

following assumptions (which are verified by any 7 satisfying (1.1])):

neC?(Q), 0,m<0ondQ, g{f V| > 0, (1.2)

for n the outward unit normal vector on 9€2. In the case of cylinders, the construction of

7 is done for instance as a sum of functions of different variables.

e The second difficulty is that [19] uses that the Laplacian behaves well in € in the sense
that Do (A) C H?(Q2) continuously, for

Do(A) = {w € HY(Q) : Aw € LX)},

omitting the  if it is clear. However, when €2 is Lipschitz this is not always true, since
in a general Lipschitz domain the most we can ensure is that D(A) ¢ H3?(Q) contin-
uously. Indeed, the fact that D(A) € H3/%(Q) continuously is proved in [25], and for
all € > 0 a counter-example of a domain (). for which there is w € H}(f2.) such that
—Aw € C* ((Ts) but w ¢ H3?¢(Q) is given for instance in [2I]. In particular, if u
is a solution of the backwards heat equation with Dirichlet boundary conditions, initial
value in H}(2) and source term in L?((0,7T) x €2), the most that we can expect is that
u € HY0,T;L*(Q)) N L*(0,T;D(A)). However, while doing the Carleman in [19] the
authors do some calculations with the second order derivatives, so they need that the reg-
ular solutions of the heat equation belong to L?(0,T; H%(€2)). One of the contributions of



this paper on the Fursikov-Imanuvilov method is reducing the difficulty that the L?-norm
of the Laplacian is not equivalent to the H?-norm to the existence of a proper auxiliary

function. We do it in Section [2| by approximating the domain with regular subdomains.

As a first step to prove the null controllability of the heat equation by an internal control in
any Lipschitz domain, in this paper we prove the null controllability in pseudo-cylinders. By

pseudo-cylinder we mean the following;:

Definition 1.1. We say that Q C R4 (d > 1) is a pseudo-cylinder if there are B C R? a C?
domain, U the composition of a rotation and a translation and H : B — R* a Lipschitz function

satisfying inf H > 0 such that:
Q=U{(z,z):x€B,z€ (0,H(x))}). (1.3)

Moreover, we denote the cylindrical part by:

¢:=U (93 x <O,i%fH>> . (1.4)

If U = I (the identity endomorphism), we say that the cylinder is canonically oriented. In that

case, we have:

¢ =B x (O,i%fH> . (1.5)
Remark 1.2. If Q is a pseudo-cylinder, we can split 02 into three parts:
U x{0}), £:=U{(z,2) :x€9B,z€ (0,H(x))}), T:=U{(z,H(x)):xz€B}).
If © is canonically oriented, those parts are given by:
B x{0}, L={(z,2):2€0B,2€ (0,H(x))}, T={(z,H(x)):ze B}
Ezample 1.3. See Figure [l for a canonically-oriented pseudo-cylinder in R?.

Remark 1.4. The pseudo-cylinders are relevant domains, for example, in fluid mechanics (see,
for instance, [33] and [22]).

In this paper we solve the previously presented difficulties for pseudo-cylinders and get some
Carleman estimates (see Proposition and Proposition below) which present the usual
absorption properties. However, as we explain in Comment [5] of Section [3-3] our method does

not work in every Lipschitz domain, so the general case remains an interesting open problem.
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Figure 1: A canonically oriented pseudo-cylinder.

Before presenting the main result of this paper we introduce the following notation:

Definition 1.5. Let  be any domain and let w C €2 be a subdomain. We define as usual
Q= (0,T)xQ, Qu = (0,T) X w, X := (0,T) x 02 and n the outward unit normal vector
on 9. Similarly, if the domain is denoted by Q, we define Q := (0,T) x Q, ¥ := (0,T) x 9N
and 7 as the outward unit normal vector on Q. Moreover, we denote by w CC Q if w is
compactly included in €. Finally, in order to shorten the notation we omit the “dt”, “dx” and
“dz” when we are integrating and the integrated variables can be easily deduced by looking at

the integration domain.
Now, we may state the main result of this paper:

Theorem 1.6. Let Q be a pseudo-cylinder and w C Q be a subdomain. Then, there is C > 0
such that if T >0, A € (L®(Q))%!, a € L=(Q), and y° € L*(Q), there is a control v € L*(Q.,)
such that the solution of the system:

ye—Ay+A-Vy+ay =vl, inQ,
y=0 on X,
y(0,-) = 3° on €2,
satisfies y(T,-) = 0, and such that the control satisfies the estimate:

0]l 12,y < Ce“HTED30 12,



for:

K(T,a,A) = 1+ T + Tllal sy + a2 o) + 1+ T AP e -

Remark 1.7. Since the Laplacian is invariant under rotations (and translations), it suffices to
prove Theorem when ) is canonically oriented. Moreover, we remark that if we prove
Theorem for some control domain @, the conclusions of Theorem are true for all w D @,

as it suffices to consider v = v1;, for © the control supported in @.

Using Theorem [I.6] we can get positive results about the controllability of the semi-linear heat
equation when the non-linearity depends only on y (see Comment |§| on Section for a remark

about non-linearities depending on Vy):

Yy —Ay+ fly) =vly, inQ,
y=0 on ¥, (1.6)
y(0,-) =¢° on €.

Indeed, under weak non-linearities we have controllability to trajectories and approximate con-

trollability:

Corollary 1.8. Let ) be a pseudo-cylinder, w C § be a subdomain, T > 0 andy* € C([0,T]; L*(Q))
be a solution of (1.6) corresponding to some data (y°)* € L*(Q) and v* € L®(Q). Assume
that f : R — R s locally Lipschitz and satisfies almost everywhere in R:

/()] < O+ s+, (1.7)

and:
f(s)
im 32
[sl=o0 [s|log™ (1 + [s])
Then, for all y° € L?(Q) there is v € L™(Q,) such that the solution of (1.6]) belongs to
C([0,T); L*(2)) and satisfies y(T,-) = y*(T,-).

= 0. (1.8)

Corollary 1.9. Let Q) be a pseudo-cylinder, w C Q be a domain, T' > 0 and let us assume that
has a solution y* € C([0,T]; L?>(Q)) corresponding to some initial state in (y°)* € L?(£2)
and to some control function v* € L*(Qy). Assume that f is locally Lipschitz and satisfies
almost everywhere in R and . Then, for all y* € L?() and all € > 0 there is v € L=(Q,,)
such that has a solution in C([0,T]; L?()) satisfying:

ly(T,") —y'| <e.

In order to see that Theorem implies Corollaries and it suffices to follow step

by step the proof given in [I8] for the case in which Q is a C? domain. Indeed, in order to



see that results on Sobolev spaces used in [I§] remain true when €2 is just Lipschitz, the reader
can consult for instance [I], [5] and [36]. In addition, we can find in [I8] some facts about
controllability of the semi-linear heat equation which remain true in pseudo-cylinders, like that
is not approximately controllable for f(s) = [ log?(1+ o)do, p > 2 and w CC €.

Remark 1.10. The results presented in this paper differ from [3] because of the following reasons:

e There are some pseudo-cylinders which are not locally star-shaped (see Appendix; thus,
this is the first time that the null controllability of the heat equation is proved in these
domains. In addition, there are locally star-shaped domains which are not pseudo-cylinders
(for example, a disk or a pentagon). Of course, there also are pseudo-cylinders which are

locally star-shaped (for instance, the rectangle).

e The coefficient of the lower order terms in Theorem can depend on t and x, whereas

in [3] the coefficients only depend on ¢.

e Thanks to the fact that we can establish controllability results for the heat equation with
coefficients that depend on ¢t and x, we can prove controllability results for the semi-linear

heat equation, which is an open problem of [3].

e In [3] the control is located in an arbitrary measurable subset of strictly positive measure,

whereas in this paper the control is located in open subsets.

In this document we consider the following weights defined in Q:

A5k o A(k+n) eAk+) Lo
R e N G o

for m > 1 a real constant,  some auxiliary C? (ﬁ) function (which, unlike it is usually done
in the literature, may take negative values) and k > 2(m + 1)||n||z(q) a real constant, all of
them to be fixed later. In the subindex 7 might be omitted if it is clear. Moreover, if we
denote some function by 77, we use the notation & and 5 to refer to aj and &z, respectively. We
recall that we have the following estimates for the weights given in , for some C' > 0 that

is universal (independent of any variable like 2, n, m, k, s, A, ...):
&l + Jeu] < OmTEM TV ay| < O(mg™ ™ pm(m 4+ T2 Hm). (1L10)

Weights similar to (1.9)) were first introduced in [19]. However, our version is more similar to the
one presented in [I7], though we have done slight modifications to also consider the situations

in which 7 is not a positive function.



Remark 1.11. We need k > 2(m + 1)[|n]|f(q) to assure that the numerator of « is strictly
positive, so that we can integrate by parts in the time variable with a null boundary term when
proving the Carleman inequality. Moreover, we also need it to prove .

Remark 1.12. These weights, stated as in , have the advantage that can be compared easily
when using two different auxiliary functions. In particular, if we have 77 and 72 defined in a
canonically oriented pseudo-cylinder, for any m > 1, k > 2(m + 1) max{||n1 || (), 72/l Lo () }
t € (0,7) and (z,2) € Q, we find:

&71 (ta Z, Z) S £n2(t,x, Z) if and OIlly lf 771(:1:7 2) S T]Q(xa Z)a
and:

—ay, (t,2,2) < —ay,(t,z, 2) if and only if 91 (z, z) < ma(x, 2).

Let us explain briefly how to solve the two problems presented at the beginning of this section

on pseudo-cylinders:

e Concerning the construction of the auxiliary function, which is the main difficulty, we
consider different approaches depending on the control domain. If w C Q we use an
approach consisting of expressing 7 as a sum of two different variables, whereas if w C Q\ €,
we “transmit” the estimate from one control domain to another with a second auxiliary

function. This is done in Section Bl

e As for dealing with the fact that D(Q2) ¢ H?(f2), we just have to approximate Q by C?
domains which are compatible with 1 (once 71 is constructed). This is explained in Section
for Lipschitz domains.

The rest of the paper is organised as follows: in Section [2] we explain how to deal with Q
being just Lipschitz, in Section [3] we get the Carleman inequalities, in Appendix [A] we prove the
compatibility of the proposed auxiliary function with the domain and in Appendix [B] we show

that there are pseudo-cylinders which are not locally star-shaped.

2 A Carleman inequality for some Lipschitz domains

Let © be a Lipschitz domain. We define:
We = L*(0,T; Hy () N H' (0, T; H™H()),

omitting the subindex 2 if it is clear. In addition, we define:



Definition 2.1. Let Q be a Lipschitz domain, let u® € L?(Q) and let g € L?(Q). Then, we denote
by:
S(Q7 uo? g)(t7 $)7

the only solution in W of:
ur—Au=g¢g in Q,
u=20 on Y, (2.1)
u(0,-) =u®  on Q.

Finally, we define the convergence of domains in the following way:

Definition 2.2. Let g9 > 0, 2 be a domain and (£2).¢(0,c,) be domains such that Q. C €2 for all
e € (0,e0). We say that Q. —4 Q if:

lim sup d(-,00) = 0. (2.2)
e—0T O\ Qe

Remark 2.3. If Qe —4 €2, then (2. converges to {2 in measure; that is, ||1o\a, [|f1(rey — 0, because

of the Dominated Convergence Theorem.
We have the following technical result:

Lemma 2.4. Let Q be a Lipschitz domain, Q). C Q be some Lipschitz domains such that:
Qe —q Q,
u € L*(Q) and g € L*(Q). Then,
S (Qe,u'lq,, g10.) 1o, —r2(g) S(,u°, g). (2.3)
As far as we know, the proof of Lemma [2.4] is not available in the literature, so we give a

proof, whose originality we do not claim. For the proof of Lemma we need the following

interpolation result, proved for instance in [30] and [29):

Lemma 2.5. Let Q be a Lipschitz domain. Then,

1. The injection W C L?*(Q) is compact.
2. The injection W C C([0,T]; L*>(R2)) is continuous.

3. For all u,w € W, we have (u(t,-),w(t,"))r2(q) € WhH(0,T) and:

Or ((ult, ), w(t, ) r2()) = (Brult, ), w(t, ) 1)< (@) + (Ow(t, ), ults ) g1y i (@)-



Proof of Lemma[2.} In order to prove Lemma we recall that for any Lipschitz domain Q,
any 40 € L2(Q) and any § € L2(Q), S(Q,4°, §) is characterized as the only element in We, such
that:

Iy (as(@.3.5).¢)
S(€, 4%, §)(0,-) = aP.

@ T e VS E8) Vo= [fag90 V6 € D), o)

We define:
So := S(Qu’,g), Se:=8(Q,u’lg ,glo.)lo. and Q. :=(0,T) x Qe,

for Q,u°, g and €, as stated in Lemma We recall that, since w — wlq_ is an isometric
embedding from Wq_ to Wq, we have S. € Wq and the equality:

1Sellwa = ISzl - (2.5)

Using the density of D(Q:) in Wq_ we find the equality:

18T sy +2 [ 1952 =2 [ 08+ 1o

In particular, if we use the Poincaré inequality on  and Cauchy-Schwarz, we obtain for a
constant C'(diam(2)) > 0:

||SaHL2(o,T;H5(Q€)) <C (Hg”L2(QS) + HUOHL2(QE)) <C (||9||L2(Q) + ||U0HL2(Q)) .
In addition, looking at (2.1)); we obtain that 9;S. € L?(0,T; H'(£2.)) and the existence of a
constant C'(diam(£2)) > 0 such that:
Icllwa, < C (I9llz2q) + 1u°llz2q)) -

Consequently, S; is uniformly bounded in Wq due to (2.5); thus, S; has at least a weakly
convergent sequence in Wq. Moreover, thanks to Item [I] of Lemma [2.5] we have that the

sequence is convergent in L%(Q).

In order to end the proof, it suffices to see that for all u € W such that there is a sequence
Se, satisfying that S., — u in Wq (with ¢; — 0), then v = Sy. To get the equality, we prove
that u satisfies (2.4)) for (Q, a0, §) = (Q,u, g):

e In order to prove the variational condition of (2.4), we pick ¢ € D(Q). We remark that
d(supp,, ¢, 02) > 0, for:

supp, ¢ ;= {z : It € [0,T] : ¢(t,x) # 0}.

10



In particular, if ¢ is sufficiently large, we have that supp, ¢ CC €).,. Consequently, by
|D (for (Q,a°,9) = (Qsiauolﬁgi79195i)) and by taking into account the support of ¢,

we obtain for ¢ large enough the equality:

/OT (0Seis ) g-1(0),m3 () T //Q VS., - V¢ = //Q g0,

Thus, if we take the weak limit in Wq, we get that:

/OT (Oru, &) g—1(0), H3 () + //Q Vu -V = //Q 9é.

Since ¢ is arbitrary, u satisfies (2.4));.

e As for the initial condition of ([2.4]), we recall that because of Item [2| of Lemma
w e W — w(0,-) € L*(Q),

is a continuous operator. Therefore, since the weak limit is preserved by linear continuous
operators between Hilbert spaces, we have that S.,(0,-) — u(0,-) in L?*(Q). Moreover,
S, (0,-) = uolgsz, — u% in L?(Q) by Remark Consequently, from the uniqueness of

the weak limit we obtain that u(0,-) = u°.

In order to prove a Carleman inequality for €2, the approximation must be made not only by
C? domains, but also these domains must be compatible with the function 7 in the following
way:

Definition 2.6. Let €2 be a domain, let w C ) be a subdomain and let n be a real valued function
satisfying:
neC?(Q), (i&fd |Vn| > 0. (2.6)

We say that  is a compatible open set with respect to €, w and 7n if we have that:

Q) is a Lipschitz open set such that w C Q C Q, (2.7)
Dg(A) € H*(Q) continuously, (2.8)
d5n < 0 on AN (2.9)

Remark 2.7. Tt is possible for n to take negative values. Indeed, in [19] they do not need that
n > 0 for proving the controllability of the heat equation with Dirichlet boundary conditions.
They need it, though, to prove the controllability of other systems, like the Stokes equation or

the heat equation with Neumann boundary conditions.

11



Remark 2.8. One consequence of Deﬁnitionis that Q is connected. Indeed, if ; is a connected
component, then w N QZ # (). Otherwise, because of and 2 the maximum of 7 in (Tl
is not reached on the boundary (the tangential derivative of 7 is non-null), but again because
of 2 the maximum is not reached in the interior, getting an absurd. Consequently, all
the connected components of  intersect w. Since w is connected, 2 has only one connected

component, so () is connected.

Remark 2.9. Every C? domain satisfies (2.8)). Moreover, there are some Lipschitz domains which

also satisfy it, like (0,1)? or, in general, any cartesian product of C? domains.
Let us now state the Carleman inequality for domains which satisfy (2.7)-(2.9):

Lemma 2.10. Let 2 be a Lipschitz domain, w C § be a subdomain, n be a function satisfying

(@ and m > 1. Then, there is C > 0 such that for all T > 0, Q satisfying —,
g€ L*(Q), uT € L*(Q), k > 2(m + D7l g (), and for the weights defined in , we have
that:

83)\4// e 2503 u? 4 A2 // e 2 Vul? 4571 // e (| Aul + Jue?)
o) Q Q
<c (sw [ eeenes [ e28a|gr2), (2.10)
Qu Q

for any A > C, s > C(T™ + T?™) and for u the solution of:

—ur—Au=g inQ,

Proof. Lemma [2.10]is a direct consequence of the proof of the usual Carleman estimate, which
can be found for instance in [19] and [17]. We remark that since infq,, |[Vn| > 0, there exists a
domain wy CC w which satisfies infq,, [V7]| > 0. The only additional difficulty is to prove that
the constant C' is independent of Q. Indeed, the proofs presented in [I9] and [I7] show that C

depends continuously only on:

. ||77|]C2 (5) (which can be bounded by [|7]|c2(q))

o m (see (LT0)),
e infg, |Vn| (which can be inferiorly bounded by infq, [Vn| > 0),

e w and wy.

12



O]

Now we are ready to prove a Carleman inequality for domains that can be approximated

properly by regular domains:

Lemma 2.11. Let 2 be a Lipschitz domain, w C £ be a subdomain, n be a function satisfying

@) and m > 1. Let us suppose that there are eg > 0 and (Qc).c(0,c0) satisfying (2.7)-(2.9) and
such that Q. —q Q. Then, there is C > 0 such that for all T > 0, g € L*(Q), u” € L*(Q),
k> 2(m+1)|nllLe (), and for the weights defined in , we have that:

33)\4// e=2503 u? + A2 // e 2 Vul? 4571 // e (| Aul + Jue?)
Q Q @
cofon [ emegups [[ o). e
. Q

for any A > C, s > C(T™ + T?™) and for u the solution of:

—ur—Au=g inQ,
u=0 on %, (2.12)

u(T,) =u” on .

In order to prove Lemma we first get the estimate on the zero-order term, and then get
the higher order terms as in [I5] and [16].

Proof. By Lemma we have that for all m > 1 there is C' > 0 such that for all 7" > 0,
u? € L2(Q), g € L*(Q), and € € (0,¢0):

s // e BBl P < O <53)\4 // R S [T // 6_250‘!91952) ; (2.13)
Q Qu Q

for any A > C, s > C(T™ + T?™) and for:
u®(t,x) =S (QE,uTlgg,g(T - ')1QE) (T —t,x).
Considering Lemma [2.4} -, we can take the limit in and get the estimate:

3)\4 // —25a§3|u’2 < C< 3)\4 // —23&53‘u|2 // —23a|g|2> (2.14)

Next, multiplying (2.12))1 by sA2e=25%¢u we get the term of Vu. Indeed, integrating by parts
we get that:

sA? // e 25| Vul? = s\ // e 25 %gy—s\3 // e 252V n-Vuut-252 X3 // e 2522V n-Vuu
Q Q Q
5)‘2 —2sa 2 242 25 2
Elul” + s*A alul®. (2.15)

13



By doing weighted Cauchy-Schwarz estimates in (| and considering ([1.10)) and (2.14)) we get
for any A > C and s > C(T™ + T?™) that:

S)\2 // e—2sa5‘vu’2 <C <83/\4 // 6—250453’“‘2 +// 6—23049‘2) ) (2.16)
Q Qu Q

To continue with, we assume that u! € H}(Q). Multiplying (2.12)); by —sle=2%¢ 1y, we
obtain that:

o1 // =20y, 2
_ 1// e 250 gy, — // (725261, |Vul? + s~ //V (e72%¢ 1) Vuuy.  (2.17)

We have used that the solutions of the heat equation with initial value in Hg (£2) and source term
in L2(Q) belongs to the closure of H'(0,T; H}(2))NL2(0,T; D(A)) with norm H*(0,T; L2(2))N
L?(0,T;D(A)) when Q is Lipschitz. Using weighted Cauchy-Schwarz inequalities, and
we find for any A > C and s > C(T™ + T?™) that:

871 // 6725a§fl|ut‘2 < C <83)\4 // 8723a§3‘u|2 +// e25a|g|2> ) (2.18)
Q Qu Q

Finally, considering that —Awu = u; + g we obtain from ) that:

51 // e g 1\Au!2<0<3/\4 // 28%3ru\2 // 25“!g2> (2.19)

So, combining (2.14)), ([2.16), (2-18) and (2.19) we obtain (2.11) for all u!" € H}(Q). Finally, we
obtain (2.11)) for all u” € L?(Q) by density. O

Finally, we remark that we can extend the result presented in Lemma to situations in
which there is a source term in L?(0,7; H~1(2)) reproducing step by step the proof given in
[24] (the reader can consult for instance [I] and [5] to see that the results of the Sobolev spaces

used in [24] remain true when  is Lipschitz):

Proposition 2.12. Let Q be a Lipschitz domain, w C § be a subdomain, n be a function
satisfying (@) and m > 1. Let us suppose that there are eg > 0 and (S2)-c(0,cp) Satisfying
— and such that Q. —4 Q. Then, there is C > 0 such that for all T > 0, g € L*(Q),
G e (L2(Q))4, uT € L2(Q), k > 2(m+ D)7l ey, and for the weights defined in , we have
that:

83)\4// 6_280653‘11/’24—8)\2 // 6—280¢§|vu’2
Q Q
SC(SB)\ZL// e2so¢§3|u’2+// 6725a|g’2+82)\2 // 625a§2G|2>, (2.20)
w Q Q
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for any A > C, s > C(T™ + T?*™) and for u the solution of:

—u—Au=9g+V -G inQ,
u=20 on X, (2.21)
u(T,-) =u” on .

Remark 2.13. As the source term in (2.21) is just in L?(0,T; H~1(2)), we do not (and cannot)
have neither the Laplacian nor the time derivative on the left-hand side of ([2.20)).

Remark 2.14. The constant C' in Lemmal[2.1T]and Proposition[2.12]is independent of the sequence
Q..

3 Proof of Theorem [1.6

This section is split in three parts: in Subsection [3.1] we prove Theorem in the case w C €,
in Subsection we prove Theorem in the case w C Q\ €, and in Subsection we make

some comments about some technical motivations and possible extensions.

3.1 The case w C €

Let Q be a canonically oriented pseudo-cylinder (see Definition and let w C €. By taking

a smaller control domain if necessary, we can suppose that:
w=B(®,r)x(z-r,z+r) CCC, (3.1)
for some r > 0 and some (7, z) € Q such that:

z < inf H. (3.2)
B

We construct an auxiliary function 7 satisfying (2.6)). Considering that 9B is C? and (1.1)),
there is ng € C? (%) satisfying:

ng=00n0B, ny>0inB,  inf |Vny|>0. (3.3)
B\B(z,r)

One important consequence of (3.3) is the inequality:
sup Opg s < 0. (3.4)
0B

Indeed, using (3.3); we have that the tangential derivative of 7y is null on 0%B. Thus, using
(3.3)5 and that B(z,r) CC B, we obtain that O, ns(x) # 0 for all x € 9B. Moreover, from
(3-3), and (3.3)), we find that Op,nw () < 0 for all x € 9B, which implies (3.4) by compactness.
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Figure 2: A canonically oriented pseudo-cylinder with its auxiliary function.

So, we define in Q:
n(z,z) :=ns(x) —c(z — 2)2, (3.5)

for ¢ a large positive constant to be fixed later on. It is evident that n € C? (ﬁ) As Vi =
(Vne, —2¢(z — %)), it follows from (3.1)) and (3.3))3 the inequality:

inf .
g{wIVn! >0

FEzxample 3.1. See Figure [2| for an illustration of a control domain and of V7 in the pseudo-

cylinder introduced in Example [T.3]

With the above auxiliary function we obtain the following Carleman inequality:

Proposition 3.2. Let ) be a canonically oriented pseudo-cylinder, w be given by and
m > 1. Then, there ezists co(Q,w,ny) > 0 such that if n is defined as in with ¢ > ¢q, there
is C > 0 such that for all T > 0, A € (L®(Q))™, a € L®(Q), g € L*(Q), G € (L*(Q))%,
ul € L*(Q), k> 2(m + 1)|nll (), and for the weights defined in , we have that:

83)\4// ef2sa§3|u’2+s)\2 // 672sa§|vu’2
Q Q
SC(S3>\4 // 62sa£3|u‘2+// 628(1’9’2-}-82)\2// €2sa§2|G’2)7 (36)
w Q Q
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for any A\ > C,
2/3
52 C (T + T (1+ all 2 o) + AR e @) (3.7)
and for u the solution of:
—up—Au—V-(Au)+au=9g+V-G inQ,
u=0 on X, (3.8)
uw(T,-) =ul on Q.
In order to prove Proposition [3.2] we state the following technical result whose proof is
postponed to Appendix [A]

Proposition 3.3. Let Q be a canonically oriented pseudo-cylinder, w be given by and
ne € C%(B) satisfying (3.3)). Then, there is ¢o(Q,w,ns) > 0 such that if n is given by with
¢ > <o, there exist 9(€2,w, s, ¢) > 0 and some domains (Qe)ee(0,e,) Satisfying — and:

Qa —d Q. (39)

Proof of Proposition[3.2 Using Propositions and we obtain that for all A > C and
s> C(T™ + T?™):

83)\4// 672sa§3|u|2+s)\2 // 672sa€|vu’2
Q Q
< C <83)\4 // e—2sa§3|u|2 +// 6—25@ (‘9‘2 + |au|2) +52)\2 // 6—2sa£2(|G’2 + ‘A’U,|2)>
Qu Q Q
§C<83)\4// e—250¢£3|u|2+// e—25a|g|2+82)\2// 6_28a£2’G|2
w Q Q
+ a2y T //626_250‘53\u|2—i—s?)\QHAH%w(Q)T%”//Q 6—28a53yu\2>. (3.10)

Thus, taking A > C and s satisfying (3.7)) we can absorb the the last two terms in the right-hand
side of (3.10)). O

Remark 3.4. It is a classical result (see, for instance, [35], [29], [19] and [18]) that Proposition
(taking m = 1) implies that Theorem is true for all canonically oriented pseudo-cylinders
and all w given by (3.1). By Remark this implies Theorem for all pseudo-cylinders and
all w C €.

3.2 The case w C 2\ €

Let € be a canonically oriented pseudo-cylinder and let w C 2\ €. For this case we suppose,

by making again the control domain smaller if necessary, that:

w=B(@r)x (Z-rz+r)CCQ\C, (3.11)

17
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Figure 3: A canonically oriented pseudo-cylinder with a control domain in 2\ €.

for some (%, 2) € Q\ € such that:

zZ > i%f H,
and some: =
re (0,1%f 4) , (3.12)
such that:
Q := B(&,3r) x (0,24 3r) C Q. (3.13)

In this case we cannot consider an auxiliary function similar to (3.5 because now we have that
TNA{(x,z) : z =z} # (. However, thanks to Proposition our problem can be seen as a

problem of transmitting the estimate from one control domain to another. Indeed, we define:
w' i =B(@,r)x (Z—r,z+r), (3.14)
for 7 := ¥ and Z := 3r. Thus, considering also (3.12)) we have that:

w' = B(Z,r) x (2r,4r) cC QNC.

Ezxample 3.5. See Figure [3| for an illustration of the pseudo-cylinder given in Example when
wcc\¢C.
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We fix m > 1 and define n as in (3.5) with ¢ > ¢o(Q,w*,ns). We obtain by Proposition
a constant C' > 0 such that for all T > 0, A € (L®(Q))*}, a € L®(Q), g € L*(Q),
G e (L2(Q))*, u! € L*(Q), and k > 2(m 4 1)||n]| 1 () We have that:

83)\4// 6_28a£3|u’2+8)\2 // 6_250‘§|Vu]2
Q Q
SC<S3)\4// e—2sa§3|u’2+// 6_25a’g’2+82)\2// 6_25a§2G’2>, (3.15)
Qu* Q Q

for A > C, s satisfying (3.7)) and u the solution of (3.8]).

Next, we estimate the weighted L?(Q«)-norm by a weighted L?(Q,,)-norm. To do this, we

consider a function whose maximum is in w but which is large in w*. Specifically, we consider:
n(@,2) = =il = &) = i(2) + 2sup n], (3.16)
for 1 a positive C* function supported in (r/2, 4+00) such that:
inf(, 4o0) 71 > 0,

i < supg |n] /2 in (r/2,7), (3.17)

71 > 3supq |n| in (27, 3r),

and for 72 a positive C'*° function such that:

sup(g,z ) 7z <0,

inf (s 2130 75 > 0, (3.18)

iiz < supq [n] /2 in (2r,4r),

2 > 3supgq |n| in (0,7) U (2 + 2r, 2 + 3r).

We remark that 7 € C? (Q) and satisfies:

dpfl < 0on 9,  inf |V7| > 0. (3.19)
QN\w

Moreover, from (3.14)), (3.17) and (3.18) we get that:

N
IN

7 in w*,
! (3.20)
7

i <ninQ\ (B(,2r) x (r,2+2r)).
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With the function 77 we can define the weights & and € as in . Let us fix:
k> 2(m + 1) max{||9]| Lo ), 10l o) } = 2(m + D)[|7]| Lo ()- (3.21)
Thanks to (3.20) and Remark we have that:

£<& —a<-a inQ,.,

~ ~ (3.22)
£<& —a<-a n(0,T)x (Q\ (B(&,2r) x (T,Z—I—Qr))) .

Next, we consider that u is the solution of (3.8) and that x(z, z) is a positive regular cut-off

function such that:
supp(x) CC Q, x =1in B(&,2r) x (r, + 2r). (3.23)
Then, v := yu is the solution of:
—v—Av =V (Av) +av=F(Vx,u) +xg+ V- (xG) inQ,
v=20 on X, (3.24)
U(T7 ) - XuT )

for:
F(Vx,u):=—-2Vx -Vu—Axu— (Vx-Au—-Vyx-G. (3.25)

Using Proposition (Q satisfies (2.8) by Remark m and (2.9) by (3.19 , so it suffices to

take Q. = Q), we have that there is C’(n, m) > 0 such that if A € (L (Q))d‘H, a € L*(Q),
g€ L?Q), G e (L)™', uT € L2(Q), A > C and s > C(T™ + T?™):

3)\4 // —2504 c ’U|2 +S)\2 // —2sa§|vv|2 < C< 3)\4 // —23a - |Xu|2
// T F(Vx,u) + xg — av]® + s7A2 // 280‘ N |XG Av| )) (3.26)

After some easy absorptions and bounds we obtain, from (3.26)) for A > C and s satisfying ,
that:

3)\4 // —25cx ~ Xu|2 +S)\2 // —2$a§|v XU |
< C<S3)\4 // 6—2564 g |XU|2+// 6_28d(|X9|2+|F(VX, +52)\2 // —25a ~ |XG2>
w Q

(3.27)
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To continue with, as x = 1 in w and w*, x € D (Q), and we have (3.22)1, we may combine

(3.15) and (3.27) and get that:

PR // T2sog |y |2 4 s )2 // T2 V283Nt // 2sa 3 \XU\Q—FSAQ // TV (xu)
§C<83)\4// 6725& g ‘U|2—|—// e2so¢|g|2_i_//~ 6725&(|Xg‘2+‘F(VX’U)‘2)
w Q Q
et [[[rmeiop e [ eme@enar). oy
Q

Next, we recall that xy € C? (ﬁ), that:

supp(Ax),supp(Vx) C Q\ (B(i’, 2r) x (r,z 4+ 27’)),

and (3.22)2. These assertions imply that by taking A > C' and s satisfying (3.7 the term of
F(Vx,u) in the right-hand side of (3.28]) can be absorbed. Thus, we get:

3/\4// e~ 2503 |y ? +5A2// 23a§|Vu\2+83)\4// *28“ ~ IXu\2+sA2// eV (xu)
gc<s3>\4// g2 5 |u|2+// 6_28a|g|2+// e % xgl?
w Q Q
+52)\2 //Q e—2sa£2|G’2+52)\2 //Qe_256‘(g)2|xG‘2>. (3.29)

Finally, let us state what we have proved:

Proposition 3.6. Let Q be a canonically oriented pseudo-cylinder, w be given by , Q be
given by , n be given by (with T := Z and Z := 3r), 11 be given by , X be given
by and m > 1. Then, there exists a constant C > 0 such that if T > 0, A € (L=(Q))%1,
a € L®(Q), g € L*(Q), G € (L*(Q))*, ul € L2(Q), k satisfies (3:21), A > C and s satisfies
, we have for the weights defined in and u the solution of (@

Remark 3.7. Tt is a classical result (see, for instance, [35], [29], [19] and [18]) that Proposition
(taking m = 1) implies that Theorem is true for all canonically oriented pseudo-cylinders

and all w given by (3.11). Together with Remarks and this result ends the proof of
Theorem (up to proving Proposition [3.3]).

3.3 Further comments

1. Boundary controllability. If I' C T (see Remark [1.2)) is a relatively open connected
subset we can easily prove the null controllability of the heat equation with a control

supported in I'. Indeed, it suffices to extend the domain over I' as in Figure [4] to some
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B x {0} rER

Figure 4: A canonically oriented pseudo-cylinder with a control domain I' C ¥.

other pseudo-cylinder €, use the null controllability by means of an internal control of the
heat equation with Dirichlet boundary condition, consider the restriction of the value in
I' and use the uniqueness of solutions by transposition of the heat equation. If I' C £ or
if I' € B x {0} this method fails because the extended domain is not a pseudo-cylinder.
Thus, for those situations the boundary controllability problem remains open. Moreover, it
would also be interesting to obtain Carleman inequalities of the Fursikov-Imanuvilov’s type
for a control domain I" C 92, which has a local boundary term of d,u in the right-hand

side of the Carleman estimate.

. The Carleman estimate when A is more regular and G = 0. If we have that
V-Ae L*®(Q) and G = 0 we can add a term of a Laplacian and of a time derivative in
the Carleman estimates obtained in Propositions[3.2| and [3.6| by using Lemma [2.11]instead
of Proposition [2.12

. Validity of the partial results in any pseudo-cylinder. Even if we have stated
and proved the partial results (see Propositions and [3.6]) in canonically oriented
pseudo-cylinders, these results hold in any pseudo-cylinder since the Laplacian operator is

invariant under rotations (and translations).

. The dependence of ¢ with respect to nyn. It seems impossible to approximate a
domain 2 by some subdomains . satisfying (2.7)-(2.9) without having 0,7 < 0 on 02

(though this is an interesting open question). This implies that if Q is a pseudo-cylinder,
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if w is given by (3.1) and if 7 is the auxiliary function defined in (3.5]), we need to take ¢
large enough with respect to ny. Indeed, let us compute 9,1 and verify that it is negative
on all the subsets of the boundary given by Remark

e On B x {0} we have that d,n = —9.n = —2¢Z < 0.
e On £ we have by (3.4) that 0,7 = Oppnn < 0.

e On ¥ we find that:

1
n(x,H(x)) = ERNIEE (-=VH(x),1).

Thus, on ¥ the normal derivative is given by:

ot e = R G

This implies that the condition:

IVH| oo () [ V3 || o5
2(infg H(x) —z)

(3.30)

is necessary to ensure that 9,7 < 0 on T (the denominator in (3.30) is not null by
(3-2))-

5. Problems when extending this method to Lipschitz domains. A problem that
remains open is the null controllability of the heat equation in any Lipschitz domain. A
natural attempt following the Fursikov-Imanuvilov approach is to split the domain into
a finite amount of pseudo-cylinders and a single compactly included C? subdomain, and
then to apply a Carleman estimate in each subdomain (with the help of some cut-off
functions). To that end, we need to absorb what is in a neighbourhood £ (see Remark
1.2) with estimates in some other pseudo-cylinders and then use the same technique as
Section to pass from a finite number of control domains that are compactly contained
in € to a single control domain. This idea could work if we had a function 7 satisfying
(2.6) which is much bigger in the interior of the cylinders than close to £. However, it
seems incompatible with picking in ¢ large with respect to 7g.

6. Semi-linear heat equation. A problem that remains open is the controllability of the
semi-linear heat equation stated in pseudo-cylinders with a non-linearity acting also in the
first order term. Indeed, we cannot just follow the steps in [§] because they require for
to be C? when they prove that the Carleman estimate implies the null-controllability of
the semi-linear heat equation (more specifically, they use that D(A) C H?(£2) continuously

and the analogous results for LP-spaces).
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A Proof of Proposition |3.3

We recall that €2 is a canonically oriented pseudo-cylinder, w is given by (3.1)) and 7 is given
by (3.5)). Similarly, in this proof we use ¢ and C' to denote respectively small and large strictly
positive constants that may be different each time and only depend on €2, w and 7y, and ¢ is

taken as a small strictly positive parameter.

The structure of the proof is the following: first we present an auxiliary result from differential
geometry, second we introduce the regularized measure, third we approximate H (see Definition
by smaller regular functions, fourth we introduce some domains ). and prove that they
satisfy , fifth we prove that the domains €). satisfy and for all € <<< €9(Q,w),
and finally we assume that ¢ >>> ¢y(Q,w, ) and ¢ <<< £9(Q, w, Ny, ¢) and prove . We
recall that once the open sets (). satisfy —, Remark implies that they are connected.

In the proof we state that several things happen if ¢ >>> ¢o(Q, w, ) and € <<< ¢(Q, w, s, ¢).
We do not calculate explicitly the value of ¢o(£2,w,ns) and of £(€2, w, Ny, ¢) the same way we
do not calculate explicitly the values of C or c. Indeed, note that the number of times that we
require such a bound is finite (as ¢p and ¢ do not depend on the specific (z, z) but at most on a
finite division of subcases), so it suffices to consider the maximum of all the ¢y and the minimum
of all the &g.

Step 1: an auziliary result. In order to construct these domains, we need the following basic

result from differential geometry, whose proof can be found for instance in [7]:

Lemma A.1. Let Q be a domain and let ® : Q — R be a C? function such that ® < 0 on 9.
Then, for all @ > 0 satisfying ®~1 (0, +oc0) # () and:

e ({0}) n(Ve)~'({o}) =0, (A1)

we have that ®=1(,+00) is a C? open set. Moreover, the boundary of ®~1(6,+00) is given

by ®1({0}). Finally, the outward normal unit vector, which we denote by ng, satisfies on

o~ ({0}): vo(2)
ng(x) = Vo) (A.2)

A first approach can be to use Lemma[A.1]on the distance function from (z, z) to Q. Nonethe-
less, this is not possible because that function is not differentiable. On the one hand, even in

regular domains d(-, 92) may not be C* in the interior (for instance, in the disk the distance to
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the boundary is not differentiable at its center). On the other hand, near T the function d(-, 92)

is not C! when ¥ is just Lipschitz. However, it is possible to construct a function which behaves

similarly to the distance. In particular, to face the first problem we regularize the distance with

the tools introduced in [28] and to face the second one we approximate H by regular functions.
Step 2: the regularized measure. We define the function:

0:2€ B d(r,0B),

and the sets:
B, =0 (g, +00). (A.3)

Since 9B is C?, we have for some £(£2) > 0 the following properties:
e 0is a W2>(071(]0,])) function such that |Vo| =1 in 271([0, &]).
e For all z € 971([0,4]) there is a unique point P(x) such that:
d(z,P(z)) =0(x). (A.4)

Moreover, the function x + P(z) is continuous in 971([0, &]).

The proof of these two assertions can be found for instance in [5, Section II1.3]. Also, it can be

proved easily that for all ¢ <<< £9(2) the set B, is a domain satisfying:

9%B. = 071 ({e}).

In order to regularize 0 in the interior we use the function introduced in [28], whose properties
can be consulted for instance in [5), Section I11.3.3]. Indeed, we consider:

p:x€B R,

which is defined as the only fixed point of 7 +— G(z, 7), for:

G(z,7) = /B(o y 0 (.CE + %i’) ¢(z)dz,

for ¢ a mollifier in R?; that is, a positive function belonging to D(B(0, 1)) such that:

/ ¢(z)dx = 1.
B(0,1)
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We have that p satisfies the following properties, which are proved for instance in [5, Section
I11.3.3]:

p € W% (B)NC>®(B), (A.5)
p>0in B and p = 0 if and only if z € 0B, (A.6)
1 o= _3
— < L < - A.
25 @ S Va € B, (A7)
Vp(x) = —ng(x), Yz € OB. (A.8)

Step 3: approzimating H by smaller regular functions. We consider again ¢ a mollifier in R?,

and we define ¢. := % (g), which is supported in B(0,¢) and satisfies:

/ G(z)dr = 1. (A.9)
B(0,e)

In addition, we define in 9B, the function H. := (1 — \/e) H * ¢., which is well-defined because
x € B, implies that B(z,e) C B (see (A.3)). Furthermore, if z € B,:

H.(z) = (1—+/) /B(O , H(z — %)s.(%)dx
< (1= V2) (H@) + el Hllwroeqay) [ R

= H(x) = VeH () + e[| H|lwoo () — €| H|l w100 () (A.10)

This follows from (A.9)) and from the fact that for all & € B(0,¢) we have that:

(e =) = 1) - [ VH( - 78) - 3dr < H) + |l ) < )+l Hlw o)
So, since infys H > 0, from we obtain for all £ <<< g¢(2) that:
H. < H in B.. (A.11)
Remark A.2. We have included a term 1 — /¢ in the definition of H, to have (A.11]).

Similarly, we have for all x € B, the lower bound:

Ho(2) > (1 - VE) (H(x) — ] Hllwi.o(m)). (A.12)

Indeed, this follows from (A.9) and from the fact that for all £ € B(0,e) we have that:

1
H(z — %) = H(z) — /0 VH(z — 1) - ddr > H(x) — ]| H |y > H(x) — | H o).
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One important consequence of (A.10)) and (A.12)) is the convergence:

inf H. — i%f H. (A.13)

A last important property of the functions H. is that they are uniformly Lipschitz for ¢ <<<
£0(€). Indeed, from Young’s convolution inequality and (A.9)) we obtain that:

IVH,| o3y = (1 = VE) llse * VH| oo,y < IVH || Lo (s8)- (A.14)

Step 4: approzimating Q by some regqular domains Q.. We define in Q for all ¢ satisfying that
Bo. # ) the following functions:

D(z,2) = xe(x)p(x)(He () — 2)2, V(z,2) € Q, (A.15)

for x. a positive C*°(R?) cut-off function which takes values in [0, 1], supported in 8. and such

that xe = 1 in By, (for instance 1%(3/2)5 * G /a)-
Remark A.3. Since x. =1 in Bo. we obtain from (A.15]) that:

VO, (z,2) = (2p(x)VH.(2) + 2(He(z) — 2)Vp(x), p(z) (He(x) — 22) ), Y(z,2) € Boe. (A.16)

We approximate ) by:
Qe = D7 (el ey +00)

which is well-defined if e <<< 0(92) (as in that case B # 0). We first prove (3.9). For that,
we fix ¢ <<< g9(Q), we also fix (z,z) € Q\ Q. and we get a bound of d((z, z),d). Since
(z,2) € 2\ £, we have that D.(z,z) < 5||HH%OO(%)7 which implies that:

min{x:(2), p(a), (He(2) = 2), 2} < /4 H|[F e 9.

so we are in at least one of the following cases:

o If x.(x) < 61/4HHH%OO(%), then from ¢ <<< g9(§2) we have that = ¢ By, which implies
that:
d((z,2),0Q) <d(z) < 2e. (A.17)

o If p(x) < e/4|H ||} qm)» we have by (A7) that:
3
d((z, 2),00) <o(x) < 581/4IIHH%00<%)' (A.18)

o If H.(z) — 2 < 81/4HHH%00(%), using (A.10) we have that:

d((x,2),00) <d((z,2),%) = H(z)—z = (H(z)—H:(z))+H:(z)—2 < 51/4HH||%00(%)+C\@.
(A.19)
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o If 2 < 81/4HHH%OO(%) we have that:

d((2,2),00) < d((z,2),%B x {0}) < /| H|} g5 (A.20)

So, from (A.17))-(A.20)) we obtain for all € <<< g9(2) and (z,2) € Q\ Q. that:
d((z,2),00Q) < Ce'/*,

which implies (3.9)).

Step 5: proof of the regularity of the domains €.. Next, let us prove that if ¢ <<< g0(Q,w)
the open sets €2, satisfy (2.7) and (2.8). Indeed, if £ <<< g¢(£2,w) we have by (3.9) that:

sup d(-,00) < d(w,09),
0\Q.

which implies that w C .. Consequently, we only have to prove that if ¢ <<< g¢(f2) the
domains €. are C? (see Remark [2.9)), which we will prove by using Lemma So we fix
£ <<< g9(92) and check that the domain €. satisfies the requirements of Lemma

First, it is clear that D, is a function which belongs to C? (Q) (p € C?*(supp(xc)) by (A.5)).
Moreover, it satisfies ®. < 0 on 9. Indeed, we consider (A.15)) and the division of the boundary
as stated in Remark

o If (z,2) € B x {0}, then D.(z,2) = 0.
o If (z,2) € £, then z € 9B, so x-(x) = 0 (by the support of x.), so D.(z,z) = 0.

o If (£,2) € T, then z = H(z). If D.(x,2) # 0 we have that x € supp(xe) C B, so
H.(z) < H(z) by (A.11), so D.(x,z) < 0; otherwise, D.(x,z) = 0. Consequently, if
(x,z) € T we have D.(z,2) <0.

Thus, to apply Lemma [AT] it remains to check that:

D7 (el N (792~ ({0}) = 0. (A.21)
For that purpose we fix (x, z) € (2 satisfying:

De(z,2) = 5HHH%OO(%), 0,9 (x,z) =0, (A.22)

and prove that V,®.(z, z) # 0.
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We first remark that from (A.22)); we have that:

z € Boe. (A.23)
Indeed, from (A.11)) we obtain that:
117 oo o3
Xe(@) (He(a) = 2)z € —— 2,
which implies by (A.22); that:
p(x) > 4e, (A.24)

which implies using (A.7) that:

that is, (A.23]).

From (A.16) and (A.22)), we get that z = H.(z)/2. Hence, from ) and (A.22)), we have
the equality:

4€HHH%M(%)
)= —7F7——
g H2 (@)
which implies together with (A.16[) the equality:

(A.25)

2
VO.(z,2) = (va(m) E f)vp(x),o> .

So, because of (A.13) and (A.14) the previous equality turns into:
H2(x)
VO (z,z) = (0(e) + ——Vp(z),0 | . (A.26)

So, from (A.26), (A.25), ¢ <<< eo(2), (A1), (A5), (A7) and (A.8) we obtain that (A.22)
implies that V;®.(z, z) # 0, which proves (A.21)).

Consequently, thanks to Lemma if £ <<< €9(Q2), we have that Q. is C? and:
09 = D" (| H[F oo () (A.27)

Remark A.4. In order to prove we have only used (A.22), and that ¢ <<< £y(€).
Consequently, if ¢ <<< £y(f2), considering (A.27), and that B, C xz1({1}) we find
that:

p(x)(He(x) = 2)z = €HH|!%<»(%) V($ Z) € 0. (A.28)
Similarly, if ¢ <<< g9(f2) and (z, z) € 09, using and we obtain that:

VO (x,2) _ (= 2p(x)VHc(z) — Z(Hs(w) - Z)Vp(ﬂf), p(ﬂf) (22 — He(x)))

IVD:(2,2)|  |(— zp(2)VHe(z) — 2(He(x) — 2)Vp(), p(x) (22 — He()) )|’
(A.29)

ne(z,z) = —

where n. denotes the outward unit normal vector on 0f2..
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Step 6: the domains Qe satisfy (2.9). Considering (A.29)) and (3.5)), we have to prove that if
¢ >>> ¢p(Qw,nm), € <<< 0(Q,w, Ny, ¢) and (x, z) € 9, we have that:

—z2p(x)VH(z) - Vng(x) —2(H:(x) — 2)Vp(x) - Vns(x) —2p(x) (22 — He () )e(2 —Z) < 0. (A.30)

Intuitively, the proof consists on using that 0€2. is near 92 and that n. somehow approximates
n. Indeed, we follow different (but a finite number of) approaches depending if we are close to
B x {0}, £ or T (see Remark for the notation). This is necessary because n and n. have
different behaviours in different parts of the boundary (they do not present any symmetry), so
considering only does not suffice and we have to be more precise.

Rigorously, we fix first ¢ > ¢,(Q,w, ny), second e <<< go(2, w, N, ¢) and third (z, z) € 0.,
for ¢g and g to be obtained during the proof. We prove ({A.30)) for those values. As stated before,
we follow different (but a finite number of ) approaches depending on (z, z). A first partition of

the boundary is the following;:

0 p =00 N{(z,2) : z € (0,H:()/2]},
0Ny =00 N{(2,2): 2 € (He(x)/2,H:-())}.

(A.31)

Case 1: if (x,2) € 0Qp. From e <<< €0(12), (A.31),, , and (A.11)) we obtain that:

25||H||%oo(%)
H|| ooy < _ A.32
ellH| | poo () < zp(z) < ot 1. (A.32)
Thanks to (A.13]), from £ <<< g¢(£2) we have the inequality:
1 2
< ;
inf%e H. ~ infg H
so if we define: 1|2
4
- . L>(B)
k1= |[Hl o), k2= nfe H (A.33)
we have that (A.32)) and ¢ <<< g(€2) imply that:
k1e < zp(x) < Koe. (A.34)

So, either p(x) < \/ka2€ or z < /ka¢ is obtained. We study both cases separately, since in the

first one (z, z) is near £, whereas in the second one (z, z) is near 8 x {0}.
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Case 1.1: if (x,2) € 00y and if p(z) < \/kee. Due to (A.34)) we have the bound:

z > m\m;ls.

We first focus on the sign of:
—zp(x)VH:(x) - Vnu(z) — 2(He(x) — 2)Vp(z) - Vs (z).
From we obtain the estimate:
|2p(x)VHe(x) - Vi ()] < Ce.

Moreover, we have the equality (see (A.4])):

—2(He(2) — 2)Vp(z) = 2(He(2) — 2)ns (P(2)) + 2(He(2) — 2) (=ns (P(2)) = V() .

Recalling (A.4)-(A.8), from e <<< g9(£2) we obtain the estimate:
| —nss (P(2)) = Vp(a)| = [Vp(P(x)) = V()]
3
< HPHW?»O@(%)\P(UU) —z|= HPHWZ,oo(%)D(x) < 5“PHW?W(%)P(¢)-
So, combining (A.38]) and (A.34) we get the bound:
|2(H(2) = 2) (=ns (P(2)) = Vp(x)) - Vg (2)| < Clzp(z)] < Ce.

Finally, we have the equality:

2(He(x) — z)ng (P(x)) - Vi (x) = 2(He(2) — 2)nss (P(2)) - Vips (P ()
+ 2(He(x) — z)ng (P(x)) - (= Vs (P(x)) + Vs (2)) -

Since ng € C? (%), arguing similarly to |i we obtain the estimate:

|2(H(2) — 2)ng (P(2)) - (=Vne(P(x)) + Vi (1)) | < Ce.

Moreover, if we take into account (A.35), (A.31),, (A.13) and ([3.4) we have the bound:

2(He(x) — 2)ngs (P(x)) - Vs (P(2)) < —cv/e.
Consequently, if we combine (A.36))-(A.42), we find that:

— 2p(x)VHe(x) - Vg (2) — 2(He(2) — 2)Vp(x) - Vs (2) < Ce — cv/e.
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Let us now analyze the term:

—2p(2)(22 — He(2))e(2 — 2) = 2p(z)(He(z) — 22)¢(2 — Z).

e On the one hand, if z < Z (see for the definition of z), we have that (see (4.31))):
2p(xz)(He(x) — 22)c(z —2) <0,
which, together with implies since £ <<< g9(Q,w,ny).
e On the other hand, if z > Z, we get from the inequality:
p(x) < Ce. (A.44)
Thus, we obtain the estimate:
12p(z)(He(x) — 22)e(z — Z)| < Cte. (A.45)
Therefore, if we combine and , we get the bound:
~ 2p() VH(z) - Vips(x) — 2(HL() — 2)Vp(e) - V() — 2p() (22 — Hela))e(= — 2)
< C(1+c)e — ey,
which implies since £ <<< g9(Q,w, Ny, ¢).

Remark A.5. Note that for some control domains there are (x, z) € 9., satisfying p(z) < \/rk2e

and (A.44)). In fact, (A.44) provides us some additional information because /¢ >>> ¢ for ¢
small. Moreover, this does not suppose a contradiction with (A.24]) because it just means that

C > 4 in (A.44).

Case 1.2: if (x,z) € 00y and if z < \/kge. We first remark that ¢ <<< g0(2,w) implies:

Z _infy H

z < /Kot < 1 < Y (A.46)

This can be done because k1, ko and Z are strictly positive constants that only depend on 2

and w (see (A.33) and (3.1))). Moreover, we have from (|A.34) that:

p(z) > Kay/ K1 e (A.47)

If we use (]A.34D7 dA.14D, (]A.ll[), that z < /kag, , that ny € C? (g), , and
, we obtain from e <<< g0(€,w) the inequality:

— 2p(@)VH.(2) - Vi (2) — 2(H.(x) — 2)Vp(x) - V() — 2p(2)(22 — H.(2))e(z — 2)
< Ce+ Ce'/? — ccel/?,

Consequently, as ¢ >>> ¢o(Q,w,ny) and ¢ <<< £0(Q,w, N5, ¢), we have (A.30]).
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Case 2: if (z,2z) € 00 y. As for 0€.; the situation is very similar. Indeed, from (A.28)) we
find the bounds:
k1€ < (He(x) — 2)p(x) < koe, (A.48)

for k1 and ks defined in (A.33)). As before, we distinguish the cases p(x) < (/o€ and H () —2z <
/k2e. The first one concerns the points near £, whereas the second one concerns the points

near ‘%.

Case 2.1: if (x,z) € 00 and if p(x) < /kae. Due to (A.48) we have the bound:

H.(x) — 2z > r1\/ Ky L. (A.49)

Arguing as in the case 1.1, we get the estimate:
— 2(H.(z) — 2)Vp(z) - Vg (z) < Ce — ce'/?, (A.50)

In order to continue, as before, we make a distinction depending on how close z is to H.(x):

. zmax{,/mf;l,g}ﬂg@). (A51)

We obtain from (3.2)) and ¢ <<< g¢(€2,w) the inequality:

e We start with the subcase:

z
infog H
Thanks to (A.51)), (A.52)) and € <<< €0(2,w), we have the lower bound:

2> o/EPinfH = {f mf; f (A.53)

So, combining (A.51)), (A.13]), (A.53) and (3.2)) and that ¢ <<< £0(Q2,w), we obtain the

inequality:

Ho(z) > { H(z). (A.52)

—2p()(22 — Ho(x))e(z — 2) < —cep(x). (A.54)

Moreover, we clearly have the estimate:
— zp(x)VH(z) - Vg (z) < Cp(z). (A.55)

Thus, we get from ¢ >>> ¢o(2,w, ), p > 0, (A.54) and (A.55)) the upper bound:

— zp(x)VH:(x) - Vg (z) — 2p(z)(22 — He(x))c(2 —Z) < 0. (A.56)

Hence, combining (A.50) and (A.56) we get (A.30)) from ¢ <<< £o(Q,w,nyp).
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e Let us now suppose that:

. <max{,/mf;H,§}Hg(x). (A.57)

Considering (A.48) and (A.13]) we have that:

p(x) < Ce. (A.58)
Thus, we find the estimate:
— z2p(x)VH(z) - Vne(z) — 2p(x)(22 — He(x))c(2z — 2) < Cee. (A.59)

So, from (A.50), (A.59) and € <<< g0(Q2,w, Ny, ¢) we obtain (A.30)).

Remark A.6. Again, note that for some control domains there are (z,z) € 0€.; satisfying
p(r) < /koe and . In fact, provides us some additional information because
V€ >>> ¢ for e small. Moreover, this does not suppose a contradiction with because it
just means that C' > 4 in (A.58)).

Case 2.2: if (x,2) € 00 and if Ho(x) — 2z < \/rkoe. We have from ({A.48) the inequality:

p(z) > Kiy/ Ky e (A.60)
Moreover, from (A.14)), H.(xz) — z < \/k2¢ and (A.60) we find the upper bound:
— 2p(a) VH.(2) - Vs () = 2(Ha(x) = 2)Vp(x) - Vi () < C (p(2) + £1/2) < Cpla). (A61)

In addition, since H.(z) — z < /k2€ and £ <<< £0(2,w) we have that:

z > max {\/ MZ, gHS(az)} . (A.62)
z

Indeed, because of (A.13)), H.(x) — z < /k2e and € <<< g0(€2) we have that:
1 1 2
z > H.(z) — \/kee > H.(x) — 6 i%fH > H.(z) — 3 i%lfHE([L‘) > §HE(:C)

Similarly, as a consequence of (A.13), (3.2) and £ <<< £¢(2,w) we have that:

€2 e €= € Py
Be Be
z 1nf%
> inf H. — 1—1/7 inf He = | ———+ fH \ ———Z.
- 1%15 y ( infys, H, ) 1%15 y infg H. 1n
So, from ({A.62), (A.13) and (3.2) we find that:

—2p(x)(22 — He(z))e(2 — 2) < —cep(x). (A.63)

Consequently, from (A.61)), (A.63) and ¢ >>> ¢o(2, w, ny) we obtain (A.30)).
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B The existence of a pseudo-cylinder which is not locally star-

shaped

We show in this section the existence of a pseudo-cylinder in R? which is not locally star-
shaped. The structure of this section is the following: first we recall the definition of locally
star-shaped as stated in [3], but adapted to our notation, second we construct the pseudo-

cylinder, and thirdly we prove that it is not locally star-shaped.

Definition B.1. A Lipschitz domain Q is locally star-shaped if for all p € 02 there is 7, > 0 and
gp € Q such that [p — gp| < rp, and B(gp,1p) N Q is star-shaped with center in gp.

Remark B.2. As a consequence of [3, Remark 3.5] we can choose 7, as small as needed. This
implies that a locally star-shaped domain can also be defined as a Lipschitz domain €2 such that
for all p € 9 and all r > 0 there is some 7 € (0,7) and g € Q satisfying |p — q| < 7 and that
B(q,7) NQ is star-shaped with center in gq.

We define:

Q={(z,2): 2 €(0,1),z € (H(z),3)},

for

H(x) := 6/0 h(s)ds, for h(z):= Z Lj1/3i,2/30) (@) — Z Lig/gi.1/3-1) ().

i€N, ieN,
We have that Q clearly is a pseudo-cylinder (take U(zx,z) = (2,3 — z), B = (0,1) and H(z) =
3 — H(x) in Definition as infig ) H(z) = H(2/3) = 3 -2 = 1). See Figure [5 for an
approximate illustration of €2 near each point (31%, 3,%), for i € N,.
Remark B.3. H is a positive Lipschitz function which satisfies for all i € N, that H(z) =
—527 + 62 in [1/3%,2/37) and:

H(z) = 53 — 6z, Vae [2/3%,1/3771). (B.1)

Thus, its local minimums are taken at 2 = 0 and 2 = 37 for all i € N (with H(37%) = 0). In
addition, its local maximums are taken at = = 2-37%, for all i € N, (with H(2-37%) = 3-(2-37%)).
In fact, H(z) < 3z for all = € [0, 1], being equal if and only if 2 = 0 or 2 = 2-37%, for all i € N,.

In order to prove that € is not locally star-shaped we show that for all ¢ € B(0,1/3) N2 there
is a segment ¢ of length |g| with one end in ¢ and such that £ N is not connected. This shows
that the alternative definition given in Remark is not satisfied for p = (0,0) and r = 1/3.
Hence, we fix ¢ = (z4,24) € B(0,1/3) N and follow different approaches depending on ¢:
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1 0 1 1
i+2” @70 ?70

Figure 5: A pseudo-cylinder which is not locally star-shaped (approximate figure).
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Case 1: if zg < 3xq (see q1 in Figure @ If z4 < 3z, we consider (x4 > 0 because g € Q):

(= {(x Zm) Lx € [O,J:q]}.

Clearly, ¢ is of length |g| and one of its ends is ¢. In addition, we have that ¢ leaves and enters

Q an infinite number of times, as we have for all 7+ € N, that:

“437) > 0=HET), .23 <3-(2-37)=H(2 37,

Lq Lq

so £ N ) is not connected.

Case 2: if zg > 3z, and if there is i € Ny such that z, € [2/3171,2/3%) and 2, < % — 6z (see
q2 n Figure @ Under these hypotheses the point ¢ is in the following triangle:

2 2
T17Z~::{(a;,z)€R2:z23i+l,a:>0,z<3i—6:v}, (B.2)

((52) (st 02))

A consequence of (B.2)) is that:

whose vertices are:

Ty; C {(m,z) < 332 } . (B.4)

2 2
d (% <32+2’31+1>> < lql- (B.5)

We remark that for all (x,z) € T1; we have that:

2 2 2 2 2 \?
2 _
d ((:c,z), <3¢+2> 3i+1>> = <3i+2 —x> + (Z - 3i+1>

4 4 4 4
3i+2’ T 31~ + 32i+4 + 32i+2

Let us first prove that:

=22+ 2% - = |(z,2)|* + Gi(z, 2). (B.6)

Therefore, proving (B.F) reduces to finding the maximum of G; on T} ;, which is a simplex. Since
G, is an affine function, it is well-known that the maximum is reached on the vertices, which in
this case are given by (B.3)). Since:

2 32 2 2 40 2 176
G1 (07 3+1> =g 0 <3i+2’ 3i+1> =g 0 <0’ 3> =~ (B.7)

we obtain from and (B.7) that d? ((z, 2), (32-32, 31%1)) < |(z,2)|? for all (z,2) € Ty, which
in particular implies (B.5]).
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We define:

Zg — Ll
= {(z,9(x)) : |(z,9(x) —ql < lal,z > 2}, for g(z) = ——5—2— _3; (z —2q) + 20 (BY)
31+2 q

We have that g is well-defined because of (B.4). In fact, ¢ is the segment with one end in ¢ and
containing (32%, 31%) because of (B.5|) and because g (3132) = ?,EH' Moreover, we recall that:

2 2
<3+23+1> C O CR*\ Q.

In addition, using (B.2); and (B.4)) we obtain that:

2 2 2 4
T — X =T — =7 + 6% T — 6%
1 F1 +1 q
3 153 ¥ - _& = —6. (B.9)
2 2 2
3tz — Lg 3itz — Lq itz — Lq

Considering that in a neighbourhood of (32%, 31%) the set 00 is a segment of slope —6 (see
(B.1)) for ¢ + 2 instead of i) and , we get by continuity for some g, > 0 small enough that:

2 2
(W+6q,g<3i+1+€q>> elna.

Consequently, ¢ is a segment of length |g|, with one end in ¢ and such that £N€ is not connected.

Case 3: if zg > 3x4 and if there is i € Ny such that z, € [2/3171,2/3%) and z, > % — 6z (see
q3 in Figure @ Under these hypotheses ¢ is in the triangle:

2 2 2 2
Ty = {(x,z) tz2 < ?’ZZ 3 —6x,223x} \ {(31+N?’1>}, (B.10)

whose vertices are given by:

2 2 2 2 2
0’§ '\ 3427 3i+1 ) 7 \ 3i+17 3@ :

It can be deduced from (B.10]) that:

2
Th; C {(x,z) tz > 3z+1} (B.11)

We remark that the horizontal distance of the points in the line z = % — 62 with respect to
the line z = 3%1 — 6z is given by 31% (both lines are parallel). This implies that the vertical
distance of ¢ to the line z = 31% — 6 is bounded by 31% Moreover, because of (B.11]) we have
that |(x,z)] > 31% for all (z,z) € Ty;. Thus, the segment ¢ = {(z,z,) : © € [z, 24 + |g|]} is of
length |g|, one of its ends is ¢, and satisfies that £N € is not connected, as (31%, zq) € (N(R?\ Q)

and (% — %+ £4,24) €LNQ for some g4 > 0 small enough (see (B.1)) for i + 1 instead of ).

Remark B.4. The construction given in this section can clearly be generalized to higher dimen-

sions.
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