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VARIATIONAL METHODS FOR THE KINETIC
FOKKER-PLANCK EQUATION

SCOTT ARMSTRONG AND JEAN-CHRISTOPHE MOURRAT

ABSTRACT. We develop a functional analytic approach to the study of the Kramers
and kinetic Fokker-Planck equations which parallels the classical H' theory of uniformly
elliptic equations. In particular, we identify a function space analogous to H' and
develop a well-posedness theory for weak solutions of the Dirichlet problem in this
space. In the case of a conservative force, we identify the weak solution as the minimizer
of a uniformly convex functional. We prove new functional inequalities of Poincaré
and Hormander type and combine them with basic energy estimates (analogous to the
Caccioppoli inequality) in an iteration procedure to obtain the C* regularity of weak
solutions. We also use the Poincaré-type inequality to give an elementary proof of
the exponential convergence to equilibrium for solutions of the kinetic Fokker-Planck
equation which mirrors the classic dissipative estimate for the heat equation.
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1.1. Motivation and informal summary of results. In this paper, we develop a

well-posedness and regularity theory for weak solutions of the hypoelliptic equation

(1.1) ~ A f+U-Vof —0-Vof +b-Vof = f* inUxR? UcRL

The unknown function f(z,v) is a function of the position variable z € U and the velocity
variable v € RY. The PDE (1.1) is sometimes called the Kramers equation. We also

consider the time-dependent version of this equation, namely
(1.2) Of—Nof+v-Vof —v-Vaf +b-Vof = f* in (0,00) x U x RY,

which is often called the kinetic Fokker-Planck equation.
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2 S. ARMSTRONG AND J.-C. MOURRAT

These equations were first studied by Kolmogorov [25], and were the main motivating
examples for the general theory of Héormander [22] of hypoelliptic equations. They are
of physical interest due to their relation with the Langevin diffusion process formally
defined by

(1.3) X =-b(X)-X+B,

where X, X stand respectively for the first and second time derivatives of X, a stochastic
process taking values in RY, and B denotes a white noise process. Equation (1.3) can
be interpreted as Newton’s law of motion for a particle subject to the force field —-b(X),
friction and thermal noise. This process can be recast as a Markovian evolution for the
pair (X, V') evolving according to

X=V,

V=-b(X)-V+B.
The infinitesimal generator of this Markov process is the differential operator appearing
on the left side of (1.1).

Kolmogorov [25] gave an explicit formula for the fundamental solution of (1.2) in the
case b =0 and U = R, which gives the existence of smooth solutions of (1.1) and (1.2)
and implies that the operators on the left sides of (1.1) and (1.2) are hypoelliptic—that
is, if f is a distributional solution of either of these equations and f* is smooth, then f is
also smooth. This result is extended to more general equations in Héormander’s celebrated
paper [22], where he gave an essentially complete classification of hypoelliptic operators. In
the case of the particular equations (1.1) and (1.2), his arguments yield a more systematic
proof of Kolmogorov’s results and, in particular, interior regularity estimates.

Hoérmander’s analysis of hypoelliptic equations relies on the theory of pseudodifferential
operators, and is somewhat distinct from the variational theory of elliptic equations which
begins with the construction of weak solutions in the function space H'. The purpose of
this paper is to present a functional analytic and variational theory for (1.1) and (1.2)
which has strong analogies to the familiar theory of uniformly elliptic equations. In
particular, in this paper we:

e identify a function space Hﬁyp based on the natural energy estimates and develop
a notion of weak solutions in this space;

e prove functional inequalities for Hﬁyp, for instance a Poincaré-type inequality,
which implies uniform coercivity of our equations;

e develop a well-posedness theory of weak solutions of boundary-value problems
based on the minimization of a uniformly convex functional;

e develop a regularity theory for weak solutions, based on an iteration of energy
estimates, which implies that weak solutions are smooth;

e prove dissipative estimates for solutions of (1.2), using the coercivity of the
variational structure, which imply an exponential decay to equilibrium.

Such a theory has until now remained undeveloped, despite the attention these equations
have received in the last half century. The definition of the space Hﬁyp is not new: it and
variants of it have been previously studied previously in the works [4, 32, 10]. However,
the functional inequalities and other key properties which are required to work with this
space are established here. The question of well-posedness for the natural analogue of the
Dirichlet boundary value problem for (1.1) is also settled for the first time in this paper.
A robust notion of weak solutions and corresponding well-posedness theory—Dbesides
allowing one to prove classical results for (1.1) and (1.2) in a different way— is important
because it provides a natural framework for studying the stability of solutions (i.e., proving
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that a sequence of approximate solutions converges to a solution). In fact, it is just such an
application—mnamely, developing a theory of homogenization for (1.2)—which motivated
the present work. Furthermore, we expect that the theory developed here will provide a
closer link between the hypoelliptic equations (1.1) and (1.2) and the classical theory of
uniformly elliptic and parabolic equations, allowing, for example, for a more systematic
development of regularity estimates for solutions of the former by analogy to the latter.
For instance, it would be interesting to investigate a possible connection between the
functional analytic framework proposed in this paper and the recent works [38, 39, 19, 29]
which develop De Giorgi-Nash-type Holder estimates for generalizations of the kinetic
Fokker-Planck equations with measurable coefficients.

In the first part of the paper, we establish the well-posedness of Dirichlet-type boundary-
value problems in C! domains U ¢ R? for the equation (1.1) under a weak formulation
based on the Sobolev-type space Hﬁyp(U ), defined below in (1.7). In the case in which b
is a potential field, we identify a wuniformly conver functional that has the sought-
after weak solution as its unique minimizer. The identification of the correct convex
functional is inspired by previous work of Brézis and Ekeland [8, 9] on variational
formulations of parabolic equations (see also the more recent works [18, 2] and the
references therein). The proof that our functional is indeed uniformly convex relies on a
new Poincaré-type inequality for Hﬁyp, see Theorem 1.2 below. The well-posedness of
weak solutions for general (i.e., non-potential) bounded vector fields b is then obtained
by a fixed point argument, using a maximum principle and a compact embedding of the
space Hﬁyp into LiL%, in close analogy to the uniformly elliptic setting. Our convex-
analytic arguments for well-posedness can be immediately adapted to cover non-linear
equations such as those obtained by replacing A, f in (1.1) with v, - (a(z,v,V,f)), for
p — a(z,v,p) a Lipschitz and uniformly maximal monotone operator (uniformly over
z €U and v e RY).

There is a subtle point in the analysis of the energy functional which is due to the fact
that we should prescribe the boundary condition only on part of the boundary, namely
OnypU = {(az,v) e dU xR : v-ny(z) > O}, where ny; denotes the outer normal to U.
This requires a careful study of the boundary behavior of Hﬁyp functions, since there is a
difficulty coming from the possibly wild behavior of the trace of an Hﬁyp function near

the singular set {(af, v) € OU xR? : v-ny(x) = O}. In the case of one spatial dimension
(d = 1), this difficulty has been previously overcome and the well-posedness result was
already proved in [4]. A generalization to higher dimensions was announced in [10], but
we think that the argument given there is incomplete because the difficulty concerning
the boundary behavior was not satisfactorily treated. This is explained in more detail in
Appendix A.

Roughly speaking, the norm ””Hﬁ () is a measure of the size of the vector fields V, f
yp

and v- V. f, but crucially, the former is measured in a strong L2 L2-type norm and the
latter in a weaker L2 H,'-type norm (see (1.7) below). Once we have proved the existence
of weak solutions to (1.1) in Hﬁyp, we are interested in showing that these solutions are in
fact smooth. It is elementary to verify that the differential operators V, and v -V, satisfy
Hoérmander’s bracket condition and therefore, as exposed in [22], a control of both Vv, f
and v- V. f in L2L? yields control of the seminorm of the function f in a fractional
Sobolev space of positive regularity, namely Halj/ 2Lg. However, since the natural definition
of the function space Hﬁyp(U ) provides us only with control of v-V,f in a space of
negative regularity in v, we are forced to revisit the arguments of [22]. What we prove is
a functional inequality (see Theorem 1.3 below) which asserts that the Hﬁyp(U ) norm
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controls (almost) one-third of a derivative in arbitrary z-directions, again with negative
regularity in v (i.e., after “velocity averaging”). The importance of measuring the vector
fields V, f and v - V. f using different norms also features prominently in other works
including [7], but only spaces of positive regularity are considered there. Measuring the
term v- V., f in a space of negative regularity in the v-variable is related to the idea of
velocity averaging, the idea that one should expect better control of the spatial regularity
of a solution of (1.1) or (1.2) after averaging in the velocity variable. This concept is
therefore wired into the definition of the Hﬁyp norm, allowing us to perform velocity
averaging in a systematic way.

Once we have proved that an arbitrary Hﬁyp function possesses at least a fractional
derivative in the = variable, we are in a position to iterate the estimate by repeatedly
differentiating the equation a fractional number of times to obtain higher regularity (and
eventually smoothness, under appropriate assumptions on b and f*) of weak solutions. In
order to perform this iteration, we again depart from the original arguments of [22] and
subsequent treatments and rely on an appropriate version of the Caccioppoli inequality
(i.e., the basic L? energy estimate) for the equation (1.1). This avoids any recourse to
the notion of pseudodifferential operators and once again mimics the classical functional
analytic arguments in the uniformly elliptic setting.

The developments described above and even the variational structure identified for
the equation (1.1) are not restricted to the time-independent setting. Indeed, we show
that they can be adapted in a very straightforward way to the kinetic Fokker-Planck
equation (1.2), the main difference being that the first-order part in a “sum-of-squares”
representation of the differential operator is now 0; — v - V, instead of just —v-V,. The
adaptation thus consists in replacing the latter by the former throughout; the natural
function space associated with equation (1.2), denoted by HJ. , is defined in (7.2)—(7.3).
We also prove a Poincaré inequality for functions in Hﬁin which implies the uniform
coercivity of the variational structure with respect to the Him norm. This allows us
to give a rather direct and natural proof of exponential long-time decay to equilibrium
for solutions of (1.2) with constant-in-time right-hand sides and null Dirichlet boundary
conditions. This result (stated in Theorem 1.5 below) can be compared with the celebrated
results of exponential convergence to equilibrium for kinetic Fokker-Planck equations
on R? with confining potentials, see in particular [13, 21, 20, 15, 14, 37, 6], as well as
[34, 35] and references therein for a probabilistic approach. Compared to the previous
approaches, our proof of exponential convergence is once again closer to the classical
dissipative argument for the heat equation based on differentiating the square of the
spatial L? norm of the solution. Informally, our method is based on the idea that
hypocoercivity is simply coercivity with respect to the correct norm.

1.2. Statements of the main results. We begin by introducing the Sobolev-type
function space Hﬁyp associated with the equation (1.1). We denote by v the standard

Gaussian measure on R?, defined by
_d 1 9
(1.4) dy(v) := (2m) "2 exp (—§|v| ) dv.

For each p € [1,00), we denote by L% := LP(R? dv) the Lebesgue space with norm

112 = ( [ 17 dv(v)); ,
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and by H% the Banach space with norm
[z = 1z + 1V £l 22 -

The dual space of Hi is denoted by H; 1 By abuse of notation, we typically denote the
canonical pairing (-,-) 1 -1 between f € H; and f* € H,;l by
vty

(1.5) LI = )

Given p € [1,00), an open set U ¢ R? and an arbitrary Banach space X, we denote by
LP(U; X) the Banach space consisting of measurable functions f: U — X with norm

1
Il = [ 176 ds)”

We define the space H}llyp(U) by

(1.6) Hyy(U):={f e L>(U;H)) : v-Vof e L*(U; H;")}

and equip it with the norm

(L.7) Hf”H;yp(U) = ||fHL2(U;H;) + - me“]ﬂ(U;H;l) -

Given a bounded domain U ¢ R? and a vector field b € L®(U x R4, we say that a
function f € Hﬁyp(U) is a weak solution of (1.1) in U x RY if

VhELQ(U;Hvl), fUXRdVvh-vadxdvz[UXRdh(f*+v-V$f—b-Vuf) dx dry.

As in (1.5), the precise interpretation of the right side is
(1.8) [ A, (7 + 0 Faf = b)) gy o o

We assume throughout that the domain U ¢ R? is bounded and has a C*! boundary.
We denote by ny the outward-pointing unit normal to QU, and define the hypoelliptic
boundary of U by

(1.9) OnypU = {(z,v) € U xR* : v-ny(z) > 0}.

We denote by Hﬁyp,O(U ) the closure in Hﬁyp(U ) of the set of smooth functions with
compact support in U x R? which vanish on OnypU -

We give a first demonstration that thyp(U ) is indeed the natural function space on
which to build a theory of weak solutions of (1.1) by presenting a very general well-
posedness result for the Dirichlet problem. To the best of our knowledge, this result is
new in dimensions larger than one, even in the special case in which the vector field b and
right-hand side f* vanish, the domain U is a ball and the boundary data fy is smooth. As
mentioned above, in the case d = 1, a weak solution theory for a PDE analogous to (1.1)
was previously developed in [4]. There have also been previous results for Dirichlet
problems associated with certain hypoelliptic equations, including the works of Oleinik
and Radkevié¢ [30, 31] and of Kohn and Nirenberg [23, 24], but their assumptions do not
cover the case of equations such as (1.1), since they would require that the singular set
be disjoint from the closure of the set {(z,v) € 0U xR? : v-ny(x) <0}.
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Theorem 1.1 (Well-posedness of the Dirichlet problem). Let U be a bounded C*' domain,
b e L= (U;C* ' (RY))?, f* e L*(U; H,;l) and fo € Hﬁyp(U). There exists a unique weak
solution f to the Dirichlet problem
{_Avf"'v’vvf_v'vacf"'b’vvf:JNr inUx]Rd,

f=1fo on OnypU.

That is, f € fo + Hﬁypo(U) and f is a weak solution of (1.1) in U x RY. Purthermore,
there exists a constant C(b,U,d) < oo such that f satisfies the estimate

(1.11) I£1z, <€ (Mol ) * 1 Lzsqonsn )

We next give an informal discussion regarding how one could naively guess that Hﬁyp

(1.10)

is the “correct” space for solving (1.1), and how our proof of Theorem 1.1 will work. We
take the simpler case of matrix inversion in finite dimensions as a starting point. Given
two matrices A and B with B skew-symmetric and a vector f*, consider the problem of
finding f such that

(1.12) (A"A+B)f = f7,

where A* denotes the transpose of A. We propose to approach this problem by looking
for a minimizer of the functional

innf{%(Af—g,Af—g) : g such that A*g:f*—Bf},

where (-,-) denotes the underlying scalar product. It is clear that the infimum is non-
negative, and if f is a solution to (1.12), then choosing g = Af shows that this infimum
is actually zero (null). Moreover, since B is skew-symmetric, whenever (f,g) satisfy the
constraint in the infimum above, we have

(1.13) SAf -8 AT -8) = L(Af. AN+ (g.8) - (. 1)

The latter quantity is clearly a convex function of the pair (f,g). The point is that under
very mild assumptions on A and B, it will in fact be uniformly convex on the set of
pairs (f,g) satisfying the (linear) constraint A*g = f* — Bf. Informally, the functional
in (1.13) is coercive with respect to the seminorm (f,g) ~ |[Af|+|g| + |A(A*A)1Bf|.

With this analogy in mind, and assuming that b vanishes for simplicity, we rewrite the
problem of finding a solution to (1.1) (with b = 0) as that of finding a null minimizer of
the functional

. 1 2 . * . p*
(1.14) gromt{ [ Vi -gPdedy s Vig=f -0 vaf},

where V) F':= -V, - F' +v- F is the formal adjoint of V, in L,2y. It is clear that the infimum
above is non-negative, and if we are provided with a solution f to (1.1) (with b = 0), then
choosing g = Vv, f reveals that this infimum vanishes at f. This functional gives strong
credence to the definition of the space Hﬁyp(U ) given in (1.6). Using convex-analytic
wo(U) for
some fixed fj € Hﬁyp(U ), is uniformly convex, and that its infimum is null. This implies
the well-posedness of the problem (1.1) with b =0. The proof of coercivity relies on the
following Poincaré-type inequality for Hﬁyp(U), while the proof that the infimum is null

arguments, we show that the mapping in (1.14), where f varies in fy + Hﬁ

relies on a careful study of the behavior of Hﬁyp(U ) functions near the singular set of the
boundary of U which we carry in Section 4.

For every f ¢ Ll(U;L}Y), we denote (f)y :=|U|™ [ pa f(2,v) dzdy(v).
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Theorem 1.2 (Poincaré inequality for Hﬁyp). For every bounded C*' domain U c R?,
there exists a constant C(U,d) < oo such that for every f € thyp(U), we have

(1.15) If = (Nollrzw.cz) < C(”va”L?(U;Lg) + - VerLZ(U;Hgl)) :

Moreover, if in addition f € Hﬁypo(U), then we have

(1.16) 11 c2wiz2) <C (1o f I 2wz * 10+ Vaf | 2y -

The inequality (1.15) asserts that, up to an additive constant, the full Hﬁyp(U ) norm
of a function f is controlled by the seminorm

IIf]]Hﬁyp(U) = \|va||L2(U;Lg) + - VccfHLQ(U;H:,l) .

In particular, any distribution f with [f] HI (U) < is actually a function, which
yp

moreover belongs to LQQCL%. The proof of Theorem 1.2 thus necessarily uses the Hormander
bracket condition, although in this case the way it is used is rather implicit. If we follow
Hormander’s ideas more explicitly, then we obtain more information, namely some positive
(fractional) regularity in the x variable. This is encoded in the following functional
inequality, which we call the Hormander inequality. The definitions of the fractional
Sobolev spaces H* used in the statement are given in Section 3.2, see (3.10).

Theorem 1.3 (Hormander inequality for Hﬁyp). Let v € [0, %) and vy € [1,00). There
exists a constant C(a,vg,d) < oo such that, for every f € Hﬁyp(Rd) satisfying

(1.17) f=0 inR'x (R'\ B,,),
we have the estimate

(1.18) 1o wesmzny < CUFlmy oy -

The inequality (1.18) gives control over a norm with positive regularity in = and
negative regularity in v. By interpolation, we also obtain control over norms with positive
regularity in both variables: see Corollary 3.4. The estimate should be considered as an
interior estimate in both variables; in other words, for any f € Hﬁyp(U), we can apply
the inequality (1.18) after multiplying f by a smooth cutoff function which vanishes for
large v and for x near OU. Therefore, compared to the Poincaré-type inequalities given
in Theorem 1.2, which are global, the inequality (1.18) gives more regularity in x, but
gives less control for z near QU or for v large.

Our next main result asserts that weak solutions of (1.1) are actually smooth. This is
accomplished by an argument which closely parallels the one for obtaining H* regularity
for solutions of uniformly elliptic equations. We first obtain a version of the Caccioppoli
inequality, that is, a reverse Poincaré inequality, which states that the Hﬁyp seminorm

of a solution of (1.1) can be controlled by its L? oscillation (see Lemma 6.1 for the
precise statement). Combined with Theorem 1.3, this tells us that a fractional spatial
derivative of a solution of (1.1) can be controlled by the L? oscillation of the function
itself. This estimate can then be iterated: we repeatedly differentiate the equation a
fractional amount to obtain estimates of the higher derivatives of the solution in the z
variable; we then obtain estimates for derivatives in the v variable relatively easily.

Notice that the following statement implies that solutions of (1.1) are C* in both
variables (x,v) provided that the vector field b is assumed to be smooth. For convenience,
in the statement below we use the convention C~! = L,



8 S. ARMSTRONG AND J.-C. MOURRAT
Theorem 1.4 (Interior Hk(H,ly)—type regularity for (1.1)). Let k,l e N, rjvg € [1,00) and
b e CH=LI( B, OV (RERY)). There exists a constant C < oo depending on
(d’ k.1 v, {”b”C’”j‘l’l(Br:Cl‘j'l’l(Rd))}je{o,...,z})
such that, for every f € thyp(Br) and f* € H**(B,; H,ly_l) satisfying

(1.19) ~ Ay f+0-Vof —v-Vaf +b-Vof = f* in By xRY,
we have that f ¢ H* (BT/Q;HQ(BUO)) and the estimate

:]Z-"*

l
+ ; —j— .
LQ(BT;L?Y) ‘7;)’ Hk+J(BT;H£/] 1))

P52l sy <€ {17~ D

The results stated above are for the time-independent Kramers equation (1.1). In
Section 7, we develop an analogous theory for the time-dependent kinetic Fokker-Planck
equation (1.2) with an associated function space H}. (defined in (7.2)—(7.3)) in place
of Hﬁyp. In particular, we obtain analogues of the results above for (1.2) which are stated
in Section 7.

The long-time behavior of solutions of (1.2) has been studied by many authors in the
last two decades: see the works of Desvillettes and Villani [13], Hérau and Nier [21], Helffer
and Nier [20], Eckmann and Hairer [15], Desvillettes and Villani [14] and Villani [37] as well
as the references in [37]. Most of these papers consider the case in which b(z) = -VV (x)
for a potential V' which has sufficient growth at infinity. In this case there is an explicit
invariant measure, namely exp(-V (z))dz dvy(v), and solutions of (1.2) can be expected
to converge exponentially fast to the constant which is the integral of the initial data with
respect to the invariant measure. This setting is in a certain sense easier than the Dirichlet
problem, since one does not have to worry about the boundary. While our methods
could also handle this setting, we formulate a result for the expontential convergence
of a solution of the Cauchy-Dirichlet problem with constant-in-time right-hand side
(the well-posedness of which is given below in Proposition 7.12) to the solution of the
time-independent problem.

Theorem 1.5 (Convergence to equilibrium). Let U ¢ R? be a C*' domain and b e
L (U; COY(RY))?. There exists A (Hb”Loo(Ude), U,d) >0 such that, for every T € (0, 00),
feHL ((0,T)xU) and f* € LQ(U;H,;l) satisfying

(1.20) hf-Apf+v-Vof—v-Vof+b-Vyf=f" in(0,T) x U x RY,

' f=0 on (0,T) x Aypl x R,
if we denote the solution of (1.10) with fo =0 by feo € Hﬁyp(U), then we have
(121) sSup (exp(At) ”f(ta ) - fOOHLQ(U;L?Y)) <2 Hf(ov ) —foo HLQ(U;L?Y) :

te(0,T)

The precise sense of the boundary condition in (1.20) is given below in Section 7: see
the statement of Proposition 7.15. Notice that interior regularity estimates immediately
upgrade the L? convergence in (1.21) to convergence in spaces of higher regularity (at
least in the interior) with the same exponential rate.

Unlike previous arguments establishing the exponential decay to equilibrium of solutions
of (1.2) which are based on differentiation of rather ad-hoc quantities involving the solution
and several (possibly mixed) derivatives in both x and v, the proof of Theorem 1.5 we give
here is elementary and close to the classical dissipative estimate for uniformly parabolic
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equations. The essential idea is to differentiate the square of the L? norm of the solution
and then apply the Poincaré inequality. We cannot quite perform the computation exactly
like this, and so we use a finite difference instead of the time derivative and apply a
version of the Poincaré inequality adapted to the kinetic equation in a thin cylinder (see
Proposition 7.2). Unlike previous approaches, our method therefore relates the positive
constant A in (1.21) to the optimal constant in a Poincaré-type inequality.

1.3. Outline of the paper. In the next section we present the function space Hﬁyp(U)
and prove the density of smooth functions. In Section 3 we prove the functional inequalities
stated in Theorems 1.2 and 1.3 and establish the compactness of the embedding of Hﬁyp(U)

into L*(U; L,2y) We study the behavior of Hﬁyp(U ) functions near the boundary of U in
Section 4, establishing a trace theorem and an integration by parts formula. In Section 5
we prove Theorem 1.1 on the well-posedness of the Dirichlet problem for the Kramers
equation. The interior regularity of solutions, and in particular Theorem 1.4, is obtained
in Section 6. Finally, in Section 7 we prove the analogous results for the kinetic Fokker-
Planck equation (1.2) as well as the exponential decay to equilibrium (Theorem 1.5). A
brief discussion on the trace theorem appears in Appendix A.

2. THE FUNCTION SPACE Hﬁyp

In this section, we define the function space Hﬁyp(U ) and establish some basic properties.
We start by setting up some notation that will be used throughout the paper. We denote
the formal adjoint of the operator V, by V. ; that is, for every F e (H%)d, we denote

(2.1) Vol ==V, -F+v-F.

This definition can be extended to any F € (L,Qy)d, in which case V;F € HY 1 and we have,
for every f € Hi,

[ fviFdy= [ vof-Fay

Recall that the left side above is shorthand notation for the duality pairing between H%
and H 1. We denote the average of a function f e L}y by

(2.2) ()= [, 1.

Since 1 ¢ Hi, the definition of (f), can be extended to arbitrary f e H;l. The Gaussian
Poincaré inequality states that, for every f € Hﬂ%,

1f = (P lez <[Voflrz-

We can thus replace | f|;2 by ‘( f )7| in the definition of Hi and have an equivalent norm:
Y

{00+ 19712 < 171 <[P+ 2197z
This comparison of norms has the following counterpart for the dual space H L

Lemma 2.1 (Identification of H;l) There exists a universal constant C < oo such that
for every f* e Hv_l,

23)  CNf N <) +int (Bl Vih= £ (), } <O L.
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Proof. The bilinear form
(f,9) = () (g)y + fRd Vof - Vogdy

is a scalar product for the Hilbert space H$ By the Riesz representation theorem, for
every f* e H;l, there exists g € H% such that

VfeH, fRdff*d%<f>7<g>v+[Rdvvf-vvgdv.

(Recall that the integral on the left side is convenient notation for the canonical pairing
between H% and H,;l) We clearly have (g), = (f*),, and thus

2 *
{ohl+ [, 1VegPdy < lglm 15| aer.

This implies that Vg zz < C’||f*||H;1, and since V;Vyg = f* = (f*)y, this proves the
rightmost inequality in (2.3). Conversely, for any h € L%, if

fr= () + Vo,
then for every f € H%,

L 25 d| <UPL KT+ 19 Dol
and thus the leftmost inequality in (2.3) holds. O

We often work with the dual pair of Banach spaces L?(U; H;) and L?(U; H;l) With
the identification given by Lemma 2.1, we have

(2.4) Hf*HLQ(U;H;l) = H(f*)'yH[g(U) + inf{”g”m(U;Lg) 1 V,g=f"- <f*)"y} )

in the sense that the norms on each side are equivalent.
For convenience, for every f e L'(U; L}Y), we use the shorthand notation

(25) (Du=o [ fev)dedr().

We will occasionally also use this notation in the case when f depends only on the space
variable z, in which case we simply have (f)y = |[U[™! [, f-

2.1. Density of smooth functions in Hﬁyp. We show that the set of smooth functions

. . 1
is dense in thp.

Proposition 2.2. The set C°(U x R%) of smooth functions with compact support in
77 o md . 1

U xR® is dense in Hy, (U).

Proof. We decompose the proof into three steps.

Step 1. In this step, we show that it suffices to consider the case when U satisfies a
convenient quantitative form of the star-shape property. For every z € OU, there exist a
radius 7 > 0 and a Lipschitz function ¥ € C%'(R9"!;R) such that, up to a relabelling of
the axes, we have

UnB(z,r)={z=(21,...,2q) € B(z,7) : ©g>V(x1,...,24-1)}
Since W is a Lipschitz function, there exists ¢ > 0 such that for every x € U n B(z,r), we

have the cone containment property

(2.6) {x+y : iy—d|>1—5}nB(z,r)gU.
Y
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Setting
z':z+(0,...,0,g) ERd,

and reducing ¢ > 0 if necessary, we claim that for every z € U n B(z,6%) and ¢ € (0,1], we
have

(2.7) B(z-e(x-2"),0%)cU.
Assuming the contrary, let y € R? be such that
x+yeB(m—£(:r—z'),525) \U.
Then
ly+e(x-2")| < d%,
and therefore

.
~<(0,...,0,=
p-<(o.03)

< +elr - 2|

y+5(z—z)—e(0,...,0,g)

<|y+e(z-2")|+elr -2
< 20%.

Taking 0 > 0 sufficiently small, we arrive at a contradiction with the cone property (2.6).
Now that (2.7) is proved for every z in a relative neighborhood of z, and up to a further
reduction of the value of & > 0 if necessary, it is not difficult to show that one can find an
open set U’ containing z and 2’ and such that (2.7) holds for every x e U nU".

Summarizing, and using the fact that U is a bounded set, we have shown that there
exist families of bounded open sets Uy, ...,Uy € R%, of points z1,...,zy € R? and a
parameter r > 0 such that

M
U=UU
k=1
and for every ke {1,..., M}, x € Uy and ¢ € (0,1],

B(x-e(x-xy),re) € Uy.

By using a partition of unity, we can reduce our study to the case when this property is
satisfied for the domain U itself (in place of each of the Uy’s). By translation, we may
assume that the reference point xj, is at the origin, and by scaling, we may also assume
that this property holds with r = 1. That is, from now on, we assume that for every x € U
and ¢ € (0, 1], we have

(2.8) B((1-¢)x,e) cU.

Step 2. Let f ¢ Hﬁyp(U). We aim to show that f belongs to the closure of the
set C°(U x R?) in Hﬁyp(U ). Without loss of generality, we may assume that f is

compactly supported in U x R%. Indeed, if xy € C2°(R%R) is a smooth function with
compact support and such that y =1 in a neighborhood of the origin, then the function
(z,v) = f(z,v)x(v/M) belongs to thyp(U) and converges to f in Hﬁyp(U) as M tends
to infinity.

Let ¢ € C2(R%R) be a smooth function with compact support in B(0,1) and such
that [pa¢ =1. For each e >0 and z ¢ R?, we write

(2.9) () = e (e ),
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and we define, for each ¢ € (O, %], zeU and v e RY,

folaw) = [ F(A=)a+y,0)C () dy.

Note that this definition makes sense by the assumption of (2.8). The goal of this
step is to show that f belongs to the closure in thyp(U ) of the convex hull of the

set {fe D€ (0, %]} By Mazur’s lemma (see [16, page 6]), it suffices to show that f.
converges weakly to f in Hﬁyp(U ). Since it is elementary to show that f. converges to f
in the sense of distributions, this boils down to checking that f. is bounded in Hﬁyp(U ).
By Jensen’s inequality,

[VofelZe@w.z) < fude o Vo P (1= &)z +y,v) ¢ (y) dy da dy(v)
<(1- 5)71“VUfH%2(U;L2/)‘

In order to evaluate |v - fo5||L2(U;H;1), we compute, for every o e L?(U:; H;),

"VaxJe dx d
foRdefsowv

=(-9) [, [ Vel (=22 +y.0) G (0)p(a,v) dydody(v)

X

- [ et G e (To) dydedr(o)

X

- [ Lo e oGm0 e () dydedy o).

Since, by Jensen’s inequality,

T
S Jy =20 (0 o
as well as

Sy =29 (7 0)

we deduce that

_1
foRdU Vafepdrdy<(1-¢)72 ||U'me||L2(U;H;1) ”‘P”LQ(U;H%)a

2
dydy(v) < (1=e) el a2

2
dydy(v) < (1= &) Vol 3202,

and therefore X
v Ve felr2@mzy < (L=2)"2 v Vo f | L2w,m:1).-
This completes the proof that the set {f5 T g€ (0, %]} is bounded in Hﬁyp(U), and thus
that f belongs to the closed convex hull of this set.
Step 3. It remains to be shown that for each fixed ¢ € (O, %], the function f. belongs to

the closure in HY _(U) of the set C°(U x RY). For every 7 € (0,1], we define

hyp
fen(z,v) = fRd Je(z,w) Gy (v —w) dw
B .[]Rd fRd [y, w)Ce(y = (1 -e)x)Gy(v - w) dy dw.

From the last expression, we see that f., belongs to CZ° (U x R?) (recall that f itself has
compact support in U x R%). Moreover, since V, f. € L(U; L?Y) and

vas,n(l‘, v) = /l%d Vofe(w,v - w)Cn(w) dw,
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it is classical to verify that V,f., converges to V,f. in L2(U; L,QY) as 71 tends to 0.
By the definition of f. and the fact that f. is compactly supported, we have that
v-Vaf. € L2(U; L,Zy) The same reasoning as above thus gives that v -V, f;, converges to
v-Vgf. in L2(U; Lg), and thus a fortiori in L2(U; H;l), as 1 tends to 0. This shows that

%i_{% | fen = fe ”Hﬁyp(U) =0

and thus completes the proof of the proposition. O

3. FUNCTIONAL INEQUALITIES FOR Hﬁyp

In this section we present the proofs of Theorems 1.2 and 1.3.

3.1. The Poincaré inequality for Hﬁyp. We begin with the proof of Theorem 1.2,
the Poincaré-type inequality for the space Hﬁyp(U ). The proof requires the following
fact regarding the equivalence (up to additive constants) of the norms |h]z2yy and

IVA| -1y
Lemma 3.1. There exists C(U,d) < co such that for every h e L*(U),
[h = (Mol L2y < CIVR] -1 @)

Proof. Without loss of generality, we assume that (h)y =0. We consider the problem

. v-f=h inU,
(3.1) f=0 on OU.

According to [11, Theorem 9.2 and Remark 9.3(iii)], this problem has a solution f with
components in H}(U) satisfying the estimate

(3.2) I£] 71y < C RN 20y -
Then we have
Hh”%mj) = fU hv-f=- /U Vh-£ <[V g1y Il 5oy
The conclusion then follows by (3.2). O

Proof of Theorem 1.2. Let f € Hﬁyp(U). In view of Proposition 2.2, we can without loss
of generality assume that f is a smooth function. We decompose the proof into five steps.

Step 1. We show that
(3.3) 1F = (1 oz < IS laqonzy-
By the Gaussian Poincaré inequality, we have for every x € U that
1 () = (@) e < IV f ()]s -

This yields (3.3) after integration over z € U.
Step 2. We show that

(3-4) Hv<f)7HH—1(U) <C (HVUJCHLQ(U;LQI) + HU ’ foHLQ(U;H;l)) :
We select &1,...,&; € C°(R?) satisfying

(3.5) [ @) =
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and for each test function ¢ € H}(U) and i € {1,...,d}, we compute
J, 00D @dr= [0 9@ () drdn (2)
= [ Vet @) (2, 0)6 (0) dodry (0)
b [ Ted@) () ~ (1 (2)) 6(0) dedr (o).

To control the first term on the right side, we perform an integration by parts to obtain

[ pat Teb @ @060 dzdr ()| = | [ 6@)&(0) v Vaf (2,0) dody(0)
<C ¢ ”LQ(U;H%) v fo“L?(U;H;l)

SCNl g2y il 0 Vo fll 2. m)
<SCll 2y v Vel 2w mzy -

To control the second term, we use (3.3) and the fact that & has compact support:
‘-[Ude v-Vep(x) (f(2,0) = (f)y (7)) &i(v) dody(v)

<C [ l&@ITap @IS 0) ~ (£ ()] do ()
<Cllmr @y IVofl 222y -
Combining the above displays and taking the supremum over ¢ € H}(U) with ||| ) <1
yields (3.4).
Step 3. We deduce from Lemma 3.1, (3.3) and (3.4) that
Hf - (f)U”LQ(U;L%) < Hf - <f>'YHL2(U;L,2Y) + ”(f)’y - (f)UHL2(U)
< Hf - <f>’y‘ LQ(U;L,QY) + C HV(

<C(IVefl 2wz * 10 Vafl iy )
This completes the proof of (1.15).

Step 4. To complete the proof of (1.16), we must show that, under the additional
assumption that f € Hﬁyp o(U), we have

(3.6) (ol < C(”va”L?(U;Lg) + v v:foL2(U;H:/1))‘

Let f; be a test function belonging to C° (ﬁ X Rd), to be constructed below, which
satisfies the following:

f>'y HH—l(U)

(3.7) fi=0 on (AU x R~ Onyp(U),
(38) ]gjvédvvlfld’ydx:l
and, for some constant C'(U,d) < oo,

<39) ”U : vxfl “LQ(U;L?Y) <C.

The test function f; is constructed in Step 5 below. We first use it to obtain (3.6). We
proceed by using (3.8) to split the mean of f as

D=1, [ fovehiayae—f [ (G- (D)o Tafidyda
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and estimate the two terms on the right side separately. For the first term, we have

£ s vendyis
=‘—][U[Rdflv-vxfdvdmﬁ[wéd(v-nwmdvdx

:‘]gjﬂ-{dflv-vxfd’ydx

where we used that (v-ny)ff; vanishes on OU x R? to remove the boundary integral.
(Recall that by the definition of Hﬁypyo(U), we can assume without loss of generality that

the function f is smooth, so the justification of the integration by parts above is classical.)
We thus obtain that

]ifRdflv-fodfyda:

This completes the estimate for the first term. For the second term, we use (3.9) to get

‘]@ Rd(f_(f)U)”'fo1d7dx

9

1
< il | A1l 22 qurmny 10 Y fl 2oy -

<|f- (f)U||L2(U;Lg) lv-Vafi ||L2(U;L§)
<Clf =Dl zwiz)

which is estimated using the result of Step 3. Putting these together yields (3.6).

Step 5. We construct the test function f; € C° (U x ]Rd) satisfying (3.7), (3.8) and (3.9).
Fix 2y € OU. Since the unit normal ny; is continuous at xq, there exist v € R% and r>0
such that for every x,v € R? satisfying (,v) € (B, (x0)n0U)x B, (vp), we have v-ny(z) > 0.
In other words, every (z,v) € (By(x9) nOU) x B,(vg) is such that (z,v) € Opyp,U. Observe
that, for every fi € C°(R? x R?), we have

1
Vefidydr = — . dydx.
f st b [ f oo

We select a function f; € C°(R? x R?) with compact support in B, (zg) x B,(vy) and
such that f1 >0 and f1(xo,v9) = 1. In this case, the integral on the right side above is
nonnegative, since f; vanishes whenever v-ng < 0. In fact, since f; is positive on a set
of positive measure on U x R? (in the sense of the product of the (d — 1)-dimensional
Hausdorff and Lebesgue measures), the integral above is positive. Up to multiplying fi
by a positive scalar if necessary, we can thus ensure that (3.8) holds. It is clear that this
construction also ensures that (3.7) and (3.9) hold. O

Remark 3.2. As the argument above reveals, for the inequality (1.16) to hold, the

assumption of f € Hﬁypp(U) can be weakened: it suffices that f vanishes on a relatively

open piece of the boundary U x R?. The constant C' in (1.16) then depends additionally
on the identity of this piece of the boundary where f is assumed to vanish.

3.2. The Hormander inequality for Hﬁyp. In this subsection, we use the Hérmander
bracket condition to obtain a functional inequality which provides some interior spatial
regularity for general Hﬁyp functions. Both the statement and proof of the inequality
follow closely the ideas of Hormander [22]. The main difference compared to [22] is that
for a function f in H}llyp, we control v -V, f only weakly in the v variable (as opposed to
an L? control in [22]). Other variants of Héormander’s inequality have been previously
obtained, see in particular [7].
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Since we must work in spaces of fractional differentiability, we introduce the Banach
space-valued fractional Sobolev spaces, defined as follows: for every domain U ¢ R?, « €
(0,1), Banach space X with norm |-|x and u € L?(U; X ), we define the seminorm

(3.10) e = 12D B g )

and the norm

”U”Ha(U;X) = HUHLQ(U;X) + [[U]]Ha(U;X) -
We then define the fractional Sobolev space

(3.11) HOU; X) = {u e L2(U; X)) ¢ Jul ooy < o0}
The space H*(U; X) is a Banach space under the norm |- ey, x). We understand that
HO(U; X) = L*(U; X). We also set

lull e, x) = [l 2@,x) + VU] e @:x)

and define the Banach space H'**(U; X) as in (3.11).

We will use the following heat kernel representation of H® spaces. We define the
standard heat kernel by setting, for every ¢ >0 and = € R?,
Ja”

(3.12) O(t,z) = (4nt)” E exp (_4_t)

For every a € [0,1), we have that

1
(3.13) | e ey = 1 172 ey + [O fRd C(VR(L,) * ) (@) dud,
and for every « € [0,2), that
2 2 1 lea il s 2 2
G1) U B = gy + [ [ 6717200 = D@ dodt

in the sense that in (3.13) and (3.14), the squared norms on each side of the symbol ~ are
equivalent, with implicit constants that may depend on « and d. A proof of these facts can
be found in [36, Theorems 1.8.1] or in [3, Appendix D] in the case of real-valued functions.
The argument for functions valued in a Banach space is the same (or alternatively, this
more general statement can be obtained by duality from the real-valued case).

We also need to consider fractional Sobolev spaces in the velocity variable. In this case,
the relevant spaces are weighted by the measure v, which is strongly inhomogeneous. For
instance, while the translation of the measure v by a fixed vector y € R? is absolutely
continuous with respect to 7, the associated Radon-Nikodym derivative is unbounded
(unless y = 0). This renders a definition based on finite differences as in (3.10) inappropriate
for spaces weighted by the measure v. We choose instead to use the following definition.
For each f € Lg and t > 0, we set

K(t, f):= inf{HfOHL%"'tHleH% D f=fo+ fr, foelZ, fi GHi},

and, for every a € (0,1), we define

(3.15) s = ([~ w2

We also define H_® to be the space dual to HJ.
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As it turns out, we typically refer to such fractional spaces only on the subspace of
functions (or distributions) f that have a uniform cutoff in the velocity variable. That is,
we typically consider, for a fixed vg € [1, 00), spaces of the form

(3.16) HYn{f €Ly + fl{jpu = 0}.

In this case, we could as well work with a definition of fractional spaces in the velocity
variable constructed in the same way as the fractional spaces in the spatial variable, based
on finite differences as in (3.10). Indeed, with the additional restriction on the velocity
variable in (3.16), the problem of the heterogeneity of the measure  disappears, and the
norm based on finite differences is indeed equivalent to the norm defined in (3.15). The
proof of this classical fact can be found for instance in [26, Example 1.8], using also that,
for every f € L% satisfying f1{jysy,) =0 and w € R?, we have

d 2
(3.17) [FC+w)liz = (2m)> fRdfz(ww)exp( 0 )dv
<(27) 2[ F2(v)dv < exp( )||f|L2

We will prove in Theorem 1.3 below that, for every a < % and vg € [1,00), we have the
embedding

(3.18) Hyy (R 0 {f 2 flgpongy = 0} = H* (R HY).

1
Since thp

each f < 6 and vg € [1, 00), the embedding

(R?) — LQ(Rd;H%) by definition, an interpolation argument also gives, for

(3.19) Hyyy (RN 0 {f 2 fl(upougy = 0} = H (R% L2),

as well as embeddings into other similar spaces of positive regularity in both variables: see
Corollary 3.4 below. As already discussed above, the reason for the cutoff in the v variable
has to do with technical difficulties arising due to the “tails” of the Gaussian and does
not arise, for instance, if we adapt our arguments to the “flat” case in which we delete the
friction term v - V, from the equation. Observe that, by introducing a cutoff function in
the spatial variable, we also obtain analogous embeddings for bounded domains, such as

Hﬁyp(U) n {f : f]l{\v|>v0} = 0} > Ha(Ué;Hy_l)a
valid for every « < >1 and § >0, where Uy := {z € U : dist(z,0U) > §}.

Proposition 3.3 (Hérmander inequality for Hﬁ p)e For every ae [0, é) and vg € [1,00),
there exists a constant C(a,vg,d) < oo such that, for every f € hyp(Rd) satisfying

f=0 inRYx (RN B,,),
we have the estimate

||f||Ha(Rd;H;1) <C ”f“Hﬁyp(Rd) :
In view of the interpolation inequality, for each 6 € [0, 1],

1111106 (Rt pra-20y < | 1500 etz 11 2Ry

Theorem 1.3 immediately implies the following estimate.
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Corollary 3.4 (Hérmander inequality for Hﬁyp). Let av € [O, %) and vy € [1,00). There
exists a constant C(a, vy, d) < oo such that, for every 6 € [0,1] and f € Hﬁyp(Rd) satisfying

f=0 inRx (RN By,),
we have the estimate

||f||H9a(Rd;H%—29) <C ”fHHﬁyp(Rd) :

Following [22], the proof of Theorem 1.3 is based on the splitting of a first-order finite
difference in the x variable into finite differences which are either in the v variable, or in
the x variable in the direction of v. Explicitly, we have

(3.20) f(x+t2y,v) = f(z,v) = f(z+t2y,0) - f(z+t2y,v-ty)
+ fx+t2y,v-ty) - f(z+ 2y +t(v-ty),v—ty)
+ f(z+tv,v—ty) — f(z +tv,v)
+ f(z+tv,v) - f(x,v).
Notice that the right side consists of four finite differences, two for each of the derivatives

V, and v -V, which we can expect to control by the Hﬁyp norm. The fact that the

increment on the left is of size t> and those on the right side are of size ¢ suggests that
we may expect to have one-half derivative in the statement of Theorem 1.3. In fact, we
are only able to obtain (almost) one-third of a derivative, due to the fact that we control
the quantity v- V., f in LQ(U;H;l) only, but not in LQ(U;L?Y). We do not know if the
exponent 1/3 is optimal.

The relation (3.20) is a special case of Hérmander’s bracket condition introduced
in [22], which for the particular equation we consider here is quite simple to check. Indeed,
let X1,...,Xq4, V1,...,V; denote the canonical vector fields and Xy be the vector field
(z,v) = (v,0). Then the Hérmander bracket condition is implied by the identity

(3.21) [Vi, Xo] = X

This is a local version of the identity (3.20). More precisely, for every vector field Z, if
we denote by t — exp(tZ) the flow induced by the vector field Z on R% x R, then

(3.22) exp(-tV;) exp(-tXo) exp(tV;) exp(tXo)(z,v)
= (z,v) + t*[Vi, Xo](z,v) + o(t?) (t—0).

For the vector fields of interest, Z € { Xy, X1,..., X4, V1,...,Vy}, the flows take the very
simple form

exp(tZ)(x,v) = (z,v) +tZ(x,v),

the relation (3.22) becomes an identity (that is, the term o(t?) is actually zero), and this
identity can be reprased in the form of (3.20).

The proof of Theorem 1.3 relies on the representation of the H® norm provided by (3.13).
We use this characterization because we find it convenient to “do harmonic analysis”
with the heat kernel; we expect that a similar proof can be made using Littlewood-
Paley or other similar tools. On the other hand, a more direct approach based on the
definition (3.10) would be more problematic since, as already mentioned, we only control
v-V.f in a weak norm.

Proof of Theorem 1.3. Throughout, we select « € [0, %), vp € [1,00) and a function

feCP(RYx By,).
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The goal is to show that, for a constant C(a,vg,d) < oo, we have the estimate

(3.23) 1z aszisy < C1flap ray -

Step 1. We set up the argument. Applying (3.13), we have, for a constant C'(«, d) < oo,
the bound

1
(320 ooy <Cl iy +C [ [ 2100« H@)I dodt.

We take the convolution above with respect to the spatial variable only, in other words,
the function V®(t,-) * f € Hﬁyp(Rd) is given by

(VO(t) + ) (@0) = [ vO(ty-2)f(y.v) dy.

Obviously, we have Hf”LQ(Rd,H;l) <C Hf”Hﬁ (rd)- The rest of the argument is focused on
’ yp
estimating |V®(t,-) * f| 12(ga,p-1) for every ¢ € (0,1].
iy
We will show that there exists C'(vg,d) < oo such that, for every t € (0, 1],

1
(3.25) IVe(t,-) * fHL%Rd;H;l) <Cts ||f||H}11yp(Rd) .

Observe that (3.24) and (3.25) imply the statement of the proposition: since « < %,

1
1o iy € CU aarony +C [ [0 1(T@(E) * (@) g0 dodt
2 2 L 2
<Clfldy, gy +C il oy [, o Fat
<C(1- 30‘)_1 Hf”fq}l‘yp(Rd) .

To [})lrove (3.25), it suffices by duality to show that, for every test function g € L?(R%; Hi),
we have

_1
(320) [, (V) * gdudy <CEFFly i 192

Since V®(t,-) * f has zero mean and is supported in the set {(z,v) : |v| <wo}, it suffices
to show (3.26) for test functions g € L2(RY; H%) satisfying g(x,v) =0 for |v| > vo + 1.

Using the semigroup property V®(t +s,-) = V®(t,-) * ®(s,-), we may express the left
side of (3.26), for ¢t € (0,1), as

(3.27) [ f (VO(t,-) * f) (z,v)g(z,v) dzdy(v)
/Rd/ﬂ;d * f) (@,0) (2 (5,°) * 9) (,0) da dy(v)
- [, ve (4 [ / (@ +.0) = F(2,0)) (®(5,7) + 9(,0)) () doda (v) dy.
Therefore we are interested in estimating the quantity
(3.28) [Rd V@(%,y) (/]Rd fRdw(x,v) (f(x+y,v) - f(z,v)) dxd'y(v)) d

for an appropriate test function 1, which is a smooth, Hi—valued function on R? such
that Y1 jy|5,+1y = 0. We split the inner integral in parentheses in (3.28) into four pieces,
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using a variation of (3.20):
(320) [, [ 0(@0) (@ +y,0) - f(,0)) dwdy(v)
=fRd A‘de(xvvwf(fz"ry,v)—f(x+y,v—t’%y))dxdfy(v)
+fRd fRdt/J(w,v)(f(%y,v—t‘%y)—f(x+t%v,v—t‘%y)) da dy(v)
+[Rd fRd‘Z’(M)(f(“t%lw—t_%y)—f(:c+t%v,v)) dz dv(v)
+fRd Adw(w,v)(f(mt%v,v)—f(x,v)) dz d(v).

The fourth integral we can ignore, because it does not depend on y and so its contribution
in (3.28) vanishes in view of the fact that [pa VO(%,y)dy = 0.

As we will see, the first and third integrals are estimated relatively straightforwardly
as they involve Vv, derivatives, while the second is more tricky since it involves v-V,. We
assume throughout that 1) is a smooth test function which vanishes for |v| > vg + 1.

Step 2. We estimate the contribution of the first and third integrals on the right side
of (3.29). The claim is that there exists C'(vg,d) < oo such that, for every ¢ € (0,1],

(3.30) fRd V@(%,y) fRd /ﬂ;d P(x,v) (f(a?+y,v)—f(a?+y,v—t7%y)) dx dvy(v)dy

_1
O3 Vo flparaszy 191 L2 me;r2) -

Notice that this estimate takes care of both the first and third integrals on the right side
of (3.29), since the third integral is, after up to a minus sign, a translation of the first
integral in the = variable.

We write

1 1 1 1
|f@+y,0) - fa+yv-t3y)| =173 fo y-Vof (z+y,v-t"5sy)ds

1 1
<ty [
0

fRd/Rdw(a?,v)(f(x+y,v)—f(x+y,v—t‘%y)) dz dy(v)

-1 1 1
<3y gz [ Vol G- tsy)
Since flyjysvp+1} = 0, we deduce from (3.17) that

(Uo + 1)2
L2(R4L2) < eXp(T ”vﬂfHL2(]Rd;L2{)a

va(a:+y,v—t7%sy)| ds.

By Hoélder’s inequality, we deduce

L2(R4:[2 dS
(R%L3)

(3.31) [707C - t3sy)

and thus
_1
Love ) [, [ oo 5@y - f@rpo-t i) drdyo)dy
_1
<OU5 (Vo f | p2(reL2) H1/1||L2(Rd;Lg) _[Rd lyl [V (5,9)| dy

_1
<Cts vafHB(Rd;Lg) W”L?(Rd;Lg) .
This is (3.30).
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Step 3. We estimate the contribution of the second integral on the right side of (3.29).
The claim is that, for a constant C'(vg,d) < oo,

(3.32) fRd V@(%,y) [Rd /Rd P(x,v) (f(m+y,v—t_%y)—f(x+t%v,v—t_%y)) dx dvy(v)
<Clv- Vol gy (6 1l 2y + 48 Vet |2 rocss))
Here we use
f(x+y,fu—t7%y) —f(a:+t%v,v—t7%y)
= _t3 /(;1 (v —t‘éy) Vaof(x+y+ st%(v —t_éy),v —t_%y) ds.

Using this identity, performing a change of variables, and recalling (3.17), we find that
fRd /Rd Y(z,v) (f(a: +y,v— t_%y) - f(z+ t%v,v - t_%y)) dx dy(v)
/1 / f Y(x,v) (v - t_%y) Vef(r+y+ st%(v - t_%y),v - t_%y) dx dy(v)ds
0 JRd JRd
<Ct3 /1 f f Y(r-y-— st%v,v + t_%y)v Vo f(z,v)drdy(v)
0 |Jrd Jra

1
<Cts Ses[l(lﬁ] ”T/’y,s,t”m(Rd;H%) |v- VacfHLQ(Rd;H;l) )

1
:t3

ds

where we denote, for each y € R? and s, € [0,1],

Pys,t(w,0) = P -y - St%v, v+ t‘%y).
Using again (3.17), we see that

1%y,5,¢

Combining the inequalities above, we obtain

1
L2(R%;HD) < C”w”L?(Rd;H%) +Ct5 \\Vm¢||L2(Rd;Lg)-

_[Rd fRd P(z,v) (f(x tY,v - f%y) — f(z+ tiv,v— t’éy)) dx dy(v)

1 2
<O (83190 ] aasmy + 17 [ Vot oqaszzy ) 10+ Vo f | 2 raspron) -

Multiplying by ‘V@ (%,y)‘ and integrating in y, using that [pa |V<I>(%,y)| dy < C’t_%, we
obtain (3.32).

Step 4. The conclusion. Combining (3.27) and (3.29) with the results of Steps 2 and 3,
we obtain

Joua (T2 g s

-1 )
<C Hf”H}llyp(Rd) (t 5@ (%,) *gHLQ(Rd;H%) +ts v (L) *ng(Rd;L%))’
We now obtain (3.26) after combining the previous inequality with the estimates
HCI) (%7 ) * 9HL2(Rd;H%) < HgHLz(Rd;H%)
and
[ve(5.) QHLQ(Rd;L%) <1V (41 gy 190 2 ga 2 < Ct3 191 2 ga;z2) -

The proof is complete. O
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3.3. Compact embedding of Hﬁyp into L?(U; L,QY) Using the results of the previous
subsection, we show that the embedding Hﬁyp(U) > LQ(U;L,QY) is compact. We recall
that U ¢ R? is assumed to be a bounded C'**' domain.

Proposition 3.5 (Compact embedding of Hﬁyp(U) into L2(U; Li)) The inclusion map
Hﬁyp(U) - L2(U; Lg) is compact.

Before we give the proof of Proposition 3.5, we need to review some basic facts
concerning the logarithmic Sobolev inequality and a generalized Holder inequality for
Orlicz norms. The logarithmic Sobolev inequality states that, for some C' < oo,

(3.33) /Rd F2(v)log (1+ F2(v)) dy(v) schdeF dy(v), Vf € H} with [ f] 5 = 1.
Let F': R - [0,00) denote the (strictly) convex function
F(t) :=|t|1og (1 + |t]) .

Let F* denote its dual convex conjugate function, defined by

F*(s):=sup (st—F(t)).

teR
Then (F,F™) is a Young pair (see [33]), that is, both F' and F* are nonnegative, even,
convex, satisfy F'(0) = F*(0) =0 as well as
lim |t|'F(t) = ‘llim |s|"LE* () = oo.
sl—o0

|t‘—>oo

Moreover, both F' and F™* are strictly increasing on [0, 00) and in particular vanish only
at t = 0. Given any measure space (X,w), the Orcliz spaces Lp(X,w) and Lps(X,w),
which are defined by the norms

19010 (x ) ::inf{t>0:fXF(t_1g) dwsF(l)}, and

1912 s (x0) = inf{t>0 : fXF (t7'g) dw < F*(l)}

are dual Banach spaces and the following generalized version of the Holder inequality is
valid (see [33, Proposition 3.3.1]):

[ 19971 4o <91y 197Ny s V9 € ER(X ), 67 € L (X,0).
The logarithmic Sobolev inequality (3.33) may be written in terms of the Orcliz norm as
2 2
1721, oy SC(KEWE+19F17:), ¥F e H).

The previous two displays imply that

3 1
(3.34) ([ gl dodr(@)) <Clgl . sty iy
We do not identify F'* with an explicit formula, although we notice that the inequality
s(t+1) <exp(s) +tlog(l+t), Vs,te(0,00)

implies that
F*(s) <exp(s)—s.

This allows us in particular to obtain from (3.34) that

1
2
(3.35) ( fU P dmd’y(v)) <C Il -
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We also point out that (3.35) also implies the existence of C(d,U) < oo such that, for
every f e L*(U; L,Qy),

(3.36) I va”L?(U;H;l) <C ||fHL2(U;L3) :
We now turn to the proof of Proposition 3.5.

Proof of Proposition 3.5. For each 6 >0, we denote
(3.37) Up :={z : dist(z,0U) < 0} .

Since U is a CY! domain, we can extend the outer normal ny to a globally Lipschitz
function on U. We can moreover assume that, for some 6o(U) > 0, this extension ng
coincides with the gradient of the mapping = ~ —dist(x,0U) in Up,.

By Proposition 2.2, we may work under the qualitative assumption that all of

our Hﬁyp(U) functions belong to C=(U x RY). Select £ > 0 and a sequence {fy }neyn S
H}llyp(U ) satisfying

su <L
neg ”fn”thyp(U)
We will argue that there exists a subsequence { f,, } such that

(3.38) lim sup sup Hfm - fn]- HLQ(U;L?Y) <e.

k—oo 4,52
By a diagonalization argument, this suffices to obtain the proposition.
Step 1. We claim that there exists vy € [1,00) such that, for every f € Hﬁyp(U),

1
2 2 e
<z .
([, forop W0 o) <5 1l
Indeed, applying (3.34), we find that

1
2 2 1
(»/U ‘[Rd\Bvo |f(.7}‘, U)| dx d"}/(’U)) <C H]lUX(Rd\’UO) HEF* (UxR4 dzdry) Hf”Hﬁyp(U) :

Taking vy sufficiently large, depending on e, ensures that
€

1
C H]lUx(Rd\vo)HEF*(Ude,dxd’Y) S 3

Step 2. We next claim that there exists 0 € (O, %] such that, for every f € Hﬁyp(U),

1
3 e
([U /Rd £ (2, 0)P L g af<s) dwdv(v)) LA NGE

The argument here is similar to the estimate in Step 1, above. We simply apply (3.34)
after choosing § small enough that

1 €
¢ H Ljny vf<sy HEF (UxR4 daxdry) D 3’

Step 8. We next show that, for every § > 0, there exists # > 0 such that, for every
function f € Hﬁyp(U),

1
2 g
(3.39) (fU Rd|f(f€,v)|2]1{|nU.v|>5}ﬂ{dist(x,aU)w}diEdV(“)) <§Hf||Hﬁyp(U)-

For 6 € (O, %0] to be taken sufficiently small in terms of 4 > 0 in the course of the argument,
we let p € C1(U) be defined by

o(x) == -n (dist(z,0U0)),
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where 1 e C2°([0,00)) satisfies
0<n<20, 0<n'<1, n(x)=xon [0,0], n'=0, on [20,00).

We have —20 < ¢ < 0. Moreover, by the definition of ) below (3.37), its gradient V¢ is
proportional to ng in U, it vanishes outside of Usg, and Vi = ny in Uy. We next select
another test function y € C° ([0, 00)) satisfying

0<x<1l, x=0on [0,%5], X =1 on [4,00), ]X’|g5*1,
and define
Tﬂi(ﬂfﬂ)) =X ((U ' nU(x))i) ’
where for r € R, we use the notation r_ := max(0,-r) and r, := max(0,7). Observe that
Vs (z,0)] =[x ((v -0y ()),)|nu(z)] < Cs™

Therefore
lofvel 2 imy <€ (||80f¢iHL2(U;L%) +lev (fwi)HLQ(U;L%))
<CO (Il 2wiaey + VoSl aiasy + 1 9oelzwins))
<COT I f 2y

and hence

[ o plbso Vol dody()] < C857 £y -
On the other hand,

foRd @ fhsv-Vaf drdy(v)

1
=5 Jpgad U Ve (pth) dzdy(v)
1 1
=3 UXRdgonU.vmz/Jidxd’y(v)—i Udelbifz’U-VSOdl‘d’}’(U).

Since |v- V. (z,v)| < C67|v|?, we have, by (3.35),

2 -1 2 42 -1 2
[t Vot deay@)| <005t [ P2 dedy(v) <057 |l -
We deduce that

‘foRd b [P0 Vo dz dy(v)

Finally, we observe from the properties of ¢ and v, that
2
L ‘[]Rd |/ (,v)] ]l{|nu~v|25}]l{dist(a:78U)<9} dz dy(v)
<5_1( e Vpded f - Vpdrd
Uega VTV VT v(v) ga -0 Ve de v(v)
—2 0 £12

<O IS -

+

)

Taking 6 = ce26? for a sufficiently small constant ¢ > 0 yields the claimed inequality (3.39).

Step 4. By the results of the previous three steps, to obtain (3.38) it suffices to exhibit
a subsequence { f,, } satisfying

lim sup sup ‘fnz - fnj‘Q dx dy(v) = 0.

k—oo Z,j?k 6 vo
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This is an immediate consequence of Corollary 3.4 and the compactness of the embedding
1
Hio (Ug; H$)  L2(Up; L2(Bu,)) (see for instance [1, Theorem 2.32]). O

4. TRACE THEOREM AND INTEGRATION BY PARTS

In this section, we study the boundary behavior of functions in Hﬁyp(U). In particular,
we prove a trace theorem and an integration by parts formula. These results are an
important ingredient in the well-posedness theory presented in Section 5.

In the case when the vector field b(z) only depends on the space variable z and is a
potential field, we can prove more general integration by parts formulas that include the
term b -V, f. We therefore introduce the following assumption.

Assumption 4.1 (Conservative force). There exists a Lipschitz function H e C%'(R?%;R)
such that b(x) = VH(x) for almost every x e U.

Under Assumption 4.1, we denote by o the measure on R? defined by
(4.1) do(zx) :=exp(-H(z)) dx,
and by m the measure on R% x R? defined by
1
(4.2) dm(z,v) :=do(x)dy(v) = exp (—H(x) - §|v|2) dx dv.

Since the domain U is bounded, the measure ¢ and the Lebesgue measure are equivalent
on U. As a consequence, the Lebesgue space L?(U x R? m) is identical to the space
L*(U; L%) We will make use of the shorthand notation

(4.3) Bf:=-v-V,f+b-V,f.

Recalling the definition of V}, in (2.1), we see that the left side of (1.1) can be rewritten
in the form

VyVuof + Bf.
Moreover, the formal adjoint of B in L?(R%xR%,m) is B* = -B. Note also that the norm

fo 2 my + 1Bl 2 msny

is equivalent to the Hﬁyp(U ) norm, since |b| ze () < co. Abusing notation, we denote,
for every f e C°(U x R?),

= = —H —
Lo fdm= [ f@ydm(ee) = [ f) exp(<H(2)) dHa(2) dy(),
where H4-1 denotes the (d — 1)-dimensional Hausdorff measure on OU. We also write
dd:f ) dad ::f W) dHy i () dv(v).
[ tdvdy= [ f@o)dedye)= [ @) dHa () dy(o)
An integration by parts reveals that for every f,ge C°(U x R?), we have
(4.4) /[‘]XRd (fBg+gBYf) dmz—'[aUXRdfgv-nUdm,
where the term on the right side is shorthand notation for
- : d :
L F@0)g (@ v)veny (0) dm(a,v)

In particular, we have for every f e C®(U x R?) that

1 2
(4.5) /Ude fodm:_E 6U><]Rdf v-nydm.
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The functional on the left side of (4.5) is continuous in f for the topology of Hﬁyp(U ).
However, since the measure v - ny dm has a varying sign, we cannot immediately deduce

that functions in Hﬁyp(U) have a trace in L2(0U x R% |v - ny|dm). Note that the

measures dm and dz dvy are equivalent on OU x R?. Also, if we specify to b=0 in (4.5),
then the identity becomes

1 2
(4.6) /UXRdfv-medmdfy: 3 8Udef v-nydzdy,

and again, the left side of (4.6) depends continuously on f € Hﬁy o(U). We are thus
naturally led to the following question.

Question 4.2. Does there exist C(U, d) < oo such that for every f e C®(U x R?),
270, . 2 2
L PP oonoldedy <ClfIy @y

When the spatial dimension is d = 1, it was shown in [4] that the answer to this question
is positive. A generalization to higher dimensions is stated in [10, Lemma 2.3], but we
think that the argument is incomplete, as discussed below in Appendix A. We were not
able to resolve Question 4.2 and so we leave it as an open problem. What we will prove
instead is the weaker statement that the boundary value of f is well-defined locally in L?
away from the singular set {v-ny = 0}. We introduce the notation

(4.7) 5ﬁypU = {(x,v) €U xR? : v-ny(z) #0},
and
(4.8) OpypU = {(,v) € AU xR? : v-my(x) =0},

Lemma 4.3 (trace lemma). For every compact set K ¢ aﬁypU, the trace operator from
C>(U xRY) to L*(K,|v-ny|dxdy) extends to a continuous linear operator on Hﬁyp(U).
Proof. For r € R, we use the notation (r)- := max(0,—-r) and (r)+ := max(0,7). Since U is

a CM! domain, we can extend the outer normal ny to a globally Lipschitz function on U.
We still denote the extension by ny. Let x € C°(R,) be a smooth function satisfying

(4.9) 0<x<1l, x=1lon[0,1], x=0on [2,+00), [x|<2.
For every r_,7, € [0,00) and z,v € R?, we define

0 et SR AR,

Step 1. We show that there exists a constant C(y,d) < oo such that, for every

fe Hﬁyp(U) and r_,7, € [0,00), we have that fx,_ ,, € Hﬁyp(U) and

(4.11) xe il @y <CA+r-+ )1l o)
yP yP

We have that |fx,_,,| <2|f| and

(4'12) |Vv(er,,r+)| < |va|+0(7‘_+1"+)|f|.

Therefore

1 fXr_ 7 HL2(U;H§) SC(A+r-+71y) ||fHL2(U;H§) .
We next observe that
V- Vo (X)) =Xy V- Vaf + f0- VX1,
We clearly have
| fo-Vaxr ”LZ(U;L%) <O ”fHLQ(U;H%) )
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and also
”Xﬁ,m v- vZfHLQ(U;H;l) <C ”Xﬁ,h ”LN(U;(]O,I(Rd)) v vaﬂf”L?(U;H:{l)
<Clv- Va:fHLQ(U;H;l)'

Combining the above inequalities yields (4.11).

Step 2. We complete the proof. By (4.11) and (4.17), we have, for every r € [0, 00) and
feCZ(UxRY,

2 - _ 201 - .
/8U><Rdf (1-xr0) [v-ny|dm= /8Udef (1-xr0)v-nydm
2
<Oy o
and similarly,
2 2
L =500 ool dm <Oy -
From the definition of x,_,,, we see that
1 —Xrot 1 — X0,r = 1 - Xrr-
We deduce that, for every r € [0,00) and f € C=°(U x R%),
2 2
(4.13) L PO =xe) ool dm < CQ DIy -

By continuity of ny, we have that

U{(:L‘,’U) € OU x Rd : Xr,r(xav) = O} = a}TypU'

r20

The lemma now follows from the previous two displays and Proposition 2.2. O

By Lemma 4.3, it makes sense to ask whether for a given f € Hﬁyp(U ), we have

2
fBUdef |v-ny|dxdy < oo.

As discussed above, we cannot rule out the possibility that this integral is infinite in
general. The next lemma asserts that in case this integral is finite, the integration by
parts formula is valid. We introduce the function space

(4.14) Hyyp o (U) = {f € Hyy,(U) - fa

equipped with the norm

u Rde\v-nU\da:d'y<oo},

(4.15)

1
2
g, )= (Hfll?;;ypw) * faUde 2 v-ny| de dw) :

Before stating the lemma, we observe that we have the inclusion H}]iyp,O(U )< Hﬁyp’ o(U).
Indeed, for every f e C°(U x R?) which vanishes on OnypU, we have that

_ 1 2 _1 2
[UXRdfv-medxd’y——§ aUdef v-nUd:cd’y—ifaUXRdf |v-ny|dxdy.

By density, we deduce that for every f € Hﬁyp,o(U ),

(4.16) L P oenldedy <20 f13 .
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Arguing again by density, we can already assert the validity of the integration by parts
formula (4.4) for every f,g ¢ Hﬁyp,O(U)' Similarly, if f, g € Hﬁyp(U) vanish in a neighbor-
hood of a;ypU , then we can readily obtain the validity of (4.4) from Proposition 2.2 and

Lemma 4.3. More generally, we have the following result.

Proposition 4.4 (Integration by parts in Hﬁyp o(U)). Under Assumption 4.1, we have,
for every f, g€ Hﬁypﬁ(U),

(4.17) fole (fBg+gBf)dm = _/3Ude fgv-nydm.

The interpretation of the right side of (4.17) is as a Lebesgue integral, which is well-
defined since we assume that f,g € Hﬁyg 5(U). The fundamental ingredient for the proof
of Proposition 4.4 is the density result stated in part (2) of the following lemma. A
comparable result can be found in [5].

Lemma 4.5 (Density of smooth functions in Hﬁypﬁ(U)). (1) Under Assumption 4.1,
there exists a constant C(|b|pe(),U,d) < oo such that for every f e Hﬁyp(U),

418 ~[ 21y npld
@18 [ Pengldn

. 2 2 2
Smln(faUXRdf (v-ny)- dm,/aUdef (v-ny)s dm) +CHf||Hﬁyp(U)'

(2) The set of smooth functions with compact support in U x R? and which vanish on a
neighborhood of O U is dense in Hﬁyp(U). It is also dense Hﬁypﬁ(U) with respect to
the norm in (4.15).

Proof. We decompose the argument into four steps.

Step 1. Part (2) of the lemma can be restated as the existence of smooth functions with
certain properties that approximate a given f € Hﬁyp(U ), respectively f € Hﬁyp7 5(U). In
this first step, we show that it suffices to prove part (1) and these approximation statements
for functions f with compact support in U x R? and which are also in L= (U x R%). The
fact that it suffices to consider functions with compact support is obtained as in the
beginning of Step 2 of the proof of Proposition 2.2. From now on, we therefore restrict
our attention to the case when f € Hﬁyp(U), resp. [ € Hﬁyp7 5(U), is compactly supported

in U x R%. Let ¥ e C*°(R;R) be a smooth function such that

-1 ifz< -2,
() =4 =z iffz|<3,
1 ifz>2.

For convenience, we can further assume that the mapping « ~ 7 1W(2) is non-decreasing
on (—o00,0] and non-increasing on [0,00). For each M > 1, we consider the truncated
function fy; :== MU(f/M) € thyp(U). Since the mapping g —» M¥(g/M) is continuous
over Hﬁyp(U), Lemma 4.3 implies that the trace of fy; on OU x R? is indeed MW (f/M) €
Lfoc(aﬁypU, |v-ny|dm). Moreover, one can verify that fi; converges to f in Hﬁyp(U ) and
in ngoc(aﬁypU, |v-ny|dm), and that if f belongs to Hﬁypﬁ(U)7 then fys also converges
to f with respect to the norm in (4.15). By the monotone convergence theorem, it thus
suffices to prove (4.18) for f € Hﬁyp(U) N L= (U xR?). For part (2), it suffices to consider
the approximation of functions in Hﬁyp(U) n L= (U xR?) and Hﬁyp’a(U) n L= (U xRY)
respectively.
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Step 2. For every f € Hﬁyp(U) n L°°(U x R?) with compact support in U x R?, we

introduce a family of approximations of f that vanish near aﬁypU. For each r > 1, we

select a function ¢, € C°(R? x R?) satisfying 0 < ¢, < 1 and such that
¢r=0 on {(z,v) €U x RY: dist((2,v), OhypU) < 7"_1} N supp f,
¢r=1 on {(:U,v) eUxRY: dist((w,v), OhypU) 2 27‘_1} nsupp f,
V-] < Cr on supp f.

We aim to show first that f¢, converges to f weakly in Hﬁyp(U) as r tends to infinity.

Since f, converges to f almost everywhere in U x R?, the only possible weak limit to
for is f. It thus suffices to verify that f¢, remains bounded in Hﬁyp(U). By the chain
rule,

(4.19) va(féf)r)”m(U;Lg) < ||¢erf||L2(U;Lg) + [ fVuor ||L2(U;Lg)~

The first term on the right side above is clearly bounded uniformly over ». This is also
true of the second term, since fV,¢, is non-zero only on a set of measure Cr~2 (notice
that 8;ypU is a set of Hausdorff dimension 2d — 2), and is bounded by Cr there, by

the assumption of f e L*®(U x Rd)_ (Here we allow the constant C' < co to also depend
on | f| pe(xray.) Similarly,

(4'20) HU ’ Vx(f(ﬁr)”L?(U;H;l) < Hﬁbrv : V:cfHL2(U;H;1) + ”fv “Vaor ”L2(U;H;1)~
For the first term on the right side above, we note that if ¢ € L?(U; H}/), then

[érl L2y < 1Worl 2w .z2) + | 0r Vot | L2w22) + [¥r Vodl L2, L2)-

Arguing as for the last term in (4.19), we deduce that for some constant C'(U,d) < oo,

sup {0l L2y ¢ 19 L2imy <1} <C,
and thus that

|¢rv- Vaflr2w,mz1y < Clv- Ve fl2@,m:)
is bounded uniformly over r > 1. For the second term on the right side of (4.20), we
simply use that

I fv- Vs HL2(U;H;1) < fv-Vagr ”L2(U;Lg)

and then argue as for the last term on the right side of (4.19). This completes the
argument for the fact that f¢, converges to f weakly in Hﬁyp(U). By Mazur’s lemma (see
[16, page 6]), we deduce the existence of a sequence (¢!, )ney of functions in C*° (U x R?)
such that for each n, the function ¢!, is a convex combination of a finite number of
(k) k>n, and f@! converges strongly to f in Hﬁyp(U ). In particular, each function f¢;,
vanishes in a neighborhood of 8ﬁypU. One can check that the same construction allows
to obtain strong convergence in Hﬁypﬁ(U) if fe Hﬁypﬁ(U) nL®(U x RY).

Step 3. We complete the proof of part (1) of the lemma. Using the notation of the

previous step, since f¢! vanishes in a neighborhood of 8ﬁypU , we have
1

"YB(fol)dm =-= Y2 v -1y dm.

/(;de(f(bn) (fqbn) m 9 aUXRd(fd)n) v -y am

If both of the boundary integrals on the right side of (4.18) are infinite, then there is
nothing to prove. Otherwise, letting n tend to infinity in the previous identity, we deduce

that
2 2
‘faUde f (v ny). dm - /t;Ude f(v-np)-dm

<Clily oy
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This implies (4.18).

Step 4. We complete the proof of part (2) of the lemma, starting with the statement
of density in Hﬁyp(U). In view of the result of Step 2, it suffices to show that any
fe Hﬁyp(U ) with compact support in U x R¢ and vanishing in a neighborhood of 3;ypU
can be approximated by a sequence of smooth functions with the same properties. This
is immediate from the proof of Proposition 2.2. Similarly, for the statement of density in
Hﬁyp7 5(U), we only need to consider the approximation of functions in Hﬁyg 5(U) with

compact support in U x R? and which vanish in a neighborhood of 8ﬁypU. In this case,
the approximations used in the proof of Proposition 2.2 can be chosen so that they all
vanish in a fixed neighborhood of 8ﬁypU . The convergence of these approximations in

Hﬁyp7 5(U) is then a consequence of Lemma 4.3. O

Proof of Proposition 4.4. The integration by parts formula (4.17) is valid for smooth
functions with compact support in U x R?. Proposition 4.4 is thus a consequence of the
density statement in Hﬁyp7 5(U) contained in part (2) of Lemma 4.5. O

Abusing notation, if f,g € Hﬁyp(U) but the assumption f, g € Hﬁypﬁ(U) of Proposi-
tion 4.4 fails to hold, then we define the boundary integral on the right side of (4.17) to
be the left side of (4.17). We stress however that in this case, we cannot interpret the
boundary integral as a Lebesgue integral.

One fundamental ingredient in the proof of well-posedness of the Dirichlet problem
presented in the next section is a boundary approximation result. This result addresses
the possibility of taking a function f € Hﬁyp(U ) and approximating it by a function b
which ideally would be taken to vanish on dy,,,U and be equal to f elsewhere on OU x RY.
The precise statement is the following.

Lemma 4.6 (boundary approximation). Under Assumption 4.1, we have, for every
feHy (U),

sup f (b-f)*>v-nydm>0.
beH] o (U) JOUXRY

Proof. We use some notation introduced in the proof of Lemma 4.3, in particular the
functions x and x,_,, defined in (4.9) and (4.10). Without loss of generality, we may

further assume that /1 - x2 € C*(R). We decompose the proof into two steps.
Step 1. We first treat the case f € Hﬁyp,a(U)' For each r > 0, we set

(4.21) by = f(1-xr0)-

By (4.11), we have b, € Hﬁyp(U). Since b, vanishes in a neighborhood of Oy, U, we also

have that b, € Hﬁyp o(U), and in particular b, € Hﬁyp 5(U). This allows us to interpret
the following boundary integrals as Lebesgue integrals and conclude:

S 1720 s

2
. dm > 0.
T Jopragad (o B0)+dm >0

2 g2
g ool v dm

Step 2. We now consider the case when f ¢ Hﬁyp 5(U). By part (1) of Lemma 4.5, this
implies that

(4.22) faUde f2(v-ny)_dm = +oo.
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We recall that the integral on the left side of (4.22) is interpreted as a Lebesgue integral
using Lemma 4.3 and the fact that the integrand is non-negative. For each r > 0, we
define b, € Hﬁyp,o(U) c Hﬁyp,a(U) as in (4.21). For each r € [1, 00), the identity

(4.23) faUde (9° = (xr09)?) v 0y dm = /8Ude(1 - Xs0)g’v-ny dm

holds for every g e C°(U x R?). Morever, arguing as for (4.11), we can show that

1
2 \2
lg (1-x70) ”H}l]yp(U) <C(1+ "”)||9||Hﬁyp(U)-
Hence, we can extend the identity (4.23) to every g € Hﬁyp(U ) by density using Proposi-
tion 2.2, and in particular,

( ) aUdef v-nydm 8U><]Rd( f) v-nydm 8U><Rd( X20)f2 v ny dm

1
Since f (1 - X72"70)2 vanishes in a neighborhood of dyy,U, it follows that this function
belongs to Hﬁypyo(U) c Hﬁyp,a(U), and we thus deduce from Proposition 4.4 that the

boundary integral on the right side of (4.24) is a Lebesgue integral. By (4.22), this
quantity diverges to —oo as r tends to infinity. We have thus shown that

lim by — f)?v-ny dm = +oo,
=00 BUde( " f) v
which clearly implies the statement of the lemma. O

We next record the simple but useful observation that the L2(U; Hﬂ%) norm is not
sufficient to control the trace of a function.

Lemma 4.7 (No-trace result for LQ(U;Hi)). For every f € thyp(U), be Hﬁypp(U) and
€ >0, there exists [’ € Hﬁypo(U) such that f' =b on U x R? and

If- fIHLQ(U;H}/) <E.

Remark 4.8. In Lemma 4.7, we understand the statement that f' = b on U x R? to
mean that the equality holds almost everywhere on dU x R, which is a meaningful

statement by Lemma 4.3. The proof in fact allows to construct a function f’ such that
f" =0 in a full neighborhood of the boundary U x R<.

Proof of Lemma 4.7. For each § >0, denote
Us:={xeU : dist(x,0U) 26} .

For every ¢ > 0 sufficiently small that Uss # @, , let 1b5 € C°(U) denote a smooth function
such that

Ys=1  on Uss,
s =0 oan\U(;.

We think of ¢ as a function on U x R? that does not depend on the second variable. For
every f e Hﬁyp(U ), consider the function

(4.25) fs = fbs + b(1 = 1s).
This function clearly satisfies fs € H}llyp,o(U) and is such that f’ = b on OU xR%. Moreover,
it converges to f in LQ(U;L%) as ¢ tends to 0. Since
vvfd = ¢6vvf + (1 - %)Vub,
we deduce that |V, (fs - f)HLz(U;Lg/) — 0 as ¢ tends to 0. O
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Remark 4.9. Recall that for f,g € Hﬁyp(U ), we have defined the boundary integral
on the right side of (4.17) as being equal to the left side of (4.17), but we were not
able to interpret this integral as a Lebesgue integral in general. However, the notion
is not misleading in the sense that the boundary integral only depends on “what f
and ¢ do on the boundary OU x R?”, in the following sense. Using the assumptions of
Lemma 4.7 for convenience, and recalling that Hﬁyp@(U )< Hﬁyp, 5(U), we have that for

every h € Hﬁyp’a(U),

4.26 f ’h-d:[ bhv-ny dm,
( ) 8U><]Rdf vy am OUxR4 vr i am

simply because these integrals do make sense as Lebesgue integrals, by Proposition 4.4.
By (4.17), both sides of this identity depend continuously on h € Hﬁyp(U), so we can then
use part (2) of Lemma 4.5 to infer that the identity (4.26) holds for every h € Hﬁyp(U)
(although for h e Hﬁyp(U ) we may loose the interpretation of each integral as a Lebesgue
integral in general).

To conclude this section, we identify elements of Hﬁyp o(U) with elements of Hﬁyp(U)
with vanishing trace on dyy,U. This result will not be used in the paper, but we find it
interesting nonetheless. Also, we will appeal to a time-dependent version of this result in
Section 7.

Proposition 4.10 (Hﬁypo(U) as a trace space). For every f € Hﬁyp(U), we have the
equivalence

feHl o(U) < f=0 ondypU.

Proof. The direct implication follows from Lemma 4.3. For the converse implication, we
start by arguing as in Step 1 of the proof of Proposition 2.2 to see that, without loss of
generality, we can assume that for every 2 e R\ U and ¢ € (0,1], we have

(4.27) B((1+¢)x,e) cRINT.
Arguing as in the proof of Lemma 4.5, we can also assume without loss of generality

that the function f € Hﬁyp(U), in addition to having vanishing trace on Oy,,U, is also of

compact support in U x R? and vanishes in a neighborhood of 6flypU . We aim to show
that there exists a sequence of smooth functions which vanish on dy,,U and converge

to f in Hﬁyp(U). We write

é7f;ypU = {(x,v) €U xR? : v- ny(z) < O} = (0U x Rd) h (8hypU v aIzlypU)'

Using a partition of unity and the fact that f vanishes in a neighborhood of 8}=IypU , wWe
can further assume that the support of f is either contained in U x R?, or intersects BﬁypU
but not (9U x R?) \ 95U, or intersects dyy,U but not (OU x R?) \ ypU. In the first

hyp
two cases, it is clear using Proposition 2.2 that the function can be approximated by a

smooth function which vanishes on Oy, U. There remains to consider the case when the
support of f intersects OnypU but not (90U x RY) \ OnypU. Under this circumstance, we
have in particular that f =0 on OU x R, For every z,v € R?, we set

f(l‘,’U) = f(x7v)]la:€U7
and claim that f e Hﬁyp (R?). We clearly have

| Pl 2 ey = 1 £l o2 quams)-
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We have f € Hﬁypva(U), and thus, by Proposition 4.4, that for every ¢ € C°(R? x R?),
/ gbv‘vxfdxdy:—/ fv-Veopdxdy
UxRd UxRd

=—fRdedfv-vx¢da:dy.
It thus follows that vV, [ € LZ(Rd;H;I),
|v- vxﬂ‘Lz(Rd;H,;l) = v- fo”LQ(U;H;l)a

and in particular, f € Hﬁyp(Rd). We can now adapt the proof of Proposition 2.2 to

produce a sequence of smooth approximations of fthat vanish on (Rd \U) x R?. Indeed,
with (. defined in (2.9), we set

fe(z,v) = .[l;d f((l +e)xr+y,v)(y)dy.

By (4.27), we have that f.(z,v) = 0 whenever 2 € RI\U. We then follows Steps 2 and 3 of
the proof of Proposition 2.2 with this definition of f.. This produces the desired sequence
of approximations of f that vanish on (R?\ U') x R?, and thus completes the proof. [

5. WELL-POSEDNESS OF THE DIRICHLET PROBLEM

In this section, we prove Theorem 1.1 on the well-posedness of the Dirichlet problem. We
begin in the first subsection by considering the case when the vector field is conservative,
that is, with the additional Assumption 4.1. This is less difficult than the general case,
due to the explicit invariant measure, and can be solved by a variational method. We show
that solutions exist and are unique by demonstrating the equivalence of the boundary-
value problem to the minimization of a functional which is uniformly convex with respect
to the Hﬁyp(U ) norm. We next extend the well-posedness result to more general vector
fields b, as stated in Theorem 1.1. The proof is based on a fixed point argument and a
weak maximum principle proved below in Proposition 5.3.

5.1. Well-posedness of the Dirichlet problem for a conservative field. Through-
out this subsection, we will assume that the force field b depends only on x and is
conservative, in the precise sense given by Assumption 4.1. We let H be as in that
assumption and B and m be as defined in (4.3) and (4.2). We define the function space

(5.1) ZU)={(f,f*) + feL’(U;H}) and f* - Bf e L*(U; H,")},
and for every pair (f, f*) e Z(U), we set
1
(5.2)  J[f.f]:= inf{/U ]Rdgyvvf—gy2 dm : ge L*(U;L2)" st. Vig=f* —Bf}.
We keep the dependence of J on the domain U implicit in the notation. The condition
v,g=f"-Bf
appearing in (5.2) is interpreted as
2¢77. 171 . _ *
(5.3) Vo e L2(U; HY) foRd g Voddm = foRd(f Bf)édm.
As in (1.5), the interpretation of the right side is through the duality pairing

[0 (4 = BA@ g do(),

where we recall that the measure o is defined in (4.1). Note that replacing the measure
dm by the measure dx d~ in (5.3) would yield an equivalent statement.
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Proposition 5.1 (Solvability of the boundary value problem). Under Assumption 4.1,
for each (g,g9*) € Z(U), the mapping

5 [ Tibpa(® > 1o
f = J[f,9"]
1s uniformly convex. Moreover, its minimum is zero, and the associated minimizer is the

unique f € g+ Hﬁyp@(U) solution of the equation

(5.5) VoVef +Bf=g".

Equation (5.5) is interpreted in the sense that

voe LX(UsH)) [ Vuf-Vusdm= [ (g7~ BHodm,

or equivalently, the same property with the measure dm replaced by dxdvy on both
sides. Recall the notation (-), introduced in (2.2). By testing the condition (5.3) with
functions ¢ that depend only on the position variable, we see that this condition cannot
be fulfilled unless for almost every x € U,

(5.6) (f"=Bf)(x;))y =0

In order to verify that the mapping in (5.4) is not constantly equal to +oo, the following
lemma will be useful. It asserts that any function in L?(U) can be written in the
form (Bf)ﬂ{ for some f € Hﬁyp@(U). Note that, by integration by parts, we have for every

feC>(U xRY) that
(5.7) (Bf)y=(-v-Vaf)y.
This property extends to every f € Hﬁyp(U) by density.

Lemma 5.2. There exist C(U,d) < oo and, for each h € L*(U), a function f € Hﬁypﬂ(U)
satisfying

(5.8) (v- V;(;f)7 =h
and the estimate
(5.9) Hf“Hkllyp(U) <C ] g2y -

Proof. Step 1. We prove the proposition under the additional assumption that fU h=0.
We consider the problem (3.1) which, as recalled there, has a solution f with components in
H}(U) satisfying the estimate (3.2). We next select smooth functions &1, ..., &g € O (R?)
which satisfy

(5.10) fR v&i(v) dy(v) = e,
Notice that by integration by parts against the Gaussian measure, we may rewrite this as
(5.11) [ V&) drw) = e
We define
)= S H@E).
j=



VARIATIONAL METHODS FOR THE KINETIC FOKKER-PLANCK EQUATION 35

Since each component of f belongs to H& (U), they each admit a sequence of approximating
functions in H1(U) that are smooth and vanish on OU. We thus deduce that f € Hﬁyp o(U).
(We could also have appealed to Proposition 4.10 to obtain this.) Moreover, we have

d
715wy €O X 1l < C Il oy
i=1

This is (5.9). To verify (5.8), we use (5.10) to notice that

d
(v Vo f(z,0)), = fRd ;v VE(2)& () dy(v) = V - £(2) = h(z).

This completes the proof in the case [, h =0.
Step 2. We construct a function fj € Hﬁyp o(U) satisfying

[Ude v-Vgfodrdy=1 and I fo ”Hﬁyp(U) <C.

We take 19 € C°(U x RY) satisfying 1y > 0, 1o = 0 on OnypU and g (o, v0) > 0 at some
point (z9,v0) € OU xR%. Integrating by parts and recalling the definition of dyy,U in (1.9),
we find that

v Tetol ) drdr() = [ (o) - v)o(e,v) de i (v)

[ ) (a0 ) <O

We can clearly choose 1y to depend only on (U,d). It thus suffices to take

Jo=~ ([Ux]Rd v Vo diﬂd’Y)_l Po.

Step 3. We combine the previous steps to conclude. For a general h e L2(U), we set

Toim b= (R)u (0 Vafo), .

Since this function has zero mean, we can apply the result of the first step to obtain the
existence of some f € Hﬁyp,O(U ) satisfying the desired properties with respect to h. We

then obtain the conclusion by setting f := f + (h)uv fo- O

Note that the function f € H}llyp o(U) we constructed in the proof of Lemma 5.2 has in

fact vanishing trace everywhere on U x R%, not only on OnypU.

Proof of Proposition 5.1. We decompose the proof into five steps.

Step 1. We show that the functional in (5.4) is not constantly equal to +co and that it
is uniformly convex. For every f e Hﬁyp(U) and j e L*(U; L,Qy)d, we define

1 2
il := —|Vof =j|" dm.
Ihdl= [ 5V =i dm
We also fix (g,¢*) € Z(U) and define
A(gvg*) = {(f’j) € (g+ lellyp,()(U)) x LQ(U’L?\/)d : v;j = g* - Bf} .
By Lemma 5.2 and (5.7), there exists fp € Hﬁyp@(U) such that
(5.12) (9" = Bg)y = (Bfo)-

It follows that the set A(g,g*) is non-empty, since it contains

(5.13) (9+ fo,Vu(ViVe) H(g* - B(g+ fo)))-



36 S. ARMSTRONG AND J.-C. MOURRAT

We now show that the functional J is uniformly convex on A(g,g*). Since for every
(f',J") € A(g,g7) and (f.]) € A(0,0),

1 | o . .

I+ L i+ ST = 13 =51- T3 = T1£3),
it suffices to show that there exists C(d,U) < oo such that for every (f,j) €.A(0,0),

(5.14) TV O (I8 + lilass))-

Expanding the square and using that V. j=-Bf, we find

j[faj] = LXRd (%|va’2 + %UP +fo) dm.

Moreover, by (4.5) and the fact that f € thyp,O(U)’ the term [ fBfdm is nonnegative.
Finally, we have (Bf), =0 and thus (2.4) gives us that

lv-Veflrzw,my <IBflrzw,mz1y + b(x) - Vo fl2@w;mz1)
<Clillczw;rzy + ClVoflr2w;rz)-
Combining the last displays yields (5.14), and thus also the uniform convexity of the

functional in (5.4).

Step 2. Denote by (f1,j1) the unique minimizing pair of the functional J over A(g, g*).
In particular, f; is the unique minimizer of the functional in (5.4), and we obviously have

Jf1.97120.
Observe that there is a one-to-one correspondence between solutions of (5.5) and null
minimizers of J: for every f e g+ Hﬁyp o(U), we have
f solves (5.5) < J[f,g"]=0.

Indeed, the implication == 1is clear since if f solves (5.5), then

(f,Vof) e A(g,g") and J[f,Vuf]=0.
Conversely, if J[f,g*] =0, then f = fi and J[f1,j1] =0. This implies that
Vofi=j1  ae. in UxRY,
and since V:j1 = g* — Bfi, we recover that f = f; is indeed a solution of (5.5). In
particular, the fact that there is at most one solution to (5.5) is clear.
To complete the proof of Proposition 5.1, it thus remains to show that

(5.15) J[f1,971<0.

In order to do so, we introduce the perturbed convex minimization problem defined, for
every [* ¢ LQ(U;H,;I)7 by

GUy= it (T g f g T [ fpam).

FeHL ()
The inequality (5.15) we intend to prove can be rephrased as G(0) < 0. We decompose
the proof of this fact into the next three steps.

Step 3. In this step, we verify that the function G is convex and reduce the problem of
showing (5.15) to that of showing that the convex dual of G is nonnegative. For every

pair (f.j) satistying (f +g.j) € A(g, f* + g*), we have
(5.16) Vij=f"+g" - B(f+9).
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and thus
. 1 .2
I +9.81= [ 5IVlr+9) =i dm

- [ (Gl + 9P+ S5+ (4 0BG+ 9) = (F+ ) +97))

By adding [ ff* dm to the expression above and then taking the infimum over all (f,j)
satisfying the affine constraint (f + g,j) € A(g, f* + g*), we obtain the quantity G(f*).
Using (4.5) and that f € l%[ﬁym)(U)7 we thus infer that G is convex. By Lemma 5.2, (5.7)
and the construction in (5.13), the function G is also locally bounded above. These two

properties imply that G is lower semi-continuous, see [16, Lemma I.2.1 and Corollary 1.2.2].
We denote by G* the convex dual of G, defined for every h e L?(U; H%) by

G*(h) = sup (—G fr +/ hf*dm),
( ) f*eLQ(U;H,;l) ( ) UxRd4

and by G** the bidual of G. Since G is lower semi-continuous, we have that G** = G (see
[16, Proposition 1.4.1]), and in particular,

G(0)=G"(0)=  sup (-G"(h)).
heL2(U;HL)

In order to prove that G(0) <0, it therefore suffices to show that
(5.17) Vhe L*(UsHY),  G*(h)>0.

Step 4. Note that for every h e LQ(U;Hi), we have G*(h) e Ru {+oc0}. In this step,
we show that

(5.18) G*(h)<+o0 == heHy, (U).
We rewrite G*(h) in the form
(5.19) Gy =sw{ [ (5197 +9) =3 - £+ bf7) dm},

where the supremum is over every f € Hﬁyp,O(U), je L*(U; L?y)d and f* e LQ(U;H;I)
satisfying the constraint (5.16). Recall that we can construct fj € thyp,O(U ) such that
(5.12) holds. We choose to restrict the supremum above to f* := B(f - fo) and j = jo
solution of V;jo = ¢* — B(g + fo). Recall from (5.13) that such a jg € LQ(U;L%)d exists
since (g* —B(g+ fo0)) = 0. With such choices of f* and j, the constraint (5.16) is satisfied,
and we obtain that

G*(h)
ssup{ [ (519007 +9) ~JoP = FB( = fo) + RB(T = o)) dm = f & Hly o0}

For smooth functions f with compact support in U x R%, we can use (4.5) to infer that

[ fBfdm =0. Hence,

* 1 . )
Gz [ (5190 +0) 3ol + B+ BB - o)) dm e O XD}
and therefore, since Bfy € L?(U; HY 1), the assumption of G*(h) < oo implies that

. oo d
sup{ [ hBfdm + feCPURY, |l <1} <oo.
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This shows that the distribution Bh belongs to the dual of L?(U; H;)7 which is L?(U; H;l)
Since
v-Vzh=-Bh-b-V,h,
the proof of (5.18) is complete.
Step 5. In place of (5.17), we have left to show that
(5.20) Vhe Hy, (U),  G*(h)>0.
Since Bf € L*(U; H;l), we may replace f* by f*+ Bf in the variational formula (5.19)
for G* to get that
. 1 . *
G2 @@=l [ (-5V7 ) -3+ (- DG+ B dm),
where the supremum is over every f e HL (U), je L*(U; L%)d and f* e LQ(U;H;I)
satisfying the constraint

(5.22) voi=f"+g" - Bg.

We would like to choose f = h in (5.21), but the class of allowed choices for f is restricted
by the boundary condition f € Hﬁpr(U ). We will now show that this restriction can be
lifted using Lemma 4.7. By definition of the boundary integral, see (4.4)-(4.5), we have

[ttt [ ot [, (L)
and thus
G*(h) =
swp{ [ (519 +9) =3P+ (u= P = pBu)dm [ (272 pn)ong dm}

where the supremum is taken over f, j,f* as in (5.21). Note that for each fixed j and f*,
the functional

yp,0

UxR4

o [ (59T ) =3B+ (h=1)f - BR) dm

UxR4

is continuous with respect to the topology of L?(U:; H;), and the function f does not
appear in the constraint (5.22). In view of Lemma 4.7 and Remark 4.9, we deduce that

G*(h) =
sup{/UXRd(—%Wv(f+g) —j2+(h-)f* —th) dm +/8Ude (%b2 —bh)v-nUdm},

where now the supremum is over every f € Hﬁyp(U), be Hﬁypyo(U), je LQ(U;Lg)d, and

freL*(U; H,}) satisfying the constraint (5.22). Let us stress that the boundary constraint
on f has been removed. We are thus allowed to select f = h and obtain that

* 1 .2 1.4
G (h)?sup{foRd (—Elvv(h+g)—ﬂ —hBh) dm+/6Ude (§b —bh)v-nUdm},

where the supremum is now over every b, j and f* as above. Using the integration by
parts formula (4.17) once more yields

1 1
f (—b2—bh)v-nUdm—/ hBh dm = (b= h)%v-ny dm.
OUxR4 \ 2 UxRd AUxR4 2

We thus deduce from Lemma 4.6 that
1
* h 2 f —HlVo h _.2d }7
G () zsup| [ =S9u(h+g)-ifdm
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with the supremum ranging over all f* € L?(U; H,;l) and j € L2(U;L3)d satisfying
the constraint (5.22). We now simply select j = V,(h +g) € L*(U; L%)d and then
f*=vij-g"+BgeL?*(U,; H;l) to conclude that G*(h) > 0. O

5.2. Well-posedness for a general bounded vector field. In this subsection, we
complete the proof of Theorem 1.1. In the previous section, we proved the result for
conservative vector fields, and thus in particular in the case b = 0. Here we will use this
result and an abstract fixed point argument (based on Schaeffer’s fixed point theorem) to
obtain solvability for general forcing fields b. We begin by formulating a version of the
weak maximum principle for weak subsolutions.

We say that a function f ¢ Hﬁyp(U) is a weak subsolution of (1.1) in U x R? or,
equivalently, is a weak solution of the differential inequality

Ay f+V-Vof —0-Vaf +b-Vof < f* in UxRY,
if, for every h€L2(U;H%) with A >0 in U x R?,

@h-vddgf h(F* +0-Vof—b-V,f) dedy.
[ uVeh Vufdudy< [ h(f 0 Vo ~beVuf) dudy

Proposition 5.3 (Weak maximum principle). Suppose that b € L= (U x R%R?) and
fe Hﬁyp7O(U) satisfy

(5.23) —Apf+0-Vof —v-Vaf +b-Vyf <0 inU xR

Then f <0 in U x RY.

Proof. Arguing by contradiction, we suppose that k := sup;4ga f > 0. Let h € (0,k) be a
constant which will be selected below. Testing (5.23) with gj, := (f — h), € L*(U; Hi), we
obtain

(5.24) [ (Vuf Vg = 910+ Vaf + b Vuf) dody <0.
Denote
Iy, := {(fc,v) eU xR?: Vogn(z,v) # 0}.
Observe that
Vof =Vugn ae. on {gp#0}2T}.
Therefore, the inequality (5.24) may be written as

fo]Rd (|vah|2 - gnv-Vaef +gpb- vah) dx dy < 0.

For every f' e O (U x R?) which vanish on Oy, (U) and h > 0, if we set g, = (f' = h)+,
then we have V. f' = V,g;, on the set {g; # 0}, and therefore by (4.6) and (1.9),

1
/ 1 _ [ / i 12,
[Ude g - Ve f drdy = [Ude gpU - Vg dx dy 5 6Ude(gh) v-nydrdy<0.

Since the mapping f’ + (f'—h), is continuous from L?(U; H}{) to L2(U; le), we therefore
obtain by density that

]L-[XRdghv-fodmd’ySO.



40 S. ARMSTRONG AND J.-C. MOURRAT

We next estimate, using Young’s inequality,

’ fUX]Rd gnb - Vugn dx dy

= U gnb - Vugndx d’y‘
'y

<|b oy’ 2 dwdy)’
<Pl ( f) L T0nl doar) ([ lonf dean)

1 2 1 9 )
< 3 Jume |Vogn|” dody + > b7 0xra) (-/Fh lgn|” dx dv).

Combining the previous displays, we obtain

1
Vuail” oy < 5 Dl reny ([ lonl do ).

Applying (3.34) and using the Gaussian Poincaré inequality, we find that

2 JUxR4

1
(525) ”Vgh HLQ(U;L%) <C HbHL‘”(Ude) ”]l[‘h ||2F*(Ude,dxd7) vah”LQ(U;L%) :

Now, since h < k := supyga f, the function g does not vanish a.e. in U x R? and therefore
neither does Vgp,. We deduce that there exists a positive constant c(||bHLw(UX]Rd)) >0
such that, for every 0 < h < k,

(526) H]lrh ”LF* (UXRd,d:Ed’y) 2 cC.

It is clear that T'y, 2 T'yy for h < ', and by the fact that T'y, ¢ {(z,v) : g(z,v) # 0}, we

have

(5.27) N th{(a:,v) : f(x,v) = sup f}.

O<h<k UxRd4

We also have that Vf and hence Vg, vanish almost everywhere on the set on the right
side of (5.27). This implies that the set on the left side of (5.27) has null measure, and
therefore that

}lllir’lg ”]lrh ”LF*(Ude,dJ:d'y) =0.
This stands in violation of (5.26), and thus completes the proof. ]

We next complete the proof of Theorem 1.1.

Proof of Theorem 1.1. We may assume without loss of generality that fo =0.
Step 1. We set up the fixed point argument for obtaining existence. Define an operator
1 1
S: thp(U) - thp(U)
by taking Sf := h to be the solution of the Dirichlet problem

{—Avh+v-vvh—v-vmh:f*—b-VUf in U,

5.28
( ) h=0 on (9hypU.
By (3.36), for every f ¢ LQ(U;L%), we have that b-V, f € LQ(U;H,;l) and

(5.29) Ib- Vo fllL2@ a1y < C bl Lo o1 mayy IVof | 21y
O] oo ,conmayy 1f = (Nvll2z2) -
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Therefore, by Proposition 5.1, there exists a unique solution to the problem (5.28) and,
for a constant C'(d,U) < oo, we have the estimate

(5.30) ||5f||Hﬁyp(U) <C (||f*||L2(U;H;1) + 1Bl oo (rsc01 (mayy | = (f)U||L2(U;L3))-

In order to argue that there exists f € Hﬁyp(U ) satisfying f = Sf, we check the hypotheses
of Schaeffer’s fixed point theorem (see for instance [17]). That is, we will show
(5.31) S is a continuous and compact operator on Hﬁyp(U )
and
(5.32) {f € Hﬁyp(U) : da€[0,1] such that f= an} is bounded in Hﬁyp(U).
Step 2. The proof of (5.31). If f1, fo € Hﬁyp(U), then % := Sf; — Sfy is the solution of
—AUE+U-VUE—U-V1E:—b-VU(fl - f2) inU,
{E =0 on OyypU.

Since, as in (5.29), [b- Vo (f1 = f)l2-1) < C bl Lo 0,001 mayy 11 = 2l L2 (0,22), an
application of Proposition 5.1 yields the estimate

(5.33) ISfi=Stelm @) <CIblL=wcormay 1 = folr2w;rz) -
This yields the continuity of S. The compactness of S also follows from (5.33) and
Proposition 3.5, which asserts that Hﬁyp(U) is compactly embedded in L?(U; L,QY)

Step 3. The proof of (5.32). Suppose on the contrary that (5.32) is false. Then for
each k € N, there exists fj, € Hﬁyp(U) and ay, € [0, 1] satisfying

fr=anSfe, and  |film w2k
yp
In particular, fj is the solution of the problem
{ “Aufp+v-Vofe =0 Vofy=ap (f =b-Vyufy) inl,
fe=0 on OyypU.

Observe that ||kaH}1 () = % as k — co. Define Fio= I fe ”;flﬁ () fr and observe that T
yp yp

(5.34)

is a solution of the problem
~Ayfe+v-Vofi—v- Vo fi = an (”fk:”;{l}llyp(U) ff-b- vvﬁ) in U,
k=0 on OhypU.
In view of Proposition 3.5, by extracting a subsequence we may suppose that there exists
ael0,1] and fe Hﬁyp(U) such that aj - o and
foof in LXU;L2) as k- oo
By (5.35) and the continuity of the solution operator from L?(U; H;l) to Hﬁyp(U), see

Proposition 5.1, we see that f belongs to Hﬁyp(U), is the limit of f; in Hﬁyp(U), and is
the solution of

(5.35)

(5.36) ~
f=0 on IypU.

By Proposition 5.3, we conclude that ]T: 0. However, this is not possible since

H«ﬂ’Hﬁyp(U) = lim HﬁiHHﬁyp(U) =L

k—oo0

{—Avf+v-vvf—v-vxf+ab-v,,f=0 in U,



42 S. ARMSTRONG AND J.-C. MOURRAT

This contradiction completes the proof of (5.32). We may now apply Schaeffer’s fixed point
theorem to deduce the existence of a solution f of the boundary value problem (1.10). The
bound (1.11) follows from (5.32) and the linearity of the problem in the data (f*, fo). O

6. INTERIOR REGULARITY OF SOLUTIONS

In this subsection, we use energy methods to obtain interior regularity estimates for
solutions of the equation

(6.1) —Ayf+vVof-v-Vaf +b -V, f = f*.

In analogy to the classical theory for uniformly elliptic equations (such as the Laplace
or Poisson equations), we obtain an appropriate version of the Caccioppoli inequality,
apply it iteratively to obtain Hﬁyp estimates on all spatial derivatives of the solution and
then apply the Hormander and Sobolev inequalities to obtain pointwise estimates. In
particular, we obtain higher regularity estimates—strong enough to implying that our
weak solutions are C'*°—without resorting to the theory of pseudodifferential operators.

We begin with a version of the Caccioppoli inequality for the equation (1.1).

Lemma 6.1 (Caccioppoli inequality). Suppose that v >0, b e L= (B, x R:;RY) and the
pair (f, f*) € Hﬁyp(BT) x LQ(BT;H;l) satisfies the equation

(6.2) ~ Ay f+0-Vof -0 -Vaf+b-Vof = f* in B, xR%
There ezists C (d,r, Hb||Loo(Berd)) < oo such that
(6.3)

IVorlras, 2y + 10 Valflizp, pm) <C = (F)p, 122y tC 177 2B,y -

Proof. We may assume without loss of generality that (f)p =0.

Step 1. We show that there exists C'(d) < oo such that
(64) 190 gz sz < © (5 + D im ity ) 122y + O+ 1 gy
Select a smooth cutoff function ¢ € C°(B,) which is compactly supported in B, and
satisfies 0< ¢ <1in By, ¢ =1 on B,y and Vo] pee(p,) < 4r~1. Testing the equation (6.2)
with (z,v) = ¢?(z) f(x,v) yields

6.5 f 219, /2 dod

( ) BerRd(ZS |V f| ray
— 2 * 2 ) B 9 .
_fBerﬂ rf d:cd'y+/;3erd¢ fv-Vof dody fBerdqﬁ bV f dz dy.

Recall that the first two integrals on the right side above are interpreted as in (1.8). We
estimate each of the three terms on the right side of (6.5) separately.

For the first term on the right side of (6.5), we use
2 *
dzd
[ L rded

< “¢2f“L2(Br;H,1Y) ||f*||L2(BT;H,;1)

< (H¢2V'UfHL2(BT;L?Y) + HfHLQ(BT;L?Y)) ”f*”LQ(BT;H:/l)

and then apply Young’s inequality to obtain

2 *
(6.6) fBerdgs £f dxd'y’
<1 G|V, f| dxd +9[ frdudy+C+r) | |3
" 6 JB.xrd Y T2 i 7 L2(BriH1) -
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For the second term on the right side of (6.5), we integrate by parts to find

1
/;;TXRd ¢2fv-vwfdmd7:LTXRd P -V, (§f2) dx dry
= [ oVt i dedy

[0]

= _/];erd d(x)Ved(x) - vexp (_;)JQ(:U,’U) da do
- [ 2OV T ey

Thus, by Young’s inequality,

(6.7) ‘fBMRd S fv- Vo f da dy

1 2 2 2 2
SéfBerd(ﬁ 1V, f] dxd7+CfBerdf V20l dady
< E O |V [P dudy + ¢ [ 2z dy.

6 JB,xR4 r2 JB,xRd

For the last term on the right side of (6.5), we use Young’s inequality to obtain

1
6.8[ 2b-vs—/ 219,/ dod C/ 221b2 du d
6:8) | [, gu@ o Vof|<g [ o IVl dudy+C [ o 6" f[b” dudy

2 2 2 9
<G [y a1Vl dwdy+ C Pl ey [, P oy
To conclude, we combine (6.5), (6.6), (6.7) and (6.8) to obtain
1 o
2 2 5 ) ,
v d d <5 f v d d —_ f d d
LTXRd¢ |v f| e 2 BTXRd¢ |v f| ray+ r2 Brledf €T ary

+ CU+r) 1 gy + C Il pozey [, oy

The first term on the right may now be reabsorbed on the left. Using that ¢ =1 on B, s,
we thus obtain (6.4).

Step 2. We show that there exists C'(d) < oo such that
(6.9) v-Vaflrzp, 0

<C (1415l oo, oty ) Vo f I r2(m, o2y + C 1 N2, sty -

This estimate may be combined with (6.4) to obtain the bound for the second term
in (6.3), which competes the proof of the lemma.

To obtain (6.9), we test the equation (6.2) with w e LQ(BT/Q; Hi) to find that
Vaf)dwdy= [ Vof - (Fawrwb) - [ “da dry.
/BTdew(v Vaf) dudy BTdev J-(Vow+wb) Berdwf e

We deduce that

fB XRdw(v-fo)dxd’y‘

<IVefl g, 2y (1Yol s, i) + 1Pl im s, ety 10 L2, 2
+ ”w”LQ(BT/Q;H%) Hf*HH(BT/Q;H;l) :
Taking the supremum over w € LZ(BT/Q; Hvl) with ||w||L2(BT/2;H%) <1 yields (6.9).
The combination of (6.4) and (6.9) yields (6.3). O
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In the next lemma, under appropriate regularity conditions on the coefficients, we
differentiate the equation (1.1) with respect to z; to obtain an equation for d,, f, and
then apply the previous lemma to obtain an interior Hﬁyp estimate for 0, f. The proof
also uses the identification of H® spaces recalled in (3.13)—(3.14), because we need to
essentially differentiate the equation a fractional number of times (cf. [27, 28]).

Lemma 6.2. Fiz r € (0,00), vg € [1,00) and coefficients b € C%1(B,; L= (R R?)) and
ce COY(B,; L= (R%)). Suppose that f* € Hl(Br;Hv_l) and f € Hﬁyp(BT) satisfy

(6.10) ~ A f+0-Vof —0-Vuf +b-Vof+cf = f* in B, xR?
as well as
(6.11) f=0 in B, x (Rd\Bvo).

Then, for each i€ {1,...,d}, the function h:= 0y, f belongs to Hﬁyp(Br/Q) and satisfies
(6.12) —Ayh+v-Voh-v-Voh+b-Voh+ch=0,f —8,b-Vof —0pcf in B, xR

Moreover, there exists C’(d,r, vo, [bllcor(p, ;o ®ay) » ”C”OO,l(BT;Loo(Rd))) < oo such that

(6.13) 102Ny, (3,0) SC 1T = (D),

Proof. Step 1. We first prove that, for every (f, f*) € Hﬁyp(BT) X Hl(Br,Hv_l) satisfy-
ing (6.10) and (6.11), there exists C’(d,r, vo, [bllcor(p, ;o ®ay) » ||c”CO’1(Br;L°°(Rd))) < o0

such that f belongs to H(B, /23 L,Qy) and satisfies the estimate

(6.14) IVaflizs, 02y <C |f =)z,

The argument is by induction on the fractional exponent of differentiability of f in the
spatial variable z. Essentially, we want to differentiate the equation a fractional amount
(almost % times in fact), apply the Caccioppoli inequality to the fractional derivative, and
then iterate this a few times until we have one full spatial derivative.

L2(B7»;L%) +C ”f*”Hl(BT;H,;l) .

LZ(BT;L?Y) +C Hf*HHl(BT;H;I) :

Let us suppose that ag € (0,1) is such that the following statement is valid: for every

ae(0,a9), >0, pair (f, f*) € Hﬁyp(BT)xHa’é(Br, H') satisfying (6.10) and (6.11), we

have f € HO‘(BT/Q;L?Y) and, for C(d, r,00, ”b”Co,l(BT;LOO(Rd)) , ”C”COJ(BT;L“’(RUZ)) ,Oé) < 0o,
the estimate

6.15) [ fl s, az) <CIF - (D,

*
LQ(BT;L%) + C ||f ||Ha_%(BT;H;1) .

% in place of ay. Since this

statement is clearly valid for ag < % by the Caccioppoli inequality (Lemma 6.1) and the
Hormander inequality (Corollary 3.4), this suffices by induction to obtain the statement
for any « < % and therefore for a = 1, yielding the desired bound (6.14).

We will then argue that the statement is also valid for ag +

We therefore assume that ag € (0, 1) is such that (6.15) is valid for every o € (0,a9), r >0
and pair (f, f*) € Hﬁyp(Br) X HO‘_%(BT,Hgl) satisfying (6.10) and (6.11). We fix a €
(0,p) and another pair

(f.f*) e Hi (B,) x H*(B,, H;")

satisfying (6.10) and (6.11), an index i € {1,...,d}, a cutoff function ¢ € CZ° (B, 5) with
0<p<1and =1 on B,y Recall from (3.12) that ® denotes the standard heat kernel.
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In preparation for an application of (3.14), we define the functions
F=ef,
{f* = U +2fPv- Vet

and, for each t € (0,1), the functions
fii= 02, 0(t,) + .
i = 00, 0(t) + 7
ho(@,0) = [ 62 ()Vuf (5.0) - (B(y.v) = b(a.v)) 0o, (ty ~ ) dy

¢2(y)f(y7 v) - (e(y,v) = c(x,v)) O, B(t,y — ) dy.
Observe that f € thp(Rd) and f* ¢ H*(R%: H 1) are compactly supported in B,, and
we check directly that they satisfy the equa‘mons

A4V f—v-Vf+b-V,f+cf = inRIxRY

Likewise, we have that f; € Hﬁyp(Br) and hy, fi' € H*(By; H;l) and they satisfy

(6.16) — Ao fi +0-Vofi—v-Vafi +b-Vofi+cfi = f —hy in RYxR%

The condition (6.11) is also satisfied for both f and f;. Observe that, by the induction
hypothesis that (6.15) is valid for «, we have

(617) H‘ﬂ‘HO‘(Rd;L%) <C ||fHHC'(BT/2;L,2Y) <C Hf - (f)Br
and

(618) Hf*HHO‘(Rd;L%) <C ”fHHO‘(BT/Q;L%) +C Hf*HHOé(BT/%H;l)

*
L2(BT,L?Y)+C||f ”Haf%(BT;H’;l)

2) +C|f ”Ha(Br;H;l)‘
By the Caccioppoli inequality (Lemma 6.1),

Jes s

2 2
<ClblEogsaen fo Lo (Lol ton(-E2E) @) dsar)

2
[ F V0 (50) (b(y0) = b)) 2,8ty ~2) dy| oy (0)

<CIblEonisein fo fo o WIT 500 o2 ) dyasiro)

2
<C bl (p, ;e may | va”L?(BT,Q;Lg)

<Clf-el

2
L2(BsL2) " ClF 2oty -

Similarly,

Jes s

Combining these, we obtain

2 2 * (|2
”ht”LZ(Br;L?Y) <C Hf - (f)Br L2(By;L2) +C ”f ”LZ(Br;H,;l) :

2
o @ W) (e(y,v) = e(@,0)) 05, @ty - ) dy| dwdy(v)

<Clf-gl

2
L2(Br;L?Y) +C ”f*”LZ(BT;H;l) .
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The Caccioppoli inequality (Lemma 6.1) applied to (6.16) yields
1felmy (B, < C M eliacs,inz) + C L = el o (s, im0
<Clflssrnzy + C (1 2oy * el s,z -
Therefore, by (3.13) and Corollary 3.4 with 6 = %, for every 3 € (O, %),
[ LU0, + f0 )2 deds
0 R ) t ) Lg/
2
SO filbs a2
2
<COlfely, way

<Ofeltanzy + OV e,y + C 1 = (),

Multiplying by ¢, integrating the resulting inequality over (0,1) with respect ¢ and
using (6.17) and (6.18), we obtain

1,1
/0 /o fRdt_a‘S_B ”(V(I)(Sa')*ft)(%')\\i% drdsdt

1 1
-« - * 2
< C](; t ”ftH%ﬂ(]Rd;L%) dt+CA t Hft HLQ(Rd;H;l) dt

2 2
L2(By;L2) +C Hf*HL2(BT;H;1) :

2 *
+CHf_ (f)BT Lz(BT;Lg/) +C||f ”iQ(BT;H;l)
2 ~ 112 2 * 12
<C Hﬂ‘HQ(Rd;L?Y) +C ‘ f HQ(Rd;H;l) +C Hf - (f)BT L2(BT;L?Y) +C ”f ”LQ(BT;H:/I)
2 *
gCHf_(f)BT LQ(BT;L%)—’_CHJE H}ZT—ID‘(BT;H;l)'

Summing over the index ¢ and using that
VE(s, ) # fi = VO, B(s+,2) * ($7f),
we obtain, for any [ € (0, %),
flfl 50| 2D(t +5,7) * (02f)]5, dadsdt
o Jo Jrd o

<C Hf -(f)p,
We bound the left side of the previous display from below by

2 2
L2(ByiL2) +C ”f*”Ha(BT;Hgl) :

1,1 L ,
fo fo R SBHVQCI’(tﬁLs,')*(Qf?Zf)HL% dx ds dt
>C 1/(; /ﬂ%d | Ve (t, ) *(¢2f)HL% da dt.

By (3.14) and the properties of ¢, we thus obtain, for any « € (0,p) and (€ (0, %),
| FVerass (B, 402y < C | £ = (s,

Restricting S to lie in the interval [

L2(Br;L%) +C ”f*”HD‘(BT;H,;l) .

11
86

£ ass s, 2y < CIF = (),

This is almost the desired statement (6.15) for the exponent a + 3 in place of a. The
difference is that we have B, , on the left side instead of B, 5. Of course, this is easy

), we obtain

*
LQ(BT;L?Y) + C ||f ||Ha+ﬁ_%(BT;H;1) .

to fix by a covering argument. Since « + [ can be any exponent in (O,cxo + %), we
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therefore obtain (6.15) for all o € (0,0 + §). By induction, we therefore obtain (6.15)
for every a € (0, %) This completes the proof of (6.14).

Step 2. We complete the proof of the lemma. Fix an index i € {1,...,d}. By formally
differentiating the equation (6.10) with respect to z; and applying the Caccioppoli
inequality (Lemma 6.1) and (6.14), we expect that the function h := 0, f satisfies (6.12)
as well as the bound

10,5
<C (||8-'EifHL2(BST/4;L,2y) + ||81'if*||L2(BT;H;1) + ”aacinLoo(Berd) vafHB(Br;Lg)

4 102¢] o (ymty 1 L1212

< CHf‘ (f)g,

LQ(BT;L%) +C ”f*”Hl(BT;H,;l) .

This is (6.13). To make this argument rigorous, what is missing is the qualitative
statement that 0, f € Hﬁyp(Bz;T /4). We obtain this by using finite difference quotients, in
the standard way. For § > 0 small, we set

0, (0) = 5 (o + i) = f(2,0).

We argue that 821_ f satisfies a similar equation as (in fact, a finite difference version of)

equation (6.12). We then obtain the same estimate for szi f as in (6.13), independently
of §, using the bound (6.14) and the fact that, for every ¢ > 0 sufficiently small,

|0, 1

We can then pass to the limit § — 0 to obtain the result for 9, f. g

‘LQ(BM/s;L%) <C |’aafifHL2(B3T/4;L,2\/) :

Iterating the previous lemma yields interior higher regularity estimates for solutions
of (1.1) in the spatial variable, under appropriate regularity assumptions on b, ¢ and f*.

Proposition 6.3 (Interior Hk(L,Qy)—type regularity). Suppose thatk € N, r,vg € [1,00), b €
CPY(By; L®(RGRY)), ce CFY(By; L2 (RY)) and f* € H*'(B,; Hy'). Let fe HY (By)

be a solution of
(6.19) —Ayf+V-Vof —v-Vaf +b-Vyf +cf = f* in B, xR%

Then there exists C’(d,k,r, vo, [l ks, Lo ra)) ”C”Ck,l(Br;Loo(Rd))) < oo such that f €
H (Byya; 12(Byy)) and

95225, iz oy < C (u I Eo P P Ve HHk(BT;H;l)) .

Proof. Step 1. We first prove the proposition under the additional assumption that
(6.20) f=0 in B, x (R*\ Byy,).

The case k = 0 of the proposition, under the extra hypothesis (6.20), is implied by
Lemma 6.2. Arguing by induction, let us assume the validity of the proposition, under the
extra hypothesis (6.20), for some k € N. Fixing i € {1,...,d} and applying this assumption
in the ball B, to the function 0, f € Hﬁyp(B,,./Q), in combination with the result of



48 S. ARMSTRONG AND J.-C. MOURRAT
Lemma 6.2, we obtain that 0, f € H* (BT/4; Lg) and the estimate
HviaxifHLz(B%Lg) <C (Ha’lfif“Lz(Br/z;L?y) + |0p; f* = Ou b Vo f = 8zicf”Hk(Br/2;H:/1))
<C (Hf”Hl(B,./Z;L?Y) + [blloriap,pe@ayy 1f e, o2
1 e (ysizty * el oren gy pom ayy 1 i, 2y

where the constants C' above depend on (d, k,r,v0, [bllcki(p,. oo ray) » chck,l(Br;Loo(Rd))).
Applying the induction hypothesis again, we obtain that the right side of the previous
display is bounded above by

c(Is- s,

L2(By;L2) + Hf*HHk"fl(Br;H;l)) s

where C' depends now on (d,k,r, vo, [blcrera(p,. Lo (re)) > HC||Ck+1,1(BT;Loo(Rd))). We can
replace r/4 in the statements and estimates above by r/2 after performing a routine
covering argument. This yields the statement of the proposition, under the extra hypoth-
esis (6.20), for k + 1. The statement of the proposition under the extra hypothesis (6.20)
now follows by induction.

Step 2. We remove the additional hypothesis (6.20). If f € Hﬁyp(U ) is a solution

of (6.19) and ¢ € C=(R?) is a function only of v, then

f(x,0) = p(v) f(2,0)

satisfies
AT VoF-v-Vaf4b-VoFf+Ef=F in By xR%
where _
fr=ef,
b:=b+2V,p,

Ci=c+ (-App+v-Vyp+b-Vyp).

We select ¢ to satisfy 0< ¢ <1, p =1 in By, |Ve| + ‘VQQD‘ <C,and =0 in R\ By,,. It
is easy to check that

HbHC’“vl(BT;L“(Rd)) < HbHC"'vl(BT;Lm(Rd)) + C,
Il cra(p,ne®ay) < lelori(, Lo @ay) + € (1 + ”bHCkvl(B,«;L‘”(Rd))) :
We may then apply the result of Step 1 above to fto obtain the proposition. O

We turn to the proof of Theorem 1.4, concerning the interior regularity, jointly in the
variables z and v. We actually prove the slightly more general statement, allowing for a
zeroth-order term in the equation.

Proposition 6.4 (Interior Hk(ny)—type regularity). Let k,l € N, r,vy9 € [1,00), b €
CrH=LY( B, OFVY(RERY)) and ¢ € CFLY(B,; VY (RY)).  There exists a constant
C < oo depending on

(dekterson Dl s oy {Idorrm corcon), )
such that, for every f € Hﬁyp(Br) and f* e H*(B,; Hé‘l) satisfying
(6.21) —Ayf+v-Vof —v-Vof +b-Vof+cf = f7 inBerd7
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we have that f € H" (Bz—kT;H,ly(BUO)) and the estimate

f"x—

l
H‘V{Uv];‘ﬂHLQ(BT/Q;L?Y(BUO)) < C (Hf - (f)BT LQ(BT;L?Y) + ]Zg ’ HkJrj(Br;Hé_j_l)) .
Proof. Observe that the case [ = 0 of the proposition is a consequence of Proposition 6.3.
By the same argument as in the proof of Proposition 6.3, it suffices to prove the proposition
under the additional restriction that f satisfies (6.20). Arguing by induction, we assume
there exists [ € N such that the proposition, subject to the additional hypothesis (6.20), is
valid (for every k € N). We select i € {1,...,d} and apply this assumption to the function

h = 0y, f, which we observe satisfies the equation
-Ah+v-Vyh-v-Vzg+b-V,h+ (c+1)h:f* in B, xRY,

where

[ = 0p, "+ 0, [ = (O, b) - Vo f + (0p,0) f.

As a result we obtain

T 2 [

J’E’x—

< C(Hh - (Mg, H’HJ‘(BT/Q;HQ“)) '

vty T 2

By the Caccioppoli inequality (Lemma 6.1) we have

Hh - (h)BT/2 L2(ByyiL2) < “va”LQ(BT;LZ/) < C(Hf - (f)BT L2(Byi12) + ‘|f*‘|L2(BT;H;1)).
By a direct computation, for each j € {0,...,l},
‘f* HE+I (B, s HY 771

= Oy, [+ Ou, f — (00, D) - Vo f + (avic)f”Hk+j(Br/2;H§‘j‘1)
<C ||f*||H,c+j(BT;H£/—j) +C ||fHHk+j+1(B7./2;H§’j’1)

+C bl crej-r1 (g, cr-i-11) HfHHm(BT/Q;HQ‘j)

+Ce| grej-ra(p,.cr-i-11y ||f||Hk+j(BT/2;H§’j’1) '

Using again the induction hypothesis and absorbing the factors depending on b and c,
we deduce that the right side of the previous display is bounded by

I+1
¢ (Hf - (N, L*(Br;L3) - Zo ”f*”H’“*j'(Br;Hffj’)) ’
J'=

where the constant C' depends on

(d, k.l T v, {Hb||Ck+j—1,1(BT;lej—l,l(Rd))}jE{O o {”C”Ckﬂ'fl,l(BT;Cl—j—l,l(Rd))}je{O l}) .

Combining the above inequalities and summing over j € {0,...,l} and i € {1,...,d} yields

I+1
Jj=

By a routine covering argument, we can replace r/4 in the norm on the left side by r/2.
This is the statement of the proposition for [ + 1, under the additional hypothesis (6.20).
The proposition now follows by induction. ]
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7. THE KINETIC FOKKER-PLANCK EQUATION

In this last section, we study the time-dependent kinetic Fokker-Planck equation
(7.1) Of—Apf+v-Vof —v-Vof +b-Vyf = [

We aim to solve this problem on a bounded domain V ¢ R x R? which is either C*! or of
the form I x U with I R and U ¢ R? a C'*! domain.

7.1. Function spaces. We define the function space

(7.2) Hyg (V)= {f e L*(ViH}) : 0f —v-Vaof e L*(V; H MY,
equipped with the norm

(7.3) s vy = 1 lzavimy + 19f =v- Vo flzaqvmy-

We denote the unit exterior normal to V' by ny € L= (V;R™1). If V is a C*! domain,
then ny (¢, ) is well-defined for every (¢,2) € 9V; if V is of the form I xU, then ny (¢, x) is
well-defined unless (¢,x) € 01 x OU, in which case we take the convention that ny (¢,2) = 0.
We define the hypoelliptic boundary of V ¢ R x R? as

akin(v) = {((t,x),v) €OV xR? : (—11}) ‘ny(t,z) < 0}7

We denote by Hﬁin,o(v) the closure in H, (V) of the set of smooth functions which
vanish on O, V.

Proposition 7.1 (Density of smooth functions). Let V € R xR? be a Lipschitz domain.
The set C(V x R?) of smooth functions with compact support in V x R is dense in
Hllln(v)

Proof. Mimicking the first step of the proof of Proposition 2.2, which only uses that the
domain is Lipschitz, we see that we can assume without loss of generality that for every
zeV and € € (0,1], we have

B((1-¢)z,e)cV.
Here we use z to denote a generic variable in R x R?: in standard notation, z = (t,x). Let
¢ be a (1 + d)-dimensional version of the mollifier defined in (2.9), and let f € H, (V).
We define, for every ¢ ¢ (0, %], zeV and v eRY,

fe(z,0) = fRHd f((1-e)z+ 2 ,v)¢(2")d2.

We then show as in Step 2 of the proof of Proposition 2.2 that f belongs to the closed
convex hull of the set {fs P €€ (0, %]}, and then, as in Step 3 of this proof, that for each

£ >0, we have that f. belongs to the closure of the set C°(V x R?). O

7.2. Functional inequalities for H], . We next show a Poincaré inequality for H}', (V)
in the case when V ¢ R x R? is a C'™! domain. We do not know how to prove the result
for cylindrical domains, but as will be clear below, this limitation does not cause much
trouble. Since this will be useful later in Subsection 7.6, we allow for more flexible
boundary conditions than in Theorem 1.2, in the spirit of Remark 3.2.

Proposition 7.2 (Poincaré inequality). Let V ¢ R xR? be a CY' domain.
(1) There exists a constant C(V,d) < oo such that for every f € Hy. (V), we have

17 = (DWliaqvzey <C (I9oFliavizzy + 1o -k =0l zqann ) -
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(2) Let W be a relatively open subset of OV xR?. There exists a constant C(V,W,d) < oo
such that for every f e C(V xR%) that vanishes on W, we have

[l zeqvirzy <C (HvaHm(v;Lg) +]v-Vaf - atfHLz(v;H;l))-

Proof of Proposition 7.2. The proof is similar to that of Theorem 1.2. By Proposition 7.1,
we can assume that f e C2°(W x Rd). We start by using the Gaussian Poincaré inequality
to assert that

If - (f)v”m(v;Lg) < Hva”L?(V;Lg)-

Paralleling the second step of the proof of Theorem 1.2, we then aim to gain control on
a negative Sobolev norm of the derivatives of (f),. Here we treat the time and space
variables on an equal footing, and thus are interested in controlling 9;(f), and V(f), in
the H™1(V) norm. The precise claim is that there exists C'(d, V') < oo such that for every
test function ¢ € C° (V') satisfying

(7.4) |l 20y + 1Vl L2y + [0:0ll L2y <1,

we have

d
2| 62d)n

We start by showing that the first term on the left side of (7.5), which refers to the time
derivative of (f), is estimated by the right side of (7.5). We select a smooth function
o € O (R?) such that

(7.6) [o@dw=1 md [ wt@irw)=0,
and observe that, using these properties of &, we can write
[ a(t.2) (D (t,0) dtdo
= [ () @10(t) = v Vad(t,2)) (£)s (4, 2) de dardy (v)
- fVX]Rd £0(0) (O —v- Vo) ¢(t,2) f(t,2,v) dt dx dy(v)
v [ @) @ T2 6t ) () (2) - £t 0)) didedy(0).

@5) | [ saus),

< C(”va”L?(v;Lg) + v Ve f - 8tf”L2(V;H;1))'

Using (7.4) and the fact that & has compact support, we can bound the second integral
above by

Cllf - <f>v||L2(V;L3) < C'||va||L2(V;Lg)-
By integration by parts, the absolute value of the first integral is equal to

UMW & (v)p(t, ) (v- Vo — ) f(t,x,v) dt dwdy(v)

S CHU Vaf - 8tf||L2(V;H§1)-
This completes the proof of the estimate in (7.5) involving the time derivative. To estimate
the terms involving the space derivatives, we fix i € {1,...,d} and use a smooth function

& € O (R?) satisfying

[&@a@=0 ad [ w6@)dr) =
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to get that
[ 0eit2) (1), (0 2) de o
_ fv ai0) (0 900(t ) = Bt ) (1), (¢, ) b da dy (v).

The rest of the argument is then identical to the estimate involving the time derivative,
and thus (7.5) is proved. The remainder of the proof is then identical to that for
Theorem 1.2. Note that we need to invoke Lemma 3.1 for the domain V', and this is
where the assumption that V is a C%! domain is used. U

7.3. The Hormander inequality for Hﬁin. The Hormander-type inequality for Hﬁin is
proved in an almost identical way to the one for H ﬁyp, with the time variable playing very
little role since unlike the x variable it requires no extra smoothing. For the convenience
of the reader, we give a complete proof anyway. The version of (3.20) we use here is

(7.7) ftx+s2y,0) - f(t,2,0) = f(t,x+ 5%y, v) = f(t, @+ %y, v - sy)
+ f(t, @+ 52y, v—sy) — f(t—s,x+sv,0—sy)
+ f(t—s,z+sv,v-sy)— f(t—s,x+sv,0)
+ f(t—s,x+sv,v) - f(t,z,v).
This choice is a reflection of the fact that
[Vo, v Vo= 0] = [Vo,v- Va] = Va.

Proposition 7.3 (Hérmander inequality for HJ ). Let o€ [0, %) and vg € [1,00). There
exists a constant C(a,vg,d) < oo such that, for every f € Hﬁin(R x RY) satisfying

(7.8) f=0 inRxRx (R'\ By),
we have the estimate
(7.9) ||fHL2(R;Ha(Rd;H;1)) <C ||fHH11in(Rd) :

Proof. As in (3.12), we let ®(s,x) denotes the standard heat kernel in dimension d and
we apply (3.13) (in the space variable only) to obtain

(110) 1 Bageequam < [ 5 [ L0 w0 £) () dwdtas

Here the symbol *, denotes convolution in the spatial variable x; in other words, the
function inside the norm on the right side of the previous display is written explicitly as

(VO(s.) o ) (twv) = [ T0(s,y=2)f(ty.v) dy.
We claim that, for every s e (0,1),
-1
(7.11) IVO(s.) w0 Flpaqaasniny <O 1F i qausay-

In view of (7.10), the bound (7.11) implies the proposition.

To prove (7.11) we show that, for every s € (0,1) and test function g € L?(R x RY; Hi)
satisfying g(t,z,v) =0 for |v| > vy + 1, we have

(7.12)

/Rdede (VO(s,) *5 f) (t,x,v)g(t,x,v) dt dzx dy(v)

1
<Cs7s HfHHllm(Rde) ”g||L2(R><Rd;H%) :
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The proof of (7.12) is similar to the one of (3.26), since the time variable plays only a
passive role in the argument. Using the semigroup property, we have

(7.13) foRded (VO(s,-) %4 f) (¢, 2,0)g(t, z,v) dt dz dy(v)
- foRded (VO (5,) *a f) (t2,0) (B (5.°) #2 9) (8,2, 0) dt dw dy(v)
= /Rd vVe(s,y) iR (f(t,z+y,v) = f(t,z,v))Ys(t,z,v) dt dxdy(v) dy

where we denote ¥, := ® (%, ) %2 g, which is an H%—Valued function on R x R? which is
smooth in z. Similar to (3.29), we split up the inner integral on the right side of (7.13)
as follows:

(7.14)
[Rdede Vs(t,z,0) (f(t,z +y,0) - f(t,2,0)) dtdxdy(v)
- foRded ot 2,0) (F(tw+y0) - £ (ta+y,v-s73y)) dtdudy(v)
" ju-adeXRd Vs(tz,0) (f (t’x YU 5_%9) -f (t 83,0+ 890,0 - s‘%y)) dt d dy(v)
’ [RXWXW ot 2,0) (f(t- 55,0+ shv,0-573y) = f (£ - 57,2+ s70,0)) dedwdy(v)
e [t (£t 55 o e o) = f(ta,0) dbdady(o).

The fourth integral makes zero contribution to the right side of (7.13) since it is indepen-
dent of the variable y. We estimate the first and third integrals together, and the second
integral separately, in the following two steps.

Step 1. The estimate of the first and third terms on the right side of (7.14). The claim
is that, for a constant C(vg,d) < oo,

(7.15)
LaveGol|[ . vtan)(ftory.0) - ftasyo-sTy) didudy(0)

dy

_1
<O [Pl paqamasz) | Vol |2 masz) -

We use the identity
flt,z+y,v) —f(t,x+y,v—s_%y) = —Alau [f(t,a:+y,v—us_%y)] du

1ol _1
=s 3/0 y-va(t,x+y,v—us 3y) du.

Inserting this into the left side of (7.15), changing variables and using (3.17) (see
also (3.31)), we have

Lo et (Favy0) - £ (to+yo-s73y)) dtdedy(v)

_1
=8 3

1 _1
/0 /]Rx]Rdx]Rd Ys(t,z,0)y - Vo f (t, T+Y,v—Uus By) dt dx dy(v) du‘

< CS_%|y| fl f Vs (t, 2, v)| |va (t,x +y,v - us_%y)| dt dx dy(v) du
0 RxR4xR4

_1
<Cs™s |y| ||¢S ||L2(RXR‘1;L,2Y) H vaHL2(R><Rd;L%) :



54 S. ARMSTRONG AND J.-C. MOURRAT

Multiplying by V®(35,y), integrating over y and using that [z |yl |V<I>(§,y)‘ dy < C, we
obtain the desired inequality (7.15).

Step 2. The estimate of the second term on the right side of (7.14). The claim is that,
for a constant C'(vg,d) < oo,
(7.16)

/Rdede Ys(t,z,v) (f (t,m-i-y,v—s_%y) —f(t—3%7a:+5%v,v—s‘%y)) dt dz dry(v)

_1 1
<C10 =0 Vafl pa@tar) (577 105l 2memaspn) + 5 1 atbs] 2 mapesrz) ) -

Here we use the expression
_1 1 1 _1
f(t,x+y,v—s 3y)—f(t—s3,x+s3v,v—s 3y)
1 1 1 _1 _1
:—/O- 8u[f(t—u33,x+y+us3 (v—s 3y),v—s By)]
1
- 53 [ (Or—v-Vaf) (t—usé,x +us%v,v - s_%y) du.
0
Inserting this identity, changing variables and using (3.17), we have

/Rdede Ys(t,z,v) (f (t,x+y,v—s’%y) —f(t—s%7x+s%v7v—3’%y)) dt dz dy(v)

1
=83

1 . . B
A [Rdede ¢s(t, xﬂ)) (8t v fo) (t —US3, THUSIV, V=S 3y) dtdzx d’Y(U) du’

K

' ~
<Cs3 [0y -v- Va:fHL2(Rde;H;1) ufﬁfﬂ [ sy HLQ(Rde;H%) ’

du

Wl

<Cs

fR paga Vst us®, @ —ussv,v+s 3y) (B - v-Vaf) (t,,0) didedy(v)

where we set ) . )
Yo yu(t,z,v) =1 (t +US3, T —UuUS3v,v + S_Ey) .

Using again (3.17), we find that
~ 1
[Pl 2 sy € C sl 2@ty + 5% [Vatbsl p2gmaz) -
Combining the previous two displays, we obtain
(7.17)
_1 1 1 _1
foRded Ys(t,z,v) (f (t,x +y,v0 -5 By) - f(t— s$3,x+s3v, -8 By))dtdxdy(v)

1 2
<C|o-v- Vacme(Rde;H;l) (53 |1 HL?(Rde;H;) + 53 | Vaths ||L2(Rde;L3))-

Multiplying by V®(3,y), integrating over y and using that [pa ‘V@(%, y)‘ dy < Cs_%, we
obtain (7.16).
Step 3. The conclusion. Combining (7.13), (7.14), (7.15) and (7.16), we obtain

fﬂwded (VO(s,") *o f) (t,2,0)g(t, z,v) dt dz dy(v)

1 1
<C Ul qmay (577 1l p2qaasimny + 55 105l 2qmazy) -
We now obtain (7.11) after combining the previous inequality with the estimates

Hd)SHLQ(Rd;H%) <C ”gHLQ(Rde;H%)
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and

_1
|V 2t)s ||L2(Rde;L%) <|ve (L, ')HLl(Rd) ||9HL2(Rde;Lg) <Cs2 H9||L2(Rde;L3)-
The proof is complete. O

Remark 7.4 (Regularity in time). By an interpolation argument, the result of Proposi-
tion 7.3 implies some time regularity for a function f € Hﬁin (R x R?) which satisfies (7.8)
for vg € [1,00). Indeed, by the definition of the norm ||HH& , we have that

1) ooz ey < 1l (mcmay -
By interpolation and (7.9), for every 6 € [0,1] and « € [0, %),
[ £l 22 (s pr0a (respra-20y) < C I f [ 1 (mxa) -
We also have, by (7.9), for any « € [0, %),

| £ bt o1 (ma; 1)
<Nl z2@omra-r a1y + 1068 | Lo oot mag 1y
<l z2@ce@amzry) + 106 =0 Vaf | p2p2@amz1y) + 10 Vaf | 2ot (ra,a1y)
<C ”f“Hiin(Rx]R’i) .

By interpolation of the previous two displays, we obtain, for any 6,0 € [0,1] and « € [0, %),

(718) ”fHH(r (R;HOo-o(1-a+0a) (Rd;H$—2(9+U—9C’))) <C Hf“H&in(Rde) .

As in the statement of Proposition 7.3, each of the constants C' above depends only
on (a,vp,d). Note that all three exponents can be made simultaneously positive, for
example taking o =60 = % and o = 3—12 yields

(7.19) 171

<C .
H?lé(R;H?IE(Rd;HJLG)) HfHHiin(RXRd)
By (7.19) and an argument very similar to the proof of Proposition 3.5, which we omit,
we obtain the following compact embedding statement.

Proposition 7.5 (Compact embedding of H; into L?). For any C™' domain V c RxR?,
the inclusion map H (V) < LZ(V;Lg) is compact.

7.4. Trace theorem and integration by parts. We now study trace theorems and
integration by parts formulas. Throughout this section, we assume that V ¢ R x R? is
either a C%! domain, or of the form I x U with I € R a bounded interval and U < R¢
a Cb! domain. As in Section 4, the most general integration by parts formula is obtained
when b(z) is a conservative force field, see Assumption 4.1. Under this assumption,
we recall that the measure o on R? is defined in (4.1). For notational convenience, we
redefine m to be the measure on R x R? x R? given by

dm(t,z,v) :=dtdo(x)dvy(v).

Recalling the definition of the differential operator B in (4.3), we see that the operator
O + B is formally skew-symmetric in L?(R x R? x RY, dm), and that the operator on the
left side of (7.1) can be rewritten as

ViVof + (0 + B)f.
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In practice, most of the results of the previous sections carry over provided that we replace
B by 0; + B throughout. Under Assumption 4.1, we write, for every f e C°(R x R% x R?),

d :f t7 9 d t? ’
]mfodf " 8V><Rdf( z,v) dm(t,z,v)
= ./av'de f(t,z,v) exp(—H(x)) dHq(t,z) dy(v),
where Hy denotes the d-dimensional Hausdorff measure on 9V. We also write
dtdd:f toav)ded ::f ta,0) dHy(t,z) dy(v).
[ o tdrdzdy= [ ftao)dray@)= [ ) dialte) dy)

By integration by parts, we have for every f,ge C>(V x R?) that

Sy 0@ B a@e gy an= [ g () onvan,
We denote
8f:in‘/v = {((t>x)vv)68VXRd : (_lv)'n\/(t,w)i()}.

Recall that we consider either that V is a CY!' domain, or that V = I x U with U
a OY! domain. In the latter case, by convention, we have set ny (t,7) = 0 whenever
(t,x) € I x OU. In both cases, we have the following analogue of Lemma 4.3.

Lemma 7.6 (trace lemma). For every compact set K ¢ OF, V, the trace operator

from C(V xR?) to L? (K, ‘(_1@) ‘ny

dtdz d’y) extends to a continuous linear operator
on HL. (V).

Proof. When V is a C*! domain, the proof is almost identical to that of Lemma 4.3, the
only difference being that we replace —v - ny(x) by

(7.20) (—1@) -ny(t,z)

throughout. We now turn to the case when V = I x U. We denote by x the function
introduced in (4.9), and for each r_, 7, € [0, c0), we set

(7.21) Xy, (Lz,0) = (r_ [—(U 0y (2))- Alt - I_\] +7y [—(U 10 () Alt - .M]) ,

1+ v 1+ v

where we recall that we write a A b := min(a,b). As for (4.11), we verify that for every
r_,rs €[0,00) and f e HL (V),

11 iy SCQ ) f s v,

Moreover, for every r € [0,00) and f € C(V x R?), we have

1 1
/8VXRd - X;’O) (—U) | dm = /an]Rd - X;’O) (—U) v dm
<C+0) |y, vy,

(1)

and similarly,

favad FA-x6,) dm < CL+ 1) Flaz vy
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Using that 1-x;.+1~x0, =1~ Xr», We conclude that

, 1
AVde f2(1 - Xr,r) (—U) sy

which yields the result. O

1
(—v) -ny| dm < oo},
equipped with the norm

1
1 2
it 0= (g, 00+ e () 0] )

Proposition 7.7 (Integration by parts in H_ (V). Under Assumption 4.1, we have
for every f,g € Hﬁin’a(V) that

dm <C(L+7)|flm vy,

We next introduce the function space

Hignp(V) = {f cHbW() [ f

1
O+ B)g+ g(0u+ B)S) dm = [ ‘ny dm.
Jya0@ s B a@e gy an= [ g () nvan
Proof. The proof is essentially identical to that of Proposition 4.4, with only minor

changes to the notation. O

Lemma 7.8 (Boundary approximation). Under Assumption 4.1, we have for every
feHL (V) that

1
o f b= 1)’ -y dm <0.
beHi:,o(V) 8Vde( 1) (—v) ny dm

Proof. If V is a C%! domain, then the argument is almost identical to the proof Lemma 4.6;
the only difference is that we replace —v-ny (z) by (7.20) throughout. In the case V = I'xU,
we replace the function x;,_,, used in the proof of Lemma 4.6 by the function X;“-,n
introduced in (7.21). The rest of the argument follows similarly. O

Lemma 7.9 (No-trace result in L2(V;H}/)). For every fe HL (V), be Hﬁin’O(V) and
e >0, there exists f' € Him,o(v) such that f' =b on OV x R? and
If- f’||L2(V;H;) <E.

Proof. The argument is a simple adaptation of the proof of Lemma 4.7: we use a cutoff in
the time-space variable (t,z) where a cutoff in z was used in the stationary setting. [

7.5. Well-posedness of the Cauchy-Dirichlet problem. We first show the well-
posedness of the Cauchy-Dirichlet problem under Assumption 4.1 and when V ¢ R x R¢
is a C! domain (the case of a cylindrical domain is considered afterwards). We define

Ziin(V)={(f.f*) + feL*(V;H)) and f*-Bf-0,feL*(V;H;")},
and for every pair (f, f*) € Zyin(V),

(722) Jkin[fvf*] = inf{/‘;de %|vvf_g|2 dm :

ge LX(V;L2)" st v;g:f*—Bf—atf}.
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The constraint on g appearing in (7.22) is interpreted as

Vé e LA(V; HE f -vd:f *_Bf-0,f) dm.
serviml) [ gviodm= [ o(f - Bf o) dm
As in previous sections, the right side above stands for
[ A6tw, (5 = BE = 0u) (1.3 gy s dtdo (o).

Proposition 7.10 (Solvability of Cauchy-Dirichlet problem). Let V be a C1'' domain.
Under Assumption 4.1, for each (g,9*) € Ziin(V'), the mapping

g+ Hy,o(V) - [0, +00]
7.23 m, "
(723) { 7 e dalf]

s uniformly conver. Moreover, its minimum is zero, and the associated minimizer is the
unique f € g+ HL (V) solution of the equation

(7.24) VoVof +Of+Bf =g".
We intepret (7.24) as meaning that

Vo e L*(V;H.) fvadVUQS'vadm:/‘/X]Rdéf)(g*_Bf—atf) dm

The proof is essentially identical to that of Proposition 5.1. The key step in which we use
the assumption that the domain is C'>! is the following analogue of Lemma 5.2.

Lemma 7.11. Let V ¢ R xR be a C' domain. There exists a constant C(V,d) < oo
and, for each h e L*(V), a function f € Him’o(V) satisfying

(7.25) (Orf —v-Vaf)y=h
and the estimate
(7.26) £z, vy < Clalay.

Proof. We can reproduce the proof of Lemma 5.2 with only minor modifications. Indeed,
we first notice that by arguing as in Steps 2 and 3 of the proof of Lemma 5.2, it suffices
to consider the case when fV h = 0. In this case, as in Step 1 of the proof of Lemma 5.2,

we can obtain the existence of a vector field f = (f,...,f;) € H (V)1 satisfying
d
b+ 0,6 =h iV,
(7.27) £ Zl 1 o
f=0 on JV.

and such that, for some C'(V,d) < oo,

€1 vy < ClR| L2 (vy-
We stress that here we treat the time variable in just the same way as the spatial variables;
a function belongs to H'(V') if its derivatives in time and space belong to L?(V). We
then select smooth functions &, &1, ..., & € C°(R?) such that & satisfies (7.6) and, for
every i € {1,...,d},
(7.28) [Rd &(v)dy(v)=0 and fRd v&(v) dy(v) = e;.

Finally, we set
d
f(t,l’,’[)) = fO(t7$)£0(U) - Zfl(t’ x)gl(v)a
i=1

and check that f belongs to HJ, (V) and satisfies (7.25) and (7.26). O
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Proof of Proposition 7.10. The proof parallels that of Proposition 5.1.

Step 1. We show that the mapping in (5.4) is uniformly convex and not constantly
equal to +oo. As in Step 1 of Proposition 5.1, we can use Lemma 5.2 and (5.7) to
assert that the mapping in (5.4) is not constantly equal to +oco. Verifying the uniform
convexity boils down to showing the existence of a constant C'(V,d) < oo such that for
every (f,j) € Hﬁin’O(V) x L2(V; Lg)d satisfying the constraint

(7.29) Vod=-Bf-0if

we have the estimate

1 . ) .
5 VR4 |v1;f _J|2 dm>C 1 (Hf”?{llm(\/) + ”-]“%2(‘/;[/%)) )

Expanding the square and using (7.29), we can rewrite the left side above as

1 1.
[/de (§|va|2 + 5|J|2 + f(Bf + atf)) dm.
We then verify that [\, p4 f(9; + B)fdm >0 and, using (7.29), that
10cf + Bflr2v.mz1y < Clillz2ovirz)-
Step 2. We introduce the perturbed convex minimization problem defined, for every

freLX(ViHY), by

G(f')= inf (ka[f+g,f*+g*]+wadff*dm),

feHllin,O(V)

and we aim to show that G(0) = 0. Since G(0) > 0 and G is convex and lower semi-
continuous, this boils down to the verification that G* > 0, where G* is defined for every
h e L2(V;H$) by
G*(h) := sup (—G(f*)+/ hf*dm).
frel2(V;Hz1) VxR?

We decompose the proof of the fact that G* > 0 into the remaining two steps.
Step 3. We show that for every h e L*(V; H;l),

G*(h)<+o0 = Oih+BheL*(ViH").
Note that
a30) G w=sw{ [ (599 -3+ (h-n)s) dml,

where the supremum ranges over every f € H. (V), je L*(V; Li)d and f* e L?(V; H;l)
satisfying the constraint

Vod=f"+g"=(0c+B)(f +9).
We use Lemma 7.11 to select fj € Hﬁin,O(V) such that
(9" = (0 + B)g)y = ((0r + B) fo)v,
then jo € L*(V; L%)d such that
Vodo=9"= (0 + B)(fo+9),
and restrict the supremum in (7.30) to f* = (9, + B)(f - fo) and j = jo, obtaining that

Gwzsw{ [ (<5190 +9)-Jol + (= 1@+ BY(f - o)) dm}
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with the supremum now ranging over f € H. (V) only. For f e C2°(V xR?), the integral
[ f(8: + B) f dm vanishes, and thus

Sup{/vad WO+ B)f : feCP(V xRY), ”f”L?(V;H}/) <1}<+°°-

This implies that (9; + B)h € L*(V; H;l), as desired.

Step 4. To conclude the proof, there remains to show that for every h € Hﬁin(V), we
have G*(h) > 0. We replace f* by f*+ (0; + B)f in the formula (7.30) to get that

@30 G m=swl [ (5949 =3P+ - DU s+ BS)) dml

where the supremum is now over every f € H\, ,(V), je L*(V; L?Y)d and f* e L*(V; H;l)
satisfying the constraint

(7.32) Voi=f"+g" - (0. + B)g.

We can rewrite the supremum in (7.31) as
Gy =sw [ (51l +9) =3P + (= f = @1+ B dm
VR4 2! !

- .[Wde (%f2 - fh) (—17)) ‘ny dm},

with the supremum over f, j and f* as above. Since the functional
1 2
> i\ -j h - * - B)h) | d
o [ (5l + ) =3 (= 1)1 = 10+ BY)) dm

is continuous with respect to the topology of L?(V; H%), we can use Lemma 7.9 to infer
that

G* () - sup{ e (5519 490 =38 + o= 1257 = p(@1+ BY) ) i

—f (1b2—bh)( 1 )-nvdm},
VxR \ 2 =

where the supremum is now over every f € Hﬁin(V), be Hﬁin oV, je L3(V; Lg)d and
fre LQ(V;Hv_l) satisfying (7.32). We then select f = h to get that

. 1 . 1 1
G (h)?sup{—fVXRd §|Vv(h+g)—3|2dm—§_[8VXRd (b—h)? (_U).nvdm},

where the supremum is now over every b, j and f* as above. By Lemma 7.8, it follows
that

x 1 .
G (zsuw{- [ SIV.(h+g)=jfdm},

where the supremum ranges over every j € LQ(V;L?Y)d and f* e L2(V; H;l) satisfying
(7.32). To conclude, we select j = V,(h +¢) and then f*=V;j-g" + (0, + B)g and thus
obtain that G*(h) > 0. O

We now extend the well-posedness result to the case of cylindrical domains.
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Proposition 7.12 (Well-posedness in I xU). Let I €R be a bounded interval, U € R? be
a CY' domain, V=1 xU, f*¢ LQ(V;H;I) and fo € Hﬁin(V). Under Assumption 4.1,

there exists a unique weak solution of the Cauchy-Dirichlet problem
Of ~Dof +v-Vof =0 Vof +b-Vof = f* in VxR,
{f = fo on OpypV.
Proof. Step 1. We first show uniqueness of solutions. By linearity, this amounts to

showing that for f* =0 and fy = 0, the only solution to (7.33) is the null solution. Testing
the equation with f itself, we find that

/‘/de|v”f|2dm+/VX]Rdf(atJrB)fdm:O-

Since f € Hﬁimo(V) c Hﬁinﬁ(V), the second term on the left side above is non-negative.
It thus follows that V,f =0, and then that (0; + B)f = 0. By the Poincaré inequality
(Proposition 7.2), for each C'* domain W ¢ V, we thus have that f is constant on .
Using overlapping domains, we see that this constant does not depend on W. Finally,
the only constant that also belongs to Hﬁin’O(V) is the null function.

(7.33)

Step 2. We now prove the existence of solutions. By considering the equation for
f = fo, we can assume without loss of generality that fy =0. Let (V},)n>1 be an increasing
sequence of C''! domains such that Uns1 Vi = V. We choose these approximating domains
in such a way that 0V,, = 9V outside of smaller and smaller neighborhoods of the set
OI x OU where the C1! regularity of V fails to hold. For each fixed n, there exists a weak
solution f, € Hllin,O(Vn) of the equation

{Vzvvfn H(@+B)fa= [ i VxR,
fn=0 on Ohyp Va.
By considering the equation for the function f;(t,x,v) = e ' f,(t,z,v), testing this

equation with ﬁl, and arguing as in the first step to treat the boundary term, we obtain
that

| fr ”LQ(Vn;H}/) < C”f*”LQ(Vn;H;l)'
Using also that (0; + B) fn, = f* =V, V4 fn, we deduce that
(7.34) [ fnllmr vy € CLF 2qvinsmsy-

Up to the extraction of a subsequence, which we keep implicit in the notation for simplicity,
we can thus assume that there exists f € Mys1 Hﬁin(Vn) such that for each k > 1, the
sequence f, converges to f weakly in Hﬁin(Vk). Using (7.34), we have that for each &k > 1,

i, iy <mint [ fulim ) < CLF o).
Letting k go to infinity, this shows that f € Hﬁin(V). Moreover, we have for every k > 1
and ¢ € L*(Vj; H}) that
/ Vvqb-vyfdm+/ ¢ (Oef + Bf = f*) dm =0.
VkXRd VkXRd

Using that f € H\ (V), we can extend this relation to every ¢ € L2(V;H$), thus
obtaining that f is a weak solution. There now remains to verify that f € Hﬁin o(V). Let

P e Cg ’1(8V x R?) be a boundary datum with compact support in dy, V. We will argue
that

(7.35) [avad wf (_1v) 1y dm = 0.
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If this can be done, it implies that f =0 on 04, V, and by the time-dependent version
of Proposition 4.10, that f € Hﬁin’O(V). Hence, there only remains to argue for (7.35).
Since ¥ has compact support in O, V, for k sufficiently large and every n > k, we have
that the support of v is a subset of OynVy; we can then extend v to Okin Vi by setting
1 = 0 whenever ¢ was not defined. We can then further extend 1 to be a function in
H. (V), e.g. by solving for a Dirichlet problem in Vj and extending the function to be 0
in V \Vj. For every n > k, we have

ande (Y0 + B) fr + fn(0p + B)Y) dm = /avand U (—1@) ‘ny dm = 0.

By the construction of ¢, we can replace V,, by Vj in the domain of integration on the
left of this identity. Since f,, converges to f weakly in Hﬁin(Vk), we deduce that

S a WO+ BYf + 501+ YY) dm <.

By the construction of ¢, we can then replace Vj;, by V in the integral above, and thus
conclude that (7.35) holds, as desired. O

We do not include a proof of the following statement in this paper, since the argument
is a close adaptation of the one of Theorem 1.4. We denote V;. := (-7, r) x B, and by Vi,
the full gradient in ¢ and x, that is, V¢, = (9, Vz).

Proposition 7.13 (Interior regularity, kinetic Fokker-Planck). Let k,l € N, r,vg € [1, 00)
and b e CF=L1(V CFLL(RYG RY)). There exists a constant C < oo depending on

(d, k?, l, r,vo, {||b||Ck+j—1,1(VT;Cl—j—l,l(Rd)) }je{O,...,l})
such that, for every f e HL (V;) and f* € Hk”(V};Hf/_1) satisfying
(7.36) D= ANyf+v-Vof —0-Vaf +b-Vuf = f* inV, xR,

we have that f ¢ H" (VT/Q;H%(BUO)) and the estimate

f»"x—

l
H‘vfjvf’””ﬂHLQ(Vr/z%L%(Bvo)) gC(Hf_(f)vr L2(Vi5L2) +]Z:E)‘ Hk*f(vr;Hi‘j‘l))'

7.6. Exponential decay in time. For each bounded interval I = (I_,I,) € R and
bounded Lipschitz domain U, we denote by Him’”(l x U) the closure in H, (I xU) of the
set of smooth functions which vanish on I x dy,U. Note that in particular, we allow the
trace of f € Hllin,H(I x U) on the initial time slice {I_} x U to be non-zero. In this section,
we show that a solution to the kinetic Fokker-Planck equation with zero right-hand side
and belonging to H&in’H(I x U) decays to zero exponentially fast in time. We start with a
preliminary classical lemma.

Lemma 7.14 (continuity in L?). Every function in Hﬁm ||(I x U) can be identified (up
to a set of null measure) with an element of C(I; LQ(U;Lg)).

Proof. 1f f is a smooth function which vanishes on I x dy,,,U, then for every ¢ € I, we have

O Baqzy + [ 72 (0,0) (0 mu(2))- dodr(0)
:2/(‘]&(1 (fOuf —v-Vaf)) (t,z,v) dxdy(v),
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where we recall that (r)- := max(0,-r). Since the second integral on the left side is
nonnegative, we deduce that for every s,t eI,

‘”f(ta')H%Q(U;L%) - ||f(57')\|%2(U;L2,) 2 fllz2s.tyxvmy 10ef = v Vo f | L2 (s, 00501

and thus, for a constant C'(1) < oo,

sup | f(t, ')HL%U;L%) < CHf”H;m(IxU)-
tel

For a general f € Hﬁin H(I x U), there exists a sequence (f,) of functions which vanish on

I x OyypU and such that f,, converges to f in Hl}in(l x U). It follows from the inequality
above that f, converges to f with respect to the L*(I; L*(U; L?Y)) norm; in particular,

feC(I; L*(U; L2)). O

We finally turn to the proof of Theorem 1.5, which is restated in the following propo-
sition. Notice that, by linearity, it suffices to prove the theorem in the case f* =0
and fo =0.

Proposition 7.15 (Exponential decay to equilibrium). Let U € R? be a C1' domain and
b e L®(U xR, There exists A(IB] Lo (rxray, U, d) > 0 such that, for every T € (0, 00)
and f € H. H((O’T) x U) satisfying
Of—ANof+v-Vof —v-Vaf +b-Vyf =0  in (0,7)xU xR?,
we have, for every t € (0,T),
|t 2 inzy < 2exp (=A8) [ £(0, )] 22 (v, 22)-

Proof. For every 0 < s < t, we compute

1

5 (”f(tv ')H%Q(U;L%) - ”f(S, )H%Q(U,Lg/)) < _HVUfH%Q((s,t)xU;L?Y)‘

In particular,

(7.37) the mapping ¢t — | f(¢, ')”L2(U;Lg) is nonincreasing.
Since
~VoVof =0if —v-Vof +b- Vo f,
we have
100f =v- Ve flLz(spyxv;mz1)

<NOuf =v-Vaf +b-Voflrzspxvmzny + 10 Vof lr2(sxvm:1)

<CIVoflrzsyxv;r2)
and thus
(738) = (1) Rz ~ 1) iz

1 2 2
2 5 (HVUfHLQ((s,t)xU;L?Y) + ”8tf —U- vacfHLQ((s,t)xU;H;l)) :
We aim to appeal to Proposition 7.2 to conclude. Since we have only proved this

proposition for C' domains, we find a C%! domain V ¢ R x R? satisfying

1
(7.39) [Z,z]ngVg 0,1]x .
For every t > 0, we write

Vii=(£,0)+V ={(t+s,2) eRxR? : (s,2)eV}.
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Inequality (7.38) implies that, for every ¢ >0,
= (P 1z = 1 E a2y

1
> G (”vaHZH(v;;Lg) +[0cf v foH%Z(vt;H;I)) :

Proposition 7.2 yields that

1
(I L)) ~ 17 2awazy) * 51 i)
Using (7.37) and (7.39), we deduce that

1
(17 G+ 1) Fainsy = 1 ewasy) > E 17+ 1) e,

This implies exponential decay of the mapping ¢ ~ | f(%,-)| z2(;r2) along integer values
of t, and we then obtain the conclusion of the proposition by using (7.37) once more. [

APPENDIX A. DISCUSSION ON TRACE THEOREMS

In this appendix, we discuss previous results in the literature related to Question 4.2.
The first contribution is due to [4], where Question 4.2 is answered positively in the case
d=1. The argument is based on the construction of an auxiliary function defined by

~ flzyv) ifv>0,
f(z,0) = :
flz,—v) ifv<0.
It is shown in [4] that [v]0,f can be estimated in L2H;! in terms of the L2H;! norm
of v0,f. Once an estimate on |v|0,f is known, one can use the integration by parts
in (4.6) with f replaced by f and v0, f replaced by |v|0, f to obtain the result.

One may at first try to generalize this construction to higher dimensions. Assuming
that ny(0) = e for definiteness, we can consider the auxiliary function

Flao) = {f(:c,v) if v1 >0,

flz,—vi,v9,...,0q) if w1 <0.

An attempt to mimic the one-dimensional argument above would then require an estimate
of sign(vy)v- Vaf in L2H; ' in terms of the L2 H;' norm of v -V, f, but this is no longer
possible. One way to understand that the situation is easier in dimension d = 1 is to
observe that, in this case, an estimate on v-V, f is an estimate on the full gradient of V f
which happens to degenerate on a hyperplane, while in higher dimension it is only an

estimate of one particular projection of V, f at any given point.

The same one-dimensional positive result is also stated in [12, Lemma II.1]. The authors
explain that they follow the approach of [4], but also provide an independent argument
which seems to be incomplete. A positive answer to Question 4.2 in full generality (d > 1)
is then asserted in [10, Lemma 2.3]. As stated there: “to define the traces we use again
the ideas of [12] that we sketch in the following lemma [...]”. The starting point of the
argument is that any function in Hﬁyp(U ) can be approximated in Hﬁyp(U) by functions
which vanish in a neighborhood of the singular set J (U), as was recalled in part (2) of
Lemma 4.5. One can use this result to find a sequence of functions f,, g, € Hﬁyp(U ) such
that for each n, the function f,, vanishes on a neighborhood of dyy,(U), the function g,
vanishes on a neighborhood of (U x R?) \ 8y, (U), and

7%1_)120 an +gn — f”Hﬁyp(U) =0.
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It is then clear from Lemma 4.3 above that the functions f,, and g, have traces in the

space L?(9U x R, |v-ny|dx dy), and that the norms of these traces can be estimated by a

constant times | fy, | m (v) and lgnl H! (U), respectively. However, in order to conclude,
yP yP

one would then need to assert that
(A1) timsup (£l o)+ lon iy 0) < +oo-

Unfortunately, we do not know how to construct f,, and g, in such a way that (A.1) holds.
To see the difficulty, we now explain why the most natural approach to this problem does
not work. As can be seen from Proposition 2.2, we may assume without loss of generality
that the function f € Hﬁyp(U ) we wish to approximate belongs to L= (U x R?) and has

compact support in U x R%. Similarly to the construction involving the functions ¢, in the
proof of Lemma 4.5, we would wish to identify a sequence of functions ¢, € H*(U x R%)
satisfying, for each r > 1,

=0 on {(z,v) €U xR? : dist((,v), OnypU) <~ '} nsupp f,
¢r=1  on {(z,v)edU x RY : dist((z,v), OnypU) > 2r~1} nsupp f,
and such that

sup [ Vor | p2(uxmray < +oo.
r21

Here V denotes the full gradient in the variables (z,v). However, the H' norm of ¢, is

bounded below by the H 3 norm of its trace on AU x R?, and a calculation shows that
the latter quantity must blow up like logr as r — oo.
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