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Abstract

This paper is the second part of a work on Laplace and Helmholtz
integral equations in 2 space dimensions on open curves. A new Galerkin
method in weighted L? spaces together with new preconditioners for the
weighted layer potentials are studied. This second part provides the theo-
retical analysis needed to establish the results announced in the first part.
The main novelty is the introduction of a pseudo-differential calculus on
open curves that allows to build parametrices for the weighted layer poten-
tials. Contrarily to more classical approaches where the Mellin transform
is used, this new approach is well-suited to the specific singularities that
appear in the problem.

Introduction

We are concerned with the numerical resolution of the problems of Helmholtz
and Laplace scattering by open curves in the plane, with Dirichlet or Neumann
boundary data. In the first part of this work [1], after recasting the classical
first-kind integral equations into a form involving weighted versions of the usual
layer potentials, the authors have introduced a Galerkin method in weighted L2
spaces and some new efficient preconditioners for the resulting linear systems. A
discussion on existing literature and the relation of this method to other works
can be found in [1]. This second part is devoted to the mathematical analysis
of the method. More precisely, on the one hand, we establish the announced
optimal orders of convergence for the Galerkin method, and on the other hand,
we analyze the parametrices for the weighted layer potentials that underlie the
construction of the preconditioners. This involves the introduction of two classes
of pseudo-differential operators on open curves with an associated symbolic
calculus, transported from the usual pseudo-differential calculus available on



the torus [6]. The way we deal with the singularity of the change of variable
is new, to the best of our knowledge. The resulting classes of operator are
particularly simple, enjoy all the usual pseudo-differential properties and could
therefore present an interest in other contexts.

The outline is as follows. In the first section, we define two scales of in-
terpolating Hilbert spaces, T° and U?® and analyze their properties. Some of
this analysis is applied in the second section to establish the optimal orders of
convergence of the Galerkin method. In the third section, we introduce the new
classes pseudo-differential operators on open curves, respectively in the scales
T° and U®. This allows us analyze the parametrices for the weighted layer
potentials in the fourth and last section.

Remark 1. Throughout all this article, we use repeatedly the letter C' in esti-
mates of the form a < Cb. From line to line, the value of the constant C may
change but is independent of the relevant parameters defining a and b.

1 Spaces 7% and U*

All the analysis of this work takes place in two interpolating scales of Hilbert
spaces T° and U? that we define now, before establishing some of their proper-
ties.

1.1 Definitions

The Chebyshev polynomials of first and second kinds (see e.g. the book [2]) are
respectively given by
sin((n + 1) arccos(x))

V1—2z?
for x € [-1,1] and n € N. Letting 0, the derivation operator and w the
operator u(x) — w(z)u(z) with w(z) = V1 — 22, T,, and U, satisfy the following
identities:

Ty (x) = cos(narccos(x)), U,(x) =

—(w0,)?T,, = n°T,, (1)

—(0,w)* U, = (n+1)2U,. (2)

Notice that here and in the following, d,w denotes the composition of operators
0, and w and not the function x — dyw(x). One can also check the identities

8xTn = nUn,1 y (3)

—w0wlU, = (n+ 1)Th11 . (4)

The first one is obtained for example from the definition of T;,, from which we

deduce the second one after using — (w9, )?Ty11 = (n+ 1)2T,, 1.

Both T, and U, are polynomials of degree n, and provide respectively a
basis of the following Hilbert spaces

dm<+oo} ,

1 2
LA =3ueli (1,1 / 7‘u(x)|
% { loc( ) . m




1
L2 = {u € Li.(—1,1) ‘ / lu(z)]*V1 — 22dx < —i—oo} .
-1

Following the notations of [3], we denote the Banach duality products of L%
and L2 respectively by (-,-)1 and (-,-) and the inner products respectively by
(-,-)1 and (-,-),,, with the following normalization:

1
(u,v), = (u,7), = l/ u(z)v(z)w(z)de .

™)

The Chebyshev polynomials satisfy

0 if n # m,
(T, Tin)1 =4 lifm=n=0, (5)
N 1/2 otherwise,
and £+
0if n #m,
(Un, Um),y = { 1/2 otherwise, (6)

from which we obtain the so-called Fourier-Chebyshev decomposition: any u €
L2 can be decomposed through the first kind Chebyshev series

+oo
u(z) = Z UnTn(x), (7)
n=0

where the Fourier-Chebyshev coefficients of the first kind are given by

(U, Tn)i
Up =
and satisfy the Parseval equality
1R
Y(u,v) € L4 (u,v)1 = Gigdo + 3 D nln
n=1

When w is furthermore a smooth function, one can check that the series (7)
converges uniformly to w. Similarly, any function v € L2 can be decomposed
along the (Uy), as

+oo
v(z) = ZT/”Un(m)
n=0

where the Fourier-Chebyshev coefficients of the second kind v,, are given by

O = (UﬂUn)w
" (Un,Un),,

with the Parseval identity
1R
(u,v), = 3 nzoﬁnf}n .

The preceding analysis can be used to define Sobolev-like spaces.



Definition 1. We define T® as the set of (formal) series
U= Z U1y,
neN
where the coefficients i, satisfy
> (140 i < oo
neN

Let T = Ng>oT?® and T~ = UsgerT®. For u € T° when s > 0, the series
defining u converges in L% and the Fourier-Chebysehv coefficients of the first

kind of u coincide with ﬁ:, allowing to identify T° to a subspace of L% with
T = L% . For allu € T®, we define the linear form (u,-)1 by

“+oo
1. 1 A
VQDETOO><U"§0>% 25 0‘P0+§Zuncpn- (8)
n=1

This linear form has a unique continuous extension on T~°, and the dual of
T? is the set of linear forms (u,-)1 where w € T—°. Endowed with the scalar
product

T7 is a Hilbert space for all s. A homogeneous semi-norm on T® can be defined

as
1 <X
2 . 2 |n 12
e = EZn "
n=1
Definition 2. In a similar fashion, we define U® as the set of formal series

U= Zfann

neN

|u

where the coefficients ., satisfy

S0 il < 4oc.
neN
Let U*® = NgerU?® and U™ = UscrU?®. For u € U® when s > 0, the series
defining u converges in L2 and the Fourier-Chebyshev coefficients of the second
kind of u coincide with t,, allowing to identify U* to a subspace of L? with
U% = L2. For all u € U, we define the linear form (u,-)_ by

—+oo

1 .
Vo € U™, (u,p), = 3 ngnun. 9)

n=0

This linear form has a unique continuous extension on U~ %, and the dual of U®
may be identified to U™* with respect to the bilinear form (-,-)_. Endowed with
the scalar product

1 . -
(u”U)US = 5 Z (1 + (n + 1)2) a’rﬂv}na
neN

U? is a Hilbert space for all s € R.



Let s1,52 €r, 0 € (0,1) and let s = s1 + (1 — 6)s2. It is easy to check that

4 1-6
Vu € T, ||ullpe < flullps [[wllzs
and
0o 6 1-6
Vu € U, [ullys < llullpe llullys -

Therefore, (T%)scr and (U®)ser are exact interpolation scales.

1.2 Basic properties

Links with smooth functions and continuous inclusions For any real s,
if u € T®, the sequence of polynomials

converges to u in 7. The same assertion holds for « € U® when T,, is replaced
by U,. Therefore:

Lemma 1. C*([-1,1]) is dense in T and U® for all s € R.

The polynomials T;, and U,, are connected by the following formulas:

U 1
To=Up, T = 71 and  Vn 22, Tp=g(Us~Usa), (10)
n n
VTLEN, Usp, :2ZT2]‘ —1, U2n+1 :2ZT2]'+1. (11)
j=0 j=0
This leads us to introduce the map
1:T*° —=>U>
defined by
> . P2 5= Pj— Pt .
Toy=¢0— 2, Toj= 2 2 forj > 1.
1 is bijective has the explicit inverse
I log = o, Thp; =2 @jion for j > 1.
n=0 n=0

Lemma 2. For all real s, I has a unique continuous extension from T° to U?
and for s > %, I7! has a continuous extension from U® to T~ 1.

Before starting the proof, we introduce the Cesaro operator C defined on ?(N*)
by

1 n
(Cu),, = - ;uk



As is well-known, this is a linear continuous operator on the Hilbert space [2(N*).

Its adjoint
“+o0
U
k‘ b

k=n

(C*u)p, =

is therefore also continuous on {?(N*). In other words, for all (u,), € [*(N),

+o0 +o<>u 2 +o00
> (X%) cox
k=1

n=1 \k=n

Proof. The first result is immediate from the definition of 7%, U® and I. When
u € U® for s > 1/2, the series 3 |1, | is converging thus I~ 1u is well defined. By
definition, u € U® means that the sequence ((1+ n?)/2 \ﬂn\)n>1 is in [2(N*).
Thus, using the continuity of the adjoint of the Cesaro operator mentioned
previously, the sequence (r,),, defined by

+oo
V>0, 1= Z(l + k%)

k=n

s—1 o
7 [

is in [2(N) with a [ norm bounded by ||u]

ve- We now write

+oo
HIilu‘;s—l _ Z(1+n2)sf1‘171un’2
n=0
+o00 +o00 2
< 4) (14wt (Z |ak|>
n=0 k=n
<

+oo [/ +oo o 2
S (Zu ) akn)

n=0 \k=n

2
4H(Tn)nHz2 .

We saw that the last quantity is controlled by ||u| ?] so the result is proved. O

Let

w=> T, v= UnUn.

neN neN

When Iu = v, we identify v and v. The previous results have shown that this
identification is compatible with the equality of functions in L2 or L?. The

mapping [ is then the identity mapping and its properties just established can
be rephrased as follows.

Corollary 1. For all s € R, T® C U® and for all s > %, Us c T with
continuous inclusions.

One immediate consequence of the previous result is that 7T°° = U°°. Moreover,
there holds



Lemma 3.
T =C*([-1,1)).

Proof. If w € C*°([—1,1]), then we can obtain by induction using integration
by parts and (1), that for any k € N

b= C [ GO,

Un = "2k 4 w(z)

Noting that (wd,)? = (1 —2%)9% — x09,, the function (wd,)* u is C*>, and since
IT.]|, =1, the integral is bounded independently of n. Thus, the coefficients
@i, have a fast decay, proving that C*°([—1,1]) C T°.

For the converse inclusion, if u € T°°, the series
u(z) =Y T (x)
n=0

is normally converging since ||T,,||,, = 1, so that u is a continuous function.
This proves T C C°([-1,1]). It now suffices to show that d,u € T° and
apply an induction argument. Applying term by term differentiation, since
0. T,, = nU,_; for all n (with the convention U_; = 0),

+oo
Ou(x) = Z nln,Upn—1(2).
n=1

Therefore, d,u is in U = T°° which proves the result. O]

The next result shows that nothing that can be done about the case s < %:

Lemma 4. For s < %, the functions of U® cannot be identified to functions in
T—°°.

Proof. Let s < %, and let us assume by contradiction that the functions of U*®

can be identified to elements of T~°°. Then, there must exist a continuous map
I from U?® to T~°° with the property
Vu e C°([-1,1]), ITu=u.

We introduce the function u defined by u, = ﬁ(n) One can check that

welz C U?, thus Tu must be element of T~°°. For all N, the function

N
unN = E IVLnUn
n=0

is in U™ and (un)nen converges to w in U®. By continuity of I, the sequence

({(Tun,To) 1 ) Nen must converge with limit (Tu, Tp) 1. But since Tuy = uy,
N L5 1
I T = T = Un (Un, To) 1 = )
(Tun,To) 1 = (un,To) 1 ;u (Un: To) 2 £ 2k In(2k)



where, in the last equality, we have used the identity

1 ifniseven,

<Un7TO>% = {

0 otherwise .

which can be checked for example using eq. (11). The last sum diverges to +oo
when N goes to infinity, giving the contradiction. O

Lemma 5. Foralle >0, ifu € T%‘“, then u is continuous and
3C :Vz e [-1,1], |u(z)| < Clullpijz+se -
Similarly, if u € U%/?*, then u is continuous and

3C vz e [-1,1], |u(z)| < Clullys/2te -

Proof. Let x € [—1,1]. Using triangular inequality,

+oo
u(@)] < D Jin]
n=0

since for all n, |15, ||« = 1. Applying Cauchy-Schwarz’s inequality, one gets

400 1
n=

The second statement is deduced from the first and the continuous inclusion
U c T5~! stated in Corollary 1. O

Derivation operators We now extend the definition of the derivation oper-
ators 0, and wd,w appearing in eqs (3) and (4).

Lemma 6. For all real s, the operator 0, can be extended into a continuous
map from Tt! to U® defined by

Yo e C([-1,1]), (Ozu,v), = — (4, wOwv) 1
In a similar fashion, the operator wd,w can be extended into a continuous map
from Ut to T* defined by

Yo e C([-1,1]), (woywu,v)1 = —(u,0,v), .

Proof. Using egs (3) and (4), one can check that the formulas indeed extend the
usual definition of both operators for smooth functions. We now show that the
map 0, extended this way is continuous from 7! to U*. The definition
Yo e U™, (0yu,v), = — (U, wdywv) 1
gives a sense to J,u for all u in T~°°, as a duality T~ x T product, because if
v € U®(= C>®([-1,1]), then wd,wv = (1 —2?)v' —zv also lies in C([-1,1])(=
T°°). Letting w = d,u, we have by definition for all n
Wy, = (w,Uy), = — (u,wd,wlp)

1
w



This implies the announced continuity with

[wllgs < llllposs -

The properties of wd,w on T* are established similarly. O

Corollary 2. The operator 0, is continuous from T2 to T* for all s > —1/2
and from US*2 to U® for all s > —3/2. On the other hand, wO,w is continuous
from T**Y to T and from Ut! to U* for all s € R.

Proof. For the continuity of 9, from T°2 to T, we use the continuity of 9,
from 7512 to U**t! and then of the identity from U**! to T°. For the continuity
of 0, from U**? to U*, we use the same arguments in reverse order.
On the other hand, we have, for n > 2,

Un — Un,Q (n + 1)Tn+1 — (n — 1)Tn71

Therefore wd,w is continuous from T+ to T°. Finally, wd,w is continuous from
Ust! to T* and the inclusion T° C U? is continuous thus wdw is continuous
from USt! to US. O

1.3 Equivalent norms on 7™ and U"

We now provide a characterization of the spaces 7™ and U™ in terms of weighted
L? norms of the derivatives and give equivalent norms on those spaces when n
is an integer. This is done by studying the properties of the operators (wd, )™
and (0,w)™. The main results are propositions 1 and 2.

Lemma 7. The operator w is a bijective isometry from U° to T with inverse
1

W

Proof. This result follows from

1 1 2 1 1
lwul2 = f/ Jwu)l” _ f/ wluf? = Jull? |
w v 1 w T -1

valid for all u € L2. O

Combining this with the continuity of 9, from T to U° and of wd,w from
U' to T (see Lemma 6) we obtain:

Corollary 3. The operators w8y : T* — T° and O,w : U — U° are continuous.

Note however that those two operators do not send smooth functions to
smooth functions so we cannot expect a continuity of the form

Vs eR, wdy:T— T L.

For this reason, in the analysis of (wd,)™ and (9,w)™, we must treat separately
the cases of an even or odd integer n.



Definition 3. For an even integer n, the operator (wd,)™ : T~° — T~ is
defined by

(wd)° =14, Yk >0, (w0)* = (WO,w)0y(wdy)* 2.
The operator (Ozw)™ : U™ — U~ is defined in an analogous way.
Lemma 8. Let n an even integer. For all s € R, (w0y;)"™ is continuous from
T° to T°~™ and (Oyw)™ is continuous from U to Us™™.
Proof. Those results follow from the definition of the operators and by induction

using the mapping properties of 0, and wd,w established in Lemma 6. O

Definition 4. For an odd integer n, the operator (wd;)™ : T™ — TV is defined
by
(W)™ 1= WO, (WD) L.

The operator (9,w)™ : U™ — U° is defined in an analogous way.
Using Corollary 3, one can show:

Corollary 4. The operators (w0, )™ and (0zw)™ are well defined and continuous
respectively from T™ to T° and from U™ to U°.

Proposition 1. Let n € N. If n is even,

T”:{ueLi

(Wdy)"u € LQ%} .

If n is odd,
= {ue I}

Dp(w0,)"tu € Li} :

Moreover u \/||u||i + () ul|3 defines an equivalent norm on T™, and

forallueTm,
[l = [[(W0z)"ull 2 -

w

Proof. The direct inclusions follow from the mapping properties established in
Lemma 6, Lemma 8 and Corollary 4. For the converse inclusions, let v in L3 .

If n is even, say n = 2k, the assumption is that (wd,)"u € L% . The Fourier-
Chebyshev coefficients of a = (wd,)™u are given for j > 0 by

(@do)u(@), Ty) s (ulw), (w0:)*T;) Kook

a; = = 2 = (—1)F % .
/ (T, T») (T, T0) (=757

1 1
while for j = 0, a; = 0. Applying Parseval’s equality to the function a, this
gives

1 o1 a 12 non2

5% i = @)l (12)

3>0

On the other hand, if n is odd, say n = 2k + 1, let b := 9,(wdy)* u. The
assumption is now that b € L2, and by Lemma 7, wb (= (wd,)"u) € T° with

bl = ll(wde)™ull . = 1B,

10



One can write
by =2 (00 (w0)*u, U;) = =2 (u, (wdy)*F (wpw)U;)
Using —w0d,wU; = (j + 1)Tj11, we obtain
bj = (=1)*(j + 1)* i .

Parseval’s equality then implies that (12) also holds for odd n. This establishes
that v € T™ and |u|pn = ||[(w0z)"ul| . For the norm equivalence, adding the

Parseval equality for u € L% to (12), we get
0l + 5 3001+ 2 g =l + 1wdl) "l (13)

3>0
There are two constants ¢ and C such that ¢(1+ j%)" < (1+52") < C(1+j3)™.
Injecting this in (13), we obtain

© Juln <l + @0e) ul3 < Chull3

and the equivalence of the norms follows. O
Proposition 2. Let n € N. If n is even, then

U'={uelLl|(@w)"uell}.
If n is odd, then

U = {u crL? ] W8, (9yw)"Lu € LQ%} .

Moreover, u — 1/f_11 w|(Bpw)"ul® defines an equivalent norm on U™,

Proof. The direct inclusions follow from the mapping properties established in
Lemma 6, Lemma 8 and Corollary 4. For the converse inclusion, if n is even,
let a = (0,w)"u, we assume that a € L2. One has

a; = (=1 (1+4)" 4,

so, by Parseval’s equality,

1 = - n |~ n
5 DG+ 1 iy = (s ull (14)

=0

If n is odd, the assumption is that b = wd,w(F,w)" 1w isin LA . By calculations
similar to those in the proof of the preceding lemma, we find that for j > 0,

~

_ 2n
bj =] Uj-1-

while by = 0. By Lemma 7, g (= (O,w)™u) € U°. Applying Parseval’s equality
to bin L2 and using ||%||w = ||b|| ., we find that (14) also holds when n is odd,

and thus the inclusion is proved. Finally, there exists two constants ¢ and C
such that for all j € N,

1+ G+ <G+ <0+ (§+1))*.

This implies the equivalence of the norms. O

11



1.4 Link with Periodic Sobolev spaces

In this paragraph, we show how the spaces T° and U? are related to Sobolev
spaces of periodic even and odd functions respectively through the change of
variables x = cos . The main result is Proposition 3.

We briefly recall here the definition of the periodic Sobolev spaces on the
torus Tor := R/27Z. A smooth function u on Ts, can be decomposed in Fourier

series ‘
u(f) = Z Fu(n)e™
ne”Z

with the Fourier coefficients defined by

Fu(n) : ! /Tr u(f)e="0dp.

T o

—Tr

For n € Z, let e, : 6 — ¢, We define the Fourier coefficients of any periodic
distribution u on Tar, by Fu(n) := (u,e_,). For all s, the space H® is the set
of periodic distributions on Ty, for which

2 2
ullfrs =D (1+n®)* [Fu(n)* < +o0.
nez

Introducing the duality product

(u,v)p, = Z]—"u(n)]—"v(—n) , (15)

neZ

H~* is identified to the dual of H* and H® = L?(Ty,). For u,v € H?,

(u,v)g, = % /Tr u(z)v(z)de.

—T

The space H® is the direct sum H} @ H; where
H; :={ue H°| Fu(n) = Fu(-n)} ,
H):={ue H®| Fu(n) = —-Fu(—n)} .
Note that when w is continuous,
u€ H < V0 e Ty, u(—0)=u(b),
u€ H) < V0 €Ty, u(—0)=—u(f).
Definition 5. We define the operators C : T~ — H_*° by

’ao an = 07
vn €z, F(Cu)(n)= {u"' otherwise
2 )
and S : U~ — H7*° by
0 if n=0
VneZ, F(Su)(n)=1 | U1 #n ;
sign(n)—5—  otherwise.

12



Lemma 9. The operators C and S map smooth functions to smooth functions.
For all (u,v) € T=>° x T,

(u,v) 1 = (Cu,Cv)g, .
For all (u,v) e U7 x U™,
(u,v),, = (Su,Sv)r, .

Proof. The first assertion is obvious from the definition of C and S. Let (u,v) €
T=°¢ x T*°. By definition of (-,-)1 and (-, )y, eqgs. (8) and (15),

(Cu, Cv>11.27r = Z F(Cu)(n)F(Cv)(—n)

nez
dobo+ 3 Un| Vjn|
= UpVo + —_—
2 2
neZ,n#0
—+o00
= Uy + 3 E Uy O,

n=1

= <u7 U>

1
The second identity is proved similarly. O

Proposition 3. For all s € R, the operators C and S induce bijective isometries
respectively from T° to HS and from U® to H3. Additionally, for uw € T?,

[ulps = [Cul g - (16)
For u e C*>([-1,1)),
Cu(f) =u(cos@) and Su(f) =sinbu(cosh). (17)
Let ve,v, € C°(Tay), an even and an odd function respectively. Then

vo(arccos )

C_lve(x) = ve(arccosz) and S_lvo(x) = (18)

w(z)

Proof. Let JT', JU and J¥ the linear continuous mappings defined respectively
on T7°°, U~ and H™*° by

JIT, = (14+n»)2T,, JYU, 1=0+n*2U0,,, JH

He, = (1+n?)2e,.

By definition, for v € T* and v € U?,

hully. = (JFu Ty, and ol = (Fv. 7o)

1
w

while for w € H®,
w3, = JHw, JHyw
H ||H S S
27w

Moreover, notice that

cJI =Jlc, SiV =JES.

13



The isometric property of C may now be deduced from Lemma 9 as follows. Let

N
uNy = Z upTy,. There holds

n=0

<J5Tuvm> - <CJZu,m>

€=

27
= <JSHCu,JSHCu1\;>Tr
Sending N to infinity, by continuity of JI, J and C, this yields

2 2
Ts = HCUHHS .

ul

The property (16) and the isometric property of S are established in a similar
manner. Let us now prove eq. (17). For the first identity, consider some smooth
function w on [—1,1]. Since Cu is smooth, the Fourier series of Cu converges
pointwise to Cu. Thus, for all 8 € T,

Cu(0) = > F(Cu)(n)e™

n€e”Z

1 .
Qo + E |2"‘ ezn@
neZ,n#0

13
~ E ~ ind —inf
Ug + 5 P Up, (eln +e n )

+oo
= Z G T (cos ) .
n=0

The last sum also converges pointwise to u(cosf) since v € T°°. Similar cal-
culations show that Su(f) = sinfu(cosf). To prove the bijectivity of S and
C, one can check that they have the explicit inverses C~! and S~! respectively
defined on H? and H; by

Vn € N (C/;l\) Fu(0) if n =0,
u =
’ " 2Fu(n) otherwise,

and o
vneN, (S7tu), =2Fu(n+1).
Finally, identities (18) are simply deduced by inverting (17). O

1.5 Generalization to a curve
All of the previous analysis can be generalized to define two families of spaces

T°(T") and U*(T") of functions defined on a smooth curve I' by means of a C*>
diffeomorphism.

14



Parametrization of the curve

We now introduce some notation that will be used at several points in the
remainder of this work. Let I' a smooth open curve in R? parametrized by

a C* diffeomorphism r : [-1,1] — T'. We assume that |r'(z)| = % for all
x € [—1,1], where |T'| is the length of T". This parametrization is related to the
curvilinear abscissa M (s) through

oy (it ).

Let R: C°(T) — C°°([—1,1]) defined by
Ru(z) = u(r(z)) .
The tangent and normal vectors on the curve, 7 and n, are respectively defined
by
0,1 () 0. 7(x)
T(x) = , nlr)=——"-.
D= e " )

Let N : ' — R? such that N(r(z)) = n(z), that is, N = R~ !n. Let x(z) the
signed curvature of I" at the point r(z). Frenet-Serret’s formulas give

22
) = e+ - o)) + U )
z—y)? |
A () - s (@) + 0 (- 9)")
so that
) —r) = o= = Y2 o -y 19)
For u,v € L?(T"), we have by change of variables in the integral

T
<uaU>L2(F) 9 (Ru, RU>L2(71,1) :

The tangential derivative 0, on I satisfies
2
T
We also define a “weight" on the curve as

r
wr = |2—‘R_1wR. (21)

0y = —R'O,R. (20)

Finally, the uniform measure on I' is denoted by do.

Spaces T%(I') and U*(T")

The definition of the spaces T can be transported on the curve I', replacing
the basis (T,), and (Uy,), by (R™1T,), and (R~'U,),. The spaces T*(I") and
U*(T") are thus defined as the sets of formal series respectively of the form

u= § W RT,, v= § U, R7U, ,
neN neN
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where Ru = > 4, T, € T° and Rv = > 0,U, € U®. To u and v are associated
the linear forms

Vi € C°(T), (u,p) 1 = (Ru, Rp)

1,
or w

2
Vo e (), (v,9),,. = %

The results of the previous section are easily extended to this new setting:

(Rv,Ryp),,

Lemma 10. For all s € R, T*(T") and U*(T") are Hilbert spaces for the scalar
products
(u, U)Tb T = = (Ru, Rv). ,

o
(u7 U)US () = T (RU, RU)US
With these definitions,

(u,v)To(F) = (u,7) 1 :/Fu(x)z)x)dm,

(W, V) oy = (U, V), = /pr(x)u(x)v(z)dx.

In particular T°() = L?, and U°(T) = L2 . For s € R, the dual of T5(T)
wr
is the set of linear forms (u,-) 1 where u € T~5(T), and the dual of U*(T') is
wr

the set of linear forms (u,-), where u € U™*('). For s < t, the injections
THT) c T5(T) and UY(T) c U*(T) are compact. (T*(T'))ser and (U(T))ser
are two Hilbert interpolation scales. For an integer n, equivalent scalar products

on T™(I") and U™(T") are given respectively by

u v l—)/ Wra) ( )(WFaT)n@dO'(IL’),

wr(x)

(u,v) »—>/ drwr)"u(z)(8,wrd)"v(z)wr (z)do () .

For all s € R, T*(') C U*(T) and for all s > %, U*(T') C T*"}(T) with
continuous inclusions. Fore >0, TY/**¢(I') c C*(T") and U3/**< c CO(T') with
continuous inclusions. Finally, T>(T') = U>®(T") = C(T).

2 Weighted Galerkin method for the problem of
scattering by open curves

In this section, we present the first-kind integral equations arising in the study
of wave scattering by open curves with Dirichlet or Neumann conditions and
introduce the weighted layer potentials. We then apply the theory of the first
section to the analysis of the Galerkin method described in [1] in the case of a
zero wavenumber and flat geometry (this can be extended to the general case
by standard perturbation arguments).
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2.1 First-kind integral equations

Recall the definition and parametrization of the curve I' detailed in section 1.5.
We consider the following boundary integral equations (BIEs)

SgA=up, Ngp=un, (22)

where S and Ny, are respectively the single-layer and hypersingular operators.
We refer the reader to [1] and references therein for more details on the connec-
tion between egs. (22) and the problem of wave scattering by the curve I'. The
operators Sy and Ny admit the integral representations

S}C)\ /Gk r—vY )dO’( )

(23)
(Nep)(z) = lim [ N(y) - VGr(z +eN(z) — y)u(y)doy.
e—0t T
for x € T', with the Green function Gy, defined by
1 .
Go(z) = —2—ln|z|, if k=0,
i (24)

Gil=) = THo(kl2]), if k>0,

where Hj is the Hankel function of the first kind. It is known that S, maps
continuously H~/2(T") to H'/?(I") [7, Theorem 1.8] and Nj, maps continuously
HY?(T) to H-Y?(T) [7, Theorem 1.4]. In the case k = 0, the Helmholtz
scattering reduces to the Laplace problem. The kernel of the hypersingular
operator has a non-integrable singularity, but computations are facilitated by
the following formula, valid for smooth functions g and v that vanish at the
extremities of I':

(Ngp,v) = Gr(z — y)0- ()0 v(y)

—k*Gr(z,y) ()0, (y)n(x) - n(y)do(x)do(y) . (25)

For the geometry under consideration, the solutions A and u of the BIEs (22)
have singularities (even for C*° data up and uy) due to the edges of the scat-
terer. It is now classical to introduce weighted versions of the usual layer po-
tentials, known to enjoy better mapping properties than S; and Ni. Namely,
we define

1
Skwr = Sk— 3  Niwp = Nywr, (26)
wr
and recast the BIEs (22) as
Sk,wra:uDy Nk,wrﬂ:uN- (27)

where the unknowns « and [ are related to A and u by

(0%

A=—, pu=wrp.
wr

Equation (25) give the following relation between Ni . and Sk ;..
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Lemma 11. There holds
Nkwr = —87-Sk7“,rwl“a,-wl“ — k2ka12—~

where Vi, is the integral operator defined by

_ [ Gr(z —y)N(z) - N(y)u(y)
Vieu = /p wr(y)

do(y).
Proof. Eq. (25) can be rewritten equivalently as

N = =0.5i0ru =1 [ Gilo = )N () - Nw)u(w)doy).

Using the definitions of Ny, . and Si ., the results follow from simple manip-
ulations on this expression. O

2.2 Weighted layer potentials on the flat segment

In this section, we consider the case where the wavenumber k is equal to 0 and
I' = [-1,1] x {0}. The parametrization r is then the constant function equal
to 1, 9, = 0, and wr = w. In this context, the weighted potentials are thus
denoted by Sy, and Ny .,. Some explicit properties of those operators allow us
to characterize T and U*® for s = :l:%.

Single layer potential. The operator Sy, takes the form

1 —
So,wa(x):/ In |z yla(y)dy_

11—y

There holds

So,wTn = o1y (28)
where -
LG pr—"
Op = 1
— otherwise.
2n

Those identities are fundamental in our analysis. A proof can be found in [2,
Theorem 9.2]. We deduce easily

Lemma 12. The operator Sy, is a positive bicontinuous bijection from T to
T°%1 for all s € R.

In particular, Sy, maps T to itself, so the image of a smooth function by
So,w is a smooth function. We now proceed to show the following character-
ization of T~1/2 and T'/2. The next result, and Lemma 15 stated below are
equivalent to results formulated in [4] (see equations (4.77-4.86), and Proposi-
tions 3.1 and 3.3 therein).
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Lemma 13. We have T~Y/? = wH~Y?(—1,1) and for all u € H=/?(-1,1),
lull 172 ~ Mot /e -
Moreover, TY/? = HY/?(~1,1) and
Il g2 = Nullgr/e -

Proof. Since the logarithmic capacity of the segment is 1, the (unweighted)
single-layer operator Sy is positive and bounded from below on HY 2(-1,1),
(see [3] chap. 8). Therefore the norm on H~'/2(—1,1) is equivalent to

[l 172 ~ v/ {Sou, w).

On the other hand, the explicit expression (28) implies that if & € T~'/2, then

w

lallporsz ~ 1 /(Sowm ) .

It remains to notice that, since o = wu, (Spua, @)1 = (Spu,u). This proves

1
W

the first result. For the second result, we know that,
(Hl/z(_L 1))/ = Hﬁl/Z(_la 1)

([3, Chap. 3] taking the identification with respect to the usual L? duality
denoted by (-,-)) and therefore
(u,v)

Jull 3 = sup —-——.
Hz v#0 HUHH—%

According to the previous result, for all v € H *%, the function « = wwv is in
T2 and ||v|| g-1/2 ~ ||a|lp-1/2, while {u,v) = (u,a) 1. Thus

(u, ) 1
ull 1 /2 ~ sup ———=—.
a#0 ||04HT—1/2

The last quantity is the 7'/2 norm of u since T'/? is identified to the dual of
T2 for (-,-) 1, concluding the proof. O

Hypersingular operator. In the present context, the identity (11) takes the
form

<N0,w676/>w = <SO,W(WGIW>Ba (waﬂﬂ)ﬁ/)% .
Noticing that (w0,w)U,, = —(n + 1)T},41, we have, for all n # m,
(No,wUn, Um>w =0.

Therefore,
NO,w Un =UVn Un

with v, U2 = (n+ 1)%0041 ||Tn+1||2% , that is, v, = (";1). We deduce the

following:
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Lemma 14. The operator Ny, is a positive bicontinuous bijection from U® to
U~ for all s € R.

In particular, Ny, maps smooth functions to smooth functions. As before, we
obtain a characterization of U?® for s = j:% from the previous formula.

Lemma 15. We have UY? = LHY2(—1,1) and for all u € H'/?(-1,1),

1
w

u
HU”ﬁp/z ~ H;HUl/z ’

Moreover, U=/? = HY/?(—1,1) and

[l 12 = llullgare -

2.3 Optimal orders of convergence for the weighted Galerkin
method

A Galerkin method based on a refined mesh and weighted L2 scalar products is
described in [1] to solve egs. (27) and orders of convergences are announced for
the Laplace problem (k = 0) when I = [—1, 1] x {0}. In this section we provide
the proofs for those statements. Let us consider the following discretization of
the segment [—1,1]

—l=xg<z1< - <zny=1,

where x; = cos(igy).
2.3.1 Dirichlet problem
Let V;, the Galerkin space of (discontinuous) piecewise affine functions with

breakpoints at (x;)o<i<n. Let ay the unique solution in V}, to the variational
problem

(Smwah,o/h)% = (uD,o/h)% , Vaj, €V (29)
Let A\, = 2 and o = wA.
Theorem 1. If the data up is in Tt! for some f% < s < 2, then there holds:

IN = Anll -1/ < OB T2 Al < CR*FY2 Jup)

Ts+1 .

The proof of this theorem is similar in structure to the standard proof in
non-weighted L2-spaces. What we expose below borrows many ideas from [5].
The only difference, and source of difficulty, comes from the fact that the semi-
norms |P|,, of polynomials P do not vanish on each segment contrary to the
non-weighted L? case. For this reason, an additional estimate, eq. (37), is
required to establish the result.

Proof. Let us denote by IIj, the operator that maps a function a € T~/2 to the
element ay, € V}, such that

(Sowan, ap)1 = (Sowa, ap) Yoy, € Vi .

1 1
w w
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Since Sp,, is coercive in T-'/2 by Lemma 12, we have an analog of Céa’s lemma
in our context:

Vae T2 Jla—Myallpe SC i fla—ajllpoe . (30)
h

X,

From this we deduce, taking o}, = 0 in the infimum:

Va e T2 |[(Ly—Ma)allp-s/z < Cllally-s
In addition, we are going to show

Va e T2, [|(Io—)alp /s < ChY2|lall s . (31)

By interpolation, this implies for all s € [f%, 2]

VaeT*, |(la—p)alr. < CRH2 al . .
The result then follows from this, since, on the one hand

A= Aull =172 < Cllag = anllp-1/2

by Lemma 13, with a; = Il and, on the other hand, wu = oy = S&iuD
which by Lemma 12, gives

re < Cllup|

ol —

We prove (31) by studying the properties of two particular operators: the L2

orthonormal projection Py on V}, and the interpolation operator I, which mapws
a continuous function « to the (continuous) function of V3 that matches a at
the breakpoints x;. Because of Céa’s lemma, we have

Va e T2 (I = Th)allp-1e < Cl(la = Pr)alp-ie -

Therefore, it suffices to show (31) where IIj, is replaced by P}, to establish the
theorem. We shall first show that

VaeT? |(Ia—=Pn)al < CR°lallg. (32)

for s € [0,2]. The estimate in 7~!/2 norm is then deduced by the classical

duality method:

(Oé - IPha7 n)i

lo = Prallpre = sup  ——mr——=
neT/2 n#£0 ||77HT1/2

and since P, is an orthonormal projection on L? |
m

(Oé - IPNa777 - IPhn)

ES
w

lo = Prallp-12 = sup
neT1/2 n#£0 ||’r]||T1/2

This, by Cauchy-Schwarz equality and (32), gives

2 2 h'/? 7l 72/
VaeT?, |a—Phalp-12 <Ch|a||p sup ————

neT/2 n£0 ||77||T1/2

)
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implying the desired etimate. Let us prove (32). First, since Py, is an orthonor-
mal projection on L%

w

Vo € L? I(Ha =Pr)allpy < Cllafpz

Using again an interpolation argument, it is thus sufficient to show

Vo e T (L~ Pa)alls < CW fally. - (33)

To this aim, we establish the following estimate:

Va € T?  |(la—In)alz < Ch?lalizs (34)

and conclude with ||(I; — IPh)ozHLz1 < ||(Iqg — Ih)oz||L21 since P}, minimizes the

L2 error. Any function o € T? is continuous by Lemma 5, thus I« is well-

defined. To prove (34), let us fix « € T? and i € {0,..., N — 1}. The function
Ca belongs to H? by Proposition 3 and thus its restriction on [6;, ;1] belongs
to H?(0;,0;11). The function I, being C* on [z;, x;41], the restriction of CTj,«
to [0;,0;11] also belongs to H?(6;,0;11). Moreover, C(I;, — I4)a vanishes on 6;
and 0;,1, and it is well-known that for a function v in H?(a,b) which vanishes
on a and b, there holds

/|v WP do < Cb—a)t / |Bggv(0)|” db . (35)

Thus, applying this result on [0;,0;11] to v = (C(La— In)u)|[s, 6,,,) and summing
those inequalities for ¢ = 0 to N — 1, we obtain

pa N1

1 ™ i+1
f/ | ([d_[h> | df < — Z/ |8996 Id—Ih) ( )|2d9,
0

s

where on the left hand side, the integral is equal to ||(Ig — In)a2 by Propo-

sition 3. If CIpa were affine on each segment [6;,6;41], this inequality would
simplify to
I(Za = In)alls < Ch?|alys - (36)

This does not occur in our, which is the main difference with the standard proof.
Nevertheless, if we show that

N-1 041
3 / 900CTha(B)? < Cla]Zs | (37)
i=0 70

then eq. (34) follows by triangular inequality. The expression of CIpa on
[Hi,0i+1] is

= alx; a(l.Z) — a(mi+1) COS — COs(0;
CIha(e) - ( Z) + COS(01‘+1) . COS(QZ‘)( (9) (92))7

thus
2

Oit1 N '
/ OpeCTna(0) 2 d = |28 = i)
0

91+1
2
cos(6;41) — cos(6;) /9 cos(6)"df.

i
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We can rewrite
2

o(zig1) — oz =

7

Tiq1
/ Ozo(z)dx

k3

and apply Cauchy-Schwarz’s inequality and the change of variables x = cos(6)

to find ) )
Tit1 i+1
la(zisr) — ala)? < / ng))'dx /9 sin(0)%do.

i

Notice that the quantity

f:f“ cos(6)? f::“ sin(6)?
(cos(fi41) — cos(6;))?

is bounded uniformly in (6;,6;1+1). Indeed, since cos is injective on [0, 7], the
only problematic case is the limit when 6; = 0;11. It is easy to check that the
fraction then takes the limit cos(6;)?, which is indeed uniformly bounded in ;.
We deduce

N-—1 0it1
Z/ O0aCThaO) < C 00l
i=0 V0

By Corollary 2, one has ||0ya| 1 < C'||c| 2, thus (34) is established, concluding
the proof. O

2.3.2 Neumann problem

Let W}, the Galerkin space of continuous piecewise affine functions on the mesh
(x:)o<i<n defined above, and f), the unique solution in W}, to

(N07w6haﬁ;1)w = (UN, B;L)w ) vﬁ;L S Wh . (38)

Let pp = fBpw and By = £.

Theorem 2. If uy € U™, for some % < s < 2, there holds

< Ch 77 ffu o -

= mallge < CRH|| B

Proof. Like before, let us denote by II; the operator that maps a function
B € UY? to the element S, € W}, such that

(NowbBhs Br) = (NowB, Br,) VB, € W

The operator Ny ., being coercive on U'/2? by Lemma 15, we have a Céa’s lemma:
1 .
VBeU2, |[B—MuBllye <C inf |B—=Bhllye -
BLEWR

In particular taking £;, = 0 in the infimum,

VB e U2, (Lo =1)Bllyiz < C Bl -
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Once we prove
VB €U, |I(La—T0)Bllyase < Ch2 [1Bllye (39)
we get by interpolation

VB e U®, ||(Ia—11,)Bllyu= < Ch*~% ]

US
for all s € [%, 2]. The result follows since on the one hand,
e = pnll a2 = 180 = Bullyrz »

by Lemma 15, with II,8y = S5 and, on the other hand, 5 = Gy = N(;(}JUN
which, by Lemma 14, implies

1Bollys < Clun

Us-1 -

Like before, the proof of (39) involves the study of the interpolation operator
I,. Namely, if we have

VB eU®, (e =18, < CP*[1Blly=,  (Ta = In)Bllys < ChIB]y= 5 (40)

then, by interpolation, we obtain
I(Za = 1) Bllyra2 < CH*2 |[ully2

which gives (39) after applying Céa’s lemma. Let us show the first estimate
in (40). Applying Proposition 3 and using again the property of H? functions
vanishing at the boundary (35) one can write

Ti41 0i+1
/ Wi~ T2 < Clbiar — 0 / 1000(SB — SILB)P
x 0

4 0it1 9 0it1 5
Ch™ | 2 |0p0SB|” + 2 |09 STnB|™ | -

i i

IN

Summing for ¢ = 0,--- , N — 1, by Proposition 3, we get

N-1 0,11
(0= 18l < O (18l +\| 3 [ lowsTia@)Pao | . )
1=0 i

Just like for the Dirichlet problem, the proof would end here if SIj,u were affine
on each segment, because the second term in the right hand side would be
0. Here, we need to show that this term is controlled by ||3||=. Using the
expression of [, one can write

9i+1 0i+1
/ 066 STHBI” < C (|5(Ii)|2/ sin” 66
0;

Blziy1) — Blzi) |

_|_
cos ;1 — cosb;

i

0it1
/ sin? 0(1 + cos® 9)d9> . (42)
6
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We can estimate the first term, thanks to Lemma 5:

1B(z)] < ClBlly=
while for the second term, the numerator of the fraction is estimated as follows:

Tit1
/ 9.5

i

Tit1 Ti41 1
2

[ wiae [

Z; Z;

i

Tit1 5
- |ei+1—oi|/ w10,81.

2

1B(wiy1) — 5($z‘)|2 =

IN

Observe that the quantity

1011 — 6;] f;j“ sin? 0(1 + cos? 0)df

(cosb; — cos;41)?

is bounded by a constant independent of #; and 6;;1. Indeed, in the limit
0;11 — 0;, the fraction takes the value 1 + cos? 6;. Therefore, (41) leads to

1(Za = In)Bll,, < Ch? (1Blly= + 10261L,) -

Recalling Corollary 2, the second term in this estimate is controlled by ||3|[;
and the first estimate of (40) is established. The second estimate of (40) can
be shown in a similar manner, concluding the proof. O

2.3.3 Estimates in the weighted L? norms

We have just established the optimal orders of convergence of the Galerkin
method in the energy norms. It is also possible to prove optimal order of con-
vergence in the weighted L? norm of the problem, using inverse estimates and
Aubin-Nitsche’s duality method. The proofs do not differ in any essential way
from the standard theory, so they are omitted.

Proposition 4. For all s € [0, 2],

< Ch* [l

levo — e Te

ES
w

160 = Bnll, < Ch* || ol

Us -
and for all s € [1,2],

180 = Brllyr < CR*~IBollyss -

3 Pseudo-differential operators on open curves

This section is devoted to the introduction of two classes of pseudo-differential
operators on open curves, which, to the best of our knowledge, have not been
studied elsewhere in the literature. Our approach can be summarized as follows.
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Through the change of variables x = cosf, an operator on the segment can be
viewed as an operator on the torus Ta, (where To, = R/27Z as in section
1.4). On this geometry, a simple algebra of pseudo-differential operators exists
[6]. However, the inverse change of variables, § = arccos(x) has singularities
at x = —1 and x = 1, preventing the transfer of the properties of this algebra
back to the segment. We solve this difficulty by using some parity arguments.
Loosely speaking, we first remove the problematic part of the operators before
applying the pullback change of variables. As a result, two classes of operators
emerge, related to pseudo-differential operators on the torus that stabilize even
and odd functions respectively.

We start by collecting some facts on periodic pseudo-differential operators in
section 3.1. We then introduce a first class of pseudo-differential operators on
the segment (and more generally on smooth open curves) in section 3.2, which
is based on the scales of Hilbert spaces (T%)scr presented in section 1. We show
that the usual properties of pseudo-differential operators hold in this class. The
pseudo-differential operators based on (U®)scr are introduced in section 3.3.

3.1 Periodic pseudo-differential operators

On the family of periodic Sobolev spaces H?, a class of periodic pseudo differen-
tial operators (PPDO) is studied in [6]. We briefly reproduce here the material
needed for our purposes. A PPDO of order o on H*® is an operator of the form

Au(0) = Z oa(0,n)Fu(n)e™

nez

for a “prolongated symbol" o4 € C*°(Ty, x R) satisfying

Vi keN, 3C;p>0: ‘DgpgaA(e,g)‘ < +]E)eF. (43)

Here, as in section 1.4, Fu(n) = 5= ["_u(t)e~""?df are the usual Fourier coef-

2
ficients of v and
10 10
D0 . -

TG00 ST o

The class of symbols that satisfy (43) is denoted by X%, and X*° 1= U,ezX%.
The operator defined by a symbol o is denoted by Op(o) and the set of PPDOs
of order « is denoted by Op(X%).

The prolongated symbol is not unique but determined uniquely at integer
values of & by (see [6]):

oa(0,n) =e_p,(0)Ae,(0), (44)

where we recall the notation e, () = ¢™?. This justifies the terminology of

“prolongated symbol". The operator A is in Op(X%) if and only if
Vi k€N, 3C;,>0: |DjARcA(0,n) < Cju(l+n))*7%,  (45)

where Apo(6,n) = ¢(0,n + 1) — (0, n). That is, if the symbol defined in (44)
satisfies (45), then there exists a prolongated symbol satisfying (43). Because of
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this, we write o € ¥P for a symbol o(6,n) that can be prolongated to a symbol
o(6,€) € ¥P. An operator in Op(X%) maps H® to H*~“ continuously for all
s € R. The composition of two operators in Op(X®) and Op(X%#) gives rise to
an operator in Op(X°*#). If two symbols a and b in X satisfy a — b € X%, we
write a = b+ 3°.

Definition 6. Let a € ¥°°. If there exists a sequence of reals (pj)jen such

that pj+1 < pj and a sequence of symbols a; € XP7 such that for all N, a =
N

E a; + XPN+TY we write
i=0

This is called an asymptotic expansion of the symbol a.

The symbol of the composition of two PPDOs A and B is denoted by o s#0op
and satisfies the asymptotic expansion [6]

+oo 1 9 j )
oaton(t) =3 (ag) 0A(6,€) Do (6,). (46)
i=0

We also need the following result.

Proposition 5. (see [6]) Consider an integral operator K of the form

1 s
K:uw— o / a(6,0"Yh(0 — 0")u(0")de’,
™ —Tr

where a is 2m-periodic and C™ in both arguments and h is a 2m-periodic distri-
bution. Assume that the Fourier coefficients Fh(n) of h can be prolonged to a

function h(¢) on R such that
VkeN, 3C,>0: ‘agﬁ(g)‘ < Cp(1+ g *

for some «. Then K is in Op(X%) with a symbol satisfying the asymptotic
expansion

23

+oo 1 P 7 R )
ow(6.6)= Y 5 (3¢ ) HODIatt.)ma. (47)
j=0""
In particular, taking h = 1, we see that for any functions a € C*°(T3,), the
operator
1 s
K:uw o [W a(6,0"u(0")do’

is in Op (X7%°).

3.2 Pseudo-differential operators on T7%(T)

We now introduce a new class of pseudo-differential operators on the segment
[—1,1], which is based on the scale of Hilbert spaces (T°)scr. Those operators
are characterized in Theorem 3 in terms of PPDOs, and from this we deduce
the main properties needed for our purposes in Corollary 5. Those definitions
and results are then generalized to smooth open curves.
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3.2.1 Definitions and main results

Definition 7. Let A an operator on T~ °° and assume that there exists a couple
of functions a; and ay defined on [—1,1] x N, that are C* in the first variable
and such that for all n € N,

AT, = ay(z,n)T,, — w?az(z,n)Uy_1, (48)

with, by convention, U_1 = 0. The operator defined by the previous formula is
denoted by Opp(ay,as). Define the symbol 6(ay,az) on Tar X Z by

d(ay,as)(0,n) := aj(cosb,|n|) + isin b sign(n)as(cos b, |n|) .

We say that (ay1,a2) € S if 6(a1,a2) € X¥. In this case, we say that A is a
pseudo-differential operator on T® and that the couple of functions (a1, az) is a
pair of symbols for A. We denote S := UaerST and S;°° = NacrSF. The
set of pseudo-differential operators (of order o) in T~ is denoted by Op(SF)
(by Op(St))-

Remark 2. It is easy to construct non-trivial symbols in S;°° for the null
operator. For example, for some m € N, take a(z,n) = §p—mw?(@)Up—1(z) and
b(x,n) = dnemTm(x). Because of this, a pair of symbol for a pseudo-differential
operator on T® is not unique.

Definition 8. For a PPDO A of symbol oz, we define a1 (A) and az(A) by

& (arccos(z), n) + &(arccos(z), —n)

ar(A)(z,n) = 5 )
- _ 0o(arccos(x),n) — &(arccos(x), —n)
az(A)(x,n) = i ;
where
5(0.n) 0;(0,n)+0z(—6,—n) .

2

We can now state the main results of this section. Recall the definition of the
operator C from Proposition 3.

Theorem 3. Let A: T — T~>°. Assume that for some PPDO A € Op(%®),
there holds

CA=AC (49)
as an equality of operators on T°°. Then A has a unique continuous extension
as an element of Op(S$), and (a1(A),az(A)) is a pair of symbols for A.
Reciprocally let A = Opr(ay,az) € Op(S$). Then (49) holds, taking for A the
PPDO of order o given by the symbol

[} 25'((1,17(12).

We immediately derive the following properties of those new pseudo-differ-
ential operators as an easy consequence of the previous result.
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Corollary 5. If A € Op(S3), then for all s € R,
A:T° ->T°7¢
is continuous. Moreover,
A€ Op(S$) and B € Op(Sh) = AB e Op(Sat?).

Finally, if A and B admit the pairs of symbols (a1, az2) and (b, by) respectively,

then AB admits the pair of symbol (a1(C),a2(C)) where
C = Op(&(al, ag))Op(é(bl, bg)) .

Proof of Corollary 5. Let A € Op(S%), and let A a PPDO of order « such that
(49) holds. Let u € T for some s € R. Applying the isometric property of C
(cf. Proposition 3) and the continuity of A from H® to H*~%,

[ Au|

e = ICAU|l . = [|ACul| ;. < ClICull jgoma = Clu]

Ts—a -
This establishes the first claim. Let A = Opr(ai,az2) € S$, B = Opr(by,b2) €
Séi and let A = Op(&(a1,az2)), B = Op(5(a1,as)). We have

CAB = ACB = ABC.

Applying the properties of the PPDOs, one has AB € Op(3°*#) therefore, by
Theorem 3, AB € Op(S%+B ) establishing the second claim. In addition, by
Theorem 3, AB admits the pair of symbols (a1(AB),az(AB)), concluding the
proof. O

Remark 3. The previous results provide a symbolic calculus on the class
SE(T) as follows. If B and C respectively admit the pair of symbols (b1, bs)
and (c1,¢2), then BC admits the pair of symbols

(b1, b2)#1(c1,¢2) == (al(/i)aQZ(A))

where A = Op (5 (b1, ba)#6(c1,¢2)). One can use (46) to compute an asymptotic
expansion of &(by,be)#6(c1,ca) which, in turn, gives an asymptotic expansion

of (b1, b2)#r(c1,c2).

Remark 4. We have already stated that a pseudo-differential operator on T?
always admits several distinct symbols. Theorem 8 gives another way to view
this fact, by observing that, when A € Op(S$), there is an infinite number of
operators A satisfying CA = AC. Indeed, if B is any PPDO that vanishes on
the set of even functions, one has

CA=(A+B)X.
In light of this, a natural idea to define uniquely the symbol of A would be to set
ay = a1(A*), ag = ay(A*),
where A* is the operator defined by

A*Cu = CAu,
A*Su=0.
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However, though A € Op(Sg), A* may fail to be a PPDO of order a. To see
why, one can check that if A is a PPDO of order a such that CA = AC, then
the symbol of A* must be given by

0i.(0,n) =0 ;(0,n) + e 25:(0,—n).

In general, this symbol is not in X% because of the oscillatory term e~2"?. In
conclusion, there is no clear way how to fix a natural representative in the class
of pairs (a1, as) that define the same operator A. However, although unusual,
this is not an obstacle for the theory.

3.2.2 Proof of Theorem 3

The proof of Theorem 3 is decomposed through the following lemmas.

Lemma 16. Let A = Opr(ay,az) and let A = Op(G(ay,az)). Then for all
n €N, ~
CAT, = ACT,, .

Proof. Let A = Opr(a1,as). Let 0 = &(ay,as), and A = Op(c). Fix n € N.
On the one hand, we can write

AT, (cos(6)) = ay(cos 0, n) Ty (cos(h)) — w?(cos B)az(cos§,n)U,_1(cos b))

= a1 (cos 8, n) cos(nd) — sin fas(cos ,n) sin(nd) .

On the other hand,

_ (0(9,11) +0(6, n)> cos(nd) + i <a(0,n) 720(0, n)) sin(nf)

From the definition of 6 (a1, az), we see that the first term in parenthesis is equal
to a1 (cosf,n), and the second is isin fas(cosd,n). Therefore,

CAT, = ACT,
for all n € N and the result is proved. O

Lemma 17. If A = Op(c;) is a PPDO, then the functions ai(A) and ax(A)
are C'*° in the variable x and there holds the identity

c;(0,n) +04(—0,—n) .

5(a1(A), az(A))(0,n) = 2

04i(t,n) +04(=0,-n)
2

5’(9, TL) = f(avn) + g(@,n)

Proof. Let 6(6,n) = . We decompose 7 as
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where f(0,n) = w and g(6,n) = w. By construction, f

(resp. g) is even (resp. odd) in both 6 and n. For n > 0, there holds

arccos(z),n)

a1 (A)(z,n) = f(arccos(z),n), as(A)(x,n) = 9 2
Recalling Proposition 3, this is equivalently expressed as
ar(A)(,n) =Cf(n),  az(A)(,n) = —iS  g(n).
Therefore, a;(A) and ag(A) are C in z since f (resp. g) is a smooth even
(resp. odd) function. By definition, we have
or(a1(4), az(A)) (0, n) = Car(A)(8, |n|) + isign(n)Saz(A)(8, |n])
= f(0,|n]) + sign(n)g(6, |n|)
= f(0,n)+g(0,n)
=4d(0,n),

recalling that f (resp. g) is even (resp. odd) in n. O

Lemma 18. Ifgl = Op(oz) is a PPDO that stabilizes the set of smooth even
functions, then A coincides on this set with B = Op(o ) where
0;(0,n) +0z(—6,—n)

5 .

03(67’”) =

Proof. Let u a smooth even function. Since Au is even, we have

_ Au(0) + Au(—0) .

Au(0) 5

Thus

< 0 ;(0,n)Fu(n)e™ + UA(—Q’n)J—-'u(n)e—irm)

0 ;(0,n)Fu(n)e™® + o ;(—0, —n)}'u(—n)ei’w)

_ Z UA(ea n) + UA(_G’ _n) }-u(n)ema

—~ Mm

since Fu(n) = Fu(—n). This proves the claim. O
Lemma 19. If A: T — T~ is such that there exists a PPDO A satisfying
VneN, CAT, = ACT,,

then A = Opr(ai(A),as(A)).

Proof. Notice that the assumption implies that A stabilizes the set of smooth
even functions. If o ; is the symbol of A and
JA(Q TL) + OA(—Q, —n)

2

o(f,n) =
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then, by Lemma 18, we have AC = Op(c)C. Moreover, by Lemma 17, we know
that

o = dr(ai(A),az(A))
as(A)),

and thus, letting B = Opr(a1(A), as(A)), Lemma 16 tells us that
vn €N, CBT, = O0p(c)CT,.

Summing up, we have
Vn €N, CAT, = ACT, = Op(o)CT,, = CBT, .

This ensures A = B. O

The proof of Theorem 3 is concluded as follows. Assume that for any u € T,
CAu = ACu where A is some PPDO of order a with a symbol o ;. The linear
continuous extension of A is uniquely defined for u € T~>° by

Yo e T, (Au,v): = (CAu,Cv)y, = <f~1Cu,Cv>T27r .

1
w

where the last quantity makes sense since Cu € H™*°. By Lemma 19, we have

A = Opr(ai1(A),az(A)). It remains to show that o := G(a1(A),a2(4)) € B°.
By Lemma 17, if A has a symbol o 3, then

0;00,n)+0;(—6,—n)
2 b

o(f,n) =

and o ; € ¥* immediately implies o € X*. This proves the first assertion. The
second assertion is an immediate consequence of Lemma 16.

3.2.3 Extension to open curves

Definition 9. Let A : T=°°(T") — T-°°(T"). We say that A is a pseudo-dif-
ferential operator (of order ) on T=°°(T') if RAR™' € Op(S$°) (€ Op(S%)).
The set of pseudo-differential operators of order o on T—°°(T') is denoted by
Op(SZ(T')). We say that (a1,a2) is a pair of symbols of A if it is a pair of
symbols of RAR™".

The properties of Op(S$) are transferred to Op(SE(T)) without difficulty.

Proposition 6. Let A € Op(SE(T)). Then for all s, A is continuous from
T5() to T°~*(T). If A and B respectively belong to Op(SE(T)) and
Op(Séi(F)), with pairs of symbols (a1,a2) and (bi,b2), then AB is in
Op(5%+ﬂ(F)) and admits the pair of symbols (a1(C),a2(C)) where

C = Op(&(al,ag))Op(&(bl,bg)) = Op(&(a1,a2)#&(bl,b2)) .

3.3 Pseudo-differential operators on U*(I)

We proceed to introduce an analogous family of pseudo-differential operators
defined this time on the spaces U?®. Similar properties hold for this new family
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of pseudo-differential operators. They are stated here but the proofs do not differ
in any significant way from the previous, and are thus omitted. At the end of
this section, we also establish two results linking pseudo-differential operators
on T%(T") to pseudo-differential operators on U*(T").

Definition 10. Let A an operator on U~°° and assume that there exists a
couple of smooth functions a1 and as defined on [—1,1] x N, that are C* in the
first argument and such that for all n € N*,

AU, -1 = a1(x,n)Up—1 + az(z,n)T, . (50)

The operator defined by the previous formula is denoted by Opy(ai,az). For
n €Z and 0 € [0,27]|, define the symbol 5(ay,as) as before by

d(ay,a2)(0,n) = a1(cos b, |n|) + isin sign(n)az(cos b, |n|)

with the convention a1(z,0) = az(x,0) = 0. We say that (a1,a2) € S§ if
g(a1,as) € . In this case, we say that A is a pseudo-differential operator on
U® and the (non-unique) couple of functions (a1, az) is called a pair of symbols
of A. We also take the notation Si¥ = UaerSf and S;™° = NacrSg. and
the set of pseudo-differential operators (of order o) in T~°° by Op(Sg°) (by

Op(Sg))-
Recall the definition of the isometric mapping S from Proposition 3.

Theorem 4. Let A: U™ — U, Assume that for some PPDO A € Op(%®),
there holds }
SA=AS (51)

as an equality of operators on U*. Then A has a unique continuous extension
as an element of Op(St;), and (a1(A),a2(A)) is a pair of symbols for A.
Reciprocally let A = Opy(a1,az2) € Op(S§). Then (51) holds, taking for A the

PPDO of order o given by the symbol
04 = 5’((1,17(12).

Definition 11. Let A : U°(T") — U~>°(I"). We say that A is a pseudo-
differential operator (of order o) on U=>°(T') if RAR™" belongs to Op(S§F) (to
Op(Sg)). The set of pseudo-differential operators of order o on U~>°(T) is
denoted by Op(Sg(T)). We say that (a1,a2) is a pair of symbols of A if it is a
pair of symbols of RAR™L.

Corollary 6. Let I' a smooth open curve and let A € Op(S§(T')) Then for all
s, A is continuous from US(I") to Us~%(T"). If B and C respectively belong to
Op(Sy (1)) and Op(S;*(I')), with pairs of symbols (by,bs) and (ci,c2), then

BC is in Op(Sg*T**(T)) and admits the pair of symbols (ai(A),az(A)) where
A = 0p(&(b1,b2)) Op(&(c1,c2)) = Op(6(by, ba)#5(c1,c2)) -
Lemma 20. Let A € Op(SE(T')) and
B = -9, Awrd,wr .
Then B € Op(SgT2(T)) and if A is a PPDO such that CRAR™' = AC, then
SRBR™' = —0y A0S .
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Proof. One can check the following identities:

0pS = —Cwizw,
0pC = -850, .

Let A’ = RAR ' and B’ = RBR~!. Assuming that CA’ = AC, there holds

SB' = —SROr AwrdrwrR™!
= -8, A wiw
= 0pCA'wi,w
= 9y ACwd,w
= —0pA0pS .

Since A can be chosen as a PPDO of order o by Corollary 5, yAdy is then a
PPDO of order a+2 and by Theorem 4, we conclude that B € Op(Sgt*(T)). O

Lemma 21. Let A € Op(S%(T')) and let
B = Auw}.
Then B € Op(Sg(T)) and if A is a PPDO such that CRAR™ = AC, then
SRBR™! =sinAsinS
where sin denotes the operator f(6) — sin(0) f(0).
Proof. This follows from the identities
S =sinC, Cw?=sinS
and the same arguments as in the proof of Lemma 20. O

Definition 12. Let A and B in Op(SP(I")) (resp. Op(Sgr(I')). If A— B €
Op(SE(T)) (resp. Op(Sg(T))), we write A= B+ T, (resp. A= B+U, ).

4 Parametrices for the weighted layer potentials

Here, we apply the pseudo-differential theory on T%(T") and U*(T") to build para-
metrices for the weighted layer potentials introduced at the beginning of the
second section. Asymptotic expansions are performed with the help of the sym-
bolic calculus software Maple. The proofs of the next results are accompanied
by commented Maple worksheets in Appendix A.

4.1 Dirichlet problem
Lemma 22. The operator S, .. belongs to Op(Sy'(T)) and satisfies

CRSy . .R™' = 5,C
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where the symbol of Sj, € Op(X71) has the asymptotic expansion

1 k2 |0 sin(0)2  3ik?|T|* sin 6 cos 0

05 9,5 = 570 .
5.0:8) =3 €] 16 ¢ 16&4sign(¢)
L2 D2 —768k(0)2 [T sin 6 + 112sin2 0 + 3k2 |T|*sin* 0 — 48 (52)
I 128[¢]?
+x-6.

Proof. The Hankel function admits the following expansion
-1
Ho(2) = oI |2]Jo(2) + £ (2?) (53)

where Jj is the Bessel function of first kind and order 0 and where F; is analytic.
Let us define
Sk,w = RS[.CMFR_l .

We fix a smooth function v € T°°. One has

(Stat) (0) = [ Ho (KIr(o) = (o) fjg%dy.

Using the change of variables z = cos 6, y = cos§’, we get
Skwu(cos ) = / Ho(k|r(cos ) — r(cos8")|)u(cos(0))db,
0

which, in view of (53), can be rewritten as

Sk wu(cos 0) :2—; / In |cos 6 — cos 0’| Jo(k |r(cos @) — r(cos8')|)Cu(0)do
0

+/ Fy(cos , cos §')Cu(0)do’
0

where

Fato) = "D o - )

is a C'*° function. By parity, the second integral defines an operator

Ku(f) = 1/ Fy(cos 8, cos §')Cu()db.

—T

There holds K = R;C where, by Proposition 5, R, € Op(X~>°). For the
first integral, we make the following classical manipulations. We first write
cos@ — cos@ = —2sin % sin %. Thus

0—¢
2

In|cos® — cos§'| = In 5

0+ 0
V2 sin * ’Jrln‘\@sin

We then integrate and apply the change of variables § — —0 for the second
term, yielding ~ ~
Skwu(cosf) = (Sk,l + Rl) Cu(6)
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where

Sk.1u(h) :;/ In

L

60—

V2sin 5

Jo(k |r(cos @) — r(cos8")|)u(0')do" .

Let g: 0 — —5-1In ’\/ising’. It is well-known that g(n) = ﬁ for n #£ 0. We
1

may prolong this by §(¢) = 37g away from &€ = 0. Let

a(0,0") = Jo (k|r(cosf) —r(cos@)]),

which is a smooth function. By Proposition 5, the operator

Spau(f) = / g(0 — 0")a(6, 0" u(0')do’
is in Op(X~1). In particular, Sy u is a smooth function, from which we deduce
that 6 — Sk ,u(cos ) is a smooth (even) function. Proposition 3 then ensures

Sk wt(cos ) = CSg ,u(0).

This establishes that CSi u = S,.Cu for any smooth function u. By Corol-
lary 5, this implies that Sy ., € Op (S;"). We can compute the symbol of S 1
using the asymptotic expansion (47). The terms 0Ja(t, s);—s, can be related
to the geometric characteristics of I' through expansion (19). The asymptotic
expansion (52) for 5’;6,1 is obtained the help of Maple, and we refer the reader
to appendix A.1, eq. (1). To simplify the expressions, the computations were
only performed for £ > 0, where §(§) = i In the general case, the %4 term in
the asymptotic expansion must be multiplied by sign(§) to account for the case
¢ < 0. Obviously since R; € Op(X~%), the asymptotic expansion also holds for
Sy 1= S’k,l + Ry, concluding the proof. O

In particular, by Proposition 6,

Corollary 7. Sk .. is continuous from T*(T) to T*T(T) for all s € R and thus
maps C®(T') to itself. A pair of symbols of Sk .y is given by

1 K w()?

ai(z,n) = o 1603 a,
3ck2|T)?
az(z,n) = Tons + ag,

where (a1, as) € Sy°.
Lemma 23. The operator —(w,0;)* — k*w? is in Op(S%(T)) with the pair of

symbols

2
:nszQM

ay(z,n) 1 ,

az(z,n) =0.

It satisfies 5
CR[—(w:0:)*> = K’wi] R™' = DyC

where Dy, € Op(¥?) has the symbol
0, (0,€) = € — K2 [T sin?(6) (54)
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Proof. Recalling egs. (20),(21), one has
—(wr)? — k2wt = R [7(war)2 _ kzwz] R.
Letting Dy, = —(wd,)? — k%w?,
DT, = (n? — K |T)? )T, .
The result is then a consequence of Corollary 5. O

Theorem 5. The operators [f(wpﬁf)Q — k:%u%] and Sk . are respectively in
Op(S2(T)) and Op(S;:*(T')) and satisfy

I
[—(wrd;)? — K*wi] 57 o = Zd +1_y.
Proof. We have shown that [—(wrd;)? — k*w?] and Sk, are respectively in
Op(S2(T)) and Op(S;*(T)) in the previous two lemmas. Using the symbolic
calculus described in section 3, we can compute an asymptotic expansion of the
symbol of the pseudo-differential operator

I
[—(wrd;)? — K*wi] Sl%,wr - Zd .
The symbol of this operator is found to be in S7*(T"), from which the result
follows. Details of the computations can be found in Appendix A.1. O

Remark 5. The previous theorem implies the following fact

_(wra‘r)2sg,wr - Z +R

where R is in Op(S%Q(I‘)). This is also a compact perturbation of the identity.
Nevertheless, since R = kWSt . + T—4 the term k*w?S} | € Op(S3?) can be

k,wr
viewed as the leading first order correction accounting for the wavenumber. In

numerical applications, the inclusion of this term in the preconditioners leads
to very significant reductions of the number of GMRES iterations to solve the
linear systems arising from the Galerkin discretization, as demonstrated in [1].

4.2 Neumann problem

We saw in Lemma 11 that Ny . = N7 — k*Ny where
Ny = —0; 5 wwrorwr

and Ny = ka% with

[ Gilz —y)N(z) - N(y)u(y)
Vieu(@) = /r wr(y)

do(y).

Lemma 24. The operator Ny is in Op(S%(T)) and

SRN,R™' = N;S
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where Ny is a PPDO with a symbol oy, satisfying

ikQ IT|*sin2() k2 |T)*sin6 cos 6

I3 3
o (6 = = DI 55
YT g T ke o9
As a consequence, Ny admits the pair of symbols

n K2DPw@)?

al(:c,n):§+%+a1, (56)
KDz

az(x,n) = % +az, (57)

where (a1, a2) € S;;°

Proof. This result is obtained by symbolic calculus combining Lemma 22 and
Lemma 20. See appendix A.2 eq. (1). O

A small adaptation of the proof of Lemma 22 yields the following result (see
Appendix A.2 eq. (2))

Lemma 25. The operator Vi, is in Op(S;'(T)) and
CRV,R™' =ViC
where Vi, is a PPDO with a symbol oy, satisfying
1

;= 270
o
Vi thus admits the pair of symbols
ai(z,n) = o + ay(z,n),

as(z,n) = as(z,n),
where (ay,az) € S;3.
Applying Lemma 21, we deduce
Corollary 8. The operator Ny is in Op(S; () and satisfies
SRN:R™' = NS
where the symbol of Na has the asymptotic expansion

sin? 6 sin 6 cos 0
v, = ' 23,
78 = Sl T 2sign(e) T (58)

A pair of symbols for No is thus

2
w(z .

m(em) = 2 4,
T -

ag(ar:,n):ﬁ—&—ag7

where (ay,a2) € Sg;°.



It is also easy to check the following result:

Lemma 26. The operator [—(d-wr)? — k*wi| is in Op(S3 (L)) and satisfies
SR [—(0;wr)® — K*wi] R = D;,S

where Dy, is the operator defined in Lemma 23.

Theorem 6. The operators [—(&wp)z — k:%J%] and Ny .. are respectively in
Op(S% (1)) and Op(S(T))and satisfy

Nl?,wr = [—(a-,-o.)r)2 — ka%} + U,Q.

1 =

Proof. Gathering the previous lemmas, we have asymptotic expansions avail-
able for the symbols of the operators N ., and [— (Orwr)? — k%.)%]. We can
thus compute an asymptotic expansion of the symbol of the operator N ,f,wr —
[—(0;wr)? — k?w}] which turns out to be in S;;*(T'), giving the result. Details
of the computations can be found in Appendix A.2. O

5 Conclusion

In this work and [1], we described and analyzed a new method for the numerical
resolution of first-kind integral equations modeling wave scattering by open
curves, with Dirichlet or Neumann boundary conditions. The equations are
discretized with a Galerkin method in weighted L? space, with piecewise linear
functions defined on an explicitly refined mesh. We have established optimal
rates of convergence for the method. We have also introduced an adapted
analytic framework with, in particular, a new pseudo-differential calculus on
open curves, providing a precise understanding of the weighted layer potentials.
A simple and effective symbolic calculus has enabled us to build parametrices
for those operators. In turn, those parametrices can be discretized to provide
preconditioners for the linear systems. Our numerical results, exposed in [1], are
in close agreement with the theoretical predictions. The preconditioners have
been tested on various examples, including cases at high frequencies. They
indeed lead to great reductions in the number of GMRES iterations for the
resolution of the linear systems.

The numerical method is straightforward to implement and is only in a small
variant of the standard method. The only differences are summarized below:

Mesh refinement: The mesh has to be refined in an explicit way near the
edges. In fact, it must be uniform with respect to the weight function, that is

the quantity
1
/ R
s, w()

must be constant over each segment S; of the mesh.
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Numerical quadratures: The numerical quadratures used to discretize the

integrals must be modified to take the weight w = % into account. Explicit
1

V1—22

Gaussian quadratures are available in the case of w(zx) =

Singular integrals: The main difficulty is the efficient computation of singu-

lar integrals of the form
/b In |z — y|dy
o wly)

where a, b and x are close to 1 or —1. An efficient method is to rewrite this

integral as
0, Oy |cos @ — cos 0|
e lsin0(6 — & In (o
/9 n |sin 6(6 9)|d0+/9 n<|sin9(9—9’)|>d07

a a

where 0, = arccos(a), 8, = arccos(b) and 6 = arccos(z). The first term can be
computed explicitly, while the second is the integral of a smooth function, which
is approximated using the standard Gaussian quadrature.

Finally, the method easily lends itself to formal generalizations. It is not
difficult to treat the case of a flat disk in R3 (this work is in progress). Future
works also include the treatment of general angles in R?. Eventually, we expect
that a suitable change of the weight function could allow to extend the approach
to arbitrary geometries.
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A Symbolic Calculus

A.1 Single layer potential

FESKRT, el )

Procedure for the (usual) symbolic calculs:

smbolCdgic = procia & k)
local res, j, vesFast,
yesFast == 0,
for jfrom O to x do
\j
ves = resPast+ JLI r% |D|2$J':Ia]-D|1$J':IE?l;
LY ’
YesPast == res
end do;
return res(x, xij;

end proc:

Symbol of the operator —(wd,)? — k*w?)
2 [y

Delta = (%, xi) =+ & - )

gindiu)

Taylor expansion of |r(cost)—r(cos s)| where r : [-1,1] — T is a parametrization
such that |r/(z)| = £ for all z. L is the length of I and C(t) is the curvature.
K denotes the unknown constant in the next order.

rLE 2 L4 2 4
= (1, 5] — st I-[cusn‘] - cosis)) —E-C[r] S(cosit) - cosis) )T + Ko (cosit)
LS

5

- cos(5)

4

Taylor expansion of b(t, s) = Jo(k|r(cost) — r(cos s)|).

i P e rir o*

15 + K-¥(E, s]s:

b= (535 =1-#

We use the following procedure to compute an asymptotic expansion of the
symbol of Si. K denotes the unknown constant in the next order.

makeSk =proc(N)

local res, j;
res =0
vas = ves 4 a‘zmzt[b[s,_x], 5=¥x) .

.

xl

for jfrom 1 to & -1do;
Vi ;
(LY i (dift (bis, %), 5§50, 5= 1) (-1H.1

ves = ves + L. 2L — ;
A g

end do;

£ .
TEIUILL ¥E5 + &Nﬁ}
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end proc
We obtain the following asymptotic expansion up to order 6:

sk = unaw!)f%makesmﬁl, % xi |;
L I

3 > ,
=1 1% sin(x) cos(x)
L z

(% ) 1 1 ¥ IPsinix) 13

25_, 15 §3 E_:l

] W12 cos(n)® + 1 it o anint + L W12 sin(x)® + 2 wrtain oyt
2 32 2 32

5

£

"%I f15_6 # it ciw sin (1 DICHX) + 15_6 # 1t o) sinn® cosix) + 30 ¢ Esin(x)P

—+

—+

£ £

7

£

+
00|G ..ﬂ'im|._. ra | =

# 1% sin(x) cos(x) + % & it sin(x)® cosin) | | + %

We can thus compute the symbol of the operator S'i using symbolic calculus,
and keep the terms up to order —6.

sk2tvan = collect{ mbolCalei sk, sk, 3, i) 82 = covnvert([op(l 4, sk2mp) ] T+ + E? D skZ
£

= Wapphl sk 2, K, K1)

%I # 1% sin(x) cos (K}

L 2 p
|:x,§j|—=-L2+11—6 kzl.s;n[xi + = +LE %F«:‘H’f‘sinlx:‘1
48 £ £ £

1 z z 1 4 Z - 2 z, 1.73 z z
- = (%) — (%) [ ) =1 = )

4.?(2!_ cos(x +64k2.t Cix)° sinix +16k2L51n|x +2I.\161|3<2LCDSIX
—f—elkzizsinlx§2||+£?

£ (2)

We now apply symbolic calculus to compute an asymptotic expansion of the
symbol of the composition Dy S?, keeping only the first two terms

DESk2 = collect| sambol"qic(Delta, sk2, 4), xi) 1 a:= unaw!yrconvem [op(l.2, DESKZY], "+ )
L}

+£5,x,xi

é &
P | 1/ 3 2 z 9 4.4 4 1 4 2 o 4
(RE =»=4 = -2 &1 COS(X)° + === &~ L7 sin(¥) + L C(x)° sinix)
(% &) 4 Ef . B 256 54

7 IR - H z_ 3 - A 1 2 2
+16 # 1% sin(x) +21.\15”<2‘r‘ Cos(X) 1GIF<2L sin(x) | 21k41k2.t oS

1 vy K
—Zlkz.tzsln|x.2)|)|+§—5

We see that this is of the form % + o where 0 € 74,
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A.2 Hypersingular operator

restart; gof |;

Procedure for the (usual) symbolic calculs:

syimmbolCale = proc(a, b, K}
local res, j, resPast;
resPast := alx, xi)-bix, xi);
for j from 1 to k do
53
res = resPast + Jil (Il | diffia(x, xi), xifi) diffib(x, xi), x5
LY 4
resPast := res
end do;
return res;

end proc

Symbols of the operators (9,w)? — k*w?, u(x)  sin(x)u(z) and dy:

2z
Delta = (%, i) - £ — kd'lL snf(x);

ginx = (X, i} —sin(x):

dtheta = (z, xi} —=I-xi:

Taylor expansion of |r(cost)—r(cos s)| where r : [—1,1] — T is a parametrization
such that |r'(z)| = £ for all z. L is the length of I and C(t) is the curvature.
K denotes the unknown constant in the next order:

_ r]'_2 o I_,‘1 3 4
= (t,8) — 8qrt| =—-(cos(t} - cos(s})” - — C(t}"-(cosit} - cos(5))” + K- (cosit})
|4 152
- -cus[s]]5

A

Taylor expansion of b(t,s) = Jo(k|r(cost) — r(coss)|)n(cost) - n(coss) where
n(t) is the normal vector at the point r(¢):

S(cos(t)-cosis) ]2

{ 2 4 v of 2 2
b it g) = 1320087 e TS oy gf ][ o L2CMU
(t, &) | 1 15 (t, ]) | =

5

{cosit) - cosis))*L? ) ~ 5
1524 + K-(cosit) - cosis)) )

We first compute an asymptotic expansion up to order 3 of the symbol of
N1 = —0yS;09. We already know the symbol of S

11 Rlein? 3 112 1%sin(x) cos(x)

. 15
sk= L )= —+ — +
T ozE 18 £ £
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—% KL cosiz ) + 31—2 ¥ricizPsinmt+ % KL% sin(x)® + % KL% sin(x)?

+

K .
-

+
R R

o

so we just need to use the usual symbol calculus.

We obtain the following
symbol:

Mltmp := unapplyisvirbolCale(dtheta, sk, 3), %, i} (N1 =
-collect (simplify(syrbolCale (M1tmp, deheta, 3)), 1) N1 = unapplvrconvertl lop(l.4,

L8
N1}l "+ + %,x,xi
g

B

él[:llkzlz—éllszcosm:z) ll—GIkz.Lzsimx;casm:
+
3 £
_1

E_,B "él EBIk4L4—ESIF<4L4c05|x:2+31k4L4c05|x54—4Ik2L2<:DS|x:2+Ik2L4C|x:2

(&) ~1e-

—2Ikz.F_‘1(:|:¢:2<:C|5|:¢52+Ikz.F_‘lfilxiz<:C|5|x:4+41Fczjlzjl‘|+£‘1

T8 (1)

We then turn to the computation of an asymptotic expansion of the symbol of
Ns. We start with a procedure to compute the symbol of the operator Vj:

makeVE :=procil|
local res, j;
res =0

limitibis, 2}, 5=%] .
xi !

RS '= I'BE +

for j from 1 to N -1do;
r1d
res:=res+,l-“l’

jl éj+1 B

limit (diff(b(s, x), 5% ), s =x)-(-17!

end do;
return res + K
§N+ T

end proc:

The following symbol is obtained for V:

¥k = unapply| %-makeﬁfk[E )%, x|
A 4

-lkzl.zsinlxaz—ll.zt_“lx:zsinlxiz
o 1 1 &8 4
(&)~ ==

28

1
& T2

..l"n'hl ]

(2)
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The operator N is then obtained by multiplying left and right by the operator
u(z) = u(z)sin(xz). We obtain the following asymptotic expantion up to order 3.

N2tmp = unapplyicollect (symbolCale(sing, vl 2, i), x, i) N2 = collect({sybolCalc i H2tmp,

b

sinx, 2), xi) N2 = unapplv"cunvert[lupll.a, M2} T+ + é_‘p X, xi\
by

1. ..
o = Isin(x) cos(x)

. . .1 sin(x)
(M E)—== +
2 3 E_F
; 21 2 2z, 1 .= S 27, 1 . 2
sinix)® | = ¥ IPainix® + = 17 Cix®sinix)’® | + = sinix)
L, 16 B ] 2 X
-+ g +—4
g £

The symbol of Nj, = Ny — %NQ is thus, retaining only the terms up to order 3:

Z oz .
KL M2z, zi) tildeNk = unapply| convert ([opil .4,

tildeNk = iz, xi} =N1(x, xi) - n

K

collectisitnplify(tildeMkix, xi}), xi) L "+ ) + é_‘p %, xl

b

1 —11—6k2L2+11—6k2L2c05|x:2 L@Isz_zsimx:casm: 17 1 .
(REl—-=E+ - 5 + = -— it eosiuy
2 £ £ £l 18
1 4,4 4, 1 z z, 1 4 z z 1 4 z 4
+— ety = B P osinf+ = Bt cinP oz - — oo cos (K}
32 15 32 &4

_legps Lo Lepo)+ £
g KL+ L 643<2f_<:“|x,)|+5:1

We can now compute the symbol of N, ,3 by usual symbolic calculus, retaining

terms up to order 2.

nksquared = collect (simplifyisvmbolCale (tildeNk, tildeNk, 2)), i) : nksquared
K A

= unapplvrconvertl [op(l.4, nksquared )], "+ ") + E_,_S %, xi
L

4

e 121 21 z 2, 171 4 2 z 1 4 2
(e »— 8- =¥ — E s+ | = Eric cosn{;——kzL X}
% &) 4§ 15 15 §2-\32 &4

1 4 2 48 4.4 2 9 4.4 4 9 4,4 1 2
aa e C(x)° cozix) 1o% KELTcosin) + a FELToos(H)T+ 55 L 2 B |

X
+ 5

g

The difference NZ — iblm

N

[ nksquared (x, xi} - %-Delta[x, xi) |, % |
\ £

collect (simplir‘v
LS

A
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171 4 2 z 1 4 z 1 4 2 4B 44 2
2_32.%25_ C(%)° cosix) 64k2£ Cix) 64k2£ C(%)° cosix) lzgkicosm.

B

9 4.4 4 9 4.4 1 A
+256kf_c05|x:+256k}1 32?<2}L)|+EJ3

isin 72
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