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Abstract

A thermal lattice Boltzmann model with a hybrid recursive regularization
(HRR) collision operator is developed on standard lattices for simulation
of subsonic and sonic compressible flows without shock. The approach is
hybrid: mass and momentum conservation equations are solved using a lat-
tice Boltzmann solver, while the energy conservation is solved under entropy
form with a finite volume solver. The defect of Galilean invariance related to
Mach number is corrected by the third order equilibrium distribution func-
tion, supplemented by an additional correcting term and hybrid recursive
regularization. The proposed approach is assessed considering the simula-
tion of i) an isentropic vortex convection, ii) a two dimensional acoustic
pulse and iii) non-isothermal Gaussian pulse with Ma number in range of 0
to 1. Numerical simulations demonstrate that the flaw in Galilean invari-
ance is effectively eliminated by the compressible HRR model. At last, the
compressible laminar flows over flat plate at Ma number of 0.3 and 0.87,
Reynolds number of 10° are considered to validate the capture of viscous

and diffusive effects.
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1. Introduction

The lattice Boltzmann method (LBM) is an alternative approach to sim-
ulate fluid flows based on the Boltzmann equation. The base model is well
suited for the simulation of low-Mach, athermal flows [1-3]. Due to its ad-
vantages for massively parallel computing as well as its ability to handle
very complex geometries, there are significant research efforts invested in
extending LBM to thermal and subsonic to supersonic applications.

In achieving that goal, the numerical stability of the Lattice-Boltzmann
collision model has long been identified along the key issues [4]. The most
commonly used collision model is the single time relaxation process referred
to as the Bhatnagar-Gross-Krook (BGK) model [5]. In order to overcome the
insufficient stability observed in the BGK model, several improved collision
models with enhanced stability have been proposed, e.g. multi-relaxation-
time models [6, 7|, entropic LB models [8, 9], regularized BGK models [10,
11], or cumulant/cascaded LB models [12, 13].

Numerous studies have shown the capabilities of LBM in the simulation
of thermal flows including scalar transport processes. A hybrid finite differ-
ence thermal model using two dimensional multiple relaxation time collision
model was presented for low Mach number compressible flows [14]. As re-
ported in [15], the hybrid finite difference thermal model can simply cancel
a spurious source term in thermal lattice Boltzmann models with forcing
terms. Moreover, the robustness of hybrid approach was demonstrated in
simulations of highly compressible flows [16].

For the simulation of compressible flows at higher Mach numbers, how-



ever, no clear consensus has been reached within the LB framework. The
classical method requires considering high-order moments of density distri-
bution functions to recover the macroscopic energy conservation equation for
thermal lattice Boltzmann model [17], usually relying on extended-neighbour
lattice set (D1Q5, D2Q37, D3Q121 etc.) leading to LB methods referred to
as multi-speed models [18, 19]. This approach, seems rather expensive for in-
dustrial applications due to the high number of lattices (which may become
prohibitively high in multi-component flows).

Several attempts have also been made keeping lower-order lattices (D1Q3,
D2Q9, D2Q17, D3Q19, D3Q39 etc.). A two-dimensional compressible LB
model with reduction of lattice sound speed through incorporating an ather-
mal equation of state was proposed by Yu and Zhao [20], in which a forcing
term was added in the form of the pressure gradient calculated by D2V17
lattice nodes. Next, the LB model using reduction of sound speed [21] and
hybrid finite difference entropy equation was studied in D3Q39 lattice model
for transonic flows [16]. As reported in studies of Kupershtokh et al. [22],
both the method of incorporating forcing terms into the lattice Boltzmann
model and calculation of pressure gradient are crucial to implement an ar-
bitrary equation of state.

For the nearest-neighbour lattice sets (D1Q3, D2Q9, D3Q15, D3Q19,
D3Q27, i.e. the so called standard lattices), Hazi and Kédvran [23] suggested
to use a third-order Hermite polynomial expansion the equilibrium distribu-
tion functions to address acoustic problems. Dellar [24] proposed a lattice
Boltzmann algorithm with Hermite-Gram-Schmidt polynomials to reduce
cubic defects in Galilean invariance on standard lattices for the simulation
of low-subsonic flows with uniform density. Malaspinas [25] developed a

recursive regularization procedure to increase stability and accuracy of the



lattice Boltzmann scheme for athermal compressible flows at moderate Mach
numbers. For thermal compressible flows, a coupled double distribution
function (DDF) lattice Boltzmann model was developed for thermal flow
with correcting terms in two-dimensional space of multiple relaxation time
collision model [26]. A three-dimensional DDF thermal lattice Boltzmann
model with general correcting term for thermal flows with variable density
was developed by Feng et al. [27]. A DDF thermal lattice Boltzmann model
was extended to high-subsonic flows using finite volume approach to improve
numerical stability [28].

The collision models on standard lattice has also been investigated in
compressible and weakly compressible flows. An entropic thermal D2Q9
model was introduced in [29] for subsonic flows characterized by large tem-
perature and density variations. Recently, the central moment and cascaded
thermal lattice Boltzmann models with variable density was proposed for for
weakly compressible flows [30, 31]. Besides, the recursive regularized BGK
model was proposed for high Mach number flows basing on higher-order
lattice set [32, 11]. Jacob et al. [33] then proposed a dynamic hybrid recur-
sive regularized BGK model with self-adaptive dissipation for Large-Eddy
Simulation high Reynolds number flows and Reynolds-Averaged Numercial
Simulation [34], which could be generally extended to compressible flows by
considering the effects of turbulent fluctuations have a striking resemblance
to those of microscale (thermal) fluctuations in laminar flows [35, 36].

Due to its intrinsic low dissipation, high fidelity and simplicity compared
with the conventional finite volume/difference approach [37, 38], it is natural
to seek a stable and efficient LB model able to simulate fully compressible
flows on standard lattices. The objective of this paper is to present a new

thermal lattice Boltzmann model relying on the nearest-neighbour lattice



structures with a hybrid recursive regularized BGK collision model for sub-
sonic to sonic smooth compressible flows. It is organized as follows: Sec-
tion 2 presents the governing equations including the energy conservation in
entropy form; Section 3 presents the thermal lattice Botlzmann method with
a hybrid recursive regularized BGK collision model along with the numeri-
cal algorithm; In section 4, simulation of an isentropic vortex convection, a
two dimensional acoustic pulse and non-isothermal Gaussian pulse with Ma
number between 0 and 1 and a compressible laminar flow over flat plate at
Ma = 0.87 are computed as validation and application. Finally, Section 5

draws conclusions and perspectives.

2. Governing equations

The mass and momentum conservation equations governing compressible

flows read
dp
. — 1
(%—i—V (pu) =0, (1a)
%’)Z‘+v-<puu):—vp+vr (1b)

where p, u, p are the density, velocity, pressure, respectively. The viscous

stress tensor T is given by
2
7= p[Vu+ (Vu)T — (V- u)], (2)

where p is the fluid dynamic viscosity and I is identity matrix.
The total energy conservation can be expressed as

%Ew.[u(pmm]=v-<WT>+v'<u-r>, (3)

X is heat conductivity. Total energy E = e + ||u/|? /2 is the sum of internal

and kinetic energies.



Alternatively, the energy conservation (3) can be expressed in terms of
entropy as
0s

1 1
il Vs=—V-(AVT) + —7 : Vu. 4
T +u-Vs pTv (A\V )+pTT Vu (4)

Finally, a thermodynamic closure is needed, relating the internal energy
e (or entropy s) with the pressure p and volume mass p through the temper-
ature. Albeit not restricted to this equation of state, the perfect gas closure
was adopted for this work, but the model is compatible of more complex

closures. In the following,

L) e 6

p=prT, e=C,.T+q, s=0Cy ln( —
p’Y

where C), is the mass specific heat capacity at constant volume, assumed to

be constant, r = R/W is the ratio of the perfect gas constant to the gas

molecular weight, v = C),/C, is the specific ratio, and ¢ and ¢" are references

which can be set to zero for a mono-constituent gas.

3. Hybrid recursive regularized thermal LB model

This section presents the model we propose to solve the governing equa-
tions (1). A hybrid recursive regularized thermal LB model relying on the
third order Hermite expansion will be developed incorporating a finite vol-

ume approach for solving entropy equation.

8.1. Thermal LB model using the 3rd order Hermite expansion

The lattice Boltzmann equation (LBE) can be derived from the Boltz-

mann equation in the velocity space. It can be written as follows

g‘FE‘

of
Q
ot I

%:



where f denotes the density distribution function, £ is the particle veloc-
ity and €2; is the collision operator. The macroscopic quantities, e.g., the

density p, mean velocity u can be obtained from the distribution function

as
o= | rae.
(7)
pu= [ efae
A single-relaxation-time collision operator, Bhatnagar-Gross-Krook (BGK)
[5],

1
Qp = ——(f = ) (8)
is used as a basis to develop the proposed method, where 7 is relaxation

time. The equilibrium distribution function f¢? can be derived as

JM=r <27r1rT> : P [(52_7«;)2} ©)

where r is the gas constant, D is the number of spatial dimension and T

represents temperature.

In most LB models based on nearest neighbor lattices (D1Q3, D2Q9,
D3Q27, etc.), the density distribution function is approximated through a
second-order Hermite polynomials expansion, leading to discrete equilibrium
distribution functions f;¢ as

24

o (
fi' = wi | p+ —5pua + ﬁpuaw (10)
S

S

where w; is the 7y, weight coefficient associated to discrete velocity c;q, the

second order Hermite polynomial reads

Hz(i)ﬁ = CiaCig — cﬁéaﬁ, (11)



with d,g being the classical Kronecker delta, and ¢, is the sound speed.

Using the second-order approximation (10) for the equilibrium function,
the Boltzmann equation (6) with BGK closure can be shown to be equivalent
to the weakly compressible Navier-Stokes equation closed with the following
athermal equation of state : p = pc2. Because of the assumption that
pressure only depends on p, the athermal equation of state is clearly not
suited for fully compressible flows, in which a source of heat can set a fluid
in motion (or, equivalently, a disequilibrium in the density function).

To handle compressible flows through a non-isothermal equation of state
(e.g. p = prT for ideal gas), it is then natural to consider the thermal

Maxwell-Boltzmann distribution instead [17], here expanded to the third

order as o
A H'2 243
o Cia, iaf3 (0) 1 (0)
[l =wi [p+ 2 Pua + 2c4 Aaﬁ + 68 "4045’7 (12)

Indeed, the Hermite polynomials remain unaltered, the second-order given

by (11) and the third-order being
3
,Hz(a)ﬁ'y = CiaCifCin — C3[CiBlapy, (13)

where [¢;0]agy = Cia0py + Ciglary + Ciy0ag. The second and third-order terms
in the expansion now include full compressiblity as (p — pc?), now allowed

to non-zero values

A = puaus+ (p = pc2)das, (14)
ASBW = puaugty + (p — pc2)[udlagy, (15)

where [ud]agy = Uadgy + Ug0ay + UyOag.

The moments of the equilibrium distribution function (12) on nearest



neighbor type lattices are then

Zfieq:pv (163’)

S e — g, (160)
i
> CiaCig[{1 = pbap + puaus, (16c)
i
Z CiaCipCin [{ 1 = pludlapy + pauguy — Upay. (16d)
i

where the term V¥, 3, is a correction due to defect of symmetry of the nearest
neighbor type lattices for the third-order moment. This deviation is intended
to be corrected by introducing a correcting term 1;, which can be applied as

a second order forcing term in lattice Boltzmann BGK equation following

Ofi ofi ‘
o gy, T (a7
Hiag O 0
P = —Wwj Yosy, iaCigi = — 75—V, 1
v v 2c¢t Oz, By ;C cig¥ 0~ By (18)

Taking into account the Chapman-Enskog multiscale technique [39] with
the second order correcting term 1;, the compressible Navier-Stokes equa-
tions can be recovered as follows (see Appendix A for the detailed Chapman-

Enskog analysis)

ap 0 B
a + %(pua) =0 (19)

0 Oug  Ouq 7 O0uy
Oxg #(G:Ba * Oxg B k@xv)} (20)

0

—(puq) + T(puau/g + pdag) =
g

The correcting term 1; is given, e.g., in two dimensional D2Q9 as

wj

Wi Sy O P24 H, L P2
¢2—2C§{Hzmax[pu;p(1 2oz~ Mgyl (1= a)]}, (1)



and in three dimensional D3Q27 lattice model as

o Wif, O P2
Y = 203 {Hzx:cax [puz(1 pcg uy)]
0 D 2
+Hiyy@[ﬂ“y(1 - 703 - Uy)]
0 P 9
122 z 1-—- - s 22
HHizeg el = o — )]} (22)

The correcting term ; in D3Q19 lattice is derived in Appendix B.

3.2. Hybrid recursive regularized collision model

Regularization procedures were proposed as to improve the numerical
stability of BGK collision models for lattice Boltzmann methods [10, 25, 33].
They play the role of a filter on spurious ghost moments of the numeri-
cal scheme. Practically, a regularized distribution function is introduced
through recomputing the non-equilibrium parts prior to the collision step.

By including a forcing term 1; in the discrete velocity Boltzmann equa-
tion (17) and integrating it along the characteristic line with the trapezoidal

rule, the LB equation can be expressed as:
)
fi(xa + Ciadi, t + 60¢) — fi(xa,t) = §t [in (o + Cialp, t 4 0¢) + Qf, (24, 75)}
)
o [l + ciadist+ 1) + tilwa, 1P3)

In order to remove this implicit treatment of the collision and forcing terms,

a new distribution function is introduced:

i 625 eq 5t
i =fi——(f," = fi) — =i 24
fo=fim ot (5= ) - Sy (24)
The macroscopic density and momentum can be computed as
— 4
p=2_Tit5vi (25a)
B ¥
PUq = Z Cz’afi + 5 Z Ciawi (25b)
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Therefore, the LBGK equation can be expressed equivalently as

ﬁ(xa + Cialt, t + 0y) = fieq(xm t)+ (1 - *)fneq + ¢z(95a7 t) (26)

where 7 = 7/6;4+1/2 and f;"“? represents the off-equilibrium part of the new

distribution functions,

o7
T —1

£ =fi— ff‘“r wz— £ (27)

The off-equilibrium distribution function can be also expanded using

Hermite polynomials according to the Chapman-Enskog technique, leading

to
_ (2) (3)
2T H H;
neq __ neq iaf 4(1) apy 4(1)
=5 i w’[ 2ct IR AO‘BW} (28)
where
AD = TN e /1 =Y ciacis [ (20)
aB 27— 1 4 ‘ - R
8u5 3u au
— 57 @ k=2,
T e T 52y~ F o, 000
AL~ uaAS) +ug Al +u, AL (30)

where k = v — 1, v being heat specific ratio. The third order recursive
regularization procedure of the thermal LB model by Eq. (30) is used to
reduce the Galilean invariance and increase numerical stability, which could
be derived by binomial theorem of Hermite polynomials [32, 11]. The third
order off-equilibrium terms on gradient of temperature derived by Ref. [32]
are not considered in this work, since they are related to contributions of
higher-order heat flux terms beyond Navier-Stokes equations.

Although the higher-order recursive regularization can reduce the defect

of Galilean invariance, the non-hydrodynamic modes were also introduced

11



by the higher-order off-equilibrium moment. A parameterized hybrid recur-
sive regularized procedure is proposed to suppress those non-hydrodynamic
modes. According to Eq. (30), the off-equilibrium moment A&lﬁ) can be al-
ternatively reconstructed by velocity gradients which could be calculated
by a finite difference operator. Thus, following [33] an explicit stabilization

RR)

procedure relying on the linear combination of .A given by Eq. (29) and

ASBFD) obtained by second-order finite-difference approximation of Eq. (30)
is introduced, leading to the definition of the following hybrid recursive reg-

ularized collision operator

A((llﬁHRR A(l RR) (- )A(l JFD) (31)

(1 HRR)

where o € [0, 1] is an arbitrary weighting coefficient. .A is recursively

updated by re-computed off-equilibrium moment .A (1 HRR)
In order to preserve the isotropy of the scheme, a second—order isotropic
central difference scheme is employed to compute the numerical gradient

operator. The second-order isotropic central difference scheme is given in

lattice units as
¢

1
% = 072 Z wicia¢(xa + Cia) (32)

Finally, the hybrid recursive regularization procedure for thermal com-

pressible flow is summarized as follows:

fil®a + ciadp t +6¢) = [ (za,t) + (1 — %)R(ﬁ”ﬁq) + %i(xa,t) (33a)

H(z)g (1,HRR) Ho )ﬁ (1L,HRR)
—neq e “
R(fi ") = w"[ 2c4 Acp * T6e 67“40437 ] (33b)
40 RR Z CiaCig fT (33c)
T = Fi(wart) — i (wart) + w(azm t) (33d)

12



In the simulations, physical and lattice units for length, time, mass and
pressure are related through a reference length scale Lg, the physical refer-
ence sound speed cgpo = \/m for space and time, a physical reference
pressure pg, a physical reference density pg and a lattice reference density
pio- Accordingly, the physical variables can be converted from the quantities

in lattice units (I subscript) as

8y = Lo/Ny, 8 =052t = N,.b;
Csp0

_ _ £0 o 590

T = N’L(S.Ia pP=pP—s U= ul'??

P10 t
0z po o
p= =, = .
0 Plo (5,52

The physical reference sound speed cspp could be set to the far-field or
free-stream sound speed in compressible flows, it is more convenient to keep
it as a free parameter. This allows to freely accelerate the convergence rate,
by varying the time step in the same manner of Courant-Friedrichs-Lewy
(CFL) number for conventional Navier-Stokes solvers. Taking ideal gas as
an example, the physical sound speed for ideal gas can be computed in the

LB model as follows

Csp = \/m = W = CSPO\/W (34)

where Tp is physical reference temperature corresponding to po.

3.8. Finite volume method for entropy equation

In the hybrid lattice Boltzmann method presented in this section, the
entropy based energy conservation equation is solved separately using a finite
volume technique. The entropy equation with viscous heat dissipation term

is given as follow

9s ., 9s 1 0 (AaTHg
ot ua(?xa ~ pT 0xy " Oxg pT"

(35)



where ® represents the term of viscous dissipation. An explicit second-order

Runge-Kutta scheme is adopted as temporal integration, which is given as

s H1/2) () %RHS[SW]

(36)
s — () 4 5, RHS[s("+1/2)]

The convective flux is constructed using MUSCL scheme, while the
classical second-order central difference scheme is adopted for the diffusion
term and term of viscous dissipation. The third order MUSCL scheme [40]

adopted in this study is given as follows:

0 Pit1/2 — Pim1)2

Ugy = Ui 5 (37)
¢it1/2 for instance, can be given as
¢) 1, Ui > 0
¢i+% - N
. 1y Wy <0
¢z+§ u
and
ri
oty = 60+ U = ws0, s + (L4 K66, 4],
P(ri
68y = o — (0 0o+ (1 m06, )
where K = 1/3, and,
00511 = (Pit1 — ¢i), 00,1 = (di — di-1),
003 = (Pirz — dit1) ;00,3 = (di-1 — Pi2) (38)
¢ P
ry=————
Git1 — i

where i represents index of grid rather than lattice discrete velocity. The
van Albada limiter function (1) = 2r/(14r?) is used to avoid spurious os-
cillations [41]. The coupling between the LB and finite volume (FV) solvers

is illustrated in Fig.1, along with the relevant data exchanges.

14



Initialization

p,u,p, T, s

15¢ step of RK,\ I

fieq(pv U,p) (12) X
Yi(p,u,p) (21)

(. J

}

Streaming

compute s(1/2)

(S J

Compute p(1/2)
u/2) 71/2)

| J

and collision

step (33)

Update 27d step of RK,

update (s,T)

Figure 1: The algorithm proposed consists of a Lattice-Boltzmann (LB) solver coupled
with a classical Finite Volume (FV) solver. Data exchanges between the two solvers are

clearly identified.

15



3.4. Implementation of boundary conditions

The boundary conditions of density distribution function are imple-
mented by a finite difference reconstruction approach along with the hybrid

regularization procedure [10].

1. First, the macroscopic velocities p, w and p on the boundary nodes are
computed, following boundary conditions commonly used in Navier-
Stokes solvers. The entropy s and temperature T are then calculated
by the thermodynamic closure and equation of state.

2. Next, the shear stress tensor is computed using the velocity gradients
on boundary nodes, which are computed on these nodes using a first
order biased finite-difference scheme.

3. Then, the density distribution function is reconstructed using o = 0
in hybrid regularization in which the off-equilibrium moment is recon-

structed as follows

1 . = Ouq  Oug  ~0u,

AL ~ —Fop ( 5z oo T k oz 6a5> , (39)
1 1 1

AL = ua AL +ug AD) +u, AL, (40)

In the following, prescription of macroscopic variables (step 1 above), is

done according to the boundary condition.
e For a velocity inlet, p, u, p are set as Dirichlet boundary conditions.

e For a pressure outlet, p is set as Dirichlet condition; p and u are

extrapolated enforcing a zero-gradient condition.

e For a no-slip wall, u = 0 is set as Dirichlet condition, and p and p are

extrapolated enforcing a zero-gradient condition.

16



4. Results and discussion

Since the base HRR LB model has already been assessed for simulation of
thermal flows in low Mach number limit [27, 42, 36], the present compressible
HRR LB model is assessed considering three cases dealing with compressible

subsonic to sonic shock-free flows:

1. isentropic vortex convection by a uniform flow,
2. acoustic pulse,

3. flow over a flat plate.

The first two configurations are treated as quasi-inviscid, with a non-dimensional
viscosity p = 1071, as to test the model in extreme conditions. For the third
configuration, variable viscosity is assumed.

For the D2Q9 lattice, the microscopic discrete velocity c¢;, is given by

(0,0) i=0
Cia =4 (£1,0),(0,+1) i=1-4 (41)
(£1, +1) i=5-8,

the weights w; =4/9,1=0; w; =1/9,i=1,2,3,4; w; = 1/36, i =5,6,7,8
and the lattice reference sound speed ¢, being 4/1/3.

4.1. Isentropic vortex convection by a uniform flow

This is one of the few exact analytical solutions of the compressible Eu-
ler equations. This test case is related to the convection of an isentropic
vortex by an inviscid uniform flow at free-stream Mach number Ma = 0.42
(Uoo = 0.5,y = 1.4). It is used to show the ability of numerical schemes to
accurately capture vortical flows. The free-stream conditions and pertur-

bations added to the free-stream is initialized in a computational domain

17



of size [0,10] x [0,10]. There is no entropy gradient in the flow-field. The

free-stream flow is given by
Poo =1, Use = 0.5, Voo =0, poo = 1 (42)

and the density and velocity perturbations are initially given as a vortex,

defined as

(y— 1) b2 | 2]

= 1—W€ , p=1p, (43)
b 11 ,2
u:uoo—gw(l ) (y—ve). (44)
b
V= Uso + %e%(l_rz) (r —x). (45)

where b = 0.5 is the vortex strength and r = [(z — zc)? + (y — yc)2]1/2 is

the distance from the vortex center (z.,y.) = (5,5).

1.003 0.6
1.002 r 0.58
1.001 0.56
1 0.54
0.999 052
a 0.998 = 0.5
0.997 0.48
0.996 0.46 -
0.995 0.44
0.994 042
0.993 - - - - 0.4

(a) Density (b) Velocity
Figure 2: Profiles obtained by the LB method on isentropy vortex convection at t = 207"
In our simulation, 200 x 200 node grids are employed with d, = 0.05.
The time step is §; = 0,/+/Tp with reference temperature Ty = 36.0. An

approximate inviscid condition is implemented setting the dynamic viscosity

to = 1071 in the simulation, which results a relaxation time 7 ~ 0.5. The

18



considered values of the HRR weighting parameter are ¢ =0.7, 0.5 and 0.0.
Periodic boundary conditions are implemented in all directions.

Figure 2 displays the distributions of density and velocities along the
domain symmetry lines after 20 flow-through-time (FTT), i.e. ¢ = 207". The
density along the horizontal line of symmetry is plotted in Fig. 2(a) while
x-velocity along vertical middle line is shown in Fig. 2(b). It can be observed
that all results are in good agreement with the exact solution after 20 FTT.
The numerical dissipation increases with decreasing HRR parameter o where
o = 0.0 means that the off-equilibrium distribution function is completely
reconstructed by the finite difference scheme.

The typical density fields obtained using different HRR parameter o
values after 20 F'TT are presented in Fig. 3. It is found that the isotropic
evolution is well preserved in the simulations except when ¢ = 0.0. The
history of the maximum of the amplitude A of the density disturbance nor-

malized by its initial value

s 1 — min(p) (46)
1 —po

is reported in Fig. 3(d). The damping rate induced by numerical dissipation
is quite small. Considering both the robustness and the accuracy, the HRR
parameter ¢ = 0.5 appears to be a good trade-off for the simulation of

inviscid compressible flows.
Simulations displayed in Fig. 2 were repeated varying the grid resolution
N, x N,, with N, = (25,50, 100, 200,400). The resulting profiles, reported
in Figs. 4(a) and 4(b), illustrate well the grid convergence, as well as the
method robustness. Further investigation of the £5 norm of these profiles,

illustrated in Fig. 4(c), shows that the convergence is second order in space,

a classical characteristic of LB models [3].
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Density Density

0.994 0.996 0.998 1.000 0.994 0.996 0.998 1.000
| | | | | Il ; | |
(a) o =0.5,t = 20T (b) 0 =0.0,t = 20T
1.05

LR o— v
0 AT x
o M, TV Xxx
N M
o\ 'y v
095f A ™ MY
\ -
O\ T~
< EN T~
0.9} o\ \n
a5 QAAA
3 RSN
o 'YW
0.85} %Q ™
% ~
o
Density 0.8 ' ‘\QO ' '
0.994 0.996 0.998 1.000 0 10 20 / 30 40 50
| | : | | t T
(¢) o =1.0,t =20T (d) Damping of the density spot with time

Figure 3: (a,b,c) Density contours after 20 periods, as obtained using different values for

HRR parameter o, on a 200 x 200 grid.
(d) Evolution of A (46) at the center of the vortex, as obtained on a 200 x 200 grid: ¢ =0

(0) 0 =0.5 (1), 0 = 0.7 (v), and on a 400 x 400 grid with o = 0.5 (x. Dashed lines are
the exponential fits of the form A(t) = e~ /%" (48), as reported in Tab. 1.
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Figure 4: Convergence study on the isentropic vortex convection, as in Fig. 2, repeated

on N, X N, grids with varying N,.
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Stability at low grid resolutions is ensured by numerical viscosity, which
we shall now assess. As an approximated method, we propose to compare

the classical vorticity w decay in incompressible fluid at rest [43-45]

o _

- _ 4
ot Re’ (47)

where Re is the Reynolds number, leading to an exponential decay of the
maximum vorticity in the vortex as e/,

Continuity in stationary compressible flows being translated in a diver-
gence free momentum pu field rather than divergence free velocity field w,

it is reasonable to approximate A (46) as
A(t) ~ e VBT (48)

where Re* corresponds to a Reynolds number associated to a numerical
viscosity v*. The corresponding non-dimensional values, corresponding to
a reference non-dimensional length of 3 (the approximate vortex diameter)
and the reference non-dimensional velocity of us, = 0.5 are reported in

Table 1. As expected, v*, given here in non-dimensional unit, decreases

Resolution o Re* v* x 10°
200 200 0 1998 75
200 x 200 0.5 5665 26
200 x 200 0.7 10910 14
400 x 400 0.5 43726 3.4

Table 1: Approximated numerical viscosity for the isentropic vortex convection.

both with increasing resolution and increasing o. For further illustration,
the fits obtained by using the parameters of Tab. 1 are reported in dashed
lines in Fig. 3(d).

22



4.2. Two-dimensional acoustic pulse
4.2.1. Isothermal acoustic pulse

Next, the compressible LB model is assessed considering benchmark
problems dealing with propagation of acoustic waves, more precisely the
advection of an acoustic pulse by a uniform flow. A two dimensional Gaus-
sian acoustic pulse with free-stream velocity Uy = 0.0 and Uy = 1.0, i.e.
at free-stream Mach number Ma = 0 and Ma = 1, is considered in this

section. The initial acoustic Gaussian pulse, is given by [46]

p=1+0.0lexp(—kr?), p=1+0.0lexp(—kr?), u= Uy, v =10 (49)
where r = [(z — zc)* + (y — yc)2]1/2 is the distance from the pulse center
(2¢,ye) = (0,0). The perturbation parameter is given by k = In2/b%, and
b = 2 is the half-width of Gaussian function. A square computational do-
main with size [—20,20] x [—20,20] is used, along with a 400 x 400 grid.
Periodic boundary conditions are implemented in all directions. In order to
implement the simulation of isothermal acoustics to match reference analyti-
cal solutions, the entropy equation is not solved in this case and temperature
is prescribed as a constant value.

The time step is §; = 0, /+/To with reference temperature Ty = 25.0. An
approximate inviscid condition is implemented setting the dynamic viscosity
to u = 10~', which results in a relaxation time 7 ~ 0.5. Following the
results of the previous test case, the HRR weighting parameter is set equal
to o = 0.5.

The pressure fields obtained by the LB method for the two Mach numbers
at time ¢ = 10 are shown in Fig. 5 and 6. Furthermore, the fluctuating

velocity and pressure profiles along the horizontal centerline at time ¢ =

10 are compared to analytical solutions given in [46] in Fig. 7. A very
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Figure 5: Contours of pressure obtained by the LB method on acoustic pulse advection

at time ¢t = 10.

Velocity X Velocity X
-0.0016  -0.0008 0.0000 0.0008 0.0016 0.9984 0.9992 1.0000 1.0008 1.0016
I | | | | | | | | |
(a) Uo=0 (b) Up =1

Figure 6: Contours of velocities obtained by the LB method on acoustic pulse advection

at time ¢t = 10.
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Figure 7: Comparison of profiles along horizontal middle line.(line: LBM results, symbols:

analytical solution)

satisfactory agreement is observed in all cases, demonstrating the capability
of the present method to deal with such flows.

Comparison of the computational cost of the athermal model used in
this section (e.g. without FV solver) and the proposed model shows a 75-25
cpu partition between the LB and FV solver, indicating a minimal cost of

the hybrid formulation.

4.2.2. Non-isothermal Gaussian pulse

Next, we consider a thermal acoustic wave traveling in radial direction
including temperature evolution. The aim of this test case is to verify the
correct propagation speed of sound waves and coupling between velocity,

pressure and temperature. The initial condition is given by:
p=10, p=1+exp(—kr?), u=0, v=0 (50)

where r = [(z — zc)? + (y — yc)2]1/2 is the distance from the pulse center
(e, ye) = (0,0). The perturbation parameter is taken equal to k = 40.

The computational domain size is [—2,2] x [-2, 2], with periodic boundary
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conditions. The computation of the reference solution was performed using

a second order TVD finite volume scheme with the Osher type flux on a

radial grid consisting of 10* cells [47, 48].
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Figure 8: Comparison of profiles along horizontal middle line.(line: present LBM, point:

reference solution)

Figure 8 displays the profiles of pressure, horizontal velocity, density

and temperature obtained by the proposed LB model using HRR parameter

o = 1.0, 0.7 and 0.5 at time t.,q = 1.0. A very good agreement with the

reference solution is recovered, showing the capability of the present method

to capture thermodynamic couplings and nonlinear wave propagation.
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4.8. Compressible laminar flow over flat plate

At last, we investigate the capability of the method to handle viscous
effects addressing another typical benchmark, namely the laminar flow over
a flat plate at free-stream Mach number Ma = 0.3 and Ma = 0.87. The
compressible laminar flow over flat plate has been studied extensively, both
analytically and numerically [49, 50]. Here, a computational domain with
size —0.25 <z <1, 0 <y <0.25 is set up considering a flow at high speed
subsonic us, past a thin plate of length L(as illustrated in Fig. 9). The

boundary condition(BC) is set as the follows:

e Symmetry BCony=0, 0.25 <z <0

No-slip wall BC on y = 0, 0 < z < 1, adiabatic BC for Ma = 0.3
while isothermal BC for Ma = 0.87.

Subsonic outflow on y = 0.25 with pressure p = 1/~.

Subsonic inflow on x = 0 with density p = 1, and velocity (u,v) =

(oo, 0).

Subsonic outflow on z = 1 with pressure p = 1/~.

far-field
0.25+
subsonic far
inflow -field
0.06
[ v |
_0'25free-slip 0.00 no-slip/adiabatic 1.00

Figure 9: Sketch of the computational configuration. The darker sub-domain is used below

for plotting results near the leading edge.
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Figure 10: Contours of pressure, temperature, horizontal and vertical velocity obtained

by the LB method on laminar flow over flat plate at Ma = 0.3 and Ma = 0.87
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The Reynolds number is taken equal to 10%, leading to a steady laminar
solution. A uniform dynamic viscosity is adopted at Ma = 0.3 while a
variable viscosity following pu = poofico is used at Ma = 0.87. The entropy
based energy equation is solved with Prandtl number equal to 0.72 for Ma =
0.3 and equal to 1.0 for Ma = 0.87. The values of Pr and viscosity are chosen
to match those of reference similarity solutions of compressible boundary
layer [51].

In simulation at Ma = 0.3, the computational grid is made of 1000 x 200
grid points. The spacing size is 6, = 6.25 x 10™% and the time step §; is
set to d,/6 corresponding to a CFL number close to 0.13. At Ma = 0.87,
the computational grid has 2000 x 400 grid points. The spacing size is
d; = 3.125 x 107* and the time step d; is set to d:/8 with a reference
temperature Ty equals 64. The HRR parameter is set equal to ¢ = 0.9 in
all simulations.

Figure 10 displays the contours of density and horizontal velocity ob-
tained by the present LB model at Ma = 0.3 and Ma = 0.87 in the vicinity
of the plate trailing edge. It is observed that the flow is well captured by
the present LB method.

Figure 11 shows the profiles of density, temperature and horizontal veloc-
ity obtained by the present LB model. In the figure, 1 is the dimensionless

coordinate with Illingworth transform which is defined as [51]

U. [Y
= e /0 pdy
where U, is velocity at outer edge and C,, = 1 under condition of pu =
Poolboo- An excellent agreement between the computed velocity fields and
reference solution is observed both at Ma = 0.3 and Ma = 0.87. The skin

friction predicted by the LB method on laminar flow over flat plate is also
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Figure 11: Profiles of the solution obtained by the LB method on laminar flow over flat
plate at Ma = 0.3 (blue), and 0.87 (red). The similarity solution is plotted in black line.
Top left: skin friction along the plate; top right: vertical streamwise velocity distribu-
tion in similarity coordinates; bottom left: vertical temperature distribution in similarity

coordinates; bottom right: vertical temperature distribution in similarity coordinates
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well matched with Blasius solution. The maximum deviation of predicted
skin friction at Mach number of 0.87 is 1.6%.

In Fig. 11, the analytical solution of temperature profile for compressible
flow over flat plate is given by [51]

u

T
_@)

v—1 2
— =14+ —MaZ(1
Te + 2 ae(

where T, is temperature at outer edge. The reference solution of density
is calculated by equation of state under free stream pressure. In can be
observed that the excellent agreement on both temperature and density
between the results obtained by the present LB method and the reference
solution is observed Ma = 0.87. The coupling between fluid flow and heat
transfer including viscous heat dissipation are well captured by the present

LB model.

5. Conclusions

A thermal lattice Boltzmann model has been developed on standard
lattices for the simulation of smooth subsonic to sonic compressible flows. It
relies on an extension of the Hybrid Recursive Regularized LB model already
proposed for low-Mach number flows.

The model is easy to implement and parallelize: both the LB and FV
stencils are limited to nearest neighbors. This also leads to a cpu cost par-
tition close to 75-25 between the LB-FV solvers, indicating high potential
regarding the cpu savings associated to the use of such model compared to
classical methods.

In simulation of an isentropic vortex convection, a two dimensional acous-

tic pulse and non-isothermal Gaussian pulse, the influence of the HRR
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weighting parameter ¢ has been intensively investigated. Numerical simula-
tions demonstrate that the defect of Galilean invariance is effectively elimi-
nated by ¢ > 0.5 in the inviscid regime. Especially, the non-hydrodynamic
oscillation is suppressed by hybrid regularization using ¢ = 0.5 in simula-
tion of non-isothermal Gaussian pulse. FExcellent agreement has also been
obtained for the simulation of a compressible laminar flow over flat plate at
Mach number of 0.3 and 0.87, with results matching the Blasius solution.
The low dissipation obtained with the presented model allows to envision
acoustic applications in transonic flows, e.g. by accounting for the bulk

viscosity.
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Appendix A. Chapman-Enskog Analysis

To derive macroscopic equations, the density distribution function f; is

expanded around the f;? distributions as follows:
=10 +efV 4?4 (A.1)
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with

E fz(n) = O> E Ciafi(n) = 07 n>0 (AQ)
By matching the scales of €!, €2 we have
) ) s
1. , eq i _ (0 A
€ ((9t1 +C’Laaxla)fz + T 1/)1 ( 3)
oft 9 o w2
2, 0 o . L = A4
¢ 8t2 + (8t1 te 8x1a)fz + T 0 ( )

Considering that the equilibrium density distribution function satisfies the
velocity moment condition, one can sum Eq.(A.3)and Eq.(A.4) in the ve-
locity phase space. The t; and ty order of the continuity equation and

momentum equation can be derived as

op 0 B
5t + oo (puq) =0 (A.5)
0
0
anz =0 (A.7)
9 9 (1)
YR 1aCiBJ; = A.
8t2 (puOl) + al‘lﬁ (ZC Cﬂfz ) 0 ( 8)

i

Incorporating pressure equation in convective scale as follow

ou

0 0 ~
P 2 (pu,) +Ep

- T =0 A9
oty 83;17 ( )

89517

where k = v —1, 7 is heat specific ratio but subscript of tensors. Combining

Eq. (A.5) with Eq. (A.6), one can obtain

i(uu+5)—iuuu—u 8p—u op
ot Platip T Poap) = 8:617p Bty ‘“c’)xw ﬁaxla
0 -~ Ou
- 8ag) — kp—"1064 Al
Jor (Pu~dap) P Gany 08 (A.10)
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Considering the correcting term ; given as

Wy 8
Mo
2¢O,

0

¢i = \I]a,BA/a Zciaci,8¢i = _87\1](167 (All)
Ly

and rewriting fi(l) in the Eq.(A.8) with Eq.(A.3), one obtains

O R o0 0 e (0)
;cwCngi = T;cmczg[(atl—l—cwaxh)fi (red

0 0
= —T|l5, « «Q 7\1]04
T{atl (puaus + pdap) + Bz, Lob

+ (Pud]apy + puauguy — Wapy)]

8%17

0 o =
u5+8u i

8I1a 89515 (9:1017 aﬁ] (A12)

= —7p|

The following equations can be finally obtained:

dp

0 0 0 Oug  Ouq 7 Ouy
5 (Pla) + 87,6(0%% +pdag) = 925 [u(axa T oy ka%éaﬁ)] (A.14)

Appendix B. The correction term for D3Q19 lattice set
The D3Q19 lattice set, 3 dimensions with 19 velocities, is given by,
(0,0,0) =0
Cia = § (%1,0,0), (0, £1,0), (0,0, £1) i=1-6 (B.1)
(£1,£1,0),(£1,0,£1),(0,£1,£1) i=7—18

and the corresponding weights are

% 1 =20

wi={qL i=1-6 (B.2)
1 —
36 1 =7—18



Considering equilibrium distribution function Eq. 12, the deviation terms

can be calculated as follow

18

\I/aﬁfy = p[u‘s]aﬁfy + PULUBUY — Z Ciaciﬁcivfieq (BB)
=0

The following deviation terms of D3Q19 are obtained with 6 = p/(pc?)

18

Vore = (puxumux + 3pum) - Z Cixcimcixfieq = pux(g -1+ UZ), (B4a)
=0
18 1
‘le:ty = (puzuxuy +puy) - Z Cixci:vciyfieq = gpuy(e -1+ 3“2)7 (B4b)
=0
18
eq
Woye = (puzuyus) — Zcmciycizfi = PUzlyll, (B.4c)
=0

The deviation terms of W, Wy, etc. can be computed in similarity. Thus

the correcting term in D3Q19 lattice set is constructed as follows

w; 0 0 0
%‘ = Tcé{%zxa&[%\l’xwz + aiy\lll‘wy + &‘Ijafl’z]
0 0 0
+Hiyy[%‘l’yyx + @‘Pyyy + @‘I’yyz]
0 0 0
izz| ¥ zzx 7‘1}22 7\1]222

0 0 0
+2Hizy [%‘I’ a7 7nyZ]

z

0

Uyl (B.5)

9
+2Hiye [ Wyew + 50

It is worth noting that only W, .., Wyyy, V... is non-zero in D3Q27 lattice
set, which exhibit a much simpler correcting term compared with in D3Q19
lattice set. Besides the correcting term of D2Q9 lattice set is the projection

of D3Q27 lattice into two-dimensions.
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