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IRRATIONALITY MEASURES FOR CUBIC IRRATIONALS
WHOSE CONJUGATES LIE ON A CURVE

F. AMOROSO AND U. ZANNIER

1. INTRODUCTION

This paper deals with irrationality measure of algebraic irrational num-
bers. There is a vast bibliography on this subject, the interested reader can
refer for instance to [8] for further references. Let us recall only some basic
facts. We say that p is an irrationality measure for £ € R\Q if for every
€ > 0 there exists C. > 0 such that for all p, ¢ € Z with ¢ > 0 we have

-2l>

grte
We define the irrationality measure p(§) as the infimum of the irrationality
measures for £&. By Dirichlet’s Theorem, or using the theory of continued
fractions, p(£) > 2 and moreover for almost all real numbers equality holds.
Nevertheless, ‘few’” examples of numbers with (provable) irrationality mea-
sure 2 are known.

For real irrational algebraic numbers the situation is different: by a cele-
brated result of Roth, which extends the Thue-Gelfond-Dyson-Siegel method
from 2 to n variables, every such number has irrationality measure 2, but this
result is not effective, in the sense that the above C. cannot be effectively
computed (at least for small € > 0).

Let us say that u is an effective irrationality measure for &, if the real
number C. above is effectively computable for any £ > 0, and define piqf (&)
as the infimum of the effective irrationality measures for £&. Then Liouville’s
Theorem provides the easy bound pg(€) < d for a real algebraic number of
degree d > 1.

Feldman [12], using Baker’s theory of linear forms in logarithms, proves
that pes(§) < d for a real algebraic number of degree d > 3. Bombieri [6]
gives another proof of this result, using the original Thue-Dyson-Siegel
method in two variables.

In some special case, essentially when & is “close” to 1, the theory of Padé
approximant can give much better result. For instance for ¢ := /2, Baker
[3] obtains in particular pe(€) < 2.955, using 2 v/2 ~ 1.008.

The aim of this short paper is to describe an apparently new method
to give good effective irrationality measures for certain algebraic irrational
numbers.

In section 2 we shall first consider the special case, but still interesting
in its own, of cubic roots & = v/13 + 1 where [ is a large natural number.
The classical method deals with Padé approximants to the function z
(1—2)'~1/3. The main ingredient of our approach, which is easily illustrated
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2 F. AMOROSO AND U. ZANNIER

by the example in section 2 below, is a bounded height estimate of Beukers
and Schlickewei [4] for the solutions of the system of equations

A+B=1;
aA" +bB" = 1.

in the unknown A, B € @*, with coefficients a, b € Q" Curiously enough,
this estimate is a consequence of another Padé construction, those of the
Padé approximants to the function z — (1 — z)" (via hypergeometric func-
tions).

In section 4 we generalize this approach to other cubic irrationals whose
algebraic conjugates are coordinates of a point lying in a fixed line of Ps.

In some cases, our results are close to the results obtained with the classi-
cal method [1]. In other cases they appears to be new. Of course, as in the
classical case, refinements using some variant of the so-called Chudnowski
method could be possible.

To go further, it seems that the result of [4] is no longer sufficient and
also any methods based on explicit Padé approximants. We use instead, in
section 5, a (very special) case of a recent bounded height result [2] obtained
by Masser and the authors of this article to deal with cubic irrationals whose
conjugates lie on an arbitrary curve. This allow us to prove (section 5) the
following theorem, which we state here only for algebraic integers, to avoid
technical definitions on heights (section 3). See Theorem 5.2 for the more
general statement.

Theorem 1.1. Let K C C be a real cubic number field; denote by o1 =
Id, o9, o3 the immersions K < C. Let C C Py be a projective curve defined
over Q. Let h >0, A > 1/2 and € € (0,1) such that

O 12y

h>c?min (1
>c mln(, SO+ 1)

where ¢ = ¢(C) is an effective constant. Let 8 € O with conjugate 61 = 0,
05, 03. We assume:

(01 : (92 : 03) S C(Q)
and
max(|fs],[03]) < h,  log|f] < —Ah.

Then

A+1
Pt (§) < )\_71/2

for every generator £ of K.

As a corollary, we recover a (apparently not well known) result of Chud-
nwski [9] on irrationality measures for the values of a cubic algebraic function
holomorphic at 0 (see Corollary 5.4).

In principle our method, could be further generalized to irrational num-
bers of higher degree, at the price of a technical extension of the relevant
result of [2].
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2. AN EXAMPLE

Let | be a positive (large) integer. We look for an irrationality measure
of the cubic irrational & = /13 + 1. To illustrate our method, we want to
show that peg(&) — 2 when [ — oo (which is of course a well-known result).
Put

0=¢ —1, ¢ = exp(27i/3).
We denote by 61 = 6, 0y = (& — 1 and 05 = (%€, — [ the algebraic conjugates
of 6 and we write 8 = (61, 62,03). Let

(2.1) 0" = Ao + An10 + Ay 26?
with Ay, = (Mu.0s An1, An2) € Z3. Thus 8" = O\, where
1 6, 62
O=1|1 6, 63
1 65 63

Solving in A, the system, we find A, = ©710". We have 010205 = 1 and
|02| = |03] = O(l) as | — 4o00. Thus

(2.2) 0] =0017%), |A)V" <
and the projective (non logarithmic) Weil height of 8 € Po(Q) satisfies
(2.3) H(6) = 163] = [6] = O().

The implicit constants are absolute, for n sufficiently large with respect to
[. In order to apply a standard irrationality criterium, we search “small”
vectors W, = (Upn,0,Un1,Un2) € Z> such that oy, = Ung + U 10 + Uy 260°
satisfies!
an,0" € 7+ 76.

By (2.1), this holds if and only if u, = (w0, Un,1, un,2) is orthogonal to the
vector

Vi = (An2, Ant1.2, Ant2.2)-
of norm |v,|'/™ <« 1. By Minkowski’s theorem we can find two linearly
independent vectors u,,, u), € vy such that |u,| < |u/,| and

(2.4) S R I A N A A

Thus |u,|'/" < IY/2. This gives a sequence {pn/¢n}n of good rational ap-
proximations to 0, defined by (un o + wn,160 + un7292)9" = ¢ — pp,. In fact,
by (2.1) and (2.2) we have

lgn| Y™ < Jun [V ALY < 132

1gn — po| ™ < Ju,|V70) < 17372

Let us assume that |u/,| satisfies a similar upper bound as |u,|, that is
|u/,|'/™ < 1*/2. By (2.4) this holds if (and only if) the previous upper bound
for |u,| is essentially optimal, i. e.

(2.5) u, |7 > 112,

LA similar requirement was worked by Bombieri and Van der Poorten for a different
pourpose.
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Note that in general this is what one would expect. Then, corresponding
to ul,, one has another sequence {p/,/q.,}» of good rational approximations
such that p,ql, # pl,qn for all n. This would allow to conclude (by a standard
irrationality criterion) that

,ueff(fl) —2asl— +o0

Hence the success of this approach is reduced to producing a lower bound
for |u,|'/". Replacing n by 2n, we can assume n even. For j = 1,2,3 write
O j = Upo + Up10j + un729j2~. Since the height of a,, € P2(Q) satisfies

(2.6) H(o)'™ < |u, V™,

it is enough to get a lower bound for this height.

Remark 2.1. For j =1,2,3 let 0j: Q(0) — C be the immersions given by
00 =6;. Then for v € Z[#] we have v € Z+ 780 if and only if o1y + ooy +
(*ozy = 0.

Since both 6 and «, 10" are in Z + 76, we have the two equations:
e 01 + (O + (%03 = 0;
‘ an 107 + Con 205 + C20¢n’39§” =0.

We now use the following result of Beukers and Schlickewei ([4], lemme
2.3), which follows from an explicit construction ([5], lemma 6) of Padé
approximants to the function z — (1 — z)".

Lemma 2.2 (Beukers-Schlickewei). Let a, b, A, B € Q" such that
A+B=1;

(2'8) aA™ + bB" =

for some even integer n € N. Then, H(1: A : B) < ¢2¥™H(1 : a : b)*/",
where ¢ = 6/3.

The system (2.7) transforms into (2.8) by the change of variables:

¢t (203 Can 2
29)  A=-%2 p- S8, S g
(29) 01 01 C"aun, 1

o CQC“TL,ZS
CQnan,l ’

We have
H(1:A:B)=H(0) and H(l:a:b)=H(ay).
By the quoted result of Beukers and Schlickewei, by (2.3) and by (2.6),
| < H(0) < c2¥"H(an)?" < |u, |2
Thus (2.5) holds and
pefr (&) — 2

as claimed.
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Of course we can quantify all of this to see how near we go to effective
irrationality measure 2. Assume [ > 3. A more precise computation (see
the first example 4.3) shows that & has irrationality measure
—log(V13 +1—1) + 2 log(6V/3)

—log(VP3 +1—1) — 21og(6v/3)
21og(6v/3) -2

=24+ ————= 4+ O((log! for | — .
+ 3log! + O((log)™=) for +00

Our method rests essentially on an explicit Padé construction (via hyper-
geometric function) of the Padé approximants to the function z — (1 —2)",
which is the main tool of the proof of Lemma 2.2. Let us compare our results
with (a special case) of a result of Alladi and Robinson [1] which uses Padé
approximants to the function z — (1 — 2)!~1/3, Theorem 2 of op.cit. (with
k=3, f(3) =9/4, r =1, s = [3) gives, again for [ > 3,

—log(vVB +1—V13)+9/4
—log(VI® +1—V1?) —9/4

3
=24 — 1 “2) f .
+210gl+0((ogl) ) for I — 400

Since 2log(6v/3)/3 = 1.567... > 3/2, the result of Alladi and Robisons is
slightly better for large I. For small values of [ we obtain:

pefr (&) < 14

peft (§1) < 1+

I=2 e =5.2381 [5.5281]
[=3  peg = 3.7865 [3.8365]
I=4 e = 3.3480 [3.3625]
[=5  peg = 3.1312 [3.1340]
[=6  jeg = 2.9996 [2.9970]
I=T7 e = 2.9099 [2.9045]
[=8  jo = 2.8443 [2.8372]
[=9 e = 2.7937 [2.7856]

where we have reproduced the corresponding results of [1] in brackets. Note
that our method gives something better for [ < 5. But in these cases our
effective irrationality measure is worse than the bound peg (&) < 3 predicted
by Liouville’s Theorem.

3. HEIGHTS AND ABSOLUTE VALUES.

To go further, we need some more notation. As we have seen in section 2,
given a cubic irrational # the natural height associated with our method is
not the Weil height of # but instead the height of the projective point defined
by its conjugates. Moreover, if § is not a unit (as it was in section 2), for
its absolute value we have to take into account the contribution of the finite
places. We develop these remarks in the more general setting of algebraic
numbers of degree r in view of further applications.



6 F. AMOROSO AND U. ZANNIER

We consider algebraic numbers as complex numbers, on choosing an im-
mersion Q < C. Given 01,...,60, € Q we denote by H(6) the normalized,
non-logarithmic Weil’s height of @ = (61, - - - , 6,), which we identify with the
corresponding point in P,._1(Q). We put h(6) = log H(8) for the correspond-
ing logarithmic height. For an algebraic number 6 we set H(0) = H(1 : 0)

and h(0) = log H(0).

Let 6 € C be an algebraic number. We choose a number field K C C of
degree say r, which contains 6, we let . be any number field containing its

Galois closure, and we denote o1, ..., 0, the immersions K < C. We set
Ho(e) :H(O'19: :0149), ho(e) :10gf’.[0(0)7
for the Weil height of the projective point (016 : - - : 0,.0), and we let

HQH = ‘9’ : Hﬁnite(g)
where

Hie(0) == [ max(lo16u, ..., o], 0/ 0,

’UGMIL

vfoo
It is clear that these definitions do not depend on the choice of L and
K (but the definition of ||#|| depends on the immersion Q — C). We also
remark that Hepite(f) < 1if 0 is an algebraic integer, with equality if € is a
unit.

Given the minimal polynomial of 8, say

" —ag" M+ (=1)"a, € Qx],

it easy to compute Hy(-) and || - ||. First
[ max(jo16ls,. .., |ov0],)E VB = max(joy6], ..., |ov0)).
e

Thus
Ho(0) = max(|o10], ..., |0v0|) Hanite(0), (10| = |0 Hpinite(0)-

The computation of Hgpite(f) is a little bit more involved.

Lemma 3.1. Let v € My, v{oo. Then

max(|o10y, .. ., [or0]o) = max(|a1ly, asly/?, . .., lar]y/").
Proof. Let for short §; := 00 and © = max(|6]y,...,|0r|v). After renum-
bering we can assume
3.1) 61lo = - = 10kl > |Oktalo > -~ = |6rfo

for some k with 1 < k < r. Then obviously
‘aj‘vz Z 9119” S@]
1<y << < v

for j = 1,...,r. Moreover |ag|, = ©F. Indeed, let i1,...,ix with 1 < iy <
-+ < i <r. Then, by (3.1)

‘gil...gik‘v <161 Oklo — @F
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if (iy, ... i) # (1. k).

Thus
Hiice(8) = [ max(lalp, |azl/?, .., lar|5/7),
p

where the product is over the (finite) rational primes.

Even more explicitly, assume r = 3 (which is the relevant case for this
article) and let

2 + fi2° + fox + f3 € Qlz]
with root 6. Then
(3.2) Hinite () = lem(den(f1)°, den(f2)?, den(f3)?)"/°.
We also remark that (by Remark 3.2 1) below) we may assume f; = 1 re-
placing 6 by f16.
We now state some obvious properties of Hy(-) and || - ||.

Remark 3.2.

1) Ho(:) and || - || are functions Q — R invariant by multiplication by
non-zero rational numbers.

2) For 0 € Q of degree r we have ||]] < Ho(8) < H(0)" and ||0]| < |0]-H(O)".

3) For 6, 0" € Q we have Ho(0-6") < Ho(6) - Ho(¢) and ||6-¢'| < ||0] - |€']]-

We state below a variant of Liouville’s inequality:
Remark 3.3. Let 0 be a non zero algebraic number of degree r. Then
161 = Ho(6)~ Y.

We also need a variant of a classical irrationality measures criterium. We
start with

Lemma 3.4. Let € Q and qo,...,q—1 € Q. Put

0=q+qé+ - +qg& N
Then
(3-3) Ho(0) < rH(E)""V - H(q) and ||6]] < H(E)" " Vd(q)-|0]
with d(a) =[], prime max(|qolp; - - -+ lgr—1lp). Moreover, if £ has degree r,
(3-4) H(q) < e1Ho(0) and d(q) - 0] < c2[|6]
for some positive constants c1 and co depending only on £.

Proof. We keep all the notations above and we let ; = 0§, 0; = 0;0. Let
v be a place of L. Put &, =1 if v { 0o and €, = 0 otherwise. Then

‘ej’v < r* max(|qolv, - - -, [gr—1]v) max(1, ’fj’v)r_l
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Thus
max(ml’m ) ’07"11) <rfv maX(\Q0|v, s |q7"—1|v) max(l, ’fl’m ) |§7"’U>T71
r
< max(|golv, - - - [gr—1]o) | [ max(1,1£],)" "
j=1

Inequalities (3.3) follow. To prove (3.4), we solve the system
Q+Q&+ el =0, j=1,...r
in the unknowns qg,...,q.—1. We find
(qos- - qr—1) == 5(61,...,0,)7

where 7' denote transposition and where = is the 7 x r matrix §Z 1 of deter-
minant /|disc(§)|. Thus

max(|qolv, - - -, [gr—1]v) < cu(§) max(|1v, ..., [0r[v)
which gives the last inequalities. U
We can now state our version of a classical irrationality measure criterium.

Lemma 3.5. Let § be an algebraic number of degree r. Let also s be a
positive integer < r and Gﬁf) (i=1,,...,s) be sequences in

Q+Q¢+- - +Q¢!

such that 0,(11), e ,9,({9) are Q-linearly independent for large n.
Let us assume that there exist H > 1, ng € N and w > 0 such that, for
i=1,...,8 and for n > ng

Ho(0)) < H", |60 < H™".
Then & has an effective irrationality measure < (s —1)(1 4+ 1/w).

Proof. We fix an index i. Multiplying 07(3 ) by suitable rationals numbers,

we may assume (by 1) of Remark 3.2)

0 = pg,)o +p5«f,)15 +oee +p7(j,)57158_1

with pgi)o, ey pff?s_l coprime integers. Since 9,(11), ey 07({3) are QQ-linearly in-
dependent for large n, the vectors (pﬁ)o, el pg’)s_l) are also Q-linearly inde-

pendent. Moreover, by (3.4) of Lemma 3.4,
max((p |, 1] D) < CH
and
[Pih+Ping + P & < CHTT

for some C' > 0 depending only on £&. We now apply a standard irrationality
criterium.

O
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4. CONJUGATES LYING ON A FIXED LINE.

The computations in section 2 can be easily generalized to a (real) cubic
irrational 6 with algebraic conjugates 01, 02, 03 defining a projective point
in a fixed projective line. Moreover, the method gives an upper bound for
the effective irrationality measure of an arbitrary generator of Q(0).

Let L be a projective line in Py defined over Q by
Brlwy + Byt + By s = 0.
Put ¢(L) = (6v/3)Y/2 H(B)3/2.

Theorem 4.1. Let K C C be a real cubic number field; denote by o1 =
Id, o9, o3 the immersions K < C. Let 6 € K such that

(4.1) 16]] < (L)~ Ho(0)~1/2.

We assume:

(010 : 020 : 030) € L(Q).
Then every generator of K has irrationality measure
3
cra IO tiosen)
log(1/16]) — 3ho(#) —log (L)
Proof. We first remark that 6 is irrational by Remark 3.3 since ||6] < 1,
and thus K = Q(¢). Let 6; = 0;6. We then proceed as in section 2. For

the reader’s convenience we make all details explicit. Let £ be a generator
of Q(0) with algebraic conjugates & = &, &2, &3. For n € N write

0" = )\n,O + )\n,lg + )\n,2£2

with A, ; € Q. We look for “small” vectors u, = (un,0,Un,1,Un2) € 73 such
that

(un,O + Un,19 + Un,202)0n cQ+ Qg
This holds if and only if u, = (un,0,un,1,un2) is orthogonal to the vector
Vi, = (A2, Ant1,2, Ang2,2). Solving the 9 x 9 system

Xio + Xinf; + NibF = 67, i=nn+1,n+2; j=123,
we see that
H(vy) <HMpo: An it Angoo) < HOF 105« -+ 9§L+2),

where from now on the implicit constants in < may depend on & and on 8,
but not on n. By standard computations,

H(OY: 05 : - 0572 < H (01 : 02 : 03)"H(01)*H(62)*H(63)*.
Thus
H(Vn) ¢ H()(g)n
By Minkowski’s theorem we can find two linearly independent vector u,,,
u/, € v;- with rational entries such that

(4.2) H(u,)H (1)) < H(vy,) < Ho(0)".
Write

/ / / /
Qp = Upo + Un,le + Un,2027 Qp = Up + un,le + un7202
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Thus a0, o0, are Q-linearly independent algebraic number in Q 4+ Q€.
To get an irrationality measure for 6 via Lemma 3.5 we need an upper
for Ho(ombp), ||anby| and for the corresponding dashed quantities. By
symmetry, it is enough to consider the last ones; we can also assume n even.
By 2) and 3) of Remark 3.2 we have

Hy(a,0") < Ho(oy, ) H(0)",  [lei,6"| < Ho(as,).

By the first inequality in (3.3) of Lemma 3.4, Hy(ov,) < H(u,,) and Hy(al,) <
H(u),). Thus by (4.2)
Ho(an)Ho(ay,) < Ho(6)".
and
(4.3) Ho(ap0") < Ho(an) ™ Ho(0)*"
lla, 0 | < Ho(aw) ™" Ho(0)"16]]"

As in section 2, we need a lower bound for Hy(ay,) (note that this represents
the crucial issue). Put

Qi j 1= Up + Up,105 + un’gﬁf forj=1,2,3.
We have 0 € L; thus
(4.4) By01 4 By M2 + B3 105 = 0.
Moreover a,0" € Q 4+ Q¢ and thus
(107 : an 205 an 365) € L,

where L’ is the line in Py through the points 1 and &, of equation

Tr1 T2 I3

11 1| =&a+&ra+Gas=0

& &2 &
with § = (§3 — 2,61 — &3,62 — &1). Thus
(4.5) §10n,107 + &y 205 + E3an 305 = 0.
Let

A=—py'0/B01, B=—P5'03/87'0

and

a= —féanﬂﬁg/gian,lﬂ?» b= —féan,?’ﬁi?/fian,lﬁ?-

Recall that we assume n even. By (4.4) and (4.5) we have
A+ B=1, aA* + bB%* =1
with p = n/2 € N. By the already quoted [4], Lemma 2.3,
H(1:A:B)<c2¥"H(1:a:b)*".
with ¢ = 6v/3. We have
H(1:A:B)=H(S'01: 8505 B5'03)
> H(B) " H(6) = H(8)" " Ho(0)
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and
H(1:a:b) = H(§ o187 : E50m205 : E3an,35%)
< H(§)H(B)"H(ow) = H(E')H(B)" Ho(awn).
Thus
H(B)"/2Ho(0)"? < 2¢"/2H(&') H(B)" Ho(om) < ¢"/*H(B)" Ho(crn)
and finally
Hy(an) ™" < "2 H(B)*"? Ho(0) "/ = ¢(L)" Ho(6) "/

By (4.3),
Ho(al,0™) < Ho(ow) " Ho(0)" < (c(L)Ho(6)*/%)"
and
o, 0| < Ho(own) ™ Ho(0)"[10]|™ < (c(L)Ho(0)/*]0]))"
= (c(L)Hp(0)%?) ™"
with

_ log(1/[10]]) — 5ho(0) —loge(L)
Sho(0) +log e(L)
Since w > 0 by (4.1), Lemma 3.5 (with » = 3 and s = 2) shows that £ has
irrationality measure < 1+ 1/w.

O

Remark 4.2. We get non-trivial effective irrationality measures, i. e. better
than 3 (Liouville’s Theorem), if

161 < (L) =" Ho(6) /"
We get effective irrationality measures < 2 + ¢ if

16]] < (L)~ =2 Ho(0) 7*+=2.

Examples 4.3.
1. In the situation of section 2, & = VB +1,0 =& —1 ~ %1_2 and L is the
projective line of equation
z1 + (mo + oy =0

The point 8 = (1 : ¢! : ¢72) has height 1 and thus ¢(L) = (6v/3)Y/2.
We have 616203 = 1 and || = |f3]. Thus ||f|| = 6 and Hy() = 0~1/2.
Inequality (4.1) becomes 6 < (6v/3)"2/3 ~ 0.209..., which is satisfied for
I > 2. In this case, Theorem 4.1 gives
N %ho(H) +logc(L)

log(1/10]) — Sho(6) —log (L)

—% log(& — 1) + %log(G\/g)

~Tlog(& — 1) —  og(6v3)

21og(6v/3)

=24 —-= 1 =2 f .
+ 3log! + O((logl)™*) for I — +o0

Heff (El) < 1
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2. Another example is given by irrational cubic numbers of trace 0, e.g.
0 = n, ~ b1 is the real root of 23 + bx — 1 = 0 for some integer b > 5. Now
L is the projective line of equation

T+ x9 + 23 = 0.
The same computation shows that
— 3 log(m) + 3 log(6/3)
—1log(m) — 3 log(6v/3)

4log(6+/3) -2
=24 ——— 1 f .
+ 3log! + O((logl)™*) for b — +oo

,ueff(ﬁ) =1+

5. CONJUGATES LYING ON A FIXED CURVE.

We want to generalize Theorem 4.1 replacing L by any fixed projective
curve C. To do that, in place of the Beukers-Schlickewei estimate in [4] used
above, we need a recent result of Masser and the authors of this article.

Theorem 5.1. Let C C P,_q be a projective curve defined over Q. There
exists a positive ¢ = ¢(C) effectively depending on C such that the following
holds. Let o € P._1(Q), 6 € C(Q) and choose K > ¢ and a natural number
n > K. Then, if
a1y + -+ a0 =0
and if there are no proper vanishing subsums,
h(a) h(0) 1 1/2
pa e —c(Kh(0)+h(0) / +K>.
Proof. Let fi,..., fr € Q(C) be the coordinate functions on C. Then f;/f;
is non-constant for some ¢ # j. We apply [2, Theorem 4.1], taking into
account [2, Remark 4.2 i) and ii)]. O

Replacing in our construction [4], Lemma 2.3, by this theorem with r = 3
we get the following statement. Theorem 1.1 announced in the introduction
immediately follows from it.

Theorem 5.2. Let K C C be a real cubic number; denote by o1 = 1d, 09, 03
the immersions K < C. Let C C Py be a projective curve defined over Q
and let ¢ = ¢(C) be the constant in Theorem 5.1. Let h > 0, A > 1/2 and
e € (0,1) such that

o (A—1/2)2 N2
(5.1) i > ¢® min (1, ms) .

Let 0 € K such that
(5.2) ho(6) <h,  log 6] < —AR

We assume:

(010 : 020 : 030) € C(Q).

Then
A+1

_12 ¢

/J'eﬁ(é.) S

for every generator £ of K
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Proof. We argue as in the proof of Theorem 4.1, keeping the same nota-
tion. Recall equation (4.5),

fian,le? + géan,20; + &,’)anﬁgg’} = 0.

We apply Theorem 5.1 with 7 = 3 and with a replaced by &, := (§jan1 :
Eha 2+ E50m 3). Remark that the condition on no proper vanishing subsums
is trivially satisfied since r = 3 (indeed f;-, ap; and 6; are non zero). By
this theorem, for any K > c and for any integer n > K,

L@ = Lhoto) - ¢ <[1{h0(9) + ho(6)/2 + K>

1 1 1 K
2h0(9)—C<K+hl/2+h>h

with ¢ = ¢(C) the constant appearing in that theorem. Let & € (0, 1), which
will be fixed later, and choose K = ¢/¢’. Then for h > (c/¢’)? and n > ¢/€’,

1 1
—h(é,) > ~ho(8) — 3¢'A.
(@) = Sho(6) — 3

By equation (4.3) and since h(ay,) < h(€') + ho(ay,), we have
!
Lhotel ) < "E) L) + 2m0(6)
(53) ! hE) 1
Lo ool < &)~ Lha,) 1 ho(0) + 1089

Thus, if in addition n > hs(,%;), we obtain from (5.3) and (5.2)

1 1
~ho(00n) < £'h— 3 ho(6) + 3¢’ + 2ho(6) < (; + 4s’> h

and
1 1
- log [|a,0n || < &'h— iho(Q) + 3&’h+ ho(0) — Ak
< 1—)\—i—4£' h=—w §—1—45’ h
—\2 N 2
with
_A-1/2-4¢
3/2 + 4’

Note that w > 0 if 4’ < A —1/2. Assume further 8¢’ < A —1/2. Lemma 3.5
(with r = 3 and s = 2) then shows that £ has irrationality measure

AL A\ + 1)e’
A—1/2 T (A= 1/2)(A— 1/2 — 4¢')
J A+l B+

=3—1/2 T (v —1/2)%

<l4+1/w=

The result follows on choosing ¢’ := min (1, (’g(_;ﬁfa) < i(A—1/2).
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Example. As an easy example, let t € Q* and take for 6; the root of
a3 + 22 + tz 4 1% closest to 0. The projective point P; € Py defined by the
conjugates of 0, lies on the projective curve (z129+x123+2273)% — (21 + 22+
x3)%7129203 = 0 (Which is absolutely irreducible and of genus 10, according
to the computer algebra system [11]). Moreover, an easy computation shows
that the above conjugates have all absolute value < 1 for t € (0,1] and that
log|6:| ~ 5log|t| ast — 0. Let now t = 1/l for a large [ € N. By (3.2),
Hnite(01/1) = % Thus

ho(01) < 2logl, and log |0y || ~ —3logl.

as | — +o00. Theorem 5.2 then shows that 0, has effective irrationality
measure < 5/2 + ¢ for [ large with respect to 1/e.

Remark 5.3. Let E be an elliptic curve (of rank > 0) and u, v: E --» Py
be mon constant morphisms. It would be tempting to apply Theorem 5.2
to the family of cubic equations x3 + x? + u(P)z + v(P) = 0 parametrized
by P € E(Q), but unfortunately this does not work, as we briefly show.
Let Op be the root of x> + x% 4+ u(P)x + v(P) = 0 closest to 0. Then, by
"Weil’s Height Machine” and by a conjecture of Lang proved by David and
Hirata-Kohno [10, Conjecture 1.2], it is possible to show that log||@p| ~
%E(P) — +o00 with d = —degdiv(1,u3,v?), preventing any application of
Theorem 5.2.

Back to cubic equations parametrized by rational points on a curve of
genus 0. The example above can be generalized to find an effective upper
bound for the irrationality measure of the values of a cubic algebraic function
holomorphic at 0. More precisely, let g be a power series in the variable t,
with rational coefficients, representing a cubic algebraic function, i.e. g has
degree 3 over Q(t). We assume that also the conjugates g1 = g, g2, g3 of g
over Q(t), are represented by analytic functions in the closed disk |t| < e,
for some cg > 0. We have:

Corollary 5.4. Let ¢ € (0,1/12). There exists C(e,g) > co > 1 such that
the following holds. Let a € Z, b € N coprime, with

(5.4) log|a| < elogh
and
(5.5) loghb > C(e, g).

Then g(a/b) is irrational with effective irrationality measure < 2 4 13¢.
Proof. Let tg = a/b. Then, by (5.4), (5.5) and since € < 1/2,
log |to| = log|a| —logb < —(1 —¢)logb < —(logb)/2 < —cy

if C(e,9) > c&. Observe also that H(ty) = b, since a, b are coprime and

|to] < 1. We denote by ¢y, ..., ¢5 positive constants depending only on g
and on €.

By the functorial properties of the height, setting & = g(to), we have
(5.6) H(¢) < b,

where we may assume d > 1 .
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Let N = [6d/e]. We consider a Padé approximant at 0 of order N for
(1,9, 9?%), i. e. a non-zero vector of polynomials (Qo, Q1,Q2) € Q[t] of degree
at most NN such that

f=Qo+Qig+ Qg
vanishes at 0 with multiplicity > [3(N + 1)] > 3N. This implies

H(@ult0) s Qlto) : Qalto) < et

£ (to)] < e [tol*Y,
where co depends only on the @;. Moreover f # 0 since g has degree 3 over
Q(t). Since f is analytic in D(0, e~ ), there exists cg > ¢g such that f does
not vanish for 0 < [t| < e™®. Thus, if C(e,g) > c3 then 6 := f(to) is a
non zero algebraic number of degree < 3. By (5.6), (5.7) and by (3.3) of
Lemma 3.4 we have

g O <BHEOPHQu() : Qilto) : Qafto)) < 16O,

161 < H(&)°H(Qo(to) : Qi (fo) : Qa(t0))[0] < e =N g,
For j = 1,2,3 let f; = Qo + Qug; + Qggjz and 6; = f;(tp). We want to
apply Theorem 5.2 with C C P be the projective curve parametrized by

(fi : f2 : f3). Let ¢ > 0 be the constant appearing in that theorem. Set
¢5 := max(cs, cq/N, c) and

(5.7)

log(b/al)
(1+¢)logb+c5

Set also
h:=((14+¢)logb+c5)N >0, A:=3x-1
and choose C(e, g) := (32%)2 Remark that
elogb +log|a| + ¢

(5:9) Lon= (1g+5)10§)4|—055 =
by (5.4) and (5.5). In particular
(5.10) k>1-—3e>3/4
since € < 1/12. This implies

(A—1/2)2  3(k—1/2)?

g
= > —.
SA+1) - 8k 32

Thus
2
2 min (1, (;\(;i/f;s) ’ < (%)2 =C(e,g9) <logh<h
by (5.5). Assumptions (5.1) is satisfied. Moreover, by (5.8) we have ho(f) <
h and
_log |6 S 3N log(b/|a|) — (1 +¢)Nlogb—cs N
h ((14+¢e)logb+ c5)N
Thus (5.2) is also satisfied.

By Theorem 5.2, 6 is a cubic irrational and every generator of Q(6) has
irrationality measure

_ A+l
S A—1/2

=3k—-1=A

11—k

o4 -~ M
+/<c—1/2

+e= +e<2413¢

A
— 8:
k—1/2
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where we have plugged in (5.9) and (5.10) into the computation.
We finally remark that £ is a generator of Q(6), since Q(#) C Q(&) and
[Q(¢) : Q] <3=[Q(9) : Q.
(]

Let g be an arbitrary algebraic function (of degree possibly > 3). In [9,
Theorem 1], Chudnovski announced the upper bound peg(g(a/b)) < 2+¢
for every e > 0 provided that b° > c¢;(g,g)|a|*"®. The Author presents a
complete proof only in the special case of a cubic algebraic function; his
proof rests on the well-known fact that cubic algebraic functions satisfies
a Riccati equation. A standard computation, starting from the choice of
the parameter N at the end of the proof of his Theorem 1, shows that his
method is indeed able to provide a more explicit result:

2c(g) | 2 loglal

ey/Iogb 2 logb ’
if a] < b"/?7¢ and logb > 4c(g)? /&,

(5.11)  pe(g(a/b)) <2+

Our method (at the price of an explicit computation of the Padé approxi-
mation f and of a more precise zero’s lemma) can provide an estimate of a
similar shape:

Mﬂ@@%ﬂ§2+§ clg) . 2 loglal

logb ¢ logb
if |a] < b'/?7° and logb > 2'%¢(g)? /.

In this context, it is not out of place to mention that Zudilin [14] obtained
a general statement on the values of G-functions, and thus in particular
applying to algebraic functions. A very special case of his result gives

1 log |al
b)) <2
pna(a/) < 2+ c(0) (G + ey ).
for an algebraic function g (of arbitrary large degree) and a rational a/b,
provided that log|a| < %logb — ¢(g)(log b)?/3 and logb > c(g). This is a
weaker version of (5.11) (essentially (logb)'/3 instead of +/Iogb), which is
not surprising, since his estimate is a specialization of a more general result.
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