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Small-time stabilization of nonholonomic or
underactuated mechanical systems: the unicycle and
the slider examples

Brigitte d’ Andréa-Novel, Jean-Michel Coron, Wilfrid Perruquetti

Abstract

This paper concerns the small-time stabilization of some classes of mechanical systems which are not stabilizable by means of
at least continuous state feedback laws. This is the case of nonholonomic mechanical systems, an example being the unicycle robot,
or for underactuated mechanical systems, an example being the slider. Explicit time-varying feedback laws leading to small-time
stabilization are constructed for these two control systems. The main tools are homogeneity, backstepping, and desingularization
technics.

Index Terms
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I. INTRODUCTION

We consider nonholonomic or underactuated mechanical systems for which asymptotic stabilization cannot be achieved
through continuous state feedback laws since they do not satisfy the necessary condition for feedback stabilization due to
Brockett (see [6], [12, Theorem 11.1]; see also [9] for a slightly stronger necessary condition).

In this paper we address the small-time stabilization problem for both systems, and the approach will be illustrated through
two examples: the first one is the so-called “unicycle” mobile robot which is a nonholonomic vehicle, and the second one is
the “slider” which is an under-actuated mechanical system. Our construction of feedback laws stabilizing in small time these
two control systems relies on three main ingredients homogeneity, backstepping, and desingularization.

Our paper is organized as follows. In Section II we briefly recall modeling issues for these two mechanical systems and the
similarity between these two kinds of dynamical systems will be emphasized, with respect to controllability and stabilizability.
In Section III we recall some definitions and give results concerning small-time stabilization and homogeneous control systems,
and small-time stabilization of the double integrator. We present our feedback laws stabilizing in small time the unicycle robot
in Section IV and, in Section V, the slider.

II. MODELING, CONTROLLABILITY AND STABILIZABILITY PROPERTIES

In this section the dynamical behaviors of the unicycle robot and the slider are recalled.

a) The unicycle robot: The unicycle is a classical example of non holonomic vehicle. It moves on the 2D-horizontal plane.
The configuration vector ¢ = (x,y,%) " is of dimension n = 3. The instantaneous non constrained velocity 7 = (v, LZJ)T
has dimension 2. It is made of the longitudinal velocity v; and the angular velocity 1. The control variables are the angular
rotations wr and wy, of the right and left wheels, see Figure (1). The third wheel is a free wheel which does not restrict the
robot mobility. The nonholonomic property of the unicycle comes from the fact that the robot cannot instantaneously move in
the lateral direction. Due to the rolling without slipping assumption, the kinematic behavior of point GG can be easily obtained
from wg, wyr, (angular velocities of the right and left wheels), the wheels’ radius R, and d:

{ U1 R(wR—‘er),
Q %(wR —wL).

The kinematic equations of the unicycle robot can then be written as follows.

(IL1)
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Figure 1. The unicycle robot

x = cos(¢)v,

y = sin(y)vy, (I1.2)
v o= Q.

b) The slider: The slider is an underactuated vehicle, similar to marine vehicles (such as hovercrafts or surface vessels), or

to terrestrial quadrotors. For more informations about general underactuated vehicles, see, in particular, [18] and the references
therein.

Ri A

Figure 2. The slider

The slider moves on a 2D horizontal plane and has a configuration vector ¢ similar to the unicyle’s one: ¢ = (z,y,7)" and
n = 3. But, the instantaneous velocities of vector 7 are not restricted and 7 has dimension 3: = (v, v,) T, where v; and
v are respectively the longitudinal and lateral velocities in the robot frame, and 1/) the angular velocity. Therefore, the control
vector has dimension p = 2 < n = 3. This vehicle is described in Figure (2). It is actuated by two propellers producing forces
Fr, and Fr. The sum of these two forces is directly linked to the acceleration of the vehicle, whereas the difference acts on
the angular dynamics. Let us denote 7y = F, + Fr and 7o = Fr — F,, the dynamics can be written:



¢ = Sl

mup muoth + 71,
—mvlvjz,
T2,

(IL.3)

m’l).z

Iy

with
cos(¢) —sin(¢p) 0O
S(g) = | sin(¢) cos(sp) 0
0 0 1
m being the vehicle mass, and I the vehicle inertia. It should be noticed that friction terms have been neglected. Moreover,
S(q) is nothing but the rotation matrix from the inertial frame R; to the robot frame Ry,. Therefore, equations (II.3) describe
the dynamic behavior of the slider expressed in the vehicle frame and can be written as follows in the inertial frame:

mi = cos(y),
mj = sin(y)m, (I1.4)
Il,[) = Ta.

The similarity between these equations and the unicycle’s ones (I1.2) is then obvious.

A. Controllability properties

The controllability properties of the two systems have been analyzed since a long time. It follows from the Chow-Rashevski
theorem (see e.g. [12, Theorem 3.18]) that the unicycle is globally controllable in finite time as well as small-time locally
controllable at any equilibrium of the form (a,0) € R? x R2. The global controllability in small time as well as the small-
time local controllability of the slider follows from these two controllability properties of the unicycle. (The small-time local
controllability also follows from a general theorem due to Sussmann [43].)

B. Stabilizability properties

Let us recall that the unicycle control system (I.2) and the slider control system (I.4) cannot be locally asymptotically
stabilized by means of continuous state feedback laws, as it follows from the following theorem due to Brockett [6].

Theorem 2.1: Assume that f : R™ x R™ — R" is continuous and satisfies f(0,0) = 0. Assume that there exists a continuous
feedback law u : R™ — R™ vanishing at 0 € R" such that 0 € R™ is asymptotically stable for the closed-loop system
=f(z,u). Then, for any neighborhood N of (0,0) € R" x R™

f(N) is a neighborhood of 0 € R"™. (IL.5)

Remark 2.1: The unicycle robot and the slider do not satisfy the Brockett condition (IL.5) (and therefore, by Theorem 2.1, are
not stabilizable by means of at least continuous state feedback laws). Indeed, for the unicycle, let us consider {e = (0,¢,0) " }
with € # 0 ; it is clear that this element of R? does not belong to the image of B xR? where B C R? is a ball centered at 0 € R3
of radius strictly less 7/2 by the unicycle dynamics given by (I.2). In the same way, for the slider, {e = (0,0,0,¢,0,0)"}
with € # 0 does not belong to the image of B x R? by the slider dynamics given by (V.2) below if B C RS is a ball centered
at 0 € R of radius strictly less /2.

Consequently, fixed point asymptotic stabilization needs other control approaches than classical continuous state feedback
laws which allow stabilization of exciting reference trajectories. Among those control methods one can cite:

« continuous (with respect to the state) time-varying feedback laws,

« discontinuous feedback laws.

Concerning continuous (with respect to the state) time-varying feedback laws, Coron has shown in [10] that asymptotic
stabilization of the origin of a small-time locally controllable driftless affine control system can be achieved through smooth
time-periodic state feedback laws (see also [12, Chap. 11, thm. 11.14]). Moreover, this result can be extended to asymptotic
stabilization of the origin of many general nonlinear control system using continuous time-varying feedback laws; see [11],
[12, Chap. 11, thm. 11.28]. In that context, many authors have proposed stabilizing continuous time-varying feedback laws,
see for example [13], [14], [17], [20], [27], [34], [40], [41] for the unicycle and related control systems (as chained systems).
See also [15], [26], [28] for the stabilization of the attitude of a rigid spacecraft with two controls and [17], [25], [30], [31]
for stabilization of underactuated surface vessels. Note however that among these articles the only one dealing with finite-time
stabilization is [20] .

Concerning discontinuous feedback laws, let us mention [1], [8] for general results showing that controllable systems can be
stabilized by means of discontinuous feedback laws. For robustness issues of discontinuous feedback laws, let us refer to [2],
[71, [36], [42]. For example of discontinuous feedback laws for the unicycle or related control systems (as chained systems),
let us mention [37], [38].

We are now interesting in this paper, to design feedback laws ensuring small-time stabilization for both systems. Before
that, let us briefly recall some results concerning small-time stabilization.



III. SMALL-TIME STABILIZATION
Let us first introduce some definitions about stabilization and homogeneity.

Definition 3.1: Let F € C°(R",R") be such that F'(0) = 0. The origin 0 € R" is said to be small-time stable for & = F(x)
if Ve > 0, 3n > 0 such that

(# = F(z) and |z(0)| < n) = (z(e) =0), (IIL.1)
(¢ = F(x) and |z(0)| < n) = (Jz(t)] < e, Vt € [0,+0)). (IIL.2)

Remark 3.1: Let us point out that, as one can easily check, (IIl.1) and (III.2) are equivalent to (III.1) and
(¢ = F(x) and z(0) = 0) = (z(t) =0, Vt € [0, +00)) . (11.3)

Let us mention that ”Small-time stability” is in between the classical concepts of Finite-time stability (see [29], [33]) and
Fixed-time stability (see [32], [33]). "Small-time stability” is equivalent to finite-time stability when the settling time function
is continuous.
Let r = (r1,--- ,7r,) be a n-uplet of positive real numbers, thereafter called a weight. Then, let us define A, : (0, +00) X
R™ — R™ by
AN x)=(Naq, oo Ay, ATy, (1I1.4)

VA € (0,+00), Vo = (21,...,%4,...,T,) " € R™ This map A, is called a dilation. Following [22] this map allows to define
the notion of functions and vector fields which are r-homogeneous .
Definition 3.2: Let k € R. A function i : R" — R is said to be r-homogeneous of degree x if

h(A, (X, z)) = A*h(z), YA € (0,+00), Vo € R™. (IIL5)

Definition 3.3: Let k € R. A vector field F' = (Fy,...,F;, ..., F,) : R® — R” is said to be r-homogeneous of degree
k € R if, for every i € {1,...,n}, the coordinate function F; is r-homogeneous of degree x + r;.

Among many properties of homogeneous systems, let us recall the following result which will be useful in the sequel.

Theorem 3.1 ( [39]): Let F be a continuous r-homogeneous vector-field on R™ of degree x € R. If 0 € R" is asymptotically

stable for & = F'(x), then, for every real number o > max{ry,...,7,}, there exists a function V : R® — R of class C* such
that
V' is r-homogeneous with degree o, (I11.6)
V(z) > V(0) =0, Yz € R"\ {0}, (IL.7)
ov

Corollary 3.1 ( [39]): Let F be a continuous r-homogeneous vector-field on R™ of degree k € (—00,0). If 0 € R™ is
asymptotically stable for & = F'(z), then 0 € R™ is small-time stable for & = F'(z).
Let us now consider the control system
&= f(x,u) (111.9)

where the state is x € R™, the control is © € R™, and f is continuous and satisfies f(0,0) = 0. In the sequel, we intend to
design time-piecewise continuous periodic feedback laws for (II.9). Such feedback laws are defined as follows.

Definition 3.4: Let u : R x R* — R, (t,2) + u(t,z) is a time-piecewise continuous function if there exists a sequence of
real numbers #; € 7Z such that:

ti<ti1, Vi €Z, (I11.10)
lim t; = +oo, (IL11)
1—+00
lim #; = —oo, (I.12)
11— — 00
U|(t,,t,.1)xRr 18 the restriction to (t;,¢;11) x R™of a continuous function on [t;,#;11] x R™. (I11.13)

Moreover these feedback laws are called time-piecewise continuous stationary periodic feedback laws if for ¢ € (¢;,¢;41),
u(t,x) does not depend on t.
From now on, we denote by Ci,(R x R™;R!) the set of time-piecewise continuous functions u(t,z) from R x R" to R’
Let us recall the definition of local asymptotic stability.
Definition 3.5: Let F € Cip,(R x R™;R™) be such that

F(t,0)=0, VteR. (1L.14)

One says that 0 is locally asymptotically stable for & = F'(¢,z) if



(i) For every € > 0 there exists 7 > 0 such that, for every s € R and for every 7 > s
(& = F(t,x), |z(s)] <n) = (Jz(7)] <€), (1.15)
(ii) there exists § > 0 such that for every ¢ > 0 there exists M > 0 such that for every s € R
(&= F(t,x), |z(s)| <) = (lz(7)| <e VT >s+ M). (1I1.16)

Concerning small-time stabilizability by means of time-piecewise continuous periodic feedback laws, we adopt the following
definition.

Definition 3.6: The control system (II1.9) is locally stabilizable in small time by means of time-piecewise continuous periodic
feedback laws of arbitrary small period if, for every positive real number 7', there exist € > 0 and u € Cy.,(R x R™;R™) such
that:

u(t,0) =0, Vt € R, (I1.17)

u(t+T,x)=u(t,z), VteR, Vo e R", (II1.18)

(& = f(z,u(t,z)) and z(s) = 0) = (z(7) =0, VT > s), Vs € R, (1I1.19)
(&= f(z,u(t,z)) and |z(s)| <€) = (z(1) =0, VT > s+ T), Vs € R. (1IL.20)

Remark 3.2: If the control  is as in Definition 3.6 then the origin of R" is locally asymptotically stable for the closed-loop
system & = f(x,u(t, z)).

Before studying the small-time stabilization problem for the unicycle and the slider, let us first prove a result concerning
cascaded-systems and let us then apply it first to the small-time stabilization of the double integrator.

A. Small-Time stabilization for homogeneous cascaded systems

Let us consider the following control system:

&= f(z,y), y=v, (IL.21)
where the state is (z,y) € R™ x R and the control is v € R. Let 7 = (r1,...,7,7nt1)| € (0,+00)"*L. For z =
(71,...,7,)" € R™ and for A € (0,+0c0), we use the notation A;(\, x) introduced in (I.4) with 7 := (ry,--- ,7,). We

assume that f = (fi, fa,..., fn) is of class C” on R™ x R and that, for every i € {1,...,n}, f; satisfies the following

homogeneity property
filAr (A, ), Xt y) = AT fi(, ), (I1.22)

Ve € R", Yy € R,VA € (0,4+00). Let us define {x}{a} = sign(z)|z|, for every real number o > 0 and for every real
number x. The next theorem is dealing with backstepping and stabilization by means of a continuous feedback law.
Theorem 3.2: Let us suppose that x € R satisfies

k+r>0,Vie{l,...,n,n+ 1}, (T11.23)

and that there exist a continuous feedback law ¢ : R™ — R and [ € (0, +00) such that

ri

I+1>  Vie{l,...,n}, (I11.24)
7ﬂn+1
y is 7-homogeneous of degree 7,41, (I11.25)
0 € R" is asymptotically stable for & = f(z, g(z)), (111.26)
{gj}{l} is of class C*. (11.27)

Then the control law

! {(k+rn41)/(Irnt1)}
} , (II1.28)

v(w,y) =~k {{y}" = {5()}

with a sufficiently high gain & > 0, makes 0 € R"*! asymptotically stable for the cascaded system (IIL.21). Moreover, if
K < 0, this asymptotic stability is a small-time stability.
Remark 3.3: Note that property (II1.27) implies that, for every L € [I, +00),

{gj}{L} is of class C". (111.29)

Hence, (II1.24) is not an important restriction: it can always been achieved by increasing [ if necessary.
Remark 3.4: Theorem 3.2 is related to [26, Proposition 5]. The main improvement of Theorem 3.2 compared to [26,
Proposition 5] is that Theorem 3.2 can be applied in a recursive manner, which is not the case of [26, Proposition 5] since,



with the notations of this proposition, the feedback law (z1,y,t) € R™ xR xR — y—v(x1,t) € R is not necessarily of class
C' on ((R™ x R) \ {(0,0)}) x R. To apply Theorem 3.2 in a recursive manner, let us first point out that, by Remark 3.3,
increasing [ if necessary, we may assume that [ > 1. Then v defined by (II1.28) is such that

{oplUrne)/ (o)} g of class C1. (I11.30)
Let us also point that v satisfies the following homogeneity property
V(Ar(\, ), Nt y) = AT Ry (1), (II1.31)
Vo € R, Yy € R,VX € (0,+00). Let
Tp42 i= Tpt1 + K. (111.32)

One can then apply Theorem 3.2 to the control system
&= f(z,y), y=v, v =w, (I11.33)

where the state is (z,y,v) € R” x R x R and the control is w € R, provided that (compare to (II1.23))

Tn42 + K =7p41 + 25 >0, (1I1.34)
l+1> """ vie{l,...,nn+1}. (I11.35)
Tn+1 + K

One can keep going k times (the state being then in R"***1) provided that
Tnt1 + (K + 1)k > 0. (II1.36)

In particular, if < > 0, one can keep going as long as desired. However in the case where small-time stability is desired (i.e.
the case where x < 0), condition (II.36) provides an upper bound on k. As mentioned in Remark 3.3, the condition on [ (see,
e.g., (III.35)) can always be achieved by increasing I.

Remark 3.5: Tt has been already proved in [16] that under the assumptions of Theorem 3.2 and even without the assumption
(IT1.27), there exists a continuous feedback law satisfying the homogeneity property (IIL.31). Compared to [16] the interest of
Theorem 3.2 is that it provides an explicit asymptotic stabilizing feedback law. For [ = 1 Theorem 3.2 is already known: see
[26, Prop. 5].

Proof of Theorem 3.2. Let p : R — [0, +00) be the following homogeneous “norm” associated to the dilation (z1,...,7,)" €
R™ — (A\"izy,...,A™mx,) " € R™

pla) =Y |l Vo = (21,...,2,) " €R™. (IIL.37)
i=1
Let a € (0, +00) be defined by
a:=({+1D)rp4. (I11.38)
Note that, from (II1.24), we have
a>r;, Vie{l,...,n}. (111.39)

Using Theorem 3.1 with r := 7 and F'(z) := f(x, §(x)), the assumptions of Theorem 3.2 and standard homogeneity arguments,
one gets the existence of V € C1(R",R) and ¢; € (0,1) such that

V' is 7-homogeneous with degree o > 0, (111.40)
1
e1(p(x)™ < V(x) < —(p(x)), Yz €R", (IL41)
1
ov
- (@) - f(z,5(x)) < —2c1(p(2))* ™", Vo € R™. (I11.42)

ox
Using the “desingularization method” proposed in [35], let us now introduce the following control Lyapunov function candidate
for the control system (IIL.21):

W(z,y) =V(z)+ a®(z,y), (1IL.43)
with a chosen in (0, +00) and
Y ~ l ~ ~ |y|l+1
— {3 _ {3 - I+1 _ {3
v)= [ (1)) s = i@l -y P (144



Let us compute the time-derivative 1474 along the trajectories of the closed-loop system

. . B {(k+rnt1)/Urns1)}
= f(z,y), §=—k {{y}{l} - {y(ﬂc)}”}} . (IT1.45)
We get . _ .
W=V+a®=0Q1+ Qs + ak@Qs3 + aQ4 (IIL.46)
with
av i
Q1(x) = %f (z,9(x)), (111.47)
oV B
Q2(2,y) == 2 (f(2,y) = f(2,9(2))), (IIL.48)
0P B {(F+rnt1)/(rnt1)}
Qsley) =~ {{y}{l} - {y(:v)}{”} 7 (IL.49)
Y
oo
Qa(z,y) = 5 f(z,y). (IIL.50)
x
Let us point out that )1, QQ2, and ()3 are well defined and continuous. Noticing that
()t = | {g(a) D (IIL51)
one sees, using also (I11.27), that @4 is also well defined and continuous on R™. By (II[.42), we have
Q1 < —2¢1p%T". (I1L.52)
Let us now deal with Q5. For that purpose, let us define, for p € N*, (z,y) € R™ x R\ {(0,0)}
oV _
@) (f(y) — . 5(2)))
Gplx,y) = L 0 o . (IL.53)
e1(()*+ + p| {3 — ()} T @+ r)
Let us prove that if p is large enough, we have
1Gpl <1, (z,y) € R" x R\{(0,0)}. (I1.54)

We argue by contradiction, and therefore assume the existence of a sequence (z”,y”)pen € R™ x R\ {(0,0)} such that, for
p large enough,

er(pa?) 4 5l (P = (a1 @) < SR ) (102, 4P) — S0P, 7)) (1L.s5)

Let us point out that G, is r-homogeneous with degree 0. Hence, we may assume that p(a?, y?) = 1 with

p(a,y) = | {y} " — {g(a)} 1 [V i) 4 5(2). (I11.56)

In particular, the sequence (z?,3”)pen is bounded and, extracting a subsequence if necessary, we may assume that =¥ — z*
and y? — y* as p — +oo, with
plz*,y*) = 1. (IL.57)

Note that by (I11.23) and (I11.38), o+ x > 0. Hence, using inequality (II1.55), we get that y* = g(«*) and also that p(z*) = 0.
Therefore, x* = 0, and y* = 0 which is in contradiction with (IIL.57). Hence, we can now choose p = ¢, large enough so that
we have:

1Qa(,9)| < e1(p(w))* " + eol {y}tH — {g(a) 1 |V Urnen)] (IIL58)

and it should be noticed that c; does not depend on a, k.
Concerning (3 we just point out that, using (II1.38), (I1.44), and (I11.49), we have

Qs(z,y) = —| {y}" — {g(a) 1 o)/ Urnsa), (I1.59)

Let us now deal with the last term (4. From (I11.44), ® is r-homogeneous of degree o and therefore Q4 is r-homogeneous
of degree o 4 k. Similarly
(P(@)*** + ply — gla) @ T/ p >0, (I1L.60)

is r-homogeneous of degree o + « and is strictly positive outside the origin. Proceeding as for (02, one can show that there
exists a sufficiently large positive constant ¢4 such that:

1Qul < (p(x))* " + el {y} 1 — {g(a)} 1 (@) Urnn), (IIL61)



Then, using (II1.46), (I11.52), (IIL.58), (II.59), and (IIL.61), we get

W < (—er+a)(p(x)* " + (co + acq — ak)| {y}
_ {g(w)}{l} |(a+f€)/(lm+1)_ (111.62)

For a < ¢; and k sufficiently large (k > (co2 + acq)/a), we get that W is non positive and is equal to zero if and only if z = 0
and y = 0 which allows to conclude that the origin of R™ x R is asymptotically stable for the closed-loop system (II1.45). If
K < 0, this asymptotic stability is a small-time stability due to Corollary 3.1. This concludes the proof of Theorem 3.2. [

A natural question arise when f, the vector field involved in the cascade form (II1.21), does not satisfy the is not homogeneous
(i.e. does nor satisfy the homogeneity property (II1.22)) but admits a homogeneous approximation f; at the origin. Local
homogeneous approximations has been investigated by Massera [24] Rosier [39], Andrieu [3], and recently Efimov [19]. Let
g : R¥ — R* be a continuous vector field. Let 7 = (ry,...,7;)" € (0,+00)*. Let us assume that g has a r-homogeneous
approximation of at the origin, i.e. that there exists go : R¥ — R” such that forany z € S, = {z € RF : "7 | [z,|/" =1} we
have limy_,o+ A™"A,. (A7, (A (A, 2))) = go() uniformly on S (for some £ > — minj<;<j 74, & is called the homogeneous
degree of gg). One has the following theorem

Theorem 3.3: If 0 € R¥ is locally asymptotically stable for & = go(x) then 0 € R* is locally asymptotically stable for
& = g(x). Moreover if x < 0 and if 0 € R” is small-time stable for & = go(z) then 0 € R¥ is small-time stable for & = g(x)
The asymptotical statement of this theorem is [39, Theorem 3]. The finite-stability statement follows from the proof of [39,
Theorem 3] given in [39]. As a consequence of this robustness of the small-time stability we have the following corollary.

Corollary 3.2: Let fo : R x R — R™ which satisfies all hypothesis of theorem 3.2: k € R satisfies (I[1.23), there exist
l € (0,400) and a continuous feedback law gy : R™ — R such that (II1.24- II1.25- 1I1.26- I11.27) holds. Let f : R x R — R"
be a continuous map such that, uniformly on ¥ := {(z,y) € R" x R; |y[}/ ™+ + 30 | |z, [V/7 = 1},

Ah%h AN F(AFON, ), A y)) = fo(z,y). (I11.63)

Then the control law given by (I11.28), with a sufficiently high gain k& > 0, makes 0 € R"*! locally asymptotically stable for
the cascaded system (III.21,f). Moreover, if x < 0, this local asymptotic stability is a small-time stability.

For the proof of this corollary, it suffices to apply the previously obtained result of [39] to k& := n + 1, Rl ~ R" x
R, g(z,y) = (f(z,y),v(x,y)), and go(z,y) = (fo(z,y),v(x,y)). In fact, since our approach also gives homogeneous
Lyapunov functions, one can prov1des a direct proof of Corollary 3.2. Indeed, using W (x,y) given by (IIL.43), we have

= W ( f — fo). Since W is r-homogeneous of degree « and its time derivative along the
(I11.21,5) (ITI.21 fo)
atk

vector field f, with feedback (II1.28) is r-homogeneous of degree a + k, we have (see [29]) W’ I g < —bpgW =
0

(see (II1.62)) for some positive constant by (take by = —max(, y)ex (Wfo(x Y) +5 8—W )W (O‘+”)/O‘) Since fj is the
homogeneous approximation at 0 of f in the sense that (II1.63) holds and 6—W is - homogeneous (of degree av — ;) it implies

that Z¥(f — fo)(Ar(A, ), A™+1y) = o(A°+*) uniformly on ¥ as A — 0+ "Thus, for every (z,y) € R" x R with |z| + |y|
small enough we have:

b
(f fo)| < GWEE (IIL.64)
Hence, for every (z,y) € R™ x R with |z| + \y| small enough,
b
‘ < Dy (TTL.65)
(Irr.21,f) — 2

which whows that 0 € R™*1 locally asymptotically stable for the cascaded system (II.21, f). When s < 0, we have (a+r)/a <
1 and thus concludes from (II1.64) that 0 € R™*! is small-time stable for this cascaded system (IIL21,f).

B. Small-time stabilization of the double integrator

Let us consider the double integrator system:
1 = To, T2 = u, (I11.66)

where the state is © = (71, 22)" € R? and the control is u € R.

Some results exist concerning the small-time stabilization of system (II[.66). One can cite for example [5], [16], [21] for
bounded continuous time-invariant small-time stabilizing feedback laws or [4] for an output-feedback control design. These
feedback laws are singular when x; = 0 or x2 = 0, therefore in order to apply “desingularizing functions” as explained in
[35] for cascaded system, and similarly in Theorem 3.2, we refer to the following result inspired by [23] and [4].

Theorem 3.4: Let —% <k <0and k; > 0,ky > 0 be given. Then 0 € R? is small-time stable for the double integrator
system (II1.66) if one uses the following feedback law:

u(zy, x2) = *kl{ﬂfl}{lﬁﬁ} /€2{$2}{ B %} (I11.67)




Remark 3.6: The feedback law (II1.67) is a limiting case for [21] which is not covered by [21].
Proof. The time derivative along the solutions of the closed loop system (II1.66)-(I11.67) of the following Lyapunov function:

Vw1, m2) = 2(1+n)
system is globally asymptotically stable. Moreover, the closed-loop system being (1,1 + x)-homogeneous of negative degree
(this degree is ), the small-time stability of the origin follows from Corollary 3.1. In fact, instead of using the LaSalle
invariance principle, one can construct an homogeneous strict Lyapunov, which is interesting for robustness issues. Indeed, for
€ > 0, let us consider

|a:1|2(1+“) + 2 ,isV = —ka|xa| T e < 0. The LaSalle invariance principle shows that the closed-loop

k1

V. e —A ) {n} 11168
(71, 22) 21+ )| x| + 5 +€$2{I1} ( )
which is (1,1 + x)-homogeneous of degree 2(1 + ). Then straightforward computations give the existence of an £y > 0 such
X 243k
that, for every e € (0,2¢), (1/2)V < V. <2V and there exists ¢ > 0 (depending on ¢) such that V. < —cV.>"'" O
Theorem 3.5: Let
! 0, by >0, hy > L1 o 3 g (I1L69)
—— <Kk <0, , )
2 =" ! 27 2%k

be given. Then 0 € R? is small-time stable for the double integrator system (II1.66) if one uses the following feedback law:

1+2n

u(wy, x2) = —ko {{(L’Q}{}:{} + kli%': {xl}{ln}} . (TI1.70)

Proof (sketch) Let us introduce Zo = —ki {2 } 11T} @o (21, y) = {y}{}%}—{:ﬁg}{%} and @y (1, 22) = [17 pa(1,y)dy =
1 (ol ™+

u(xy,xe) = —ko {@2(%1,%2)}{%}. The time derivative along the solutions of the closed loop system (II.66) (IIL.70)
of the following Lyapunov function:

1—r . . . . . —
1+K £ 1Ty \Hh) — x2{Z2} T~ which is nonnegative and zero if and only if zo = Z3(x1). Thus we have

2

W(z1,22) = % + a®o(x1, T2), (IIL.71)
isW = $1($2+f2—5f2)+a‘i>2 =Q1+Q2+a(Q3+Q4), where Q1 = 115 = —ki|z1]*T", Q2 = x1 (22— 12),Q3 = gifxg =
i;: —K = 24K . %

(1= &)k ™" |z |7 (22 — T2) 22, Qo = 232 = @a(x1, v2)u(z1, T2) = —kalpa(z1,x2)| T+, Selecting a(l — k)k{ ™ =1 we

get W = —ki|z1 |2+ — ako|ps (a1, 22)|Tor + w21 7" (72 — @2). Using Lemma A.1 with [ := (1 — Ii)/(l + n) we get

_ —ax 2(1+r) . 24k T
(xg—x2)2 27—+ |po(w1,22)| T~ and thus W < kl\x1|2+”—ak2|<p2(x1,x2)|1*~+221 |1|™ |g02(ac1,x2)| = Clearly

W is negative when |x1| = 0. For 21 # 0 the signum of the right-hand side of this inequality is the same as the signum
of ¥(z) = —k1 — aka2*t" + 21 = 22045) (consider z := |po(w1, 22)|"/ 7R /|21]). Lemma A.2 (with B =2+ K > v =

—4K

2(14k) > 1,a0 = k1,01 = akg, ag = 2 ;_N ) and and Remark A.1 show that W is negative definite under the given conditions
for k,kq, ke. The closed-loop system being homogeneous of negative degree, the small-time stability of the origin follows
from Corollary 3.1. (]

We can also apply our Theorem 3.2 to stabilize in small time 0 € R? for system (II1.66). As already mentioned in Remark 3.4
it gives new feedback laws which are more suitable than the ones given in Theorem 3.4 when one wants to add “integrators”,
as we are going to do in Section V in order to treat the slider control system. Moreover using our proof of Theorem 3.2 we
can get precise lower bounds on the gain for the feedback laws as shown in the following theorem.

Theorem 3.6: Let —1/2 <k < 0,1>1/(1+ &), and k1 > 0,k2 > g(I, K, k1) be given, where

20(1 2 A=DA+D)Atr)+r) L
g1,k k) = ) R kT (IIL.72)
(+1D)(1+r)+r

Then 0 € R? is small-time stable for the double integrator system (II1.66) if one uses the following feedback law:

u(xhxg):—kg{{xz}{} {z }“}}{“”") , (I1.73)

where
Zg = —ky {1 (I11.74)

Proof. Let us introduce (71, 72) = (1, 14+ k) as the weight of the dilation. The proof is a straightforward application of Theorem
3.2, noticing that 0 € R is small-time stable for

L.Cl = —]{,‘1 {1’1}{1+H} = f2($1)7 (HI75)



the control law Z3(z1) being 71-homogeneous of degree ro, since ro = (1 + x)rq. It is clear that, since I > 1/(1 + k),
{jg}{l} (x1) is C! and (I11.24) holds. Moreover, the vector-field associated to subsystem z; is (71, r2)-homogeneous of degree
k (i.e. we have (II1.22)). The closed-loop system (II[.66) with the feedback law (II1.73) is itself (71, 72)-homogeneous of
degree k. We have k + ro > 0 (because ro = 1 + x and —% < K ), so that condition (II[.23) of Theorem 3.2 holds, meaning
that the control law (II1.73) is well defined and continuous. Since (I + 1) > 1 + x we also have (II[.24). Lastly, x < 0
which implies that 0 € R? is small-time stable for the double integrator system (II1.66) if ko > 0 is large enough. In fact,
following the proof of Theorem 3.2 one can get the lower bound for ks given in Theorem 3.6. Let av:= (I + 1)(1 + k) > 1.
Setting p(z1,s) = {s}{l} {Z2 }{l} we have u(x1,x2) = —ko {p(z1, xg)}{l(1+~>} Let W(xy,22) = ‘zl‘ + a® (1, x2),
where ®(z1,x9) = fz @(x1,s)ds. Its time derivative along the solution of the closed-loop system is W = {x }{a 1 (T2 +

2y — To) + a® = Q1 + Qo + a(Qs + Qu), where Q1 = {z}1*” }aﬂ = ke[, Qy = {w J1H (g — 372);Q3 =
gf’ wy = (1 4 r)k,|zy @7 2(3:2 — T9)x2,Qq = g—iu = —ko|p| 7. Selecting al(1 + )k} ™" = 1 we get that W =

—kq |z |*TF — ak2|g0(x1,x2)|’<1+“> + kl—1|xl|o‘ "=2(Zy — x9)2. Using Lemma A.1 we get (Zo — x9)? < 221%1|g0(x1,:c2)|% and
. otn -1 .
thus W < —ky|z1 |2 T —aks|o(z1, 22)] L) +22k—ll|x1|(’_”_2|<p(x1,x2)|%. Clearly W is negative when |z1| = 0. For x1 #0

the signum of the right-hand side of this inequality is the same as the signum of ¥ (z) = —k; — ak:gzw“i 4 L 204n),

Lemma A.2 and Remark A.l(with 8 = a+k > v = 2(1 + k) > 1,a0 = k1,01 = aka,ay =
negative definite under the given conditions for , k1, ko, . The closed-loop system being homogeneous of negative degree,

the small-time stability of the origin follows from Corollary 3.1. O
This last result can be extended to following “modified double integrator” system:
{ By =[]z (I1.76)
T = U

where 0 < v < 1. We have the following theorem.
Theorem 3.7: Let v € [0,1), —(1 —v)/2 <k <0,1>1/(1+ Kk —v), k1 >0, and ka > h(l, %, v, k1) be given, where

— )2 (=D 4+ (A +r—v)+K)
2014+ Kk —v) 9 ey
(I+1)(14+k—v)+k

h(l, k,v, k1) = kTR (IIL.77)

Then 0 € R? is small-time stable for the system (II1.76) if one uses the following feedback law:

u(xl,xg):—kg{{xg}{l}—{fg}{l}} =t (IL.78)

where
Ty = —ky {z YU (I11.79)

Proof. The case v = 0 is proven in Theorem 3.6. Let us introduce (r1,72) = (1,1 + k — v) € (0,4+00) x (0,400) as the
weight of the dilation. Clearly the system (II1.76) satisfies (II.22). The proof is a straightforward application of Theorem 3.2,
noticing that the origin is small-time stable for the subsystem:

&1 = |r1]"T2(21) = —k1 {$1}{1+K} ) (111.80)

the control law Z5(x1) being 7;-homogeneous of degree 73, since 79 = 1 + k — v. Since I(1+x —v) > 1, 4 (1) is of class
C'. Moreover, the vector-field associated to subsystem x; is (1, 7)-homogeneous of degree . Finally, the closed-loop system
(IIL.66) with the feedback law (II1.78) is itself (71, r2)-homogeneous of degree . We have k+ry > 0 (because 7o = 1+ Kk —v
and —(1 — v)/2 < K), so that condition (III.23) of Theorem 3.2 holds, meaning that the control law (II1.78) is well defined
and continuous. Lastly, x < 0 which implies that 0 € R? is small-time stable for the modified double integrator system given
by (IIL.76) if k2 > 0 is large enough. In fact, as for Theorem 3.6, the proof of Theorem 3.2 allows to quantify “k; > 0 large
enough”. We set « = (I+1)(1 + k —v) > 1 and we consider the Lyapunov function W (x1,z2) = ‘“‘ + a®(x1,x2), where

T2

(1, 22) = [ ({3 —{2,}1")ds. Similarly to the proof of Theorem 3.6 we get W = {z;}1*™ |:U1| (To+aw2— m2)+a(i> =

Q1 + Q2 + a(Qs + Qu), where Q@ = {1} ™ Va3, = —kifay 0T, Qy = {2} T (2 — 20),Qs = Bacl T2 =
atk

U1+ 5 — V)R |21 [ 242 (2 — 2)a, Qu = 22w = —kaolp|TH9, with (a1, 25) = {21} — {22}1"). Selecting

al(1+ k — )kt =1 we get that W = —ky |z |15 — ak2|g0(x1,x2)|l<1iti"> + g5 |17 " 722 (25 — 29)°. Using Lemma

-1
271

A.l and then Lemma A.2 (with f = a+k >~y =2(1+k—v) > 1,a9 = k1,a1 = aks,as = ) together with Remark A.1
we conclude that T/ < 0 in R? \ {0} under the above given conditions for I, k1, k2, < and v. Flnally using Corollary 3.1, we
conclude that 0 € R? is small-time stable. ]




IV. SMALL-TIME STABILIZATION OF THE UNICYCLE ROBOT
Let us define (1,72, 23)" € R® and (uy,u2)" € R? by

Tl =T, Tg =1y, T3 =1, uy = vy, U = (. Iv.1)

Then the unicycle control system (II.2) becomes the control system

&1 = uq cos(xs), T2 = uq sin(xs), &3 = ug (Iv.2)

where the state is (21,72, 23)" € R? and the control is (uy,uz)" € R2.

One first observes that if 5 and x3 vanish at some ¢y and if, after time t(, uo is equal to 0, then x5 and z3 remain equal
to 0. The idea is then to use a first stationary feedback law to steer (o, x?,)T to 0 € R? and then take us = 0 and use uy to
steer 1 € R to 0.

Remark 4.1: This strategy is inspired from [11]. In [11] a preliminary stationary feedback law is used to steer the control
system on (a neighborhood of) a special curve which can be sent to 0 by a special feedback law. This strategy is already
used in [20]. The main novelty of our approach compared to [20] is to use this strategy in the framework of homogeneous
approximation systems and homogeneous feedback laws. This will allow us to add integrators on the controls and therefore
deal with the slider control system (II.4).

We then consider the following quadratic homogeneous approximation of the control system (IV.2) (see [17])

T1 =uy, T2 = u1T3, T3 = ug, (IV.3)

which is a control system where the state is (x1,22,73)" € R? and the control is (u1,us)’ € R2.

As for (IV.2), let us observe that, for (IV.3), if x5 and x3 vanish at some to and if, after time ty, uo is equal to O, then
2o and x3 remain equal to 0. The idea is then, again, to use, for (IV.3), a first stationary feedback law to steer (x2, xg)T to
0 € R? and then take us = 0 and use u; to steer z; € R to 0.

For this homogeneous approximation, a time-piecewise continuous periodic feedback law will be designed leading to the
small-time stabilization of (IV.3) (Theorem 4.1). Then, using homogeneity arguments, we will check that the same feedback
laws leads to the small-time stabilization of the orignal model system (V.2).

In this first design, the control is derived using Theorem 3.7. For this, in a first step, let us choose u; = |z2|”,v € (0,1) and
T3 = —ko {xg}{1+”2_”} ,ka € (—(1—v)/2,0), so that the “equivalent” dynamics of the subsystem x5 is g = —k» {.132}{1+K2}
(zo converges to zero in small time) and then, the control uy is designed using Theorem 3.7 (a consequence of our cascading
result Theorem 3.2) : thus we obtain zo(t) = z3(t) = 0 for all ¢ > T'/2 provided that z2(0) and x3(0) are small enough. Note
than on this time interval x; increase until 2o reach zero because then u; = 0: we should just show that 21 remains bounded
on a finite time interval. Then, in a second step, note that setting us = 0 for ¢ € (7/2,T) then x3,z2 will remain zero (if
they have reached zero). Thus in order to stabilize 21 we can choose for ¢t € (%,T), uy = —ky {xl}{H'“} ,—1 < Kk <O0.
This leads to the following theorem:

Theorem 4.1: Let T >0, v € (0,1), -1 < k1 <0, —(1 —v)/2 < Kk < 0,1 >1/(1 4+ k3 — v), k1 > 0, and ko > 0. Then,
for every ks > h(l, k2, v, ko) (where the function h is given by (I1L.77)) for the feedback law u = (u1,u2) € Cp(R x R3; R?)
defined by

uy = |z in [0, T] x R3, (IV.4)
1420y
s = —ks {{xg}“} - {a-:g}{”}{””“” in [0, 2] x R?, with T3 = —kg {wp} 1 F2}
ur =~k {o U in (Z,T) x R3, (IV.5)
uz =01in (5,7) x R?, (1V.6)
u(t +T,x) = u(t,z), Vt € R, Vz € R3, (IV.7)

and for f(z,u) = (u1, uyrs, uz) ', (IL17), (IIL.18), and (II1.19) hold and there exists ¢ > 0 such that (II1.20) holds too. In
particular (IV.3) is small-time locally stabilizable by means of explicit time-varying piecewise continuous stationary feedback
laws.

Proof. On [0, 7T/2], the closed-loop system is

lel = ‘$2‘V7

2 = fwaf e, . (IV.8)

{0 a0}

T3



We apply the proof of Theorem 3.7 to the (3, 23)—subsystem. We set o = (I+1)(1+ k2 —v) and we consider the Lyapunov
function W (5, 23) = 2% 4 a® (5, 23), where ®(z9, 23) = f;:({s}{l}—{:&;}{l})ds and a is such that al (149 —v)ks Tt = 1.

From the proof of Theorem 3.7 we know that

. 1 atkg
W< —5W a . (Iv.9)

In (IV.9) and in the following C' denotes various positive constant which may vary from line to line but are independent of .
We also have on [0,7/2]

li1] < OW=. (IV.10)
On (T/2,T) the closed-loop system is
i1 = —ki{z }'T, dg =~k {z1 } T2, @3 = 0. (Iv.11)
In particular, if V(1) := 27, . 1 2
Ve Lyie (IV.12)
We also have on (7'/2,T) Lins

|| + [d3] < C(|la| + [xs)V 2

The conclusion of Theorem 4.1 easily follows from (IV.9), (IV.10), (IV.12), and (IV.13). (Let us recall that k1 < 0 and ko < 0.)
O

(IV.13)

Let us now return to the initial control system (IV.2). Let us deduce from Theorem 4.1 the following theorem.

Theorem 4.2: Let T > 0, v € (0,1), -1 < kK1 < 0, —=(1 —v)/ < ka < 0, k1 > 0, and k2 > 0. Then there exists a
large enough k3 > 0 such that, for the feedback law u = (u1,u2) € Cip(R x R3;R?) defined by (IV.4) to (IV.7) and for
f(x,u) = (uy cos(xs),us sin(xs),uz) ", (.17), (II1.18), and (I11.19) hold and there exists € > 0 such that (I11.20) holds too.
In particular (IV.2) is locally stabilizable in small time by means of explicit time-piecewise continuous stationary periodic
feedback laws.

Proof. The proof is a direct consequence of Corollary 3.2 combined with the proof given above for Theorem 4.1. One can
also proceed in a more direct way. Indeed simple computations and estimates show that (IV.9), (IV.10), (IV.12), and (IV.13)
still hold for (IV.2) at least if |x1| + |x2| + |z3| is small enough.

]
V. SMALL-TIME STABILIZATION OF THE SLIDER
Let us define (21,72, 23,74, 25,76) | € RS and (uy,us)’ € R? by
. . . ! T2
T =T, Tg =X, T3 =Y, Tq =17, T5 =, Tg:= Iy, U := ool Uy 1= T (V.1)
Then the slider control system (I.4) becomes the control system
i‘l = T2, i’:z = Uux (308(.135)7 j)3 = T4, j)4 = U1 sin(x5), .f5 = T¢, .1'36 = U2, (V2)

where the state is © = (1, ¥, 3, 74,5, 26) ' € R and the control is (u1,uz)" € R2. Similarly to the unicycle, one first
observes that if z5(tg) = x4(to) = z5(to) = xe(to) = 0 and if, after time ¢, uz is equal to 0, then x3(t) = x4(t) = x5(¢) =
x6(t) = 0. The idea is then to use a first stationary feedback law to steer (x3,z4, s, 26)' to 0 € R* and then take uy = 0
and use u; to steer (x1,2z2)" € R to 0 € R2

As for the unicycle, let us consider the following quadratic approximation of (V.2) (see, once more, [17])

Ty = T, T = Uy, T3 = T4, T4 = U1T5, T5 = T, T = U, (V.3)

where the state is still z = (21,72, 23, 24,5, 76) ' € RS and the control is still (uy,us)’ € R2.

As for (V.2), we have for (V.3) that if x3(tg) = z4(tg) = x5(to) = z6(to) = 0 and if, after time to, us is equal to 0, then
x3(t) = x4(t) = x5(t) = w6(t) = 0. Let us therefore choose, according to Theorem 3.2, the controls u; and us in a first step,
so that the dynamics of the subsystem (x3, 4,75, 76)" is such that we obtain x3(t) = x4(t) = x5(t) = z6(t) = 0 for all
t > T'/2 provided that 23(0), £4(0), 25(0) and 2(0) are small enough. Then we impose uy = 0 for t > T/2, x5, 24, x5 and
¢ will remain zero. To stabilize in small time the double integrator made of the state variables x; and x2, we can choose for
t>T/2, uy as in (IIL73).

Let k1 >0, ko >0, k3 >0, ky >0, ks >0, k¢ > 0, k1 € (—1/2,0), and p € (0,1). We assume that

L—p

~3E g < <0 (V.4)
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Figure 3. Simulation of (IV.2) using control (IV.7) with T'= 2,v = 0.5; k1 = —0.5, k2 = —0.1,1 = 3, k1 = 10, k2 = k3 = 5.

ri:=1,ro: =14k, r3:=1, 14 :=75+ Ko, r5 := (ra + K2)(1 — p), re :=r5 + Ka, 77 := 76 + Ko, (V.5)

Ty := —k3 {$3}{%} R (V.6)
Ty = —]414{{:134}{:?1} —{1‘4}{:2}}{%}, V.7)

—— _{%}{:z}}“?}. Vs

Note that (V.4) insures that r4 > 0, r5 > 0,7¢ > 0, and r7 > 0. Let us then prove the following theorem, ensuring the
small-time stabilization of the origin for (V.3) with explicit time-varying feedback laws.

Theorem 5.1: Let T > 0, k1 > 0, ko >0, k3 >0, kg > 0, k1 € (—1/2,0), u € (0,1) and x5 < 0 be given so that (V.4) is
satisfied. We assume that

1 1
f (H@’“’k?') =2 (V.9)

(let us recall that g is defined in (II.72)). Then there existe K5 > 0 such that, for every ks > K3, there exists K such that,
for every kg > Kg, the following feedback law u = (u1,u2) € Cip(R x RO R?):

K75

&)

et @B 0,19 < RS, (V.10)

Uy =

T6tr2
3

u2:—k6{{x6}{?2}_{:z6}{?§}}{ i in [0,7/2] x RS, (V.11)

{T2+~1 } {T2+~1 } . 6
u; = —kq {.’1?1} m — ko {56’2} T2 n (T/Q,T) x R®, (V.12)
uy =0 in (T/2,T) x R®, (V.13)
u(t +T,x) = u(t,z), Vt € R, Vz € RS, (V.14)



is such that, for the homogeneous approximation (V.3) and for the slider control system (V.2), (IlI.17), (II.18), and (II1.19)
hold, and there exists ¢ > 0 such that, for

flz,u) = (22, u1, 24, w5, Te, u2) (V.15)

and for
f(z,u) = (22, ug cos(xs), x4, uysin(zs), zg, uz) ', (V.16)

one has
(@ = f(z,u(t,z)) and |z(s)| <€) = (z(7) =0), V7 > s+ 2T), Vs € R. (V.17)

In particular (V.2) is locally stabilizable in small time by means of explicit time-piecewise continuous stationary periodic
feedback laws.

Proof of Theorem 5.1. The proof is an application of Theorem 3.2, Theorem 3.3, Theorem 3.4 and Theorem 3.6. Let us first
deal with (V.3). On [0,7'/2], the quadartic approximation (V.3) reads as

&3 = x4,
F“ﬁ
Ty = {3?4}{%} - {534}{%} ’ Z5,
5 = Tg, (V-18)
. oy {2
ig = —ke {{%}{rg} —{fﬁ}{”g}} R
Let us consider the control system
T3 = Ty, Ty = {364}{’%} - {54}{%} ’ X5, (V.19)

where the state is (73, 24) " € R? and the control is x5 € R. It follows from Theorem 3.6 and (V.9) that 0 € R? is small-time
stable for this control system if one uses the feedback law x5 = Z5. Let us point out that if

wrg T
flxs, x4, 25) = (3347 {M}JL%} — {534}{%} ’ 335) ) (V.20)
one has

Ji(A3 2, A4 ay, N5 xs) = A% fy (23, 24, 25), (V.21)
fg()\r‘q’l'g7 >\T4£L'4, )\T5$5) = )\T4+H2f2(5ﬂ3, T4, 1'5). (sz)

Moreover, for [ := r3/rg, one has, using (V.4) and (V.5),
1> o (V.23)

Te e Te

j5(AT3133, )\T4ZC4) = )\7’53,—;5 (Zg, I4), (V24)
{25311 s of class C. (V.25)

Then, by Theorem 3.2, at least if k5 > 0 is large enough, 0 € R? is small-time stable for
I3 = T4,
ﬂl
T3
Ts5,

B - {3

Ty =

(V.26)

= Tg.

&5 = =k {{xs}{?i} _ {1—75}{;2}}{:?}

Note that {iG}{l/} is of class C! for I’ := r3/r;. One applies once more Theorem 3.2 (see also Remark 3.4). Using once
more (V.4) and (V.5), one gets

r7 =16 + K2 > 0, v.27)
'3 I 5 5~ (V.28)

r
l+1=-=+1> > > >
76 e + K2 T+ Ke Tet+R2 Tet K2



One gets that, under the assumptions of Theorem 5.1, 0 € R* is small-time stable for (V.26). By Theorem 3.3 one gets that,
under the same assumptions, 0 € R* is small-time stable for

T3 = T4,

At {m4}{r4}’ sin(z

LC4—

b5 = —ks {{J;g)}{ri} _ {x5}{r§:}}{f} Ze.

In particular if x : [0,7/2] — R® is a solution of the closed-loop systems @ = f(x,u(t,z)) where f is given by (V.15) or by
(V.16), we have x3(T/2) = x4(T/2) = x5(T/2) = 26(T/2) = 0 if |23(0)| + |24(0)| + |25(0)| 4+ |26(0)| is small enough.

On [T/2,T], one has, if z5(T/2) = z¢(T/2) = 0 for f given by (V.16) and for every (z5(1'/2),x¢(T/2)) for f given by
(V.15),

(V.29)

$1 = T2, J)Q —kl {1‘1}{ } k‘g {1‘2}{ 2+ 1} (V30)

Note that, by Theorem 3.4, 0 € R? is small-time stable for (V.30). Theorem 5.1 follows from the above arguments.

Remark 5.1: In Theorem 5.1, for ¢t € (T/2,T) one can replace u; defined in (V.12) by u; = u where w is defined in
(II1.73) provided that I, K, k1, and ko satisfy the assumptions of Theorem 3.6. Indeed it suffices to then use in the above proof
Theorem 3.6 instead of Theorem 3.4.

]

CONCLUSION

To conclude, new explicit feedback laws, based on cascaded and desingularization techniques, and homogeneity properties,
have been proposed leading to small-time stabilization of two classical examples of nonholonomic or underactuated mechanical
systems: the unicycle robot and the slider, which are known to be not asymptotically stabilizable by means of continuous
feedback laws. The proposed resulting feedback laws have been first established considering homogeneous approximations of
the mechanical systems and then successfully extended to the original ones.

APPENDIX

In this appendix we prove two lemmas which are used in previous sections.

Lemma A.1: Let | > 1, then Va,y € R : |z — y|? < 220=1/1] {x}{l} — {y}{l} |2/,
Proof. This inequality is true for z = y. Assume (z — y) # 0. For any given | > 1, let us define for z,y € R (z # y)

o3 {132/ . L

gz, y) = % We have g;(z,y) = hy (;’fy) with by : z € R— |[{1+ z}{l} - {z}{l} |2/! which is bounded
below by 22(1-0/! which gives the desired inequality. O

Lemma A.2: Let ag >0, a; >0, as >0, and 8 >~ > 1, then

Y(z) = —ag — a12” +axz? <0,Vz € [0, +00), (A.1)

- _B_
a0al > af ((;)r T (;)/ ) . (A2)

Remark A.1: Let ag >0, a; >0, az >0, B € R, and v € R\ {0}. Then

8

v oag
ay > — =
B =

)

if and only if

(A3)

implies (A.2). )

Proof of Lemma A.2. ¥/(z) = —a182°~! + azyz7~! which zeros at 0 and at zy = (%)E thus ¢ on [0, +o00[ has a

ﬁ L
maximum at zo: ¥ (29) = —ag — a1 (ng) + ag (ng) ~" which is negative if and only if (A.2) holds. |
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