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ON THE DENSITY OR MEASURE OF SETS AND THEIR
SUMSETS IN THE INTEGERS OR THE CIRCLE

PIERRE-YVES BIENVENU AND FRANCOIS HENNECART

ABSTRACT. Let d(A) be the asymptotic density (if it exists) of a sequence of
integers A. For any real numbers 0 < a < 8 < 1, we solve the question of
the existence of a sequence A of positive integers such that d(A) = « and
d(A 4+ A) = B. More generally we study the set of k-tuples (d(iA));<;<y for
A C N. This leads us to introduce subsets defined by diophantine constraints
inside a random set of integers known as the set of “pseudo sth powers”. We
consider similar problems for subsets of the circle R/Z, that is, we partially
determine the set of k-tuples (u(iA))1<i<k for A C R/Z.

1. Introduction

We respectively denote by N, Z, Q and R the set of all natural integers, the set
of all integers, the set of all rational numbers and the set of all real numbers. Let
T = R/Z be the torus (or the circle). For any finite set A, we denote its cardinality
by |A]. For z € R, we denote by |z]| its integral part and by {z} = = — |z] its
fractional part. For A C N and ¢ > 1, we let A(t) = |[AN[1,¢]]. We define if it
exists the so-called asymptotic density of A by

At
d(A) = lim A0,
t—oo t
Otherwise we define the lower and the upper asymptotic densities d(A4) and d(A)
using lim inf and lim sup instead of limits. More generally, if A C B C N, we define
if it exists the density of A inside B as
. A()
dp(4) = lim Zo-
The density of A inside N is therefore simply the density, and if B has a positive
density, we have dg(A) = d(A)/d(B).

For a subset A of a semigroup G, let A+ A ={a+0b:a,b e A}. For k > 1,
we denote by kA its k-fold sumset. From Kneser’s Theorem [9], we know that for
any subset A C N, the inequality Q(ZA) < QQ(A) may only hold when Q(2A) is a
rational number. Similarly, for any subset A of the circle T equipped with its Haar
probability measure u, a theorem of Raikov [14] implies that ;(2A4) > min(1,2u(A))
where B B

w(A) = sup p(F).

FCA
F closed

In this paper, we firstly determine the possible values («, ) of pairs (d (A) , Q(QA))
and (u(A), u(2A4)). We first completely settle the case f > min(2a, 1).
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Theorem 1.1. Let (o, 8) € [0,1]2. Suppose B > min(2a,1). Then the following
statements both hold.

a) There exists A C N such that d(A) and d(2A) exist and equal o and 8
respectively.

b) There ezists a measurable subset A C T such that 2A is measurable and
w(A) = a and w(2A) = B. Further, for o > 0, we may take A to be open
(in fact a finite union of open intervals).

The case 8 = 2« is obvious for the second item (with an interval A), and is a
special case of a theorem by Faisant et al [5] for the first item, whereas allowing
different summands, Volkmann [16] proved that, given positive real numbers ay, ao
and v such that a; +ay < v < 1, there exist! A;, Ay such that d(Ai) =ay,1=1,2,
and d(Al + Ag) = 7; he actually proved the corresponding result for subsets of the
circle too. A similar result was obtained by Nathanson [13], including a version for
Schnirelmann’s density.

More generally, we investigate the set Dy, of possible values of the tuple
(d(A),d(24),....d(kA))
when A ranges over the set of sequences for which all of these densities exist. For
any real number 6 > 1, let

(1) Tk79={nz1 : OS{Qn}<%+1}.

Note that d(Tx,¢) = 1/(k + 1) if 6 is irrational by Weyl’s criterion which we state
in a moment (Theorem 1.3), while T} ¢ = N if § is an integer. In any case one has
JTho={n>1:0<{bn} < k%rl} for j < k41, in particular. (k+1)Ty¢ = N. We
now state the following key result which will be proved in Section 2 when k& = 1.
The general case k > 2 will be tackled in Section 4.

Proposition 1.2. Let 8 € [0,1] and k > 1 be an integer. There exists a set
A C Ty g such that A has density 0 for any i < k, whereas kA has density  inside
kTyo and (k+1)A has density 1 inside N.

In particular, we have d(kA) = Bk/(k + 1) if 0 is irrational while d(k;A) =
if 6 is an integer. Thus any (k + 1)-tuple of the form (0,...,0,3,1) where g <
belongs to Dg1.

B
1

In parallel, we consider the similar problem in the circle T equipped with its Haar
measure . Thus let & be the set of all the possible values of (u(A), ..., u(kA))
for A C T for which these measures exist. We may sometimes need to work with
the subset £ C & of all the possible values of (p(A),...,pu(kA)) when A C T is
open and Riemann-measurable and similarly £, where we consider closed sets A.

There is a close connection between &, and Dy because of Weyl’s criterion for
equidistribution, of which we now state a direct consequence. For A C T and
AeR\Q, let

Bya={neN: {in}e A}

Theorem 1.3. For any irrational number X and any Riemann-measurable function
f:10,1] = R, we have

. 1
Jim 2 (0w = [ f

n<x

n Volkmann’s construction, the sets of integers are sets of relative integers and not necessarily
positive integers though.
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In particular, for any Riemann-measurable subset A C T, we have d(BA7A) = u(A).
The latter equality may be extended to open sets A.

The extension to open sets is [16, Lemma 4]. Further, Theorem 1.3 and a simple
compactness argument shows that for any € > 0 and irrational A, there exists a
constant C' = C(\, €) such that for any interval I of length at least € the set Bj s
contains at least an integer less than C. Finally, the operation A — By 4 behaves
well with respect to set addition.

Lemma 1.4. Let k > 2 and A; C T be open fori=1,...,k and X\ be irrational.
Then d( S8, Baa,) = (X0, Ay).

Proof. Let A C T be open, and for any € > 0 let A° be the set of all @ € A
whose distance to the boundary of A is at least e. Thus A = (J,., A and pu(A) =

lim. o+ p(A€). Further, Zle Ai = Ueso Zle AS. We observe that

k
(2) B)\,Zle Af = Z Bia: C BAvZ?:l Ai
i=1
The rightmost inclusion is easy; for the leftmost one, let x € B/\’E;_f_l Ac, thus © =

Zle a; where a; € AS. Consequently, Ja; —e/k,a;+e/k[C A; fori e {1,...,k—1}.
If n is large enough (larger than kC(X, 2¢/k)), there exists nq,...,ng—1 < n/k such
that {n;\} €la; — ¢/k,a; + ¢/k[. Let np, = n—mny — -+ —ng_1 > 0. Then
{nkA} = {nA} — {mA} — -+ — {ng—1A} mod 1, which implies {nyA} mod 1 €
lar, — €, ax, + €[ C Ay, in other words ny € By 4,. Thus n € Zle By 4,

Taking densities and applying Theorem 1.3 in equation (2), we find that

,Uz(iAf) = Q(B)\,Zle Ai) < d(iB)\,Ai)
i=1 i=1
< d(zk:BA,Ai) <d(Byyr )= M(ZAi)-

i=1 i=1

Letting € — 0%, we conclude. O

Consequently, £ C Dy; in particular, the second item of Theorem 1.1 implies
the first one when a > 0, but we will provide another proof for it. Further, Raikov’s
theorem together with Theorem 1.1 means that & = &5 = &5 = {(a, 8) € [0,1]? :
B > min(1,2«a)}.

To complete our description of Ds, we need to understand which pairs («, 3)
satisfying 8 < 2« belong to it, which we do in the next theorem. For an integer
n, let va(n) be its dyadic valuation; we extend it to rational numbers by letting

v2(p/q) = va(p) — va(q).

Theorem 1.5. Let 8 € QNJ0,1[ such that va(B) < 0 and let o €]0,1] satisfy
B < 2a. We denote go = min {g >1: gBisan odd integer}. Then there exists a
sequence A C N such that d(A) =« and d(2A) = B if and only if

5 <a< b + i

2 2 " 290

We briefly discuss iterated sumsets. It is not clear what constraints a tuple

(cvi)1<i<k must satisfy for a set A C T satisfying u(iA) = o to exist; we certainly
need a; > min(1, a; + a;—;) for any j < i due to Raikov’s theorem but it may not
be sufficient. In particular, we will deduce the following constraint from a theorem
of Gyarmati, Konyagin and Ruzsa [7].
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Theorem 1.6. There exists a constant ¢ > 0 such that the following holds. Let
A CT be closed, and suppose that ju(2A) < c. Then p(3A) > 3u(2A).

In view of Lev’s result [11, Theorem 3] asserting that for any finite set of integers

A one has
k(I(k+DA[ = 1) = (k+ D(|RA] = 1),

one may more generally imagine that p((k + 1)4) > L p(kA) under certain re-
strictions on p(kA). Note that another result from [7] implies that the constant
¢ may not be taken to be 1. Gyarmati et al. conjecture that its optimal value is
1/2. On the other hand, due to the Plinnecke-Ruzsa inequalities, we know that
if d(QA) < Kd(A), we must have d(3A) < KSd(A). Similarly, in the circle, if
u(2A4) < 3u(A) and p(A) is small enough, Moskvin et al. [12] showed that A must
satisfy strict structural conditions that imply p(34) < 3(u(24) — u(A)).

We solve partially the problem with &£ = 3.

Theorem 1.7. Let (o, 3,7) €]0,1]3, and suppose that 3 < min(1,3a) and v €
[min(1,38/2), min(1,28 — «)] or that 8 = 3a and v € [38/2,28]. Then (o, 3,7) €
&s.

For general k, our understanding of & and D is yet poorer. Note that in
general, our sets A C N satisfy d((k + 1)A) > %d(k‘A), which, in view of the
aforementioned result of Lev, may be inevitable. In the following statement we
compile all the results that we can prove in this general context.

Theorem 1.8. Let a = (ay,...,ary1) € [0, 181 where k > 1.
a) Ifag = =ag_1 =0 and ag41 > %ak, or agy1 > o and ayy is the
inverse of an integer, then o € Dy 1.
b) Ifag = =ap =0, then a € Exy1.

¢) If a; = ia for each i and some a < 1/(k+1), then o € E), | C Dyq1.

The last item is obvious by taking an interval of length «, and was also proved
somewhat differently for Dy, in [5].

In the next section, we prove the complete description of Dy and & given in
Theorems 1.1 and 1.5.

2. Sumsets in the integers

2.1. A preliminary reduction. We first show that Theorem 1.8 a) follows from
the special case a1 = 1 stated in Proposition 1.2. Let a € [0,1]*+! satisfy the
hypothesis of Theorem 1.8 a), and let 5/ = ai and v = agy1. We distinguish
several cases.

a) We first assume that 4/ is an irrational number. Let A be the set given in

Proposition 1.2 with parameters 6 = % and 8 = % and A’ be defined by
A" ={[0a] : a € A}.
Since A C T} ¢ we have for any a;,...,a,41 € A

walj + LeagJ 4+ 4 Leak-‘rlJ = Lﬁ(al + ag + -4 ak+1)J.

Since 6 > 1, we get d(jA') = 671d(jA), j=1,2,...,k+ 1.
This yields Theorem 1.8 a) when +/ is an irrational number.

b) If 4/ is the inverse of a positive integer ¢, we use again Proposition 1.2 with

parameters § = % and = f—: to generate a set A. We define the set

(3) AD = {ga : a € A}
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which satisfies

d((k —1)A?D) =0 < d(kAY) = g <d((k+1)A9) = %

S

We finally assume that 7/ = : is a rational number with 2 < s < ¢. Upon
multiplying numerator and denominator by appropriate numbers, we may
assume that s = (k 4 1)r for some integer r satisfying 3 < r < k%_l. Let
U=1{0,1,...,r —2,7}. Then |jU| = jr for any j. Letting A’ = U 4 A@
where A is defined by (3), we thus obtain

d((k-1)A") =|(k - 1)U| x d((k — 1)A?) =0,

/ k ko
d(kA") = [kU| x d(kAW) = bh_ Al
d((k+ 1A = |(k+ 1)U| x d((k +1)AD) = (’“Jrql)r =

This concludes the proof of Theorem 1.8 a), assuming Proposition 1.2. We will
now prove the latter, focussing first on the case k = 1 (so concerning twofold
sumsets, that is Theorem 1.1), since it is much more simple than, while retaining
some important features of, the general case, which we handle later.

2.2. Twofold sumsets. Before embarking on the proof of Proposition 1.2 in the
case k = 1, we need a quantitative version of Weyl’s criterion (Theorem 1.3), due
to Erdés and Turdn [4, Theorem III].

Theorem 2.1. For any sequence s; of elements of the torus T and any interval A,
we have for any integers n and m the bound

n

2imts;k
>

j=1

El i

La<icnes ey —na)| <« Lty
n SIS H mn

where the implied constant is absolute.

Applying this with s; = {6} for some irrational number 6 and using the standard
exponential sum bound

where ||0|| = mingez |0 — k|, we obtain

where

(4)

A
3=
_|_
S|
(]
ol
=|~
=

= Boa(n) - ()

B97A(’I’L) = {1 S_]S n : {9]} S A}

The series Y -, m diverges as m tends to infinity, but selecting m = m(n) as
a sufficiently slowly increasing function of n, one may achieve

1%’ L1
n = k|0k| — m(n)

as n tends to infinity, and thus there exists a non increasing function n : N — R
(depending on @ only) which tends to zero such that

()

~Bo.a(n) - u(4)

‘1 < n(n).
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Note that the bound (5) is uniform in A; in particular, it is still valuable if A is
replaced by a sequence A, of intervals of sufficiently slowly decaying measure (e.g.
1(Ay) > 2n(n)). Also we note that using the sequence s; = {6(j + X)}, we may
obtain the more general bound

) (Boatn4 ) = Bo.a(3)) = )] < o)

for any integers X and n.

We now start the proof of Proposition 1.2 in the case k = 1. We will adopt a
probabilistic construction. The setting corresponds to that given in [8, Chapter III,
Theorem 13]. We shall use the notation P(A) for the probability measure of an
event A and E(Z) for the expectation of a random variable Z.

Let 0 be an irrational number, 1 be a non increasing function tending to 0 such
that (5) holds.

Our aim is to study the number of representations of n under the form n = k1 +k-
with k1 < n/2 < kg and k1, ko € 11,9 where T} g is defined by (1). When {#n} < 1/2
we shall deduce from (5) the lower bound By (n/2) > % ({#n} —n(n/2)) with
I =10,{6n}[. We thus need to assume that {#n} is sufficiently larger than n(n/2).
Similarly when {6n} > 1/2 we need to assume {fn} is sufficiently smaller than
1 —n(n/2). So we are led to restrict our attention to those integers n that belong
to

Xg={neN: 2n(n/2) <{fn} <1-2n(n/2)}.
By (5) and the ensuing remarks we have
(7) d(Xp) =1.

We now define our desired random sequence A. Let (§x)r>1 be a sequence of
mutually independent Boolean random variables such that

]P)(é-k = 1) = 5167 k Z 17
where [y is the constant sequence equal to S if § > 0 and the decaying sequence

k=15 if B = 0. Let A be the random sequence consisting of the integers k € T
such that § = 1. Then the expectation of its counting function A(x) = > ., &

satisfies
O(z*®) it B =0,
EA) = Y m={00 )
= BTy o(x) if B> 0.
{0kY<1/2
By the strong law of large numbers for the mean of mutually independent random

variables (cf. [8, chapter III, Theorem 11]) we infer that almost surely nga(:;) ~p

as © — oo if B > 0, and A(z) < z*/° if B = 0. It follows that in both cases the
density of A inside T} g satisfies dr, ,(A) = B almost surely, as required.

Now we prove that 2A D Xy \ F, where F' is almost surely a finite set. This
would imply that d(2A) = 1. Let n € Xy. We define

K, :{O</<:<n/2 : kETLQﬂ(TL—TLg)},

and

R(n)= Y &énr.
k€K,
Then by the independence of the &’s

8)  PR(n)=0)= [] P&xéu—r=0) < (152" < exp(—| K| 57).
keEK,

Now we need a lower bound for |K,|. By definition k¥ < n/2 belongs to K, if and
only if {0k} < 1/2 and {0(n — k)} < 1/2.
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Let I =]2n(n/2),1/2[. Since n € Xy, we have {6n} € I U (1 —I). Suppose
for instance {#n} € I, the case {#n} € 1 — I is similar. Then for any k such that
{0k} < {0n} < 1/2, we have {#(n — k)} = {6n} — {0k} < 1/2. Thus k € K,,. This
means that

K, >{0<k<n/2:{0k} <{on}},

whence |Kn| > 2({0n} — n(n/2)) > n(n/2) by (5). Tt {fn} € 1~ T = [1/2,1 -
2n(n)| instead, it suffices to replace the condition {6k} < {6n} by 1 — {6k} <
1 — {On} to obtain the same result.

One can choose 7(n) to be arbitrarily slowly decaying, say n(n) > n~'/2. This

way |K,| > n'/2, so that 82 |K,,| > n'/'° and from (8) we get

> P(R(n) =0) < oc.

neXyp

We conclude by the Borel-Cantelli lemma (cf. [15, Lemma 1.2]) that almost surely,
all but finitely many integers in Xy are sums of 2 terms from the random sequence
A. The result follows from (7). This finishes the proof of Proposition 1.2 in the
case where k = 1, and thus of Theorem 1.1.

We now determine which pairs (a, 3) € R? with 0 < a < 8 < 2a belong to Do,
that is, we prove Theorem 1.5.

Let A C N such that 8 = d(24) < 2d(A) = 2a. By Kneser’s theorem [9] there
exists a (minimal) positive integer g such that « + g € 2A for all but finitely many
r € 2A, and

(KQA)EZd@Q-—é.

Let G = Z/gZ be the group of the residue classes modulo g and

Let
A=|J@nNu{ze{01,....9-1} : T C}.
zeB
Then o L
qmg@?,m@“ﬁm.

If [A+ B| < |Zi+ @| — 1 then by Kneser’s theorem (cf. [9]; see equivalently [15,
Theorem 5.5]) A + B would have a non trivial period in G
{reG:7+A+B=A+B}+#{0},

in contradiction with the minimality of g. We thus have |A + B| > |A| + |B| — 1.
On the other hand our hypothesis d(24) < 2d(A) implies |A|+ |B|—1 < 2|B|. We
deduce B = A and finally [24] = 2|A| — 1.
Let r = |A]. Then 8 = 2:=1 with 1 < r < 2EL. We get
g

N

B
<a<L-=—
a < 2-|—

1
29

Q|3

We proved the following.
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Proposition 2.2. Let A such that d(2A) < 2d(A). Then there exist two positive
integers g and r < QTH such that

-1 d(22A) <d(4) < d(24) s

d(24) =

Conversely, let  €]0,1[NQ have non positive dyadic valuation, and g be the
smallest positive integer for which ¢S is odd, thus g = 2”—9_1 for some integer r > 1.
Let « satisfy

29 g

Then let V = {0,...,r — 1}, so that [2V] = 2r — 1 < g. Let Sy = ag/r, thus
Bo €]0,1]. We apply Proposition 1.2 with £ =1 to get a set Ay such that d(AO) =
Bo and d(2A0) = 1. The associated rescaled set Aég) = {ga : a € Ay} satisfies
d(Agg)) = fo/g = a/r and d(QAg)g)) =1/g. Finally let A be the set

A=V +AY.

Then A clearly admits the required density «. Finally we have 24 = 2V + 2Agg )
giving d(2A) = 27",%1 = (8 as desired.

This completes the proof of Theorem 1.5. O
Example 2.3. Assume that there exists a set A such that a = d(A) = 4/9 and
B =d(2A) =5/9. Applying Proposition 2.2 we get g < 3 and r € {1,2}, whence
B =1,1/2 or 1/3, a contradiction.

Example 2.4. Fixing « = 1/5 and § = 3/10 in Theorem 1.5 yields go = 10.
Further the bounds 8 < 2a < 8+ 1/go are satisfied hence there exists a set A
such that d(A) = 1/5 and d(24) = 3/10. The only admissible choice for g,r in
Proposition 2.2 is g = 10 and r = 2.

3. Measures of sumsets in the circle

3.1. Twofold sumsets. To start with, we show that in order to achieve a large
ratio p(24)/u(A), a large number of connected components will be necessary.

Lemma 3.1. Let A be a disjoint union of k intervals. Then u(2A) < (k+1)u(A).
If the intervals are open, the equality case happens when all the (k;rl) intervals of
the sum are pairwise disjoint.

Proof. Let A = Ule Ij. So 24 = U;<;(Li + I;). Let p(L;) = my, so p(l; + I;) =

m; +my and p(2A) < 37, i(mi +my) = (k+1) Zle m;. The equality case is
clear. B O

We now attempt to prove the first item of Theorem 1.1 in the case o > 0. Let
(a, B) €]0,1]? satisfy 8 > min(2a,1). If 8 = min(2a, 1), the interval A =10,
satisfies pu(A) = a, u(24) = 8. So we now suppose 0 < a < 1/2 and 8 > 2a.

First, note that for any k, if A = [0, JU{2¢}U---U{(k—1)¢}, then 2A = [0, k{] so
we can achieve a duplication ratio p(24)/u(A) = k. The idea is then to somewhat
“thicken” the singletons, in order to reduce the duplication ratio of the set.

Let k= |B/a], thus k < f/a <k+1and k > 2.

Then let A =]0,z[U({2x,...,kz}+] —¢,0]), for some z < a and € < x/2 to be
determined later. Note that

24 =10, (k + 1)z[U ({(k + 2)z, ..., 2ka}+] — 2¢,0[).
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Thus u(A) =z + (k—1)e and p(24) = (k+ 1)z + 2(k — 1)e. The doubling ratio is
therefore

7(k+1)$+2(k71)57 1+2%§
f(e/z) = P =(k+1)— kLT

We have f(0) = k+ 1 and while f(1/2) = 4k/(k + 1) < k. Therefore by continuity

of f, there is a value of the ratio y = €/z for which the doubling ratio is the desired

8o
Then there remains to pick x such that a = z + (k — 1)e = (1 + (k — 1)y),
namely x = and then the corresponding e.

1+(k—-1)y>

In the case o = 0, a radically different construction will be necessary. Let
C C [0,1] be the classical ternary Cantor set. It is well known that C' + C = [0, 2]
(cf. [1, Corollary 2.3]). Scaling C' by a factor 3/2 and projecting it to the circle,
we obtain the set A = {f8¢/2 : ¢ € C} of measure 0 such that 24 = [0, 5], thus
1(24) = B.

3.2. Threefold sumsets. First we prove Theorem 1.6. We will derive it from the
following theorem of Gyarmati, Konyagin and Ruzsa [7].

Proposition 3.2. There exists an absolute constant ¢ > 0 such that the following
holds. Let p > 29 be a prime. Let A C Z/pZ and let (n,s) = (|24],|34]). If
n < cp, then s > %

We derive the analogous result for measures in the circle T by a standard method.
We first prove Theorem 1.6 for simple sets, that is, the union of finitely many closed
intervals. Let A C T be a simple set. Let ¢ be the constant given by Proposition 3.2
and suppose that ©(24) < ¢. Let p > 29 be a prime, that we will let tend to infinity
ultimately. Let

Ay = {j EZL/PL :j]p€ A}.
One may check that |A,] = pu(A) + O(1) as p tends to infinity. Further note that
(kA), = kA, for any k € N. Since 24 and 3A are simple, one has |(kA),| =
pp(kA) 4+ O(1) for k = 2, 3; thus we have [(24),| < ¢p for p sufficiently large, so we
can apply Proposition 3.2 and conclude in the case of simple sets.

Now if A is closed (that is, compact), writing I5 =]—0,0[, we have A = (5, (A+
Is), in fact kA = (55o(kA + Iys) for any integer k£ > 1. So for any fixed € > 0, we
can chose ¢ such that u(kA+1Ixs) < pu(kA)+e. Further, by compacity, there exists a
simple set A’ (the union of finitely many translates of I5) such that A C A’ C A+1;.
We have

3
u(34) = p(3A) — e = Sp(24) — e
Letting € tend to zero, we conclude the proof of Theorem 1.6. O

We prove Theorem 1.7. If o > 1/3, the triplets («, 3,7) that belong to & are
the ones for which f > min(1,2«a) and v = 1.

We now consider triplets where a@ < 1/3; we prove the following proposition,
which implies Theorem 1.7.

Proposition 3.3. The set of triplets (u(A), un(24), u(3A)) for sets A C [0,1/3] C T
having at most two connected components is

{(a,8,7) €[0,1® : B€[2a,30], v € [38/2,28 — a[ or B =3a, v € [38/2,28]}.

Proof. We may take A of the form ]0,z[U]y, z[ for some 0 <z <y <2z <1/3. So
2A =10,2z[U )y, z+2[U]2y, 2z[ and 34 =]0, 3z[U]y, 22+ 2[U]2y, 22+ 2[U]3y, 32|



10 P.-Y. BIENVENU AND F. HENNECART

We are seeking for which triplets («, 3,7) the system

o= rT+z—y
8= 3o — max(0, 2z — y) — max(0,x + z — 2y)
v =6a —max(0, 3z — y) — max(0, 2z + z — 2y) — max(2z + = — 3y, 0)

admits solutions. We now discuss the existence of solutions according to the number
of connected components of 24 and 3A4, that is, for each max above, whether it
is positive or not. In the following discussion, the necessary conditions we provide
may always easily be seen to be sufficient, although we do not always explicitly
state it.

1) If 24 is an interval, then so is 34 so v = 3a = 3/3/2.

2) If 2A has two connected components, so there is exactly one overlap between
the intervals of 2A, we distinguish.

a) If 2z > y and z + z < 2y, so 24 =10,z + 2[U]2y,2z[, we have 8 =
x — 2y + 3z. We have necessarily 3z > y and 2z + z > 2y, so 34 =
10,2z + 2[U]3y, 3z where the last two intervals may overlap or not.

i) If they do, so 2z+x > 3y, we have v = 3z. So 8 = x —2y+~ and
a=z—y+7v/3. Get a—f=y—2v/3soy =a—pF+2v/3 while
x = 2a — 4 v/3. We check that the inequalities are satisfied:
2r—y =3a—8 > 0s0f < 3a, 2y—x—2z = —+27/3 > 0 implies
~ > 383/2. Further, we need 2z4+x—3y = —a+28—+ > 0 which
amounts to 348/2 < v < 28 — a < ba. Conversely, whenever
these conditions are satisfied, the system has solutions.

ii) Ohterwise we have 2z + z < 3y, hence v = 3(z — y) + 2z + =.
Thus a solution exists if and only if v = 25 — «.

b) Now if 22 < y and « + z > 2y, so 24 =]0,2z[U]y,2z[, we have
8 =2x —y+ 2z. We have necessarily 2z + z > 2y and 2z + x > 3y, so
3A =]0,3z[U]y, 3z[, where the two intervals may or not overlap.

i) If they do, so 2z < y < 3z, we have v = 3z. Further we find
y=p—-2a,ande=0—-a—7/3. Soy—2x=-3+2v/3>0
implies yet again v > 35/2. Further y — 3z = -2+ a+7 <0
implies v < 28 — a. Also z + z — 2y = 3a — 8 > 0 amounts to
B < 3a.

ii) Otherwise, so y > 3z, we find v = 32 — y + 32 = 3a + 2y and
again v = 20 — a.

3) If 2A has three connected components (no overlap), then 8 = 3a. We have
2z < y and z+2z < 2y. We distinguish according to the presence of overlaps
or not in 3A.

a) If there is no overlap, we have v = 6. It is realisable, just take x,
then y > 3z, then y < z < min((3y — x)/2,1/3), then all constraints
are realised. We can achieve that for any value of o < 1/6.

b) If 34 is connected, v = 3z. Now the conditions 2z < y and =+ z < 2y
imply z < 3(y—x), which is equivalent to 2z > 3(x+2 —y), and finally
v > 38/2.

c¢) If there is exactly one overlap, that is, if 34 has three connected com-
ponents, we distinguish.

i) Suppose 3x > y. So 2z + z < 2y and 2z + x < 3y. Then
v = 6a — 3z + y. This imposes v € |5a, 6a[=]55/3, 28]

ii) Now suppose 2x + z > 2y. So y > 3z and 2z + = < 3y. Then
y=6a—-2xr —2z+2y=5a—z+y > da.

iii) If only the last gap is overcome, v = 6 — 2z — x + 3y = ba —
z+ 2y > ba.

d) If 3A has two connected components, we distinguish.
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i) If all but the last gap are overcome, v = 6a—3z+y—2x—z+2y =
Sa — 4x + 2y > ba.
ii) If all but the middle gap are overcome, v = 6 — 3z +y — 2z —
x4+ 3y =5a — 3x — 2+ 3y > da.
iii) If all but the first gap are overcome, v = 6a — 2z — 2z + 2y — 2z —
z + 3y > Sa. O

Regarding sets with & connected components when k > 3, the determination of
the possible triplets (a, §,y) becomes untractable by this method. Nevertheless, we
can easily see that the structure of the set of the possible triplets remains similar,
that is, a connected union of finitely many (in fact Ok (1) many) polytopes, where
a polytope is the intersection of finitely many half-spaces.

3.3. Further iterated sumsets. We now prove Theorem 1.8 b). Let 8 € (0,1]
and k > 1 an be integer. We argue as in the proof of Theorem 1.1 b) in the
particular case & = 0. Let Ciyo be the Cantor set of initial segment [0,1] C R
and ratio of dissection 1/(k + 2). It is known [1, Corollary 2.3] that u(kCj42) has
measure 0 whereas (k+1)Cl12 = [0,k + 1]. The suitable re= of Cj42 by the factor
B/(k + 1) provides the desired construction.

Note that this does not imply Theorem 1.8 a) in the particular case o = 0 since
the openness condition of Lemma 1.4 may not be removed. Indeed, if A C T has
measure zero, one may see that By 4 is empty for almost all A € R\ Q, since the
map A — nA on the circle is measure-preserving for any integer n. So we need the
specific argument based on Proposition 1.2 we gave in Section 2 when k = 1. The
general case k > 2 will follow from Proposition 4.6.

4. Tterated sumsets in the integers

We now prove Proposition 1.2 for k¥ > 2. The (probabilistic) argument we will
use subsumes, but is significantly more complicated than, the one used in Section 2,
which is why we preferred to present it separately. First of all we collect a number
of useful but technical results.

4.1. Preliminary lemmas. First we need to somewhat generalise the bound (6)
obtained via the Erdés-Turdn theorem.

Proposition 4.1. Let k, D, M, X be integers. Let f = Zle Pi1;, where (I;)i<k

is a family of pairwise disjoint intervals in [0,1] and P; a polynomial of degree less
than D whose coefficients are all at most M. Then

N X senh - [ f = 00Dk,

X<n<N+X

A function f satisfying the above hypothesis will naturally be referred to as
piecewise polynomial.

Proof. Tt suffices to prove it for monomials and for & = 1, the general case following
by linear combinations (incurring an extra factor Mk). Thus let a < b be in [0, 1],
and let d < D and f be defined by f(z) = 2%1(, ). Using the bound (6), we note
that
@((b-a) = 0N < 1 D {0} 1y ({8n}) < BB~ a) + O((N))
X<n<N+X

Further, observe that

b
a(b—a) < / zldz < (b — a).
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Hence
b

(@ - b0-a) 0N < 5 > b)) - [ ot

X<n<N+X a
< (b = a®)(b—a) + O(n(N)).
Given that ¢ — a? < d(b — a), we find that

b

> {Gn}dl(a,b)({ﬁn})f/ z¥dz| < d(b—a)* + O(n(N)).

X<n<N+X @

Then splitting the interval [a,b] into O(/n(N )_1) consecutive intervals of size
[v/n(N)|, we obtain, for each of these intervals, an error term of size O(dn(N)),
and so in total, an error term of size O(D+/n(N)). O

A certain type of sums will appear in the sequel, for which we now give an
asymptotic.

Lemma 4.2. Let0<a<1,0< 8 < o0 and

1
9) In(a, B) = o<xz<1v m
Then
B(l—a,1—pB)N=a=f L O(N—min(@B))  jf g <1,
In(a, B) =< N~*log N + O(N~?) if B=1,
((BYN™* + O(N—o~1H1/B) if B> 1,

where B(-,-) denotes the Euler beta function defined by

1
B(z,v) :/ (1 —t)YLdt
0
and C(+) is the Riemann zeta function.

This can be proved by considering Riemann sums; we omit the standard de-
tails. The beta function satisfies the following functional equation involving Euler’s
gamma function:

L(x)I(y)

L(z+y)
By induction, we may achieve the following simple lemma.

B(:L'vy) =

Lemma 4.3. Let (aq,...,a,) €]0,1[5. Then

Z I_Iu;‘l = O(n*" 17X,

1<ui,...,us<n 1
2o ui=n
Further, let € : N — R tend to 0. Then there exists a sequence € depending only
on € that tends to zero such that

S ew) [Tu™ ==,

1<uy, . us<n

22 wi=n

Proof. We prove the second part for s = 2, the rest following by a simple induction.
Let Kj be such that for all k > K, we have (k) < §. Further let M be an upper
bound for €. Then

S eRET M (k) <M Y kM (n—k)"2 46> kT (n— k)

k<n k<Ks k<n
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The right-hand side is O(K; ™' ~*2 +dn'~*1=%2) by Lemma 4.2. We have Ks5 — oo
(unless €(k) = 0 eventually) as § — 0, but choosing § as a sufficiently slowly
decaying function of n, we can make the error term as small as o(n!~*1722) as

desired. O

For any real number 0 < z < 1 and any integer 1 < j <k —1, let

. DN (o
aj(x)—max<0,x k—i—l)’ b;(x) m1n<a:,k+1>

and I;(z) be the open interval

Ij(x) =la;(x), by (x)].
Let f1 = 1[0’1[ and

bi(x) bj(x)
@) = [ pe-wdy= [ g 1<j<k-t
a;(z) a1 (x)
Then for any 1 <j<k—-1
i) a; and b; are piecewise affine. Further a;(z) + b;(z) = 2.
i) p(lj(x)) = bi(x)—a;(x) = max (0, min (x, %ﬂ, % - x)) As a result, f;
is supported on |0, %H[
ili) f; is a non negative, nonzero piecewise polynomial function. In fact f; has
only finitely many zeros on |0, 745 [.
We will need the following estimate.

Lemma 4.4. Let (o, 3) €]0,1[2. Let 0 > 1 be irrational and z €]0,1][. Then for
any j, we have

> e {00)) g s = (0 B)Faaw) + O (V).
{00u<}1é§j]¥a:)

where 1’ is a function N — Ry which tends to zero and depends only on 6.
Proof. We decompose the interval of summation [1, N into subintervals of some
length m = f(NN) tending to infinity rather slowly, m = o(IN) at any rate, even

m < N°W) but not too slowly either; we fix m = |n(N)~1/2] for definiteness. We
write

_ m m Nl
[1,N[_O<kL<Jm]k (k+1) ]uHmJ ,N[

where the last interval has at most m elements.
Let K = |X]. Let a = —a and b = —3. We note that

Z n*(N —n)” < m(Km)".
nel]l & m,N|
Denoting by S the sum to estimate, this implies that
S = Z Z f](x — {en})na(]\[ _ n)b + O(Na+o(1))_

0<Ek<K n€lkm,(k+1)m]
{on}el;(2)
Also we note that when n € |km, (k + 1)m], the expression n%(N — n)®

regarded as approximately constant, more precisely

n®(N —n)® = m* R4 K — k)’ (1 + O(1/k))(1 + O(1/(K — k))).

may be
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We may restrict the sum over k to reasonably large k, like between VK and K —vK;
indeed, we have
Z u(N — u)b < (N — N1/2+o(1))bNa/2+1/2+o(1) — Nbta/2+1/2+0(1)
0<u<mvK
which is negligible to N2+*+1. We may argue analogously to discard the sum over

k> K — VK. This way (1+O0(1/k))(1+O(1/(K —k)) = 1+ O(1/VK) for any k
considered. Thus S, up to an error O(Ne*+0*1/\/K)), equals

(10) m*(1 4+ 0(1/VK)) > kYK —k)° > fi(x —{6n}).

VE<Lk<K—-VK n€ lkm,(k+1)m)
{On}el;(x)

We now apply Proposition 4.1 to the inner sum. By definition of f;11, we obtain
> filw = {0n}) = m(fin(2) + O(n(vm))).
n€ lkm,(k+1)m]
{on}el;(x)
Injecting that in (10), we find that
8 = m I ALOUNVE) [ (@) +0m(Vm) S kK(K—k)P+O(N°)
VE<k<K-VK
for some ¢ < a+ b+ 1. Now we have from (9)
matiH > kYK —k)® = Jn(—a, —b) + O(N®)
VE<k<K—-VEK

by the same arguments as above. Finally, upon gathering all error terms together
(whereby the term in O(n(y/m)) provides the largest one), we obtain the desired
conclusion. 0

We are now ready to show the following key estimate.

Lemma 4.5. There exists a positive function 1 depending only on 0 and k, and
which tends to 0 at infinity, such that for any integer n we have

(11) Sk(n) := > (g - u) " = M o ({0n3) + O (0" (n))
0<uy <---<up<n
Vi, u; €Tk,0
n=ui+--+ug

r(;)"
where A\, = X
Proof. Let
Ei(n) == Z (uy - ug) TR

0<uy, -, up<n
Ji#jiu;=u;
n=ui+--+ug

and

Sim):= D (wn--ou) YR

O0<ui,...,up<n
Vi, u; €Tk 0
n=ui+--+ug

so that Sj(n) = O(Ex(n)) + k!Sk(n). We observe that Ej(n) = O(n~'/*). Fur-
ther, reformulating the diophantine constraints using the intervals I;, we have the
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decomposition
(12) Spm)= Y > uy T
ui<n Uz <n—uy
{0ur}elx_1({0n}) {Ouz}elx—2({0(n—u1)})
—1+1/k
Z (up—1(n—uy — - —up—1)) /"
Up—1<N—UL— " —Uk—2
{Oup_1}el({0(n—u1——up_2)})
To simplify the notation, let us denote n; =n —u; — - -+ — up_;, thus n, =n and

nj = nj41 — Ug—;. We shall prove by induction on j < k that

(13) Si(n) = C; S u > uy THE

O<ui<n O<uz<ni

{Our}el—1({n}) {Ouz}€lr—2({0n1})
—1+1/k —14j
> up T (gn — e ) T ({005 1) + €5 (n)

0<Uk7j <Mj41
{Our—;}el;({0n;111})
where C; = Hf;;B(%,%) and ¢; tends to 0. When j = k, there is no more
summation at all and (13) boils down to C fi.({0n}) + €x(n), which is the desired

result since
1

k—1 . k
_ 1 (g) (%) (1
j=1 j=1
Equation (12) is the j = 1 case. We now suppose that (13) holds for some
j < k—1. Let Aj(n) be the main-term of the right-hand side of (13). Using

Lemma 4.4 on the innermost sum, and reparametrising by writing n;;1 = v; and
u; = v;4+1 in the error term, we find

o, k=g
A5 = Azam+0( 3 e T TLen ).
V1, Vp—j <N =2
vi=n
By Lemma 4.3 and since 1’ tends to 0, the expression between brakets in the above
equation is certainly o(1). This concludes the induction step and therefore the proof
of the lemma. O

4.2. The construction. We argue as in Section 2 by the probabilistic method (see
[8, Chapter III]). Let ¢ > 0 and &,,,, m > 1, be a sequence of independent Boolean

random variables such that
c

P(m =1) = ey

Let S be the random increasing sequence of the m’s such that &, = 1. This is
essentially a sequence of pseudo k-th powers. These objects have been well studied
since their introduction by Erdds and Renyi [3]. In particular Goguel [6] computed
the (almost sure) density of kS and Deshouillers and Iosifescu [2] found that the
density of (k+ 1)S is almost surely 1. Now we let A = SN T} g, where T) g was
defined by equation (1). From now on we will suppose 0 is irrational; if 6 is an
integer, Ty 9 = N so A = S and the previous references apply. The treatment of
this simpler case may still be read out from our proofs by discarding all the (then
vacuous) diophantine conditions. The next proposition implies Proposition 1.2.

Proposition 4.6. Almost surely we have
a) d(jA) =0, forany j=1,....k—1,
b) d((k+1)A) =1,
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c) d(kA) = kiﬂ — Fi(c) where Fi(c) is a continuous function and increasing

from 0 to k/(k + 1) when ¢ is decreasing from oo to 0.

Proof. a) By the appropriate version of the strong law of large numbers (cf. [8,
chapter TII, Theorem 11]) we infer that with probability 1, A(z) ~ z'/* when
r — o0, thus forany 1 < j < k-1

(jA)(z) < /% as z tends to infinity.
It follows that d(jA) = 0 almost surely.

b) Let n be a positive integer and observe that 0 < {#n} < 1. We denote I(t, k)
the open interval

T (TS W

Rk+1(n) = Z §u1 co fuk £Uk+1'

O<uy < <up<upr1<n
n=ui+-+uUkt1
{Ou:}el({On},k), (1<i<k)

Then Rj41(n) > 0 implies that n € (k4 1)A. Moreover
{Ri41(n) =0} = ﬂ {6 Curbunsn = 0}

O<uy < <up<up+1<n
n=ui+-+ukt1
{BuiYEI({On} k), (1<i<k)

and

We denote by U(n) the set of the ordered (k + 1)-uples u such that n = Zfill U;

and {Qu;} € I({On}, k), i=1,... k.

The events A(u) = {&u; - - &upbupsy = 1}, u € U(n), are not necessarily pairwise
independent: for distinct (k + 1)-tuples u,v, the events A(u) and A(v) are not
independent if and only if u ~ v, where the notation ~ means u; = v; for some 1, j.

Let
o=y PAW), A= Y PAwNAQ).

u€U(n) ﬁ#%i%(”)
By Janson’s inequality [15, Theorem 1.28]

2
(14) P =0) <o (50 2y )

We firstly have

un:ckﬂ Z (ul...uk(n,ul,,,,7uk))71+1/k'

O<u; <--<up<n
{0u; }eI({6n},k)

The summand in the inner-sum is at least (%ﬂ)_k+1/k7 hence
- —k+1/k
fin > i1 Bor)* = () Bos(m)* [ n i
te k! k+1

k
> kit <Bgy[(n)k _ (2) B(M(n)k1> n_k+1/k
where I = I({0n}, k) and By ;(n) is defined by (4). By equation (5),

By, 1(n) . ({On} 1 1—{6n}
— me( k k(E+1) K > —n(n).
Hence if 2kn(n) < {n} < 1 — 2kn(n), we have

(15) i 2 (1= o(1)HHnl ()
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Now we examine A,. By a discussion according to the number s < k — 1 of posi-
tions where two distinct (k + 1)-tuples in U(n) agree, and ignoring the diophantine
conditions, we get

k-1
(16) A, < Z ST2HI=IN (5, k+1—5),

s=1

where

An(s’ 7“) = Z (ul e us)_1+1/k Z (Ul te Ur)_1+1/k

0<uy,...us<n 0<vy,...v-<n
D i uin n=ui+--+us+tvi+--+v,
Applying Lemma 4.3, we see that the inner sum is < (n —uy — --- — u,) " H7/k,
For every fixed tuple (u1,...,us—1) in the sum above, we now apply Lemma 4.2 to
the sum
Z u;lJrl/k(niul *"‘*US)71+T/]€-

s—1

us<n—y_ 7 7 u;
If 1 —r/k > 1/2, we obtain

An(s,7) < logn Z (g - ug) "V < :

0<uy,..us<n
n=ui+--+us

where we used Lemma 4.3 for the second inequality. If 1 — r/k < 1/2 then by
Lemmas 4.2 and 4.3 again

Ay(s,r) < Z (ul...us)’”l/k(n_ul Uy — - _us)71+(2r/k71)
0<uy,...us<n
up+-Fus<n
n—1H@r/k=1)+s/k 1 if 5 < 20k — 1),
< Z (u1-"ut)_1+1/k < nt/k ift::S—Q(k‘—’r') >o.
0<uy,...ur<n
urt-Fur<n

Notice that if s +r =k + 1 with s > 0, then s —2(k —r) > 0 implies t =2 —s =1
and s = 1. We can now inject our upper bounds for A, (s,r) in equation (16), in
which the main contribution is given by s = 1, from the above discussion. We get

A, < AFFipl/k 4 Ok.(1).

By (14) and (15) with the Borel-Cantelli lemma, we infer that almost surely, all
but finitely many integers n such that 2kn(n) < {#n} < 1 — 2kn(n) are sums of
k + 1 members of A and that d((k + 1)A) = 1 since their complementary set in N,
namely

{neN:0<{n} <2kn(n)}U{neN:1-2kn(n)<{hn} <1}
has density 0.
¢) Let n such that 0 < {#n} < k/(k + 1). We consider

(17) Ri(n) := k! S &b

O<u < <up<n
ui €Tk 0
n=uj+--+ug

that is the random variable counting the representations of n as a sum of k distinct
members of A. The key result is Lemma 4.5.

As in the study of Rj11(n) in the previous paragraph we need to show that the
probabilistic dependence between the events {&,, - -+ &, = 1} is not too large. We
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shall use Landreau’s work on sums of k pseudo k-th powers (cf. [10, Lemma 1 (i)
and Lemma 5 (iii)]):

P(Rk<n>—0>—exp{— > E<€m"'5w>}+0k(nllﬂ«)

O<u; < <up<n
u; €T 0
n=ui+-+uk

Since 1’ (t) — 0 when ¢ — oo, we deduce from Lemma 4.5 that
(18) P(Ry(n) = 0) = e~ M/ el0mh) 4 o(1).
When k/(k 4+ 1) < {fn} <1 we clearly have Ry(n) =0, hence P(Ry(n) =0) = 1.

Let ¢,, n > 1, be the sequence of Boolean random variables defined by
P(Cn = 1) = P(Rk(n) = 0),
and
X
=~ Z Cn.
n=1
y (18) we have

N N
D P(Ru(n) = 0) = > e WD) (),
n=1

n=1

Hence the expectation of X, satisfies

N
_ %ZP(R,C(TL) Z A | (1),

2

We get by Theorem 1.3 and the fact that fi is supported on ]0,k/(k 4+ 1)[ the
asymptotic

1 k/(k+1)
(19) E(Xy) ~ i1 +/ o= Nk () gy

We denote by Fj(c) the above integral.

We follow the arguments used in the proof of [8, chapter III, Theorem 4’ (iii)] or
alternatively [10, Section 4] to estimate the variance V(Xy). We may ignore the
diophantine conditions in (17), the only resulting effect being to increase the related
variance. We finally get V(Xy) = O(N~'/*) and consequently by [8, chapter IIT,
lemma 34] that

1
ith bability 1 1' XNy =——+ Fx(c).
with probability 1, im Xy k—|—1+ k(c)
Hence almost surely d(kA) =5 +1 — Fi(c). Observing that fy is a non negative
piecewise polynomial function that has finitely many zeros on |0, k/(k+1)[, we see
that Fy(c) is a decreasing continuous function satisfying lim._,g+ Fx(c) = k/(k+1)
and lim._, Fx(c) = 0; this ends the proof of Proposition 4.6. O
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