N

N

Kazhdan constants, continuous probability measures
with large Fourier coefficients and rigidity sequences
Catalin Badea, Sophie Grivaux

» To cite this version:

Catalin Badea, Sophie Grivaux. Kazhdan constants, continuous probability measures with large
Fourier coefficients and rigidity sequences. Commentarii Mathematici Helvetici, 2019, 95 (1), pp.99-
127. 10.4171/cmh/482 . hal-02140446

HAL Id: hal-02140446
https://hal.science/hal-02140446
Submitted on 27 May 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02140446
https://hal.archives-ouvertes.fr

KAZHDAN CONSTANTS, CONTINUOUS PROBABILITY
MEASURES WITH LARGE FOURIER COEFFICIENTS AND
RIGIDITY SEQUENCES

by
Catalin Badea & Sophie Grivaux

To the memory of Jean-Pierre Kahane (1926-2017)

Abstract. — Exploiting a construction of rigidity sequences for weakly mixing dynamical
systems by Fayad and Thouvenot, we show that for every integers p1,...,p. there exists a
continuous probability measure p on the unit circle T such that

inf G(pF kT .
klZO,l.I.l.,k,,ZO |2 (py pm)| >0

This results applies in particular to the Furstenberg set F' = {2’“3]“, ik >0, ¥ >0}, and
disproves a 1988 conjecture of Lyons inspired by Furstenberg’s famous x2-x3 conjecture.
We also estimate the modified Kazhdan constant of F' and obtain general results on rigidity
sequences which allow us to retrieve essentially all known examples of such sequences.

1. Introduction

Denote by T the unit circle T = {A € C; |\| = 1}, by M(T) the set of (finite) complex
Borel measures on T and by P(T) the set of Borel probability measures on T. The Fourier
coefficients of u € M(T) are defined here as

i) = [ X" du(.

A measure p € P(T) is said to be continuous, or atomless, if p({\}) = 0 for every A € T.
We denote the set of continuous probability measures on T by P.(T). According to a
theorem of Wiener and the Koopman-von Neumann lemma, p is continuous if and only
if fi(n) tends to zero as n tends to infinity along a sequence in N of density one. For
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every u € P(T), we define i by setting p(A) = u(A°) for every Borel set A C T, with
A¢ = {X\; X\ € A}. Then v := u* i has the property that o(n) = |(n)[?> > 0 for every
n € Z, and v belongs to P.(T) as soon as u does.

A conjecture of Russell Lyons. — Our aim in this paper is to study some non-
lacunary sets of positive integers from a Fourier analysis point of view, and to construct
some probability measures which have large Fourier coefficients on such sets. In particular,
we disprove a 1988 conjecture of Lyons [33], called there Conjecture (C4), which reads as
follows:

Lyons’ Conjecture (C4): If S is a non-lacunary semigroup of integers, and if p €
P.(T), there exists an infinite sequence (ny)r>1 of elements of S such that fi(ny) — 0
as k — +o00.

This conjecture of Lyons is inspired by Furstenberg’s famous conjecture concerning si-
multaneously invariant probability measures for two commuting automorphisms of the
unit circle T, T}, : A= A and Tj, : A — A9, when p and ¢ are two multiplicatively inde-
pendent integers (i.e. p and ¢ are not both powers of the same integer). In this setting,
Furstenberg’s conjecture states that the only continuous probability measure on T invari-
ant by both T}, and Tj, is the Lebesgue measure on T. Furstenberg himself proved [23] that
if S is any non-lacunary semigroup of integers (i.e. if S is not contained in any semigroup
of the form {a™; n > 0}, a > 2), then the only infinite closed S-invariant subset of T is
T itself. See [10] for an elementary proof of this result and the references mentioned in
[15, Chapter 2] for several extensions. Since S = {pqu/; k, k' > 0} is a non-lacunary
semigroup whenever p and ¢ are multiplicatively independent, the only infinite closed
subset of T which is simultaneously 7T)-invariant and 7T,-invariant is T. Starting with the
work of Lyons in [33], Furstenberg’s conjecture has given rise to an impressive amount of
related questions and results, concerning in particular the dynamics of commuting group
automorphisms. We refer the reader to the papers [37], [14], [18] or [27] for example, as
well as to the texts [31], [28] or [38] for surveys of results related to this conjecture, as
well as for perspectives.

As written in [33], conjecture (C4) is a natural version of Furstenberg’s conjecture about
measures, but not involving invariance. If (C4) were true, it would imply an affirmative
answer to the Furstenberg conjecture (if p € P.(T) is T)- and T-invariant, applying (C4)
to each of the measures p; := Tj(u), j € Z\ {0}, yields that ji(j) = 0 for every j € Z\ {0}).

Kazhdan sets and modified Kazhdan constants. — It turns out that Lyons’ con-
jecture is related to an important property of subsets of Z, namely that of being or not a
Kazhdan subset of Z. Kazhdan subsets () of a second-countable topological group G are
those for which there exists € > 0 such that any strongly continuous representation m of
G on a complex separable Hilbert space H admitting a vector € H with ||z|| = 1 which
is e-invariant on @ (i.e. supyeq [|m(9)z — z[| < €) has a G-invariant vector. Such an ¢ is
called a Kazhdan constant for @, and the supremum of all €’s with this property is the
Kazhdan constant of (). Groups with Property (T), also called Kazhdan groups, are those
which admit a compact Kazhdan set. See the book [7] for more on Property (T) and its
numerous important applications.

As suggested in [7, Sec. 7.12], it is of interest to study Kazhdan sets in groups which
do not have Property (T), such as locally compact abelian groups, Heisenberg groups,
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etc. See [4] and also [17] for a study of such problems. In the case of the group Z, the
definition above is equivalent to the following one:

Definition 1.1. — (Kazhdan sets and constants) A subset ) C Z is said to be a Kazhdan
set if there exists € > 0 such that any unitary operator U acting on a complex separable
Hilbert space H satisfies the following property: if there exists a vector x € H with
||z]| = 1 such that sup,¢q [|[U"x — z|| < ¢, then there exists a non-zero vector y € H such
that Uy = y (i.e. 1 is an eigenvalue of U). We will say in this case that (Q, ¢) is a Kazhdan
pair. We define the Kazhdan constant of @) as

Kaz(Q) = inf inf sup ||[U%z — z||,
U |lzll=1¢eq@

where the first infimum is taken over all unitary operators U on H without fixed vectors.

It follows from [7, p. 30] that 0 < Kaz(Q) < v/2 for every Q C Z.

Several characterizations of Kazhdan subsets of Z were obtained in [4] as consequences
of results applying to a much wider class of groups; self-contained proofs of these charac-
terizations of Kazhdan subsets of Z, involving only classical tools from harmonic analysis,
were obtained in the paper [5]. One of the characterizations of generating Kazhdan sets
obtained in [4, Th.6.1] (see also [5, Th.4.12]) runs as follows. Recall that @ is said to be
generating in the group Z if the smallest subgroup containing @ is Z itself.

Theorem 1.2 ([4]). — Let Q be a generating subset of Z. Then Q is a Kazhdan subset of
Z if and only if there exists €' € (0,/2] such that (Q,€') is a modified Kazhdan pair, that is
any unitary operator V acting on a complex separable Hilbert space H satisfies the following
property: if there exists a vector x € H with ||z[| = 1 such that sup,cq ||V"r — z|| < €/,
then V' has at least one eitgenvalue.

We define now the modified Kazhdan constant of ) as

I?aJZ(Q) =inf inf sup|Viz —z|,
Vo lzll=1 qeq

where the first infimum is taken this time over unitary operators V' on H without eigen-

values (that is, with continuous spectra). Therefore

0 < Kaz(Q) < Kaz(Q) < v2

and for every @ C Z, Kaz(Q) = 0 if and only if Kaz(Q) = 0 if and only if @ is a non-
Kazhdan set. The property of being or not a Kazhdan set can also be expressed in terms
of Fourier coefficients of probability measures; see Section 5 for a discussion.

The characterization of Kazhdan subsets of Z obtained by the authors in [4] (see also
[5]) implies that the generating subsets @ of Z which satisfy the property stated in (C4)
(namely that there exists for every p € P.(T) an infinite sequence (ng)g>1 of elements of
@ such that fi(ng) — 0 as k — +00) are exactly the Kazhdan subsets of Z with modified
Kazhdan constant @(Q) = /2. Since v/2 is the modified Kazhdan constant of Z seen
as a subset of itself, v/2 is the maximal modified Kazhdan constant, and thus (C4) can
be reformulated as: every generating non-lacunary semigroup S of integers is a Kazhdan
subset of Z with mazimal modified Kazhdan constant /2. The relationship between
Furstenberg x2-x3 conjecture and modified Kazhdan constants can be also seen directly
from Proposition 5.4 below.
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2. Main results
The first main result of this paper is the following:

Theorem 2.1. — Let p1,...,p, be positive distinct integers and set
E={pf". . pFik >0, ...k >0}
There exists a continuous probability measure p on T such that

inf g™ .. pF) > 0.
k12017-1-1-,kr20|u(p1 P)l

FEquivalently, -
Kaz(E) < V2.

It should be noted that, as conjecture (C4) does not involve invariant measures, we do
not assume in Theorem 2.1 that the integers p; are multiplicatively independent. Notice
also that the statement of Theorem 2.1 is well-known in the lacunary case: if r = 1 it
suffices to consider the classical Riesz product associated to the sequence (pk)kzo. In
the non-lacunary case, Theorem 2.1 disproves Conjecture (C4), as well as the related
conjectures (C5) and (C6) of [33] (which are both stronger than (C4)). It applies in
particular to the Furstenberg set F' = {2’“3]‘“/ ; k, k" > 0} and shows the existence of a
measure p € P.(T) such that

: ~rokak’
Ic,lkr'lgou(Q 3¥) > 0.
In view of this result, one may naturally wonder for which values of § € (0, 1) there exists
a measure p € P.(T) such that
inf 7i(2°3%) > ¢,
k,k!>0
or, equivalently, whether the Furstenberg set F' is a Kazhdan set in Z, and if yes, with
which (modified) Kazhdan constant. In this direction, we prove the following result:

Theorem 2.2. — Let F = {2%3% : k. k' > 0}. Then Kaz(F) < 1. More precisely, there
exists for every § € (0,1/2) a continuous probability measure p on T with nonnegative
Fourier coefficients such that

inf 7i(2F3F) > 6.

k,k'>0
Rigidity sequences. — Our strategy for proving Theorem 2.1 is to construct mea-
sures p € P.(T) whose Fourier coefficients tend to 1 along a substantial part of the set
{10]1€1 c.pFriky > 0,...,k > 0}. In other words, we show that certain large subsets

of this set form are, when taken in a strictly increasing order, rigidity sequences in the
sense of [8] or [19]. Recall that a dynamical system (X,B,m;T) on a Borel probabil-
ity space is called rigid if there exists a strictly increasing sequence of integers (ny)g>1
such that ||[UZ*f — f|| — 0 as k — —+oo for every f € L*(X,B,m), where Ur denotes
as usual the Koopman operator f ++ f o T associated to T' on L?(X,B,m). Equivalently,
m(T~"" AN A) — 0 as k — +oo for every A € B. We say in this case that the system
is rigid with respect to the sequence (ng)g>1, or that (ng)r>1 is a rigidity sequence for
(X,B,m;T). The case where the system (X,B,m;T) is weakly mixing is particularly
interesting, and is the object of the works [8] and [19]. A strictly increasing sequence
(ng)k>1 of integers is called a rigidity sequence if there exists a weakly mixing system
which is rigid with respect to (ng)r>1.
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Using Gaussian dynamical systems, one can show that (ny)x>1 is a rigidity sequence if
and only if there exists a measure p € P.(T) such that zi(ng) — 1 as k — +oo. The study
of rigidity sequences was initiated in [8] and [19]. Further works on this topic include the
papers (1], [3], [2], [25], [22] [21] and [24] among others. The paper [22] by Fayad and
Thouvenot is especially relevant here: the authors re-obtain a result of Adams [3], showing
that whenever (ny)g>1 is a rigidity sequence for an ergodic rotation on the circle, it is a
rigidity sequence for a weakly mixing system. The proof of this result in [3] relies on an
involved construction of a suitable weakly mixing system by cutting and stacking, while
the authors of [22] proceed by a direct construction of suitable continuous probability
measures: they show that if ™ — 1 for some A = €™ € T with § € R \ Q, there exists
p € Pe(T) such that zi(ng) — 1.

The most important tool for proving Theorems 2.1 and 2.2 is the following theorem,
which generalizes the result of Fayad and Thouvenot and provides some new examples of
non-Kazhdan subsets of Z:

Theorem 2.3. — Let (ny)r>0 be a strictly increasing sequence of integers. Suppose that
the set
C={AeT ;\" -1 ask— +oo}

is dense in T. Then there exists for every ¢ > 0 a measure p € Po(T) such that fi(ng) — 1
as k — +o00 and supy>g |i(ng) — 1| < €. In particular, {ny ; k > 0} is a non-Kazhdan
subset of Z.

Notice that C, like every subgroup of the circle group, is dense in T as soon as it is
infinite. We deduce from Theorem 2.3 the following two-dimensional statement, which is
asymmetric and involves a uniformity assumption.

Theorem 2.4. — Let (my)r>0 and (ng)w>o be two strictly increasing sequences of inte-
gers. Let also ¢ : N — N be such that ¥(k) — 400 as k — +o00, and set
Dy = {(k,K") € N*; 0 <K < ()}
Suppose that the set
Cp ={AeT ;A" — 1 as k — 4o0, (k, k') € Dy}
is dense in T. There exists for every € > 0 a measure p € Pc(T) such that p(mgng) — 1
as k — +oo with (k,k') € Dy, and

sup |(mgng ) — 1| < e.
k>0, 0<k’ <t (k)

In particular, {mgni ; k>0, 0 < k' <(k)} is a non-Kazhdan subset of Z.

Given a doubly indexed sequence (zj )k >0 of complex numbers, saying that zj
converges to z € C as k — +oo with (k,k’) € D,, means that there exists for every v > 0
an integer ko such that |2y 1 — 2| < 7y for every (k, k") € N* with k > ko and 0 < k' < (k).

Remark also that the assumption of Theorem 2.4 is in particular satisfied if the set

C'={NeT ;\™"™ —1as k — +oco uniformly in &'}
is dense in T.

Theorem 2.3 allows us to retrieve essentially all known examples of rigidity sequences
(notable exceptions being the examples of [21] and [24]). We state separately as Corollaries
2.5 and 2.6 the parts of Theorems 2.3 and 2.4 dealing with rigidity sequences:
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Corollary 2.5. — Let (ny)r>0 be a strictly increasing sequence of integers. Suppose that
the set

C={\eT ;A" > 1ask — 400}

is dense in T. Then (ng)r>1 is a rigidity sequence.

Corollary 2.6. — Let (my)>0 and (ng)w>o be two strictly increasing sequences of in-
tegers. Let also p : N — N be such that (k) — +o00 as k — +o0o, and suppose that the
set

Cl = {AE€T ; A™™ — 1 as k — 400, (k,k) € Dy}

is dense in T. Then there exists a continuous probability measure p on T such that
a(mgng) — 1 as k — 400 with (k, k') € Dy.

The proof of Theorem 2.3 builds on some ideas from [22]. While being an immediate
consequence of Theorem 2.3, Corollary 2.5 admits a direct proof which is very much in
the spirit of that of the main result of [22]. As Corollary 2.5 is of independent interest in
the study of rigidity sequences, we will briefly sketch this direct proof in Section 4 of the
paper.

Theorem 2.1 is obtained by first observing that the set {pllCl coprip >0, >
0} can be split into r sets to which Theorem 2.4 (or Corollary 2.6) applies, and then
considering a convex combination of the continuous measures obtained in this way.

Organization of the paper. — The paper is structured as follows. We give in Section 3
the proof of Theorems 2.3 and 2.4, and sketch in Section 4 a direct proof of Corollaries 2.5
and 2.6, essentially following the arguments of Fayad and Thouvenot in [22]. In Section
5, we recall a characterization of generating Kazhdan subsets of Z from [4], and detail
the links between several natural constants involved in this characterization. We explain
in particular why the generating subsets of Z which satisfy the property stated in (C4)
are exactly the Kazhdan subsets of Z with modified Kazhdan constant v/2. Section 6
is devoted to applications: we prove Theorems 2.1 and 2.2, and show how to retrieve
many examples of rigidity sequences, using Corollaries 2.5 and 2.6. We also provide an
application of Theorem 2.2 to the study of the size of the exceptional set of values § € R
for which the sequence (n;0)x>0 is not almost uniformly distributed modulo 1 with respect
to a (finite) complex Borel measure v € M(T), where (ny)r>0 denotes the Furstenberg
sequence. Namely, we show that this exceptional set is uncountable, thus providing a new
example of a sublacunary sequence with uncountable exceptional set for (almost) uniform
distribution.

3. Proof of Theorems 2.3 and 2.4

Given two integers a < b, we will when the context is clear denote by [a,b] the set of
integers k such that a < k <b.

Proof of Theorem 2.3. — Fix ¢ € (0,1/2). The general strategy of the proof is the follow-
ing: we construct a sequence (\;);>1 of pairwise distinct elements of C, as well as a strictly
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increasing sequence of integers (N,),>0 and, for every p > 0, a sequence (agp ))19-5210 of

positive weights with Z?il al?) = 1, such that the probability measures

op
= a6,
=1

satisfy certain properties stated below. At step p, we determine the elements \; for
2Pl < § < 2P as well as the integer N, and the weights al?)

., 1 <4< 2P in such a way
that Ay =1 and ago) =1, so that uo = o1y, No =0, and

(1) for every p > 1, every j € [0,p — 1] and every k € [N;, Nji1],

J e =l 3) < 321 - ey

(2) for every p > 1, every g € [0,p — 1], [ € [1,2P79), r € [1,29],
|Ni2atr — Ar| < 1g
1
where 7 = 1 inf1<icj<oa |N; — \j| for every ¢ > 1, and ng = 1;

(3) for every p > 1 and every k > N,

/ A — 1| dpp(N) < e(1 — )Pt
-

(4) for every p > 1, every ¢ € [1,p] and every r € [1,29],

> pp({Ai}) < (1—e)f.

{i€[1,27] ; i=r mod 24}
Remark that property (2) implies that the sequence (\;);>1 satisfies
(5) for every g > 0, every [ > 0, and every r € [1,29],
[ Ai2asr — Ar| <1,
and that property (4) applied to ¢ = p yields that
(6) for every p > 1 and every i € [1,2P],
pp({Ai}) < (1 —¢)”.
Suppose that the sequences (A;)i>1, (Np)p>0 and (agp))lgigmo, p > 0, have been con-

structed so as to satisfy properties (1) to (4) above, and let x4 be a w*-limit point of the
sequence (pip)p>0 in P(T). Property (1) clearly implies that supy~g [fi(nx) — 1] < 3e.

Claim 3.1. — We have ji(ng) — 1 as k — +oo.

Proof. — For every k > 0, denote by j; > 0 the unique integer j such that k& € [N}, Njq1).
For every p > ji, we have by (1)

/ A" = 1] dpp(A) < B2(1— e so that / AT =1 du(A) < 3e(1—e)™.
T T

Since jp — +00 as k — +o0, / A" — 1] dp(A) = 0, ie. fi(ng) — 1. H
T
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Claim 3.2. — The probability measure y is continuous.
Proof. — Fix q > 1, and consider for every r € [1,29] the two arcs I, and A, of T defined
by
3
Lr={AeT; A=A | <yt and A, ={AeT;[A-X\]|< §nq}.
The 29 arcs A, are pairwise disjoint. Indeed, for every r,r’ € [1,29] with r # r/, every
A € A, and every X' € A/, we have by the definition of n, that
IN=X| >N = A = 3ny > 40y — 30y =14 > 0.
So A, and A, do not intersect.

Let us next estimate the quantity p,(I';) for every r € [1,2%] and every p > ¢q. We have

pp(L'r) = Z tp({Ai})-

{i€[1,2P]; X;€l}

Every i € [1,2P] can be written as i = [27 4+ s for some [ > 0 and s € [1,27]. By (5), \;
belongs to I's. Since the arcs A, ' € [1,29], are pairwise disjoint, it follows that

pp(Ar) = pp(T'y) = > pp({Ai}) < (1 —¢)f
{i€[1,2P] ;i=r mod 29}

by (4). Also,

24
MP(U Fr) =1.
r=1
Since the arcs I, are closed while the arcs A, are open, going to the limit as p goes to
infinity yields that u(A,) < (1 —¢€)? for every r € [1,29] and
24
,u(U Fr) =1
r=1

If A € T is such that p({\}) > 0, there exists an r € [1,29] such that A € I';, C A,. So
p({A}) < u(Ar) < (1 — €)%, a contradiction if ¢ is sufficiently large. It follows that the
measure f is continuous. O

By Claims 3.1 and 3.2, it suffices to construct (A;);>0, (Np)p>0 and (agp))lgiggp, p >0,
satisfying properties (1) to (4) in order to prove Theorem 2.3. Recall that for p = 0, we

set Ay =1, ago) =1 and No =0, so that uo = d;.

For p = 1, we choose A2 € C distinct from A; with |[A2 — A;| < 1 and set pu; =
(1 —€)dg1y +e64r,3- We have for every k> 0

/ AT — 1) dpir (A) = ] AZE — 1] < 2= < 3¢,

-

Hence property (1) is satisfied whatever the choice of Nj. Since np =1 and [A2 — A\1] < 1,
property (2) is satisfied. We now have to choose Nj in such a way that property (3) is
satisfied. Since A2 belongs to C,

/|)\”’“—1|du1()\):5|)\gk—1|—>0 as k — 400,
:
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so we can choose N7 so large that
/ N 1 dpy (V) < e(1 — )2 for every k > Ny
-
Moreover, u1({1}) =1—¢c and p2({\2}) = <1 —¢, so (4), which we only need to check
for ¢ = p =1, is true. This terminates the construction for p = 1.

Suppose now that the construction has been carried out until step p, i.e. that the
quantities \;, i € [1,2P], (agl))lgigz, and Ny, [ € [0, p], have been constructed satisfying
properties (1) to (4).

We construct by induction on s € [1,2P] elements Agrys of C, measures p, s € P(T) of
the form

2P+s 2P+s
Hp,s = Z bl(-p’s) dgxy  with bgp’s) >0 and Z bgp’s) =1,
i=1 i=1

and integers N, ; in such a way that the elements \;, i € [1, 2PF1 " are all distinct, N, <
Np1 < --- < Npov, and the following five properties are satisfied:

(a) for every j € [0,p — 1] and every k € [N, Njt1],

/ A" = 1] dpp,s(X) < 3e(1 — e)’;
T
(b) for every k > N,
/ [N =1 dpp,s(A) < 3e(1 — )P
-

(c) for every k > Npq,
/ A" — 1] dpp,s(A) < 3e(1 — )P
-

(@) 1ps(D0e}) = pp({s}) for every i € (5,27] amd
pip.s({Xi}) + pp,s({A2rgi}) = pp({Ai})  for every i € [1, s];
(e) tps({Ni}) < (1 —e)PT! for every i € [1,8] U[2P +1,2P + s].

Let us start with the construction of Agryi. By density of C, one can choose Aopg
distinct from all the elements \;, ¢ € [1,2P], with |Agep11 — A1| arbitrarily small. We define

Iupal as

Mp,1 = pp + MP({l}) € (5{>\2P+1} o 6{>‘1})
9p

= 1p({13) (1 =€) 0ppgy + D mp({Ni}) Spay + mp({11) €800,y

i=2
In other words, we split the point mass d(y,) appearing in the expression of u, into
(1 —¢€)day +E6(ry,,3- We have for every k >0

" /T A = Al dipa () < /T A = 1] dpiy () + pp({1) € NGy — AT

< [ = 1) + (1= 2P e N - A
T
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since pp({1}) < (1 —¢€)P by (6). If |Agp41 — A1) is sufficiently small, we have by (1) that

/ AT — 1|y (M) < 32(1 — 2)
:

for every j € [0,p — 1] and every k € [N;, Nj11] (the set of pairs of integers (j,k) with
j €10,p—1] and k € [Nj, Nj41] is finite). So (a) holds true. Also, (7) and (3) imply that
for every k > N,

/ A — 1 dpy (V) < 2 (1= P 26 (1= 2)? < 3¢ (1 — 2P
;

so that (b) holds true. Since all the elements \;, i € [1,2P + 1], belong to C, there exists
Np1 > N, such that

/ A" — 1| dpp1(N) < 3e(1—e)P™?  for every k > Np1.
T

Property (d) is clear from the expression of 1, and property (e) is satisfied since

poa({1}) = pp({1}) (1 =€) < (1 —e)P" and pp1({Ara}) = pp({1})e < (1 — ) <
(1 —&)P*! by (6). Properties (a) to (e) are thus satisfied for s = 1.

Suppose now that Aopi g, foris, and Nopy e have been constructed for s’ < s. Let
Aovys € C'\ {A1,..., A\apps—1} be very close to \s, and set

(8) fp,s = fp,s—1 + Hp,s—1({As}) € (Oprgm, .y — Oany)-

This time, the point mass dyy,; appearing in yy, is split as (1 —€)dgz,} + €0, .} Since,
by (6),

(9) / A~ 1] dpy o () < / AT 1| dpip ey () + (1 — )P [ AL, — AT,
T T

for every k > 0, the induction assumption implies that (a) holds true provided |Agp+s — As]
is sufficiently small. As to (b), we have to consider separately the cases N, < k < Nj, 51
and k > Np s—1. If [Aopqs — Ag| is sufficiently small, we have by (9) and (b) for s — 1 that

/r A" — 1| dpp,s(A) < 3e (1 —¢e)P for every Ny <k < Nps_1.
By property (c) at step s — 1 and (9),
/ AT 1 dpp () <& (1— )PP 4 26 (1 )P < 3e (1 —e)?
-

for every k > N, s_1. Hence (b) is satisfied at step s. Property (c) is satisfied if N s is
chosen sufficiently large since all the elements \;, ¢ € [1,2P + s], belong to C.

Property (d) follows from (8) and property (d) at step s — 1. Indeed, p,s({\i}) =
pp,s—1({Ai}) for every @ & {s,2P + s}. Also, pps—1({\i}) = pp({\i}) for every i € [s,27],
so that pps({Ni}) = pp({Ni}) for every i € (s,2P]. Observe next that p,s({\i}) +
,Up,S({)‘ZP—H}) = Mp,s—l({)‘i}) + #p,S—l({)\2P+i}) = Mp({)‘i}) for every i € [1,s — 1]. Lastly,
tp.s({As}) + tip,s ({A2r1s}) = pps—1({As}) = p({As}). So property (d) is true at step s.

As to property (e), we have pps({\i}) = pps—1({\i}) for every i ¢ {s,2” 4+ s}. So
tps({Ni}) < (1 — )Pt for every i € [1,s) U[2P + 1,27 + ). Also

tps({As}) = tips—1(As}) (1 =€) = pp({As}) (1 =€) < (1 — )™

by (6), while p1, s({Aapts}) = pps—1({Xs}) e < (1 — )PTL, again by (6). So (e) holds true
at step s. This terminates the construction of the measures fi s.
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Let us now set pip41 = pp2r and Npy1 = Npovr. It remains to check that with these
choices of \;, i € [1,2P™], pu,41 and Np41, properties (1) to (4) are satisfied.
By (a), property (1) is satisfied for every j € [0,p — 1]. The case where j = p follows

from (b). So (1) is true. Property (3) follows immediately from (c). Property (4) is a
consequence of (d) and (e). Indeed, suppose first that ¢ € [1, p]. Then

> pp+1({Ai}) = > (p+1({A}) + ppr1({A2r4i})

{i€[1,2P*1];i=r mod 29} {i€[1,2P] ;i=r mod 29}
= > pp({Ai}) < (1—¢)?
{i€[1,2P] ;i=r mod 29}
by (d) above and (4) at step p. If ¢ = p+ 1, (4) follows immediately from (e). So it only

remains to check (2).

Fix ¢ € [0,p], [ € [1,2P*179) and r € [1,29]. Consider first the case where ¢ = p. In
this case [ = 1, and the quantities under consideration have the form |[Aop4, — Ay|, with
r € [1,2P]. One can ensure in the construction that |Aop4, — Ar| < 7, for every r € [1,27]
and then (2) holds true for ¢ = p.

Suppose then that ¢ € [0,p — 1], and write [ as | = I’ + e2P~7 with ¢ € {0,1} and I’ €
[1,2P7%). Then 2947 = I'294r+£2P. Set s = 1'29+r. Then 1 < s < (2P79—1)29+427 = 2P,
ie. s €[1,2P]. We have

’)‘l2‘1+'r - >\r| < |)\8+52P - )\s’ + |>\l’2‘1+r - )\7“

If e = 0, the first term is zero; if € = 1, it is equal to |[A2pr4s — Ag|, which can be assumed
to be as small as we wish in the construction. As to the second term, it is less than 1, by
property (2) at step p, since I’ € [1,2P79) and r € [1,29] with ¢ € [0,p — 1]. We can thus
ensure that

|/\12q+7“ - )\r‘ < nq
for every q € [0,p], I € [1,2PT179) and r € [1,29]. So property (2) is satisfied at step p+1,
and this concludes the proof of Theorem 2.3. O

Theorem 2.4 is now a formal consequence of Theorem 2.3.
Proof of Theorem 2.4. — Recall that D, = {(k, k") € N*; 0 < K’ < ¢(k)} and
Cp ={Ae T ;\™™ — 1 as k — 4oo, (k k') € Dy}
Order the set {myny ; (k, k") € Dy} as a strictly increasing sequence (p;);>o of integers.
Since there exists for every integer k; > 0 an integer {1 > 0 such that
{pr; 1> 0} C{mpnp s (k,K') € Dy, k> ki},
every element \ € C’Q’p has the property that A\ — 1 as [ — +o00. By Theorem 2.3 applied

to the sequence (p;);>1, there exists for every € > 0 a measure p € P(T) such that
f(pt) — 1 as I — 400 and sup;>q |fi(pr) — 1| < e. Then

sup l(mgng ) — 1| < e.
k>0, 0<k'<t(k)
Using this time the fact that there exists for every integer lo > 0 an integer ko > 0 such
that
{muni 5 (k,K') € Dy, k> ko} C{pr ;1> 12},
we deduce that fi(myng) — 1 as k — +oo with (k, k') € Dy. Theorem 2.4 is proved. [J
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4. A direct proof of Corollaries 2.5 and 2.6

We sketch in this section a direct proof of Corollary 2.5 (Corollary 2.6 is a formal con-
sequence of it), following almost step by step the construction given in [22] and bypassing
the additional technical difficulties of the proof of Theorem 2.3.

Proof. — Using the notation of the proof of Theorem 2.3, we construct a sequence (\;)i>1
of pairwise distinct elements of C', as well as a strictly increasing sequence of integers
(Np)p>0, such that the measures

2p

pp=2"> 00y, P20

i=1
satisfy

(1’) for every p > 1, every j € [0,p — 1] and every k € [N;, Njq1],

[ e =1l ) < 27070

(2’) for every p > 1, every g € [0,p — 1], L € [1,2P79), r € [1, 2],
|)\12‘1+7‘ - )\7“ < 77q
1
where 7, = 1 infi<j<j<oa [Ni — Aj| for every ¢ > 1, and 7y = 1;

(3’) for every p > 1 and every k > N,

/T X% — 1] dpy(N) < 27 PFD.
Again, property (2’) implies that
(4’) for every g > 0, every [ > 0, and every r € [1,29],
| Ni2aqr — Ar| < 14
Then an argument similar to the one given in the proof of Theorem 2.3 shows that any

w*-limit point g of (up)p>0 will be a continuous measure which satisfies zi(ng) — 1 as
k — +oo.

For p = 0, we set Ay = 1, No = 0, and po = d33. For p =1, we choose A2 € C'\ {A1}
with [A2 — A1] < 1 and set pu; = l(é{l} +64x,))- We have

1
/|)\nk_]_|d,u1( )= 7|)\’2”“—1|§1<2 for every k£ > 0.

Hence property (1) is satisfied whatever the choice of Ni. Since |Aa — A1| < 1, (27) is true.
If Ny is chosen sufficiently large, p; satisfies (3).

Suppose now that the construction has been carried out until step p. We can then
construct by induction on s € [1, 2P] measures f, s which satisfy

(a’) every j € [0,p — 1] and every k € [N;, Nj;1],

o = 1 di () <2767
A
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(b’) for every k > N,
—(p—1
[ o =1 di () <2700
-
(c’) for every k > Ny,

/ I — 1|y s(\) < 2-@F2),
:

We define p, 1 as

1) (6{>\2p+1} - 5{>\1})

where Aop11 € C'\ {\1,...,\op} is such that |Agpi1 — A1 is very small. Then for every
k>0,

(10) /T A 1] dppa (V) < /T AT 1| dpip(A) + 27 PV |\ AT,

Hp1 = fip + 27

It follows that (a’) holds true for p 1, provided that [Aori1 — A;| is sufficiently small. Also,
we have by (10) and (3’) that for every k > N,

/ AT — 1] dpiy 1 (A) < 2~ D 4 9P < 9=
:

which is (b’). If N, is sufficiently large, (c¢’) is true.

Supposing now that s > 2 and that the construction has been carried out for every
s’ < s, we choose \op s € C'\ {\1,..., Aapss—1} very close to \g, and set

(p+1)(

tp,s = fhp,s—1 + 2" 5{)\2p+3} - 5{)\9})

Since, for every k£ > 0,

(11) /T A~ 1] dpy o (M) < /T AT 1 dpip ey (A) + 27 @D ADE AT,

the induction assumption implies that (a’) holds true provided |Agr4s — A4l is sufficiently
small. As to (b’), we consider separately the cases N, < k < Np,_1 and k > N, ,1. If
|A2p4s — Ag| is sufficiently small,

/T|>\”k — 1] dpps(N) < 2=(=1)  for every N, <k < Nps_i1.
By property (¢’) at step s — 1 and (11),
/ AT — 1] dpiy o (A) < 2~ 4 9P < 90
-

for every k > N, s—1. Hence (b’) is satisfied at step s. Property (c’) is satisfied if N, is
chosen sufficiently large. This terminates the construction of the measures i .

We then set jip41 = pip2r and Np1 = Npopr and check as in the proof of Theorem 2.3
that properties (1), (2’), and (3’) are satisfied. O

Remark 4.1. — Suppose that the set
C'={AeT ;™™ — 1 ask — +oo uniformly in £}
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is dense in T. It is natural to wonder whether there exists a measure p € P.(T) such that
p(mgng) — 1 as k — 400 uniformly in &’. The following example shows that it is not
the case: set my = 2F and ny = k' for every k, k' > 0. The set

C'={\eT; \™™ — 1 as k — +oo uniformly in £}

contains all 2¥-th roots of 1, and so is dense in T. Suppose that p € P(T) is such that
[(25k') — 1 as k — +oco uniformly in &’. Then there exists an integer kg > 1 such that
|7i(2k0 k)| > 1/2 for every k' > 0. Consider the measure v = Ty, (1). Since v(n) = fi(2%n)
for every n € Z, v cannot be continuous. Also, v({Ao}) = u({\ € T ; A2 = \g}) for every
Ao € T, and so the measure p itself cannot be continuous.

So the conclusion of Corollary 2.6 seems to be essentially optimal.

5. From Conjecture (C4) to the study of some non-Kazhdan subsets of Z

5.1. Kazhdan constants and Fourier coefficients of probability measures. —
We begin this section by recalling a characterization of generating Kazhdan subsets of
Z, obtained in [4, Th.6.1] (see also [5, Th.4.12]) and presenting some facts concerning
the (modified) Kazhdan constants of such sets. We state it here in a slightly modified
way (condition (ii) is not exactly the same as in [5, Th.4.12]), and include a discussion
concerning the links between the various constants appearing in the equivalent conditions.

Theorem 5.1. — Let QQ be a generating subset of Z. Then Q is a Kazhdan subset of Z
if and only if one of the following equivalent assertions holds true:
(i) there exists € € (0,v/2) such that (Q,€) is a modified Kazhdan pair. Equivalently,
Kar(Q) > ¢;
(ii) there exists v € (0,1) such that any measure p € P(T) with sup,,cq(1—Refi(n)) <y
has a discrete part;
(iii) there exists § € (0,1) such that any measure p € P(T) with inf,cq|f(n)] > 6 has a
discrete part.

Moreover:

~ (i) 4s satisfied for e € (0,v/2) if and only if (ii) is satisfied for v = £%/2;

—4f (ii) is satisfied for v € (0,1), (iii) is satisfied for § = /1 —~, while if (iii) is
satisfied for 6 € (0,1), (ii) is satisfied for vy =1—19;

— hence if (i) is satisfied for e € (0,+/2), (i) is satisfied for 6 = \/1 —€2/2 , while if
(iii) is satisfied for 6 € (0,1), (i) holds true for e = \/2(1 — ).

We prove briefly here the statement concerning the relations between the constants e,
v, and ¢ appearing in (i), (ii), and (iii) respectively, following [4] and [5].

Proof. — Suppose that (i) is satisfied for ¢ € (0,4/2), and let p € P(T). Consider the
unitary operator U = M) of multiplication by A on L?(T,u). Let f be the function
constantly equal to 1. Then |[U"f — f||* = 2(1 —Refi(n)). If sup,co(1 — Re i(n)) < €2/2,
U has an eigenvalue since Kaz(Q) > ¢, and so p has a discrete part.

Conversely, suppose that (ii) is satisfied for v € (0,1). Let U be a unitary operator on
a separable Hilbert space H, and let x € H with ||z|| = 1 be such that

sup ||[U"x — z|| < \/27.

new
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The proof of [5, Th. 4.6] shows then that there exists u € P(T) such that

2sup(1 — Refi(n)) = sup ||U"z — z||* < 2.
neq neqQ

So sup,eq(1 —Reji(n)) < . By (ii), u has a discrete part, and so U has an eigenvalue.

Hence Kaz(Q) > /2.

Suppose next that property (ii) is satisfied for v € (0,1). Let u € P(T) be such that
infcq|i(n)] > VI —7. Set v = px* . Then inf,cqv(n) > 1 —~. It follows that
sup,ecq(l —7(n)) <+, and v has a discrete part. So p itself has a discrete part.

Lastly, suppose that (iii) is satisfied for 6 € (0,1). Let u € P(T) be a measure satisfying
sup,eq(l—Repi(n)) <1 —46. Then inf,eq [1(n)| > inf,eq Re fi(n) > J, so p has a discrete
part. [

Remark 5.2. — Given a subset Q of Z, one can prove, using the spectral theorem for
unitary operators, that the following assertions are equivalent (see [5, Th. 4.6]):

(i") @ is a Kazhdan subset of Z, i.e. there exists ¢ € (0,1/2) such that (Q, ) is a Kazhdan
pair;

(ii”) there exists v € (0, 1) such that any measure 1 € P(T) with sup,,co(1—Repi(n)) <~
is such that p({1}) > 0.

Moreover (i’) holds true for a certain constant € € (0,v/2) (i.e. Kaz(Q) > ¢) if and only if
(ii’) holds true for v = £2/2.

It is interesting to note that these two conditions (i’) and (ii’) are not equivalent to the
natural version (iii’) of (iii) (namely, that there exists ¢ € (0,1) such that any measure
p € P(T) with inf,cq |f(n)| > d satisfies p({1}) > 0). Indeed, (iii’) is satisfied for any
Dirac mass d{y}, A € T. The proof that (ii) implies (iii) in Theorem 5.1 above uses in a
crucial way the fact that if 4 € P(T) is such that p * g has a discrete part, u itself has a
discrete part. But p* g may very well satisfy px({1}) > 0 while u({1}) = 0, and so (ii’)
does not imply (iii’).

Theorem 5.1 is related to Conjecture (C4) in the following way:

Corollary 5.3. — Let Q be a generating subset of Z. The following assertions are equi-
valent:

(o) Q is a Kazhdan subset of Z with I?a/z(Q) =2;

(B) any measure p € P.(T) satisfies inf,cq |f(n)] = 0;

(v) any measure p € Po(T) satisfies iminf n -1 |[11(n)| = 0.
neq

Proof. — The equivalence between («) and (8) follows immediately from Theorem 5.1.

So only the implication (8)==(7) requires a proof. Suppose that any u € P.(T) satis-

fies infpcq|fi(n)] = 0. We want to show that the conclusion can be reinforced into

liminf|n|_>.(50o li(n)] = 0. Let p € P.(T) be a Rajchman measure with positive coeffi-
ne

cients, that is such that lim, . p(n) = 0 and p(n) > 0 for every n € Z. Consider

the measure v = (% + p)/2. It is continuous and satisfies v(n) > 0 for every n € Z.

Since inf,cq?(n) = 0 and v(n) > 0 for every n € Z, liminf|, 1 V(n) = 0. Hence
neq

lim inf |- +4e0 |f(n)]? = 0, and the conclusion follows. O
neQ
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So Conjecture (C4) is equivalent to the statement that any non-lacunary semigroup of
integers has modified Kazhdan constant /2. We can also estimate the Fourier coefficients
of a continuous probability measure on T which is T5- and T3-invariant in terms of the
modified Kazhdan constant & > 0 of the Furstenberg set. Notice that Proposition 5.4 is
meaningful only if & > 0.

Proposition 5.4. — Let F = {2¥3F -k k' > 0} and set & = Kaz(F). Let u be a
continuous probability measure on T which is To- and Ts-invariant. Then
RZ
BGI<1-"  for cvery j €2\ {0).
Proof. — Set, f(l)r every j € Z\ {0}, pj = Tjp. Then pj is a continuous measure which
satisfies 1;(2F3%") = fu(j) for every k, k" > 0 It follows that if § € (0,1) is such that (iii) of

Theorem 5.1 is satisfied, § > |f1(j)|. Hence, by Theorem 5.1 again, &£ < /2(1 — |a(j)|). O

Remark 5.5. — Although a generating subset @ of Z is a Kazhdan set if and only if
Kaz(Q) > 0, there is no link between the Kazhdan constant and the modified Kazhdan
constant of (. Indeed, there exist Kazhdan subsets @ of Z with maximal modified con-
stant Kaz(Q) = /2 and arbitrarily small Kazhdan constant Kaz(Q). This relies on the
following observation, which can be extracted from the proof of [5, Th7.1] and results
from Proposition 6.10 below.

Proposition 5.6. — Let (ng)r>0 be a strictly increasing sequence of integers with ng = 1
such that (ng8)r>o is uniformly distributed modulo 1 for every § € R\ D, where D is
countable subset of R. Then the set Q = {np; k > 0} is a Kazhdan subset of Z which

satisfies Kaz(Q) = /2.

Consider, for every integer p > 2, the set @, = pN + 1. By Proposition 5.6, @, is a
Kazhdan subset of Z with Kaz(Q,) = /2. But the measure y = Oyc2im/py Satisfies

sup (1 —Rep(n)) =1 — cos(27/p).
neQp

Hence Kaz(Q,) < 1/2(1 — cos(27/p)), which can be arbitrarily small if p is sufficiently
large.

6. Applications

6.1. Proof of Theorem 2.1. — Our first and main application of Theorem 2.4 (or
Corollary 2.6) is Theorem 2.1, which solves in particular Conjecture (C4) and shows
that the invariance assumption on the measure is indeed essential in the statement of
Furstenberg’s x2-x3 conjecture.

Proof of Theorem 2.1. — If r = 1, Theorem 2.1 claims the existence, for every integer
p > 2, of a measure pu € P.(T) such that infx>o |(p*)| > 0. As mentioned in Section 2,
this statement is well-known: it suffices to consider the classical Riesz product associated
to the sequence (p¥)g>0. One can also show, either as in [8] or [19], or as an application
of Corollary 2.5, that (p*)g>o is a rigidity sequence, so that there exists yu € P.(T) with
a(p*) — 1 as k — 4oo.
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Suppose now that r > 2, and consider, for every fixed index 1 < j < r, the set
. —1
Ol = (X" 1> 0)

of roots of all powers of p;. It is dense in T, and has the following property: there exists

for every \ € C” an integer /; such that )\pl Pyt pt = 1 for every k; > [; and k; > 0,
1§z§rw1thz7éj Hence

k1 kr
sup ‘)\pl b 1‘ — 0 askj = +oo.
k;>0
1<i<r, i

Consider the two sequences (my)g>0 and (ng)g>o obtained by setting mj = pg?, k>0,
and ordering the set

{P . ijll ffll pr;k >0, 1<Z<rw1thz7éj}

as a strictly increasing sequence (ny)g>0, and let ¢» : N — N be a strictly increasing
function such that

{p ) pjjl1 f{ﬁl...pfr;ogkigk, 1§i§rwithi7ér}

is contained in the set {ny ; 0 < k' < ¢(k)} for every k > 0. By Corollary 2.6, there
exists a measure p; € P.(T) such that i; (P .. phr) = 1 as kj — 400 with 0 < k; < kj,
1 <4 < r with ¢ # j. Replacing, for every 1 < j < 7, pj by p; * fij, we can suppose
without loss of generality that fi;(n) > 0 for every n € Z.

Let now p € P.(T) be such that p(n) > 0 for every n € Z, and set

1 T
j=1

Then p is a continuous probability measure on T with fi(n) > 0 for every n € Z. Moreover,
we have

(12) lim inf ﬁ(p]flpSQ e pfr) > 11 max(ki,..., k) — +oo.
Indeed, if (ky), ceey ﬁl))lzl is an infinite sequence of elements of N”, one can extract from
it a sequence (still denoted by (k%l), ce kﬁl))lzl) with the following property: there exists

1 < j < r such that kz(l) < kj(-l) for every 1 <4 < r. Then

1
r+1

PN k“) 0 | 10 ke
lim inf ! > liminf &; (p;! =
l—+o0 M(pl P ) T r+4+1 -4 Hi (pl = )

This yields (12). Since zi(n) > 0 for every n > 0, it follows that

inf (p' .- pf7) >0,

1<i<r

and Theorem 2.1 is proved. O
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6.2. The case of the Furstenberg set. — Theorem 2.1 applies to the Furstenberg
set F'={2F3F . k., k' > 0} and shows the existence of a measure p € P.(T) such that

inf 7(283") >0

k,k'>0

(the fact that the measure p can be supposed to have nonnegative Fourier coefficients can
be extracted from the proof of Theorem 2.1, or deduced formally from Theorem 2.1 by
considering the measure u * ). By Corollary 5.3, this means that Kaz(F) < v/2.

As mentioned in the introduction, it is natural to look for the optimal constant ¢ € (0, 1)
for which there exists a measure p € P.(T) such that

(13) inf 7(2%3%) > 6

k,k’>0

This is equivalent to asking whether F' is a Kazhdan set in Z, and if yes, with which
(modified) Kazhdan constant. The best result which can be obtained via the methods
presented here is that there exists a measure u € P.(T) satisfying (13) for every 6 €
(0,1/2): this is the content of Theorem 2.2, which we now prove.

Proof of Theorem 2.2. — The proof goes along the same lines as that of Theorem 2.1, but
it requires the full force of Theorem 2.4 rather than the weaker statement of Corollary 2.6.

Fix 6 € (0,1/2). There exist by Theorem 2.4 two measures pg, p2 € P.(T) such that
71(273")] > V26 for every k > 0 and every 0 < k' < k

and
[72(283F)| > V26 for every k' > 0 and every 0 < k < k.

The m/easure w = %(,ul % i1 + p2 * f2) has nonnegative Fourier coefficients and satisfies
1i(283K) > § for every k, k' > 0.

It then follows from Theorem 5.1 that if {2’“3]“/ ; k, k' > 0} is a Kazhdan subset of Z,
its modified Kazhdan constant must be less than /2(1 — §) for every § € (0,1/2), so must
be at most 1. O

That the bound 1/2 can be further improved does not seem clear at all, and we do not
know whether there exists for every § € [1/2,1) a measure pu € P.(T) such that

inf 7i(2¢3%) > 6.

k,k'>0

Question 6.1. — Is the Furstenberg set {2¥3" ; k, &’ > 0} a Kazhdan set in Z?

Note that a lacunary semigroup {a" ; n > 0}, a > 2, cannot be a Kazhdan set (see [5,
Ex. 5.2]). We also observe that Theorem 2.4 immediately yields

Corollary 6.2. — For any function b : N — N with (k) — 400 as k — +o0, the sets
{283 k>0, 0 <K <o(k)} and {283" ;K >0, 0<k<y(K)}

are non-Kazhdan sets in Z.
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Along the same lines, one can also ask for which values of § € (0, 1] there exists a measure
1 € P(T) such that liminf f(2¥3%") > § as max(k, k') — +o0. The proof of Theorem 2.1
allows us to exhibit a measure p € P.(T) with nonnegative Fourier coefficients (namely
1= (1 + pi2)/2) such that liminf 7i(253%) > 1/2 as max(k, k') — +o0. Again, we do not
know whether the constant 1/2 can be improved. The strongest statement which could be
expected in this direction is the existence of a measure y € P,(T) such that i(2¥3%) — 1 as
max(k, k') — +oo. This would show that the Furstenberg sequence is a rigidity sequence
for weakly mixing dynamical systems. This natural question is raised in Remark 3.12 (b)
of [8] Remark 3.29 c) of [8], and we record it anew here:

Question 6.3. — Is the Furstenberg sequence a rigidity sequence for weakly mixing dy-
namical systems?

6.3. Examples of rigidity sequences. — Corollaries 2.5 and 2.6 allow us to retrieve
directly all known examples of rigidity sequences from [8], [19], [2], [1] and [22]. The
only examples of rigidity sequences not covered by our results are those of [21] and [24].
Indeed, Fayad and Kanigowski construct in [21] examples of rigidity sequences (ny)g>0
such that {\" ; k > 0} is dense in T for every A = €™ € T with # € R\ Q, and there
exist for every integer p > 2 infinitely many integers k£ such that p does not divide ng. So
such sequences never satisfy the assumption of Corollary 2.5. Griesmer strengthens this
result in [24] by showing the existence of rigidity sequences (ng)r>o such that {ny; k£ > 0}
is dense in Z in the Bohr topology.

We briefly list here some of the examples of rigidity sequences which can be obtained
from Corollaries 2.5 and 2.6. Our first example is that of Fayad and Thouvenot in [22].

Ezample 6.4. — [22] If the sequence (ny)>0 is such that there exists A = €% ¢ T,
with § € R\ Q, such that A" — 1 as k — +00, (ng)r>0 is a rigidity sequence.

This result of [22] follows directly from Corollary 2.5. Indeed, if \** — 1 with A\ = €2,
0 € R\ Q, \P" — 1 for every p € Z. Since 6 is irrational, the set {\; p € Z} is dense in
T, and Corollary 2.5 applies.

Example 6.5. — [8], [19] If (ny)x>0 is a strictly increasing sequence of integers such that
ng|ng+1 for every k > 0, (ng)r>o is a rigidity sequence.

Indeed, under the assumption of Example 6.5, the set C' = {\ € T; A" — 1} contains
all ng-th roots of 1, £ > 0, and is hence dense in T.

Corollary 2.6 shows that Example 6.5 can be improved into

Ezample 6.6. — Let (my)r>0 be a strictly increasing sequence of integers such that
mg|mpsq for every k > 0. Let ¢» : N — N be a strictly increasing function. Order the set
{K'mp; k>0, 1<k <(k)} as a strictly increasing sequence (nj)g>o. Then (ny)g>o is
a rigidity sequence.

Indeed, the set C' = {\ € T; A¥"™ — 1as k — +oo uniformly in &’} contains all m-th
roots of 1, and is dense in T. So Corollary 2.6 applies.

For instance, if (rx)r>0 is any sequence of positive integers, the sequence (ng)r>o ob-
tained by ordering the set {k'2¥; k>0, 1 <k < 1} in a strictly increasing sequence is
a rigidity sequence. This provides new examples of rigidity sequences (ny)x>o such that
n:fb—:l —1as k — +oc.
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Exzample 6.7. — Let (r4)r>0 be any sequence of positive integers with r, — 400 as
k — +o00. The sequence (n;);>o obtained by ordering in a strictly increasing fashion the
set {j2%; k>0, 1 <j <1} is a rigidity sequence which satisfies 7%1 —lasl— +oo.

Proof. — 1t suffices to show that for every € > 0 and every [ sufficiently large there exists
I’ > 1 such that 2 < 1 +«.

— Suppose first that n; = jzk for some k£ > 0 and some 1/e < j < ri. Then taking
ny = (j 4+ 1)2%, we have nn—ll' = ]]il <l+e.

— Suppose next that nj = j2% for some k£ > 0 and some 1 < j < 1/e. Fix an integer
p such that 277 < e. If [ is sufficiently large, we have r;,_, > 2P/e. Set j' = j2P. Since
j' < 2P/e < rj_p, the integer ny = (j' + 1)2¥P appears in the sequence (n;);>o. Also,
since ny = (5’ +1)2F7P > j2% = n;, we have I’ > I, and

wo (+1D2RP (T +1)

= = 27<
nj J J

ny

P
12 iy rciqte

— The last case we have to deal with is when n; = r,2F for some k > 0. Let j' > 1 be
such that j' < 7/2 < 5’ 4+ 1. Then j' < rp,1, and if we set ny = (5’ + 1)2F+1, the integer
ny appears in the sequence (n;);>9. We have

(D2 207+ 1) <1+3<1+5

ng ’I”k2k Tk Tk
if k is sufficiently large, and this terminates the proof. O
Ezample 6.8. — [1] (a) Let (d)r>0 be a strictly increasing sequence of positive integers

of density zero. There exists a strictly increasing sequence of integers (ny)r>0 which is a
rigidity sequence and satisfies ny < dj, for every k > 0.

(b) Let (di)k>o0 be a sequence of real numbers with di > k for every k& > 0 and
df — 400 as k — 4o00. There exists a strictly increasing sequence of integers (ny)i>0
which is a rigidity sequence and satisfies ny < dj, for every k > 0.

This has been proved by Aaronson in [1, Th. 4]; a simpler construction with the weaker
conclusion that ny < dj for infinitely many k& was given in [8, Prop. 3.18]. The proof
given below uses Corollary 2.5 and a result of Bugeaud [16].

Proof. — As the statement (a) is a simple consequence of (b), we only give the proof of
(b). Set go =1 and g = di/k for every k > 1. Then (g;)r>0 is a sequence of reals with
gr > 1 for every k > 0 which tends to infinity (notice that for (a) this holds since (dg)r>0
is a sequence of density zero). Using (a particular case of) [16, Th. 1], we obtain that
there exists for every fixed irrational number 6 an increasing sequence (ny)x>o of positive
integers such that ng < kg = dj, for every k > 1 and exp(2iw#)™ — 1. It follows from
Example 6.4 that (ng)r>o is a rigidity sequence. O

Exzample 6.9. — Let (my),>0 be a strictly increasing sequence of positive integers with
my4+1 — my, — +00. There exists a strictly increasing sequence of integers (ny)r>0 which
is a rigidity sequence and satisfies my < np < my4q for every k£ > 0.

Proof. — The proof is exactly the same as the preceding one, replacing the result from
[16] by [9, Obs. 1.36]. O
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6.4. Exceptional sets for (almost) uniform distribution. — Let (ng)r>0 be a
strictly increasing sequence of integers, and let v € M(T) be a (finite) complex Borel
measure on T. We stress that v is not necessarily a probability measure. Given 6 € R,
the sequence (n48)r>0 is said ([32], [30, p. 53]) to be almost uniformly distributed with
respect to v if there exists a strictly increasing sequence (N;);>1 of positive integers such
that for every arc I C T whose endpoints are not atoms (mass-points) for v one has

lim —# {n < Nj; : exp(2irni0) € I} = v(I).
j—+oo i
The analog of Weyl’s criterion states that (ngf)r>o is almost uniformly distributed with
respect to v if and only if there exists a strictly increasing sequence (INj);>1 of positive
integers such that

N

lim — Z exp(m2imngf) exists for every m € Z.

In this case, the limit is #(m). It can also be proved that (ng#);>o is almost uniformly
distributed with respect to v if and only if there exists a strictly increasing sequence
(N;)j>1 of positive integers such that

N;

1 J

ﬁ Z 2mnk9 /fd,u as j—=+oo for every f € C(T).
I k=1 T

We now denote by W((ng)r>0,v), the exceptional set of almost uniform distribution of
(ng) with respect to v. This is the set of all # € R such that (n;0)r>¢ is not almost
uniformly distributed with respect to v. We will write U((ny)r>0,7) for the exceptional
set of (classical) uniform distribution of (ny) with respect to v, which corresponds to the
case where IV; = j for every j > 1.

The size of the exceptional set U((ng)x>0, ) has been studied in many works, in partic-
ular in the case where v is the normalized Lebesgue measure on T. In this case, we write it
as U((ng)k>0). If the sequence (ng)r>o is lacunary, U((ng)r>0) is uncountable, and even
of Hausdorff dimension 1 ([20], see also [26]). See also [36] and [34] for a stronger result.
On the other hand, it is known (see [11], [13]) that among various natural classes of ran-
dom sequences of integers, almost all sequences (ng)r>o satisfy U((ng)r>0) = Q. These
typical random sequences (nj)r>o are sublacunary, i.e. satisfy nyyi/ngy — 1 as k — 400
Nonetheless, examples of sublacunary sequences (nj)r>0 with U((ng)r>0) uncountable
were constructed in [20] (see also [6]). Concerning the size of W ((ng)r>0,v) we refer for
instance to [35], [26] and [29]. See also [15] for other references.

Our results about the size of W ((ny)x>0, V) rely on the following generalization of Propo-
sition 5.6, which provides a link between the size of the exceptional set W ((ng)r>0, ) and
the modified Kazhdan constant of the set {ny; k > 0}.

Proposition 6.10. — Let (ny)r>0 be a strictly increasing sequence of positive integers
with ng = 1, and let v € M(T) with v # dp1y. If W((ng)k>0,v) is finite or countable
infinite, Q@ = {ng; k > 0} is a Kazhdan subset of Z, and

Kaz(Q) > v/2(1 — Rev(1)).
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Proof. — Fix v € (0,1 — Rev(1)), and let p be a probability measure on T such that
supy>o(1 — Neji(ng)) <. Then

N
1 n
1—Re /T<N;)\ ’“)du()\) < for every N > 1.

Suppose that the measure p is continuous. Since there exists a strictly increasing sequence
(Nj)j>1 of integers such that

N4
1 . :
—Z)\"k — V(1) asj— 4oo forevery AeT\C,
Ni=
where C' is a finite or countable infinite subset of T, we have 1 — Rev(1) < ~, which
contradicts our initial assumption. So p has a discrete part. It then follows from Theorem

5.1 that the modified Kazhdan constant of @ is at least \/2(1 — Rev(1)). O

The following result provides an example of a nonlacunary semigroup (ny)xg>0 whose
associated exceptional sets W ((ny)r>0,7) with respect to v are uncountable for a large
class of measures v € M(T).

Theorem 6.11. — Denote by (ny)r>0 the sequence obtained by ordering the Furstenberg
set F'= {2F3F" k k' > 0} in a strictly increasing fashion. For every measure v € M(T)
such that Rev(1) < 1/2, the set W ((ng)r>0,v) is uncountable.

Proof of Theorem 6.11. — Fix v € M(T), and suppose that U((ng)r>0,v) is at most
countable. Since Kaz(F) < 1 by Theorem 2.2, it follows from Proposition 6.10 that
2(1 —Rev(1)) <1, ie. that Rev(1) > 1/2. This proves Theorem 6.11. O
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