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Bayesian Inference for Modal Identi�cation in Ducts with a Shear

Flow

R. Roncen∗, E. Piot, and F. Mery

ONERA /Département Multi-Physique pour l'Énergétique, Université de Toulouse, F-31055, Toulouse, France

Abstract

An in-duct modal decomposition technique is described. The basis for the technique is to consider the decom-
position as an inference problem. Using transfer function measurements at the duct walls, a Bayesian inference
is conducted to evaluate the acoustic modal coe�cients in the presence of uncertainties. These uncertainties
encompass model errors, microphone measurements error, and uncertainty on the �ow pro�le. The formalism
of the direct problem of modal decomposition in a ducted shear �ow is �rst developed. The case of a circular
cross-section duct is then treated without and with a �ow, using synthetic noisy signals for the inference problem.

1 Introduction

Prediction and reduction of noise are ubiquitous goals in many engineering �elds such as aeronautics, hydrodynamics
and transport, to either increase operational capacity and/or minimize the impact on the environment. The testing
of the di�erent design elements pertaining to these product candidates (acoustic liners, scale models, etc.) usually
rely on measurements performed in ducts carrying energy in the form of a �ow and/or a sound �eld [1, 2, 3, 4, 5, 6].
In this context, it is necessary to characterize the structure of the noise that propagates within the duct in the
presence of a shear �ow.

A modal decomposition technique allows such a characterization of the acoustic �eld structure (modes) inside a
duct. A wide range of decomposition methods are already available, ranging from source localization techniques such
as beamforming [7, 8], singular values decomposition [9], deconvolution methods [10] and pseudo-inverse resolution
of a linear problem. The foundation of the latter procedure was proposed by Åbom [11], who �rst recognized that
the two-microphone transfer function method by Chung and Blaser [12] could be extended to non plane wave modes.

In Åbom's method, the duct eigenfunctions and eigenvalues are assumed known exactly. For N propagating
modes in the duct, the pressure �eld needs to be observed atM ≥ 2N independent measurement positions to separate
the incident and re�ected parts of the pressure �eld. A pseudo-inverse of the modal matrix (L2 minimization) then
allows the retrieval of all the modal coe�cients. Little account was given regarding the resulting uncertainties in the
modal decomposition technique [13], particularly in the presence of a shear �ow or when a high number of modes
propagate in the duct. Åbom quanti�ed the in�uence of a 1% error on the input measurements on the identi�cation,
showing a resulting error in modal amplitude of about the same order of magnitude. It was argued that a uniform
�ow would have no in�uence on the technique validity, but that non-uniformity e�ects could introduce errors in
the modal decomposition. While these errors were shown to be negligible for a modal decomposition based on
measured radial pro�les [14], most practical solutions include wall-mounted microphones, where the e�ect of mode
shape distortion might be relevant.

The aim of this work is to amend Åbom's procedure by taking into account uncertainties directly during the
modal decomposition. To that end, the decomposition procedure is recast as an inference problem, where Bayes'
theorem is used to update the information on the modal structure, given a new observation. This observation
consists, as previously, as wall-mounted microphone measurements. Compared to Åbom's procedure, the case of
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the presence of a shear �ow inside the duct is considered, with an uncertain �ow pro�le. This results in the duct
modes wavenumbers not being exactly known.

The present work is organized as follows. In Section 2, the in-duct modal representation of acoustic �elds is
detailed, along with the numerical technique that allows the retrieval of the duct wavenumbers in the presence of a
shear �ow. In Section 3, the statistical Bayesian modal identi�cation technique is developed. Identi�cation results
are given in Section 4, giving rise to new questions that are subsequently answered. A conclusion is then drawn in
Section 5.

2 Modal acoustics in ducts with �ow

In this section, the general representation of in-duct pressure is recalled. The computing procedure of the duct
wavenumbers is then given, accounting for the presence of a shear grazing �ow.

2.1 Modal representation

A circular cylindrical duct of radius Rduct is considered. x is the axial coordinate, which increases from left to
right. (r, θ) are the radial and azimuthal coordinates, respectively. Assuming a �nite number of cut-on modes, an
ideal �uid, a small amplitude variation (linear acoustic theory valid), then the pressure �eld inside the duct can be
expressed as a Fourier-Bessel expansion [15] (e+jωt convention)

p(x, r, θ) =

∞∑
m=−∞

∞∑
n=0

[
Am,ne

−jk+m,nx +Bm,ne
+jk−m,nx

]
Ψm,n(r)ejmθ, (1)

with the azimuthal mode m ∈ Z, and n ∈ N0 the radial mode order. k±m,n are the axial wavenumbers (+ for
right going incident wave, − for left going re�ected wave); Am,n, Bm,n are the associated modal amplitudes. By
convention in this work, the plane wave mode is (m,n) = (0, 0), and not (0, 1) as can be found sometimes [16].
In this work, the modes are normalized by arbitrarily setting Ψm,n(r = Rduct) = 1, since all measurements are
performed at the wall.

2.2 Governing equations

An inviscid perfect gas is considered inside the duct. The Euler equations read

∂ρ

∂t
+ ∇ · (ρv) = 0,

ρ
Dv

Dt
+ ∇p = 0,

Ds
Dt

= 0, (2)

where p is the pressure, ρ the density, s the entropy; v is the velocity with axial, radial and azimuthal components
u, v and w, respectively. The convective derivation is written D/Dt = ∂/∂t+ (v ·∇). The �ow �eld is decomposed
into a static �eld (subscript 0) and a small-amplitude unsteady perturbation (tilde symbol):

(v, p, ρ) = (v0, p0/γ, ρ0) + (ṽ, p̃, ρ̃), (3)

with γ = cp/cv the gas adiabatic index.
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As a simplifying assumption, the �ow is considered to be parallel to the propagation axis:

u0 = u0(r),

v0 = 0,

w0 = 0,

p0, ρ0 constant. (4)

Dimensionless quantities are hereafter de�ned as: x → x/Rduct, r → r/Rduct, t → t/t0, v → v/c0, ρ → ρ/ρ0,
p→ p/pref , with c0 =

√
γp0/ρ0, t0 = Rduct/c0, pref = ρ0c

2
0.

The linearized form of the Euler equations (LEE) are obtained using the small-amplitude perturbations. If a
harmonic excitation is considered, the �eld decomposition under the harmonic form can be sought for any �eld
quantity as

ϕ̃ (r, x, t) = ϕ̃ (r) ejωt±jk
±
m,nx−jmθ, (5)

where ω = 2πfRduct/c0 is the dimensionless angular frequency (with f the frequency in Hz). Using the entropy
equation and the homentropicity condition (adiabatic reversible �ow and uniform entropy at in�nite upstream of
the �ow), one obtains p = ρ and the entropy term is hereafter dropped from the equations. The dimensionless
quantities (ũ, ṽ, w̃, p̃) are unknown functions of r. The LEE can then be written

L(k, ω) · X = 0, (6)

where L is a linear operator de�ned as a function of a wavenumber k, and ω, for a given azimuthal wavenumber m,
as

L(k, ω) =


j(ω − kM0) −jk d/dr + 1/r −jm/r
−jk j(ω − kM0) M

′

0 0

d/dr 0 j(ω − kM0) 0

−jm/r 0 0 j(ω − kM0)

 , (7)

applied to the vector X = (ũ, ṽ, w̃, p̃), and where M0 stands for the dimensionless axial velocity, i.e. the axial
Mach number, and is a function of r. A general boundary condition representing either a rigid wall or an acoustic
treatment is given via the de�nition of a material surface acoustic impedance ζ(ω), here a dimensionless quantity
(×ρ0c20 to re-obtain a dimensional quantity). If the mean velocity �eld cancels at the wall, the classical expression
between unsteady harmonic pressure and velocity �elds is, in the frequency domain,

p̃(1) = ζṽ(1), (8)

where 1 stands for Rduct/Rduct. A value of ζ →∞ represents a rigid wall con�guration, and is the case retained in
this work since modal decomposition is usually performed in rigid wall ducts. Numerically, we enforce ṽ = 0 at the
wall to avoid Inf values in the code.

Since no obvious solution exists in the case of a non-uniform �ow for Eq. 6, a numerical solution can be sought,
provided that the problem be discretized.

2.3 Numerical implementation

The eigenvalue problem (6)�(8) is solved with a numerical strategy similar to the one used in Ref. [17]. A Chebychev
polynomial basis (Tk)k∈[0,NCheb] of order NCheb is used to decompose the LEE problem (6)�(8). The physical reduced
variable r ∈ [0, 1] and the Chebychev variable κ ∈ [−1, 1] are related by

r(ς) =
λ(1− κ)

1 + 2λ+ κ
, (9)
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with λ a �xed parameter, controlling the collocation point clustering. These are de�ned by

κi = cos

(
πi

NCheb

)
, i ∈ [0, NCheb], (10)

which naturally clusters the points near the boundaries −1 and 1. Setting

λ = −(1 + ε) (11)

with 0 < ε � 1 increases the resolution near the wall, as shown in Fig .1. Hereafter, the values are �xed at
NCheb = 50 and λ = −1.05 to achieve mesh independence for the �ows considered in this work.

0 10 20 30 40 50
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0.2

0.4

0.6

0.8

1

=-1.5
=-1.05

Figure 1: Mesh clustering for di�erent λ, with NCheb = 50

A derivation matrixA exists to derive a function F (that must be a linear combination of Chebychev polynomials)
with respect to ς on the collocation points ςi:

dF
dς

(ςi) =

NCheb∑
j=0

AijF (ςj). (12)

This can be used to represent the d/dr terms in Eq. 7, after a suitable change of variable. The solution vector
X = (ũ, ṽ, w̃, p̃) is decomposed onto the Chebychev basis, resulting in a discrete representation of the solution array
X of length 4NCheb. Fixing ω as a positive real number, the complex wavenumber k is obtained by solving the
reformulated eigenvalue problem

[D + kQ] ·X = 0, (13)

where D and Q are 4NCheb × 4NCheb matrices, extracted from the discretized version of the direct operator L of
Eq. 7 and associated boundary conditions. To avoid reassembling the D matrix at each di�erent value of ω, we
separate D as D = D0 + ωD1, with D0 and D1 elementary matrices that only need being computed once.

The solutions (k,X) of Eq. 13 are the modes axial wavenumber km,n and radial eigenfunctionXm,n, respectively.
From the eigenfunctions Xm,n, one can obtain the pressure eigenfunction Ψm,n(ri) by extracting every fourth
component (since X = (ũi=0, ṽi=0, w̃i=0, p̃i=0, . . . ũi=NCheb

, ṽi=NCheb
, w̃i=NCheb

, p̃i=NCheb
)).

2.4 In�uence of a shear �ow

In most engineering applications, a shear �ow is present in the duct that needs modal characterization. However,
the �ow pro�le is only known to some extent, resulting in only approximate values of the wavenumbers calculated
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using the numerical implementation of Sec. 2.3. In this work, the hyperbolic velocity pro�le de�ned in Rienstra and
Vilensky [18] and used in Khamis and Brambley [19] is considered, which depends on two parameters: the mean
�ow Mach number Mb and a shear parameter δ ∈ (0, 1], as

M0(r) = tanh

(
1− |r|
δ

)
+

(
1− tanh

(
1

δ

))
·
(
|r|
δ

(
1 + tanh

(
1

δ

))
+ 1 + |r|

)
· (1− |r|) ,

M0(r)← M(r)∫ 1

0
M(r)dr

Mb, (14)

where the second step is a normalization �xing the average (bulk) value Mb in the case of incompressible �ow.
Taking a �xed Mb = 0.2, Fig. 2 shows the evolution of the �ow pro�le as δ increases from a low value (high shear)
to a high value (low shear, Poiseuille-like pro�le). Note that δ can take values higher than one, but that in practice
the pro�le remains quite similar to the case δ = 1. For a high shear, the mesh used in Sec. 2.3 must be re�ned close
to the wall boundary, i.e., ε must be chosen small in the expression of λ in Eq. 11. The wavenumbers associated to
di�erent modes are shown in Fig. 3 for di�erent values of δ; only the modes related to the right going waves k+m,n are
shown; kr (resp. ki) stands for the real (resp. imaginary) part of the wavenumber. Increasing δ (reducing the shear)
translates the modes wavenumbers to the right of the graph, except for the �rst radial mode (m,n) = (0, 1), which
remains almost the same whatever the shear. For left going waves, the conclusions on k−m,n are similar: decreasing
the shear shifts the negative real parts of k−m,n to the right as well.

Since the �ow pro�le plays a role in determining the km,n, uncertainties on the shape of the �ow pro�le have an
in�uence on the determination of the modal content. In this work, the �ow pro�le is therefore taken as unknown,
and the additional parameters Mb and δ are part of the identi�cation process.

0 0.5 1
r

0

0.1

0.2

0.3

0.4

M
(r
)

=0.01
=0.1
=1

Figure 2: Evolution of the �ow pro�le as a function of δ, for Mb = 0.2

3 Modal identi�cation

In this section, we �rst recall the modal decomposition technique of Åbom. The method is then recast as an inference
problem, where Bayes theorem is used to compute the probability density functions of the modal amplitudes, which
are the quantities of interest.

3.1 Deterministic Inverse problem

A generalization of the two-microphone method [20] was proposed by Åbom [11] to sort the right running and left
running waves, for each mode (i.e., �nding the Am,n and Bm,n of Eq. 1). If one wishes to identify N propagating
modes, then one requires to �nd 2×N unknowns (Am,n and Bm,n). It thus comes to reason that at least M ≥ 2N

independent equations need to be available when trying such an identi�cation. These equations usually come in the
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Figure 3: Evolution of the wave numbers as a function of δ, for Mb = 0.2 at ω = 5

form of pressure measurements at the wall, but �in duct� measurements could be used as well if available. Using a
matrix formulation, the result of such a measurement, at a given frequency, is written as

p̂ = Mâ, (15)

where p̂ is a [M × 1] column vector containing the acoustic pressure measurements, M is a [M × 2N ] modal matrix

containing modal terms such as
[
e−jk

+
m,nxmic. , e+jk

−
m,nxmic.

]
Ψm,n(rmeas)e

jmθmic. , and â is the [2N×1] column vector
of unknown modal amplitudes. From Eq. 15, one then gets â as

â = M−1p̂, (16)

where the inverse is understood as a Moore-Penrose pseudoinverse when M > 2N . That is, â can be seen as the
solution of an optimization problem, where the least-mean square minimum is sought:

â = arg min
b̂

(∥∥∥Mb̂− p̂
∥∥∥
2

)
. (17)

The main issue with this approach is the impossibility to account for uncertainties in the measured pressure p̂,
or other variables (�ow pro�le, model errors, etc). One way to circumvent the issue is to recast the identi�cation
procedure as a statistical inference problem. The identi�ed modes are then considered as unknown random variables,
whose probability density functions translate our state of knowledge on the parameters. This is the topic of the
next section.

3.2 Bayesian inference for modal uncertainty quanti�cation

3.2.1 Bayes theorem applied to modal identi�cation

In the context of inverse problems for parameter estimation, statistical inference in the Bayesian framework consists
of recasting parameters of interest as random variables associated with probability densities encompassing the
information one has on the parameters [21, Chap. 8]. A new experimental data pobs is observed (here pressure
measurements at the wall), and this information is used to update our state of knowledge. pobs is considered as the
realization of a multi-variate random variable P obs. The degree of knowledge about the true value of the unknown
parameters Â = (Am,n, Bm,n), with realizations â, is represented by the marginal posterior density π(â|pobs), the
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new quantity of interest. Using Bayes theorem, one has

π(â|pobs) =
π(pobs|â)π0(â)

π(pobs)
, (18)

where L(â) ≡ π(pobs|â) is the likelihood function, representing the probability that the experience be observed,
given a particular set of model parameters; π0(â) is the prior probability, representing all the information obtained
on â prior to the new observation (i.e., previous knowledge on the modal content of an experiment). Finally, π(pobs)

is a scaling constant not calculated in practice. Details on the likelihood and prior modeling are given hereafter.

3.2.2 Likelihood

The likelihood function represents the mechanism through which information provided by the observation is incor-
porated into the posterior density. The physical correlations between the model parameters q and the experimental
data, as predicted by a physical model (here the LEE), are represented by a deterministic forward operator f de�ned
as

fi(â) = p̂(xi, ri, θi), i = 1, . . . ,M (19)

where p̂t(xi) is a numerical pressure signal at position (xi, ri, θi), and M is the number of measurements. Due
to both the observation and the modeling being corrupted by uncertainties, it is legitimate to consider that the
measurement P obs be related to the deterministic operator f by a relationship of the type

P obs
i = fi(â) + ςi, i = 1, . . . , n (20)

where ςi is a random variable representing measurement errors at the ith measurement. In the case where the
measurement errors are independent and identically distributed and ςi ∼ N (0, σ2

i ), then

P obs
i ∼ N (fi(â), σ2

i ), (21)

which leads to
π(pobsi |â) =

1√
2πσ2

i

e−[pobsi −fi(â)]
2
/2σ2

i . (22)

When considering all the measurement points (at di�erent time steps) as independent uncorrelated measurements,
the likelihood becomes

π(pobs|â) =

n∏
i=1

π(pobsi |â). (23)

where σ2
i denotes the noise variance of the ith microphone measurement. The larger the value of σ2

i , the larger
the estimated uncertainty on the observation. In this work, it is assumed unknown and is a parameter to identify
(included in â), but remains the same for all measurement points. For numerical reasons, the logarithm of the
likelihood is used instead of Eq. 23. As is the case for classical inverse problems where a cost function has to be
minimized in order to retrieve the parameters of interest, the likelihood can be viewed as the probabilistic equivalent
of such a quantity, measuring the probability of the experience being observed, for a given set of parameters.

3.2.3 Prior model

The prior probability π0(â) incorporates the information obtained on the model parameters independently of the
observation pobs used during the inference. It re�ects the user's prior insight into the problem, generalizing the
classical constraints used during deterministic inversion, assigning weights to the most probable values. When no
prior information is available or if prior modeling is of questionable accuracy, a wide-range, non-informative improper
homogeneous density on the parameters supports represents well one's ignorance and merely sets boundaries for
each parameter, as in classical deterministic inverse problems. In the present work, prior independence is �rst
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assumed among the unknown parameters, setting

π0(â) = χ[âmin,âmax](â), (24)

where χ is a uniform density between âmin and âmax, and 0 outside these bounds.

3.2.4 Gaussian hypothesis

Further assuming that the unknown variables have a Gaussian density, it is su�cient, when solving Eq. 18, to
�nd the maximum of π(pobs|â)π0(â) (since the denominator is constant). This quantity is coined Maximum A
Posteriori (MAP) in the literature [21, Chap. 8] . With a Gaussian hypothesis and non-informative priors, most
Bayesian estimators (Maximum A Posteriori, Maximum Likelihood Estimator and mean) are equivalent. One only
has to solve an optimization problem where the left hand side of Eq. 18 is maximized. The point of maximum
yields the MAP of the unknown variables. Then, second order moments (variance) can be quickly calculated via
the Hessian matrix, evaluated at the point of maximum. Let âoptim be the point of maximum, and H the Hessian
of π(pobs|â)π0(â) evaluated at âoptim. Then the covariance matrix is S = H−1 and the standard deviation of the
parameters are the square root of the diagonal elements of S.

Note that the Gaussian hypothesis is quite strong. Before using it safely, Markov-Chain Monte-Carlo simulations
were performed (using the MT_DREAM_ZS algorithm of Laloy and Vrugt [22]) in order to explore the posterior
densities of the parameters, and it was veri�ed that the hypothesis is indeed adequate. In the remainder of this
work, the MAP estimate is obtained by optimizing the numerator of Eq. 18, and the covariance matrix is calculated
as explained above.

4 Identi�cation results

Di�erent identi�cation results obtained using synthetically generated signals are presented in this section, to validate
the method and give some hindsight about modal detection antenna design.

4.1 Case without �ow

In the case when there is no shear �ow within the duct (Mb = 0), the inference strategy is straightforward. A
synthetic signal is �rst generated at 100 �ctive microphone locations, and a zero mean Gaussian noise is then
added to pollute the signals. The microphones are spread at random locations, covering a duct length equal to
3Rduct. This high number of microphones is representative of the CANNELLE bench used jointly by Airbus and
ONERA [23] to identify higher order modes in nacelle con�gurations. A noise of standard deviation 0.05 is added
to both the real and imaginary parts of the numerically generated pressure signals, which results in σ = 0.05

√
2. At

each frequency, the right going incident wave is taken as Am,n = (1 + j)/
√

2 so as to have an amplitude |Am,n| = 1

and a phase ∠+
m,n = π/4, while the left going wave is taken as Bm,n = (1 + 0.2j)/2

√
2 so has to have |Bm,n| ≈ 0.36

and ∠−m,n ≈ π/16.
Identi�cation results are shown in Fig. 4. At each frequency ω, all the modal coe�cients (Am,n, Bm,n) are

inferred, if the associated mode is cut-on. However, for conciseness, only the amplitudes of the right going waves
having a positive azimuthal order m are shown (conclusions remain the same for negative azimuthal orders, for left
going waves, and for the phase). In addition, the experimental standard deviation σ intervening in Eq. 22 is also
taken as an unknown parameter to be calibrated. The prior bounds are taken as wide uniform laws, so as to not
constrain the inference.

The results are displayed in the form of con�dence intervals (CI) containing respectively 95% and 63% of the
probabilistic weight of the posterior densities. The MAP is also shown (here, it is equivalent to the mean), alongside
the true value that was used to generate the synthetic signals. Overall, all the modal coe�cients are well identi�ed,
in both the amplitudes and phase, in the full frequency range studied here. The same conclusion is drawn for
the standard deviation σ, which is a far-reaching result: for a given experimental measurement, the error that is
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representative of the mismatch between the model and the experimental observation can be inferred directly from
the Bayesian inference strategy.
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Figure 4: Inference results in the no �ow case

Interestingly, the credibility intervals seem to increase as the frequency increases for low order modes, while higher
order mode coe�cients display a lower uncertainty at these frequencies. To investigate this phenomenon, the corre-
lation matrix (absolute value of the Pearson coe�cient) is shown in Fig. 5 at ω = 2.36 and ω = 8. At ω = 8, there
are 19 modes considered in the inference, which results in 19× 4 = 76 parameters (|A0,0| , ∠+

0,0, |B0,0| , ∠−0,0, . . . ,),
yielding a 76 × 76 symmetric correlation matrix. A zoom of the correlation between the parameters of the �rst
three modes is provided in Fig. 5a at ω = 8. Only the absolute correlation is displayed, with hotter colors associ-
ated to a high correlation. It appears in Fig. 5a that the parameters associated to lower order modes are strongly
correlated between each other (upper left side of the matrix), while those of higher order modes are not (lower right
side). Here, the correlation is not a physical one, but is merely an information related to both the model and the
observation. The in�uence of two correlated parameters on the model, evaluated at the measurement location, is
similar. For instance, in the case of two perfectly positively correlated parameters (correlation is 1), an increase in
both parameters could leave the likelihood function unchanged, making it impossible to separate these parameters
during the inference [21, Chap. 8]. Here, some information can still be extracted from the experimental observation
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and the parameters can be identi�ed, but the strong correlations make it more di�cult, which translates in higher
uncertainties for the lower order modes. By contrast, the correlation matrix obtained at ω = 2.36 in Fig. 5b dis-
plays lower correlation values, meaning that at lower frequencies the correlation phenomenon is not present. This
results in a less uncertain identi�cation of the �rst modes (combined with the fact that there are less parameters
to identify).

(0,0)} (1,0)} (-1,0)}

(a) ω = 8

(0,0)} (1,0)} (-1,0)}

Cut-off modes

(b) ω = 2.36

Figure 5: Correlation matrices in the no �ow case

To better explain why correlations are present at high frequencies and not at lower frequencies, the wavenumbers
are plotted at di�erent values of ω in Fig. 6a, here with a radial order n = 1 for conciseness. The wavenumbers are
each rescaled by k+0,0 = ω in order to observe the relative spacing between wavenumbers, as the frequency increases.
It appears that the modes wavenumbers tend to cluster as the frequency increases, which is con�rmed in Fig. 6b
where the relative di�erence between a given mode and the previous cut-on mode

∆k =
real(k+m,n − k+m−1,n)

k0,0
(25)

is shown as a function of the frequency.
Therefore, the higher the frequency, the higher the clustering of the modes wavenumbers, which explains why

the correlation values get higher for a given set of modes when the frequency is increased.
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(a) Clustering of wavenumbers as the frequency increases
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(b) Distance between modes as a function of the frequency

Figure 6: Modal wavenumber repartition in the complex plane
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4.2 In�uence of the observational sparsity and spread

In the previous section, two parameters were �xed during the inference: the number of microphones N and their
spread L on the longitudinal axis. These two parameters are of interest for practical purposes, where one wants to
maximize the information gain at a lower cost and complexity (number of microphones). As an example and for the
plane wave mode (m,n) = (0, 0), the uncertainty at very low ω increases (see Fig. 4). This is due to the wavelength
(λ = 2π/ω = 628 for ω = 0.01) being too large compared to the spread of the observation region (L = 3), which is
equivalent to having all the microphones at the same axial location, making it impossible to capture the wave form.

The study of the in�uence of both the number of randomly placed microphones N and the observation spread
L is realized as follow. For each couple (N,L), the inference process is performed at ω = 1 and ω = 5, other
parameters being equal to the values taken in Sec. 4.1. To characterize the uncertainty on the identi�cation, the
standard deviation associated to the posterior densities of the parameters are calculated. The higher the standard
deviation, the greater the uncertainty of a parameter. Our initial analysis showed that an increase in either N
or L would, as expected, result in a lower standard deviation of the considered modes (results are similar at all
frequencies). Moreover, it appeared that N × L was the most relevant parameter, su�cient to predict the order of
magnitude of the standard deviation. To back-up this claim, the standard deviation of two modal amplitudes are
shown in Fig. 7b, along with the associated best linear �ts. For a practical antenna design, it is thus relevant to
consider that the uncertainty (i.e., the standard deviation of the modal amplitudes) obeys a law of the type

log(St. D.) ∝ −α · log(N × L), (26)

which was obtained by averaging the linear regression on the di�erent modes. At ω = 1, α ≈ −0.5 while at ω = 5,
α ≈ −0.8 for the (0, 0) mode and α ≈ −0.7 for the (3, 0) mode. Note that the lower standard deviation observed
for the (3, 0) mode compared to that of the (0, 0) mode is explained in the same manner as in Sec. 4.1.
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(b) ω = 5

Figure 7: Standard deviation of modal coe�cient amplitudes as a function of the observation density, with randomly
placed microphones
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4.3 Case with a shear grazing unknown �ow

In the case where a grazing �ow is present, the inference is quite similar to the one performed in the no �ow case.
The main di�erence is that the �ow parameters Mb and δ of Eq. 14 are now considered as unknown parameters
to be inferred. At each iteration of the optimization process, the eigenvalue problem of Sec. 2.3 is recreated and
solved, while it was created only once in the no �ow case to compute the modal matrix M (see Eq. 15). Due
to the need for a re�ned mesh to capture the shear of the �ow pro�le near the wall boundary, the procedure is
more computationally demanding. A future prospect could be the use of surrogate models so as to predict the
wavenumber values at lower cost.

In the present work, only two inferences are carried out for demonstrative purposes, at ω = 1 and ω = 5,
with a given �true� �ow pro�le having Mb = 0.2 and δ = 0.1 (see dashed red curve in Fig. 2), and N = 100

microphones spread randomly over a length L = 3. Identi�cation results are given in Table 1 (only two modes
shown for conciseness in the case of ω = 5), where the true value of each parameter is compared to the inferred
MAP and standard deviation. Since the �ow parameters are now considered as random variables, the resulting �ow
pro�les are shown in Fig. 8 for the case where ω = 5. Overall, the inference shows MAP values very close to the
true value (within 2 standard deviations), for both the �ow parameters and the modal coe�cients, which validates
the technique. The only parameter wrongly identi�ed is the model standard deviation σ when ω = 5.

While it is not its purpose, the inference method could interestingly be used to evaluate an experimental �ow
pro�le, given only an observation of the pressure �eld at the duct boundary. We note that these parameters are
readily measurable by other, more classical, measuring techniques (hot wire probing). However, the present method
gives an idea of the sensitivity of these parameters relatively to the modal decomposition.

At low frequencies, when only one mode is present (ω = 1), the standard deviation of the identi�ed �ow
parameters is quite large, too large actually to still warrant a Gaussian hypothesis. A Gaussian posterior density
function for either Mb or δ having these standard deviations would extend beyond the physical limits enforced by
the prior (Mb > 0, δ > 0), thus invalidating the hypothesis. It is not surprising that when only one mode is present,
the current method fails to accurately identify the �ow parameters. Mb and δ have a coupled e�ect of the �rst mode
wavenumber, which results in their probability density functions being extremely correlated, hence the di�culty
encountered during their identi�cation.

ω = 1 ω = 5
Parameter True value MAP St. D MAP St. D
σ 0.07 0.074 4.8 · 10−3 0.14 0.01
Mb 0.2 0.21 0.12 0.194 3.4 · 10−3

δ 0.1 0.103 0.87 0.09 2.0 · 10−2

|A0,0| 1 1.00 8.5 · 10−3 1.01 2.0 · 10−2

∠+
0,0 0.79 0.77 2.0 · 10−2 0.81 2.3 · 10−2

|B0,0| 0.36 0.36 8.8 · 10−3 0.35 1.6 · 10−2

∠−0,0 0.20 0.18 5.0 · 10−2 0.22 4.8 · 10−2

|A3,0| 1 � � 1.00 1.7 · 10−2

∠+
3,0 0.79 � � 0.78 2.1 · 10−2

|B3,0| 0.36 � � 0.35 1.7 · 10−2

∠−3,0 0.20 � � 0.26 6.1 · 10−2

Table 1: Inference results for the shear grazing �ow case

5 Conclusion

A statistical inference modal decomposition of in-duct pressure �elds has been described. The technique can be
regarded as a direct extension of the deterministic method of Åbom [11]. The initial inversion problem is recast as
a Bayesian inference problem, where parameters of interest (modal coe�cients) are considered as random variables.
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Figure 8: Comparison between inferred �ow pro�le and true pro�le at ω = 5

A formulation based on Bayes theorem is advantageous since it allows the taking into account of both measurement
and model uncertainties in a robust way, as well as possible prior knowledge on the unknown parameters.

An extension of the technique was introduced to take into account a general shear �ow, while considering the
�ow pro�le to be uncertain. The technique was successfully applied to both the no-�ow case (Sec. 4.1) and the case
where a shear �ow is present (Sec. 4.3), showing the possibility to infer the �ow pro�le parameters and the modal
coe�cients simultaneously. The fact that the �ow parameters could be identi�ed so precisely at high frequencies
(ω = 5) means that they have a strong sensitivity relatively to the observation (pressure �eld at the wall boundary).
When only one mode is present, the large uncertainty of the identi�ed �ow parameters suggest that plane-wave
mode analyses should not be adversely a�ected by a uniform �ow hypothesis. A future work shall study the in�uence
of a uniform �ow hypothesis on the modal identi�cation in more details.

In the no �ow case, a particular observation was made. Higher order modes seem �easier� to identify at high
frequencies, compared to low order modes. This phenomenon, which might seem counter-intuitive to the exper-
imentalist, was explained by an increased correlation between low order modes, caused by a localization of the
wavenumbers of these modes at high frequency.

The inference results were also used in order to show the in�uence of the number of microphone locations N
and the spread of the measurement area L on the uncertainty obtained on the modal coe�cients amplitudes. It
appeared that the design parameter of interest is the product N × L, which displays an exponential relationship
with the credibility intervals of the identi�ed modal coe�cients. Overall, the present approach allows practical
design assessments relative to industrial needs for in-duct antenna design for acoustic modal decomposition.
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