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Abstract

In this paper, we develop reduced models to approximate the solution of the electromagnetic
scattering problem in an unbounded domain which contains a small perfectly conducting sphere.
Our approach is based on the method of matched asymptotic expansions. This method consists in
defining an approximate solution using multi-scale expansions over outer and inner fields related
in a matching area. We make explicit the asymptotics up to the second order of approximation
for the inner expansion and up to the fifth order for the outer expansion. We validate the results
with numerical experiments which illustrate the efficiency of the asymptotic models.

Keywords: Matched asymptotic expansions, Maxwell’s equations, Reduced models, Scattering
by spheres, Multipoles

1. Introduction

Many physical phenomena involve multiple electromagnetic scattering by small obstacles
[LL, 12, 13L14]. All exact theories and numerical techniques for computing the electromagnetic fields
are based on the resolution of the Maxwell’s equations. Numerical simulation of scattering by
small obstacles using finite difference or finite element methods can become very expensive or
not affordable in terms of computational time and memory capacity even in the context of mesh
refinement and parallel computation. The multiscale asymptotic analysis of problems posed in
singularly perturbed domains, such as domains with small holes, has turned out to be very ef-
ficient to define reduced models adapted to low cost numerical techniques. Indeed, it enables
to consider the size of the obstacle as a parameter which does not act from a geometrical point
of view [5 16, [7, |8]. The resulting approaches provide algorithms to compute approximate solu-
tions at any order with respect to the small parameter [9, [10} [11}, [12]. The method of matched
asymptotic expansions, which brought out of this branch of analysis, consists in defining local
approximations of the solution in different regions of the domain of propagation with appropriate
scales, and matching them in an intermediate area [7, (13 [14]. The justification of matching rules
is obtained thanks to the introduction of a uniformly valid expansion in the whole domain [15].
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Typically, this method is used for the single scattering case and the extension to multiple scatter-
ing is done with suitable models relying on Born or Foldy-Lax theory for instance [16} 17, [18]].

Problems dealing with electromagnetic scattering by small obstacles have already given rise
to numerous works [12] [17, [19, 20]. In [12], Korikov and Plamenevskii used the method of
multi-scale expansions to approximate the solution of the interior Maxwell problem with a small
hole, both for time-harmonic and time-dependent Maxwell equations. They set up a rigorous
framework to express asymptotic expansions, including elliptic regularization, at any order. Error
estimates are performed for dissipative equations. In [[19], Ammari ef al. derived and rigorously
justified asymptotic formulas for perturbations in tangential trace of the magnetic field caused
in the presence of heterogeneities. These formulas are used in the theory of inverse problems
through boundary integral methods in order to determine physical properties, localization and
size of the obstacles [20} 21]].

In this paper, we apply the method of matched asymptotic expansions to approximate the
solution of the time-harmonic Maxwell problem into an unbounded domain which contains a
small perfectly conducting spherical obstacle. This method leads to a collection of elementary
problems that can be solved analytically in spherical geometries. We derive explicitly the first
terms of the asymptotics, up to the second order for the inner expansion and up to the fifth
order for the outer expansion. We give a physical interpretation of the first terms through the
idealistic notion of electromagnetic multipoles. These new results are illustrated and validated
with numerical simulations.

This article is organized as follows. In Section[2} we describe the time-harmonic electromag-
netic scattering problem and we introduce the main results. The first terms of the asymptotic
expansions are analytically derived using the technique of separation of variables on the elemen-
tary problems provided by the matched asymptotic expansions method, see also
In Sections [3] then ] we introduce some applications of the asymptotics. We show how the
obstacle can be replaced by equivalent multipolar point-sources. Then, we define a collected
dipolar model relying on the physical interpretation and an extension to multiple scattering prob-
lem based on a superposition principle. In Section[5] we present some numerical results which
illustrate the performance of the asymptotic models by considering two different incident waves.
Finally, we provide in Section [6] our conclusion and we describe some of the perspective of our
work.

2. Problem description and main result

2.1. Description of scattering problem
The propagation of time-harmonic electromagnetic waves of angular frequency w > 0 in
a homogeneous, isotropic and linear dielectric medium with electric permittivity € > 0 and
magnetic permeability u > 0 is described by incident electromagnetic fields,
Eix,n =R [s-%Ei(x) exp(—iwr)], xeR:,  t>0,
Hi(x.0) = R [ H'(x) exp(—ior))| xeR3, >0,
where the corresponding phasors (E', H') satisfy the reduced Maxwell equations in the free-space
VXE —ikH =0 inRY,
VxH +ikE = inR’.

C
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We assume that the electric current density j is a smooth vector field with compact support in R.
The wave-number « satisfies the dispersion relation

w

K= —

c
with the wave-speed ¢ = (,ue)‘%. In the presence of small obstacles with characteristic length 9,
the incident field (E', H') is scattered and gives birth to outgoing electromagnetic fields (Es, Hs)
solving the time-harmonic Maxwell equations. These scattered fields strongly depend on the
geometry and the physical properties of the obstacles. In this paper, we consider the multiple
electromagnetic scattering by K perfectly conducting spherical obstacles B(c,d), k = 1,...,K,
each one being centered at ¢, with small radius 6 > 0, see Figure[T] We assume that any distance

(E', Hi) / (Es, Hy)

_—
\ H \
dji™ Cx
Qs
Figure 1: Domain of propagation

d jx between two distinct centers is not small in comparison with A. The domain of propagation
Qs is defined by

K
Qs = R3\ U B(cr, 9).

k=1
Then, the scattering problem reads as
VX Es;—ixHs =0 in Q;,
VX Hs+ikEs =0 in Q;s,
nxE;=-nxE on 09, @1
n-Hs;=-n-H on 0Qs,
lim r(Hy x ¥~ Ey) = 0 uniformly in ¥ = 1:

where r = |x| and n denotes the inward-pointing normal unit vector of Qs. It is well-known that
the electromagnetic scattering problem by a finite number of spheres is well-posed in Hjo.(VX, Qy),
see for instance [22, 23| [24]]. Afterwards, we introduce the results that we have established for
K = 1and ¢; =0, ie. for the scattering problem by one small sphere B(0,5) centered at the
origin with small radius 6. For any smooth vector field u, we denote by yy[u], y¢[u] and y.[u] its
radial and tangential traces relatively to the sphere, defined for x = rx € R by

Yolul(x) =% u), Yilul(x) = u@) - yalul(x)x, Yxlul(x) = Xxnlul(x).  (2.2)

Remark 1. The scalar field y,[u] and the vector fields y;[u] and y«[u] will depend on X even if the
vector field u is constant. In the rest of the paper, we will denote vy, [1](x) and y,[u] indifferently,
for o = n, tor X.
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2.2. Asymptotic expansions

In this paragraph, we introduce the outer and inner approximations of the solution to problem
(2:1), up to fifth order for the outer expansion and up to second order for the inner expansion.
These formulas have been obtained in thanks to the method of matched asymptotic
expansions. Far from the obstacle, the exact solution (Es, Hs) possesses the following formal
asymptotic expansion

E;=6°E; +8°Es + ..., H;=6°H; + 8°Hs + .. ..

For any x € Q* = R3 \ {0}, the third-order outer terms E3 and 1?13 are given by

Emb—?ﬁwmmmwfwwmww]2“()[mm2
(2.3)
Hi(x) = =1V (kr)y«[E'(0)] + %h(ll)(Kr)yt[Hl(O)]+ ( ) Yol H(0)] %,

where ¥y, ¥ and y« are defined by (2.2)), see also Remarkl For any non-negative 1nteger n, h(])
is the spherical Hankel function of first kind of order n, see for instance [25], and h( ) is given by

" exp(iz)
ot

)(z) ,d[ 1d

V(@) = WP @), with  hP(@) = —i" [___}
dz

Furthermore, for any x € €, the fifth-order outer terms Es and Hs are given by

Ww

Es(x) = —memm memm Yol E(0)]

4()
e [US ER

5
——MWmQme——Mmm@ym

and

3¢ 1)
5

(O]
—h(l)(Kr))/X |7, .(0)35] + —Z“)(Kr)yl[Js (O)x] + Kby &) Yol T (O)F] 7.
6 2 E 92 m 3 ikr "

Hs(x) = —%Wmmmm WWMHM yaHI(0)] T

2.5)

where J, denotes the Jacobian matrix of  for ¢ = E' or H' and Iy = 1 Jy+J |/T1) the symmetrized
Jacobian of . Close to the obstacle, the exact solution (Ej, Hs) admits the formal asymptotic
expansion

Es(6-)=Eg+0E, +8%Ey + ..., Hs(-)=Hy+0H, +8H, + ...

For any X € Q := 671Qy, the zeroth-order inner terms E, and H, are given by

= 1 S — 1 S
Ey(X) = =|3%[E'(0)] X - E'(0)), Hy(X) = ——|3w[H'(0)] x - H'(0)), (2.6)
R3 2R3



with X = Rx and R = 6~'r. Moreover, for any X € 5 the first-order inner terms E 1 and H | are
given by

— 1 . 3 ) ] .
EiX) = —( = nlI, 07+ SnlIs @77 + 55 nHO),
2.7)

1 .
B = = (3300 O T - %I O 75 + 55 1B O]

Finally, for any X € Q, the second-order inner terms Ez and Hz are given by

— 1/2 - 23 : 1 .
E>X) = R—S(gyn[xTHEa(O)ﬂ X+ %yn[El(O)] X — zyt[xTHEa(O)ﬂ

iK s IS ; iK s
- ST O F = S EO) + 3570307

B 3k2
10R3

(E© - 3l EOIT) + & (EO + nlE0]7)

and

7 1 —T 2 i 3 =7
B0 = (-3 R —Oyn[H O F+ ZH[F Hp (O)F]

TR O8] + SCHHO)]) + 5577, 0) 7]

BT (3%1 [H'(0)] - Hi<0>) - g(Hi(O) +7a[H'(0)] 35)

where H, denotes the Hessian tensor of o, see Remark [2}

Remark 2. For any x = (x1,x2,%3)7 € R and f = (fi, 5, /)7, the vector field x"H(0)x is
defined by its componentwise

3 3
(x"H0)x), Z Z (04 £:(0)x;, i=1,2,3.

Jj=1 k=1

3. Physical interpretation: Identification of equivalent multipoles

Successive terms of the asymptotic expansions can be interpreted as electromagnetic fields
generated by electromagnetic multipoles. The multipolar sources are well-known in electromag-
netism [26} 27 and are characterized by moments [28, Appendix B]. Time-harmonic multipoles
come from time-dependent multipoles and the computation of electromagnetic fields is based on
the theory of retarded potentials, by taking into account the phase differences.



3.1. Time-harmonic and static dipoles

3.1.1. Time-harmonic electric dipole
The time-harmonic electromagnetic fields £.[d] and H.[d] generated by an electric dipole
of moment d € C? are given by

£.1d](x) = ZPUKD {2(i - if)yn[d]f— (ri2 - % - K2)7[[d]},

4nr r?
exp(ikr) (K2 N iK
Arr

r

3.1)

He[d](x) = )yx [dl.

Remark 3. We recognize in (3.1 the Hankel functions of the first kind of order 1, so we can

rewrite (3.1)) as

3 (_ h(l)( ) R 3
ee[d](x>=—:—ﬂ(hﬁ”<xr) yld] + 2= ] x], HeldI0) = 5 kryyldl.

i

The dipolar moment d can be a complex vector. In that case, the dipole moment can be seen
like a superposition of three out of time-phase dipole moments,

3
d= Z d, exp(—iwty) ey,
k=1

where (e}, e,, e3) denotes the canonical basis of R?, d; = |d-e;| denotes the k-th dipole amplitude
and 7, = —w 'arg(d - e;) the k-th time-related phase difference, where arg(d - e) is chosen into
(0,2m). It is worth noting that the choice of basis is arbitrary. A dipole of moment d € R? can be
defined by an asymptotic process including a geometrical point of view: let € be a real positive
number and consider the electromagnetic fields £ [d] and H.[d] generated by a distribution of
two electric point-charges, located at +5d and —35d, and an electric filiform current relating the
two point-charges, see Figure[2] The electromagnetic fields £.[d] and H [d] have the following

@ e P9

0
0 e : 0 OO +000
_« « e dy edy ey b
2 2 2 2 2 2 0
Figure 2: Dipolar, quadrupolar and octupolar configurations

asymptotic behavior

Ecld] = E[d] + O (e), Held] = Held] + O (e),



and solve the following time-harmonic Maxwell problem in the sense of distributions,

V x E.[d] - ikH [d] = 0 in 9'(R%),
. _ 1 . . ’ 3
V x Held] + ikE.d] = — jeld] in 2'(R%), 52)
V- EJd] = o[d] in 7'(R?),
V-H[d] =0 in 7'(R%),

where the charge density o.[d] and the current density je[d] which satisfy the charge conservation
principle are the distributions given by

d
oddl =L (8.ca-6ca). el = wm 5

The electric dipole problem is the limit when € tends to zero of (3.2),

V x E[d] - ikH[d] =0 in 2'(RY),

V x H[d] + ikE[d] = ik d & in 2'(RY),
V- E[d] = Déy[d] in 7'(R%), G-3)
V-H[d]=0 in 7' (RY).

where 6., denotes the Dirac distribution at point ¢ € R3 and Déy[d] stands for the differential of
0y in the direction d, defined in the sense of distributions by

(D6o[d], f) = = (60, Vf-d) = =Vf(0)-d  Vfe IR

The case where the Dirac distribution is evaluated on the one-dimensional wire J, is defined by
(05, f) = f fx)dx  VfeIR.
Fe

3.1.2. Time-harmonic magnetic dipole
The time-harmonic electromagnetic fields £,[d] and H,[d] generated by a magnetic dipole
of moment d € C? are given by

(1)( r)

Enld](x) = h‘”(xr)yx[d] Hald](x) = (m (r) vild] +2 %ldlT|. (34
A magnetic dipole is defined analogously to an electric dipole by replacing the electric sources
of (3.3), by magnetic sources into the Maxwell-Faraday equation (the first one of (3.3)) and the
Maxwell-Thomson equation (the last one of (3.3)).

3.1.3. Quasi-static dipoles

Electrostatic field generated by an electric dipole. The electric field £.[d] generated by an
electrostatic dipole of moment d € C? is given by

Eoeldl(®) = — (27n[d] x = yddl). (3.5)
7



This expression matches with (3.1)) for w = 0. Indeed, the electrostatic dipole correcponds to the
electric dipole (3:3) with w = 0,

V. £[d] = Déy[d] in 7' (R),
VxEMd] =0 in 2'(RY).

Quasi-static magnetic field generated by an electric dipole. The magnetic field H[d] gener-
ated by a quasi-static electric dipole of momentd = idk € C3 is given by

1
Hold](x) = 2 [dd].

The problem satisfied by the quasi-static magnetic field H[d] is obtained by taking w = 0 into
the magnetic equations of the electric dipole problem (3.3)),

V-H[d]=0 in 2'(R%),
V x H[d] = d, 6 in 2'(R%).
Extension to magnetic dipoles. The quasi-static electric field £y ,[d] and the magnetostatic field

Hom[d] generated by a magnetic dipole of moment d = ﬁ(dk € C3 read as

1 — 1
Homld]l(x) = ) (yald] x = yld]), Eomld](x) = m)’x[dk]-

3.2. Time-harmonic and static quadrupoles

3.2.1. Time-harmonic electric quadrupole

The time-harmonic electromagnetic fields £.[Q] and H..[Q] generated by an electric quadrupole

of moment tensor Q are given by

E[QI(x) = Ton

T IKr

4 (3p0 ~ ’
K ( 2 1, QR T h;“wm[Qﬂ)’ HAQI) =~ h () QT
(3.6)

The quadrupole moment tensor Q is a traceless and symmetric complex-valued two-rank tensor
[26]. Generally, a quadrupole can be decomposed as the superposition of five out of time-phase
quadrupoles,

5
Q= Z my exp(—iwty) My,
=

where my;, denotes the elementary amplitude, 7y is the time-related phase difference and (M )1
is an arbitrary basis of elementary quadrupole tensors. A suitable basis is given by

10 0 00 0 010 00 1 000
M, ={0 0 O0|,My=[0 1 o, My=|1 0 o], My=[0 0 0|, Ms=]|0 0 1

0 0 -1 0 0 -1 0 00 1 00 0 1

..... 5

=}

].



Each elementary tensor My can be expressed as
M _ 1 T T
k= E (uka + Vkllk)
where uy, v, € R3, illustrated in Figure are given by u; = (1,0, )7, vi = (1,0,-1)T, u; =

0,L,D7 v =(0,1,-D",u3 =(1,0,00", v =w + Vo, ug = w3, v4 = (0,0,2)", us = (0, 1,0)7,
V5 = V4.

V4

Uy

Figure 3: A basis of real-valued quadrupoles defined by the elementary directions uy and v associated with the basis of
elementary quadrupole moment tensors My.

Remark 4. 1t is also possible to normalize both uy and vy but it leads to a different quadrupole
moment tensor basis M = %Mk.

Each quadrupole of real-valued moment tensor M can be interpreted thanks to an asymptotic
process with a geometrical point of view. Let € > 0 and consider the electromagnetic fields
Eluy, vi] and H.[uy, vi] generated by a distribution of four electric point-charges, two positive
ones located at i%d’{ where d’f = %(vk — w;), two negative ones located at i%dg where d’; =
%(uk + v;), and four electric filiform currents connecting the four point-charges, see Figure As
a result, the electromagnetic fields have the following asymptotic behavior,

Eclu, vi] = E[Qu] + E90(6), Helug, vil = He[Qx] + 590(6)

and solve the following time-harmonic Maxwell problem,

V x Eclug, vi] — ikH [ug, vi] =0 in 2'(RY),
1

V x Helug, Vil + ikEc[wg, vi] = = je[df, d5] in 2'(R?),
C

V- Ecfug, vil = ocldf, di] in 7' (R%),

V- Helug, vi] =0 in 2"(R%),

where the charge density o.[d¥, d’;] is the distribution given by
q
o}, 3] = = (. sat +0_cat — Fr5ay — 0-sas) (3.7)

and j[d, d’é] is defined to satisfy the charge conservation principle.



3.2.2. Time-harmonic magnetic quadrupole
The time-harmonic electromagnetic fields £,[Q] and ‘H,[Q] generated by a magnetic quadrupole
of moment tensor Q are given by

(3 h(zl)(Kr)

HulQI) = 7 Yal QR + 1" (kr)y [QX1 |,

iK1
«* )
EnlQl(x) = Ehz (kr)yx[Qx].

3.2.3. Electrostatic quadrupole
The electric field £ .[Q] generated by an electrostatic quadrupole is given by

3
16714

This expression matches with (3.6) for w = 0. The electrostatic quadrupole is defined analo-
gously to electrostatic dipole by considering the charge density (3.7),

E0[Ql(x) = (=37a[QX1 X + 7[QX]).

V- Eu,v] = D*6p[d,, ds] in 2'(R%),
VxEuv]=0 in 2'(RY),

where the distribution D?8y[d;, d,] denotes the second-order derivative of 8, in the directions d;
and d, defined in the sense of distributions.

3.3. Interpretation of the asymptotic expansions in terms of multipoles

Proposition 1. The electric inner term Eq given by 2.6) can be identified with (3.3)), a static
electric field generated by an electric dipole of moment d; = 4nE'(0). The magnetic inner term
H, given by [2.6) can be identified with a static magnetic field generated by a magnetic dipole
of moment d,, = =2 H'(0).

Proposition 2. The inner terms E 1 and H 1 in 2.7) can be identified with the superposition of

e q static electric (resp. magnetic) field generated by a magnetic (resp. electric) filiform
current connecting two point-charges of moment dy (resp. dg), given by Proposition|l]

e a static electric (resp. magnetic) field generated by an electric (resp. magnetic) quadrupole
of moment tensor Q; = —%”J%i(O) (resp. Qyu = %TJ‘;I,-(O)), where J = %(J]<> + J7) denotes
the symmetric part of the Jacobian matrix of o.

Remark 5. The second-order inner terms E, and H, are a superposition of octupoles, quadrupoles
and dipoles.

Proposition 3. The outer terms E and H; given by 2.3) can be identified with the superposition
of an electric (resp. magnetic) field generated by an electric dipole of moment dg and an electric
(resp. magnetic) field generated by a magnetic dipole of moment d.

Proposition 4. The outer terms Es and Hs given by (24) and [23) can be identified with the

superposition of electric fields, respectively magnetic fields, generated by an electric dipole of
2

moment SILOdE, a magnetic dipole of moment %dﬂ, an electric quadrupole of moment tensor Q;

and a magnetic quadrupole of moment tensor Qy.
10



4. Approximate models

In this section, we introduce a semi-analytical method reproducing the main properties of the
asymptotic expansions:

e an accurate formula for the equivalent dipolar approximation,
e a Born approximation of the solution.

4.1. Accurate equivalent dipolar approximation: the collected model
The asymptotic expansion truncated at order P reading as

S Es+...+6"Ep, 8Hs + ...+ 6" Hp,

provides an approximate solution. However, except for E; and Hs, the computation of asymp-
totic coeflicients E, and H, for p > 5 involves successive derivatives of the incident fields,
which are not always numerically computable. Then, an improved approximate model should
avoid terms with incident derivatives. With this in mind, the improved approximation is de-
fined by collecting terms coming from dipolar sources into (2.3)-(2.4) and neglecting terms from
high-order multipoles. From a far-field point of view, the collected dipolar expansion is

Es = ay(0)Enld,] + ax(6)Ec[de], H; =~ a,(0)H[d:] + ap () Hmldy],

where E[d.] and H.[d.] are given by (3.1) and &, [d,] and H,[d,] by (B-4). The coefficients
ag(0) and ay(0) are given by

4.1)

2
@,(6) = 53(1 ) )

3 _3(/«5)2
10 and ay(0) =90 (1 —)

5

Regarding numerical results on Figures [T0] we observe that the collected approximations are
more accurate than the first approximations 6> E3 and §° Hj. Furthermore, the collected models
have a lower computational cost than the second approximations 6°E; + 8 Es and 6°H; + 6° Hs.

4.2. Born approximation
The Born approximation is based on a superposition principle of scattered fields generated in
the presence of obstacles in isolated configurations [29]. The exact solution is approximated by

K K
E; = Z Esy, H; ~ Z H;,.
k=1 k=1
For k = 1,...,K, the scattered fields Es; and H;; approximate the solution of the exterior

Maxwell problem in R3 \ B(cy,5). We use the asymptotic expansions derived for the single-
scattering case transposed at the center ¢, of each obstacle,

Es4(x) = au(@)Enldi](x = ci) + ax(O)Ecldg](x — ci),

Hi(x) = () Heldi1(x = ) + (&) Humldy1(x = c),
where the coeflicients a;(5) and ay(6) are given by @), d* = 4nE(c;) and d¥ = -27H'(cy).
Figure[dshows a numerical simulation illustrating the Born approximation with K = 13 obstacles
of radius 6 = 0.1. The incident field is an electromagnetic plane wave defined by (5.1I) whose

physical parameters are given by (5.2) with A = 1.
11
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Figure 4: Cross-sections of modulus of x-component of the approximate total electric field

Remark 6. In the context of real multiple scattering, in which we take into account interactions
between obstacles, the Born approximation appears to be less accurate as the number of obstacles
grows or the distance between the obstacles decreases.

5. Numerical simulations

Numerical results make evident orders of convergence for different levels of inner and outer
approximations. To illustrate the results, we propose two test-cases. The first one considers an
incident plane wave involving an analytical solution. In the second one, we consider an incident
gaussian beam that involves a numerical approximation of spectral coefficients.

5.1. The reference solution

Test 1: Incident plane wave. The spherical obstacle is enlighted by an electromagnetic plane
wave (E', H') of wavelength A defined by

E'(x) = pexp(ik - x), Hi(x) = %(k x p) exp(ik - x), (5.1)

with k - p = 0. The wave vector k and the polarization vector p are chosen such that

0 1
k=|0], p=1|0{, 5.2)
—K 0

; — 2z
with k = .

12



Test 2: Incident gaussian beam. An electromagnetic gaussian beam of waist w polarized by the
vector p given by (5.2) and directed through the z-axis, is approximated by

E(y= 2 exp(l:Kz) ox (_l k(2 + .yz))
Z0 + 12 2 zo+iz
ix
) . 20 +1iz
. + i
L T I o
Z0 + iz 2 zp+iz z0 + iz
1 1 X2 +y?

Ckzo+iz) 2 (zo +i2)?

for any x = (x,y, z), where zp = % denotes the Rayleigh length. This is an approximate solution
of the time-harmonic Maxwell equations assuming that w > 271 The reader can refer to [30] for
more details.

In Figure [5] we represent cross-sections of the real part of x-component of the different
incident electric fields. Thereafter, we investigate the numerical orders of convergence for the

y -5-10 y -5-10

(a) Plane wave (b) Gaussian beam
Figure 5: Cross sections of real part of the incident electric fields for 4 = 5 and w = 5.

outer and inner approximations. The norm used in the comparison is the Sobolev L?-norm of
the difference between the reference solution and the approximate ones, computed into some
domains of interest. To obtain the data, we compute

o the reference scattered fields (E$, H}) from their Mie series representation truncated at
Nmod = 8, with analytical coefficienty'|for Test 1 and approximate coefficients, computed
from projectionsﬂ of the incident field onto the vector spherical harmonics for Test 2,

e the inner approximation (E&P, Hdp) or the outer approximation (55,P+3, 175,134_3) for P =
0,1 or 2, defined by (A29)-(A-30),
o the relative errors || Ef — SEII/IIE + E:|| and ||H} - M|/ H + H;||, replacing (o, ") either

by (Eg,p(' /0), I?g,p(~ /9)) or (E(S,P_;_?,, ﬁ(s’P_'.g,), computed in spherical coordinates by using a
Riemann sum for angles 6 and ¢ and a trapezoidal rule for radius r,

!from the Anger-Jacobi representation [22]).
2we use a quadrature formula based on the Simpson’s rule.

13



for a range of & between 10™* and 10°. In Figures@and we draw cross sections of the modulus
of x-component of the electric field induced by the two different tests with 6 = 0.5, resp. 6 = 0.1.

_ 3 _

4 4 2
-2 2 -2

v v 0 1 v 0 1
2 0 2
4 4

— 1 0

-4-20 2 4 -4 -2 0 2 4
X X
(a) Total electric field (b) Total electric field (y = 0) (c) Scattered electric field (y = 0)

Figure 6: Cross sections of x-component of the electric field associated to Test 1 with 2 = 5 and 6 = 0.5.
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y ~5.10 . -4 -2 2 2 4 -4 =2 2 2 4
(a) Total electric field (b) Total electric field (y = 0) (c) Scattered electric field (y = 0)

Figure 7: Cross sections of x-component of the electric field associated to Test 2 with A =5, w =5 and 6 = 0.1.

5.2. Inner approximation
Let an be the subdomain of Qs independent of ¢ in the fast variable X, defined by

Q¥ = B(0,26) \ B(0,9).

For the results in Figures andEl we investigate the numerical order of convergence in L2(Q§6 )-
norm of the inner approximations with respect to the size of the scatterers ¢ such that

1
60—, p=05:01:35;.
{ » |
Figure depicts the different orders of convergence for the inner approximations (E;, Ps FI(;’P) for
P =0,1,2, induced by Test 1. The results are consistant in comparison with (A.32)). Figure 9]
shows similar results for electric field induced by Test 2. Numerically, we observe that for these
three first approximations, the following estimate holds

IE; — Esp(Dlloeys < ¢ 8™ E; + Ellogn, 1H; = Hap(Sllggge < ¢ 6™ IH; + Hlly g
14
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Figure 8: Relative L2-errors for the inner approximations associated with Test 1 with A = 5 depending on 6.

The convergence of the inner asymptotics is numerically validated regarding error estimates
(A:32). For the results of Test 2, a loss of convergence in asymptotic regime is due to the approx-
imation of the incident gaussian beam.

5.3. Outer approximation

Let Qﬁ/l be the subdomain of Qs independent of ¢ given by

Q3 = B(0,22) \ B(0, ).

For the results in Figures [I0] and [TT] we investigate the numerical order of convergence for
LZ(QiA)—norm of the outer approximations with respect to the size ¢ of the obstacles such that

1
6 03:0.1:32
i rosion2)

Flgure 0| displays the different orders of convergence for the outer approximations (E53, H(; 3),
(E55,H5 5) and the collected dipolar model, see Paragraph 4.1} induced by Test 1, using L2-
norm into Qz’l. Figure [11{shows similar results for the outer appr0x1mat10ns of the electric field
induced by Test 2. Except the collected approximation, noting that the fourth-order outer term is
identically zero, we observe that for the first outer approximations, the following estimate holds

r P+1 S i 7 P+1 i
IE; — Esplloon < 6™ NES + Ellg g, \H = Hapllogor < ¢ 871 HS + Hlg .

The convergence of outer asymptotics is numerically validated regarding error estimates (A.3T).
For the results of Test 1, the different orders of convergence are consistant in comparison with
(AZ3T)). For the results of Test 2, a loss of convergence in asymptotic regime is due to the approx-
imation of the incident gaussian beam.

15
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6. Conclusion and perspectives

The asymptotic analysis has turned out to be very relevant and efficient to derive approximate
solutions of the electromagnetic wave scattering problem by a small obstacle. Local approxima-
tions of electromagnetic fields have been derived and made explicit for a spherical scatterer
thanks to the matched asymptotic expansion method. The method provides accurate approxima-
tions as it is shown by numerical tests, while allowing the size of the obstacles to be very small
compared to the incident wavelength. Being analytic, the implementation is very simple and the
computational cost is very low.

Multiple scattering. This work is a first step to consider the multiple scattering problem by
spherical obstacles. In contrast with the Born approximation, the Foldy theory suggests to take
into consideration interactions between the scaterrers by approximating the scattered field as the
superposition of scattered fields generated by dipoles whose dipolar moments take into account
the local scattered fields as an incident wave for the other scatterers. Spectral-based methods
have been also developed to tackle multiple scattering problems in electromagnetism, see for
instance [31} 32} 133]]. Comparisons between a such method and asymptotic models for multiple
scattering will be subject of a further work.

General geometry. A coupling between asymptotic models and a numerical method is required
to take into account obstacles of arbitary shape. Indeed, for a general geometry, inner problems
cannot be solved by the technique of separation of variables and the multipolar moments have to
be approximated.

Time-dependent domain. The application of the inverse Fourier transform should allow to de-
duce properties for the time-dependent problem. In particular, the identification of time-harmonic
symbol (—iw) with partial time-derivative 9, has been already explored for the wave equation [14]]
in contrast with the Helmholtz equation [[16].

16
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Figure 10: Relative L2-errors for the outer approximations associated to Test 1 with A = 5 depending on .

Appendix A. The matched asymptotic expansions

In this section, we develop the method of matched asymptotic expansions [7, 8] for solv-
ing the exterior time-harmonic Maxwell problem (2.I)). This method involves two different ap-
proximations, the so-called outer and inner expansions. The outer expansion approximates the
solution far from the obstacle and it is defined into the punctured domain

Q* =R3\ {0}.

The inner expansion approximates the solution close to the obstacle and is defined in fast variable
X into the scaled domain

Q=R3\B0,1).

We present the global construction of the asymptotic expansions including problems satisfied by
the successive terms, and how the expansions are related thanks to a matching procedure. Finally,
we apply the algorithm for deriving the first terms of the expansions.

Appendix A.1. Equations for the coefficients of the outer expansion
Far from the obstacle, the exact solution is approximated by the outer expansion

00 00

Es(x) ~ Z 6"E ,(x), Hy(x) ~ Z 5" H ,(x), (A1)
p=0 p=0

where x = rx is the space variable. The terms (E P> H »), have to satisfy, for any p > 0,
VxE,-ikH, =0 in Q*,
VxH,+ikE, =0 in Q*, (A2)

lim r(I~1,, XX - E,,) =0 uniformly in X.
17
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Figure 11: Relative L-errors for the outer approximations associated to Test 2 with 1 = 5 and w = 5 depending on 6.

These problems are obtained by inserting the asymptotic expansions (A.I) into (2.1) and by
identifying the terms with the same powers in 6. To alter the ill-posedness of these problems in
H,,.(Vx, Q%), the space of vector fields # such that

Vy € €°(R%), y = 0in a neighborhood of 0,  yu € L*(R*) and V x (yu) € L*(R?),

the behavior of (E s H ) in the vicinity of the origin is required and will be given by the matching

conditions (A12).

Appendix A.2. Equations for coefficients of the inner expansion
In a neighborhood of the obstacle, the solution is approximated by the inner expansion

Es(6X) ~ > 6"E,(X), Hy(6X) ~ > "Hy(X), (A3)
p=0 =0

where X = 67'x = RX denotes the fast variable. To obtain the equations satisfied by the terms
(E,, H,), we make the scaling X = ¢~ 'x into the curl operator (6 'Vx X u = V, X u) and we
insert the expansions (A.3) into the volumic equations (2.1). The inner expansions then satisfy

1 (o) - (o] . .

Vx x > 6"E,—ik »  6"H, =0 inQ,
p=0 p=0

1 (&9 . (&9 - -

5Vx x > 6"H,+ix ) §"E, =0 in Q.
p=0 p=0

We perform in these equations the identification of terms with the same power of 6. We thus
see that, since x # 0, the terms (E,, H),) have to satisfy, for any p > 0, the uncoupled nested
Maxwell equations,

VxE,=ikH,, inQ, VxH,=-ikE,.; inQ,
P p-1 Ap p-1 - (A4)
V-H,=0 in Q,

V-E,=0 in Q,
18



using the convention E_, = H, = 0. The boundary conditions on T := 9O are obtained by
identifying the Taylor series expansion in fast variable of the incident field in a neighborhood of
the origin and the boundary conditions satisfied by the exact solution on 9Q)s, with respect to the
powers in 6. We have

nxfpz—an\; onT,
— —, — (AS5)
n~Hp=—n~H;7 onT,
where ! !
i _ 2 e « i _ = pagi a
E,X) = HZ —DTEO0)X), H,(X) = ||Z D HO)(X").
a|=p @|=p

The inner problems will be solved by induction for p > 0. To do that, we decompose the
successive terms (E P> H ) as the sum of p + 1 vector fields

)4 P
E,(X) = Z E,/(X), H,(X) = Z H,(X). (A.6)
=0 =0

For£=0,...,p, the terms (’E‘\p’[, H »,0) have to satisfy the following nested equations

V X E\p,g = l'KFIp_l’[_l in ﬁ, V x Ep’{ = —iK’E\p_l,[_l in ﬁ, (A 7)
V-E,; =0 inQ, V-H, =0 nQ,
using the convention E 1 = H p,—1 = 0 for any integer p. To compute the inner terms of order

p > 0, we have firstly to determine particular solutions of (A.7) for ¢ = 1,..., p and then, to
solve quasi-static problems satisfied by the header terms E, o and H,( in L*(Q). It is worth
noting that additionnal conditions are required to guarantee the uniqueness of the electric terms,

ﬁ n-E,ds=0, for any p > 0. (A.8)
T

These null-charge conditions, called gauge conditions in [34, |35 36]], occur when x # 0 and are
deduced from the initial problem (2.1J),

—ikf n-Esds= f(V X Hs) -nds = f curlr, [n X (Hs xn)] ds = 0. (A.9)
Ts Ts Ts

The last equality is obtained from the Stokes identity [23]]. Conditions (A:8)) are then obtained
by inserting the asymptotic expansion (A.3) into (A.9) and by identifying with the same powers
ino.

Appendix A.3. Matching conditions

The outer and inner expansions are related thanks to a matching procedure which allows to
determine the behavior of (E »» B H)) close to the origin and the behavior of (E,, H ») towards the

infinity. For p > 0, we expand E and H in a neighborhood of the origin,

400 +00
E (%) ~ ) rfEj@. H,(%) ~ ) ) H)® (A.10)
g=—o q=—0
19



and E » and H » towards the infinity, in the fast variable X = RX,
. +00 . . +00 .
E,(&® ~_ Z (kR)TE*(3), H,0) ~ Z (kR)HA(®). (A.11)
g=—0 q=—

We will call singular part of the outer terms (E s H ») the series expansions

Z(Kr)qEZ X), Z(Kr)qITI?,GF).

q<0 q<0

In the previous series expansions, it appears a singularity at the origin due to the negative powers
of r. The regular part is naturally defined by the series with non-negative indices ¢g. In addition,
we define the increasing part of the inner expansion by

D RIEH@. D R H ).

q=0 q=0

and reciprocally the decreasing part, with indices ¢ < 0. Following [7], the expansions (A1)
and are matched in the overlapping area by using the expansions (A.10) and (A.11) and
by identifying the terms with the same powers of 6 and xr. We d1fferen01ate two matchlng
formulations following the sign of g € R,

T4
(E}.H ) = (Ep+q’ p+<1) “P=q<0, (A.12)
(Eq’ [7):0’ pSOOrq< _p,
and
Eq, — E s qﬁ s OS < s
(Ep. Hy) = (B} Hy_) a=r (A.13)
(E", p): , p<0org>p.

As a result, the singular part of the outer terms is linked with the decreasing part of the inner
terms and the increasing part of the inner terms is linked with the regular part of the outer terms.

Remark 7. In spherical geometries, modal decomposition of solutions can be used to determine

angular terms (E%, HY) and (E%, H2) and to make explicit the matching conditions (A12)-(A-13)
through the spectral coefficients, see [28] Proposition 1].

Appendix A.4. Algorithm of construction

In this paragraph, we present the algorithm of construction of successive terms of the asymp-
totic expansions. Let p be a non-negative integer. Assuming that all the terms (Ek, H;) and
(Ek, H,) are known up to the order p — 1, we show how to derive the inner and outer terms of
order p. This algorithm can be divided in two parts. On the one hand, the matching conditions
(AT2) allow to derive the singular part of the outer terms (E ,, H,)). The regular part is then given
by solving in R3, which is identically zero because of the Silver-Miiller radiation condition.
On the other hand, the matching conditions (A.T3) clarify the behavior towards the infinity of
the inner terms (E,, H,). These latter are then determined by solving the nested problems (A.4)
equipped with the boundary conditions (A.3]) and the null-charge condition (A8)) for the electric
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terms. To summarize, the terms of order p into the asymptotic expansions are derived by solving
successively

(Eq’HZ) = (E([I’HI’HZH[)’ w4 < q< 07 (l)
(E},H}) =0, p<0org<-p,
VxE,—ikH, =0 in Q*,
VxH,+ikE, =0 in Q*, (ii)
lim r(flp XX - Ep) =0 uniformly in X,
(E%,HY) = (Ez_q, fl;’,_q), 0<gq<p, (i)
(EZ, HY) =0, p<0org>p.
VxE, = ikH,, inQ, (A-14)
V-E,= inQ,
anp = —nxi«]\}, onT, (iv)
fn “E, ds =0,

T
VxH, = —ikE, | in Q,
V-H,=0 in Q, (v)
n-flp:—n-flj, onT.

Appendix A.5. First terms of the asymptotics

Step p = 0. Equations (i) of (A.14) imply that the zeroth-order outer terms (Eo, Ho) do not pos-
sess singularity at the origin. Since they satisfy the Silver-Miiller radiation condition at infinity,
see (ii) of (A.14), (Eo, Hp) are identically zero. According to (iii) of (A.T14)), the behavior towards

the infinity of the inner terms of order O is given by

Eo= 0 &™) and Hyp= O ®).

Hence, according to (iv)-(v) of (A.14), the zeroth-order terms Eo and H, solve the following
problems,

VxEy=0 inQ,
Vio=0 inﬁ, VXH():O inQ,
n x Ey = —n x E(0) onT, V-Hy=0 inQ, ALS)
Ej= 0 & at infinity, n-Hy=-n-H(0) onT,
_ Hy= 0 R at infinity.
fn-EOds=0, R
T

These problems can be solved with the technique of separation of variables, see [23| Section 2.5]
for solutions to Laplace equation in spherical geometries or [28| Section C.3] for a more adapted
21



framework to nested Maxwell equations. The unique solutions of (A.13) are given by (2.6). In
addition, we observe that

Ey= 0 ®7)  and Hy= 0 &) (A.16)

R—00

Step p = 1. Equations (i) of (A.14) and (A.16) imply (EY, FI’{) = (0,0) for any g < 0. Hence,
according to (ii) of (A.14), we deduce that

E[ = Iq] = 0
Equations (iii) of (A-14) imply (EY, I?I?) = (0,0) for any g > 0. Hence,

E,= O®"Y  and H = 0 @xM. (A.17)

R—00 R—00

According to (A.T7) and (iv)-(v) of (A.T4), the first-order terms E, and H, solve the following
nested Maxwell problems,

V x E; = ikHy in Q, N N ~
V-E =0 in Q, VX H; = —ikEy in Q,
nxE, = -n x (Jz(0)%) onT, V-H =0 inQ,
E = o0& at infinity, n H=-n (Jz0%  onl,

o H=o0x" at infinity.
ff‘n-EldszO, R—00

According to (A.6), we decompose the vector fields E; and H, under the form
E] :El,()+if\1,1 and El =ﬁ1’0+171’1,

where E 11 and H 1,1 are particular solutions of the nested equations obtained by taking p = € =1

into (A7),

V % El,l = iKH() in ﬁ, V x Hl,l = —iKEo in ﬁ,
V-E;;=0 inQ, V-Hy, =0 inQ, (A.18)
Ei = O &) atinfinity, Hi,= 0 ®") atinfinity.

R—00 R—00

The terms E 10 and H 1,0 solve the static Maxwell problems obtained by taking p = 1 and £ = 0
into (A.7) by taking into account the boundary conditions (A.5) and the condition (A.§),

VXEo=0 inQ,
V- E\I,O =0 in ﬁ,
le Eig=-nx(Jz03) -nxE, onT, (A.19)
Eo= 0 @®" at infinity,
fﬂ'ElyodSZ—fII'E]!l,

T T
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and

VxH =0 inQ,
V-H,=0 in Q,
n-Hgo=-n-(Jgu0)3%) -n-H, onT, (4.20)
H,= ) gm(R*I) at infinity.

These problems are solved with the technique of separation of variables. Particular solutions of

(A’T8) are given by

B0 = oo HO)  Hi0= 5%EO)  Xeh (A21)
The boundary conditions into (A-T9) and (A:20) can be written as

nx Eig=-nx(J}(07) and  n-Hig=n-Jg03%  onT,

where J{ denotes the symmetric part of the Jacobian matrix of o, given by J¢ = %(q]]<> +J).
Moreover, the last equation in (A:19) is also a null-charge condition,

fll'E\LodS:—fl‘l'E\l,ldS:O.

Then, the unique solutions of (A19) and (A.20) are given by

— 1 ) 3 ) —~
Eip() = (—yt |35 (0% + S 2 [J:(0)F] x), XeQ,
N { {2 N (A.22)
HiyX)= 5 (5% |35, 0)F] = 72 [T 0)3] 55), Xed.

From (A2T) and (A22), we deduce that
E = 0®?), Hy= 0®? Ep= 0®", Hyg= 0®&".
Step p = 2. Equations (i) of (A.14) imply (E?, Eg) = (0,0) for any g < 0. In addition, by (ii) of

(A"T4), we deduce that
E,=H,=0.

According to (iii), we deduce that (Eq, qu) = (0,0) for any g > 0. As a consequence,

E,= 0@®Y and Hy= 0 R (A.23)
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According to (iv)-(v) of and (A.23), the second-order terms E, and H, solve the following
nested Maxwell problems,

VXEZZiKﬁ] inQ’
V'EQZO inﬁ, V x H, = —ikE; in Q,

= 1 - — V-H, =0 in Q,
anzz—EninHEmﬁ) onT, : |
7 o o n-H, = —>n- (T Hy(0)%) onT,
E,= O R) at infinity, 2

RA Hy= 0 R™) at infinity.
f;n.E2ds:O’ R—00
T

We decompose the vector fields Ez and I?z under the form
Ez = ’E\z,() + E2,1 + ’E\z,z and ﬁz = Hz,() + qu,l + Hz’z,

where EH and I?u for € > 0 are particular solutions of the nested equations obtained by setting

p =2 into (A5),

V x Ezyg = ikﬁl’g_l in ﬁ, V x sz[ = —iK’E‘\L[_l in ﬁ,
V-Ey =0 inQ, V-Hy =0 inQ, (A.24)
Ez,[ = 0 (R_l) at infinity, ﬁz,[ = 0 (R_l) at infinity.

while Ez,o and ﬁzyo solve the static Maxwell problems obtained by taking p = 2 and ¢ = 0 into
(A7) and taking account of the boundary condition (A.3)),

VxEy=0 inQ,

V- Ey=0 inQ,

nx E,o=-nx (YTHE(O)}‘) -nx (EZJ + EM) onT, (A25)
Ey = . gw(R_l) at infinity,

ff n-Eods = f 0 (B +Boy) ds,

VxHyy=0 inQ,

V-Hyp=0 inQ,

n-Hoo=-n- (FHyOF) -n-(Hoy + ) onT, (A.26)
H,= . gw(Rfl) at infinity.

The problems (A.24) for ¢ = 1,2, (A.25) and (A.26) are solved with the technique of separation
of variables. Particular solutions of (A.24) for £ = 1 are given by

Eon() = 55T OF]. Hou(0= 55 [5,08.  xeQ.
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Particular solutions of (A.24) for £ = 2 read as

By (X) = g (n [E'©)] +2% [E'O)] 7). Xeq,

2
7 K i i
Hyy(X) = = (n [HO)] + 20 [H'0)] 7). XeQ.
Note that the gauge condition in (A.23) is actually a null-charge condition because n - E;; = 0

onI and
ﬁ’E\Z,z ‘n =& f;n . [Ei(())] = K2f _V. [Ei(())] =0,
r r R3\Q ———

constant

where R3 \ Q is a bounded domain. Hence, the unique solutions of (A.23) and (A.26) are given
by

— 1 | - iK . K> i
Ey(X) = —{ = 50 [FTHE O] ~ 39|30 - 5o [E©)]

RS

2 2
=3 3 [FHROF] - S [Fo)] );a} v 130%(3%1 [E0)] %- Ei<0)),
and
Hyo(X) =~ - E(—l | H (0] + if |75, 0%] - © [Hi(O)])
2,0 T 4 27t X Hgi(V)x 37>< g\Ux 5%
L [ H O + S [ O] )T + 2 (37, [H(0)] T— B
= (57 [FHOF + S [HC )])x}+m( yo [HI(0)] % Hi( )),
foranyXeﬁ.

Step p = 3. Equations (i) of (A.14) imply
(B HY) = (B HyY), (B H) = ELHD), (B H) =& H"). (A2

Since the outer terms (53, FI3) are O(r~3) when  r tends to zero and they satisfy the time-harmonic
Maxwell problem (ii) of (A:14), we can seek (E3, H3) under the form

_ n . nP(kr) _

Es() = B krit; @) + 1P kninR) + ———3(3),
1744

7 Wy, T I kr)_

Hy(x) = 1w @) + 1P (e (3) + 7300,

IKr

see [22,23]). In the vicinity of the origin, we obtain the following behavior

~ 1 - i |

E3(x) = e (2 —u3) - W”l gy (12 +u3) + rgo(l)’

- 1 l_ | (A.28)
H3(x) = @y (2 =v3) = —=vi - e (72 +v3) + rgo(l)'

(kr)*
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Finally, by identifying and with respect to the (kr)-powers, we obtain

3

=S B0 @=-n[FO]. @ =-20[FO)] T
Vi =~y |[EN0)]. V= K—;yt |H'©0)]. vy =y [HO)]

Remark 8. Actually, only the knowledge of u; and v} is needed to compute the third-order outer
terms (E3, H3). Indeed, properties of duality for outgoing solutions of time-harmonic Maxwell
equations imply that

72 ZYXﬂl and ﬁz 271 X X.

Moreover, the last unknown vectors u3 and v3 can be deduced from the identiﬁcation with respect
to (k)™ of (A27) with (A28). As a consequence, the computation of (E4, Hy) is reduced to 4
unknown vector fields, the computation of (Es, Hs) is reduced to 6 unknown vectors fields and
so on. In particular, the outer terms (Ej, H,) are entirely determined by the conditions extracted

from (i) of (A.14)), given by
(E;*,H;?) = (E,H®)= (0,00  and (E;*, Hy*) = (E;*, Hy*) = (0,0).

As a result, (54, I~14) = (0,0). Likewise, the outer terms (Es, FIS) are entirely determined by the
conditions extracted from (i) of (A.14)), given by

(B3>, H3®) = (E5°, H>) # (0,0),

(E5*, H3Y = (E;*, H*) # (0,0),

(E5°,H;") = (Ey°, Hy”) = (0,0).
Appendix A.6. Error estimates

For any non-negative integer P € N, we introduce the vector fields E, s.p and FI(;, p, respectively

Edp and f]&p, reading as the truncated series made up of the P + 1 first terms of the outer
expansion, respectively of the inner expansion,

P P

Esp(x) = Z 5"E,(x), Hp(x) = Z 6" H ,(x), x e Q*, (A.29)
p=0 p=0

Esp(X) = ) 0"Ep(X), H;p(X) = ) 6"H,y(X) XeQ. (A.30)
p=0 p=0

In a further work, we will prove that the local approximations of solution to problem (2.1 are
subject to the following error estimates. There exists a positive oy such that for any r; > ry > dy
there exists ¢ > 0 such that for any positive 6 < dy, we have

= Pl o Pl
lEs — Espllo,corory <6 ' |Hs — Hyspllo,coom <6 . (A31)

There exists R* > §y such that for any Rrg satisfying 1 < rg < R*, there exists ¢ > 0 such that for
any positive § < dp, we have

= 3 = 3
IE5(S - ) — Espllo.ciirg < ¢ 6772, 1Hs( ) — Hypllo.cirg) < c672. (A.32)
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Remark 9. In [19)], Ammari et al. showed that estimate (A-32) holds for P = 0. In [12], the au-
thors used the method of multi-scale expansions to define an approximate solution of the electro-
magnetic scattering problem by a small obstacle and proved error estimates for the asymptotics
at any order. They set up a rigorous framework to make the asymptotic analysis of the time-
harmonic Maxwell problem including elliptic regularization and the time-dependent Maxwell
problem. Moreover, they consider either a condition of perfect conductor or an impedance con-
dition. Regarding of [11] and [28, Appendix C.2], we can state that the expansions provided by
the method of matched asymptotic expansions and the method of multi-scale expansions locally
coincide. As a result, error estimates from [12] hold for the matched asymptotic expansions.
However, the authors adopt a slightly different framework: the wave number « has a positive
imaginary part and the domain of propagation s is bounded with smooth boundary. It seems
possible not only to adapt and generalize these estimates by considering a more general frame-
work, but also to improve their non-optimal estimates.
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