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Michael Goldman* Martin Huesmann' Felix Otto*
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Abstract

This paper is about quantitative linearization results for the Monge-Ampeére equa-
tion with rough data. We develop a large-scale regularity theory and prove that if
a measure p is close to the Lebesgue measure in Wasserstein distance at all scales,
then the displacement of the macroscopic optimal coupling is quantitatively close at
all scales to the gradient of the solution of the corresponding Poisson equation. The
main ingredient we use is a harmonic approximation result for the optimal trans-
port plan between arbitrary measures. This is used in a Campanato iteration which
transfers the information through the scales.
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1 Introduction

Motivated by the optimal matching problem (see for instance [33] 11 [6, 29]), we
develop a large-scale regularity theory for optimal couplings between an arbitrary
measure and the Lebesgue measure. We start by giving a simplified version of our
main result which already gives a good idea of what we achieved. For this we fix a
radial cutoff function

1 :
n € C(B1) with /Rd n=1, and set ng := Yookl (E) . (1.1)
We will work under the assumption that sup |V2n| < C for some fixed universal con-
stant C' > 0 depending only on the dimension. We introduce the following notation:
for R > 0 and g a positive measure on R¢, W]%R(,u, k) = W?(ul_ Bgr,rdz|_ Bg)
where W is the 2—Wasserstein distance (see (2.17) for a definition) and xk = %Bﬁﬁ) is
the generic constant for which this makes sense.

Corollary 1.1. For every 0 < a <1, there is a constant C > 0 depending only on
the dimension d and o such that the following holds: consider R > C' and a positive
measure 1 on By with u(Bg) = |Bg| and such that

1 _
——Wg (uk) <R* VREILR). (1.2)

Let u be a (distributional) solution of the Poisson equation (here v denotes the exte-
rior normal to 0Bg)

Au=p—1 in By and v-Vu=0 ondBg.



Then, if w is the optimal coupling for Wgﬁ(u, 1), forR>R>C,

/ (@) — o - / RV u)dn
R xR Rd

This result gives a precise and quantitative description of the well-known fact that
the Monge-Ampere equation linearizes to the Poisson equation around the Lebesgue
measure (see for instance [0 [14]). Indeed, shows that provided the measure
1 is close to the Lebesgue measure at every scale in the sense of , then the
displacement y — z is close to Vu on average, that is, in a weak topology.

Let us comment on the scaling in . As discussed above, amounts to the
estimate of a linearization error. Since the left-hand side obviously is linear in the
displacement, one would generically expect the right-hand side to be quadratic in
the displacement. Obviously, ﬁWéR (4, k) is also a quadratic expression in the
displacement. However, in terms of dimensions, the left-hand side of has units
of length, so also the right-hand side has to have units of length. This leaves only
the expression ﬁWéR (1, ), which is consistent with 1) Setting 5(R) := R®,
another way to read is to divide it by the displacement scale /B(R), so that
the left-hand side turns into the relative linearization error and the right-hand side

C
< lea :

(1.3)

assumes the non-dimensional form @ < 1. However, in proving this, it is crucial
that the dimensional quantity @ is decreasing with increasing R, to the point

that the sum over @ for geometrically decaying (Ry)i1<kr<rk is dominated by the

smallest scale, see (1.7) below. This explains why we require S(R) < R (i.e. a < 1)
rather than the dimensionally more natural 8(R) < R?.

Let us now introduce some notation and state our first main result. Let 7 be a
measure on R? x R? with cyclically monotone support. For a given R > 0, let
p = 71 By and assume that 7o Bz = dx, where we denoted by m; the marginals
of m. For t € [0,1], ¢ € CY(R?), and ¢ € CY(R%)?, define the flux-density pair

/ Cpr = / (1= )z + ty)dr
Rd Rd xR
and /Rd §-djr = /RdXRd (1 =tz +ty) - (y — x)dn. (1.4)

We then let )
7= /0 dj(-, 1) (1.5)

be the time integral (see (2.1])) of the flux j. Notice that (p, j) solves in a distributional
sense the continuity equation

op+V-j=0 and po=p, p1 = 1. (1.6)

We will fix for the whole paper a nonnegative rate function S(R) satisfying the

B(R)
R

following hypothesis: it is increasing, R — is decreasing, and there exists a



constant Cz > 0 such that

for every R > 1 and B(1) < Cp. (1.7)

We do not claim optimality of these conditions. They are rather made to include
both the choices f(R) = R for 0 < a < 1 and S(R) = log(R + C) (fo R>1).

Theorem 1.2. Let p1 be a positive measure on R? such that for some R > 1,

1

T |z — y[’dr < B(R) (1.8)
|Brl J(Bzxra)U®RIxBS)

and )
@WJ_%R (n, k) <B(R)  VRe[L,R] (1.9)

Then there exists R ~ R such that letting w be a (distributional) solution of the
Poisson equation (recall the definition (1.5) of j)

Au=p—1 in By and v-Vu=v-j on OB (1.10)
and for R > 0 (recall the definition (1.1) of nr),
hR ::/ nRVUa
R4

there holds for R > R > 1,

/ nr(z)(y —z — hr)dr| +
R4 xR4

/ nr(y — hr)(y — x — hr)dr
R4 xR4

()
SR (1

and
sup {ly =z — hil + (z.y) € Sptm (1 (B x RY) U (R? x Br(hn)) |
1
B(R)\ 7
<R (;{2) . (1.12)
For our future work on the optimal matching problem, the following observations
will be useful:

Remark 1.3. (i) It will be clear from the proof of Theorem that we do not need
the hypothesis to hold for every radius R € [1, R] but that it is enough to
have it for a sequence of approximately geometrically decaying radii i.e. for a
sequence Ry = R > -+ > Ry > 1 with Rj_1 > 2Ry, > Rj_1;

IThe notation A < 1, which we only use in assumptions, means that there exists an ¢ > 0 only
depending on the dimension and on Cg, such that if A < e then the conclusion holds. Similarly, the
notation A < B, which we use in output statements, means that there exists a global constant C' > 0
depending on the dimension and on C3 such that A < CB.
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(ii) in the statement of Theorem we have set the ’small’ scale to be equal to
one. By scaling, we see that for every R > 0, letting B(R) := R?B(R/R), if
hypothesis (L.8)&(L.9) hold with B instead of 3 and for R € [R, R] for some
R > R, then the conclusions (L.11)&([1.12)) also hold for R Z R 2 R (still with
B instead of 3).

As Corollary does, Theorem states that if the averaged square displacement is
small in the sense of at the macroscopic scale R and if the measure y is close to
the Lebesgue measure in the sense of at every scale from the macroscopic one R
to the microscopic one which is set to unity, then the displacement is quantitatively

close to Vu both in a weak sense (see (1.11])) and in a strong sense (see ((1.12))).

As mentioned above, our motivation for proving Theorem[I.2] comes from the optimal
matching problem. When p is given by a Poisson point process, it is known since
[1] (see also [6] and [25]) that for d = 2, holds with S(R) = log(R + C) with
very high probability while for d > 3, holds for S(R) = C also with very high
probability. As will be shown in a future work, gives a rigorous validation, at
the level of the displacement and down to the microscopic scale, of the ansatz used by
Caracciolo et al. in [I7]. From this point of view, should be seen as a quenched
result separating the deterministic from the stochastic part of the analysis. We refer
to [6] and the recent paper [5] for a justification of this ansatz at the macroscopic
scale on the level of the transport cost respectively the transport map (and to [28] 29]
for application of these ideas in the case of Gaussian matching).

In a future work we will also prove that for d = 2, |hg|? ~ log R for R ~ 1 (notice that
log R > 1) with very high probability and thus gives the expected deviation
for the transport from the identity plus a shift. In higher dimension, since |hg| ~ 1
for R ~ 1 this estimate is less meaningful (see [27]). In another future work, we
would also like to address the thermodynamic limit in the matching problem; this
will require controlling how the optimal coupling depends on changing the positions
of (distant) points. This relates to the question of how sensitively, in terms of a
Holder modulus of continuity, the coupling depends on the measure (see [5, 12} [30]).
In our setting, we hope that our large-scale regularity theory might lead to more
precise statements.

Before explaining the strategy/main ideas for the proof of Theorem we would
like to single out one ingredient which can be seen as our second main result. It is
a quantitative harmonic approximation result for the displacement y — x under the
optimal coupling between two arbitrary measures.

Let 1 and \ be two positive measures on R? and let 7 be a coupling between s and
A with monotone support. For a given scale R, we introduce the local energy

1

’BGR| (B6RXRd)U(Rd><B6R)

E(R) lz — y|2dr (1.13)

and the local measure of the squared distance between the data and the Lebesgue
measure
1 R? 1 R?

Wy (1 )+ — (i —1)? Wiyn A\ ka)+—(ra—1)% (1.14)

D(R) := N
(") | Bsr| Ky | Bsr| K

bt



The harmonic approximation theorem states that provided these two quantities are
small (at the natural scale, i.e. in a dimensionless sense) for some radius R > 0, then
there exists a harmonic gradient field V® such that the displacement y — x is very
close to V& in Bg.

Theorem 1.4. For every 0 < 7 < 1, there exist e(1) > 0 and C(1) > 0 such
that provided %E(R) + %D(R) < ¢ the following holds. There exists a radius

R € (3R,4R) such that if ® is the up to an additive constant unique (distributional)

solution of
AP =c in Bpr and v-V®=v-j ondBg, (1.15)

where j is defined in (1.5) and c is the generic constant for which this equation is
solvable, then

1

— |z —y 4 V&(z)|?dr < 7E(R) + CD(R) (1.16)
1Bzl J(BxRe)U(Rix By)
and )
R sup |V2®|2 + sup |VO|* < E(R) + D(R). (1.17)
2R 2R

Remark 1.5. If one of the two measures, say the target measure X, is the Lebesque
measure, then the same conclusion holds replacing the definition (1.14) of D(R) by
D'(R) := TEMW%GR(’“’ k), see Remark|(2.11| for more details.

Most of the paper is dedicated to the proof of this far-reaching generalization of
[26, Prop. 4.7]. Let us stress that since E(R) behaves like a squared H' norm
in terms of the Kantorovich potentials and since the squared Wasserstein distance
D(R) behaves like a squared H~! norm (cf. [35, Sec. 7.6]), all quantities occur in
the estimate as if we were dealing with a second order linear elliptic equation
and looking at squared L2-based quantities. Anticipating a bit, we point out that
having as boundary flux v -j on dBg for V® will play a crucial role in the derivation
of Theorem from Theorem [1.4] For other applications, such as the small-scale
regularity theory developped in [26], it only matters that V® is harmonic and that
and hold (in fact we need also an estimate on sup B |V3®| but this

follows from harmonicity).

We would also like to comment on the fact that the right-hand side of is a
constant and not p — A as could be expected from (see also [26]). This is
due to the fact that we need (interior) L? bounds on V& which are generally not
true for solutions of the Poisson equation with rough right-hand side. Similar issues
were tackled in [0, 28] by mollification with smooth kernels (the heat and the Mehler
kernel respectively).

Finally, we should say that while [26, Prop. 4.7] served the purpose of an alternative
proof for the partial regularity result of [22] (see also [20]), it is not clear to us that
the approach therein based on Caffarelli’s regularity theory (see [16] [15]) could also
be used in the present context.



1.1 Strategy of the proofs

In this section, we will explain the key ideas for the proofs of our two main theorems.
The rough picture is as follows: The first step in the proof of Theorem [I.2] is the
harmonic approximation result Theorem itself. As in [26], this allows to run
a Campanato-style iteration scheme which transfers the information , namely
that the displacement is controlled at the macroscopic scale (here R) down to the
microscopic scale (here 1), provided the data are well-behaved in the sense of .
Due to the iterative application of Theorem this results into a cumulative shift.
The last ingredient for the proof of Theorem is the fact that to leading order,
this shift is equal to the flux averaged over a microscopic region of the solution of
the linearized equation i.e. the Poisson equation, at the macroscopic scale.

This is inspired by the approach of Avellaneda and Lin [I0] to a regularity theory for
(linear) elliptic equations with periodic coefficients: The good regularity theory of
the homogenized operator, i.e. the regularity theory on the thermodynamic scale, is
passed down to the scale of the periodicity. This approach has been converted from a
qualitative to a quantitative one in the seminal work of Armstrong and Smart [9], in
the context of stochastic homogenization. It has been further refined in this context,
for instance by Gloria, Neukamm and the last author [24] (see also [§]).

The Campanato iteration driving the approach of Avellaneda and Lin was origi-
nally devised for comparing a nonlinear variational problem to its linearization across
scales, like the minimal surface problem. Thus not surprisingly, large-scale regularity
has been applied also to nonlinear problems in homogenization, see [7), 23] for recent
work.

Let us now describe the different steps for the proofs of Theorems[I.4] and [I.2]in more
detail. We start with the harmonic approximation result.

1.1.1 The harmonic approximation theorem
Since all the quantities appearing in Theorem [I.4] have the same scaling, it is enough
to prove it for R = 1. We use here the short-hand notation

1

EF=F()=—
@ |Bs| J (s xR4)UREx B)

|z — y[*dr

and
D :=D(1) b W3 ( )+—1( 1)2+—1 W3 (A )+—1( 1)2
= = K Ky — K K)x — .
|Bg| | Betth ) T e [Bg| Do\ h Y T VA

As in [26], the proof is done at the Eulerian (or Benamou-Brenier) level. Notice that
this is somewhat reminiscent of the regularity theory for the pressure field in incom-
pressible Euler equations [2, 13| 32]. Recalling the definition of the density-flux
pair (p, ), we will show the following

Proposition 1.6. For every 0 < 7 < 1, there exist positive constants (1) > 0 and
C(1) > 0 such that if E+ D < ¢, then there exists R € (3,4) such that if ® solves,

A® =c in Bg and v-V®=v-j on 0Bg,



then .
1
//]j—pV(I)|2§TE+CD. (1.18)
By Jo P

Moreover,
sup |V2®|? + sup [V®|? < E + D. (1.19)
Bs Bs

To ease notation, let f := v - j and f := fol f = v-j. Notice that (p, ) solves the

local version of ((1.6):

atp+VJ:O iDBR,
PO = K, P1 = A in BR7 (120)
v-j=f on 0Br x (0,1).

The strategy of the proof of Proposition is the same as for [26, Prop. 3.3],
namely to choose first a good radius R for which the flux f is well behaved on 0Bg
and then rely on an almost orthogonality property (see Lemma below) in order
to be able to use the minimization properties of (p,7) and finally obtain the desired
estimates through the construction of a competitor (see Lemma . However, each
of these steps is considerably harder than in [26]. Indeed, since our analysis is at the

L? level, to obtain L? bounds on V&, we would need L? bounds on f (or at least
(d—=1) ce .
L T bounds by the Sobolev trace embedding). However since in general j is just a

measure, there is no hope in this setting to obtain such bounds. In order to solve this
issue, we first prove an analog of Proposition but with & replaced by ¢, which is
a solution of

A¢ =c in Bp and v-V¢ =g on 0Bg, (1.21)

where § is a regularization through rearrangement of f with good L? bounds. More
specifically, treating separately incoming and outgoing fluxes fy (so that f = f, — f_
and similarly ¢ = g+ — §—), we construct in Lemma densities g+ on 0BR with
(we refer to for the definition of Wpp,,)

/ E<E+D  and Wiy (Fegs) S (E+ D)o, (122)
OBg

In order to construct g, we consider the time dependent version of the Lagrangian
problem and couple it with the data to the effect of having trajectories connecting
the constant density s, at time ¢ = —1, the measure p at time ¢ = 0, the measure
A at time ¢ = 1 and finally the constant density k) at time ¢ = 2 (see Figure [1)).
Since £+ D <« 1, thanks to the L* bound on the displacement proven in Lemma
particles hitting 0Bgr x (0,1) must come from (respectively end in) a small
neighborhood of 0Bp at time ¢ = —1 (respectively at time ¢t = 2). A key point in
deriving is that at time t = —1 and ¢ = 2, the densities are well-behaved (being
constant) and thus the number of particles coming from such a small neighborhood
is under control.



K t=2

A t=1
X

0 t=0

Ky t=—-1

Figure 1: The trajectories X.

Once the good radius R is chosen, the second step in the proof of Proposition [1.6]is
the following approximate orthogonality result (cf. [26, Rem. 3.4] for an explanation
of the name).

Lemma 1.7 (Orthogonality). For every 0 < r < 1, there existe(r) > 0 and C(r) > 0
such that if E+ D < ¢,

Aﬁﬁlbj—pvwz_(LRélbﬂ;_éﬁme>STE+CD. (1.23)

In order to prove Lemma we consider §, the convolution at scale r (on dBp) of
g and show that for ¢" the solution of (1.21)) but with the (further) regularized flux
gr instead of g,

1]' 2 1]‘ 2 2
/ / L~ over| :/ /m —/ Vo)
BrJo P BrJo P Br

B 1
vof wdu-n+2 | dg P+ / / Vo2 (dp — de)
BR BR 0

OBR
and estimate the three error terms in the second line. The first term is estimated using
that 4 and A are very close in Wasserstein distance. The second term is estimated
using the second part of . While in [26], the last error term was easily estimated
since in that case p < 1 (up to a small error) by McCann’s displacement convexity,
we need here a more delicate argument based on elliptic regularity and the fact that

1
Wg(ﬁpw>§E+D

This estimate is a consequence of a restriction result for the Wasserstein distance
(see Lemma [2.10). It is here that we need the further regularization g, of §. The
proof of (1.23)) is concluded using that V¢ and V¢" are very close in Bs.

In the third step we construct a competitor for the variational problem solved by
(p,J):



Lemma 1.8. For every 0 < 7 < 1, there exist (1) > 0 and C(1) > 0 such that if
E + D < ¢, then there exists a density-fluz pair (p,j) satisfying (1.20) and such that

1y
//O ﬁm?—/B Vel? < rE+CD. (1.24)
R

Choosing r = 7, Lemmal[L.8|together with (1.23)) and the fact that (p, j) is minimizing
concludes the proof of (1.18]) (with V¢ instead of V®).

To show Lemma [I.8 we introduce a small time like parameter 0 < 7 < 1 and work
separately in the initial layer (0,7), in (7,1 — 7) and in the final layer (1 — 7, 1) (this
can again be compared with the approach of [0, 28]). We need to separately treat a
small set of exceptional trajectories which either enter Br too early or exit too late.
Even though this leads to some non trivial complications (see Section , we will
ignore this issue here to keep the discussion simpler and assume that the flux f is
supported in 0Br x (37,1 — 37). Using that the data term D is small, we connect
the measure p to a constant , in (0,7) and another constant £y to A in (1 —7,1).
The leading order construction in B x (7,1 — 7) is given by

t—1 1—7-1 ~ 1

o™ gy e I

=1 Vo

Pt i=

which connect the two constants but has the flux boundary condition § instead of
f. To correct the boundary condition, we first make a construction in the boundary
layer BR\Bg—r X (1,1 — 7) with 0 < r < 1, using [26, Lem. 2.4] to connect the
constant-in-¢ density g to

~ %§+ for t € (1,27)
9= ~lg_ forte(1-27,1-71).

Since g is supported in (7,27) U (1 — 27,1 — 7) and f is supported in (37,1 — 37), we

can then use the second estimate in (1.22) to connnect g to f in dBr x [0,1] with
d

cost 1(E + D)ﬁ3 (see Lemma .

In a a final step, we conclude the proof of (1.18]) using that by elliptic regularity and
(11.22), V¢ and V& are very close in By,

1.1.2 Proof of Theorem 1.2l

Let us recall that from now on, we assume that the target measure is the Lebesgue
measure. The reason for this is that we will heavily use its invariance properties
under shifts.

The first step in the proof of Theorem [1.2]is a Campanato iteration scheme based
on Theorem To state the result we need to fix some notation. For a sequence of
approximately geometric radii i.e.

_ 1
R>Ry>--->Rg>C with Rk—lZZRk26Rk—l

10



with R ~ Ry and Ry ~ 1, we set (recall (L.14)))
By = B(Ry) = 7 yfdm.
[ Bsri| J(Bor, xRY)URIx B, )
where 7, is the coupling recursively defined by my := 7 and
7 = (id,id — V®,_1(0))#mk—1, (1.25)
where ®;. solves the Poisson equation

A®y, =c in Bp, and v-V®, =v-ji ondBg,. (1.26)

The flux jj, is defined as in (1.4)) with 7, playing the role of 7 and jj, is then obtained
by integrating in time.

Proposition 1.9. Assume that

1

BT |z — y|*dr < B(R)
1Bzl J(BrxRa)U®RIxBS)

1 _
and WWJ%R(MJ%) <B(R) VREe[LR]
R
Then, there exists a sequence of approzimately geometric radii (Ry)o<k<k such that
By < B(Ry), (1.27)
and
VOL(0)]* < B(Rx)- (1.28)

Assuming that B(R) = R“, we can see that we are performing here a Campanato
iteration at the C*2 level for the displacement rather than at the C12 level as in
[26]. In fact, we can run the iteration as long as R%Ek + R%D(Rk) < 1. For large
scales Ry > 1 this holds for a < 2 (and notice that Proposition actually would
hold under this weaker assumption on «), while for small scales Ry < 1 it would
require o > 2 (and this would be inconsistent).

From and the iterative definition , we obtain an estimate in the strong
52 topology of the deviation of the displacement y — x from the cumulated shift
h = Z,If:_ol V®,(0). The main ingredient to upgrade this into the statement of
Theorem [1.2] is a better identification of the shift, taking into account cancellation
effects. Indeed, a naive computation gives

([T23) o

K-1
Al < 3" [VeL(0)] < KBE(Ro) < (logR) B2(R), (1.29)
k=0

which fails by log R the expected estimate |h| < 3 2 (R).

To state the identification result let (Ry)x be the sequence of radii from Proposition
and for each k € [0, K], let uy be the (distributional) solution to

Aup =p—1 in Bpg, and v-Vu, =v-j; on OBpg,. (1.30)

Then we have

11



Proposition 1.10. For every k € [0, K — 1] and R € [Ry41, Ri], we have the two
estimates on the cumulative flux

k
ZV@@(O) S v - Vug| S BEs) (1.31)
= |BR,| 0Bk, Ry
and
k—1
R
Zv¢e(0)+/nRWk—/nRWO < 5;’“), (1.32)
k
=0

where ngr is as in (1.1)).
Since ((1.32) is a fairly direct consequence of (1.31]), we will just comment on the
proof of the latter. For each k € [0, K] let v; be the distributional solution to

Avp =p—1—c in Bp, and v-Vu, =0 on 0Bg, (1.33)

so that uxr = v + ®x. The first ingredient for the proof of ([1.31)) is the following
estimate for fixed k.

Lemma 1.11. For every k € [1, K — 1],

1

< B(Rx)

V&.(0) —
x(0) R

v - Vug—1 (1.34)

This result is in itself quite remarkable since it proves that the local shift V®(0)
depends (to leading order) only on the local structure of y in Bg, _, (since vg_1 only
depends on L Bp, ).

Lemma [[.T1] follows itself from the combination of two facts. The first is that the
shift V®;_1(0), cf. (1.25)), which is additive in the displacement retains an almost
additive effect on the Eulerian flux:

Lemma 1.12. For every k € [1, K],

1
|BRk| BRk

< B(Bx)

(i + V®,_1(0) — jr—1) R
k

(1.35)

This is proven using that Ry is a good radius. The second, and more substantial
result leading to Lemma is a linearization result at the level of the Eulerian flux:

Lemma 1.13. Recall the definition (1.30) of ug. For R € [Ri41, Ry, there holds

'/URJk—VUk

[ G-y s

Ri41

(1.36)

1

_ B
~ Ry
E;

| BRyy | ~ Ry

(1.37)
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While (1.36)) is very important in combination with ((1.32)) to obtain estimate ((1.11)),
we are mainly interested in (|1.37)) for this discussion. Both estimates are obtained by

proving that the divergence free vector field j; — Vuy, is weakly close on large scale to
a gradient field, namely the gradient of %|y|2 — 1)y, — ug, where 1)y, is the Kantorovich
potential of 7.

Since it is at the basis of our argument, let us derive Lemma from Lemma [1.12
and Lemma [1.13]

Proof of Lemma|1.11] The starting point is that since V®;, is harmonic and thus
satisfies the mean-value property and since, concentrating for instance on the first
variable, V - (£1V®;) = 01 P, + x1¢, we have by the divergence theorem

1 1

V‘I)k(()) = Vo, =

xv - V. (1.38)
|BRk| BRk

’BRk| 8BRk

Observe that by (1.6) V-jx = u—1 in Bp,. Combining this with (1.33]) implies that
V- (jx — Vog—1) = c in Bp,. Hence, we have again by the divergence theorem

1 1
V&r(0) — —— v Vo1 = —— v (VO — Vug_q)
’BRIC‘ 8BRk |BRk’ 6BRk
26 1 -
= xv - (Jr — Vug—1)
’BRk‘ 8BRk
1 -
= (Jx — Vop—1).
’BRk’ BRk
Writing

Ik — Vg1 = (g + V®x—1(0) — jr—1) + (-1 — VP,_1(0) — Vug_1),

using ((1.38]) for V&1 and the fact that ug_1 = ®x_1 + vr_1, we obtain as desired

1
V&L(0) — v - Vug_q
1 -~ = 1 -
< |=— (Jk + V@r_1(0) — jr—1)| + |75 (Jk—1 — Vug_1)
|BRk| Bg,, |BRk| Br,,
% B(Ry) L B

Ry, R
B(Fx)
O

Besides Lemma the second main ingredient for the proof of ([1.31) is a summa-
tion formula for the fluxes of vy.

13



Lemma 1.14. For every k € [1, K],

k
1 1
v - Vg = E xv - Vug_q. (1.39)
’BRk‘ OBR,, =1 ‘BRZ| dBg,

The proof of ((1.39) is based on the fact that each vy type of solves the same equation
(see ([1.33])) and that we may find an explicit formula relating the flux @ Is Br, TV

Vug—1 and the measure p.

Let us point out that (1.31)) is a direct consequence of (|1.34)), (1.39) and hypothesis
(1.7) on f3, once observed that by ((1.38)), and since ug = vy + Py,

1 1
zv - Vug =

V&, (0) xv - V.

1Bry| Josp, |Br| JoBng,

1.2 Comparison with the first part of [25]

We close this introduction by stressing the connection and differences between this
paper and [25]. This paper replaces and supersedes the first (deterministic) part
of [25] (which will thus not be submitted anywhere). The second part containing
the application to the optimal matching problem will appear elsewhere. A first main
difference with [25] is that we are able here to directly relate the displacements to the
flux given by the Poisson equation (see (|1.11])) and thus confirming the linearization
ansatz by Caracciolo and al. from [I7]. As a by-product, we obtain optimal estimates
for the shift A in while [25, Th. 1.1] was only optimal up to a logarithmic factor
in the system size i.e |hgr| < log% R in dimension d = 2 and |hg| < log R in higher
dimension (see (|1.29)). Another main difference is in the statement and proofs of the
harmonic approximation result (see Theorem . Compared with [25, Prop. 1.5],
where the source was given by the Lebesgue measure, it is stated here for general
source and target measures. While this might look like a minor point, it actually
means that we cannot rely at all on McCann’s interpolation convexity estimate to
obtain an L® bound on the Eulerian density p (since in general it is only a measure),
see for instance [25, Lem.2.4]. Having to go around this relatively rigid argument
actually led to a completely revised, simpler and hopefully more flexible proof. Let
us point out that having to connect arbitrary source and target measures also called
for a new proof of the L* bound on the displacement (compare the proofs of Lemma
and [26, Lem. 4.1]). A last difference, more on the technical side, is that we
substantially simplified the Camapanato iteration with respect to [25, Th. 1.1].
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2 Preliminaries

2.1 Notation

In this paper we will use the following notation. We recall from the introduction that
the symbols ~, 2. < indicate estimates that hold up to a global constant C', which
typically only depends on the dimension d. For instance, f < g means that there
exists such a constant with f < Cg, f ~ g means f < gand g < f. An assumption of
the form f < 1 means that there exists € > 0, typically only depending on dimension,
such that if f < e, then the conclusion holds. We write log for the natural logarithm.
We denote by H* the k—dimensional Hausdorff measure. For a set E, vg will always
denote the external normal to E. When clear from the context we will drop the
explicit dependence on the set. We write |E| for the Lebesgue measure of a set E
and [(E) for the indicator function of £. When no confusion is possible, we will
drop the integration measures in the integrals as well as the domain of integration.
Similarly, we will often identify, if possible, measures with their densities with respect
to the Lebesgue measure. For R > 0 and zq € Rd, Bpr(xo) denotes the ball of radius
R centered in xg. When z¢ = 0, we will simply write Bg for Br(0). We denote the
gradient on OBR by Vian. For a measure p on R? x [0, 1], we denote by p its time
integral i.e., the measure defined for ¢ € C?(R?) as

[ can= /]R d /O . (2.1)

From now on, we use the letter ¢ for a generic real-valued test function and & for a
generic vector-valued test function, that is & € CO(R?)9. For a given radius R > 0,

we let IIg(z) := Rﬁ be the projection on OBg and define for every measure p on

R?, the projected measure on 0Bg, p := IIp#p, that is

[can=[¢ (R,i‘) dp(x). (2.2)

For given f and g (potentially measures), we let ¢ be the generic constant such that
the Poisson equation

Ap=g+c in Bg and v-Vo=f ondBgr

U,
|BR| ( 8BR BR

15
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We use W? for the squared 2—Wasserstein distance (see Section [2.3|for more details).

For a (positive) measure y and a set O C R?, we define x := % the generic constant

such that
W3 (i, k) == W?(u_ O, kdz_O) (2.3)

is finite. For ¢ a function on R x R and t € R, we will often use the short-hand
notation (; := ((+,t).

2.2 Elliptic estimates

We gather in this section a few technical lemmas giving more or less standard esti-
mates for solutions of the Poisson equation.

Lemma 2.1. Let R € (3,4) and 0 < r < 1 be fized. Letting f, denote the convolution
at scale r on OBR (with the convention that fo = f) and then ©" with fBR " =0 be
the solution of

A¢" =c¢ in Bgr and v-V¢" = f. on 0Bg.

Then " is regular up to the boundary with

1

1 2
o V| s V| sw Ve S (e [ £) T e
Br Br Br r OBp
1s close to o in the interior

sup|V(¢" — )] S ( / N f?)é (25)

Bo

and satisfies the uniform-in-r regularity estimates both up to the boundary

(/83 !V¢TI2>25</€)B ff)2 V0<s<R, (2.6)
s R

and in the interior

1 1
3 3
sup [V 45w Ve 5 ([ wep) s ([ ) en
Bs B2 BR 8BR
Proof. A proof of (2.6) and (2.7 can be found for instance in [26, Lem. 2.1], so we
are left to show (12.4)) and ([2.5)).

Up to subtracting a quadratic function to ¢, we may assume without loss of gener-
ality that ¢ = 0 (and thus ¢" is harmonic in Br). We start by the argument for
and restrict to the (more involved) estimate on V3", By the maximum principle for
the component-wise harmonic V3", it is enough to establish

1

1 3

r’ SUP\V3@T| S <dl/ f2> .
aBR r BBR

16



Fixing an integer n > %, we first claim that for r € (0, 1],

1 1

1 2 1 2
sup |¢ gr”( — / A\ CQ) —i—< — / C2> . 2.8
0Bn ’ ’ Td 1 9B | tan ’ T'd 1 OB ’ ‘ ( )

To prove (2.8)), we start with the standard Sobolev embedding on R, supga—1 [¢|? <
Jra(IV™¢|? + ¢?), which by scaling turns into

(] 1
sup (]2 < 2n= (@D / AL E— / .
—1 R4 T Rd—1

Rd

This can easily be localized (with help of an extension operator) to

(a_ n 1
sup [¢[? < 2@ / RO / .
[O,l]d_l [071]d—1 T [071]d—1

Covering dBp by finitely many patches that are diffeomorphic to [0,1]¢"!, we con-
clude the proof of (2.8).

Applying [2.8)) to ¢ = V3", we are left with the proof of

1 1 1
2 2 2
it (/ \V?anV?’(PTF) +r? </ \V3<PT\2> S </ f2> :
O0BR OBRr O0BRr

This is a direct consequence of the estimate

/ VLT < / V22, (2.9)
0BRr OBRr

which will be shown to hold for every m € N, and the fact that

1 1
2 2
Tm+2 </ |v;2;|;2fr|2> S (/ f2> ’
BBR 8BR

which follows from the properties of the convolution.

Let us prove (2.9) and fix m € N. By Pohozaev identity (see [2I, Lem. 8.3.2]) we
have for every harmonic function  in Bp,

/ Ve < / VianC]? < / v - VPR, (2.10)
8BR 6BR aBR

In particular, the Dirichlet-to-Neumann map ¢ +— V( is bounded from H'(0Bg)
into L?2(0BR). As the map commutes with rotations, it also commutes with their
infinitesimal generators {x;0; — x;0;}i#j1,... 4, which in turn span the tangent space
of OBg. Hence, for k € N, the map is also bounded from H**1(0Bg) to H*(0BR).
Applying this first to ¢ = V?¢" and k = m and then to { = V¢" and k = m + 1, we
get,

/ VLT < / A}
0BR OBR

17



Arguing as above we obtain that also the Neumann-to-Dirichlet map v - V{ — ( is
bounded from H*(0Bg) to H*T1(0Bgr) for k € N. Applying this to ( = ¢" and
k =m + 2, we conclude the proof of (2.9).

We finally prove (2.5). By interior regularity for the harmonic ¢" — ¢, we have

: ; ) 3 ) 3 ([E10) ) 3
wmvwa—wns</'<¢—w») 5r</ me!) :5r</ |ﬂ> ,
Bs O0BRr OBRr OBRr

where in the last inequality we used that ¢ is harmonic to apply (2.10)). O

Lemma 2.2. For R > 0, recall that llg(x) = | T For every (f,g), with g > 0 and
Sptg C Br\B=, letting § := Hg#g (see (2.2) ), the unique solution ¢ (up to additive
2

constants) of

Ap=g+c in Bg and v-Vo=f ondBpg

/\WW§R< = f>. (2.11)
Br O0BRr OBRr

Proof. By scaling, we may assume that R = 1. Without loss of generality, we may
also assume th'at f].31 o= 0. and that [,z ]”24—faB1 g? < 00, .otherwise there is not}.ling
to prove. Using integration by parts, the trace inequality for Sobolev functions
together with the Poincaré inequality for functions of mean zero,

/B1 Ve|? = /(?B1 of — . AP
<(L) (L) 1o
(L) (L)l

Hence, it is now enough to prove that

/]Blgw‘,E(/BIIVMQf(/aBIA)%. (2.12)

Using that by hypothesis Spt g C B1\B1, we can write by definition (2.2))
2

/31 W’ = /aBl 29 ‘ /631 / (rw) — p(w))g(rw)r?~" drdw
= </831 S02) </331 ) /831/ p(rw) — p(w)]g(rw)r®drdw
: (/31 WSO'Q)é </831 > /831/ |o(rw) — p(w)|g(rw)r" drdw,
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<




where in the last line we used once more that [, ©* < [ [Ve|?. Since for r € (3,1)

p(rw) — p(w)| < ([ \Brw(sw)\zdS)é S </01 |3r90(8w)|28d‘1d8>é7

estimate (2.12)) follows from

1
d—1
/831 /; lp(rw) — p(w)|g(rw)r® drdw

1
1 1 3
5/ / (/ ]&cp(sw)]Qsd_lds> g(rw)ritdrdw
oB1 /3 \Jo

1 3
- </0 |8rgp(sw)|2sd_1ds> g(w)dw
1

1 3 1
g(/"/|&wwwﬂ%*ﬁﬁ) (/" f)z.
0By JO 0B

Lemma[2.2] will often be used in combination with the following elementary estimate.

O]

Lemma 2.3. For R > 0, recall that Ig(z) = Réj denotes the projection on OBR.

There exists 1 > e(d) > 0 (depending only on the dimension) such that for every
g > 0 with Spt g C B(142)r\B(1—2)r, setting § := lr#g (see (2.2)), we have

2
de</g>;5¢; f:swpgjﬁR—ng. (2.13)
R

Proof. By scaling we may assume that R = sup g = 1. The first inequality is a direct
consequence of Cauchy-Schwarz inequality in the form

(fo) = (L) =L

We now turn to the second inequality. Let us first point out that if ¢ < 1, we have
supgp, |g| < 1 since Sptg C Bi1.\Bi_.. Momentarily fixing w € dB; and setting
Y(r) = r¢lg(rw) for r > 0, we have 0 < < (1 + )4~ < 2 and

Awwzgwx

[Tty = i [ =i 2 6600,
0 0

0<P<2

J¥=4(w)

so that for w € 0By,
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where the last inequality follows since the minimizer of

min /000 11— r|o(r)

0<P<2

J=4(w)
is given by 2I(|r — 1| < 1§(w)) (which is admissible since |§(w)| < 1). O

Lemma 2.4. For every R € (3,4), every positive measures f and g on OBr with
f(OBR) = g(0BRr) and every 0 < a < 1, the solution ¢ with fBR v =0 of

Ap =0 in Bg and v-Vo=f—g ondBg

satisfies
sup [V2¢| + sup [Vl S Wi, (£,9) l9(0BR))' 2 . (2.14)
2 2

where the implicit constant depends on a.

Proof. Let 1 < p < d%‘ll be defined by % =g+ d%dl. By the mean value formula,

.
< ( / \wrp)
Br

sup ]V2g0! + sup |V
B2 BQ

and it is therefore enough to prove that

( / \W\p) " < W (F.9) [9(0BR)E (2.15)

We prove this estimate by duality. Consider ¢ the dual exponent of p, i.e. % + % =1,
and for arbitrary £ smooth and compactly supported in Br denote by w the solution
of the (dual) problem

Aw =V -¢ in Bp and v-Vw=0 on dBgr (2.16)

with fBR w = 0. Noting that ¢ >d and a =1 — g, Sobolev’s embedding followed by
Calderén-Zygmund estimates for the Neumann-Laplacian (see for instance [34, Th.

3.16]) yields
< a)? < )’
[Wla,Br S (/BRWM > = </BR|€\ ) :

Let 7 be an optimal transference plan between f and g. Using integration by parts

20



we obtain

BRVgofz—/BRQOVf:/aBRWd(f—Q)
_ / (w(x) — w(y))dn(z,y)
OBRrx0BR

SWlase [ fo-yldn
8BR><BBR

1
Holder

. </BR |€|q> " We(f.9) [9(@BR)]"

S (/BR \flq>‘11W5vBR(f7g) 9(OBR)]" % |

This concludes the proof of ([2.15)). O

Arguing along the same lines, we may also prove:

Lemma 2.5. For R > 0, let u be a signed measure on Br and f be a signed measure
on OBR, both with finite total variation. Then, if ¢ solves

Ap =y in Bg and v-Vo=f ondBg,

we have Vi € LP(BR) for each exponent 1 < p < d%'ll.

2.3 The optimal transport problem

To fix notation, let us recall a few definitions and well-known facts about optimal
transportation. Much more may be found for instance in the books [35] [31].

For a measure m on R% x R%, we denote its marginals by 7 and m i.e. m(A) =
(A x R?) and m3(A) = 7(R% x A). For u and A two positive measures with compact
support and equal mass, we define the Wasserstein distance between p and A as

W?2(p, A) ;= min /\x — y|*dn. (2.17)
T =M, T2=\
Under our hypothesis, an optimal coupling always exists. By the Knott-Smith op-
timality criterion (see [35, Th. 2.12]), the coupling 7 is optimal if and only if its
support is cyclically monotone, i.e. there exists a convex lower semi-continuous func-
tion ¢ such that Spt 7 C Graph(9t). Moreover, if p does not give mass to Lebesgue
negligible sets, by Brenier’s Theorem (see [35, Th. 2.12] again), 7 is optimal if and
only if 7 = (id x V)#u, where V1 is the unique gradient of a convex function with

Vit = A

For O C R?, we denote Wo(p, ) := W(ul_ O, X_0) and we recall that we let &
be the generic constant such that Wo(u, k) is Well—deﬁne (see (2.3))). As in [26], a

lihere we identified the measure xkdz with &
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central point for our analysis is the Eulerian version of optimal transportation, also
known as the Benamou-Brenier formulation (see for instance [35, Th. 8.1] or [4, Ch.
8]). It states that

1
Wz(u,/\)—min{/ / —j]* : p+V-j=0, pp=pand pl—)\}, (2.18)
(pd) UJRrd Jo P

where the continuity equation and the boundary data are understood in the distri-
butional sense, i.e. for every ¢ € CL(R? x [0, 1]),

1
/R d /0 OiCdp+ V¢ - dj = /R G- /1R ot (2.19)
(recall that ¢; = ((-,t)) and where

11 2 ! 2
//m://rmdp
Rd Jo P Re Jo

if j < p with g—i = v and infinity otherwise (see [3 Th. 2.34]). Let us point out

that in particular, the admissible measures for (2.18)) are allowed to contain singular
parts with respect to the Lebesgue measure. We also recall that for every R > 0 we
have the following dual definition of the Eulerian energy (see [31l, Prop. 5.18])

1 Pl oo P
S e [ [ew S oo
2JBrJo P £cCO(Brx[0,1)? By Jo 2

We also note that if 7 is optimal for W?2(u, \), then defining for ¢ € [0, 1],
[cdn= [ca-tartpin and [ edii= [ea-ta+ty)-o)in, 220

the couple (p, j) = (pedt, jrdt) is optimal for (2.18]). Using (2.21)) in combination with
(2.20) and (2.18)), we obtai the localized counterpart of ([2.18])

/. [ L ://Olf<\<1—t>x+tyr <Rao—yPdr.  (222)

We notice that since any admissible (p, j) for (2.18) is divergence free (in (¢,x)), for
every R > 0 it admits internal (and external) traces on d(Bgr x (0,1)) (see [19]) i.e.
there exists a measure f on 0Bg x (0, 1) such that

/BR /01 0iCdp+ V(- dj = . Grd\ — /BR Codpe + /aBR /01 Cdf. (2.23)

Moreover, recalling that j = fol dji (see (2.1)), we have
Vej=pu—2A (2.24)

iindeed, from (2:21)) and (2.20)), together with & - (y — 2) — 3|¢|? < 1|z — y|? for every £ € R?, we have
that [ fol %|j|2 < JI(|(1 = t)z + ty| < R)|z — y|*dr and the other inequality then follows from (2.18))
and another application of (2.20) with Bg replaced by B, to rule out strict inequality.
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and also j has interna (and external) traces on Bpr which agree for every R such
that |j[(0Br) = u(0Br) = A(0Br) = 0.

For R > 0, p and A positive measures on 0B with equal mass, we denote (with a
slight abuse of notation)

T1=p, 2=\

WgBR(,u,/\) = min / d%BR(x,y)dﬂ,
6BR><(93R

where dpp,, denotes the geodesic distance on dBg. Notice that W(%BR (p, A) is com-
parable with the Euclidean Wasserstein distance W?2(u, ) and that the analog of the
Benamou-Brenier formulation ([2.18)) holds (see [36, Th. 13.8])

1

. 1. .

LLgBR(M7)\> —mll’l{/ / *’j’Q :8tp+vtan-j :O,pozuand P1 _>\} (225)
(pg) \JoBg Jo P

The following lemma will be useful in the construction part of the proof of the
harmonic approximation result.

Lemma 2.6. Let f and g be two positive measures on OB x [0,1] such that Spt f C
OBRr x [0,t_], Sptg C OBr x [ty,1] with 7 :=ty —t_ > 0 and f(OBR) = §(0BR)
(where f := fol f, see (2.1)). Then, there exists a density-fluz pair (p,j) on OBg X
[0,1] such that

/BBR /01 atherVtan(.dj:/aBR /01 ¢d(g — f) (2.26)

L1, 1 .
/83 /0 ;\]\QZ;WaQBR( ,9)- (2.27)
R

Proof. We first connect in (0,t_), the density f to f (at no cost), then in (t_,¢,) we
connect f to g (at cost %WgBR(f,g)) and finally connect in (¢4, 1], g to g (again at
no cost).

More precisely, for ¢ € [0, al, let

[ean=] | (@) and =0

t B 1
/ OCdp+VianC-dj = | Gdf — / / cf. (2.28)
0BRr J0 0BRr 0BRr J0

Let then (p,) be a minimizer of the Benamou-Brenier version (2.25) of Wagy (f, )
and consider for ¢ € (¢_,¢) the rescaling

and

so that

. ~ 1~
(ptv.]t) = (ptt7 .]tt) )

T

Vand of course the internal trace coincides with f = fol f-
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so that

ty _
t/ Cdp + Vign € -dj = Gy dg — G df (2.29)
OBRr Jt_ O0BRr O0BRr

b1 1 _
—|jP? = =W3g,.(f,9)-
/t?BR/t p T 9Br

Finally for ¢ € (t4,1), we let

[ caon - /@BR /thx)dg(x,s) and o =0

and

so that . .
[ [ ocdos Ve -di= [ [cg— [ Goag (2a0)
OBRr ty OBRr J0 0Br

Putting together (2.28)), (2.29) and (2.30)), we get (2.26)). O

2.3.1 A few technical results

We collect in this section a couple of technical results which will be useful later on.

Lemma 2.7. For every R > 0 and every measure i on Bp,
Wit ) S Wi (1 + iz, 26). (2.31)

Proof. By the triangle inequality and the monotonicity of Wg,,

1 1
Wag (1, k) < Wg,, (,u, i(u + md:c)) + Wgy, <2(u + rdz), /<a>

1 1 1
< Wg, <2u, 25) + Wg, (2(u + kdx), /<a>
1

=% (Wag(p, k) + Wap (1 + kdz, 2K))

which concludes the proof of (2.31)). O

Lemma 2.8. For every R > 0, ( € C*°(Bg), and p supported in Bg,

((dp — kdx)

1
2 1
< (i [ 19) W) + S sup VW ). (232
Br Br Bgr

Proof. Integrating the Taylor expansion |¢(2)—((y)—V{(y)-(z—y)| < 3 supp,, (V2 ||z—
y|? against an optimal transport plan between p and rdz gives (2.32) after an appli-
cation of Cauchy-Schwarz. O
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2.3.2 An L* bound on the displacement

We now prove an L° bound on the transport. This is one of the fundamental
ingredients for the proof of Theorem It is similar to [26, Lem. 3.1] with the
technical difference that we consider here couplings between arbitrary measures.

Lemma 2.9. Let w be a coupling between two measures p and A. Assume that Sptw
is monotone and that for some R > 0, 4 E + #D < 1 where

"2
1
= |z — y|?dn
|Br| J(BgnxRa)U(Rx B )
and
1 2 R? 2 1 2 R? 2
D : WBGR(IL’L7 K‘/—L)_i_i("{‘#_]‘) + WBGR(A’/{)\)+7(/{)\_1) .

~ |Bggl Ku | Bsr| K

Then, for every (z,y) € Sptm N ((Bsg x RY) U (R? x Bsg))

- 1 1\ @2
2~y SR(mE+ D) = RM. (2.33)

As a consequence, for (xz,y) € Sptm and t € [0,1],

(1—t)x+ty € Bag - x € Bsgp or y € Bsgr (2.34)
and
x € Bp or y€ Bpg = (1 —t)x +ty € Bap. (2.35)
Moreover,
1
dm < 1. (2.36)

|Bsr| J(BspxR)URIx Bs )

Proof. By scaling we may assume that R = 1. We first prove . Fix (z,y) €
SptT N ((Bs x RY) U (R? x Bs)). Without loss of generality, we may assume that
(z,y) € Bs x R%. By monotonicity, we then have for every (z’,3') € Sptn that
(y—vy)-(x—2a')>0. Writing y — ¢y’ = (y — x) + (x — 2) + (2/ — /) this may be
rewritten as

(z—y)-(z—2)<|z—2'P+(x—2) (' —¥)
3 1
< §|9C—35/|2+§\33/—Z//|2-

Integrating this inequality against the measure n(z’)dr(z’,y’) for some smooth func-
tion 7 € [0, 1] supported in Bg we get

@) [ =m@)dne) S [ o= Po)ante)+ [ 1l o P

< / |z — 2')?n(2))dp(z") + E. (2.37)
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We now fix an arbitrary unit vector e and a radius 0 < r < 1 and assume that 7 is
supported in B,(z — re) (which is contained in Bg since x € Bs) with rsup |Vn| +
r?|V?n| < 1. We want to replace the measure u by the Lebesgue measure and for

this use (2.32) and x,, ~ 1 to get
[t inta) v [ ey

[ 1= e Paeyinta) = s [ o= Pt 5

Appropriately normalizing n and choosing it to be radially symmetric around = — re
we have

/(ﬂc — 2 (") dx' = ritle and / lz — 2')?n(z))dx’ < rit2,

< (r'D)z + -D (2.38)

S

and

(r*2D)2 + D. (2.39)

Using again that x, ~ 1, (2.38) and (2.39), (2.37) becomes

1
rit(z—y)-e < ((rdD); + - . > |z —y| + 2 4+ (r d+2D)% +D+E.
Since e is arbitrary, using Young’s inequality i.e. (rdD)% < epdtl 4 %D, this yields
1
ritz —y| < ;D\x —y|+r2+ D+ E.

Choosing 7 to be a large multiple of (E + D)d%?, we conclude the proof of (2.33).

To show ([2.36)) we estimate

1 1 1 B A(B
- dr < —— dr4 —— dr — #(Bs) + A(Bs)
‘B5| (Bs xR4)U(R? % Bs) ‘B5| Bg xR4 |B5’ R?X Bg ’B5‘

so that ([2.36) follows from r, +#) ~ 1. Since (2.35)) is a direct consequence of ([2.33)),
we are left with the proof of (2.34). Since F + D < 1, there exists (z/,y’) € Spt
with |2/| + |y'| < 1. By monotonicity of Sptm, we then have

S Kutry

440(1)> |1 -tz +ty— (1 —t)z' —ty/|?

=1 - t)lz = 2P+ 21— t)(z —2") - (y =) + ly — ¢/
> (1=t =P+ ly —y'[
1 1 .
2 5m in(le — 2% ly —¢'|*) > gmln(|$!27|yl2) —o(1),
which concludes the proof. O
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Bp

Figure 2: The definition of g4 g.

2.3.3 A localization result

Our next lemma shows that the quantity Wé5 (1, k) + %(/—i —1)2, which captures the

(squared) distance of a measure p to the Lebesgue measure, is well behaved under
restricting p to balls B with R ~ 1. However, this seems true only on average in R.
Since in the application to the matching problem we will need the lemma for cubes
instead of balls, we will state it in a general form.

Lemma 2.10. We have for any positive measure fi

4 1
| (Walieni) + o~ 1?) R 5 D,
3 ) KR
provided
1
D :=Wa(u, k) + (k- 1?2 <1, (2.40)

for some set O D Bs.

Before starting the proof, let us point out that the proofs in Section [3.1] use similar
ideas and techniques in a slightly more complicated setup. Hence, inside the proof
we use similar notation.

Proof. Let m denote the optimal transference plan for W3 (u, ). It is convenient to
introduce the corresponding (non-normalized) measure P > 0 on straight trajectories
[0,1] > ¢t — X(t): It is the push-forward of 7 under X(¢) = ty + (1 — t)z. For
given R € (0,5) consider the set of exiting and entering trajectories, respectively (see
Figure ,

Qpp ={X[X(O) <R, |X(1)| >R},

O n = {X||X(0) >R [X(1)| < R}. (2.41)

We define the measures 0 < gy rp < x on B and 0 < g_ g < K on Bg which record
where exiting and entering trajectories end up:

[ctosn= [ cxaar. (2.42)
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We claim that these measures are, on average in R, concentrated close to dBRg:

/34 ([0 - Rodgin+ [(R=labdgn) ar < WEGen).  (23)

Indeed, by definition (2.42)) of g+ g, we have

/ (| - R)dgs n + / (R — [2])dg_

(IX(1)] - R)dP + / (R — [X(1))dP

/X(0)|<R§X(1)| X (1)|<R<|X(0)]

<

/ 1X(1)] — [X(0)]|dP,
min{| X (0)],] X (1)} <R<max{| X (0)],| X (1)}

so that
4
/ < [ el = Rdgyn+ [ \x|>dg,R) aR
< / [ masc{| X (0)],|X (1)]} — min{| X (0)], X ()X (1)] — | X (0)]|dP
< [1X(1) - X(O) PP = W3 (1,1,

Momentarily fixing R and setting
1

N @%,R(Rd)a K_ R = @g—ﬁ(Rd)a (2.44)
we claim that for every R € (3,4) with u(0Bg) =0,
Wh, () S WEGn) + [l - Rige+ [(R=laDdg-n, (249
wherd"]
KR = K — K_ R + K4 R (2.46)

We first notice that thanks to the L> bound (2.33)), and the definitions (2.41]), (2.42)
and (2.44)), for any R € (3,4),
1 (2.33) (2-40)

_1
Kt,R = @P(Qﬁ:ﬁ) S PUXMW[ - RIS D#2) K. (2.47)

VNotice that by (2.41) (while the test function I(|z| < R) is not continuous, a simple approximation
argument shows that this is actually not an issue),

w(Br) = P(IX(0)] < R) = P(IX(1)| < R) = P(Q_ r) + P(Q4 &) = |Brl|(k — i r + K1 R)-
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We now turn to (2.45) and to this purpose introduce the measure fi r > 0 on
O0BpR x [0, 1] that keeps track of where and when trajectories exit (see Figure

[ cdrni= /Q C(X (1), b4 )P,

here ¢, denotes the unique ¢ € (0, 1] such that [X(¢,)| = R. We also introduce the
measures g+ g > 0 and fy r > 0 on 0BR by projection (note that g+ r has a density)

A €T 7
[ctini= [¢(n2) dsento) [ cifon= [ C@tontan. @9
We now use the triangle inequality for W, and to split the estimate ([2.45) into

WER(/JW /{R) S W%R(,Uz, kdr — 9—.R + f_+7R)
+ W%R(de — 39— R + f_+7R, (K/ — "?—,R)dif -+ g-l—,R)
+ W3, (5 = k- R)dx + G4, 5R), (2.49)

and then the sub-additivity of W]%R to split the middle term further into

W%R(’fdfﬁ —9- R+ fr.r, (k= K- R)dT + G4 R)
< W3, (kdx — g_ r.k — k- g) + Wag, (fr.r: G+.r). (2.50)

We start with the two easier terms. We claim that the first right-hand side term in

(2.49) is estimated as follows
W2 (prdz — g g+ fr.r) < Wo(p, k).

Indeed, an admissible transference plan 7wy is given by restricting the plan

[camn= [ (X, XM+ [ CX(0), X (t4))dP.
| X (0)|<R,|X(1)|<R

QR

Likewise, the second right-hand side term of (2.50) is estimated in the same way:

Wi, (f+.r, 9+.r) < Wa (1, k).

Again, an admissible transference plan m g is given by

/gdmﬁ = /Q%Rg (X(tJr),RéE&) dP.

We now turn to the remaining two more subtle terms. For the last right-hand side

term in (2.49) we claim that
W;m—mmm+mﬁwmsﬂm—mm%. (2.51)
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Indeed, recalling the definition (2.46)) of kr, an admissible density-flux pair (p, 7) for
the Benamou-Brenier formulation (2.18)) is given by

R . \V4 in B
pt = (k — k- g +thy r)dz + (1 — t)J4 R, e { OSD clse ’ } ’

where ¢ is a solution of
Ap=—kir in Br and v-Vy=—gir on 0B,

so that we have

1
2 ; 2
WBR((R — H_7R)dx +3G+.r, KR) < W/BR V|*.

Combining this with the energy estimate (2.11]) (applied to f = g4+ r and g = 0),
(2.33]) to be able to apply (2.13) and (2.47]), this concludes the proof of (2.51)).

Likewise, the first right-hand side term in (2.50)) is estimated as

WéR(ﬁd:U —9g-RK—K_R)S /(R — |z|)dg- R.

Indeed, by ([2.31)) it is a consequence of

W3 (2 — ko p)de — g 20k — ko g)) < / (R |a])dg_ .

In turn, this follows arguing as in (2.51)) and using as admissible density-flux pair
(ps )

. V¢ in Bgr
=2k —k_Rp—thk_gp—(1—1)g- =
Pt K—#K-p—th-r— (1 —t)g- R, Jt { 0 else }’

where ¢ is a solution of
Ap=kK_pr—9g-r in Br and v-Veo =0 on 0Bg.

This concludes the proof of ([2.45)).
Finally, by the definition (2.46)) of ki and (2.47)),

1 1
—(1—kr)* S ~(1— k)2 + K2 g+ kLR
KR K ’ ’
Combining this with k4 g = ﬁgiyR(Rd) (cf. (2.44) and ([2.13)), we obtain
1 1

S nrf S 0=+ [(e] - Ridgrr+ [(R~[el)dg .

N

which together with (2.45)) and ([2.43]) concludes the proof of the lemma. O]
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Remark 2.11. Let us point out that with a very similar proof, it may be shown that

if m is the optimal coupling between a measure p and the Lebesgue measure for which

E+ D <1 where
1 1

E: =

= — |z — y|?dn and D :=
|Bs| J(BsxR4)U(REx Bs)

W5, (1, k),

then A
1
/ <WER(M, KR) + ?(KR - 1)2> dR<E+D.
3 R

In particular, this means that when the target measure is the Lebesgue measure, up
to choosing a good radius, we have a good control on %(Fc —1)%).

3 The harmonic approximation result

In this section, which is the core of the paper, we prove Theorem As already
explained, by scaling we will prove it on the unit scale. For w an optimal coupling
between two measures p and A\, we recall that we set

1

E- & — yPdr,
|Bs| J(BsxR4)URE x B)
D ! W3 ( )+1( 1)? + 1WQ(/\ )+1( 1)2
= — K —(kp — — K —(kx —
‘BG‘ Bg 1% 1 H}L 42 ‘BG‘ Bg A P

and work under the hypothesis that £+ D <« 1. As explained in the introduction,
the strategy of the proof is to argue at the Eulerian level and first choose a good
radius R € (3,4) for which the solution ® (respectively ¢) of the Poisson equation
in Bg with Neumann boundary condition given by the Eulerian flux (respectively a
regularized version of) j on OBp is "well-behaved’. This is done in Section Then,
we prove in Section an approximate orthogonality result, which combined with
the construction of a competitor with controlled energy in Section and the
minimality of the density-flux pair (p,j) yields Theorem

3.1 Choice of a good radius

In this section we define the main densities and fluxes which will appear in the proof
of Theorem and prove that we may choose a good radius for which they are
well-behaved.

3.1.1 Unregularized fluxes

Using the Gluing Lemma (see [35, Lem. 7.6]) and disintegration, we couple the
optimal transport between p and A on the time interval ¢ € (0,1) to the optimal
transport between r, and p (restricted to Bg x Bg) in the interval (—1,0) and to
the optimal transport between A and k) (restricted to Bg X Bg) in the interval (1, 2).
In view of Lemma there exists a (not normalized) measure P on continuous
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trajectories [—1,2] 3 t — X(t) € R? that couples k,dz, i, A, and kydz in the sense
that for any ¢ € C9(Bs) (see Figure [1)

JCX(-0))dP = [ Cruda,
JUXO) P = [, -
fC(X(l))dP = f(d/\, '
JUX@)AP = [ Chada.

Moreover, the trajectories are piecewise affine on (—1,0) U (0,1) U (1,2) and optimal
in the sense that

SIX(0) = X(~1)PdP < W3, (u.r,) < |Bs|D.
JIX(1) - X(0)[2dP < |BolE, (3.2)
JIX@) - X()PdE < W3 (A k) < |BslD.

Finally, by (2.21)) and (3.1]), the density/flux pair (p = p.dt, j = jidt) can be recovered
from P on Bs x (0,1) in the sense that for ¢ € [0,1], ¢ € CY(Bs), and & € C%(Bs)?

[exae ~ [ cann,

) (3.3)
[exay-xwae = [¢- i
We then recall the definitions of the time integrated fluxes (see ([2.1)))
1 B 1
p= / prdt and j= / jedt (3.4)
0 0

Let us notice that using (2.34) (in combination with £+ D < 1) on the one hand
and (3.2) together with (3.3]) on the other hand, we have

1
1
dp <1 and / / ~j]* < E. (3.5)
Bs Bs JO P

In the upcoming Lemma we derive that for any radius R, the (inner) flux bound-
ary data fr of j on 0B x [0, 1] admit a representation in terms of P. Indeed, consider
the set 24 g of trajectories that exit Br and the set {2_ g of those that enter:

1]},
e (3.6)

We notice that these sets are not necessarily disjoint. We also define the set of
trajectories {2 which enter, exit or are entirely contained in Bg:

Qpr:={X]|X(1)] > Rand |X(t)| < R for some t € [0,
Q_p:={X]|X(0)] > Rand | X(t)| < R for some t € [0,

Qr :={X||X(t)| < R for some t € [0,1] } (3.7)
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and point out that by the L* bound (2.33), if £+ D < 1 then for R < 5, X € Qp
and (s,t) € [-1,2],
[ X(t) — X(s)| S M, (3.8)

1
where we recall that M = (E + D)d+2. We associate exiting and entering times to
the trajectories that spend time in Bg:

to=sup{t € [0,1]||X(®)| < B} € (0,1]

. } for X € Qp; (3.9)
t_:=inf{t € [0,1)||X(¢t)| < R} € [0,1)

note that ¢y = 1 if the trajectory ends in Br, and ¢t_ = 0 if the trajectory starts in
Bpg. We introduce the non-negative measures fi rp on 0Bp x [0, 1] that keep track of
where in space-time trajectories exit and enter:

/ Cdfs = /Q C(X(te), t2)dP. (3.10)

We are now in the position to introduce signed measure on 0Bpg X [0, 1]:

fr=f+r— f-R (3.11)

Lemma 3.1. For every R € (0,5), the measure fr coincides with the inner trace of
§ on OBg x (0,1) in the sense of (2.23) i.e. for every ¢ € CH(R? x [0,1])

/BR /01 0Cdp +V(-dj = /BR(C1d)\ — Godp) + /BBR /01 Cdfr. (3.12)

As a consequence, for every pair (p,j) satisfying

/A%M@+V@dﬁiégﬁw—®mn+A%lfmm, (3.13)

e L.
/ / Lip < / / Lie. (3.14)
BrJo P o P

Proof. We first prove (3.12)). For ¢ € C}(R? x [0,1]), by definition (3.3)) of (p,j

1
/ib/ OiCdp + V¢ - dj
Br J0

://1 [atC(X(t),t)+vC(X(t),t)-X(t) I(‘X(t)|<R)dth
0

there holds,

= [ €O (.0 = X (). ) .

Vias in the proof of Lemma [2.10, it can be seen that we may use the (discontinuous) test functions
I(Jz| < R)0:¢ and I(|z| < R)V(.
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Figure 3: The regularized fluxes g..

Now by (3.6), Q4 r = QrN{X||X(1)] > R} and thus,

(X(t),t)dP = | ¢(X(1), DI(X(1)] < R)dP

¢
Qr

+ / C(X(t4), t)T(X (1)] > R)dP
Qr

1
B-1)&E-10)
= C1d>\+/ / Cdf 4 R-
Br oBg Jo

¢
Qr

Analogously,

1
CX ()t )dP = [ Godp+ / / Cdf -,
Qg Br dBgr J0
which concludes the proof of (3.12).

Let now (p,7) be a pair satisfying (3.13). The pair (,7) = (5,7) + (p,5) L B§, is
then a competitor for (2.18)) so that by subadditivity of [ %\ §|? (which follows from

(2.20)),
I 1 1~ 1
/’JIZS/VUFS/J]‘Z"‘/ / =1jl%,
p P P Bg Jo P
from which (3.14)) follows. O

3.1.2 Regularized fluxes and good radius for the approximate or-
thogonality

We now introduce the regularized boundary flux (see Figure [3))

JR ‘= J+.R— J-R (3.15)
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where g4 g > 0 and g— g > 0 on 0Bpg are defined through the projection onto dBr
of where these trajectories started and ended, respectively,

] i /QC (Rétm . [ = /Q,RC (RégO .
(3.16)

From the definition it follows that these measures have densities. We will show that
these densities are square integrable and g+ g are close to the following non-negative
measures on 0Bg:

[cafen= [ coxienar. (3.17)
QiR
For later reference, we also introduce the notation

fr = f+,R - ﬁ,R. (3.18)

Lemma 3.2 (Approximation). With M = (E + D)ﬁ we have
4
/ / P2 pdR<E+D, (3.19)
3 JoBp

4
/ W3p, (9.7, f+.r)dR S M(E + D). (3.20)
3
Proof. By symmetry, we can focus on the case with the +-sign (exiting trajectories).

We consider the measure 0 < gy g < K, on R? where trajectories in (14 g initially
started (so that in particular g4 r = IIr#g4+ r, where Il is the projection on 0BR)

[cdsn= [ ccxar (3.21)
Q+,R
and claim that it is concentrated near dBpg in the sense that
4
/ /|R — |z||dg4+ rdR S E + D. (3.22)
3

Then, (3.19) would follow from ({2.13)).
By definition (3.21)) of g4 r and definition (3.9) of ¢ on Q, g we have

[ 1R lalldgn = [ 11X ()] - IX(-Dlja
Q+7R
and thus by the triangle inequality and the straightness of trajectories on (0, 1)
JIR=lelldgsn < [ (X() = X©)+|X0O) - X(-D)aP. (323
+,R

Furthermore, since by definition (3.6)), for X € Q4 r we have | X (1)[ > R > minj ;) | X|
and thus

/OOO I(X € Qpp)dR =X (1)] - min|X] < [X(1) - X(0)] (3.24)
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Combining (3.23)) with (3.24) we obtain

4
/ / IR — ||| dgs rdR

/\X O)I(X (1) = X(0)] +[X(0) = X(=1)[)dP.

By Cauchy-Schwarz and li this yields as desired f; J(R — |z|)dg+ rdR < E +
(ED)z.
We now turn to (| - It follows from the definitions and ( - ) that

/C(m,y)dm(fc,y) = /Q%RC (X(t+),RéE:3|) dP

defines a coupling wr between f+7 r and g4 gr so that in particular

2

o o X(-1
Wip, (f+r:04.8) S W (fr.rs 94.8) < / X(ty) — RQ dP.
Qn [ X (=1)]
Given X € Q4 g note that since | X (¢4)| = R we have (recall R € (3,4))
X(

X(ty)— ’ X(=1) ‘

-1
_ < 4 _
‘|X(t+)| IX(—l)\‘ - ‘|X(t+)\ [ X(=1)]
and since by and M < 1,
X(=1)] 2 X ()] — [X(E4) - X(0)] — [X(0) = X(~1)[ 23— CM > 2,
we thus get | X (t4) — R 1)|| S |X(t4) — X(—1)[, so that

WazBR(f—s—,R;g-&-,R)S/ | X (ty) — X(—1)|%dP.

QR
By the triangle inequality and the straightness of trajectories X on (0, 1) this yields
Wig, (F.r: +.7) S /Q (1X (1) = X (0)]” + |X(0) — X (~1)|*)dP.
+,R

By (3.24) this upgrades to

4
/3 Wip, (f+.r: §+.r)AR

; X (1) = X(0)|(1X(1) = X(0)[* + X (0) — X (~1)|*)dP
B3)
< M(E + D).

~
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Using Lemma we now show that we can choose R such that p (recall (3.4))) is
close to the Lebesgue measure in Wasserstein distance.

Lemma 3.3. We have
4
1
/ (Wi, (5, kR) + — (kR — 1)%)dR < E+ D. (3.25)
3 R

Proof. From the first item in (3.1)) and from (3.2 we have for all ¢ € [0, 1] that
Wég,(pga Hu) S E + D7

where the measure 0 < p} < p; is defined via
[cari= [ ccxprix < sy,

By (B.8)), we obtain from ({3.3) that p} = p; on By. Hence, applying Lemma with
p; playing the role of p yields (recall (2.3))

4 1
/ (WéR (pt, Kt) + ;(Ht — 1)2> dR< E+ D,
3 ' t

which once integrated in time and thanks to the sub-additivity of W? gives the
claim. O

3.1.3 Good radius for the construction

For the construction part of the proof, we will need to introduce initial/terminal
layers of size (multiples of) 7 <« 1. We will treat a class of exceptional trajectories
separately, namely exiting trajectories that exit too early and entering trajectories
that enter too late:

0 =(Qm N {ts <3THU(Q_pN{t_ >1-37}). (3.26)

These trajectories will be inserted into our construction of a competitor.

This means that we will have to pass (however only inside the construction part of
the proof) to modified versions of the fluxes. We thus introduce the reduced sets of
trajectories

Qii—,R = Q—l—,R\ (5QR, Q/—,R = Q_7R\ 6QR (327)

and then the reduced fluxes on 0Bg x [0, 1]
[ catin= /Q X and fhi=fip fla (328)
+,R

from which f; » and ff, are naturally defined as their time integral. Notice that f}
is the flux created by all the trajectories which are not in 6Q2r. We finally introduce
the corresponding (constant in time) regularized fluxes:

/gdg;ﬂ = /%Rg (RM) dP, /gdg’,R = /Q,’R ¢ (Ré%) dP (3.29)
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and
Jr=0'r—9 R (3.30)

Arguing as in Lemma we obtain the following analogous estimates:

Lemma 3.4. With M = (E + D)ﬁ, we have

BBR
4 —
/3 W25, @;,R, 7. p)dR < M(E + D). (3.32)
Moreover,
4
/ / (don—9p)?dR < 7B+ D, (3.33)
3 JoBr

Proof. The proofs of (3.31]) and (3.32)) are the same as the proofs of (3.19) and (3.20])
so that we only need to comment on (3.33]). The proof follows the lines of . We
focus once again only on the case with +-sign. Recall the definition of g+ r
and analogously define ¢, p so that

/Cd(g+,R—g’+,R)=/Q . C(X(—1))dP.

Since by definition (3.26)) of Qg

QprNoQr=(QprN{ty <37HU(Q rN{t-=21-37}),

using the piecewise straightness of trajecteries in form of | X (t4) — X (0)| < 37| X (1) —
X (0)|, the analog of (3.23]) becomes

/ IR |2l|d(gs.n — gy p) < /Q oy BT = XO 4 1X(0) - X (D)
+/ (|X (1) — X(0)| + |X(0) — X(—1)|)dP.
Qp pN{t_>1-37}

Since for X € Q4 g N {t; < 37} we have minjy 3, [X| < R < [X(37)| and therefore,
the analog of (3.24) for the first term on the right-hand side turns into

/OO [(X € Qs g N {ty < 37})dR < 71X (1) = X(0)].
0

We now estimate the second term on the right-hand side and note that for X €
Q4 rN{t— > 1-37} we have by definitions (3.6) and (3.9) that | X (1)|,|X(1-37)| > R
while ming 3, 1) |X| < R. By the stralghtness of trajectories and the L° bound (i3.8)
in form of

max | |X(1) = X(0)] < 37]X(1) - X(0)] < 3rM (3.34)
te|l-3T,
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in conjunction with R > 3, we always have minj;_s, \X \ > 2. Hence the elementary

(H)—=X(1-37)|2

inequality min{[X (1), [X (1 — 37)[} —minj;_s. ) |X] < 8m1n[1 or1 1X] implies

/4I(X €QrN{t->1-37})dR < —]X( ) — X(1—37))?
3

3 121X (1) - X(0)] < 7X(1) - X(O),

(in fact, this contribution will be of higher order). Summing up, we obtain

/ / — |z|)d 9+,R_QI+,R)dP

S/T\X(l)—X(O)I(T\X(l)—X(O)\HX(O)—X(—l))dP
+/72|X(1)X(0)I(|X(1) = X(0)] +[X(0) = X(=1)|)dP,

so that (3.33) follows from Young’s inequality in form of 27|X (1) — X (0)||X(0) —
X(=1)| < 71X(1) = X(0)* +]X(0) — X(~1)* and (8.2). O

Define the sets of generic trajectories (recall (3.7) and (3.26))) that on [0, 1] start in
Bpr and do not exit too early or that end in Br and do not enter too late, respectively,

Qor = (Qr\ Qr) N{|X(0)] < R} ={|X(0)] < R and t4 > 37},
M r = (Qr\QR)N{|X(1)|<R}={|X(1)|]<Rand t_ <1—37}.
In line with (3.1]), we define the measures in Br

= [ ccxonar. [eavp= [ cxanar. @30

(3.35)

which correspond to where the trajectories which are not in §2g start and end pro-
vided they start or end in Br. An important step in the construction is to connect
over a time 7 the measure 0 < ,u}% < u to a constant Kyt and the measure 0 < /\3Lz <A
to another constant s Ny

Lemma 3.5. We have

4 1 1
2 2 2 2
/3 (”BR(F‘;% Ry ) + o (K, — )7 + Wi, (Mg kix, ) + i (Kx, —1)7 ] dR
R R
<TE+D. (3.37)

Proof. By symmetry, we may restrict to y;. The statement follows from combining
the outcome of the four steps below.

STEP 1. Introducing the measure 0 < go r < K, that captures where the generic
trajectories X € Qg g start at time ¢t = —1, that is,

/ Cdgo.n = /Q C(X(~1))dP, (3.38)
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we claim that its deviation from the characteristic function ,I(Bg) is small (on
average in R € (3,4)):

4
/ / (R — [a])d(ry — go.0) + / (le| - R)dgo ndR
3 JBg

Bg

<71*E+D. (3.39)

The argument is a refinement of (3.22)) in Lemma By Qo.r C {|X(0)] < R},
cf. (3.35)), we have on the one hand

J

Note that by (3.1]) and (3.38]), we have on the other hand

(lz] = R)dgo,r < / 1X(=1)| — | X(0)|dP.

2 [ X (0)|<R<[X(=1)]

| = lahdts—gor) = [ (R—IX(-D])sap

Bg Q% &

and thus, since Qf p C {|X(0)] > R} U {t1 < 37} C {max(|X(0)[,|X(37)]) > R},
cf. and ,

/ (R — [2])d( — g0 1)

Br

<

/ max(|X (0)], | X (37)]) — | X (—1)|dP.
| X (—1)|<R<max(]X(0)[,| X (37)|)

Integrating these two estimates in R and using the straightness of X on [0, 1] in form
of
max(|X (0)[, [ X (37)]) — |X(=1)] <37[X(1) — X(0)[ + [X(0) — X(=1)],

we obtain (3.39)).

STEP 2. We claim that the total mass density Kyl = £ Ilféif) is close to 1 on average:
4
1 2 2
(ky, —1)"dR S7°E + D. (3.40)
3 Kyl R

Indeed, from definitions (3.36)) and (3.38) we obtain py(Br) = P(Qo.r) = [ dgo.r

which we write as

(90,r — k) + /

B

Bal g, ~ ) = |

9o,R-
Br c

R

We now appeal to (2.13) in Lemma and use 0 < go g < Kk, ~ 1 to obtain
(R~ [ol) (5.~ go.0) + [ (] = Bhgor

2
(’iu’R - ’i,u) S/ e

Br %
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Thus 1) follows from 1) Hiu(/su —1)?2 < D < 1 and the fact that by (3.8)
o~ 1 VR € (3,4). (3.41)

Fu

STEP 3. We claim the inequality

WBR(:U/Ra /i,u,;%)
1 3
< D3+ (M/ (=] — R)deR) + Wg, (90,8 + Jo.r, Kpup,),s (3.42)

By

where in line with (3.29)), go,r is defined as the projection of g g from B, onto 0Bk,

that is,
~ X
/Cdgo,R :/ ¢ (R) dgo - (3.43)
B, ||

Indeed, we start from the triangle inequality

WBR (:U’le KMIR)

< W(ug, 90,r) + W(g0,r: 90,rI(Br) + Go,r) + W, (90,8 + Jo,r: Ky, )-
Clearly, by the definitions (3.36)) and (3.38)), it follows from (3.2]) that W (s, go,r) <
D3. By monotonicity, W (go,r, 90,rI(Br) + go,.r) < W(go,rI(B%),go.r); in view
of definition (3.43) and a purely radial coupling we obtain W2(go rI(B%), Jo,r) <

fB%(|a:| — R)2dgo g; by definition l) and the L°°-bound 1) go,r is supported
in Brya, so that we obtain the claimed inequality on this term, too.

STEP 4. We claim that the last term in (3.42) is controlled as follows

WZ (90, + do,rs Fu,)

< /B (R ol go) + / (2] - R)dgo .

By

We follow the argument from Lemma We first appeal to (2.31]) in Lemma/|2.7|to
reduce to an estimate of W%R(QO,R + Jo,R + Kyt 2/%/}?). We then argue as for (2.51)

to reduce further to an estimate of i / Br |V|?, where Vi is determined through

Ap=c—gor in Br and v-Vy=gor on 0BRg,
and cis such that the problem is solvable. By 1' we just need to control || Br Vl?,
for which we appeal to the energy estimate (2.11]) in conjunction with (2.13)). O
3.1.4 Choice of the good radius and definition of ® and ¢

We can finally choose a good radius. We refer to (3.4]) for the definition of p, to

(3.16) for the definition of g+ g, to (3.17)) for the definition of f+.Rr, to (3.26)) for the
definition of éQp, to (3.28]) for the definition of fi R to (3.29) for the definition of

d't g, and to (3.36) for the definitions of u; and M.

41



Proposition 3.6. Let m be an optimal coupling between p and A such that E4+D < 1.

Recall the definition M = (E + D)ﬁ. Then, there exists a set of radii R € (3,4) of
positive measure such that we have on the one hand:

Wiy (ks kr) + WL (A k) S D, (3.44)
_ 1
W2, (p,r) + ~(r - 1) <E+D, (3.45)
Wig, (f+.r, 9+.r) S M(E + D), (3.46)
/ A rRSE+D (3.47)
0BR
and on the other hand:

/ (04r)? S E+D, (3.48)

8Br
Wi, (0ep for) S M(E + D), (3.49)
/ (0 r—9+)? ST°E+ D, (3.50)

OBr

1 1
Wi, (1, ) + ﬁ(“uk —1)*+ Wi, (g, Far) + H(“Ak —1)?
R R

<7T*E+D. (3.51)

Proof. Estimate follows from an application of Lemma both to p and A;
3.45)) is obtained from of Lemma (3.46) and (3.47) follow from Lemma
3.2} (3:48), (3.49) and (3.50) are a by-product of Lemma [3.4] and follows from
Lemma 3.5 O

From now on we fix a radius R € (3,4) satisfying all the conditions of Proposition
1.0l

Convention: we drop the notational dependence in R when it does not lead to
confusion (and write in particular f for fr, g for gr etc...).

We recall the definition of ® from (1.15)), the solution to the Poisson equation with
non-regularized flux boundary conditions (recall the definition (3.18)) of f)

A® = cin Bp v-V® = f on OBr (3.52)

and define the function ¢, which is the solution to the same Poisson equation but
with regularized flux boundary conditions

A¢ =cin B v-V¢ = gon 0Bg. (3.53)

We normalize ® and ¢ by imposing | 5, ® = I} B, ® = 0. As already explained, we
will first prove the harmonic approximation result with the function ¢ and then prove
that we can replace it by the function ®.
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3.2 Eulerian version of the harmonic approximation re-
sult

The aim of this section is to prove the Eulerian version of the harmonic approximation
result, that is Proposition [1.6] which we recall for the reader’s convenience:

Proposition 1.6. For every 0 < 7 < 1, there exist positive constants (1) > 0 and
C(71) > 0 such that if E+ D < (1), then there exists R € (3,4) such that if ® is

defined through (3.52)),
1
/ / ~|j — pV®|* < 7E + C(7)D. (3.54)
By Jo P

Moreover,
sup |V2®|? +sup [V®|*> < E + D. (3.55)
B2 BQ

Most of the work will be devoted to the proof of the analog statement but with ®
replaced by ¢.

Proposition 3.7. For every 0 < 7 < 1, there exist positive constants (1) > 0 and
C(1) > 0 such that if E+ D < &(1), then there exists R € (3,4) such that if ¢ is

defined through (3.53)),
11
/ / ~|j — pVo|* <TE +C(1)D. (3.56)
By Jo P

Proof. The proof is a direct combination of the orthogonality Lemma and the
construction Lemma [1.8] which are contained in the next two subsections together
with (3.14) and the choice of parameters r = 7. O

Before coming to the proof of Lemma and Lemma let us derive Proposition
from Proposition [3.7]

Proof of Proposition[I.6, Let ¢4 be the solution of
Agoizo in BR and V-Vgoi:fi—gi on 8BR

with fBR ¢+ = 0sothat ®—¢ = p. —p_. Applying Lemma to ¢+, we find that
for every 0 < a < 1,

sup IV2(® — ¢)| + SUp V(@ = @) S Wi (. 9) [6+(0BR))' "2



Combining this with (2.7)) applied to ¢ and (3.47)) we first obtain (3.55). This also
yields

11 ) 11 ‘
//\y—pWPs/ / |y—pV¢|2+/ Vo - VoPdp
ByJo P By Jo P Bo

< TE+C’(T)D+MC“(E+D)1+3/ d5

Bs
o
< TE+C(1)D + M®(E + D)2,

which concludes the proof of (3.54). O

i
<

3.2.1 Approximate orthogonality

In this section we prove the approximate orthogonality property, that is Lemma (1.7
which we recall for the reader’s conveniencd™l :

Lemma 1.7 (Orthogonality). For every0 < r < 1, there exist e(r) > 0 and C(r) > 0
such that if E+ D < ¢,

/B2/01;;|j_pV¢|2_ </BR/01;|].|2_/BR |V¢|2> <rE 1 CD. (3.57)

Proof. Let 0 < r < 1 be given and let us recall the notation from Lemma 2.1} If §
is given by (3.15]), we let g, be the convolution with a smooth convolution kernel at
scale r (on OBR) of g. We then let ¢" with fBR ¢" = 0 be the solution of

A¢" =c in Bg and v-V¢" =g, on 0Bpg. (3.58)
We first prove (3.57) with ¢ instead of ¢ and then get rid of this regularization.

STEP 1. We prove that

/BR/Ol;U—pwP— (/BR/;;W—/BRNW)

1 1, 1
SrE+ Dt D g B
.

N[

Mz (E+ D)1. (3.59)

1
d+1
2

Our argument relies on the formula

11 11
/ /|j—pw>’"|2=/ /|j|2—/ Vo2
BrJo P BrJo P Br

+2 [ ¢dp—A)+2 ¢ d(gr — f)
Br 0Br

"*(dp - d
*/BR’W‘“’ o),

ViiNotice that since in the second step of the proof we appeal to interior regularity estimates, we need
to go from Bp in the term between parenthesis on the left-hand side of (3.57) to the smaller ball By for
the first term on the left-hand side of (3.57)
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where we recall the definitions of f in (3.18) and p in (3.4). This formula is ob-

tained by expanding the square and combining (3.12)) with (3.58]), both tested with
¢" (which is smooth), and using that [ B @ =

STEP 1.1. We first estimate f ¢"d(p — N). For this, using again fB ¢" =0, we
write it as (recall ( - ) for the deﬁmtlon of K, r and k) g)

' d(p—A) = | ¢"(dp—rurdr)+ | ¢ (dX— k) rdx)
Br Bgr Bgr

and estimate using x, g ~ 1 in the second step

¢T(d:u - K%Rdl‘)

Br

1

(12.32)) 2 1

< (”u,R/ |v¢r‘2) WBR(M7 KJ,u,R) + 5 sup |V2¢T|W%R (,u, ”u,R)
Br Br

EDED Rt 1/ 1 )2
N - gy | Wag(u, Fm,R)'i'; =T - 9r WBR(Na Ku,R)
R R

(13.47) & (3.44)

1
(E+D)2D2—|— (E+D)2D
r a4t
1 1
<’I“E+ D+T+2D2

The term || Br ¢"(dX\ — Ky rdxr) may be estimated analogously.

STEP 1.2. We then estimate faBR #"d(g, — f). For this we split this term as follows

& d(Gr — J) = /a @r-endg+ [ i - ),

9BR
On the one hand we have

3 29) B7)
/ (& — ¢")dg §</ rwﬁ/ g2> 57«/ @< H(E+D).
OBRr O0BRr OBRr OBRr

On the other hand, treating separately the positive and negative parts and arguing

as for (2.32]), we obtain
¢ d(gx — f+)

OBR

OBR

M

2 1 o
< sup ’vtan(z)r‘ </ g:l:) W@B}z(f:l:v.g:t) + 5 sup |v%an¢’r’ WBQBR(f:bg:I:)
OBRr OBRr OBRr

&) L\d 11 D\, e
S = </ 9i> Wopg (f+,9+) + = (dl/ gi) Wig, (f+,d+)
T 2 OBRr r r O0BRr

BAYeB) 1 1
< T M2(E+ D)+ 7 M(E+D)? S 7 M2 (E + D)i.
r2 r2 r2
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STEP 1.3. We finally estimate fBR V" |>(dp — dz). Let ¢ := |V¢"|? (which is

smooth) so that

¢(dp — dr)
Bgr
<| [ ¢dp—raw)| +1x—-11 [ ¢
Bgr Br
232) 2% B 1 P
= / VC2) Wi (pk) + 2 sup [V2CWE (5. 5) + Ik — 1] [ ¢
Br 2 g Br

B3) 2 ) )
(/B er) <E+D>2+s;p|v2cw<E+D>+(/B <)<E+D>z

<
Since
(ERYs)
[ =] Ve S / # < E+D,
BR BR 8BR
( / IVCI2> < sup [V27 |( |V¢>’“|2)
Br Br
AL 1 ,ED
N d+1/ S o (E+ D),
r o2 8BR ro2
and
sup |V*¢| < sup |Vo"|sup [V2¢"| + sup [V2¢"|?
Br Br Br
2 1 , ED 1
— g ——(E+D
A+ /83R9 ~ rd+1( + D),
we conclude that
1200 1 3 1 9 3
IV¢'|*(dp —dz)| S 7z (E+ D)2 + 7 (E+D)" + (E+ D)>
BR 'S 2 r +
r 2

(E+D)ﬁ also the first right-hand side term is contained

Note that because of M =
in the last right-hand side term of (3.59)).

Combining STEP 1.1, STEP 1.2 and STEP 1.3 together, we obtain

STEP 2. We now pass from ¢" to ¢. Using the identity

—pVe P =25 -V(p—¢") +p(|Vo]> — V"),

1 . 1.
—|j = pVe|* — =|j
p p
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and Cauchy-Schwarz’s inequality, we first obtain

1} - 2_ 11 s 72
/Bz/opu oV /32/0;)"7 V|
11 %
< — 1412 T
N(/Bzdp/&/o p|.7|) sup V(6 — o)
+ <sup|V<¢—¢T>|> <sup|w\+|w|) / dp
B Ba Bo

EIeRDeED \? o
S rE> g +r g
dBr 9Bg

(3.47)
< r(E+D).

~

Now by (3.53)) and (3.58)), we also have

/BR Vol /B V|2 = /63R<¢+¢>”>(g 4

=/ b+ ¢") — (6+ )4
OBRr

so(f, weror) ([, )

EDeETD)
< r(E+D),

so that combined with (3.59) and the obvious [g f01 %\j — pVoT|? < 5., fol %|j —
pV " |2, we conclude

/32/01[1)!%/)%2—(/BR/Ol;W—/BR\wP)
:/32/01;"7’)%'2/3 /Oliupw‘?
i / Vo[ / v
/B/ Ly pverp - (/B/ e - /wﬁ)
2

1
<r(E+D)+rE+ D+ D (E+D)i

SIS

E? +

-M

d+2 d+1 d+1
r 2
<rE+ D+mD2+d—HE2+@M%(E+D)%
r2

Therefore, for every fixed r > 0, provided E 4+ D is small enough we see that (3.57))
holds. O
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3.2.2 The construction
We now turn to the construction part of the proof i.e. Lemma [l.8

Lemma 1.8. For every 0 < 7 < 1, there exist (1) > 0 and C(7) > 0 such that if

E+ D < e, then there exists a density-flux pair (p,j) satisfying (3.13) and such that

1 1~
//0 ﬁw_/B \Voé|*> < TE + CD. (3.60)
R

Proof. We split the construction and its estimate into the following steps:

e STEP 1: the construction in the initial layer Br x (0, 7), using (3.51]) to connect
the measure p' defined in to the constant s, and in the final layer
Bp x (1 —1,1), connecting in a similar way the constant sy to the measure \’
(see Figure [4)),

e STEP 2: the construction in the boundary layer (Bg\Bgr_,) X (1,1 — 7) (see

Figure [f), to connect the constant-in-¢ flux (cf. ([3.30)) ¢’ to (cf. (3-29) and
B330))

1A

o = for t € (1,2

7= Tgfi, or (1,27) (3.61)
——g. forte(1-27,1-7),

e STEP 3: the leading order construction in Bg X (7, 1—7) to connect the constant
ke to the constant ky (see Figure , using V¢’ defined by

A¢' =c in Bg and v-V¢' =g on 0Bg, (3.62)

as flux,

e STEP 4: the construction in the boundary dBpr x (1,1 —7), to connect the flux
g to the flux f’ defined in (3.28) (see Figure[6),
e STEP 5: the estimate of cost of kept trajectories (see Figure (7)),

e STEP 6: the passage from ¢’ to ¢,
e STEP 7: the collection of the error terms.

Before starting, we notice for further reference that
11 B2 &[Ba7)
[verswor) s [ @+ 5 4D (36
Br OBR

STEP 1. CONSTRUCTION IN THE INITIAL AND FINAL LAYERS. By the Eulerian
formulation of the Wasserstein distance (cf. ([3.51))), there exists (p™, j) supported
in B x [0, 7] such that (see Figure

1
/ / B,Cdp™ + V¢ - dj = / (G — Codyd) (3.64)
Bgr Jo Br
and
1y 1 1
[ Sl = Wh k) S TE+ 2D, (3.65)
BrJo P T T
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fin
t=1—71 p 7{ x
R\
K,
t=r - .
% plll \
'u/
Bp

Figure 4: Initial and final layers.

) supported in Bg x [1 — 7, 1] such that (see Figure 4)

ﬁn’jﬁn
(3.66)

Similarly, there exists (p
1
/ / Dy Cdp™ + V(¢ - djin = / (CLdN — ¢ sy d)
Br Jo Br

and
/ /1 P STE+ LD (3.67)
——\J ST —D. .
BrJo P T
STEP 2. CONSTRUCTION IN THE BOUNDARY LAYER. By definition (3.61)) of §’, we

have for every = € 0Bg,
1
g (x)dt

1-7 1—-7
~1
g'(t,z)dt :/ g
/T . 1-27

1
—(E+D).

and . )

(o) 52,00

’ N < = AY ar g

g g) = @) =

/<93R /T < 1 =27 7 JoBg

Therefore, applying [26, Lem. 2.4] to ¢ — 14§’ and choosing 7 to be a large but
2\ 7T

) , we get the existence of a pair

< %, such that

1—7 [~ 1 -
f <g/ o 1—279/

T

order one multiple of ( i} Br
(s,q) supported in BR\Br_, x (1,1 — 1) (see Figure |5|) with |s|

/BR/T“athzswc-dq:/aBR/:T<<§’—

1
1—27

7) (3.68)

and
1—7 1—7 2 dt2
N 1 . 1 d+1
[ urse [ [ (- 2se) s (been) T eo)
BR\BRfr T BBR T 1 - 27— T

STEP 3. LEADING ORDER CONSTRUCTION. For ¢t € [r,1 — 7| we define (see Figure

o)
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Ry

t=1—1

lead __ 1-7— t

plead = P = R+ T -
t—1 g9
o +4 o e

+s

t=1
OBR (r)BR,T Ky OBR,T OBR
Figure 5: Leading order construction.
t—T 1—7-1 1
lead . -lead /
’ ’ = 7V 370
P = T R s 5 VY (3.70)

both restricted to B x [, 1—7]. Notice that by (3.35) and (3.27), Qo\Q21 = @ \Q_ =
{|X(0)] < R,|X(1)] > R,t+ > 37} and likewise Q7\Q = Q" \', and therefore

Bl =) = [ (d' = ax) Ep(c) (o)

HH
Ne)

) A A
—r(e) - ) 2 [ g g,
O0BRr
so that using and -
1-7 1-7
/ / ath,Olead + VC . djlead — / (4'177_/{/\/ — (TI{H/) —|—/ / Cﬁl (371)
Br JT Br OBRr JT

Using that (s, q) is supported in Bg\Br_, x (1,1 — 7) with |s| < I, the cost is

2
majorized by

/ /1—7' 1 ’ .]ead’2 1 / |v¢/‘2
BrJr P ’ L =27 Jp,
1—7
S L A
BRr\Br—r T Br\BR—r

Therefore, using (3.63] , , , and (3.69) and recalling the choice of r (see

Step 2) we find

1—7 lead 2
Fetp - [ v
/BR/T lead Br

< (r+ (r*E + D)2)(E + D) + r(E + D) + (i(E—l—D))dH

1 1 ey
<rE+ =D+ <(E + D)) . (3.72)
T
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1 1 i/ T | 1
g_
o 1- QT’\,
f/+ 1—-3r
!/
2T %/ 37 phdr -
Sl
9+ |
T 0 0
8BR BBR 8BR aBR

Figure 6: Construction in the boundary.

STEP 4. CONSTRUCTION IN THE BOUNDARY. We will separate the construction for
the terms with the +-sign and with the —-sign. We start with the +-sign. Notice
that by definition (3.61]), the positive part of g’, denoted by ¢, , satisfies fol d, =d

and Spt ¢, C 0Bg x (7,27). By definition (3.28)), we have fol fi=f. and Spt | C
OBRr x (37,1). Hence, we may apply Lemma to f =g/ and g = f to obtain a
density-flux pair (pidr,jidr) in 0BR x (0,1) with (see Figure

/a N / DUCdp? + V-t = /a N /O sy~ )

bd 1 2 i 3é9 M
1< =Wig, (9 —(E+ D).
/8BR/ bdr pn o (04 11) S . (E+ D)

Similarly, applying Lemma [2.6} . to f = f" and g = ¢’ , we obtain a density-flux pair
(pPdr, 524r) in OBg x (0,1) with (see Figure @

1
/ / CdpP + V(¢ - djPh = / / Cd(g. —
BBR aBR

M
/ / bdr| bdr|2 S (E+ D)
OBRr

Letting (pPdr, jbdr) .= (;)E_dr + plidr,]bdr + 4P we conclude that

/aBR /01 9 CdpPI + V¢ - giP = /{93R /01 i) -

1
1 M

—= 3" < —(E+ D). (3.74)
/BBR/() pbdr T

and

and

and

STEP 5. COST OF KEPT TRAJECTORIES. Recalling the definition (3.26) of 5, we
let for ¢ € (0,1) in line with (3.3]) (see Figure 7)),
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Figure 7: Kept trajectories.

[ = [ rx) < mex e,
19
[e-aien = [ 10x @l < Rex@) - X@ap
9]
so that by definition of f and of ' and X,

1
/ / athpkept + VC djkept
Br J0
1
— [ AN+ [ God(u— i) + / / cdif - ). (3.75)
BR BBR 0

Br

By the representation (2.20)), we may bound

1 LD ¢l
B e A e sup §dj — =-dp
BrJo P £€CY(Brx[0,1])¢

1 . 9
— sup / / I(|X(t)] < R) <§-X _ ’f‘) dtdP
€€C9(Brx[0,1])4 /82 J0 2

1 b
g/ / | X|?dtdP < TE, (3.76)
2 JsaJi

where in the last estimate we used that trajectories are straight and that for X € 60,
lty —t_| <37

STEP 6. THE PASSAGE FROM ¢ TO ¢. Since | B ®= i) B ¢’ = 0, using the definitions

(13.53), (3.62)) and integration by parts, we obtain

/BR Vel — /B Vo|* = /aBR(qb’ +6)(§ - 9)-
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Therefore, by Cauchy-Schwarz and the Poincaré-trace estimate,

VoF— | IVoF| < IVe'[?+ | Vel (Ql_g)zé
e ot (U, 10 ], 199°) [, 9 o)

1

B.63) A &
< (<E+D>/ <gi—gi>)
9BR

(3:50) ) 1 1
< (BE+D)(*E+D))? SrE+ _D. (3.77)

STEP 7. COLLECTING ERROR TERMS. We use

(57.7) — (pin +pﬁn + plead +pbdr + pkept,jin +jﬁn +jlead +jbdr +jkept)

as our competitor. Putting together (3.64), (3.66), (3.71), (3.73) and (3.75), we see
that the continuity equation is satisfied. Putting together estimates
and coming from the construction in the final and initial layers, coming
from the leading order construction, coming from transporting in 0Bg, (3.76)
counting the contribution from the kept trajectories and estimating the error
of passing from ¢’ to ¢, we get

11~2 2
/ / L - / V4|
BrJo P Br
M

1 1 T 1
§TE+D+<(E+D)> + -~ (E+D)+7E+-D
T T T T

d+2

a+2

M 1 oo
§<T+)E+<(E+D)> 4D,
T

T T

from which (3.60)) follows if F + D is small enough. O

3.3 Proof of the harmonic approximation result

We may now finally prove our main harmonic approximation result in its Lagrangian
version, Theorem [T.4]

Theorem 1.4. For every T > 0, there exist positive constants (1) and C(7) such
that if ™ is an optimal transference plan between two measures p and A with E+D < €,
then there exists a radius R € (3,4) such that if ® is given by

A® =c¢ in Bg and v-V®=v-j on 0Bpg,

then

/ 2 — y+ V() 2dr < 7E + CD (3.78)
(B1 XRd)U(RdXB1)

and
sup |V2®|? + sup [V®|? < E + D. (3.79)
By B,
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Proof. The proof is almost identical to the proof of [26, Prop. 3.6] but we give it for
the reader’s convenience. Let us first notice that (3.79) is given by (3.55). We thus
only need to derive (3.78) from (3.54)). Since V@ is smooth in B, we obtain as for

(2-22), that
// (ty + (1 — t)z| < 2|z — y + VB(ty + (1 — t)a)*dmdt — // L pvolr.

Recalling that by (2.35)) of Lemma if £ € By ory € By and (z,y) € Spt7 then
ty 4+ (1 — t)x € By, we may therefore estimate

/ @ — y + V(x)2dn
(B1 XRd)U(RdXBl)

5/ / |z —y + VO(ty + (1 — t)x)|*drdt
(BlXRd)U RdXBl

+ / / V®(z) — VO(ty + (1 — t)z)|*dndt
(Bl XRd) RdXB1

1
1
,S/ / Ij—pV<I>I2+sup|V2<I>I2/ ly — a|*dr
By JO P Bs (B1 xR4)U(REx By)

B3:54)&(B35)
TE+C(t)D + (E+ D)E.

~

This concludes the proof of (3.78)), provided E + D is small enough. O

4 Quantitative bounds on the displacement

In this section we prove Theorem For a given measure 7 on R% x R? with
cyclically monotone support and R > 0, we let u := 7 L By and assume from now
on that m | By = dx.

Let us recall that we fixed a nonnegative rate function f satisfying the following
hypothesis (see (1.7))): it is increasing, R @ is decreasing, and there exists a
constant Cg > 0 such that

B2'R) _ B(R)
> < . .
£E>0 iR = R for every R > 1 and B(1) < Cp (4.1)

Note that this in particular implies for any ¢ € N and R > 2°
“B(R) S BR2TR). (4.2)
Moreover, since R — s (R) is decreasing, for R > 1, there holds

B(R) < R*. (4.3)
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4.1 The Campanato iteration

We first prove that as a consequence of Theorem and a Campanato iteration, we
can obtain an L? bound on the displacement, that is Proposition which we now
restate. To this aim, let us first recall some notation. For a sequence of approximately
geometric radii i.e.

_ 1
R>Ry>--->Rg>C with Rp_1 > 2R, > 6Rk,1 (4.4)

with R ~ Ry and Ry ~ 1, we put
1

E, = 5
| 6Rk| (BGRk XRd)U(RdXBGRk)

|z — y|*dmy

and consider 7 the coupling defined recursively by mg := 7 and
mp = (id,id — V@, _1(0))#mg—1, (4.5)
where ®;. solves the Poisson equation
A®; =c in Bp, and v-V®, =v-j; ondBg,. (4.6)

As in (2.21]), the flux ji is the Eulerian flux related to 7y, that is

/ € s = / (1~ )z +ty) - (y — 2)dmy, (4.7)

from which j;, is obtained by integrating in time (see (2.1))). Let us also recall that
from (2.24) and the invariance of the Lebesgue measure under translation,

Vejr=p—1 in Bp, . (4.8)

Proposition 1.9. Assume that

1

R |z —y|*dr < B(R) (4.9)
|Brl J(Brxra)U®RIxBS)
and |
WW%R(,UHH) <B(R) VRelLR] (4.10)
R

Then, there ezists a sequence of approzimately geometric radii (Ry)o<k<rk such that
Ey, < B(Rk), (4.11)

and
[V®(0)]> < B(Ry)- (4.12)
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Proof. Let 6Ry = R and for 6§ < 1 dyadic to be fixed later, let 6R), := 0*Ry. We
prove by induction that there exists a constant Cr > 0 only depending on d and
B such that for k& € [0, K], there exists Ry, € (3Ry,4R}) such that defining ®;_;
through and then m; as in , we have that the support of 7 is cyclically
monotone, that the first marginal of 7, in Bz is p, that its second marginal in
BGEk is the Lebesgue measure, and that both 1' and

Ey = |z — y|?dm), < CpB(Ry) (4.13)

|Bsm, | J Bz, xBO)URIX Bz )

hold. This would upgrade to (4.11). Indeed, by assumption (4.9)), (.11)) holds for
k=0andif k > 1, Wehaveby

1

|z — y|dmy,
[Bsri| J(Bor, xRY)URIx B, )
1
=3 |z —y 4+ V®,_1(0)|2dmp_,
|1 B6rs.| J(Bon, xR4)URIX Bog,, (V011 (0)))
1

< — |z — y|2dmp_1 + |[V®r_1(0)]?,
1 Bery| J(B:n, xROURIX By, )

where we used that by and Bsr, (V®;—1(0)) C Brg, and that by the L>
bound which we may apply since Fy_1 < S(Rp-1) < Rz_l ~ Ri, Sptme_1 N
(Brr, X R4 U (RY x Brr,) C R? x Bypg, . Therefore, if # is sufficiently small such
that 7Rj, < 6Rj;_1, using (4.13)) and (4.12)), we would conclude the proof of (4.11]).

We now turn to the inductive argument. Let 0 < 7 < 1 be such that Theorem [1.4]
applies and define for & such that 6Rj > 1 (recall Remark .

_ 1 9 (4.9) — _
Dy = 2 (k) = B6F) < 68(Ry). (4.14)
|Beg,| %

By hypothesis ([4.9] ., (4.11) holds for k = 0 and 12 Ey + = 2Dy < '8(R0) < 1 so that
by Theorem [1.4] there exists Ry € (3Ro,4Rp) such that deﬁnmg <I>o through -,

- ) holds for k=0.
Assume now that ( - ) holds for k. By (4 and (| -, we have in particular

LE, + f2 D), < 1 and thus by Theorem for any 0 < 7 < 1 there exists
k: k

Ry € (3R, 4Ry) such that defining ®; through (4.6} -, we have and
1

|Bg, | J(B: xRAURIXB- ) v~y + V(@) dm; < 7By + C(7) Dy (4.15)
Ry ﬁkx X Ry

Defining 7341 through (4.5]), we notice that if the support of 7, is cyclically monotone,
then also the support of w1 is cyclically monotone. Moreover, using that by (4.12)),

Bz, ., (V@1(0)) = Byg, (VO4(0)) C By, C Br, (4.16)
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we still have that in B6§k+1’ the first marginal of 711 is p and the second marginal
is the Lebesgue measure. Moreover, by the L> bound ([2.33)),

Spt 75 N [(B@Hl x R U (RY x B@H(vm(o)))} C Bym, xR%L  (417)

and we may compute

/ |z — y\ZdeH
6Rk+1| ka1 XRd U(R XBGR )

/ & — y + Vo (0)[2dmy,
|B(59§k | J(Bygm, xBOURIX Byyr (V24(0)))

EOLED )
< |z —y + VO (x)|*dmy,

~ 09| B | | (Bg, xR4U(RIx By )
+ sup |V®;, — V&,(0)|?
TORy,
-&- O(r) - _
< _E 9(;) Dy + 6*(Ey, + Dy)

EDLEn (00 (7 +6%) +00(r.0)) B(R)

2 (oo (g +) +€00) i)

where C denotes a constant only depending on d and [, but neither on 7 nor on
0. We first fix a dyadic 0 < # < 1 such that C'0 < %, then 0 < 7 <« 1 such that
Coarr < i and finally let Cg := 2C(1,0), proving that (4.13]) holds for k + 1. O

4.2 Choosing good radii

In this subsection, we show that without loss of generality we can make further

restrictions on the sequence of radii Ry given by Proposition Let us recall that

Ry, = 0¥ Ry and that for every k > 0, Ry, € (3R}, 4R},) was chosen to be a good radius

in the sense of Proposition For notational simplicity we take as convention that
1

Jj-1:=0 and E_q: |z — y|?dn. (4.18)
" [Bal Jis. —xR4)U(Rx By)

Lemma 4.1. For every k € [0, K|, we may assume that Ry, is both a good radius in
the sense of Proposition (3.6, that n(0BRr,) = |jr—1|(0Bg,) = 0 and

]BR \ / /‘I (1 =tz +tyl < Ry) — I(ly| < Rk)|dﬂ'kdt < \/m’ (4.19)
k

|Br y/ /‘I (1= t) +ty| < Ry) — I(|y| < Ry)||x — yldmpdt S By, (4.20)
k
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hold. Moreover, setting by, := V®(0), we may also assume that

1
Ry /0 / [I((1 —t)z + ty| < Regr) — I(|(1 — t)z + t(y + be)| < Ris1)|

|BRk+1‘
|z — yldmg1dt < |bly/ Er-1-
(4.21)

holds.

Let us comment on Lemma [£.1] before proving it. We require here that the transport
across 0Bp, is not above average in two different ways: first on the level of the mass
in and second at the level of the displacement in . As a consequence, we
prove in that on the level of the Eulerian fluxes, the Lagrangian shift V®(0)
has an almost additive effect. In , we further require that when choosing Ry 1
(after having chosen Ry), the displacement induced by the shift V@, (0) is not above
average near OBpg, ;.

Proof of Lemmal[{.1 Since for every fixed k € [0, K], there exists a set of measure of
order Ry, in (3Ry,4Ry) of good radii in the sense of Proposition we may find Ry,

which also satisfies u(0Bg,) = |jk—1/(0Bgr,) = 0, (4.19)), (4.20) and (4.21]) provided

we show that

1 4R, 1
|B|/3 /0 / [I(I(1 = )z + ty| < R) — I(Jy| < R)|dmpdtdR < \/Ej—1, (4.22)
6 Ry,

R
1 ARy, 1
U3|/3R /0 /!I(\(l—t)wHyI < R) - I(ly| < R)|
6 Ry k
|z — y|dmpdtdR < Ey_q, (4.23)

Ryy1

4Ry 1
|BG;|/3 /0 /|1((1 ~t)r +tyl < R) — I(|(1—t)z + t(y + b)| < R)|

|z — yldmgp1dtdR S [bg/ Eg-1. (4.24)

STEP 1. Let us start with the proof of (4.22). Using an exchange of integrals,
(o ¢]

/ (11 = t)z +ty| < R) — I(jy| < R)|[dR = [|(1 — )z +ty| — |y|| < (1 —t)|y — =],
0

and the L* bound ((2.34) to reduce the integral to (Bgg, x R?) U (R? x Bgg,) » we
obtain

4R, p1
B / /\1(\(1 ~f)e+tyl < R) — I(ly| < R)|dmpdtdR
3Ry 0

<

/ |z — y|dmy.
(BGEk XRd)U(RdXBGEk)
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The desired estimate (4.22)) follows since by Cauchy-Schwarz’s inequality and the
mass bound (|2.36))

/ |z — yldmy,
(Bﬁﬁk XRd)U(RdXBSEk)

> 3
S ( / dm) ( / |xy|2d7rk>
(Bﬁﬁk XRd)U(Rd XBGﬁk) (B6§k XRd)U(Rd XB6§]€)

SVEy - |Bsg | S VEk-1-|Bgz, |, (4.25)

where for the last inequality, one can argue as for the proof of (4.11)).

STEP 2. Estimate (4.23) is obtained arguing as for (4.22)).
STEP 3. We now turn to the proof of (4.24). On the one hand, this relies on the
elementary

/OOO I((1 = t)z + ty] < R) — I(/(1 — )+ t(y + by)| < R)|dR

= |11 = )z + tly + o) — [(1 = )z + tyl| < t]bxl,

and on the other hand, on the fact that for fixed ¢t € [0,1] and R € (3R, 4Ry), the
statement (|(1 —t)x +ty] < Ror |(1 —t)x +t(y+bg)| < R) implies |(1 —t)x + ty| <
R+ o(R), since by [#.12) |b|*> < B(R) < R?, which in turn implies the statement
(Jz] < 6Ry or |y| < 6Ry) by (2.34). Then, we can argue as for (4.22)). O
We may derive Lemma (which we now restate) from Lemma

Lemma 1.12. For every k € [1, K],

< B(Rk)

Proof. Recall from Lemma [4.1| the abbreviation bx_; = V®;_;(0). Using the defini-
tion (4.7)) of jx_1, the fact that the second marginal of m;_; is the Lebesgue measure,

(4.2), (4.11)), and (4.12), it is enough to prove that (recall (4.18))
1

| ([ @ia=oe+ 6 < R - 2)im

0

(Jk + V®;_1(0) = jk—1) (4.26)

+ / (I(ly] < Ri)be—1 — I(|(1 — t)z + ty| < Ry)(y — m))dwkl)dt‘

S |bk—1]/ Ex—2|Br,|-

By the recursive relation (4.5)) this may be rearranged to

/01 ( / (I(|(1 =)z +ty] < Rp) — I(J(1 — t)z + t(y + br)| < Ri))(y — x)dmy

— [ (0= 0w+l < R~ 1l < Rk>)bk1dnkl)dt\

S |bk—1lv/ Ex—2| Br, |-
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This is obtained using (4.21) for the first contribution and (4.19)) for the second
contribution. O

4.3 Flux of solutions to Poisson equations on concentric
annuli
For R > 0 and p a measure on R, let v be defined (up to an additive constant)

through
Av® = —c¢ in By and v-Vuol =0 on dBg. (4.27)

The aim of this section is to prove the following summation formula (which is a
restatement of Lemma,|1.14]):

Lemma 1.14. Let Ry > --- > Ry, be a sequence of decreasing radii with u(0Bpg,) =0
for every £ € [1,k], then

k
1 R 1 R
zv - Vo™ = v - Vot (4.28)
|BRI<:| OBRk ; ’BR[‘ 8BRZ

This is obtained through a representation formula for ﬁ J. oB, TV - Vot for every
0 < r < R. Concentrating for instance on the first component, we have

Lemma 4.2. For 0 <r < R, let w be the (piecewise smooth) solution of

Awl =0 in B, U (BR\B,),

[wE] = ‘””?r.‘, [v-VwE] =0 on 0B, (4.29)
v-Vwlt =0 on OBRg, '
wl=0 in Bj

with [-] denoting the jump across OB, (outside minus inside); normalized by requiring

/ wl=0. (4.30)
Bgr

Then, for every 0 < r < R with u(0B;) = n(0Bgr) = 0, we have the representation
formula

1

B ziv - Volt = —/ wldp. (4.31)
T 0B, BR

Moreover, for Ry > --- > Ry a sequence of decreasing radii, we have the telescoping
formula

wgz = wgffl. (4.32)
=1
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Finally, we have the explicit formula for Vwl:

Ver'(z)
di_(aBl)( 1 _ Tid) for x| < r

=9 7 zﬁBl)Rd + 11(63 )ﬁ(ld dir ® |x‘) for r<|z|<R e, (4.33)
0 for |z| > R

where ey denotes the unit vector in the x1-direction and id denotes the identity matriz.

Proof of Lemma[1.13 Because of vf* = vy, cf. (1.33) and (@27) this is a direct
consequence of (4.31) and (4.32). O

Proof of Lemma[{.9 We start by arguing that there is an explicit representation for
wl given by

_( <% — id) for lz| < r
0 for |z| > R

This is easily seen to hold: The normalization is satisfied (because the func-
tion is odd), the so defined function is piecewise harmomc (because the dipole = E |d is

the 0j-derivative of the fundamental solution), it satisfies the first jump condition at
|z| = r (because of H¥~1(0B;) = d|By]), and has no jump in the normal component
at |z| = r, R in view of formula (4.33) for VwZ (because of v = )

We now give the argument for (4.31)). B Green’s formula and (4.30]) there holds

1.27),([@-30
—/ wldp €265 _ wlRALT —/ wlRALT
BR B'r BR\BT'
= —/ v AWT —/ v AWT
(s BR\Br
—l—/ [why - Vot — / vy - VW
8B, 8B,

- / wly - Vol ¢ / vy VWl
dBr dBR
@29).@E29) 1

R
= rv - Vo't
|Br| 0B,

We finally prove the telescoping formula (4.32]). To show this, it is convenient to split

T

the functions into the affine part x; and the dipolar part W. The telescoping for

ViliNote that under our assumption of n(0B,) =

smooth approximation of y and thus v™.

R
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u(0BR) = 0, the right-hand side is well-defined since u
does not charge the jump set of w? and the left-hand side is well-defined since the inner and outer normal
distributional traces of Vo on 8B agree since Vot € LP(Bg) for 1 <p < 727 by Lemma [2 Slnce by
[18, Prop. 3.2] both sides are well approximated by mollification (on R?), it is suﬂi(:lent to ShOW 4.31)) for



the dipolar part is obvious. The affine part can be written as

d—1)x 1
it (atllel < B = 1l <)

and therefore is also telescoping. O

4.4 Linearization on nearby scales

In this section we establish the main ingredient for the proof of Theorem namely
Lemma a linearization result on the level of (Eulerian) flux. The main difference
with Theorem is that it will only deal with nearby scales whereby Theorem
bridges scales. Before restating the result we recall a bit of notation.

For each k € [0, K], let uj, be the (distributional) solution to

Aup =p—1 in Bg, and v-Vup =v-j, on dBg, (4.35)

and let v be the solution to the Poisson problem with homogeneous flux boundary
data

Avp =p—1—c in Bpg, and v-Vu, =0 on 0Bg,, (4.36)
so that (up to additive constants)
ug = v + Pp. (4.37)

Let 1 be a smooth and radial cutoff function as in (1.1)), i.e.

1 .
n € C§°(B1) with /77 =1, sup|V?y| <1  and we set ng = Tl <ﬁ> . (4.38)

Lemma 1.13. For R € [Ryy1, Ry|, there holds

E
v/ =" 4.39
[ et - vun)| 5 2, (4:39)
1 Ey
BT / Uk — V)| S SR, (4.40)
’ Rk+1 | BRkJrl
To appreciate this result, note that the vector field
O = 5k - Vuk (4.41)
satisfies the homogeneous conditions
V-0, =0 in Bpg, and v-or =0 on 0Bg,, (4.42)

cf. (4.8) and (4.35)). In Step [3| of the proof of Lemma we will establish that
Jr ~ id — V, on average, where 1)}, is the Kantorovich potential. In particular, o},
is weakly close to a gradient

o ~ Vw on average, (4.43)
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namely the gradient of

wrly) = Sl vrly) — usly). (.44

Smallness of large-scale averages of o will follow from the div-curl system
& via a suitable representation in Steps [1| and |2| relating averages of o} with
averages of o, —Vwy, (it is for this representation that it is crucial that oy, is divergence
free and Vwy, is a gradient field).

Proof of Lemma[I.13 For notational convenience, we can momentarily assume by
scaling that Ry = 1, drop the index k and set r := Ry (and therefore consider radii
R e [r,1]).

Let us first recall that thanks to Lemma r is chosen to be a good radius in
the sense of |j|(0B,) = 0. Since Lemma implies Vu € L'(B;) we also have
|o|(0B,) = 0 (cf. (4.41))). We use Vu € L(B;) once more together with the Lipschitz
continuity of the Kantorovich potential ¢ to arrive at (cf. (4.44)))

Vw € L' (By). (4.45)

STEP 1. We claim the representation formula of [ o in terms of Vw — o, restricting
without loss of generality to the first component:

/77R01 = / (nre1 — Vwpg) - (0 — Vw), (4.46)
By
where wp is a solution of (compare to (2.16]))

Awgr = O1mr in B and v-Vwr =0 on 0B. (4.47)

Indeed, it follows that (the smooth) nre; — Vwg is divergence-free on By with van-
ishing flux boundary data, so that the contribution of Vw on the right-hand side of
(4.46) vanishes. The contribution [ B, Vwr - 0 vanishes because of (4.42).

STEP 2. We claim the representation formula of ﬁ J p, 0 in terms of Vw — ¢
)
o
| Br| JB,
d—1 1
- - (1-= _
m (1), (T0 )
1 1 T T
+/ <d—1id+(id—d®>) Vw — o). 4.48
HT@B) g, VT g (4 @) ) V0 049
Indeed, in view of the formula (4.33)) equation (4.48)) assumes the for

1
r s 1

XNote that this expression is well-defined since the measure o does not “charge” dB,, the only place
where Vw! is discontinuous, cf. beginning of this proof.
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By |i and the divergence theorem (recall (|1.38)) ﬁ i) B, 01 = ﬁ /. op, L1V - 0,
so that by the jump condition in (4.29)) we may write

. | wh
p—— g1 = W, |V - 0.
|Br| /B, oB,

Recall that [w}] denotes the jump across OB, calculated as outside minus inside. By
(4.42)) and (4.29) (and since inner and outer distributional normal traces of o agree

in view of (4.42))) we then obtainf¥]

1
— 01:—/ J-Vw,%—/ _U-Vw}
’B"" B, r Bl\BT

:/ (Vw—a)-Vwi—i—/ (Vw —0) - Vw;
r Bl\B’V‘

- / Vw-VwiJr/ Vw - Vw! | .
r BI\BT‘

The term in the parentheses vanishes since Vw! is weakly divergence-free in By with
vanishing normal component on 0By, cf. (4.29)). This proves (4.49).

STEP 3. We establish (4.43]) in the following sense

:5(sup|vz|+sup\ﬂ)]/ o —yl2dn (450
(BG XRd)U(RdXBG)

£ (Vw—o)
B

for any vector fields ¢ € C§°(R?)4, and the same estimate with B replaced by B,.
Indeed, we first note that by definition (4.41)) and (4.44) of o and w we have

Vw — o =id — Vi — j.

Sinc 7 is supported on the graph (0¢(y),y) of the subgradient d¢ of a convex
function 1, and since the y-marginal of 7 is given by the Lebesgue measure dy, we
have by the almost-everywhere differentiability of

[ cin= [ vty
for any test function . Hence we have by definition 1) of j = fol Jedt

/B E) - (y—Vi(y)dy — | £-dj

B1

1
— [ [ aB09) - e - oo+ ) - (o - a)arae.

*Note that this holds for any function w that is smooth on the closure Bi; our w can be approximated
by such functions in the strong L!-topology on the level of the gradients, cf. , which is sufficient to
pass to the limit in the representation formula, since Vw! is in L.

X Apart from the L™ estimate this is the only place where we use that 7 is an optimal transport plan.
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Hence the desired estimate splits into the obvious

Iyl < D)(E) — €1~ )z + ty)) - (y x)dwdt‘

1
< Laup|ve / - ylPdn
2 Rix By

and into
1
| [1nl <0 = 101~ 0+ ty] < Vo~ ylamae < [ @~ yPdr,
0 (BGXRd)U(RdXBG)
for which we need that Ry = 1 is a good radius in the sense of (4.20)), cf. Lemma

STEP 4. Proof of (4.39). In view of the representation (4.46)), we need to apply (4.50))
to & = 77R€1 VwR It follows from ) that Vwp is of the same (scaling) form

as ng, cf. , namely Vwp = Rde( ) for some w € C°°(B;), which we may
extend to an w € C§°(RY). In particular, we have

1 1

sSup |v£‘ + sup |§| ~ RdJrl + ﬁ 5 17

where we used closeness of scales in form of R > r 2 1, cf. (4.4]). Hence (4.39) follows
from ({4.50)).

STEP 5. Proof of (4.40)). We recall (4.48)) and apply first (4.50) with & a constant
unit vector e and Ry = 1 replaced by r. Since r 2 R, cf. (4.4), we obtain

(-2) <
r pu (B(;,« XRd) (RdXB(;?«)

We now turn to the second contribution to . Let £ € C®°(B1\B,). Appealing
to ) for both Ry = 1 and r ~ 1, and to a L1psch1tz extension of ¢ from Bp\B,
to 31 that preserves the (sup |V&| + sup |])-norm, we obtain

/BI\BT@Ww—a)

: — 1 . 1
which we apply to £ := HT@8T) ((d— 1)id+ I (id— d|~’v| ® |))e Since, using again

|z — y|*dn.

< (sup [VE[+ sup [€]) | — y|*dr,

Bl\BT Bl\Br /(\BGXRd)U(RdXBg)

r Z 1, we have suppg\ g, [V&| +supp,\ 5, €] < 1, and thus

1
(id — 4

)1d—|—, T

) (Vo - o)

1
/Bl\gr 7 iany (1 2l © Tal

< / & — y[2dr,
(BG XRd)U(RdXBG)

and the desired estimate follows. O

Let us recall that from Lemma and Lemma [1.13] we derived in the introduction
Lemma that is:

Lemma 1.11. For every k € [1, K — 1],
1

|BRk | 8BRk

V&, (0) — xv - Vug_q (4.51)
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4.5 Representation of the cumulative shift

In this section, we establish the last ingredient to the proof of Theorem a crucial
representation for the cumulative shift that links it to the flux of the Poisson equation,
i.e. Proposition which we now restate. Recall the definition (4.6 of ®; and

(4.35) of ug.

Proposition 1.10. For every k € [0, K — 1] and R € [Ry41, Ri], we have the two
estimates on the cumulative flux

B(Ry)
zv - Vug| S 4.52
|BRk| OB, 0 Ry, (4.52)
and
R
0 +/773Vuk _/URVUO S B(R k) (4.53)
k

Proof. We start with the proof of (4.52)) and first point out that from (4.28) (and
the fact that (4.27) and (4.36]) are the same boundary problem and thus vj, = v%),

xv - Vg = Z

Therefore, using that uy = vg + o (recall (4.37))) and the divergence theorem (cf.
(1.38])) we have

1

zv - Vuy_1.
‘ RZ| dBR

1
V&4(0 xv-Vy_1=—— zv - Vug.
Z ’BRA 0Bg, |Bry| JoBng,

We conclude from Lemma [[.11] that

k
1
Vo, (0 v - Vug| = V&,(0) — —— xv - Vug_q
Z ‘BRk| 8BR ; < |BRZ| 6BRZ
k
Z B(re) € B
T = R T Ry

which is (4.52)).

From (4.52)), estimate (4.53)) follows via the identity

1
V&r(0) — zv - Vug = /nRVuk — /T]RVUO
|BRk | aBRk
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for R € [Ry41, Ri]. Notice that since Vug = Vo, + V@ (recall (4.37)) and by the
mean-value property for the harmonic V&, in form of [nprV®; = V®;(0), cf. the
normalization in (4.38]), this identity reduces to

1

- xv - Vug = /nRVvk — /nRVuo.

By the boundary condition v - Vv, = 0 on 0Bg, (cf. (4.36])) the last statement takes

the form
1

Since V(v — up) is harmonic in Bpg,, cf. (4.36) & (4.35), the latter holds by the
divergence theorem (see ([1.38])) and the mean-value property in form of

/URV(Uk — ) !

zv - V(vg —ug) = /TIRV(% — up).

V(vk — ug).

O

Let us close this section by estimating the distance between spherical and radial
averages of Vu. This implies that when identifying the cumulated shift, one can use
either of them.

Lemma 4.3. For every k € [0, K — 1] and R € [Ry11, Rg],

2
1

/nRVuo - zv-Vug| < B(R). (4.54)

|BRIc’ BBRk

Proof. By (4.10)), it is enough to prove that
/nﬁu ! z1v - Vug| S ! W3 (i, k) (4.55)

RO1UO — TH w-Vuo| ST K). .
|BRk| OBg,, ‘BR;J Bry

By scaling we may assume that Ry = 1. The argument is somewhat reminiscent
of the one leading to Lemma We claim that there exists w € C°°(B;) with
supp, |[Vw| < 1 such that for ¢ € C°(RY),

1
/nm%( - riv-V(= [ wAC. (4.56)
’Bl‘ 0By By

Then, testing this equation with ¢ = ug (thanks to a simple approximation argument)
and observing that [ B, w =0 (choosing ( = |z|?), we would obtain (4.55) from

| it
By
Let @ be a solution of

d—1 1
— —— in By and v-Vw=——— on 0By,
| B1|

2
5 Wél (M? K’)'

Aw = —np
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which is solvable since [ngp = 1 and HY1(0B;) = d\Bl\ Since ng is radially
symmetric so is @ and it is readily checked that w := 01w = d (r)% solves

Aw = —-01mr in By and v-Vw=0, w= —m on 0B
1
which is equivalent to (4.56). Finally since R ~ 1 we have supp, [Vw| S 1. O

4.6 Proof of Theorem 1.2

We start this section with a technical lemma that we will need for the proof of
Theorem [1.21

Lemma 4.4. For every k € [0, K — 1] and every R € [Ri41, Ri|, there holds

E
‘/UR]I@ —/nR y —x)dmg| < R—k, (4.57)
k
E
’/nR(x)dvr -1 = VEi <1, (4.58)
Ry,
‘ / nrVu| <V Ey (4.59)

Proof. We start with (4.57)) and note that by definition (4.7 of j, the left-hand side

can be written as

1
/o /(nR((l —t)x +ty) — nr(x))(y — z)dmydt

= /01 /Ot/VnR((l — 8)z + sy) - (y — x)*dmydsdt

‘/URJk— nr(z)(y — z)dmy,

and thus

< 5 sup| Vg / [ 1000+ ty] < R)ly - o Pdmde
@eEm

~ RatL |z — 3/|2d7Tk-

/(B3R xRU(RYx B3 )

Combining this with R ~ Ry (cf. (4.11))), we obtain (4.57).

We turn to and reformulate the left-hand side: Clearly, since the z-component
of the transference plan is not affected by the shift , we may replace m by my;
the y-marginal of 7 is the Lebesgue measure and by the normalization in we
have 1 = [ ngr(y)dmy, so that as above

1
‘/773 dw—l' 2sup\V7yR\/ / (1—-t)z+ty| < R)|y — z|dmidt

1

S Ri+L |z — y|dmy.

/(B3R XR4)U(RYx B3 )
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In view of R ~ Ry, it is sufficient to show the estimate

1

= / @ — yldmy < /By (4.60)
Ry J(Bsg, xR)U(RIX B3,

which follows from the Cauchy-Schwarz inequality and ([2.36)).
We finally turn to (4.59) and start by applying (4.39), yielding

< E

k
—. 4.61
i (1.61)

‘/UR(jk — Vuy)

Noting that b < \/E thanks to (4.11)) and (4.3)), it is enough to establish (4.59))
with Vuy replaced by ji. We observe that by definition (4.7) we have

‘/ 77RJI<:

77R 1 —t x—i—ty)( —$)d7det

/ 110~ ) + ty] < R)lz — yldm,
so that the argument continuous as for (4.58)). O

Now we may prove Theorem[I.2) which we restate and reformulate here for the reader’s
convenience.

Theorem 1.2. Let
hR = /URVUO'

Then, for every R € [Rk, Ry,

<BB e

[~ i g

+ '/mz(y —hr)(y —x — hg)dr

and
sup {!y —x—hg| : (z,y) € Sptm N [(Br x RY) U (R x BR(hR))]}

<r(2E) gy

Proof. STEP 1. We actually start with the proof of (4.63). We claim that
1

| Bag| (BarxR¥)U(REx Bagr(hR))

|z —y + hg|?dr < B(R). (4.64)

Combining this with the L> bound ({2.33)) applied to 7 = (id,id — hr)#7m would yield
@63).
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Let k € [0, K — 1] be such that R € [Rp41, Ri]. Undoing the iterative shift (4.5)),
estimate (4.11]) takes the form

1
| By | (Bory XRHU(RYx Bo g, (hw))
with shift hy, := Zz o V@(0). By (4.52), (4.54) (and (4.1))), we have

B(Ry)
Ry,

|z —y + hy,*dr < B(Ry) (4.65)

NI

[y, = hr| £ +B2(R) S B2(R). (4.66)
Because B(R) < R? (cf. (4.3)) this in particular implies that Bog(hr) C Beg, (hi).
We may thus estimate

1
_r |z —y + hg|?dn
| Bag| (B2rXRYU(RIX Bog(hr))

) ~ ~
< (| =y + ha|? + |hg — hg|?)dr
| Bag| (B2rXRYU(REX Bog(hR))

1 7

< |z —y + hy|2dr

| B6Ry.| J(Bgr, xRYURIX Bor,, (i)

1
’BZR‘ (BarxRY)URIX Bagr(hR))

s N P
< B(R)

This proves ({4.64]).
STEP 2. We now turn to the proof of (4.62). Let again k € [0, K — 1] be such that

R € [Ryy1, Ri]. Writing
/nR(ﬂ?)(y — x)dmy, — /nRVuk = /nR(a:)(y — x)dm), — /ank + /UR(VUk — Jk)
and evoking ([4.57)) of Lemma [4.4] and (4.39), we obtain

’/TIR y— de_/WRVUk

Appealing to the iterative definition (4.5)) of 7 this is equivalent to

Ey,

~ Ry’

Ly
‘/m{(x)( —x—zvfbg )dﬂ—/nRVuk ,SR—k
We now use (4.58) & (4.59) of Lemma in the form of
< B

~

’ [ e [ nate) ( / nRVuk) o
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to reformulate this as

‘/nR (y —x)dm — </nR dw) (Z V(0 /nRVuk>

By (4.53)), (4.11) and the monotonicity of @ we get the first part of (4.62]),

< BB

Ey
< =, 4.67
S Ry (4.67)

]/hmm@—x—hmmr

By (39).

'/ nr(z) —nr(y — hr))(y — = — hg)dr
1

< —— xr—y+hr 2d?‘l’,
Rt /(BRde)U(RdeR(hR)) | |
and thus the second part of (4.62)) follows from (4.64)). O

We finally derive Corollary which we recall for the reader’s convenience, from
Theorem

Corollary 1.1. Let pi be such that for some 0 < o < 1, and some R > 1, there holds

1

‘BR‘WBR (u, k) <CR*  VRe[lR] (4.68)

Then, assuming for simplicity that u(Bg) = |Bgl, if m is the optimal coupling for
Wp(u, 1), for every R> R 2 1,

[ e =2 = k| S g (4.69)

where for R >0, hg = [ nrVu with u the up to an additive constant unique (distri-
butional) solution of the Poisson equation

Au=p—1 1in By and v-Vu=0 ondBg.

Proof. The statement follows directly from Theorem provided we may choose
Ry = R. To prove this, notice that on the one hand Spt® C By x By implies

|z — y|?dm < @ — y|*dr,

|Bsr| J(BymxR)U(RIX B) | Bl (BrxR4)U(RIx B)

and thus Ry = R and ®; = 0 satisfy the conclusions and of the Cam-
panato iteration. On the other hand, Ry is a good radius in the sense of Lemma
(since having no transport across dBpg,, the left-hand sides of and are
both equal to zero). Therefore Ry = R is indeed admissible. t
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