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A STIFFLY STABLE SEMI-DISCRETE SCHEME FOR THE CHARACTERISTIC
LINEAR HYPERBOLIC RELAXATION WITH BOUNDARY

BENJAMIN BOUTIN, THI HOAI THUONG NGUY]i]N7 AND NICOLAS SEGUIN

ABSTRACT. We study the stability of the semi-discrete central scheme for the linear damped wave equation
with boundary. We exhibit a sufficient condition on the boundary to guarantee the uniform stability of the
initial boundary value problem for relaxation system independent of stiffness of the source term and of the
space step. The boundary is approximated using a summation-by-parts method and the stiff stability is
proved by energy estimates and Laplace transform. We also investigate if the condition is also necessary,
following the continuous case studied by Xin and Xu in [18].

AMS classification: 66M06, 656M12, 35F46, 35L50
Keywords: hyperbolic relaxation system, damped wave equation, summation by parts operators, central schemes,
energy estimates.

1. INTRODUCTION

1.1. Context and motivation. In many physical situations, we are interested in hyperbolic systems of
partial differential equations with relaxation terms [1|. Such systems are found in relaxing gas theory [3],
water waves |14, 17] and reactive flows [4]. One of the main features of these models is related to the notion
of dissipation, leading to smooth solutions and asymptotic stability. The study of the zero relaxation limit
for such systems has caught much interest, both from a theoretical and numerical point of view, after the
works of Liu [9], Chen, Levermore and Liu |2], Hanouzet and Natalini [6], Yong [20, 21]. In this article, we
are concerned with numerical treatment of boundary for hyperbolic relaxation systems. Due to the effects
of the boundary layer and the interactions of the boundary and initial layers, numerical schemes have to
be properly designed in order to provide accurate approximations and consistent behaviors.
One of the simplest linear hyperbolic systems with relaxation is the linear damped wave equation

Ou + 9,0 =0, u®, 0" €R,
(1.1)

1
O® + adyu® = ——0°,
€

where @ > 0 and the relaxation time € > 0 may be introduced to characterize the stiffness of the relaxation.
When ¢ goes to zero, the model may be simplified. We expect indeed that for any position x and any time
t, the solution (u®,v®) tends to (u(z),0), which is the solution of the corresponding equilibrium system
[2, 18].

In order to determine a unique solution to the problem (1.1) in the quarter plane x > 0, ¢ > 0, it is
necessary to specify values of the solution at initial time

(1.2) u(z,0) =up(z), v°(x,0) =wvo(x),
and to impose conditions on the solution at the boundary
(1.3) B,u(0,t) + B,v(0,t) = b(t),

where B,, and B, are constants. For simplicity, we also assume the initial data Up(z) = (uo(z),vo(x)) and
the boundary data b(t) are sufficiently compatible at the space-time corner x = 0, t = 0, i.e.

Us(0) = UJ(0) =0,  b(0) =b(0) =0
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In some cases, the correct boundary conditions can be found easily from physical considerations. At
a solid wall that bounds the flow of a fluid, for example, one sets the normal component of the fluid
velocity equal to zero (if effects of viscosity are to be considered, the tangential component must also
vanish). In other situations, the choice of boundary conditions is not as obvious. This is the case with
artificial boundaries, which do not correspond to anything physical. In general, it is not possible to choose
boundary conditions arbitrarily for a hyperbolic equation. This can be seen most easily in the case of the
problem (1.1), which is a particular case of the Jin-Xin relaxation model in one space dimension [8].

It is easy to see that system (1.1) is diagonalizable with Riemann invariants y/au® + v° and eigenvalues
++/a. Therefore the boundary condition (1.3) has to satisfy the Uniform Kreiss Condition (UKC)

so that on the boundary x = 0 the incoming flow \/au® 4+ v® can be expressed in terms of the outgoing
flow /au® — v® and the data b(t), and therefore the initial boundary value problem (IBVP) (1.1)-(1.3) is
well-posed for each fixed e (see [1, 18, 19]).

In 18], Z. Xin and W. Xu study the asymptotic equivalence of a general linear system of 1—dimensional
conservation laws and the corresponding relaxation model proposed by S. Jin and Z. Xin [8] in the limit
of small relaxation rate. The main interest is this asymptotic equivalence in the presence of physical
boundaries. They identify and rigorously justify a necessary and sufficient condition (which they call
the Stiff Kreiss Condition, or SKC in short) on the boundary condition to guarantee the uniform well-
posedness of the IBVP for the relaxation system independent of the rate of relaxation in the particular
case of system (1.1) with (1.3). In the case of system (1.1), the SKC simply reduces to

(1.5) gz ¢ [-va,0].

The motivation of the present study is the difference approximation of the IBVP (1.1)-(1.3). The
major issues in the theory of the relaxation approximations to equilibrium system of conservation laws
is the appearance of stiff boundary layers in the presence of physical or numerical boundaries condition
due to the additional characteristic speeds introduced in the relaxation systems. On the other hand, the
stability estimate obtained for a certain approximation is the key to the proper error estimates. Thus,
how to formulate boundary conditions for the relaxation systems to guarantee the uniform stability and
to minimize the artificial boundary layer are crucial to the success of the schemes.

1.2. Description of the semi-discrete numerical scheme. Let Az be the space step and U(x;,t) =
(uf,v%)T (z4,t) with z; = jAz, j € N. The solution to (1.1)-(1.3) is approximated by a sequence U;(t).
We focus in this paper on the central scheme for semi-discrete approximation of the IBVP and to derive
a necessary condition for stiff stability. Let

A:<2 é) S:<8 _01>, B= (B, By).

The semi-discrete approximation of the IBVP (1.1)-(1.3) can be reformulated as

QUL (0) + (QU);(0) = ST;1), =1,
(1.6) U;(0) = fj,
BUo(t) = b(t),

with the Cauchy data f; = U(z;,0) and a difference operator (QU);(t) consistent with Ad,U(xj,t) by
(QU)(zj,t) = A0, U(x;4,t) + 0O (AaP),p > 0 defined everywhere including the boundary point. Let us note
that the boundary condition is exactly satisfied at j = 0.

The summation by parts (SBP) finite difference operators were first derived in |11, 12]. In [15], the
analysis was revisited and exact expressions for the finite difference coefficients were obtained. In the case
of the central scheme, the modification of the difference operator at j = 0 can also be expressed as an
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addition of an extra boundary condition. It means that we use the centered approximation at j = 0 but
supply a boundary condition that determines U_;

Uy —2Uy+U_1=0.

If we eliminate U_1, we obtain a one-sided approximation. The extra boundary condition determines U_;
as a linear extrapolation of U; and Up. In [5], the energy estimate can be obtained if the scalar product
and norm is defined by

o

. (U V)ae = 55 (U0, Vo) + SOAY)

with (.,.) be the Euclidean product. We can write the difference operator

1 .
mA(Uj—H -Uj-1), j=>1,
(1.8) (QU); = )
A A0 =), j=0,

which uses a noncentered approximation at the boundary, so that the difference operator is defined at all
gridpoints including the boundary.

Let us emphasize that the numerical scheme (1.6) needs one more equation at j = 0 to be completely
defined. This is a numerical degree of freedom since in the continuous case, only one equation is needed at
the interface due to the number of incoming characteristics. We choose to define the remaining boundary
value in agreement with the dissipativity of the source term. We then use a symmetric form of the problem,

based on the matrices
_(Bu By
and a symmetric positive definite matrix

(1 —B,
Hp = (—Bu aB? +Bg>

such that PT HpP is symmetric positive definite matrix, HpPAP~! is symmetric, Hp PSP~ is negative
definite. Since PTHpPA is also a symmetric matrix,

(U,PTHpP(QU)) . (t) = —% (U, PTHpPAUY) (t),

0o 1
which corresponds to the equality f0+ (U,PTHpPAO,U) (z,t)dx = D) (U, PTHpPAU) (0,t) of the
continuous case. Moreover, at the boundary j = 0, we obtain
1
(1.9) (0:Uy, PTHpPUy) (t) + ((QU)o, P HpPUy) (t) = . (SUy, PTHpPUp) ().

Using homogeneous boundary condition BUy(t) = 0, the previous equality (1.9) can be reformulated as
1
Oy IoHp PUy) (t) (I1e PUY) (t) + (LToHpP(QU )o)(t)(I1e PUy) (t) = R (IleHpPSUy) (t) (112 PUy) (1),

where Iy = (0 1) .
We propose the following numerical approximation at the boundary

1
8t(H2HPPU())(t) + HQHPP(QU)O(t) = EHQHPPSUo(t).
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To sum up, the semi-discrete approximation of the IBVP (1.1)-(1.3) can be reformulated as
Q1) + (QU);(1) = 28U, (1), 21,
U;(0) =
t B0,
0TI, Hp PU) (1) + T1a Hp P(QU)o(1) = Tl Hp PSTy (1)

where (QU)jen is given by (1.8).

1.3. Main result. For the continuous IBVP, the UKC (1.4) is not enough and a more stringent restriction
has to be imposed on the structure of the boundary condition (1.3). Our aim is to study a necessary
condition for stiff stability of the above semi-discrete IBVP | i.e. stability uniformly with respect to the
stiffness of the relaxation term.

Theorem 1.1. Under assumption
(1.11) BB, >0,

for any T > 0 there exists a constant Cr > 0 such that for any f € I2(N,R?) and any b € L?>(RT,R), the
solution U to (1.10) satisfies

T T
(1.12) / ot |2dt+/ S AalUy ) dt < Cr | 3 Aalff + / bR dr | |
0 0

j>0 7>0

where the constant Cp is independent of the data f and b, but most importantly of ¢ € (0,+00) and
Az € (0,1].

The proof of Theorem 1.1 is based on two ingredients, one with homogeneous boundary condition and
the other with homogeneous initial condition.

Proposition 1.2. (Homogeneous boundary condition) Let a > 0 and B,,, B, € R. Assume that Ax € (0, 1]
and € > 0 satisfies

B, Az (B,\?
1.1 20—+ — | =
(1.13) Bv+ - <Bv) >0,
Then there exists a constant ¢ > 0 such that for any f € I12(N,R?),
T
(1.14) (U, P"HpPU) ,_(T)+ c/ Uo*(t)dt < (f,P"HpPf) .,
0
holds.

If BB, >0, (1.14) holds uniformly.
B,
If B,B, <0, consider some §y > —2aB—. Then there exists c(dg) > 0 such that (1.14) holds uniformly

u

A
as soon as — > 6o with ¢ = ¢(dp).
€

Proposition 1.3. (Homogeneous initial condition) Assume that By, B, € R satisfies (1.11). Then, there
exists a constant ¢ > 0 such that for any o > 0 there exists Axg > 0 with for any b € L> (R, R) and
Az < Axg

(1.15) 0z / S 2ot 1) 2dt + / e=20 770 () 2t < e / e=201 (1) [2dt.
0

7>0

holds.
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Remark 1.4. Since PTHpP is symmetric positive definite matriz, the following inequality hold m,n > 0
m <U7 PTHPPU>A9; (t) < <Ua U>Aa: (t) =n <U’ PTHPPU>A1 (t)’
which will be useful to prove the estimate (1.12) with weighted in time from (1.14).

Xin and Xu in [18] considered the IBVP for the Jin-Xin relaxation model [8] and derived the SKC (1.5)
for stiff well-posedness. They show in particular that the IBVP is well-posed if and only if (1.5) holds.
In the discrete IBVP (1.10), it seems that the SKC is not sufficient to derive uniform stability estimates.
In comparison, our stability condition (1.11) is more restrictive, but we are only able to prove that it is
sufficient. We also perform a normal mode analysis to construct unstable solutions and, based on some
numerical investigations, condition (1.11) would appear to be also necessary for the stiff stability. Let us
mention that condition (1.13) is not implied by the SKC (1.5), probably due to some numerical diffusion
at the boundary.

Proposition 1.2 is studied in Section 2.1 by discrete energy method. In order to illustrate the relevance
of condition (1.13), in Section 2.2, we present numerical results, for different values of (B,, B,) and show
that (U, PTHPPU>Am (t) increase when (1.13) does not hold. In Section 3.1, we want to address the
question of the existence of unstable solutions in order to derive necessary condition of stability by using
the normal mode analysis. In Section 3.2, we present numerical results and show that B, B, > 0 sums to be
necessary to ensure the stiff stability of the discrete IBVP. Even if the boundary condition (1.3) satisfies
the SKC, there exist unstable solutions of the discrete IBVP (1.10). To isolate the effects of possible
boundary layer and avoid the complicated interactions of boundary and initial layer, in Section 4, we
consider the IBVP (1.10) with homogeneous initial data and nonzero boundary data b(t). In Section 4.1,
the numerical solution Uj(t) can be constructed by Laplace transform. By using the Parseval’s identity,
under assumption B,B, > 0, Proposition 1.3 is proved in Section 4.2. In Appendix A, we study an
example of how waves occur in model the action of an elastic string overtime, which is a particular case of
linear damped wave equation. By using the Newton’s Second Laws of Motion, we can derive the boundary
condition B, B, > 0 for this system.

2. STIFF STABILITY OF THE SEMI-DISCRETE IBVP WITH HOMOGENEOUS BOUNDARY CONDITION

In this section, we consider the IBVP (1.10) with homogeneous boundary condition b(¢) = 0, nonzero
Cauchy data (f;) € I2(N,R?) and prove Proposition 1.3 by using the energy method.

2.1. The energy method. In the continuous case, the energy estimates are obtained using integration
by parts rules. Therefore, we need corresponding SBP rules for the discrete approximations of 9/dx [5].
The sufficient stability condition (1.13) is deduced from discrete energy estimates.
Using the scalar product (1.7) with PT HpP, we obtain
Az = T
== (0 (HpPUy) , PUy) (1) + A > (&U;, PTHpPU;) (1).
j=1

(2.1) (0,U, PTHpPU) . (t)

On the other hand, since PTHpP is a symmetric positive definite matrix and using the homogeneous
boundary condition BUy(t) = 0 and thus PUy = (0,113 PUp), the previous equality (2.1) can be reformu-
lated as

(2.2) %at (U,PTHpPU) () = %at (I, Hp PUy) (t) (TIoPUp) (t) + Az i (0,U;, PYHpPU;) (t).
j=1

Now, we show how the difference operator (QU); can be applied for IBVP (1.10) with homogeneous
boundary condition at all gridpoints including the boundary

1 1 )
A1) = ZSUS(t) = 5= AUy () - Ui (®) . 521,
and
1 1
oy (IIoHpPU)) (t) = gHQHPPSU()(t) — EHZHPPA (Uy — Up) (t).
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Thus, (2.2) can be presented as

0 (U,PTHpPU) ,_(t) = % (Il Hp PSUy) (t) (I PUY) (t) + m?x i (SU;, PTHpPU;) (t)
j=1
(23) + (HQHPPAU()) (t) (HQPU()) (t) — (HQHPPAUl) (t) (HgPU()) (t)

—> (AUj41, PTHpPU;) (t) + > (AU;_1, PTHpPU;) (t).

j=1 Jj=1

We observe that
> (AUj_1, PTHpPU;) (t) = (AUs, PTHpPUY) (t) + Y (AU;, PTHpPUj41) (t)
j=1 j=1

Since HpPAP™! is symmetric, one can proceed as above
(AUy, PTHpPUy ) (t) = (o HpPAUY) (t) (I1o PUy) (t).
Thus

(24) > (AU; 1, PTHpPU;) (t) = (I, HpPAUY) (t) (T PTY) (8) + > (AUj1, PTHpPU;) (1)
j=1 7j=1

Substituting (2.4) into (2.3), we obtain

B Ax 9 QAT 9
0L (U, HU) 5, (8)+ 202 ()2 () + = 05)° () = === (55) 0),
v jzl
where the symmetric (or Hermitian) positive definite matrix
a 0
#= (i 1)
is defined by
1
(2.5) H= EPTHPP.
In order for the energy method to work, the boundary condition has to satisfy
B Ax
2a5- (u 0)* (1) + — (vo) () 2 c|Uo(t)|?
v
for some positive constant ¢ whenever
Byug(t) + Byvg(t) = 0.

This leads to the sufficient stability condition

B, Az (B,\?

20—+ — (=] >0.

B, + € <BU>

This implies directly
O (U, HU) 5, (1) + c|Uo|*(t) <0,
and thus
g 2
(2.6 (U HU) oy (1) +c [ U0t < (1),
0

Moreover, we can see that
2aB, /By

14 (Bu/By)?

o If B, B, > 0 then there exits ¢ < such that (2.6) holds uniformly.
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B
o If B,B, < 0, consider some d§y > —QLLB—D. Then there exists ¢(dg) > 0 such that (2.6) holds

u
A B
uniformly as soon as i > o with ¢ = ¢(dp). For example, if we choose &y = —3aB—U then there
g U
—aB, /B,
1+ (Bu/By)?
This ends the proof of Proposition 1.2.

Let us mention that condition (1.11) implies (1.13), for any 7' > 0, there exists a constant Cp > 0 such
that

(2.7) /0 '

This will be used to prove Theorem 1.1.

exists ¢ < such that (2.6) holds uniformly.

T
ZAx]Uj(t)|2dt+/ Uo(t)Pdt < Cr > Axlfy].

>0 0 >0

2.2. Numerical experiments. For fixed Az and letting € vary, we consider now the behavior of (U, HU) 5,
with respect to time according to condition (1.13). We also look at the degenerate case when the UKC
(1.4) does not hold (and then, none of the other stability conditions). Due to the previous analysis and
the calculations of Xin and Xu in [18], we expect to see that (U, HU) o, decreases when the boundary con-
dition satisfies B, B, > 0. We also provide numerical results in the case when B, B, < 0 while condition
(1.13) still holds.

To isolate the effect of the possible boundary layer and avoid the complicated interactions of boundary
and initial layer at x; goes to infinity, we will consider the small values of 7' = 0.2 and the initial data

. (15,1007, if0<x; <1/2,
7o, if 2; > 1/2.

At the space-time corner x = 0,t = 0, the initial data satisfies
Un(0) = Us(0) = 0.

Let a = 4 and the space step Az = 1072, The time discretization used for solving any ODE hereafter is
the one given by the function ode45 in MATLAB. This function implements a Runge-Kutta method with
a variable time step for efficient computation.

Firstly, we choose different values (B,, B,) such that the condition (1.13) is satisfied with ¢ = 1072 and
e = 102. The following figures show the behavior of (U, HU) », (t) for all ¢ < 0.2.

500

The value of <U,HU>(t) with a = 4,N =100, e = 102 The value of <U,HU>(t) with a=4,N =100, e = 10 2
T T T T T T T T T T T T T T

T 490
— (BU,BV)=|
(Bu,Bv)=

(-10,1)
(-8.5.1)

s (BU,BV)=(1,1) 480 -
= (Bu,BY)=(3.1)

470 -

460 -

450 -

NORM
NORM

440

430 -

420 -

410 -

250 I I I I I I I I I 400 I I I I I I I I I
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

TIME TIME

FIGURE 2.1. The values of (U, HU) 5, (t) with different values (B, B,) satisfying condition
(1.13) at ¢ = 1072 (the left figure) and ¢ = 10% (the right figure) .

In Figure 2.1, we can see that
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e Under assumption (1.13), ¢ € (0,400) and Az = 1072, we have (U, HU) 5, (t) < (f,Hf) .
with nonzero initial data f and homogeneous boundary condition b(t) = 0. Even if B,B, < 0
satisfies the stability condition (1.13), we get (U, HU) 5, (t) decrease for any t<T. For example,
let Az = 1072, & = 1072, T = 0.2 and (By, B,) = (—8.5,1), for any ¢t € [0,7], (U,HU) A, (t) <
<f7 Hf>Ax (t)

e For ¢ = 1072 the values of (U, HU) ,, (t) go down suddenly for small time ¢. In the case e = 10? ,
the decrease seems to be linear.

Secondly, we choose the values of (B, B,) such that the condition (1.13) is not satisfied with ¢ = 1072
nor with ¢ = 102. Besides, we present the values of (U, HU) 5, (t) if the boundary condition (1.3) with
b(t) = 0 does not satisfy the UKC (1.4). The following figures show the behavior of (U, HU) 5, (t) for all
t<0.2.

%10° The value of <U,HU>(t) with a = 4,N = 100, e = 10 2 <104 The value of <U,HU>(t) with a = 4N = 100, e = 102
T T T T T T T T T T T T T T T T T

!
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
TIME TIME

FIGURE 2.2. The values of (U, HU), (t) with different values (B,, B,) not satisfying
condition (1.13) at e = 1072 (the left figure) and e = 10% (the right figure) .

In Figure 2.2, we can see that

e On the boundary x = 0, for all € > 0, if the boundary condition (1.3) with homogeneous boundary
condition b(t) = 0 does not satisfy the UKC, then v® = y/au®. Therefore the numerical scheme of
the IBVP is not stable for each fixed £. For ¢ = 1072 and ¢ = 102, if we choose (By, B,) = (=2, 1)
then the values of (U, HU) 5, (t) increase quickly.

e For all t < T, if the condition (1.13) fails, we get (U, HU)a, (t) > (f, Hf) A, - In the particular
case € = 1072, there exists 0 < {1 < t such that (U, HU) », (t1) > (U, HU) 5, (tg) However, after
that, by 1nﬂuence of the boundary condition, the values of (U, HU) 5, (t) increase rapidly. In the
case € = 102, the values of (U, HU) ,,, (t) rise gradually.

Clearly, the numerical results show that the energy increases in time as soon as condition (1.13) does not
hold. The behavior is even worse when the UKC (1.4) is not satisfied. It seems that condition (1.13) is
also necessary to ensure the non-increase of the energy, but let us stress that an increasing energy with
respect to time may not be in contradiction with the stiff stability.

3. STIFF STRONG STABILITY OF THE SEMI-DISCRETE IBVP

In the continuous case, the IBVP (1.1)-(1.3) is stiffly well-posed if and only if the boundary condition
(1.3) satisfies the SKC (1.5). Now, we want to address the question of existence of unstable solution in
order to derive necessary condition of stability for the discrete IBVP (1.10). Following Z. Xin and W. Xu
in [18] , we shall apply the normal mode analysis to derive the stiff boundary condition (1.11).
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3.1. Derivation of the stiff boundary condtion. We look for (nontrivial) solutions of (1.10) satisfying
the homogeneous boundary condition

BUy(t) =
and of the form
(3.1) Ui(t) = et/e g,

with Re € > 0, (¢;) € [*(N,C?). Such solutions, if they exist, clearly violate the e—uniform [* estimates
n (1.12). Our goal is to find a sufficient condition to ensure that it does not exist.
Substituting (3.1) into (1.10), we obtain the following problem

2Azx

(3.2) Pjt1 — @j—1 = 7M¢]7 J>0
(3.3) Bgo =0,

(3.4) L,PTHA <¢1 — <I + g ) ¢0> =0,

where

(3.5) M= M) = ANS —¢I) = 2 (-%g _(10+ 9) .
The eigenvalues of M can be easily found to be

(3.6 e = e (€) = £ 0

with the corresponding eigenvectors

1
T+ :’I“:t(g) = < aplx ) .
1+¢
In the half plane {£ € C: Re £ > 0}, the complex function

h(§) = V&1 +¢)

is analytic. (As usual, we take /2 to be the principal branch with the branch cut along the negative real
axis.)
Let { =a+i8, a >0, and

p=a(l+a)-p g¢=(1+2a)8

Then,
2 2
Re h(§) = Re \/p+iqg = w

Now we observe that

=\/ (1+a) — 82 + (1 + 20)282
:\/ (14 ) + 52)% + B2
> a(l+a)+ 6%

Therefore,

(3.7) Re h(§) > Va(l+a) >«
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We further note that by using the basic inequality /1 +x < 1+z/2 (x > —1), we can also obtain a close
upper bound for Re h(€)
142«

Re h(§) < —5

In particular, we have from the above
Re py(§) >0, Rep_(§) <0, for Re& > 0.

To solve the recurrence equation (3.2) in 1?(N, C?), the following lemma will be useful.

Lemma 3.1. Let v € C. If Rev < 0 then v+ vv2 + 1] < 1.
Proof. Assume that v =z 4 yi with x < 0 and y € R.

e In the case y = 0,
v+ V2+l<lez+Vz2+1>0.

e In the case y # 0, we have

\/02+1:a1+b1i,

where

1+ D+ ¢}

(38) a]; = f, b]_ = sgn

m=2-y*+1, q =2y

—p1+ VPt + @
(C.I1) ) )

Now, we observe that

(3.9) v+ Vo2 +1l <1e2?+b3 4+ 9> +a? + 200+ 2by < 1.
On the other hand, we have
aiby

(3.10) v +ai =22+ +1 and y=—.
X

Substituting (3.10) into (3.9), one obtains
w4+ V2 +1<le (@2 —y24+1)2+ 4222 > 22 + 9% — 1.

Therefore,

v+ Vo2 +1] < 1.

O
Let P be the 2 x 2 matrix whose columns are composed by the component of the vector r
o 1 1
P=P¢)=|ap-(§) ans(§) |,
1+¢ 1+¢
then
M =PDP !

with D = D(¢) = diag (12 (), p_(€).
Let us define
-1
Py = (%Z)fv fl) =P ¢;
Now, (3.2) can be reformulated as
I 2N+(5)A$
Jj+1 -1 =

I Il _ 2p- éAwa
Jj+1 J—1 =

jv

(3.11)
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Firstly, we find that wjl. € 12(N, C) satisfies

201 (A
(3.12) Vi — i = W#-

To solve the equation (3.12), we assume that
(3.13) ¢ =2 Ry,
with |z| < 1 and R; € C. Substituting (3.13) into (3.12), we obtain

(3.14) zi:zg@:‘”gﬂmkt¢<“ﬂamff+1

9 9

Applying Lemma 3.1 with Re py(€) > 0 for Re £ > 0, we can prove

— A i Ax\ 2
|z—| = 7”2 $+\/(Mz x) +1] < 1.

Thus, the solution of (3.12) satisfying 1/1]1- € I2(N, C) can be represented as

Wl =2/ Ry.
Similarly, the solution of the following problem
-y, = 20
can be represented as
j1 = wi R,
with Ry € C and
(3.15) w+:w+(£)zu_<im+\/<'u_(iwv>2+l

satisfies w4 | < 1 by using Lemma 3.1 with Re p_(£) < 0 for Re £ > 0.
Therefore, the solution ¢; € [#(N,C?) of (3.2) can be presented as

(3.16) ¢; = cPZ'R,

with Z = Z(¢) = diag(z—(£), w1 (£)), R = (R1, R2)T € C? and for any constant c.
Plugging (3.16) into the boundary condition (3.3) and (3.4), we get

BPR =0,

(3.17) ,P~THAP <Z - (I + A;CD» R=0.
Let

GRS TORE
s) 1= 0ue) = =-(9) - (1+12E8T),

g = 62(§) = w4 (§) — <1 + M_(i)Ax>

Thus, (3.17) can be reformulated as
NR =0,

11
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where

- B By + k(€)B, By + 9(§) By
(3.19) N =N(§) = <_a51 (£)(Bu — k(€)By)  —aba(§)(Bu — g(«S)Bv)>

A
Proposition 3.2. Consider any § = ; > 0 and any € € C with Re & > 0. If ByB, > 0 then
det(N(&)) # 0 and therefore there is no unstable solution of (1.10) of the form (3.1).
Proof. From (3.19), we can compute
det (N) = a (61(By + gBy)* — 62(By — gBy)?) ,
with k(£) = —g(§). On the other hand, we get
det (N) # 0 < |det (N)| #0

and we can see that

B 2
5| B, 7
(3.20) |det (N)|#0< |1 — = v

6 | B

u
B, 79

2

B
g+ —o-| #0.

B,

|61]

e Firstly, for any 6 > 0, £ € C, Re £ > 0 and B, B, > 0, we prove
B, 2
5 - — 9
%2 | By £ 1.
61 | Bu

Since p— (&) = —p+ (&), we have
02

5| <1 Re (140)? +1 > 0.
1

(3.21)

Furthermore, the complex function g(§) is analytic and bounded in Re £ > 0. By the conformal mapping
theorem, g(£) maps the half plane Re £ > 0 to a simply connected closed bounded domain Q C C whose
boundary corresponds to the image of the imaginary axis Re £ = 0 under g. The boundary curve

Vv —aB?+ aBi
- —o0 < fB<
1+ip esfsoo
is a closed curve which intersects the real axis only at 8 = 0 and at § = too with ¢g(0) = 0, g(+ioo) = V/a.

Besides, the curve is transversal to the real axis.
Since B, B, > 0, Re g(£) > 0 in Re £ > 0, we observe that

g(if) =

Bu 2
F_g
(3.22) B” <1< Reg>0.
u
B, Y

According to (3.21) and (3.22), we obtain

- -9
(3.23) % (B
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From (3.23), we assume that

(| 5y
2l=1
Bu 2 ol
= - 2
52 B’U —1e & —yg o Re (/’L+5>2 +1= 07
5 | B B, £=0
4y —1
B, By n
B, Y
Since £ = 0, we have Re y/(u+0)? +1 = 1. Thus,
B, 2
o
(3.24) %2 | By £1.
61 | Bu n
B, Y
According to (3.23) and (3.24), for any 6 > 0, £ € C, Re ¢ > 0 and B, B, > 0, we have
B, 2
o 9
-2 B 7 0.
61 | Bu n
B, 7
e Secondly, for all £ € C, Re £ > 0, we get
(3.25) 101 = 14+ /(u46)?+1]>1, foralld >0
and
Bu|> _ [ Bu.\?
3.26 — > 0
(3.20 s = (5) >0
with B, B, > 0, Re g(§) > 0in Re £ > 0.
Therefore, we have
|det(N)| # 0.

O

Actually, we will need in the Section 4.2 a more stringent version of the estimate (3.24) uniform in § > 0
and ¢ € C with Re & > 0. This is the object of the next lemma

A
Lemma 3.3. Assume BB, > 0. There exists ¢ € (0,1) such that for any 6 = ; > 0 and £ € C with
Re&>0

B 2
5 - — 9
(3.27) %2 | By <l-c
o | Bu,
5 9

v

where g, 61 and 02 are the same as in (3.18).

Proof. Firstly, from (3.21) and (3.22) we can see that for any 6 > 0, £ € C with Re £ > 0, B, B, >0

@ <1land |7(g(§))| <1,
01
where
B,
Bf - g(E)
T(9() = g——
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Furthermore, we get ¢g(£) maps the half plane Re £ > 0 to a simply connected closed bounded domain 2.
Thus, |7(g(§))| tends to 1 only if Re g(§) goes to 0.
Secondly, let £ = o+ i with a > 0 and S € R, after some calculations, one obtains

a(p+ \/W)

(14+a)2+p%2 7

Re g(¢§) =

where

p=a(l+a)+8% q¢=5
Thus, for all @« > 0, 8 € R, Re g(§) goes to 0 only if £ tends to 0. Therefore, outside a neighborhood of 0
inReé&>0

IT(9(§)] <e< 1.

)
5—2 tends to 1 only if Re y/(u+(£)0)2 + 1 goes to 0. In a
1

neighborhood of 0 in Re £ > 0, for any 6 > 0, Re \/(u+(£)d)?2 +1 > ¢1 > 0 (for more details, see Lemma
B.1). Thus,

Moreover, for any 6 > 0, £ € C with Re £ > 0,

5
Zl<e <1,

1
Therefore, (3.27) is true. O

3.2. Numerical experiments for the necessity of the boundary condition. Using the normal mode
analysis, we exhibit condition (1.11) which ensures the non existence of unstable solutions of the form (3.1).
However, we are not able to prove that this condition is also necessary, i.e. that there exists an unstable
solution to (1.10) with homogeneous boundary condition as soon as B, B, < 0. After presenting numerical
results in the favorable case (1.11), we study numerically |det(N)| when B, B, < 0, and more importantly,
when B, /B, < —/a, which is a sub-case of the SKC (1.5).

Let
B B 2 B 2
a Pul _5 (2w s [ e _
<a’ﬂ’Bv> 1(Bv+g> 2<Bv g> ’

Idet(N)] £ 0 ‘F <a,/3, ?) ' 20,

The following figures display three-dimensional data in two dimensions using contours or color-coded
regions. It takes three arguments: a grid of « values, a grid of 5 values and a grid of |F («, 3, By/By)|.
We choose the vertical axis as the set of values 8 and the horizontal axis as the set of values . For each
of the values B, /B,, a contour line or isoline of a function |F («, 8, By/By)| is a curve along which the
function has a constant value, so that the curve joins points of equal value.

Firstly, for all (a, 3) € R?, we consider the values of |F (a, 3,1/40)| with § = 10 (see Figure 3.1) and
|F (o, B,1)| with § = 1072 (see Figure 3.2) satisfies in this cases, B, /B, > 0.

In Figure 3.1, we can see that in the case 6 = 10, in the half plane a > 0, § € R, there exists ¢ > 0
such that |F (a, 8,1/40)| > c¢. For example, for all « > 0, 8 € R, |F («, 3,1/40)| > 0.001.

In Figure 3.2, we can see that in the case 6 = 1072, in the half plane a > 0, 8 € R, there exists ¢ > 0
such that |F (a,,1)] > ¢. For example, for all & > 0, g € R, |F (a,3,1/40)] > 1.04. Secondly, we
consider for any § > 0, £ € R, Re &€ > 0, |F(«, 3, By/B,)| # 0 if B,/B, < 0?7 Even if B,/B, < —/a
satisfies the SKC (1.5), there exists a nontrivial solution of (1.10) of the form (3.1)7

The following figures show the behavior of |F(a, 8, B,/By)| # 0 with a = 4, B, /B, = —1, § = 1 (see
Figure 3.3) and 6 = 10 (see Figure 3.4)

In Figure 3.3, we can see that in the case § = 1, in the half plane a > 0,5 € R, there exists («, §) €
R* x R such that |F (o, 3, —1)| < 1. For example, we have |F (0.2027,0.1471, —1)| ~ 10~4. However, in

we have
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‘The values of [F(alpha,beta Bu/Bv)|with a=4, Bu/Bv=1/40 and 6 = 10

\

nnnnnn

aaaaaaaaaa

FIGURE 3.1. The values of |F (a, 3,1/40)| with a =4, § = 10, a < 0 (the left figure) and
a > 0 (the right figure), and 8 € R case B, /B, > 0.

2280

aaaaaaaaaaaaaaaaaaaaaaaaaa
aaaaa

FIGURE 3.2. The values of |F («,8,1)| with a = 4, § = 1072, a < 0 (the left figure) and
a > 0 (the right figure), and 5 € R case B, /B, > 0.

FIGURE 3.3. The values of |F (a,3,—1)| with a = 4, § = 1, (o, 8) € Rt x R (the left
figure) and (a, ) € Rt x RT (the right figure) case B, /B, < 0.

the case 0 = 10, for any a@ > 0, 8 € R then |F' (o, 3, —1)| # 0 (see Figure 3.4). Therefore, we can not
prove for any § > 0, £ € C, Re £ > 0, if B, /B, <0 then |F («a, 8, By,/B,)| # 0.
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FIGURE 3.4. The values of |F (a, 3, —1)| with a = 4, § = 10, a < 0 (the left figure) and
a > 0 (the right figure) and g € R case B, /B, < 0.

In the continuous case, Z. Xin and W. Xu [18| show that there is no unstable solution if B, /B, < —+/a.
For discrete IBVP (1.10), these numerical experiments suggest the following conjecture to be true.

Congecture 3.4. Consider the case B, /B, < —/a. For any 0 > 0, there exists £ € C with Re & > 0 such
that |det(N(€))| = 0. In other words, there exists an unstable solution of (1.10) of the form (3.1).

For all (o, 8) € R?, we choose a = 4 and B, /B, = —3.5 satisfy B,/B, < —v/a. The following figures
show the behavior of |F(a, 3, —3.5)| with § = 10 and § = 1072.

pppppppppp

FIGURE 3.5. The values of |F («, 8,—3.5)| with § = 10, (o, 8) € Rt x R (the left figure)
and the values of |F (a, 3, —3.5)| with 6 = 1072, (o, 8) € RT x RT (the right figure) case

B./B, < —/a.

In Figure 3.5, we can see that in the case § = 10, for all @ > 0, 8 € R, |F (o, 3,—3.5)| # 0. In the
other case § = 1072, there exists (ap, 5) € RT x R such that |F (ag, 89, —3.5)| < 1. For example, we
have F(0.23,101.55, —3.5) ~ 10~%.
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4. STIFF STABILITY OF THE SEMI-DISCRETE IBVP WITH HOMOGENEOUS INITIAL CONDITION

The semi-discrete approximation of the IBVP (1.10) with homogeneous initial condition can be presented

O,U; (1) + AU”I(”Z;:UUJ"I“) = ZSU(D), >0,
U;j(0) =0,
4.1) BU(t) = b(1),
Ui(t) = Up(t) 1

Oy (IleP~THUy) (t) + TP~ THA = gHQP—THSUO@).

Ax

For difference approximations, the Laplace transform is already more powerful tool for problems in
one space dimension. It is used to determine stability features when the energy method is not sufficient.
Under assumption B, B, > 0, the numerical solution Uj(t) can be constructed by the method of Laplace
transform. By using the Parseval’s identity, we get the expected result of Proposition 1.3.

4.1. Solution by Laplace transform. The numerical solution U;(t) of the IBVP (4.1) can be constructed
by the method of Laplace transform. Let

ﬁ](f) =LU; = /oo eigtUj(t)dt, Re £ > 0.
0
With U;(0) = 0, we have
L(&U;) = EU;(€) — U;(0) = €U;(€)

and therefore (4.1) become

(4.2 Oya(€) = Tja(6) = 22ME9TH ), >0,
(4.3) BUy(€) = b(¢),

(4.4) P THA (a e - (I n AjM(es)) (70(5)) —o,

where

and the matrix M is the same as in (3.5).
Note that the eigenvalues u4(§) of the matrix M (&) satisfy

Re p—(§) <0, Repy(§) >0, for Re &> 0.
The same as in (3.11)-(3.16), the solution fjj(f) of (4.2) is given by
U;j(€) = P(e£) 27 () R.

The value of vector R can be determined easily from the boundary condition (4.3) and (4.4)

_ b
R = det(N(sg))Nl(eg)’
where
_ _ —62(8)(Bu — g(§)By)
(4.5) N =Nif§) =a ( 51%5)(Bu 9(§)By) >
and the matrix N is the same as in (3.19). Therefore,

~ b

U;(€) = W?(sﬁ)Zj(ef)Nl(sf).
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With (7]- (¢) found, the numerical solution Uj(t) of (4.1) can be obtained by inverting the Laplace transform

~ 1 [~ o~
Uﬂo:L4Ux@=/) T (o +1iB)dB, o> 0.
21 Joo
4.2. Stiff stability analysis. Under condition B, B, > 0, we consider Proposition 1.3 with homogeneous
initial condition (f;)jen = 0 and nonzero boundary data b(t).

A
Lemma 4.1. Assume ByB, > 0. There exists C > 0 such that for any § = ?:c > 0 and & € C with
Re&>0

|det(N (£))I”

> CB2.
VL)1 h
Proof. From (3.19) and (4.5), we can compute
B 22
u
5| B, 7 B !
det(N)? = a? 1 - £ | 2 0| 5+ | B
% v
B, Y
and
B, 2
& | B, Y B 2
NP =a® | 14| [ 5 01* | 55" + 9| B
. v
B, 7
Thus,
B \[ B VN
det(M)[* | & | B, || B Bu e
Bk 5| B, | By, B,
B, B,
Using Lemma 3.3, for any £ € C, Re £ > 0 and § > 0, there exists ¢ > 0 such that
B 22
u
1— %2 | By c
01 & i -
B, Y
and from (3.23), we have
B 2N
u
o 9
1+ % g’v >1/2.
L Be
B,
Since B, B, > 0, Re g(§) > 0 in Re £ > 0, we get
2 2
o ()
B, B,
Therefore, there exists C' > 0 such that
|det(N)[? 2
— 2 > (CB:.
[Naff> =
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Now, we prove the uniform /2 estimate (1.15). By an application of the following Parseval’s identity
[5][16]

/ e 2 U; () 2dt = 7{ Uj(a+iB)|%d3, >0,
0
we have
o N 1 oo .
| e = o 4 (0o + i)Pds

0
LT e NP
=5 e

where £ = a4+ 1. We fix a > 0 from now on.
According to Lemma 4.1, there exists C'y > 0 such that for any § > 0, £ € C, Re £ > 0,

Nk
< (.
det(N)[2 =

On the other hand, since k(§) = —g(&) is uniformly bounded in Re £ > 0, we obtain

0 "o
< 0(1)/00 e b(t)Pdt.
0

This, together with a consequence of the hyperbolicity of (1.1) by using the classical argument of changing
the data b to zero after time T and unchanged before time 7', we obtain the desired boundary estimate

T T
(4.7) / \Uo(t)2dt < KT/ |b(t)|2dt.
0 0
Lemma 4.2. Letv € C. If Rev <0 then
‘v—k \/v2+1‘ < Rev++/(Rev)?+1.

Proof. Assume that v =z 4 yi with x < 0 and y € R.

e In the case y = 0, we have

desyp 19

(4.6)

v+\/v2—|—l‘ =z +Va2 1.
e In the case y # 0, firstly, we prove
(4.8) arz? + b%:v + alb% >0,

where a; and b; are the same as in (3.8).
Now, (4.8) can be reformulated as

222\ /p? + ¢ + 22°y* > p1 — \/p} + &,

where p; and ¢; are the same as in (3.8).
Therefore,

a1z’ + bz + a3 > 0.

Secondly, we prove
‘fu+\/v2+1‘ <z+Va?+1
2
SE+a)’+(y+b)< (x—l— x2—|—1) .
By using (4.8) and

24 +1=0a and y=-—,
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we can also obtain

(z+a1)®+ (y+by)? _(33+\/902 )

S(x+a1)* (2 4+ 62) > 0.

Therefore

’v+\/v2+1’SRev+\/(Rev)2+1.

Similarly, by an application of the Parseval’s identity, we have

/Z—WU )|2dt = fZ\U (a+1iB)|%dp

j=>0

_i = M - 2j w 2j
= 7€ ;\b@n derv e PEOP (e (O + s c6))ds,

where z_(e€) and w4 (e€) are the same as in (3.14) and (3.15).

Since k(g€) = —g(&€) is uniformly bounded in Re £ > 0, € > 0 and using Lemma 4.1, we obtain
/ S et (1) Pt < O(1 / Z\b 2|2 (€)Y + |y (6)|7)dB
j>0
On the other hand, since p_(§) = —p4+(§) in Re £ > 0, we get
2 (e€)| = wy(e€)]-
Thus,
/ S ety )2t < O(1 / Sy (=6) 2[5 (€) 2dB.
Jj=0 j>0
By using (3.6) and (3.7), for all € > 0, £ € C, Re £ > 0, we have
eRe &

Re p_(e€) < - NG

< 0.

Furthermore, we can prove
2

(4.9) Re “‘ff)m + \/<Re “‘(Ef)M)Q +1] < (naz+ \/m)Q,

3

Re &
N
By using Lemma 4.2 and (4.9), we have

3 2
;} |wy (€)[¥ = (1 - “(ef)Ax - \/<“(€§)Am> +1 )

< (1 - (nAx + Vn2Ax? + 1>2>_1

where n = —

-1

If we assume that Az < —43 then
n

Sl () < =7 A,

Jj=0
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Therefore,
[e'e) 1 0o _
—2ad|77. 2 < - 2
ode [ TS e P < o) [ be)Ras.

Jj=0

By an application of the Parseval’s identity

(4.10) aAz / TS et )2 < 0(1) / " =20t (1) 2dt.
0 0

>0

According to (4.6) and (4.10), there exists ¢ > 0 such that

(4.11) alAx / > e (b)) dt + / e~ 2 Uy (t)Pdt < ¢ / e~ 2 b(¢) |2 dt.
This ends the proof of proposition 1.3.
From (4.7), (4.10) and the hyperbolicity of (1.1), for any 7" > 0, there exists a constant C7 > 0 such that

T T T
(4.12) /0 ZAx\Uj(t)FdH/O yUo(t)PdtgcT/o 1b(t)2dt.

320

By linearity, we can break up the IBVP (1.10) into two simpler problems, one with homogeneous initial
condition and the other with homogeneous boundary condition. From (2.7) and (4.12), we get the expected
result of Theorem 1.1.

APPENDIX A. MODELING AN ELASTIC STRING

A.1. Derivation of the damped wave equation. The damped wave equation in one space dimension
can be derived in a variety of different physical settings. As an example of how waves occur in physical
systems, we now derive the damped wave equation for a stretched string. Other physical systems, such
as sound waves in air, can be analyzed in a similar way (see [10, 13]). We start by considering model the
action of an elastic string over time. Consider a tiny element of the string between z and = + Ax

(:gxf&_x%:f’ 2

> T
Figure A.1: Modeling an Elastic String.

The following quantities are needed in our derivation

e w(x,t) denotes vertical displacement of the string from the z—axis at position z and time ¢.
e O(z,t) is an angle between the string and a horizontal line at position x and time t.
e T(z,t) is a tension in the string at position x.

We can dispose of all the 6’s observing from the figure that

. Aw Ow .
(A1) tan 0(z,t) = AlglcgoAix =35 slope of tangent at (z,t) in wx — plane
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The Newton’s Second Law of Motion (F' = ma) states that

0w
A2 F = (pAx)—
(4.2) (pA2) 55
where p is the linear density of the string and Ax is the length of the segment.
The force F' comes from the tension in the string and also the damping force. The damping force acts
in the opposite direction to the motion and is denoted by 2% With ¢ > 0. We assume for our model

that there are only transverse vibrations, and so the string does not move horizontally, but only vertically.
So, we know that the total horizontal force must be zero. Balancing the forces in the horizontal direction
gives

(A.3) T(x + Az, t)cos O(x + Ax,t) = T(x,t)cos 6(x,t) = T = const,

where 7 is the constant horizontal tension. Balancing the forces in the vertical direction yields

F =T(z+ Ax,t)sin 0(z + Ax,t) — T(x,t)sin 0(z,t) — caa—z:Ax
(A4)
=T(x + Ax,t)cos O(x + Ax,t)tan 0(x + Ax,t) — T(z,t)cos 6(z, t)tan 6(x,t) — c%fo.
Substituting (A.3) into (A.4) yields,
ow
F =7 (tan 0(x + Ax,t) — tan 0(x,t)) — CEACC
(A.5) P
w ow ow
=7 = A - — —c—Ax.
T<8x($+ x,t) 8m(au,t)) o A
So, the vertical component of Newton’s Law becomes
ow ow
82710(5 y = %(ZL‘—FAI‘J) — %(:L‘,t) - 87@0
Pop >0 =7 Az “ot

for £ € [x,z + Ax]. Dividing by p and letting Ax tends to 0 gives

o%w r0%w cow
(A.6) 0 st

In order to guarantee that Eq.(A.6) has unique solution, we need initial and boundary condition on the
displacement w(z,t). There are now 2 initial conditions and boundary condition (see [10, 13]).
A.2. Initial conditions. The initial position of string and initial velocity can be written as follow
(A.7) w(z,0) = f(x) and  wi(x,0) = h(z).
To see why we need 2 initial condition, note that the Taylor series of w(z,t) about ¢t = 0 is

t2 t3
w(z,t) = w(x,0) + wy(x, 0)t + wy(z, 0)5 + wy (, 0)§ + ...

From the initial condition (A.7) and the PDE (A.6) give

wie(x,0) = (7/p)waa(,0) — (¢/p)wi(x,0) = (1/p) f"(x) — (¢/p)h(),
wite(2,0) = (7/p) Wiz (2, 0) — (¢/ p)wu(z,0) = (1/p)h" (x) — (e1/p?) f"(2) + (¢/p)*h().

Higher order terms can be found similarly. Therefore, the two initial conditions for w(x,0) and w¢(zx,0)
are sufficient to determine w(x,t) near ¢ = 0.
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A.3. Boundary condition. We assumed the string is connected to frictionless cylinders of mass m; that

move vertically on tracks at z = 0 with an acceleration g(t).

: x
0 N
Figure A.2: Boundary condition at z = 0.
Lemma A.1. For any c >0, p >0 and m1 > 0, the boundary condition can be written as follow
Buwx(()? t) - vat(oa t) = g(t)'
with B, B, > 0.

Proof. Performing a force balance at x = 0 gives

(A.8) T sin 6§ — c%—l: =myg(t).

In other words, the vertical tension in the string balances the mass of the cylinder. However,
7 =T cos 0 = const and tan 0 = w,, so that (A.8) becomes

T cos 0 tan 6 — c%—:f =mag(t),

or
(A.9) Byw,(0,t) — Bywy(0,t) = g(t),
where B, = 7/my and B, = ¢/m;.

To summarize, the IBVP of the linear damped wave equation in one space dimension is

0*w 0w 10w
o) PDE : i (x,t) = 83;2( z,t) — e —(z,t), x>0,t>0,
BC: uwa:< 1) = Bywi(0,1) = g(2),
IC: w(z,0) = f(x), wyz,0)=h(x)
where
(A.11) a=T1/p, e=p/c.
Let

u(x,t) = wy(z,t) and  v°(x,t) = —we(z, t).
The IBVP (A.10) can be presented

O (z,t) + 0pv° (2, t) =0,  u(x,t),v°(x,t) € R,

(A.12) 1
O® (z,t) + adyu(x,t) = —gvg(x,t),

with the initial data

(A.13) u®(z,0) = f'(x), v°(z,0) = —h(x),
and the linear boundary condition
(A.14) B,uf(0,t) + Byv®(0,t) = g(t).

Remark A.2. The boundary condition B,B, > 0 corresponds to stability condition (1.11) of the linear

damped wave equation (A.12).
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APPENDIX B.

Lemma B.1. There exists ¢ > 0 such that for any 6 > 0, £ € C with Re £ € [0,1] and Im £ € [—1,1]

;

Rey/1+ (1(9)9)” > c.

§1+¢)

a

and a > 0.

where ju. (€) =

Proof. Assume that £ = a+ i3 with o € [0,1] and B € [~1,1]. Let § = §2/a. After some calculations, one

obtains
Rey/1+ (1 (60)* = 2= /A0, 2.5)

where

h(ev, 8,0) =146 (a(1+a) = 5°) + \/(1 +8 (a(l+a) — £2)° +8°B2(1 + 2a)2.

Now, we consider the behavior of h(a, B,6) in the following cases
Case 1: For any § > 0, « € [0,1] and 8 = 0, we have

h(a,0,6) =2 (14 6a(l + ) > 2.

Rey/ 1+ (u4(€)0)” > 1.

Case 2: For any § > 0, a € [0,1] and 3 € [~1,0) U (0, 1] such that 82 < a(1 + «a), we get

Thus,

h(a,3,0) > 1+ \/1 +3252(1 +20a)2 > 2.

Rey/ 1+ (14(€)0)” > 1.

Case 3: For any § > 0, a € [0,1] and 8 € [~1,0) U (0, 1] such that 32 > a(1 + «), we denote

Thus,

B0, 3,8) =1 — 78+ 1/ (1—78)° + 8°82(1 + 20)2,

where

=3 -a(l+a).
Note that
(B.1) 0<rT<p*<L

e Firstly, we consider

|
IN
N

Thus,

W, 3,8) > /(1 - 78) + 5262(1 + 20)?
or

W2 (a, 8,8) > (1—78)" + 6 B2(1 + 2a)?
> (1—-76)" +5°82
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From (B.1), we have
h%(a, B,0) > 1 — 270 + 25+ 50
>1- 215+ 125 <1+ i)
>1- 275+ 277",
Since 76 € (0,1], we have
1—270 4+ 27232 > %
Thus,

and therefore,

e Secondly, we consider

- 1
B.2 0> —.
(B2) >
Then

(1—70)* +5°82(1 + 20)?

+y/
> /(1= 707 /(1 —79)2 + 372

From (B.1) and (B.2), we get

Thus,

hao3,8) > —/(1—78)7 +1/(1 - 78)* + 8

)
=)+ (1-m9) 43
5

>

2 /(1-78)° 15
On the other hand, from (B.1) and (B.2), we have
(1=70) 2 +3<1+7%° 43
<14 (2 + 1)52 (since >35> 1)

<1425
Thus,
h(a, B,6) > L
2\/1 425"
Since § > 1, we obtain
ha, 8,8) > —=.

2V3
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Therefore,
Rey/T+ (g (£)6) > —
€ H+ el 2\4/§
]
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