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ON SOME MODEL EQUATIONS FOR PULSATILE FLOW IN

VISCOELASTIC VESSELS

DIMITRIOS MITSOTAKIS, DENYS DUTYKH, QIAN LI, AND ELIJAH PEACH

Abstract. Considered here is the derivation of partial differential equations
arising in pulsatile flow in pipes with viscoelastic walls. The equations are
asymptotic models describing the propagation of long-crested pulses in pipes
with cylindrical symmetry. Additional effects due to viscous stresses in bio-
fluids are also taken into account. The effects of viscoelasticity of the vessels
on the propagation of solitary and periodic waves in a vessel of constant radius
are being explored numerically.

1. Introduction

The description of fluid flows in pipes with viscoelastic wall material is motivated
mainly by the studies of hemodynamics [16]. A cardiac cycle consists of the systolic
phase where the heart ventricles contract and pump blood to the arteries and the
diastolic phase where the heart ventricles are relaxed and the heart fills with blood
again. During the systolic phase the large arteries are deformed and store elastic
energy that is released during the diastolic phase. This property of the vessels
is usually referred to as the compliance of the vessels. Modelling the viscoelastic
properties of the vessels appears to have significant difficulties of mathematical and
numerical nature [16, 8, 27, 34, 23, 30]. The mathematical modelling of such flows
suggests the use of the equations of continuum mechanics for incompressible fluid
flow known as the Navier-Stokes equations.

The Navier-Stokes equations in three dimensions are too complicated to be used
in practical situations and for this reason several simplified mathematical models
have been derived [37, 26, 33, 14, 3, 13]. The main simplifications that have been
made are based on the assumption of the axial (or cylindrical) symmetry of the
vessels. This assumption and using approximations of the averaged velocity of
the fluid led to the derivation of simple one-dimensional (1+1D) models [17, 39,
32, 31, 24, 1, 28, 35]. The models include unidirectional [13, 38, 21, 11, 6], and
bidirectional models [4, 22, 7]. Bidirectional models can approximate accurately
reflections of pulses occurred in the presence of non-uniformities in the vessels wall
as opposed to unidirectional models such as the KdV equation ([38, 10]) where it is
assumed that the pulses propagate mainly in one direction. In this paper we focus
on the derivation of bidirectional equations. Further simplifications were made
by assuming that the velocity of the fluid is very large. This assumption led to
lumped-parameter (or zero-dimensional) models [2, 19] and the references therein.
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Figure 1. Sketch of the physical domain for a single vessel segment
with elastic and impenetrable wall.

The later models are used in practice to predict the flow and the pressure of the
blood in operational situations [34].

For practical reasons, the inclusion of the dissipative effects in the flow can be
done by assuming a laminar flow and small viscosity. For example assuming a
parabolic profile for the horizontal velocity of the fluid it has been shown that
the Navier-Stokes equations can be reduced to a modified system which is very
similar to the Euler equations [30], (we also refer to the Poiseuille solution for
the justification of this parabolic profile of the horizontal velocity). Specifically,
denoting u = u(x, r, t), v = v(x, r, t) the horizontal and radial velocity respectively,
and uw(x, t) = u(x, rw , t) the horizontal velocity of the fluid on the vessel wall
(at radius r = rw(x, t)), then assuming that u(x, r, t) is proportional to ((rw)2 −
r2)uw(x, t) these equations can be written in cylindrical coordinates in the form:

ut + uux + vur +
1

ρ
px + κuw = 0 ,(1.1)

vt + uvx + vvr +
1

ρ
pr = 0 ,(1.2)

ux + vr +
1

r
v = 0 ,(1.3)

where p = p(x, r, t) is the pressure of the fluid, ρ is the constant density of the fluid
and κ is the viscous frequency parameter (also known as the Rayleigh damping
coefficient) with dimensions [s−1].

A sketch of the physical domain for this problem is presented in Fig. 1, where
the distance of vessel’s wall from the centre of the vessel in a cross section is denoted
by rw(x, t) and depends on x and t while the radius of the vessel at rest is given
by the function r0(x). In general the deformation of the wall will be a function of
x and t. If we denote the radial displacement of the wall by η(x, t) then the vessel
wall radius can be written as rw(x, t) = r0(x) + η(x, t).

The governing equations (1.1)–(1.3) combined with initial and boundary condi-
tions form a closed system. A compatibility condition is also applied at the centre
of the vessel (due to cylindrical symmetry). Specifically, we assume that

(1.4) v(x, r, t) = 0, for r = 0 .

In general we assume for consistency purposes that v(x, r, t) = O(r1+τ ), with τ ≥ 0
as r→ 0. The impermeability of the vessel wall can be described by the equation:

(1.5) v(x, r, t) = ηt(x, t) + (r0(x) + η(x, t))xu(x, r, t), for r = rw(x, t) ,

and expresses that the fluid velocity equals the wall speed v = rwt . The system is
accompanied also by a second boundary condition, which is the Newton second law
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applied on the vessel wall:

(1.6) ρwhηtt(x, t) = pw(x, t)− Eσh

r20(x)
(η(x, t) + γηt(x, t)) ,

where ρw is the wall density, pw is the transmural pressure, h is the thickness of
the vessel wall, Eσ = E/(1− σ2) where E is the Young modulus of elasticity with
σ denoting the Poisson ratio of the viscoelastic wall. In this study we assume
that E is a constant and in general we simplify the notation by denoting Eσ with
E. The last term in (1.6) models the viscous nature of the vessel wall and can
be derived by using a simple Kelvin-Voigt model (spring-dashpot model). In this
setting γ = nw/Ev where nw is the dashpot coefficient of viscosity and Ev is the
Young modulus of the viscous part of Kelvin body. In practical situations the
parameter γ is very small and usually can be taken to be of order O(10−4). It is
noted that because the flow is pressure-driven the effect of gravity is neglected. For
more information about the derivation of the Euler equations and the boundary
conditions we refer to [40, 8].

Although the dispersion of the flow can be ignored from the majority of math-
ematical models derived from the Navier-Stokes equations or from the Euler equa-
tions resulting into very simple systems of conservation laws, the need for more
accurate description of the waves and their reflections suggests the inclusion of
this fundamental property. A first attempt towards the derivation of bi-directional
weakly-nonlinear and weakly-dispersive system of equations was presented in [7].
Using asymptotic techniques more general asymptotic models were derived in [20].
The systems derived in [20] appeared to justify the non-dispersive models of [15, 29]
with asymptotic reasoning. It was also shown that the inclusion of dispersive terms
can describe more accurately the effects of the vessel wall variations within the flow.
One basic ingredient that was ignored in both works [7, 20] is the viscosity effects
of the vessels by assuming simple elastic vessels.

In this paper we extend the work [20] and derive some new asymptotic one-
dimensional equations of Boussinesq type (weakly non-linear and weakly dispersive)
that approximate the system (1.1)–(1.3) with boundary conditions (1.4)–(1.6). The
derivation is based on formal expansions of the velocity potential as in [12]. The
new systems generalise the previously derived Boussinesq systems of [20] as they
coincide with them when the viscoelastic property of the vessel wall is ignored. The
new mathematical models are of significant importance since they include all the
necessary ingredients for the accurate description of regular fluid flows in pipes with
viscoelastic walls.

Since the dissipation caused by the fluid viscosity and the dissipation caused by
the viscoelasticity of the vessel wall are different in their nature there is a question on
whether the different dissipative terms have also different effects on the propagation
of pulses. The answer to this question is explored computationally by studying the
effects caused by the two dissipative terms on the propagation of a solitary wave.

The paper is organised as follows: In Section 2 we present the derivation of a new
system of Boussinesq type for the description of the velocity and the deviation of
the vessel wall for fluid flow in a viscoelastic vessel. This system is further improved
in Section 3 by computing the fluid velocity at different levels of radius. In Section
4 further simplifications lead to unidirectional equations that depend only on the
deviation of the vessel wall, while the velocity of the fluid can be computed explicitly
using a simple asymptotic formula. Section 5 demonstrates the dissipation effects
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on the propagation of solitary and periodic waves. We close this paper with some
conclusions and perspectives.

2. Derivation of the new mathematical models

Here we proceed with the derivation of the new equations. The derivation is
based on the assumption that the flow is irrotational and therefore we assume the
existence of a smooth velocity potential φ(x, r, t) such that (u, v)T = ∇φ, i.e. we
assume that u = φx and v = φr. Then, as in [36] the velocity potential can be
chosen appropriately such that the equations (1.1)–(1.2) can be integrated into the
generalised Cauchy-Lagrange integral:

(2.1) φt +
1

2
φ2
x +

1

2
φ2
r +

1

ρ
p+ κφ = 0, for r = rw .

The mass conservation (continuity) equation is then reduced to the elliptic equation

(2.2) rφxx + (rφr)r = 0, 0 < r < rw ,

and boundary conditions for the velocity are written as

(2.3) φr = 0, for r = 0 ,

and

(2.4) φr = ηt + (r0(x) + η)xφx, for r = rw(x, t) .

In order to make simplifications to the previous equations we consider the fol-
lowing non-dimensional (scaled) variables:

(2.5) η∗ =
η

a
, x∗ =

x

λ
, r∗ =

r

R
, t∗ =

t

T
, φ∗ =

1

λεc̃
φ, p∗ =

1

ερc̃2
p ,

where a is a typical deviation of the vessel wall from its rest position, λ a typical
wavelength of a pulse, R is a vessel’s typical radius, T = λ/c̃ the characteristic

time scale, while c̃ =
√

Eh/2ρR is the Moens-Korteweg characteristic speed, [16].
It is noted that the external pressure is considered zero and is neglected. The
parameters ε and δ characterise the nonlinearity and the dispersion of the system:

(2.6) ε =
a

R
, δ =

R

λ
.

Usually, ε and δ are very small. Specifically, we assume that ε≪ 1, δ2 ≪ 1, while
the Stokes-Ursell number is of order 1: ε/δ2 = O(1). The system of equations
(2.1)–(2.5) along with the boundary condition (1.6) is then written in dimensionless
variables in the form:

φ∗

t∗ +
ε

2
φ∗2

x∗ +
ε

δ2
1

2
φ∗2

r∗ + p∗ + εκ∗φ∗ = 0, for r∗ = r∗w ,(2.7)

δ2r∗φ∗

x∗x∗ + (r∗φ∗

r∗)r∗ = 0, 0 < r∗ < r∗w ,(2.8)

φ∗

r∗ = 0, for r∗ = 0 ,(2.9)

φ∗

r∗ = δ2η∗t∗ + δ2(r∗0(x
∗) + εη∗)x∗φ∗

x∗ , for r∗ = r∗w ,(2.10)

p∗ = α∗δ2η∗t∗t∗ + β∗(η∗ + δ2γ∗η∗t∗), for r∗ = r∗w ,(2.11)

where κ∗ = κλ/c̃ε, α∗ = ρwh/ρR, β∗ = β∗(x) = 2R2/r20(x) and γ∗ = γ/δ2T . For
the sake of simplicity in the notation, we drop the asterisk from the new variables
in the following derivations for the non-dimensional variables except if it is stated
otherwise.
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Following standard asymptotic techniques, cf. [5], we consider a formal expansion
of the velocity potential [18]:

(2.12) φ(x, r, t) =

∞
∑

m=0

rmφm(x, t) .

Demanding φ to satisfy the equation (2.8) leads to the following recurrence relation

(2.13) δ2∂2
xφ2m + (2m+ 2)2φ2m+2 = 0, φ2m+1 = 0 ,

for m = 0, 1, 2, · · · , where ∂j
x denotes the j-th order derivative with respect to x. A

direct application of the last relation is

(2.14) φ2 = −δ2

4
∂2
xφ0 ,

and

(2.15) φ2m+2 =
δ4

(2m+ 2)2(2m)2
∂4
xφ2m−2 = O(δ4) ,

for m = 1, 2, · · · . The last relation ensures that the terms φm of the velocity
potential expansion for m ≥ 4 are negligible. More general, we observe that

(2.16) φ2m = (−1)m δ2m

22m
∂2m
x φ0 ,

for m = 1, 2, · · · , and therefore

(2.17) φ(x, r, t) =

∞
∑

m=0

r2m(−1)m δ2m

22m
∂2m
x φ0 .

A 2nd order asymptotic approximation of the velocity potential is

(2.18) φ(x, r, t) = φ0(x, t)− δ2
r2

4
∂xxφ0(x, t) +O(δ4) .

Using the previous observations on the expansion of the velocity potential we
observe that (2.10) can be approximated by the relation

(2.19) ηt + rwx φ0x +
rw

2
φ0xx − δ2

r20r0x
4

φ0xxx − δ2
r30
16

φ0xxxx = O(δ4, εδ2) .

Since the momentum balance laws were reduced to the Cauchy-Lagrange integral
equation (2.7) for r = rw we can eliminate the pressure using (2.11) and obtain

(2.20) φt +
ε

2
φ2
x +

ε

δ2
1

2
φ2
r + εκφ+ αδ2ηtt + β(η + γηt) = 0 .

Substituting (2.18) into (2.20) we obtain the approximate momentum equation

(2.21) φ0t − δ2
r20
4

φ0xxt +
ε

2
φ0

2
x + εκφ0 + αδ2ηtt + β(η + δ2γηt) = O(δ4, εδ2) .

Denoting the horizontal velocity at the centre of the vessel u(x, 0, t) = φ0x(x, t)
by w(x, t) we rewrite the equations (2.19)–(2.21) in the following form:

ηt + rwx w +
rw

2
wx − δ2

r20r0x
4

wxx − δ2
r30
16

wxxx = O(δ4, εδ2) ,

(2.22)

wt + (βη)x + εwwx + εκw − δ2
r0r0x
2

wxt − δ2
r20
4

wxxt + αδ2ηxtt + δ2γ(βηt)x = O(δ4, εδ2) .

(2.23)
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Although the system (2.22)–(2.23) is a valid approximation of the Euler equations
for the prescribed asymptotic regime, it is not of much practical use due to the
temporal derivatives of the wall deviations in the momentum equation (2.23). For
this reason we proceed with further simplifications using low-order approximation
for the velocity w and the deviation of the vessel wall.

From the equations (2.22)–(2.23) we observe that

(2.24) wt = −[βη]x +O(ε, δ2), ηt = −rwx w −
rw

2
wx +O(ε, δ2) .

Substituting these low-order approximations into (2.23) we obtain the simplified
momentum equation

[1− δ2αr0xx]wt + [βη]x + δ2
(3α+ r0)r0x

2
[βη]xx + εwwx − δ2

(2α+ r0)r0
4

wxxt+

+ εκw − δ2γ[β(r0xw +
r0
2

wx)]x = O(δ4, εδ2) .(2.25)

The system (2.22)–(2.25) can be the base to other more amenable Boussinesq
systems along the lines of [5]. In the next section we derive a simplified Boussinesq
systems with favourable properties in analogy to the classical Boussinesq system
for fluid flow in purely elastic vessels derived in [20].

3. The classical Boussinesq system

In this section we proceed with some improvements on system (2.22)-(2.25) based
on the evaluation of the horizontal velocity at any level of radius r. Specifically,

from (2.18) we have that u(x, r, t) = w(x, t)− δ2 r2

4 wxx(x, t)+O(δ4). From this we
observe that considering the fluid velocity at any radius r = θrw for 0 ≤ θ ≤ 1 we

have uθ(x, t)
.
= u(x, θrw , t) = w(x, t) − δ2θ2 r0

2

4 w(x, t) +O(εδ2, δ4) and thus

(3.1) w(x, t) = uθ(x, t) + δ2θ2
r0

2

4
uθ
xx(x, t) +O(εδ2, δ4) .

Substitution of (3.1) into (2.22) and (2.25) leads to the more general Boussinesq
system:

(3.2) ηt+rwx u
θ+

rw

2
uθ
x+δ2

(2θ2 − 1)r0r0x
4

uθ
xx+δ2

(2θ2 − 1)r30
16

uθ
xxx = O(εδ2, δ4) .

[1− δ2αr0xx]u
θ
t + [βη]x + δ2

(3α+ r0)r0x
2

[βη]xx + εuθuθ
x − δ2

[2α− (θ2 − 1)r0]r0
4

uθ
xxt+

+ εκuθ − δ2γ[β(r0xu
θ +

r0
2

uθ
x)]x = O(δ4, εδ2) .(3.3)

If we take γ = 0 in the system (3.2)–(3.3) then we recover the Boussinesq system
of KdV-BBM type of [20].

The linear dispersion properties of the system (3.2)–(3.3) depend on the choice
of the parameter θ. Taking θ2 = 1/2 the resulting system has the simplest form
since the third order derivative term in (3.2) is canceled, and moreover, its linear
dispersion relation is very close to the linear dispersion relation of the Euler equa-
tions [20]. Specifically, after taking θ2 = 1/2 and rearranging terms, the system
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(3.2)–(3.3) is simplified to the classical Boussinesq system for viscoelastic vessels:

ηt +
1

2
(r0 + εη)ux + (r0 + εη)xu = O(εδ2, δ4) ,(3.4)

[1− δ2αr0xx]ut + [βη]x + εuux − δ2
(4α+ r0)r0

8
uxxt+(3.5)

+ δ2
(3α+ r0)r0x

2
[βη]xx + εκu− δ2γ[β(r0xu+

r0
2

ux)]x = O(εδ2, δ4) ,

where we drop the θ in this notation by taking u = uθ for θ = 1/2. This system
is very similar to the Peregrine system of water wave theory and we usually call
it the classical Boussinesq system [25]. The classical Boussinesq system (3.4)–(3.5)
after discarding the negligible terms on the right side, can be written in dimensional
variables form

ηt +
1

2
(r0 + η)ux + (r0 + η)xu = 0 ,(3.6)

[1− ᾱr0xx]ut + [β̄η]x + uux −
(4ᾱ+ r0)r0

8
uxxt+(3.7)

+
(3ᾱ+ r0)r0x

2
[β̄η]xx + κu− γ[β̄(r0xu+

r0
2

ux)]x = 0 ,

where

ᾱ =
ρwh

ρ
and β̄(x) =

Eh

ρr20(x)
,

while all the variables x, t, r0(x), η(x, t) and u(x, t) are in dimensional form.
We underline that the new dissipative terms κu and −γ[β̄(r0xu+ r0

2 ux)]x are to-
tally different in nature and in mathematical properties. Their coefficients appeared
in these formulas are also important for the derivation of Windkessel (0D) models
[23] as they are the result of asymptotic simplifications to the Euler equations and
can be specified by the wall material properties.

System (3.8) – (3.9) extends the classical Boussinesq system derived and analysed
in [20] in the case of vessels with elastic walls. Using low order corrections to the
dispersive terms one can extend the whole class of the Boussinesq systems derived
in [20]. The extended systems will differ only by the additional viscoelastic term
and because of their complexity we do not proceed with their derivation here.

Further simplifications can be achieved in the system (3.8)–(3.9) by assuming
that the undisturbed radius of the vessel is constant. The resulting system takes
the form

ηt +
1

2
r0 ux +

1

2
ηux + ηxu = 0 ,(3.8)

ut + β̄ηx + uux −
(4ᾱ+ r0)r0

8
uxxt + κu− γβ̄

r0
2

uxx = 0 ,(3.9)

where ᾱ and β̄ are constants.
The dispersion relation ω = ω (k) of the derived system can be easily computed.

It is given by the following quadratic algebraic equation:

(3.10)
(

1 +
ᾱ

2
r 0 k

2 +
r 2
0

8
k 2

)

ω 2 + i
(

κ +
γ β̄ r 0 k

2

2

)

ω − β̄ r 0 k
2

2
= 0 .

Here k is the wavenumber and ω = ω (k) is the corresponding wave frequency.
The dispersion relation (3.10) can be solved explicitly for ω using the standard
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formulas for the roots of a quadratic equation. It will contain two branches whose
expressions we omit here for brevity.

3.1. Solitary wave solutions. In the case where all the dissipative terms are ne-
glected (i.e. when κ = γ = 0) the system possesses classical solitary wave solutions
that satisfy the following speed-amplitude relation [20]

(3.11) s =

√

6β̄r0
(2− ζ)− 2

√
1− ζ

ζ2(3− ζ)
,

where ζ = 1 − r20/(a + r0)
2, and s denotes the speed and a the amplitude of the

solitary wave. The graph of the speed-amplitude relationship for values of the
parameters ᾱ and β̄ for a typical blood vessels of different radius r0 is presented
in Figure 2. We observe that there is as the amplitude of the solitary waves grows
their speed tend to approach an upper bound. The upper bound for the solitary
wave speed can be computed by taking the limit a → ∞ in (3.11), and which is
√

3b̄r0.

0 0.2 0.4 0.6 0.8 1 1.2

1

1.5

2

2.5

Figure 2. Speed-amplitude relation (3.11) for solitary waves of the
classical Boussinesq system for various values of r0.

For the numerical generation of these solitary waves we refer to [20]. Other more
general systems similar to the systems derived in [20] can also be derived but since
they only differ on the viscoelastic term we omit their derivation here and we refer
to [20] for more information.

3.2. Symmetries and conservation laws. In the presence of any dissipative
term (i.e. κ 2 + γ 2 6= 0), the system (3.8), (3.9) possesses only two point sym-
metries: translations in time and in space. If both dissipative terms are neglected
(i.e. κ 2 + γ 2 = 0), then we gain an additional point symmetry transformation
whose infinitesimal generator is given by

X = t
∂

∂t
− 2 (η + r 0)

∂

∂η
− u

∂

∂u
.

The corresponding symmetry transformation can be readily computed:

x ← x ,

t ← ec t ,

η ← (r 0 + η) e− 2 c − r 0 ,

u ← e− c u ,
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where c is an arbitrary constant.
For arbitrary κ and γ system (3.8), (3.9) can be written in an elegant conservative

form:
(

η (η + 2 r 0)
)

t
+

[

(r 0 + η) 2 u
]

x
= 0 ,

(

(

24 u − r 0 (r 0 + 4 ᾱ)u x x

)

eκ t
)

t
+

[

(

12 u 2 + 24 β̄ η + r 2
0 κu x + 4 r 0 ᾱ κ u x

− 2 r 2
0 u t x − 8 r 0 αu t x − 12 γ β̄ u x

)

eκ t
]

x
= 0 .

For instance, these conserved quantities can be used in numerical simulations to
check method accuracy.

4. Unidirectional models

In this section we present unidirectional models, namely the BBM and KdV
equations by considering waves that propagate mainly in one direction. In order to
derive such models we consider the following dimensionless variables:

(4.1) η∗ =
η

a
, x∗ =

x

λ
, r∗ =

r

r0
, t∗ =

t

T
, u∗ =

u

c0
,

where here c0 = a
r0

√

2Eh
ρr0

is a modified Moens-Korteweg characteristic speed and

T = 2 aλ
r0c0

. The system (3.8)–(3.9) in dimensionless variables then is written:

η∗t∗ + u∗

x∗ + εη∗u∗

x∗ + 2εη∗x∗u∗ = 0 ,(4.2)

u∗

t∗ + η∗x∗ + u∗u∗

x∗ − δ2
4α∗ + 1

8
u∗

x∗x∗t∗ + εκ∗u∗ − δ2γ∗uxx = 0 ,(4.3)

where here κ∗ = 2κ
σ
, γ∗ = 1

2
σ
εδ2

γ, σ = c0
λ

and ε = a
r0
, δ = r0

λ
. Considering

a flow mainly towards one direction, we can use the low-order approximation for
unidirectional wave propagation [36]

(4.4) u∗ = η∗ + εF + δ2G+O(ε2, εδ2, δ4) ,

where F and G are unknown functions of x, t. Substitution of (4.4) into (4.2)–(4.3)
gives the equations:

η∗t∗ + η∗x∗ + ε(Fx∗ + 3η∗η∗x∗) + δ2Gx = O(ε2, εδ2, δ4),

(4.5)

η∗t∗ + η∗x∗ + ε(Ft∗ + 2η∗η∗x∗ + k∗η∗) + δ2(Gt∗ −
4α∗ + 1

8
η∗x∗x∗t∗ − γ∗η∗x∗x∗) = O(ε2, εδ2, δ4) .

(4.6)

Choosing appropriate functions F and G

(4.7) F = −1

4
η∗2 +

κ∗

2

∫

η∗ dx∗, G = −4α∗ + 1

16
η∗x∗t∗ −

γ∗

2
η∗x∗ ,

equations (4.5) and (4.6) coincide up to the order O(ε, δ2) to a single equation for
η∗, namely, the dimensionless BBM equation:

(4.8) η∗t∗ + η∗x∗ + ε
5

2
η∗η∗x∗ − δ2

4α∗ + 1

16
η∗x∗x∗t∗ + ε

κ∗

2
η − δ2

γ∗

2
η∗x∗x∗ = 0 .
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In dimensional variables (4.8) takes the form

(4.9) ηt + c̃ηx +
5

2

1

r0
c̃ηηx −

(4ᾱ+ r0)r0
16

ηxxt +
κ

2
η − c̃

2
γηxx = 0 ,

where here c̃ =
√

Eh
2ρr0

is the standard Moens-Korteweg characteristic speed. The

dispersion relation ω = ω (k) can be easily computed:

(4.10) ω =
c̃ k

1 +
r 0 (4 ᾱ + r 0)

16
k 2

− i

2

κ + γ c̃ k 2

1 +
r 0 (4 ᾱ + r 0)

16
k 2

.

In the absence of any form of dissipation, it is known that the BBM equation
possesses classical solitary waves propagating with speed cs given by the formula,
[20],

(4.11) η(x, t) = 3
cs − a

b
sech2

(
√

cs − a

4csc
(x− cst)

)

,

with a = c̃, b = 5c̃/2r0, and c = c̃(4ᾱ+ r0)r0/16.
Observing that η∗x∗ = −η∗t∗ +O(ε, δ2) from (4.8) and modifying accordingly the

dispersive term of the BBM equation we obtain the analogous KdV equation:

(4.12) η∗t∗ + η∗x∗ + ε
5

2
η∗η∗x∗ + δ2

4α∗ + 1

16
η∗x∗x∗x∗ + ε

κ∗

2
η − δ2

γ∗

2
η∗x∗x∗ = 0 ,

which in dimensional form becomes

(4.13) ηt + c̃ηx +
5

2

1

r0
c̃ηηx + c̃

(4ᾱ+ r0)r0
16

ηxxx +
κ

2
η − c̃

2
γηxx = 0 .

The dispersion relation ω = ω (k) of the derived KdV equation (4.13) can be easily
computed:

(4.14) ω = c̃ k − r 0 c̃ (4 ᾱ + r 0)

16
k 3 − i

2
(κ + γ c̃ k 2) .

The imaginary part ℑω (k) comes with the negative sign, which indicates that we
have effectively introduced dissipation into the model.

4.1. Symmetries and conservation laws. Similar to the Boussinesq-type model
(3.8), (3.9), the BBM equation (4.9) possesses only space and time translations
symmetries when κ 2 + γ 2 6= 0 . However, when we neglect completely the
dissipation (i.e. κ 2 + γ 2 = 0), another symmetry appears with the following
infinitesimal generator:

X = t
∂

∂t
−

(2

5
r 0 + η

) ∂

∂η
.

The corresponding symmetry transformation can be readily computed:

x ← x ,

t ← ec t ,

η ←
( 2

5
r 0 + η

)

e− c − 2

5
r 0 ,
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where c is again an arbitrary constant. The BBM equation (4.9) admits also the
following conservative form:

(

(

η − r 0 (r 0 + 4 ᾱ)

48
ηx x

)

e
κ

2
t
)

t
+

[ 1

2 r 0

( 5

2
c̃ η 2 + 2 c̃ r 0 η +

r 0

48

(

r 2
0 κ + 4 κ ᾱ r 0 − 48 c̃ γ

)

ηx

− r 2
0 (r 0 + 4 ᾱ)

12
ηx t

)

e
κ

2
t
]

x
= 0 .

The point symmetry group of the KdV equation (4.13) has one extra symmetry
transformation even in the dissipative case (i.e. κ 2 + γ 2 6= 0). It is given by the
following infinitesimal generator:

X = e−
κ

2
t ∂

∂x
− κ r 0

5 c̃
e−

κ

2
t ∂

∂η
.

The corresponding symmetry transformation can be readily obtained:

x ← x + c e−
κ

2
t ,

t ← t ,

η ← η − r 0 κ

5 c̃
c e−

κ

2
t ,

with c an arbitrary constant. If we neglect the dissipative effects in KdV equation
(4.13) (i.e. κ 2 + γ 2 = 0), there are two additional point symmetry transformations
(we always keep time and space translations) given by infinitesimal generators:

X 3 = t
∂

∂x
+

2 r 0

5 c̃

∂

∂η
,

X 4 =
x

3

∂

∂x
+ t

∂

∂t
−

(2

3
η +

4 r 0

15

) ∂

∂η
.

The corresponding transformations can be readily computed:

x ← x , x ← x e
c

3 ,

t ← t e c , t ← t e c ,

η ←
(

η +
2 r 0

5

)

e− c − 2 r 0

5
, η ←

(

η +
2 r 0

5

)

e−
2

3
c − 2 r 0

5
,

where c is an arbitrary constant.
The KdV equation (4.13) (with dissipative terms) admits the following conser-

vative form:
(

η e
κ

2
t
)

t
+

[

c̃
(

η +
5

4 r 0
η 2 − γ

2
ηx +

r 0 (4 ᾱ + r 0)

16
ηx x

)

e
κ

2
t
]

x
= 0 .

In the next Section we compare the BBM equation with the Boussinesq sys-
tem and we study the dissipation effects due to the viscosity of the fluid and the
viscoelastic walls.

5. The effect of viscoelasticity

In this section we study the effects of the viscoelasticity and the dissipation due
to the viscous nature of a fluid in the propagation of solitary and periodic waves
and compare the BBM equation with the classical Boussinesq system.
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5.1. Dissipative effects on solitary waves. We consider the system (3.8)–(3.9)
for a vessel with undisturbed radius r = 0.01m, wall thickness h = 0.0003m, Young
modulus E = 4.1 × 105 kg/m · s2, wall density ρw = 1000 kg/m3, fluid density
ρ = 1060 kg/m3 and length 0.4 m for the propagation of a solitary wave with
amplitude a = 0.0035 m obtained using the Petviashvili method for the classical
Boussinesq system described in [20]. For the solitary waves of the BBM equation
we used the exact formula (4.11). We discretised both models using the standard
pseudo-spectral method in space and the fourth-order, four-stage, classical Runge-
Kutta scheme for the integration in time. Although the particular case is far from
being realistic, the parameters are chosen to resemble a large blood vessel and it
serves only the purposes of the study of the dissipative effects of the new equations.

In order to study the effects of the dissipation and viscoelasticity of the vessel
wall on the propagation of the solitary wave we consider three cases: (i) a vessel with
elastic walls but with no viscosity and an inviscid fluid (κ = 0, γ = 0); (ii) a vessel
with elastic walls but with no viscosity (γ = 0) and a viscous fluid (κ = 1 s−1); and
(iii) a vessel with viscoelastic walls (γ = 10−4 s) and an inviscid fluid (κ = 0). We
integrate the system numerically until the maximum time t = 0.08 s. The results
obtained at time t = 0.08 s are presented in Figure 3.

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

-0.1

0

0.1

0.2

0.3

0.4

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

-0.1

0

0.1

0.2

0.3

0.4

Figure 3. The effects of viscoelastic walls and viscosity of the fluid
in the propagation of a solitary wave. (r = 0.01 m, h = 0.0003 m,
E = 4.1× 105 kg/m · s2, ρw = 1000 kg/m3, ρ = 1060 kg/m3).

The amplitude of the solitary wave was reduced approximately by 6% when
κ = 1 and γ = 0 and by 17% when κ = 0 and γ = 10−4 for both models. We also
observe that although the initial solitary waves have slightly different shape and
speed, the shape of the solutions at t = 0.08 s is very similar in both cases.

In order to complete the study of the importance of the new dissipative terms
we also performed an experiment combining the two dissipative terms with κ = 1
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and γ = 10−4. The amplitude of the solitary wave in this case was reduced by 20%.
It seems that the effects from the viscoelastic walls are very important and should
be included in future studies. Moreover, we observe that small amplitude waves
propagate in the opposite direction with respect to the direction of the propagation
of the solitary wave. For the accurate description of waves propagating in different
directions it is required the model to be able to describe two-way propagation of the
waves, and the new models are capable of doing that. On the contrary unidirectional
models such as the KdV or BBM equations although they require the knowledge
of only one quantity (namely the initial condition for the initial disturbance of the
wall or the pressure), they have certain disadvantages, especially if it is required to
consider reflections due to branching or due to other forms of obstacles.

Although the propagation of a solitary wave in a dissipative environment is in-
teresting for the investigation of the effects of the viscosity and viscoelasticity, it is
even interesting to examine the interaction of two solitary waves in the same envi-
ronment. Even if the interaction of two solitary waves is governed by the nonlinear
properties of the model, the linear dissipative terms can affect the interaction quite
dramatically.

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
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Figure 4. The effects of viscoelastic walls and viscosity of the fluid
in the interaction of two solitary waves at t = 0.7 sec. (r = 0.01 m,
h = 0.0003 m, E = 4.1 × 105 kg/m · s2, ρw = 1000 kg/m3, ρ =

1060 kg/m3).

In the next experiment we consider the interaction of two solitary waves with
speeds amplitudes 0.0035 m and 0.0005 m. All the parameters of the equations
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Figure 5. The effects of viscoelastic walls and viscosity of the fluid
in the interaction of two solitary waves at t = 0.7 sec. (r = 0.01 m,
h = 0.0003 m, E = 4.1 × 105 kg/m · s2, ρw = 1000 kg/m3, ρ =

1060 kg/m3).

are the same as before whereas κ = 1 and γ = 10−4. For this we take the spatial
interval [−0.5, 0.5] where the solitary waves are located at x = −0.1 and x = 0.1
respectively. Although the solitary waves of the BBM equation and the classical
Boussinesq system have similar shapes they differ slightly in their speeds. For this
reason certain discrepancies related to the location of the solitary waves after the
interaction can be observed. Figure 4 (a) depicts the initial location of the two
solitary waves. In Figure 4 (b) the solution at t = 0.7 sec is presented in the
presence of dissipation, and Figure 4 (c) the evolution of the same initial conditions
without the presence of any dissipation is presented at the same time t. The
dissipation not only affect the amplitudes of the solitary waves but also the length
of the interaction. Because the solitary waves of the BBM equation propagate
faster than the corresponding solitary waves of the classical Boussinesq system we
observe that at the same time t = 0.7 sec the interaction of the two solitary waves
of the BBM equation is a more advanced stage of the separation phase compared
to the analogous results of the classical Boussinesq system. Figure 5 shows a phase
diagram of the two solitary waves during the interaction for both systems.

5.2. Dissipative effects on periodic waves. In order to further assess the effects
of the dissipation due to the viscoelastic walls one can examine the linear dispersion
relations of the equations at hand. All the dispersion relations (3.10), (4.10) and
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(4.14) have a nonzero imaginary part due to the dissipative terms. Thus, plane
waves of the form η(x, t) = A0e

i(kx−ω(k)t) will have a decaying amplitude of the
form A0e

ℑωt. Of course the new dissipative equations are all non-linear. In fact in
this section we show that the dissipation rate estimate we obtain from the linear
dispersion relation of the models predict very accurately the actual dissipation for
the nonlinear equations. For the purposes of this experiment we consider κ = 1
and γ = 10−4. In order to study the combined effects of the nonlinearities with
the dissipation we consider a simple periodic wave η0(x) = A0 sin(kx) with A0 =
10−3 m and k = 2 for the same mathematical models and parameters as before.
Figure 6 (a) shows the amplitude of the periodic wave as a function of time for both

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0.09

0.1

0.11

-1.5 -1 -0.5 0 0.5 1 1.5

-0.1

-0.05

0

0.05

0.1

Figure 6. The effects of viscoelastic walls and viscosity of the fluid
in the propagation of a periodic wave at t = 1 sec. (r = 0.01 m, h =
0.0003 m, E = 4.1×105 kg/m ·s2, ρw = 1000 kg/m3, ρ = 1060 kg/m3).

cases, namely, the classical Boussinesq and the BBM equations. For the classical
Boussinesq system an approximate velocity profile was chosen to simulate one-way
propagation of the periodic wave. Because this formula is not exact we observe
discrepancies between the computed and the theoretical amplitude of the classical
Boussinesq system. The predicted amplitude from the linear theory apparently is
almost identical to the numerical amplitude of the nonlinear BBM equation. This
fact shows that dissipative effects are linear processes and thus can be included
in other derived 0D linearized models. For the damping rate of dissipative KdV
equations we refer to [9]. Figure 6 (b) presents the profile of the η-solution at
t = 1 sec. We observe that although the initial condition for the u-component of
the classical Boussinesq solution is not exact, the profiles are very similar while the
effect of dissipation is very strong. It is noted that the pulses have complete one
period up to t = 1 sec. It is worth to mention that the wave profile will break in
later time generating dispersive shock waves as it is well-known [36].
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6. Conclusions

In this paper we derived new weakly nonlinear and weakly dispersive asymptotic
equations that describe the irrotational and dissipative flow of a fluid in pipes with
viscoelastic walls. We also derived unidirectional equations of BBM and KdV type
when the undisturbed radius is constant along the pipe. In order to study the
dissipative effects due to fluid viscosity and the viscoelastic walls, we considered
solitary and periodic waves propagating in a vessel of constant undisturbed radius
and with parameters that resemble a large blood vessel. We observed that the
dissipation caused by the viscoelastic wall is equally important compared to the
dissipation caused by the viscosity of the fluid or more important, and therefore
should not be neglected. It is also observed that the dissipative effects can be
described very accurately by linear approximations. The new asymptotic models
have the potential to contribute in the derivation of new lumped parameter models
that can be used in operational situations where measurements of the pressure and
flow of the fluid are required.
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