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Abstract

In this paper we define a priori what is a natural two-dimensional model for a time-
dependent flexural shell. As expected, this model takes the form of a set of hyperbolic
variational equations posed over the space of admissible linearized inextensional
displacements, and a set of initial conditions. The paramount difficulty arising when
studying the existence and uniqueness of solutions of this model is that the the main
function space does not satisfy the assumptions required to implement Galerkin
method. We thus provide an alternate formulation of the studied problem using a
suitable penalty scheme. The function space where the new problem is posed meets
all the requirements to implement Galerkin method and we are thus in a position to
prove the existence and uniqueness of strong solutions of the considered “penalized”
problem. As a last step, we show that the family of “penalized” solutions converge
to the unique weak solution of the original problem. For sake of completeness, in
the final part of the paper, we also provide an existence and uniqueness theorem in
the case where the linearly elastic shell under consideration is an elliptic membrane
shell.
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1 Geometrical preliminaries

For details about the classical notions of differential geometry recalled in this
section see, e.g., [1] or [2].

Greek indices, except € and v, take their values in the set {1,2}, while Latin
indices, except when they are used for indexing sequences, take their values in
the set {1,2, 3}, and the summation convention with respect to repeated indices
is systematically used in conjunction with these two rules. The notation E?
designates the three-dimensional Euclidean space; the Euclidean inner product
and the vector product of u, v € E2 are denoted u - v and u A v; the Euclidean
norm of u € E? is denoted |u|. The notation ] designates the Kronecker symbol.

Given an open subset (2 of R, notations such as L2(Q), H™(Q), or HJ*(12),
m > 1, designate the usual Lebesgue and Sobolev spaces, and the notation D(£2)
designates the space of all functions that are infinitely differentiable over €2 and
have compact support in . The notation |[|-|| y designates the norm in a normed
vector space X. The dual space of a vector space X is denoted by X* and the
duality pair between X* and X is denoted by x- (-, ) x. Spaces of vector-valued
functions are denoted with boldface letters. Lebesgue-Bochner spaces defined
over a bounded open interval I (cf. [3]), are denoted L?(I; H), where H is a
Banach space and 1 < p < co. The notation |||, o, designates the norm of the
Lebesgue space L*(Q), and the notation |||, o, designates the norm of the
Sobolev space H™ (), m = 1. The notation [|-|| ., ;) designates the norm of
the Lebesgue-Bochner space LP(I; H). The notations 1 and 7 denote the first
weak derivative with respect to ¢t € I and second weak derivative with respect
to t € I of a scalar function 7 defined over the interval I. The notations © and 7
denote the first weak derivative with respect to ¢ € I and second weak derivative
with respect to t € I of a vector-valued function 7 defined over the interval I.

A domain in R™ is a bounded and connected open subset 0 of R", whose
boundary 02 is Lipschitz-continuous, the set {2 being locally on a single side of
of.

Let w be a domain in R?, let y = (y,) denote a generic point in w, and let
Do 1= 0/0yq and 0,5 1= 0%/0ya0ys. A mapping 0 € C (w; E3) is an immersion
if the two vectors

aa(y) = 9.6(y)

are linearly independent at each point y € @. Then the image 0(w@) of the set @
under the mapping @ is a surface in E3, equipped with 41,y as its curvilinear
coordinates. Given any point y € w, the vectors a,(y) span the tangent plane
to the surface 8(w) at the point 6(y), the unit vector

ai(y) Naz(y)
%)= G A aay)

is normal to 8(w) at O(y), the three vectors a;(y) form the covariant basis at
0(y), and the three vectors a’(y) defined by the relations

a’(y) - ai(y) = &
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Paolo Piersanti 3

form the contravariant basis at 8(y); note that the vectors a’(y) also span the
tangent plane to 8(w) at O(y) and that a®(y) = a3 (y).

The first fundamental form of the surface 6(w) is defined by means of its
covariant components

(aB = Qo - QB = Uga € C' (@),
or by means of its contravariant components
a®? = a® - a’ = dP* e C'@).

Note that the symmetric matrix field (a®?) is the inverse of the matrix field
(aap), that @® = a*?a, and a, = a,sa”, and that the area element along ()

is given at each point 8(y), y € @, by v/a(y) dy, where
a = det(ang) € CO().

To fix the ideas, from now onwards, we identify L?(w) and L?(w) with their
respective dual spaces, and we equip them with the following inner products

(0,€) € 12(w) x L2(w) — / nevady,
(n,€) € L*(w) x L*(w) — / ni&ivady.

Given an immersion 8 € C?(w; E3), the second fundamental form of the surface
6(w) is defined by means of its covariant components

bap i= Oap - a3 = —ag - Opaz = b, € C°(@),
or by means of its mized components
V2 = aP7b,, € CO(),
and the Christoffel symbols associated with the immersion @ are defined by
I'%p=0aap-a’ =T%, € C'@).

The Gaussian curvature at each point 0(y), y € W, of the surface 8(w) is
defined by
_ det(bas(y))
~ det(aap(y))

(the denominator in the above relation does not vanish since 0 is assumed to
be an immersion). Note that the Gaussian curvature x(y) at the point 0(y) is
also equal to the product of the two principal curvatures at this point.

A surface 8(w) defined by means of an immersion 6 € C?(w; E3) is said to be
elliptic if its Gaussian curvature is everywhere > 0 in @, or equivalently, if there

K(y) = det (b5 (y))
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exists a constant kg such that
0<ko<k(y) forallyew.

Given an immersion 0 € C?(w; E3) and a vector field n = (1;) € C*(w; R3), the

vector field
7 i= mia’

can be viewed as a displacement field of the surface 0(w), thus defined by
means of its covariant components n; over the vectors a’ of the contravariant
bases along the surface. If the norms ||n;|| c1(w) are small enough, the mapping
(0 + mia?) € CY(w; E?) is also an immersion, so that the set (6 + n;a’) () is also
a surface in E3, equipped with the same curvilinear coordinates as those of the
surface 0(w), called the deformed surface corresponding to the displacement
field 1) = m;a’. One can then define the first fundamental form of the deformed
surface by means of its covariant components

aaﬁ(n) = (aq +0am) - (ap + 9pm),

and the second fundamental form of the deformed surface by means of its
covariant components

(a1 +01n) A (az + 021)
(@1 + 01m) A (az + 02m)|

baﬁ(n) = 604(0‘3 + aﬁﬁ) . ‘

1
The linear part with respect to 7 in the difference i(aaﬁ (n) — anp) is called

the linearized change of metric tensor associated with the displacement field
1;a’, the covariant components of which are then given by

1 - -
’Yaﬂ('r]) = ) (a'a : 81377 + 0am - aﬁ)

1 o
= 5(3;317@ +0anp) — T0M0 — bapsnz = Ysa(n).

The linear part with respect to 7 in the difference (bapg(n) — bap) is called
the linearized change of curvature tensor associated with the displacement field
1;a’, the covariant components of which are then given by

Pap(m) = (Oapm — Fgﬂaofl) -asg
= Oapns — I'0300m3 — bbopns
+ b2, (9pn0 — Ffagm) + bE(aanr -T2 10)
+ (0abh + T'0505 = T3500)17 = ppa(n)-

Let us now define the time-dependent “analogue” of the linearized change of
metric tensor y,g. Consider the operator

Fap : L2(0,T; HY(w) x H'(w) x L*(w)) — L*(0,T; L*(w)),
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defined by
Fas(M)() := vap(n(t)) for all m € L*(0,T; H' (w) x H' (w) x L*(w)),

for almost all (a.a. in what follows) ¢ € (0,7).
Let us show that the definition is well-posed, i.e., that for each 7 in
L?(0,T; HY(w) x HY(w) x L?*(w)) the following integral

/0 s (m) (02,

is finite.
Clearly, Yag(n(t)) is in L?(w), for a.a. t € (0, T). Observe also that

T T T
/0 s (m)(£)]2. dt = / o (D)2, dt < C / 10 2 111 2

where the constant C' is uniform with respect to ¢, since it depends only on the
Christoffel symbols and the second fundamental form of the surface 6(w).

The operator 7,4 is clearly linear. Indeed, for each &, n in L2(0,T; H' (w) X
H'(w) x L?(w)), we have that

Yap (& +1M)(t) = Yap(E(1) + Yap () = (Fap (&) + Yap(m)) (D),

for a.a. t € (0,T). The fact that J,5(cn) = cHap(n), for all c € R and all
n € L*(0,T; H (w) x HY(w) x L?(w)), is straightforward.

The operator 7,3 is continuous. Indeed, for each n in L?*(0,T; H'(w) x
HY(w) x L?*(w)), we have that

T
e () 2 0.12(00) = / Ias(m(E)IE, dt

< Clnll 220,158 (w)x HY (w) x L2 (w)) 5

where, again, the constant C' > 0 is uniform with respect to t.
The terminology “analogue” for the linear and continuous operator .4 is
justified by the fact that

Fas (M) = Yap(n) for all n € H'(w) x H'(w) x L*(w) independent of ¢.

We can similarly define the time-dependent “analogue” of the linearized
change of curvature tensor pap. Consider the operator

Pop : L2(0,T; H (w) x H' (w) x H*(w)) = L*(0,T; L*(w)),
defined by
Pap(M)(t) == pas(n(t)) for all n € L*(0,T; H'(w) x H'(w) x H?*(w)),

for a.a. t € (0,T). This operator is clearly well-defined, linear, and continuous.
Moreover, for all n € H'(w) x H'(w) x H?(w) independent of ¢, we have

Pas (77) = Pap (77)
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2 A natural model for time-dependent flexural shells

Let w be a domain in R? with boundary v, and let 7o be a non-empty relatively
open subset of . Let I be an interval of the form (0,7), with T' < co.
For each € > 0, we define the sets

O :=w x |—¢,¢[ and T'Y = x {£e},

we let 2° = (2%) designate a generic point in the set Qf, and let 95 := 9/dz¢.
Hence we have 2§, =y, and 95, = 0,. Define, also, the set

Fg =Y X [_675]7

which is thus a subset of the lateral face of the undeformed reference
configuration.

In all that follows, we are given an injective immersion 8 € C3(w;E?) and
e >0, and we consider a shell with middle surface 0(w) and with constant
thickness 2e. This means that the reference configuration of the shell is the set
©(9Q¢), where the mapping © : Q¢ — E? is defined by

O(x°) := O(y) + 25a>(y) at each point 2° = (y,x5) € Q°.

Note that the injectivity assumption is made here for physical reasons, but
that is otherwise not needed in the proofs. One can then show (cf. Theorem
3.1-1 of [1] or Theorem 4.1-1 of [2]) that, if the thickness € > 0 is small enough,
such a mapping © € C?(Q%;E?) is a C*~diffeomorphism from Qf onto ©(QF),
hence is in particular an injective immersion, in the sense that the three vectors

g5 (%) = 9O (a%)

are linearly independent at each point z° € Q¢; these vectors then constitute
the covariant basis at the point @ (z¢), while the three vectors g/ (x¢), defined
by the relations ‘

g7*(2%) - g5 (2°) = 8],
constitute the contravariant basis at the same point.

It will be implicitly assumed in what follows that the immersion 6 €
C?(w; E3) is injective and that € > 0 is small enough so that © : QF — E? is
a C2-diffeomorphism onto its image.

We henceforth assume that the shell is made of a homogeneous and isotropic
linearly elastic material and that its reference configuration @(¢) is a natural
state, i.e., is stress free. As a result of these assumptions, the elastic behavior
of this elastic material is completely characterized by its two Lamé constants
A > 0and p > 0 (see, e.g., Section 3.8 in [4]). The positive constant p designates
the mass density of the shell per unit volume.

We also assume that the shell is subjected to applied body forces whose
density per unit volume is defined by means of its contravariant components
fh € L>®(0,T; L(Q°)), i.e., over the vectors g of the covariant bases; to
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applied surface forces whose density per unit area is defined by means of its
contravariant components h¢ € L>(0,T}; L* (' UT<)), i.e., over the vectors g5
of the covariant bases; and to a homogeneous boundary condition of place along
the portion I'j of its lateral face, i.e., the admissible displacement fields vanish on
['g. For a.a. t € (0,7), we can thus define the contravariant components p®€(t)
of the vector p = (p*¢) over the vectors a; of the covariant bases by

phe(t) i= {/_8 o (t) dz§ + hif‘(t) + hi’g(t)} € L?(w) for a.a. t € (0,T),

where h%°(t) := h¥<(t)(-, +e) € L2(y), for a.a. t € (0,T).
Define the space

V(W) :={n=(m) e H (w) x H'(w) x H*(w);n; = Bz = 0 on 7},

where the symbol 0, denotes the outer unit normal derivative operator along ~.
The space V g (w) is the one used for formulating the two-dimensional equations
governing Koiter’s model (see the series of papers [5], [6], [7] and [8]).

Define the norm || - |y () by

1/2
Iy () = {Z 712, + ||n3||§,w} for each n = (1) € Vxe(w).

Next, we define the fourth-order two-dimensional elasticity tensor of the
shell, viewed here as a two-dimensional linearly elastic body, by means of its
contravariant components

4\
aaﬁcﬂ' — ﬁaaﬂaar + 2/.L (aaaaﬁr + aa'raﬁa) )

Following the terminology proposed in Section 6.1 of [1], a linearly elastic
shell is said to be a flexural shell if the following two additional assumptions
are satisfied: first, length~p > 0 (an assumption that is satisfied if v is a non-
empty relatively open subset of v, as here), and second, the following space of
admissible linearized inextensional displacements:

Virw) = {n=(n) € H (w) x H'(w) x H*w);
1, = 0yn3 = 0 on vy and Y,s(n) =0 in w},
contains nonzero functions, i.e.,
Vr(w) # {0}
To begin with, we state a crucial inequality that holds for general surfaces.

Theorem 2.1. Letw be a domain in R? and let @ € C3(w; E3) be an immersion.
Let o be a non-empty relatively open subset of v. Define the space

Vi(w):={n=(m) € H (w) x H'(w) x H*(w);n; = Oyms = 0 on 7o}
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Then there exists a constant ¢ = c(w, o, 0) > 0 such that

1/2
{Z InallZ. + ||n3||§7w} < { S esm@lBe + 3 ||pa5<n>||8,w}
o 047,3 a,ﬁ

for allm = (n;) € Vg(w).

The above inequality, which is due to Bernadou & Ciarlet [9] and was later
improved by Bernadou, Ciarlet & Miara [10] (see also Theorem 2.6-4 of [1]),
constitutes an example of a Korn inequality on a general surface; it constitutes a
“Korn inequality” in the sense that it provides a basic estimate of an appropriate
norm of a displacement field defined on a surface in terms of an appropriate norm
of a specific “measure of strain” (here, the linearized change of metric tensor
and the linearized change of curvature tensor) corresponding to the displacement
field under consideration.

A natural formulation of a set of time-dependent two-dimensional equations
(“two-dimensional”, in the sense that they are posed over the two-dimensional
subset w) can be derived by slightly modifying the model proposed by Xiao in
the paper [11], where time-dependent Koiter’s shells are studied.

Let us introduce the problem P%(w), which constitutes the point of departure
of our analysis.

Problem P%(w). Find a vector field ¢ = (¢5) : (0,T) — V p(w) such that

1/2

¢E e L0, T; Vr(w)),
& e L0, T L2 (W),
¢ e L0, T; Vi (w)),

that satisfies the following variational equations

d2 63 afot i
2 [ GElOmvady+ 5 [ a7 (¢ (DpapmVady = [ 5 mvady,
for all n=(n;) € Vi(w), in the sense of distributions in (0,T), and that
satisfies the following initial conditions

¢(0) = <oy
€ 1
{c 0) = ¢, W

where Co := 0 and ¢, € L*(w) is prescribed.
|

Let us spend few words on the importance of the initial condition for the
displacement, viz., {; = 0. It is clear that this assumption considerably restricts
the applicability of Theorem 4.1, but such an assumption is however critical
to prove the existence of a uniform upper bound in the energy estimates in
Theorem 3.1. It is this very wuniform upper bound that will ensure that the
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solution recovered in Theorem 4.1 satisfies the linear constraint the space V g (w)
is defined in terms of. This condition clearly makes sense from the physical point
of view and it is favoured by many experts in Scientific Computing (cf., e.g.,
[12], [13] and [14]).

We say that ¢° is a weak solution of Problem P%(w) if

¢F e L>®(0,T;Vr(w)),
¢ € L¥(0.T: L)),
¢ eL™(0.T; VW),
if ¢° satisfies the variational equations of Problem P%(w) in the sense of
distributions in (0,7), and also satisfies the initial conditions (1).
We recall a very important inequality which is used to study evolutionary

problems: Gronwall’s inequality (see the seminal paper [15] and Theorem 1.1 in
Chapter IIT of [16]).

Theorem 2.2. Let T >0 and suppose that the function y:[0,T] = R is
absolutely continuous and such that

%(t) <a(t)y(t) +b(t), fora.a.te (0,T),

where a,b € L*(0,T) and a,b > 0 for a.a. t € (0,T). Then, it results

t
y(t) < [y(O) —|—/ b(s)ds eloal®)ds  for all t € [0, 7).
0

3 Penalty scheme for the considered problem

The main difficulty arising when studying the existence and uniqueness of weak
solutions of the time-dependent flexural shell model presented in Section 2 is
that the space V p(w) is not, in general, dense in L?(w). This prevents abstract
spectral theory from being applied (see, for instance, Theorem 6.2-1 of [17]). A
way to overcome this difficulty consists in adapting the penalty scheme described
in Chapter II, Section 4 of [18] (see also [19]) to formulate an alternate problem
posed over the function space V g (w), which does not take into account the
constraint appearing in the definition of the space V p(w). In all what follows,
the symbol “—” denotes a continuous embedding, while the symbol “—s<”
denotes a compact embedding.
Observe first that V g (w) is dense in L*(w) and that

Vi) =< Lz(w) S Vi (w),

Let k > 0 denote the penalty parameter and let us introduce the corresponding
“penalized” problem Pf  (w).

Problem Pj, (w). Find a vector field ¢, = (¢f,.) : [0,T] = Vg (w) such that

¢r € C[0,T); Vi (w)) N CH([0,T; L* (w)),
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that satisfies the following variational equations

Mdt?/ et "’\fd“*/ 07 o (C (1)) (M) iy
+%/aa607’)’a‘r(c ())’Yaﬂ( )\[dy_/pz75(t)’l7i\/(§dy7

for all n € Vg (w), in the sense of distributions in (0,T'), and which satisfies
the initial conditions (1).
|

We say that ¢, is a weak solution of Problem Pf , (w) if

¢ e L0, T; Vik(w)),
¢ e L0, T; L2 (w)),
& e L0, T; Vig(w)),

if ¢, satisfies the variational equations of Problem Pf, (w) in the sense of
distributions in (0,7), and also satisfies the initial conditions (1).
We say that ¢, is a strong solution of Problem Pg , (w) if

¢s € CO([0, T); Vi (w)) N CH([0, T]; L (w)),

if ¢, satisfies the variational equations of Problem P, (w) in the sense of
distributions in (0,7"), and also satisfies the initial conditions (1).
Let us define the bilinear form a : Vg (w) X Vg(w) — R by

&3

aen) =5 [ @ o @pepmVady + 1 [ @) Vady.

For k > 0 sufficiently small (recall that the small parameter € > 0 is fixed),
the uniform positive-definiteness of the elasticity tensor of the shell (a®?77) (cf.
Theorem 3.3-2 of [1]) and Korn inequality on a general surface (Theorem 2.1)
give the existence of a constant ¢ > 0 such that

o) = 5 [ @ g mpasmVady + 1 [ @ s ady

3
S
5 {llpas MG + 7as (5.0}
> c{1nallf o + lnsll3 o}

Y

for all n € V g (w), namely, the bilinear form a(-,-) is V g (w)-elliptic.
We first prove, by Galerkin method, that Problem P, (w) admits a unigue
strong solution.

Theorem 3.1. Problem P;7H(w) admits a unique strong solution (. €
C([0, T); Vi (w)) N CH([0, T); L*(w)).
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Proof. (i)Construction of Galerkin approzimation. Observe that the space
V k(w) is an infinite-dimensional and separable Hilbert space. Therefore, by
Theorem 6.2-1 of [17], there exists an orthonormal Hilbert basis (w*)e, of
the space L?(w) which also constitutes an orthogonal Hilbert basis of the space
VK(UJ).

For each positive integer m > 1, let us denote by E™ the following
m-~dimensional linear hull

E™ := Span (w"){L, C Vk(w) C Lz(w)'

Since each element of the Hilbert basis (w*)$2, is independent of the time
variable t, we have w* € L>(0,T; V i (w)), for each integer 1 < k < m. We now
discretize Problem P§7K(w) and, in order to keep the notation simple, we drop
the dependence of the vector fields entering the variational equations on the
parameters x and e. Let us observe that, the duality pair between E™ and its
dual coincides with the inner product of L*(w) defined in Section 1.

For each positive integer m > 1, the “penalized” discrete problem
corresponding to Problem Pj,  (w), that we denote by Py (w), amounts to:

Problem Pz (w). Find functions cx : [0,T] = R, 1 <k < m, such that

¢ () == ick(t)wk, for a.a. t € (0,7,
k=1

which satisfies the following variational equations in the sense of distributions
n (0,T), for each integer 1 <p <m

2pe° / ¢ (Hywl'vady
3

3

1 [ T (€ ) ) Vady

— [ eurvaa,

+ / 0P iy (7 (1)) (wP)/a dy

and for which the following initial conditions hold:

¢"(0) = <q",
om m (2)
C (O) = Cl )
where initial data (' and 7" are, respectively, the projections of ¢y and ; onto
the finite dimensional space E™. |

We immediately observe that ;" =0 € E™ and that the projection of ¢,
onto E™ can be expanded as follows (cf. Theorem 4.9-1 of [20])

¢l = Z </ Ci,lw?\/ady> w",
k=1 ¢
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so that ¢ — ¢, in L*(w).

Since the elements of the Hilbert basis do not depend on the time variable
we can take the coefficients ¢; as well as their derivatives ¢, and é; outside the
integral sign. This gives, for each 1 < k < m, the following second order linear
ordinary differential equation with respect to the variable ¢

253 i (t) + alw”, w)ex (1) = / P (Hwky/ady,
Ck(O) = 07
- [ Gautvad.

Such an ordinary differential equation admits a unique solution, which clearly
depends on the parameters s and €.

(ii) Energy estimates. Let us multiply the variational equations in
Problem Py (w) by ¢x(t) and sum with respect to k varying in the
set {1,...,m}. As a result, we obtain that the variational equations in
Problem Py (w) take the form

o'y [ G ovaay
3.d

5 | a7 Per (€ D)pas(¢™ (1) Vady

+21mi( a7 (¢ ()78 (C () Va dy)

g\

for a.a. t € (0,T).
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Carrying out an integration over the interval (0,t), where 0 < ¢ < T, changes
(3) into

E3/é—’m(t)é-'m(t)\/&dy
53 afor m m d
v e / Por (€™ (1) pas (¢ (£))Va dy
b o ([ @ st )
3
= pe’ /w Ghicivady + % /w a®?77 por (¢ (0))pas (¢ (0))Vady

. a7 (€010 0) Vady
// T)Vadydr
= 20212 / / )adydr.

An application of Cauchy-Schwarz inequality gives

/ot/wpiysmérmﬁdwg(/T”pg(“'@%w)df) (/ 1E" ()12 w)d7>1/2
;(/ I Ol 0+ [ 18" 0o d7>.

By virtue of the uniform positive-definiteness of the elasticity tensor of the
shell (a*#°7) and Korn inequality on a general surface (Theorem 2.1), for each
integer m > 1, there exists a real constant C' > 0 independent of ¢™ (and so
independent of ¢, m and k) for which the following estimate holds true

)

1 -m 1
= {c (3 20y + 1€ O ey + - I8 (¢ (1)

<I¢4 ||%2(w) + ||p€||2L°°(0 T;L2(w))

+2 [ aatem B o

v f {||¢’"<T>||2Lz(w) FIC ()} AT

An application of Gronwall’s inequality (Theorem 2.2) with a = C >0 and
b=C (||C1H2L2(w) + ||P€||2Loo(o,T;L2(w))) 20
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gives the following uniform upper bound

t .m " 1 i m
S IO + 16O o} a7+ % [ o™ ) ar
< C’TecT {HClH%ﬁ(w) + ||p€H%°°(O,T;L2(w))} = C(Claps)a

for all ¢ € [0,T].
Therefore, we obtain that

(¢")e0_; is uniformly bounded in L*(0,T;V g (w)),

m=1

(¢™)29_, is uniformly bounded in L>(0,T; L*(w)),

m=1

(5)

and, moreover, by (4), there exists a constant L > 0, independent of m, x and
t, such that
0 < [[Fap(€™)lL2(0,1;02(w)) < VL. (6)

Since the following direct sum decomposition holds
Vi(w) =E" o (E™)",

and since ¢ (t) € E™, the variational equations of Problem Pz (w) give the
existence of a constant C,, > 0, independent of m and ¢, such that

/ ézm(t)m‘\/&dy‘ < Cr (1Pl 22 (0,7:12()) + 1€ | Lo 0,73V ik ())) 5

for any n € Vg (w), with [[n]lv () <1, and a.a. t € (0,7). As a consequence
of (5) we have

1€ 2= @1 v () < Ok (7)

(iil) Passage to the limit and retrieval of Problem Pg , (w). By (5) and (7), we

can infer that there exist subsequences, still denoted (¢™)%°_,, (¢")%°_, and

(Cm)j';f:l such that the following convergences take place:

¢™ ¢S, in L0, T; Vi (w)) as m — oo,

E"AE L in L0, T LA (w)) as m — oo, (8)

CMAE i L%(0,T; Vi (w)) as m — oo.
Observe that, by Corollary 8.18 of [3], the following convergence also holds
¢™ = ¢, in L*(0,T; Vg (w)) as m — o0,

the space V i (w) being reflexive.
By Sobolev embedding theorem (Theorem 10.1.25 of [21]), we obtain

¢" = ¢, i CY([0,T): L2 (w)),

m £

¢ = ¢ mC(0,T Vi (w)):
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We now verify that (£ is a weak solution of the variational equations of
Problem Pf, , (w). Let ¢ € D(0,7') and let > 1 be any integer. For each m > p,
the variational equations of Problem P2 o (W) give

et [ [ & omvaayo a
3 T
+ 5 [ [ o€ O)pasmVadyis)
e [ [ a @ s vad e ar

/ / (t)mivadyy(t) dt
for all y € E*.

Consider the real-valued mapping

¢ L2(0,T: Vi (w)) = / / 0B 5 (€) (1) s () V/a dyai(8) dit

K

+ 1 / / 075, (€)(E) 1 (m)v/a dyw(t) dt

and observe that it is linear and continuous, as a consequence of the linearity
and continuity of p.g and Y,s.
The convergence process (8) thus gives

T
/0 / a7 o (G (1)) pacs (M) /@ dyib(£) dt
n % / / P77 (G () Yerp () V/a dya (£) It
T
:/0 /““ﬁ”ﬁw ")) pas(m)Vadyy(t) dt
+l/ / P73 (C™) () v (1) V/a Ay (1) dt
R / / a7 o (G (8)) s (m)V/a dyab (1) di
/ / 0BT o (G5 (6)) s () v/ dys (1) dlt

(11)

Observe, also, that the following density holds
—— vk

U E* :VK(w),

pn>1
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As a result, keeping in mind the convergence processes (8) and (11), and
letting m — oo in (10) gives that ¢ is a solution of the following variational
equations

20° vy (C(1), M)v

0T por(Cr(t)) pas(m)vady

w

+ 5 [ @t
1 [ GO vady
/wp”(t Jnivady,

for all § € Vg(w), in the sense of distributions in (0,7). Since (5 (%) €
Vi(w) for a.a. t € (0,T) and since n € Vg(w) is independent of the time
variable ¢, two consecutive applications of the integration by parts formula (cf.
Corollary 10.1.26 of [21]) give

dtQ / <z K nl\fdy <"6(t)7n>VK(w)7 for a.a. t € (O>T)’

showing that ¢ satisfes the variational equations of Problem Pf  (w) in the
sense of distributions in (0, 7).

The last thing that we have to check is the validity of the initial conditions
for ¢ The assumption ¢, = 0 gives ¢5(0) = 0.

Let us introduce the operator Ly : C°([0,T]; Vi (w)) = Vi (w) defined in a
way such that L;(n) := n(0). Such an operator Ly turns out to be linear and
continuous and, therefore, by the second convergence of (9), we get that

=¢"0) = EL(0), i V(W)

Since ¢ — ¢, in L*(w), we deduce that ¢ (0) = ¢,. The existence of a weak
solution of Problem P, (w) has thus been shown.

(iv) The weak solution . is actually strong and uniquely determined. Recall
that the bilinear form a(-,-) is symmetric, continuous, and V g (w)-elliptic and
that the space V g (w) is continuously and densely embedded in L*(w). We are
thus in a position to apply the same procedure presented in Theorem 8.2-2
of [17].

Let us also observe that the convergence ¢™ — ¢ in C°([0, T); V i (w)) gives

Fap(C™) = Aap(Cr),  in L2(0,T; L2 (w)),
and so the following energy estimate
Y8 (€l L2(0,7;22(w)) < VLE. (13)

This completes the proof.
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Let us observe the following;:

(1) The assumption ¢, = 0 plays a crucial role in the recovery of the uniform
upper bound (6) in the previous theorem.

(2) The existence and uniqueness of weak solutions for Problem P%(w) cannot
be directly carried out via Galerkin method, since the space V p(w) is not, in
general, dense in L2(w). This fact prevents us from applying Theorem 6.2-1
of [17].

4 The main result: Existence and uniqueness of solutions of
Problem P (w)

We are now ready to prove the main theoretical result of this paper: the existence
and uniqueness of weak solutions of Problem P%(w).

Theorem 4.1. Problem P%(w) admits a unique weak solution ¢°.
Proof. (i) Problem Pg(w) admits a weak solution. By the energy estimates (4)

in Theorem 3.1, it can be easily observed that there exists a positive constant
¢ = ¢(¢q,p°) such that

e .
{HCKH%W(O,T;LQ(w)) + HCHH%OO(O,T;VK(W))} < c(¢y, P9).

Let us consider, for a.a. 0 < t < T, the following partial differential equation
associated with Problem Pf, , (w)

1
2p=°C,(0) + ACL(H) + —PCL(1) = p°(1).  in Vie(w),
where the linear operator A : Vg (w) = Vi (w) defined by

3

3
Vi@ (A& Mv i) = 3 /a"‘ﬁ”paf(é)paﬁ(n)\/ady, for all &,m € Vg (w),

is linear and continuous. Similarly, the operator P defined by

Vi (w) <P£7T’>VK(UJ) = / QQBGTVUT(S)’YaB(n)\/ad% for all §,n € Vg (w),

w

is linear and continuous. Besides, for all n € V g(w), we have

Vi@ {(PCo MV (w) = 0.
As a result, the family (&Z)mo is uniformly bounded in L (0,T;V 5 (w)).
Hence, up to passing to a subsequence, we get that the following convergence

process takes place

¢E B¢, in L0, T; Vi(w)) as & — 0,
(= E, i L(0,T L (w)) as £ — 0, (14)
ERE, i L(0,T; Vi (w)) as k — 0.
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By Sobolev embedding theorem (Theorem 10.1.25 of [21]), we have that

¢ — ¢, inCY[0,T); LP(w)),

Ce ¢, inC0,T); Vi(w)).

Let us recall that (see (13)), there exists a constant L > 0, independent of &
and t, such that

(15)

190 (Sl 20,7502 (w)) < VLK.
and observe that the convergence process (14) gives
Fap(C5) = Fap(C),  in L(0,T; L (w)),

and so, by the energy estimate (13),
ap (€220, 7502wy < Hminf[|Fas(Co)ll2(0,7:2w)) = 0-

In conclusion, by the definition of 4,4, we get that v,s(¢°(¢)) =0 in w for
a.a. t € (0,7) and we can thus gain more insight into the regularity of ¢°, viz.,

¢C(t) e Vp(w), foraa 0<t<T.

Let us show that ¢ is a weak solution of Problem P%(w). We first show that ¢*
solves the variational equations of Problem P%(w) in the sense of distributions
n (0,7). For each ¢ € D(0,T) and each i € V p(w), the variational equations
of Problem P, (w) give

g

T ..
2pc? / Vo) (0 My (1)

3 T
b5 [ a7 Gt pantmVadyte) de
0 w
T
[ ] @ GO vadyi
T

- [ @ GO s ady =0,

for all K > 0 and a.a. ¢t € (0,7).
Consider the real-valued mapping

€€ L2(0,T: Vi (w a/ / OB (€)(E)porp (M) v/ dyth (1)t
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and observe that it is linear and continuous, as a consequence of the linearity
and continuity of p,g.
The convergence process (14) thus gives

/ / 07y (CE()) s (m)/a dy ()
/ / AP Gy (C) (1) pap(m)v/a dyeb(t) dt
= / [ a7 o € s m) (e

Since ¢* € L>*(0,T;V p(w)) and since n € V p(w) is independent of the time
variable ¢, two consecutive applications of the integration by parts formula (see
Corollary 10.1.26 of [21]) give

dt2 /C nz\fdy = Vi (w)(C ( ) n>VF(w)7 for a.a. t € (O,T),

and we thus conclude that ¢ solves the variational equations of Problem P% (w)
in the sense of distributions in (0, 7).

The last thing to check is the validity of the initial conditions for ¢°. Clearly,
¢*(0) = 0.

Let us introduce the operator L : C°([0,T]; Vi (w)) = Vi(w) defined in a
way such that Li(m) :=n(0). Such an operator turns out to be linear and
continuous and, therefore, by the convergence process (15), we get that

EL(0) = (0)=¢,  in Vi(w).

The existence of a weak solution of Problem P% (w) has thus been shown.

(i) The vector valued function ¢° is the unique solution of Problem P&(w).
Following the same strategy as for the wave equation (cf. [22]), let us show that
the only weak solution of the initial value problem

2023 (1) + ACE(t) =0,  in Vi(w), foraa. 0<t<T,
¢°(0) =0, (16)
¢ =o,
is¢"=0.
To this end, for any fixed 0 < s < T, let us define the function

&) = {({ ¢(rdr 0st<s,

,s <t < T,

and observe that (cf., e.g., Theorem 8.13 of [3]) & € C°([0,T]; V r(w)). Define the
bilinear form Bp : Vg (w) X V g(w) — R associated with the “flexural” part by

3

= / 0 py (€)pap(M)V/a dy.

BF(éa 77) = 3
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Since ﬁE(O) =0 = £(s), an application of the integration by parts formula
(Corollary 10.1.26 of [21]) yields

[ {2 [ cwivan s srco.ao ) a-o
Since £(t) = —(°(t), for all 0 < ¢ < s, the latter formula becomes

Aq%gﬂgwﬁmﬁwm@mﬂm}ao

Another application of integration by parts formula (Corollary 10.1.26 of [21])
transforms the latter into

Sd 311 € (4)]12 1
Ad(mncmhﬂw—g

and the initial conditions in (16) give

Bﬂamsm0<u=a

03¢ (5) By + 5 Br(E(0),€(0)) = .

In conclusion, [|¢°(s)|/2() =0, for all 0 < s < T. By the arbitrariness of s,
we conclude that the weak solution ¢ is uniquely defined almost everywhere in
(0,T). This completes the proof.

5 Final considerations: Time-dependent elliptic membrane
shells

Consider a linearly elastic shell, subjected to the various assumptions set forth in
Section 2. Following the terminology proposed in Section 4.1 of [1], such a shell is
said to be an elliptic membrane shell if the following two additional assumptions
are satisfied: first, 7o = v, i.e., the homogeneous boundary condition of place is
imposed over the entire lateral face v x [—¢, €] of the shell, and second, its middle
surface 8(w) is elliptic, according to the definition given in Section 1. Note that
the assumption 79 = =y implies that the space V i (w) introduced in Section 2
now reduces to
Vie(w) = Hi(w) x Hb(w) x H().

To begin with, we recall a crucial inequality that holds for elliptic surfaces
(cf., e.g., Theorem 2.7-3 of [1]).

Theorem 5.1. Letw be a domain in R? and let 6 € C3(w; E?) be an immersion
such that 8(w) is an elliptic surface. Define the space

Vu(w) = H&(w) X H&(w) X Lz(w),

and the norm || - ||v ;) by
1/2
170V s () = {Z all} o + ||773||(2),w} for each = (n;) € Vi (w).
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Then there exists a constant ¢ = c(w,0) > 0 such that

1/2
T { 3 ||vaﬂ<n>||%,w}

a,B
for allm = (n;) € Vu(w).

A natural formulation of a set of time-dependent two-dimensional equations
(again, “two-dimensional”, in the sense that they are posed over the two-
dimensional subset w) can be derived in the same way as in Section 2.

Let us introduce the problem Pj5,(w), describing the evolution of time-
dependent elliptic membrane shells.

Problem P§,(w). Find a vector field ¢ = (¢F) : [0,T] — V p(w) such that
¢= € ([0, T]; Var(w) NCH([0,T); L*(w)),

that satisfies the following variational equations

a2 ‘
2p1s /w G (tnivady + ¢ /w a®P7 Ty, (E5 (1) Vap(m)Vady = /w P (H)miv/ady,

for all n=(n;) € Vy(w), in the sense of distributions in (0,T), and that
satisfies the following initial conditions

C..E(O) = CO?
&) =¢,,

where o € V yr(w) and ¢ € L*(w) are given.

We say that ¢° is a strong solution of Problem P§,(w) if
¢* € C°((0, T]; Vu(w)) N CH([0, T]; L (w)),

if ¢ satisfies the variational equations of Problem P5;(w) in the sense of
distributions in (0,7") and also satisfies the initial conditions.

Since the space V js(w) is continuously and densely embedded in the space
L?(w) and since, as a consequence of the uniform positive-definiteness of
the elasticity tensor of the shell (a®#°7) and Theorem 5.1, the bilinear form
By Vi (w) X Vi (w) = R defined by

Bu(n,€) =e / a5 () Yas(E)Va dy,

is Vr(w)-elliptic, the existence and uniqueness of strong solutions of
Problem P5,(w) is classical (cf, e.g., Theorem 8.2-2 of [17]).

Theorem 5.2. Problem P5;(w) admits a unique strong solution (° €
C°([0, T); V ar(w)) N CH([0, TT; L*(w)).

It is worth mentioning that, differently from the case where the shell under
consideration is a flexural shell, the existence and uniqueness of strong solutions
of Problem P5,;(w) is guaranteed for a general vector {, € V pr(w).
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