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Nonparametric confidence interval for conditional
quantiles with large-dimensional covariates

Laurent Gardes
Université de Strasbourg & CNRS, IRMA, UMR 7501,
7 rue René Descartes, 67084 Strasbourg Cedex, France

Abstract

The first part of the paper is dedicated to the construction of a v - nonpara-
metric confidence interval for a conditional quantile of level depending on the
sample size. When this level converges to 0 or 1 as the sample size increases,
the conditional quantile is said to be extreme and is located in the tail of the
conditional distribution. The proposed confidence interval is constructed by
approximating the distribution of ordered statistics selected with a nearest
neighbor approach by a Beta distribution. We show that its coverage proba-
bility converges to the preselected probability « and its accuracy is illustrated
on a simulation study. When the dimension of the covariate increases, the
coverage probability of the confidence interval can be very different from -~.
This is a well known consequence of the data sparsity especially in the tail of
the distribution. In the second part of the paper, a dimension reduction pro-
cedure is proposed in order to select more appropriate nearest neighbors and
in turn to obtain a better coverage probability. This procedure is based on the
Tail Conditional Independence assumption introduced in (Gardes, Extreme,
pp. 57-95, 18(3), 2018).

Keywords: Extreme conditional quantiles, confidence interval, dimension re-
duction.

1 Introduction

In a large range of applications, it is necessary to examine the effects of an
observable RP-valued random covariate X on the distribution of a dependent
R-valued variable Y. For instance, Y can modelize the level of ozone in the air
and X the vector gathering the concentration of others pollutants and weather
conditions (see e.g. Han et al. [15]). A first approach consists to focus on the
conditional expectation E(Y|X). A more comprehensive way is to analyze the
conditional quantile of Y given X. Recall that for all x € X C RP, (X being
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the support of X)), the (1—a)-conditional quantile of Y given X = z where « €
(0,1) is Q(a|z) = inf{y; S(y|z) < a}, where S(-|z) :=P(Y > | X = z) is the
conditional survival function of Y given X = x. In this paper, we are interested
in the construction of a confidence interval of Q(a|zg) for a given point zg € X.
More specifically, based on n independent copies (X1,Y1),..., (X, Y,) of the
random vector (X,Y"), we searching for a random interval [Ay, ~(z0), B (20)]
such that, as n — oo,

P{[An(20), Bny(70)] 3 Qalz0)} — 7, (1)

where v € (0,1) is a preselected probability (usually, v = 0.9 or 0.95). To
allow us to make inference in the right and left-tails of the conditional distri-
bution, we also consider the case where o depends on the sample size n and
converges to 0 or 1 as n — co. In the application on ozone concentration, this
can be of high interest since large level of ozone in the air may cause serious
effects on public health and on environment.

The literature on the estimation of confidence interval for quantile is, up to
our knowledge, only dedicated to the case where « is a fixed value in (0,1).
Several approaches have been considered. The first one, called direct approach
(see e.g. Fan and Liu [6]), consists to construct the confidence interval starting
from a given estimator Qy(|zo) of Q(a|zo). Under some regularity assump-
tions on Q(-|xg) (in particular the derivative ¢(-|xo) of Q(:|xp) must exits),
if one can find a positive sequence (c,) such that ¢, (Qn(alzo) — Q(alzo))
converges to a centered gaussian distribution with variance ¢?(a|zg) then, de-
noting by ® the cumulative distribution function on a centered and normalized
gaussian distribution, the coverage probability of the interval

[@n (o= ey @71 ((1 = 9)/2)|z0) , @n (a + ¢ @7 H((1 - 7)/2)\%)] ,

converges to . There is a huge literature on the estimation of conditional
quantile for « fixed (see for example Yang [27] and Stute [25]) but also for ex-
treme conditional quantile (i.e. when o = av, — 0, see for instance Gardes [§],
Gardes et al. [13], etc.). The main drawback of the direct approach is that
in most of the cases, the sequence ¢, depends on unknown parameters (e.g.
the probability density function of X) that have to be estimated. To avoid
the estimation of ¢, resampling methods have been considered by Parzen et
al. [21] and Kocherginsky et al. [18]. Unfortunately, these methods are often
time consuming. A last approach to construct confidence interval of quantile is
based on order statistics. The order statistic method has been first introduced
in the unconditional case (see Hutson [17]). Assume that Y7,...,Y,, are inde-
pendent and identically distributed random variables with common survival
function Sy () and quantile function Qy(-). Denoting by Y1, < ... <Y, ,
the ordered statistics, if Sy (-) is a continuous and strictly increasing function,
the probability integral transform ensures that

P(Yjn < Qy(a)) =P(Sy(Yjn) > a) =P(Un—jt1,n > a),

2



where Uy, < ... < Uy, are the order statistics associated to independent
standard uniform random variables. Since U,,_j;1,, is distributed as a Beta
distribution of parameters n — j + 1 and n, denoting by Fpeta(-; a,b) the dis-
tribution function of a Beta distribution with parameters a > 0 and b > 0 and
letting

1_
L(m, ) := max {j e{l,...,m}; Fpetalym —j+1,j) < 27} and
. . ) . 1—7
R~(m, ) := min je{l,...,m};1—Fbeta(a;m—j+1,j)§? ,

for v € (0,1), m € N\ {0} and « € (0,1) with the convention max{{}} = +oco
and min{(} = —oo, one can show that

P {[Y[fy(n,a),na YRy(n,a),n] > QY(CV)} — 7.

This method of construction has been recently adapted by Goldman and
Kaplan [14] to the conditional case but always for a fixed quantile level .

The first contribution of this paper is to adapt the order statistics method
to the conditional case by using a nearest neighbors approach. Instead of
using the whole sample as in the unconditional case, only the k, closest
observations to xy are used in the order statistics method. The proposed
confidence interval can be used if the quantile level o« depends on n and
converges to 0 or 1 as n — oco. Constructing a confidence interval for extreme
conditional quantile (¢ = «a;,, — 0 or 1) is often more challenging because
there are fewer observations available in the tail.

The nearest neighbors strongly depends on the (pseudo)-distance in RP used
to select the observations around the point of interest zy. The euclidean
distance is of course the natural choice but when p becomes large, some
nearest neighbors can be located far away from the point of interest leading
to confidence interval with a bad coverage probability. This is the well known
curse of dimensionality phenomenon. To overcome this problem, one way is
to assume the existence of a function gg : RP — R such that the conditional
distribution of Y given X is equal to the conditional distribution of Y
given go(X). In other words, it is assumed that X and Y are independent
conditionally on go(X) (in symbols X 1 Y|go(X), see for instance Basu and
Pereira [2]). The dimension of the covariate is thus reduced since X can be
replaced by go(X). In this case, it seems preferable to use the pseudo-distance
do defined for all (z,y) € RP x RP by do(x,y) = |go(z) — go(y)| instead of
the euclidean distance in RP. A natural question now is how to find the
true function gg and therefore the most suitable distance dy 7 One common
approach is to assume that g is linear (i.e. for all x € RP, go(z) = b=
where by € RP). This corresponds to the single-index model introduced in a
regression context for instance by Li [19]. This single-index structure has been
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considered by Zhu et al. |28] for the estimation of conditional quantile when
the level « is fixed. Finding the distance reduces to finding the direction bg.
Its estimation has received much attention in the literature (see Li [19] for
the classical Sliced Inverse Regression (SIR) method), Cook and Weisberg [4],
Samarov [23], Cook and Li [3]).

The second contribution of this work is the proposition of a new
data-driven procedure to select the appropriate distance dgp in the nearest
neighbors approach in order to construct a confidence interval for an extreme
conditional quantile in the right-tail of the distribution (i.e. when the quantile
level & = o, — 0 as the sample size increases). Condition X 11 Y |go(X) is re-
laxed by assuming that Y is tail conditionally independent of X given go(X),
see Gardes [9]. Basically, under this condition, S(y|z¢) is equivalent, as
y — 00, to a function depending on z( through go(xo). Hence, inference on
the extreme conditional quantile of Y given X can be achieved only by using
the information brought by the reduced covariate go(X). In this paper, we
assume that gy belongs to a pre-specified parametric family (not necessarily
the family of linear functions). Note that assuming that Y is tail conditionally
independent of X given ¢o(X), an estimator of gyo has been proposed by
Gardes [9] in the particular case of a linear function. Unfortunately, the
estimation procedure is computationally expensive.

The paper is organized as follows. The definition of the confidence interval for
conditional extreme quantile is given in Section 2. In particular, we show that
the coverage probability of the proposed confidence interval converges to the
nominal one. This section corresponds to our first contribution. The second
contribution is handled in Section 3 where an estimator of an appropriate
distance dy is proposed and used for the construction of a confidence interval
of extreme conditional quantile. In each section, the methods are illustrated
with simulated data. All the proofs are postponed to Section 5.

2 Confidence interval estimation

2.1 Definition and main result

Let (X1,Y1),...,(Xn, Ys) be n independent copies of a random vector (X, Y).
In all what follows, we assume that the distribution of (X,Y") is absolutely
continuous with respect to the Lebesgue measure. As mentioned in the intro-
duction, for a given xg € X where X is the support of X, our first contribution
is to propose a confidence interval of the conditional quantile

Q(alzo) == inf{y; S(ylzo) < af,

where S(:|z9) = P(Y > :|X = ). While much of the literature focuses on a
fixed level a in (0, 1), we allow the case where o = «;, depend on the sample
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size n. We assume that
lim o, =c€[0,1]. (2)

n—oo

Condition (2) with ¢ € (0,1) corresponds to a classical conditional quantile.
For instance, if a;, = 1/2, the value Q(ay|zo) is the conditional median of Y
given X = x9. When ¢ € {0,1} in (2), the level is said to be extreme. If
¢ =0 (resp. ¢ = 1), the conditional quantile is located in the right-tail (resp.
left-tail) of the conditional distribution of ¥ given X = xy.

The basic idea to construct a random interval [A, ,(20), Bn~(z0)] satisfy-
ing (1) is to apply the order statistics method to observations close enough
to zg. The order statistics method to construct confidence interval has been
proposed by Hutson [17] in the unconditional case and is described in the
introduction. To select the observations, a nearest neighbors approach is con-
sidered. More specifically, for some (pseudo)-metric d on RP,| let

(de,xo)’ Yl(d,xo))’ N (Xr(LdJO)v erd,xo))

*

be the sample (X31,Y7),...,(X,,Y,) rearranged in order to have
d(X§d’x°),aco) < ... < d(szd’xO),xo). For k, € {1,...,n}, we denote by
Yl(i’:()) < ... < Yk(jlfs) the ordered statistics associated to the sample
Yl(d’xo), - ,Y,fj’xo). For a preselected probability v € (0,1), we propose as

a confidence interval of Q(ay,|zg) the following random interval

d,x d,x
CLya, (kn, d, 20) = [Yév (kgl{an),kn, Yfzw (,gjﬁan)’kn], (3)

where we recall that

1—
L (kn, o) := max {j e{l,...,kn}; Foetalan;kn —j+1,7) < 27}

_ 1—
Rv(kman) = min {] € {17 ce 7kn}§ Fbeta(amkn -7+ 17j) < 27}7

Fyeta(+; a, b) being the distribution function of a Beta distribution with param-
eters a and b and Fleta := 1 — Fheta. The confidence interval CL, o, (kn, d, z0)
is thus defined as in the unconditional case except that only the k, nearest

Yl(d’mo), e Yk(j’mo) are used.

neighbors random variables
It remains to prove that the coverage probability of this interval converges to
as n — o0o. The accuracy of the confidence interval CI, o, (kn,d, o) depends
on the smoothness of the function z — S[Q(«|zg)|z]. For a € (0,1) and ¢ > 0,

we introduce the quantity

S[Q(alzo)lz] 1>2 |

(07

w(a, () := sup (
d(z,20)<¢
which is the largest deviation of the ratio S[Q(a|xo)|z]/S[Q(c|zo)|xo] from 1
when = belongs to the ball of center g and radius {. Note that this quantity
is classically considered when dealing with conditional distribution (see for
instance Daouia et al. [1]). In the following result, the conditions required to
ensure that the coverage probability of (3) converges to 7 are established.

5



Theorem 1 Let v € (0,1) and xq in the support of X. Assume that k, — o0
and let hy, > 0 such that ]P’(d(X,gd’mO)
ap, € (0,1) satisfying (2), if S(:|zo) is continuous and strictly increasing

,x0) < hy) = 1. For a sequence of level

n

In?(ky,)
2= 50 4
" kpan(1 = ap) - ()
and if .

M= gw(on, n) = 0, (5)

then; P [Clv,an (kna d7 .T()) > Q(an’xO)] =7 + @) (5n) +0 (nn) - .

First note that the confidence interval given by (3) is not the only possible
confidence interval of Q(ay,|xo) with asymptotic coverage probability 4. One
can also consider the one-sided confidence intervals

d,x
CI) (ky, d, x0) := [Yé%_of(kman)’kn, o)

'770‘774
d,x
and  CI) (k. d, o) := (_oo,Y}%ff(kman)’,%],

Obviously, under the conditions of Theorem 1, the coverage probabilities of
these two intervals converge to 7.
The proof of Theorem 1 is based on the decomposition

PV o > Qlan|20)] = (1= 7)/2 + Bun(Ly (n, an)) + B,

and on a similar decomposition for P[Yé?()kn o) = Q(an|xo)]. This decom-

position highlights two terms of error: the term Bi, (L, (ky, o)) given for
je{l,...,ky} by

Bia(j) =PIV > Q(anlz0)] — Foetalcn; kn — j +1,7)

and the quantity
BQ,n = Fbeta(an; kn — ‘C'y(kna an) +1, E’Y(km Oén)) - (1 - 7)/2'

The first term of error is a consequence of the approximation of the distribution
S (Yj(i:)kco) by a Beta distribution. We show in the proof of Theorem 1 that

Condition (5) ensures that By ,(L,(kn,ar)) converges to 0. Note that this
condition entails that &, should be chosen not too large. In the unconditional
case (i.e. if X and Y are independent) then 7,, = B; ,(j) = 0 for all j and one
can take k, = n. Remark also that in the unconditional case, the accuracy of
the confidence interval does not depend on the underlying distribution.

The second term of error is related to the behavior of the distribution function
of a beta distribution. In Lemma 2, it is established that By, = O(d,) and
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thus Bz, — 0 under condition (4). If ¢ = 0, the rate of convergence of a,
to 0 is limited by (4) (namely, oy, > In*(k,)/ky,). Similarly, when ¢ = 1, one
can construct an asymptotic confidence interval only if 1 — v, > In?(ky,)/kn.
It also appears that, as expected, the rate of convergence of the coverage
probability can be very slow for an extreme conditional quantile.

In the next result, a sequence h, such that ]P’(d(X,giM),wo) < hy,) = 1is
proposed when d is the euclidean distance given for (z,y) € RP x RP by
del,y) = [(@ — o) (@ — )2

Proposition 1 Assume that the distribution of X admits fx as a probability
density function. If k,/(Inlnn) — oo and n/k, — oo then, for

2 " 1/p
(et
fx (o) m
one has P(de(X,gie’xO),xo) < hp) =1 for n large enough.

It thus appears that for a given value of k,,, the radius h,, increases with
the dimension p. As a consequence, when p becomes large, some of the
kn-nearest neighbors can be located far away from the point of interest and
the confidence interval can performs very badly. This phenomenon is well
known as the “curse of dimensionality”. In Section 3, a procedure to overcome
this difficulty is proposed.

2.2 Numerical illustration

Let us take a look at the finite sample performance of the estimated confidence
interval introduced in the previous section. Using the observations of a sample
{(X1,Y1),...,(Xp,Yy)} driven from a random pair (X, Y), our objective is the
construction of a confidence interval with asymptotic coverage probability ~
of the conditional quantile Q(«al|xg) associated to the conditional cumulative
distribution function S(-|zp). In the estimation procedure, the nearest neigh-
bors are selected by using the classical euclidean distance d. in RP.

Let £ : R — (0,00) defined by £(2) := 522/36 + 1/4 and let go : R? — R. Two
models for the distribution of (X,Y") are considered:

— Model 1: Conditional Burr distribution. For y > 0,
-1/7(X)
S(Ix) = (14+3) T

where ¢ and 7 are positive functions defined for all z € RP by ¢(x) = ||z
and 7(z) = c()§(go(2))-
— Model 2: Conditional Weibull distribution. For y > 0,

S(y|X) := exp <_yl/£(go(X))) '
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In all what follows, the p components of the random vector X are independent
and uniformly distributed on [—5, 5] and the point of interest z¢ is the vector
with all its components equal to 1. In Model 1, the conditional distribution
of Y given that X = x is heavy-tailed since for all t > 0 and x € X,

Stylr) _ —e(go(a))

y=oo S(y|z)

The conditional extreme index is the function £ o gg. The conditional dis-
tribution of Y given that X = x in Model 2 is a conditional Weibull type
distribution (see for instance [12, 11]) and &(go(x)) is referred to as the condi-
tional Weibull-tail index.

Three conditional quantile levels are considered: o = a1, = 1 — 8In(n)/n,
ap = ag = 1/2 and o, = a3, = 8In(n)/n. In these three situations, con-
dition (2) holds with respectively ¢ = 1, ¢ = 1/2 and ¢ = 0. The first
case corresponds to an extreme quantile located in the left-tail of the con-
ditional distribution. The quantile level as corresponds to the conditional
median and a3, to an extreme quantile in the right-tail. To evaluate the
performance of the confidence interval, we compute its coverage probabil-
ity P[CLy .4, (kn, de, o) 3 Q(a|xo)]. This probability is approximated numer-
ically by a Monte-Carlo procedure. More specifically, N = 2 000 independent
samples of size n = 1000 were generated. For given values of k,, € {1,...,n}
and v € (0,1), the confidence interval obtained with the r-th replication is
denoted Clgyfén (kn,de, xy). The coverage probability is then approximated by

D, an(kmdeywo N ZH N

"/an

kn,de,mo)(Q(an‘x()))'
This value is expected to be close to the prespecified probability ~.

Selection of the number of nearest neighbors — We first take a look
at the influence of k,, (the number of nearest neighbors) on the coverage prob-
ability. In Figure 1, the values of p, q, (kn, de, o) (With ay, € {1, a2, 0 3})
are represented as a function of k, € {10,...,200} for Model 1 with
go € {go , 7 =1,2,3} (see Table 1 for the deﬁnltlon of the functions g(])). It
appears that when the quantile level is extreme, only few values of k,, provide
a reasonable coverage probability. It is thus relevant to propose a data driven
procedure to select the value of k,. The selected number of nearest neighbors
depends on: the quantile level a,,, the point of interest xg € RP, the nominal
coverage probability v and the distance d used to collect the nearest neighbors.
First, let

L (1 (dao) (d,w0)
C(k) = 5 <Y£“/(k(304n)7k T Y’RW(IS,an),k)

be the random variable corresponding to the center of the confidence in-
terval CL, o, (kn,d,xz0). The basic idea to select a convenient number of
nearest neighbors is to take k is a stability region of the finite sequence
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{C(ng),...,C(n1)} where 1 < ng < ny < n. More precisely, we are searching
for the value
kD) .= argmin Var(C(i)).
i€{no,...,n1}

Of course, the variance of C'(i) (and consequently the number l%ﬁfe”) is un-

known in practice. We propose the following method to obtain an esti-
mator of ki), Let a € (0,1) and denote by |-| the floor function. For
i € {no,...,n1}, the variance of C(7) is estimated by the local estimator

2

Cull) = s 3 (€O = 1oy 3 €O

JEV(9) eV (3)

where V(i) C {ng,...,n1} is the set of the | na| nearest neighbors of 7. Finally,
for a given n > 0, we propose to take the following number of nearest neighbors:

ke .= min{i € {ng,...,m}; Var(C,(3)) < n}, (6)

with the convention min{()} = ng. Note that when n = 0, D is the ar-

gument of the minimum of the sequence {Cy(ng),...,Cn(n1)}. The role of
7 is to obtain a value of l;:,(fd) less sensitive to the fluctuations of the se-
quence {C’n (ng), ... ,C’n(nl)}. To sum up, the setting parameters required to
compute (6) are: the integers ng and n; delimiting the searching region for
the value of k,,, the value of a to compute the local estimator of the vari-
ance and the value of 7. In all what follows, these parameters are fixed to
ng = [0.05n/p|, n1 = 200, a = 0.006 and 7n to the first quartile of the se-
quence {Cp(ng), ..., Cn(ni)}.

In Figure 1, one can check that for the conditional median (o, = as = 1/2)
the coverage probability obtained with the selected value of k,, is close to the
best attainable coverage probability. The choice of k;,, is much more difficult
for the extreme quantiles of level o, 1 and oy, 3.

Obtained results — The values of Py o, (de, Z0) := Py, (E(fel), de,T0), are
gathered in Table 2 for Model 1 and Table 3 for Model 2 (see also Table 1
for the definitions of the functions g(()j )).

For the conditional median («a, = 1/2), the coverage probability is quite close
to 1—+ and the accuracy of the confidence interval is not affected by the dimen-
sion p of the covariate. For a right-tail extreme quantile (a,, = 81n(n)/n), the
coverage probability is close to the nominal one when p = 1, but the precision
of the confidence interval is strongly deteriorated when p increases (for in-
stance, for p =4 and v = 0.9, the coverage probability of CI, 4, (A,(fel), de, x0)
is equal to 0.6975). As discussed before, this is an expected consequence of
the data sparsity around xg when p increases. Finally, for a left-tail extreme
quantile (o, = 1 — 81In(n)/n), the accuracy mostly depends on the function

go. For instance, the expected number of observations in the left-tail of the



conditional distribution of Y given X = x¢ is larger when g9 = g((]g) than

when gy = g(()2). This can explains the good coverage probability obtained for

go = g(()g) (and the bad one for gy = g(()Q))_

3 Dimension reduction and confidence inter-
val of large conditional quantile

As seen in the previous section, a large value of the covariate dimension (p > 4)
can seriously deteriorates the coverage probability of the confidence interval of
an extreme quantile located in the right-tail of the conditional distribution. In
this section, a dimension reduction procedure is proposed to obtain a better
probability coverage of extreme quantile with a,, — 0. Note that the procedure
described below can be easily adapted to the situation where a,, — 1.

3.1 Tail conditional independence

Without any further assumptions, the classical euclidean distance is the natu-
ral distance to use in order to select the nearest neighbors. Unfortunately, due
to the data sparsity when p is large, this distance selects observations that can
be located far away from the point of interest xg. In the literature devoted
to dimension reduction, it is commonly assumed that there exists a function
go : RP — R such that the conditional distribution of Y given X is equal to
the conditional distribution of Y given go(X). The dimension of the covariate
is thus reduced since X can be replaced by go(X). In this case, to select the
nearest neighbors, it seems preferable to use the pseudo-distance dy defined
for all (z,y) € RP x RP by do(z,y) := |go(z) — go(y)| instead of the euclidean
distance in RP. Since we are only interested in the right-tail of the conditional
distribution, we assume hereafter that Y is tail conditionally independent of X
given go(X) as defined in Gardes [8]. More specifically, we assume that

(TCI) the right endpoint of the conditional distribution of Y given X = =z
is infinite for all x € X and that there exists a function ¢, : R — R
depending on y and such that, as y — oo,

P[Y > yIX} a.s..
(X)) )

The notation “*% stands for the almost surely uniform convergence!

(see
for instance Lukacs [20] or Rambaud [22, Proposition 1]). Roughly speak-
ing under (7), inference on the extreme conditional quantile of Y given X
can be achieved only by using the information brought by the reduced covari-

ate go(X). The appropriate distance to select the nearest neighbors is thus

A stochastic process (Z,, y € R) converges almost surely uniformly to 1 as y — oo (in symbol
a.s.u.

Z, —='1) if for all € > 0, there exits A such that for all y > A, P[|Z, — 1| <¢] = 1.
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the distance dp.

Note that if there exist ¢ : R — R, ¢ # Id and gy : RP — R such that
go = ¢ o go then if gy satisfies (7) same holds for the function gg. To ensure
that go is the only function satisfying (7), we must assume that gy € G where
G is a set of functions satisfying the following property:

(P) for all g : RP — R € G, there are no functions ¢ : R — R (with ¢ # Id)
and g : RP — R € G such that g = ¢ o g.

Let u, = (1,...,1)7 € RP. A classical set satisfying (P) is the set of linear
functions given by

Ggr = {g:Rp—ﬂR; g(x) =b' be@p}, (8)

with ©,, := {b € R? with b"b =1 and b"u, > 0}. Note that this set is the one
considered in Gardes [9]. One can also consider set on non-linear functions (see
Section 3.3 for an example). Finding an appropriate distance for the selection
of nearest neighbors (in an extreme value framework) amounts to finding the
function gy satisfying (7). In Gardes [9], a method has been proposed in
the particular case of a linear function gg. Unfortunately, the procedure is
computationally expensive and can be used only for a linear function gg € Gr..

3.2 Selection of the distance

In this section, we propose a new data-driven procedure to select an appropri-
ate distance d for the selection of the nearest neighbors. As explained above,
we thus have to estimate the function gg € G satisfying (7). For H € N\ {0}
and g € G, let S14,...,8u 4 be non-overlapping intervals covering the support
of g(X). We denote by {(X(;),Yn—in),i = 0,...,n — 1} the random vectors
{(Xi,Y:), i =1,...,n} rearranged in order to have Y1, < ... <Y, ,. For a
given (3, € (0,1) with 3, — 0 as n — oo, let

LnﬁnJ_l
~ 1
Eng(Bn) = MZ. > 19X - 9 Xz ((9(Xaw)), 9(X 7)),
9 =1

with
nfn

[n8n]
Mg =Y Is, (9(X0)).
=1

The statistic E’hjg (Br) is the average distance between the observations g(X;)
with (X;,Y;) € Shyg X [Ya—|ng,)ms00). If condition (7) holds for go € G
then, for y large enough and given that Y > y, the random variable go(X)
is more likely to be observed around the local maximum points of the func-
tion ¢,. This is illustrated in Figure 2 where n independent random vectors
(X, Y:), i = 1,...,n are generated from Model 1 with gy = 982) (see Ta-
ble 1). Recall that Model 1 satisfies condition (7) with ¢,(z) = y~1/¢().
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Note that this function admits two local maxima at the points —3+v/5 and
3v/5. In the left panel of Figure 2, the histogram shows clearly that the obser-
vations {go(X;), Y; > y} are located around the two maximum points of the
function ¢,. In the right panel, we can check that this is no longer the case
replacing the function gy by another function (here g (x) = (1,...,1) T2 /V/4).
Therefore, for n large enough, the number of sets Sp g, X [Y,—|ng, | n, 00) con-
taining at least one observation is expected to be smaller than the number of
local maximum points and for these sets, Eh,go (Br) must be close to 0. We
thus propose to estimate the function gy € G satisfying (7) by

Jo := arg min Z Eh7g(ﬁn) + Acard(Juyg) ¢ » (9)
9€g hed
H,g

where A > 0, Jgg4 = {h € {1,....,H}; Mp, > 0} and card(Jp,) is
the number of elements in Jgg For g € G and h € {1,...,H}, we
take Sy, 4 == [éh—l,gv éhy] where éh,g is the sample quantile with corresponding
probability h/H of the sample {g(X;), i =1,...,n}. The setting parameters
of our procedure of estimation are: the sequence f,, the number H of
intervals and finally the penalty term A. In the numerical illustration below,
these parameters are set to 3, = 5/(3y/n), A =1 and H = 20.

To conclude this section, assuming that (7) holds, we propose a more theoret-
ical justification of the estimator given by (9). Before that, let us introduce
the following additional condition on the function ¢, involved in (7). In what
follows, we denote by Xj the support of go(X) where gg satisfies condition (7).

(H1) The function ¢, is continuous. Furthermore, there exist J € N\ {0}, a
collection Iy, ..., Iy of non-overlapping intervals covering Xy and yg € R,
such that for all y > yp and j € {1,...,J}, the function ¢, admits on I;
a unique local maximum point z; such that z7 is an interior point of ;.

This condition entails that for y large enough, the function ¢, admits a finite
number of local maximum points. Assuming that (H1) holds, the following
condition on the non-overlapping intervals S 4,...,Sp 4 is required.

(H2) For all g € G, there exists Hy, € N\ {0} such that for all H > H 4 and
jefl,...,J},

H
Z; S U 5;179
h=1
where I is the interior of the interval I.

Hence, under (H1) and (H2), the J local maximum points of ¢, belong to
the interior of an interval Sy, 4. A supplementary condition on the distribution
of (X,Y) is also required. Let C C X such that P(X € C) > 0. For all
y and t € (0,1), let py(:|C) be the survival function of S(y|X) given X € C

12



(py(tC) :=P[S(y|X) > t|X € C]). The associated quantile function is denoted
by Qy("C) (Qy(‘|c) = inf{t;py(t|C) < })

(H3) For all (n,d) € (0,1)2,
L ae)
y—oo Qy(dmc)
This technical condition is satisfied (under some regularity condition, see
Lemma 5) by conditional heavy-tailed distributions defined for all x € X by
S(ylz) == y~ Y@ L(y|x), where v is a positive function and for all z € X,
L(-]z) is a slowly varying function. Condition (H3) entails that the obser-
vations of go(X) given that ¥ > y and go(X) € C are located on a small
probability set (see Lemma 4). We are now in position to provide a theoreti-
cal justification of (9).

Proposition 2 Assume that there exists a function go satisfying condition (7)
and such that go(X) admits a density function fo. If there exists m > 0
such that fo(z) > m for all x € Xy, if condition (H3) holds for all
C = go_l(I) where I C Xy is an interval then, for y large enough and all
v > 0, one has under (H1) and (H2) that, introducing the set Jpy(v) =
{he{l,....H}; P(go(X) € SpglY >y) > v},

lim Z Eg(y; Sh.g0) = 0 and card(Jgy(v)) < J, (10)

Yy—00
thH,y (v)

where, for an independent copie (X*,Y™) of (X,Y), Eg,(y;Sh,g,) is equal to
E [|g0(X) = 90(X*)| [{(90(X), 90(X™)) € S}, 4} N {min(Y,Y*) > y}].

Denoting by Qy(-) := inf{y; P(Y > y) < -} the quantile function of the
distribution of Y, one can see that the statistic Eh,g (Bp) is the empirical coun-
terpart of the expectation Ey(Qy (8n); Sh,g) Where Qy (
by the order statistic Y;,_|,,, |- Moreover, M}, ,/|n3,] is an estimator of the
probability P(g(X) € S, 4|Y > Qv (Bn)). Since Qy (8,) — oo as n — oo, (10)
can be seen as a theoretical justification of (9).

Br) has been replaced

3.3 Numerical illustrations

Let (X1,Y1),...,(Xn, Ys) be n independent copies of a random vector (X,Y),
where X is a RP-valued random variable with p > 1 and Y is a R-valued ran-
dom variable. The random vector (X,Y") is distributed according to Model 1
or Model 2 (see Section 2.2). Here we focus on extreme quantiles in the
right-tail and we take a,, = oy, 3 = 81n(n)/n for the quantile level.

It can be shown that Model 1 satisfies condition (TCI) with ¢,(z) =
y~/¢G) . Of course, condition (TCI) also holds for Model 2 with ¢,(z) =
exp(—y~/€()).  In what follows, the function gy involved in Model 1
and Model 2 is taken in the set {g(()j), j = 2,...,5} (see Table 1). Note
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that the function 985) defined for all x € RP by g(()5) (x) = |(bé5))Tw2|1/2 (where
the components of 22 are the square of the components of z) is a non-linear
function of x. It belongs to the set

ONLy = {g :RP — RP; g(z) = |bT$T|1/T; be @r},

with r € N\ {0} and ©, := {b € R with b'b =1 and b"u, > 0}. Instead of
the classical euclidean distance, one could (should) use for each j € {2,...,5}
the (unknown) distance d(()j) (with d(()j)(:r, y) = |g(()j) (z) — géj)(y)|) to select the
nearest neighbors. Using this distance amounts to replace the p-dimensional
covariate X by the real-valued variable g(()j ) (X). It is thus expected to obtain
better coverage probabilities than in Section 2.2.

The first step consists in the estimation of the function g(()j ) (or equivalently
of the distance déj )) by (9). For j € {2,3,4}, the minimization is achieved
over the set G = Gy, and for j = 5, over the set G = Gy 2. The optimization
problem (9) is solved by using a coordinate search method (see Hooke and
Jeeves [16] and Appendix B for more details). The estimation of g((]j ) reduces

), Denoting by ZSLJ,ZJ this estimator, the

to the estimation of the vector b((]j
accuracy of the estimation procedure is measured by the average and the

standard deviation of the error
57(13) = (bg}] _ b(()J))T(bg%) _ b((]]))

The corresponding estimator of g(()j ) is denoted @(l] 2). For each j € {1,...,5},
the average and the standard deviation of 67(3 ) are estimated by a Monte-Carlo
procedure by replicating N' = 2 000 times the sample {(X1,Y1), ..., (Xn, Yn)}.

Next, the confidence interval defined in (3) is computed by selecting the near-
est neighbors with the estimated distance czlgj)(a:,y) = |§£L]72)(x) - E]\ﬁlj’%(yﬂ in-
stead of the euclidean distance. For a given number k of nearest neighbors,
the obtained coverage probability is denoted by p, a, (k‘,c?(()j ),.CL‘(]). When £k is
chosen by the procedure described in Section 2.2, the coverage probability is
(’k\7(i‘>’€l)7 c/lgj)

denoted ﬁ%an(c/igj ),mo) = Dy.an ,xo). This last probability is com-

pared to P q, (dgj ) , x0) which is the coverage probability obtained by using the
unknown distance d(()j)(x, y) = |g((]j) () fg(()j) (y)| in the selection of the nearest
neighbors.

The values of py q, (c%j),xo), Dr,an (d((]j),xo) and Dy a, (de, zo) are given in Ta-
bles 4 and 5. For linear functions (i.e. go € Gr), replacing the euclidean

distance by the estimated distance ci((f ) leads to a significant improvement in

the coverage probability. Note that the estimation of the function g(()5) € gnNL
is more challenging (especially in Model 1) but the obtained coverage prob-
ability remains better than the one obtained with the euclidean distance.

In Figure 3, the coverage probabilities py q, (K, de, x0), p%an(k,czéj)

,Zo) and
Dry,an (K, d(()] ), xg) are represented as a function of the number & of nearest neigh-

bors. It appears that the choice of k is really less crucial when one use the
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estimated distance ci(()j ). We can check again that the the selection of k, by
our procedure provides a confidence interval with a coverage probability close

to 7.

4 Chicago air pollution dataset

The results obtained in this paper are illustrated on the Chicago air pollution
dataset. This dataset, available on the R package NMMAPS Data Lite, gathers
the daily concentrations of different pollutants (ozone (Ogz), particular matter
with diameter smaller than 10 microns or 25 microns (PMg or PMgs), sulphur
dioxide (SOz2), nitrogen dioxide (NO2), carbon monoxide (CO), etc.) and some
meteorology and mortality variables. The data were collected in Chicago from
1987 to 2000 during n = 4841 days. This dataset has been studied by several
authors in a dimension reduction context (see for instance Scrucca [24]| and
Xia [26]) and, in an extreme value context, by Gardes [9].

We are interested in the conditional distribution of Y given X = xy where Y
corresponds to the (centered and normalized) concentration of O3 (in parts per
billion) and X is the covariate vector of dimension p = 4 corresponding to the
daily maximum concentrations of PMjp, SO2, NOy and CO. As in Gardes [9],
we assume that condition (7) holds with go € Gr. As a first step, we use (9)
to estimate the direction by such that go(z) = bj = for z € RP. The obtained
estimated vector is gn,O = (0.198, —0.155,0.963,0.093)T. Note that this es-
timated vector is quite close to the direction estimated in [9] and given by
bno := (0.175,—0.036,0.962, —0.207) T (we have (bn.o — bno) " (bpo — bno) =
0.105). As noted by Scrucca [24] or Gardes [9], the covariate NOg seems to
bring the most important information on large values of ozone concentration.
Our goal is now to construct a confidence interval with prespecified coverage
probability v = 0.9 of the conditional quantile Q(ay,|zp). Two possible situa-
tions for zg are considered:

Situation 1 — o = (2 (0.5),1'502 (0.5),33502 (0.5),25°(0.5)) T where for
7€ (0,1), zg™Mo(r) xg(b (1), on02 (1) and z§©(7) are the sample quantile of
order 1 — 7 of the (centered and normalized) daily maximum values of PMjj,
SO3, NOg and CO. This value of zq is quite close to a situation observed in
Chicago during the period 1987-2000 with moderate values of the four primary
pollutants.

Situation 2 — xg is zo = (25 1°(0.5), 25°2(0.25), 25 °2(0.05), 25°(0.05)) T
corresponding to large values for NOg and CO.

For the quantile level a,, we assume that a,, € [81ln(n)/n,641n(n)/n]. The
obtained confidence interval (with v = 0.9) are represented on Figure 4 as a
function of a,,. As already noted in Gardes [9] or Han et al. [15], very im-
portant ozone concentration is more likely to be observed when concentrations
of NOg and CO are important. As expected, one can also check that the length
of the confidence interval increases when the quantile level o, decreases.
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5 Proofs

5.1 Preliminaries results

In this section we give two useful results on Beta distribution. The probability
density function of a Beta distribution with parameters a and b is given by

F(CL + b) a—1

W$ (1- fc)bflﬂ[o,l} (z),

fbcta(x; a, b) =
where I' is the gamma function.
Lemma 1 For allm € N\ {0} and o € (0,1),

argmax fuota(;m —j +1,5) = m — [ma.
je{lv"'7m}

Furthermore, if my, € N\{0} and ay, € (0,1) are sequences such that m, — oo
and mp(an A (1 — ayp)) = 00 as n — oo, then for all sequence €, such that

1—a,
2 =0 :
mMpQin

and for o = an(l + Tey), there exist 0 < ¢1 < ca such that for n large

enough,

1 1/2
<an(an)> max sup fbeta(an,T;mn -7+ 17j) S [61702]-
mn je{lv“'vmn} Te[fl,l]

Proof — For m € N\ {0} and a € (0,1), let

m!
j =D m —j)!

It is easy to check that for all j € {1,...,m — 1},

o™ I(1—a) L.

aj = fbeta(a;m_j + 1,j) = (

aj+1  m—jl—«

a; g «
Hence, aj11/a; > 1 if and only if j < m(1 — «), proving the first part of the
Lemma. To prove the second part, we start with
- Inax sup fbeta(an,T; mp — ] + 17.7)
]e{lvvm’ﬂ} ’Te[—l,l]

= sup fbeta (an,T; Lmnan,‘rJ + 17 mnp — Lmnan,rJ) .
T€[-1,1]

In order to study the factor

mp!

(lmnan )N (mn — [mpon | — 1)V

appearing in the expression of fueta (n,7; [Mnon r| + 1, my — [Mpo £ ), we
use the Stirling’s bounds given for all r € N\ {0} by v2xr"t1/2e=" < 7l <
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7T +1/2e177 (see for instance |7, Paragraph 2.9]).
First, taking r = m,, leads to

V2rml/2HmneTmn < 1 < /2l = (11)

Next, using the Stirling’s bounds with r = [mpa, ;| yields to v2ms, <
(mponr])! < e x s, with

5 — (mnanJ)Lmnan,7J+1/2 Lmnan,TJ 1/2+ \_mnanﬂ_J
" elmnan, -]

mMp Qo r
It is easy to check that for all 7 € [—1,1],

- 1 < | mnan 7 | 1

Mmpan(l —€n) = mpan: ’

and |mpan ;| < mpan(l+¢,). As a consequence, one has for all 7 € [—1,1]
and for n large enough that,

1/24mpan(1+en) 1/2+|mpon,r |
i <(1- ; < M <1.
2e mnozn(l — En) mMnpQn, r
Note that the first inequality is due to the fact that
1 1/24mpan(l+en)
(R -
mpam (1 — ep)

since by assumption mya, — oo and &, — 0. We finally get that for n large
enough and all 7 € [—1,1],

T (mnan77)1/2+|_mn04n,rj 1/2+Lmn0¢n,7J

5 b < (mans ) <

(Mmnoum,r)
e Lmnan,TJ -1

(12)

Finally, the Stirling’s bounds applied to r = m,, — |[mpap, -] — 1 leads to
V27ty, < (mp, — |mpan -] — 1) <e xt, with

B (mn(l _ Oln,r))m"_Lm"a"’TJ_l/z My, — Lmnan,TJ 1 My — M n, 7| —1/2
noe emnftmnan,ijl mn(l — Qi T) ’

)

Remark that for all 7 € [—1,1],

1 My, — [Mpon,r| — 1

1- <1.

mn(l_an_angn) - mn(l_anT)

)

Furthermore, since by assumption

<1af€£n>2 —° (mn(laf%)) =o(1),

one has for n large enough that

1_
1—ap—apen=(1—ay) (1 Ann > > dn

C1—ay, 2
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As a consequence, we get

1 < Mn — | mpan | — 1

1 <1

C2ma (=) = ma(1— )
Since

1 mn_l_mnan,‘rj_l/2
) — e_1/2,

(“zmm—an)

we obtain the inequality

1 < (mn = |mpan -] — 1 Mn—|mnan,r]=1/2
2el/2 — mp (1 — an r)

<1

leading to

. mn,Lmnannyfl/z
\/z(mn(l anﬂ')) < (mn - Lmnan,TJ - 1)!

emn_ I_mna’n,TJ _1/2

(mn(1 —ap 7)™~ [Mnan,r]—1/2

emn_ Lmnan,rJ -2

Gathering (11), (12) and (13) yields to

S (o >>1/2

e3 an,f(l — On 7

< fbeta (an,T; Lmnan,rJ +1,m, — Lmnan,rJ)

1/2
2 <m> -
T onr(1—anzr)

Finally, since for all 7 € [-1,1], |ap +/an — 1] <&, — 0 and [(1 — ay )/ (1 —
an) — 1| <apen/(1—ap) = 0, an(l —an)/2 < an (1 —anr) < 2a,(1 —ay)
and the proof is complete by letting ¢1 := /7/2e! and ¢y := 4e. [ |

IN

Lemma 2 Let m, and a, € (0,1) be two sequences such that m, — oo and

In?(my,)

2 . _
On M (1 — ap)

n

— 0, (14)

as n — o0o. For all vy € (0,1), one has 1 < Ly(mp, an) < Ry(mn, o) < M.
Furthermore,
L—y

Fbota(an; mp — ﬁ'y(mna an) + 17 ﬁ’y(mna an)) = T +0 (5’f£) (15)

1—

and Fhega (s M — Ry (i, ) + 1, Ry (1M, @ )) = 1— T7+O (6,). (16)
Proof — Remark that since m,, — oo, condition (14) entails that m,, (an A(1—
ay,)) — oo. Hence, since the function j — Fyeta(a;my, — 7+ 1,7) is increasing
for all « € (0,1)

max Fbeta(an;n _j + 1)]) = Fbeta(an; 17mn) =1- (1 - an)mn — 17

7j=1,....mpn
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as n — oo and, using the inequality In(z) < z — 1 that holds for all z € [0, 1]

j:lnlinm Fbeta(an; n— ] + 1a]) = Fbeta(an; mnp, 1) = 04?"
= exp[my, In(ay,)] < exp[—m,(1 — ay,)] — 0.

Hence, for n large enough,

. . i 1-—
{J € {17>mn}7 Fbeta(an;mn —J + 17]) S 2,7} ?é (bv

and
' , . 1—n
J €Ll sk Fretalomsmn = +1,5) 21— =1 b 20,

This conclude the first part of the proof.
We now prove (15). The proof of (16) is similar and is thus omitted. The
definition of L. (my, o) ensures that

1—
0< Tfy - Fbeta(an; My — £7(mna an) +1, E'y(mna an)) < Dn(ﬁfy(mna an))
where D,,(my,) := 1 — Fyeta(an; 1,my,) and for j =1,...,m, — 1,
Dn(]) = Fbeta(an;mn —J,J+ 1) - Fbeta(ammn —-Jj+ 17j)-

Hence to prove (15) it suffices to show that

max Dn(j):(9<[ () ) (17)

j=1,...mp mnan(l - Oén)]l/2

First, Dy, (my) = (1 — a,,)™. Using the inequality (1 —u)¢ < exp(—£u) that
holds for all v € (0,1) and £ > 0 and the fact that 1 — «,, € (0, 1), we get that

Dy, (mp)[mpan(l —an)]?  exp(—mpon ) (myon)?

— 0,

ln(mn) ln(mn)

as n — 0o. We thus have shown that

Dy (mn) = 0 < () > . (18)

[mp (1 — O‘n)]l/2

Now, let Uy, ...,Un, be m, independent standard uniform random variables
and let Uy, < ... < Up, m, be the corresponding order statistics. It is well
known that for all j € {1,...,m,}, the order statistic Uj,y,, follows a beta
distribution with parameters j and m,, — j + 1. Hence, for all j =2,... ., m,

Dn(mn -7+ 1) = P[Ujfl,mn < an] - P[Uj,mn < an]
< PlUjm, San+ max (Ujm, — Uj-1,m,)
J=2,...mn

— P[Uj,mn S Oén].
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Let

A, = { max (Ujm, —Uj—1,m,) <2
J

[=2,...,Mn mpy

7J=2,....,mn mn

_ 1 n
and A, = { max  (Ujm, — Uj—1,m,) > 2n(m)} .

It is easy to check that

~

Dn(mn —J+ 1) < |:{Uj,mn <oap+ IznaX (Uj,mn - Ujl,mn)} N An:|
7=2,...,mp,

— PlUjm, < an]+P(4,)

< DM (mp —j+1) +P(4n), (19)
with
1) , In(my)
Dy (mp —j+1) =P |Ujm, < an+2 - — PUjm, < ol
Using the mean value theorem, for all j = 2,...,m,, there exists 6,, ; € (0,1)
such that

DO (my, — j + 1) = 220)

n

In(m ) .
Joeta (an + 2‘9n,j£nn);]amn —-J+ 1) .

n n

Under (14), the second part of Lemma 1 entails that

, In(my,)
DV (m,—ji+1)=0 . 20
P i (mn =3 +1) <[mnan(1 — an)]1/2> (20)

It remains now to deal with the probability P(A,,). Let E1,..., E,, +1 be inde-
pendent standard exponential random variables. From Rényi’s representation
theorem,

— E; In(my,)
P(A,) =P ma J > 2 n ) .
(4n) <j:27~'-?§nn Ey+.. .+ B, +1 My,

Let Th,t1:= (B1+ ...+ Emy,+1)/(my + 1). From the law of large numbers,
Trnt1 —2 1 and thus, for all € (0,1/4), there exists N, € N\ {0} such that
for all n > N, P(T},,+1 > 1 —n) = 1. As a consequence, for n > N,

A n 1)1 n

mpy
(mn + 1) ln(mn)> -~ anfl.

mny

S P <Emn_17mn_1 > 2(]‘ - 77)

Since for n € (0,1/4),

i =0 ()

P(A,) =0 <[ (1) > . (21)

My iy (1 — au)]/2

we have shown that

By gathering (18), (19), (20) and (21) we get (17) and the proof is complete.
]
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Fori=1,...,n,let V; := S(V;|X;) and Vi(mo) = S(Yi(xo)|Xl.(m°)),

Lemma 3 i) The random variables Vi,...,V, are independent standard uni-
form random variables. Furthermore, they are independent from X1,..., X,.
ii) The random variables Vl(xo), e V20 gre independent standard uniform
random variables.

Proof — i) Since the random pairs {(X;,Y;), ¢ = 1,...,n} are independent
copies of (X,Y’), the random variables Vi, ..., V,, are n independent copies of
V = S(Y|X). Now, for all ¢t € [0, 1], denoting by fx the probability density
function of X,

B(V < t) = / P(S(Y]z) < X = a] fx (x)dz = / SIQ(t]x)]a) fx (x)dr = .

and thus V is a standard uniform random variable. To prove that the random
variables V7, ..., V,, are independent form Xi,...,X,, it suffices to prove that
X and V are independent. Let A € B(RP) and t € [0, 1],

PV <ipn{X e A}] = /P[{Y > Q(t|z)} N {x € A}X = 2]fx(z)dx

= t/]IA(x)fX(m)dx =1P[X € 4],

proving the independence.
ii) Let (t1,...,ty) € [0,1]™. Let X, be the set of the permutations of {1,...,n}.
One has

PV <t} 0. n{VE) <t}

= > PH{Vowy < tr, o Vo < ta} N {1 Xy — 2ol < .. < (1 Xy — 0ll}]
UEEn

From i), since the standard uniform random variables Vi, ...,V are indepen-
dent form Xq,...,X,,
PV < b .. n{VE0) < t,)]

= Z P [Vo(l) <ti,..., Va(n) < tn] P [”XU(I) - JJOH <. = ||Xo(n) - xﬂ”]
O'EEn

= tl...tn Z P [HXU(l) —.%'(]H S S ”Xa(n) —J)()H] :tl...tn,
oEY

and the proof is complete. [ |

The next lemma is a technical result used in the proof of Proposition 2.

Lemma 4 Assume that there exists a function go satisfying condition (7).
For a given interval Iy C R such that P(X € gy*(Io)) > 0, assume that
condition (H2) holds for Co := gy *(Io) then, for all ¢ € (0,1),

P[go(X) S By7€|X € Co] <e
and  lim Plgo(X) € By [{X € G} n{Y >y} =1,
y o0

where By . == {z € Ip; @y(z) > qy(€/2|Co)}.

21



Proof of Lemma 4 — To not overload the equations, we write in the rest of
the proof py(:|Co) =: py,0(-). The corresponding quantile function is denoted
qy0(-) = inf{t; pyo(t) <-}. Note also that {X € Co} = {go(X) € Ip}.
Let us prove first that P(go(X) € Byc|go(X) € Ip) < e. We start with

P({go(X) € By} N{go(X) € Io})

. SwX)
= ({002 matem gl ).

From (7), for all § > 0, there exists yp such that for all y > yo,
S(ylX)

Lm0s X))

<143, (22)

almost surely. Hence, for y > o,

PSylX) = (1 +0)gy0(e/2)} N{X € Co})

P({g90(X) € By} N{g0(X) € Io})

P{S(y[X) = (1= 0)gyo(e/2)} N{X € Co}).

Since py o is the survival function of S(y|X) given X € Cp, we have for y > yo,
Py (1 +0)gy,0(e/2)) <Plgo(X) € Byelgo(X) € Lo] < pyo (1 = )gy0(e/2)).
Now, since (H2) holds with Cp, there exists y; such that for y > y,

4

y,0(€) <1-6and qy,0(e/4)
dy0(¢/2) 4y,0(¢/2)

Hence, gy 0(¢) < (1—6)gy,0(¢/2) and by applying the non-increasing and right-

<
<

>1+409.

continuous function py o, one has that € > p, o ((1 + 9)gy,0(¢/2)). In the same
way, €/4 < pyo ((140)gy0(¢/2)). As a consequence, for y > max(yo, y1),

5/4 < P[QO(X) € By,€|90(X) € IO] <eg,

proving the first part of the lemma. Now, let us prove that m,(¢) := P(go(X) €
By:{g90(X) € Ip} N{Y > y}) converges to 1 as y — oo. It suffices to prove
that 7, (e) /7Ty (e) — 00 as y — oo where Ty(e) = 1 — my(e). First, denoting by
Bge = Iy \ By the complement of the set By . in Iy,

[ = L T T r)ax
) = BT T ST [ s () Sl fx )

Using (22) and the fact that ¢, (go(x)) < gy0(e/2) for g(x) € Bge, one has for

y > max(yo, y1) that

_ (1+0)(1—¢/4)
) S By S ylae(X) € 1) 407

Next using similar arguments and the fact that B, .o C By,

1
W) 2 B g (oK €T Jy e O S0 )
(1-46)e/8
B > glao(X) € 1) /Y
The proof is then complete by using condition (H2). [
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In the next result, we prove that the technical condition (H2) is satisfied for
conditional heavy-tailed distributions.

Lemma 5 Let us consider the random vector (X,Y') such that for y > 0 and
r e X CRP, S(ylz) =y~ /"@ L(y, ), where vy is a positive function defined
on X and for all x € X, L(-|x) is a slowly varying function. Let C C X
with P(X € C) > 0. If the cumulative distribution of v(X) given X € C is

continuous and if
: In L(y, )
lim sup ———————=
y=oogec  Iny

then condition (H2) holds.

=0 (23)

Proof of Lemma 5 — For all y and ¢ € (0,1), let us introduce the set
Ay(t) :={x € X;S(y|z) > t}. One has

—1
Ay(t) = {xeX; v(z) > ( Int Jrhlﬁ(m) }

7@ Iny

Condition (23) entails that for all § > 0, there exists y;s such that for all y > ys,
A, (t) € Ay(t) C Af(t) with

-1
A;t(t) = {x eX; y(z) > (_111125 :|:5> }

ny

Hence, denoting by G the survival function of (X)) given that X € C, one has

for all y and t € (0,1)
Int ! Int !
_nrt id : 24
G[( Iny 5) < lny+6> ] )
Let G be the generalized inverse of G. For (n,d) € (0,1)2, replacing ¢ by
y~YET =0 i the first inequality leads to py(y_l/Ge(d”)_‘s\C) > dn. Apply-
ing the function g,(-|C) (the inverse of p,(-|C)) conducts us to the inequality

<p(tle) <@

y~ Y G (A6 < qy(dn|C). Similarly, using the second inequality in (24), one
has for € (0,1) that y~/¢ M+ > ¢ (y|C). Gathering these inequalities
yields

gy (dn|C) < /G () =1/G () +20.

a(niC) —

This inequality is true for all § > 0. Since G is continuous, one can take

<0< (am o)

to conclude the proof. [
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5.2 Proofs of main results
Proof of Theorem 1 — Using the notations introduced in Lemma 3, we start

with

PYT) < Q(anlzo)] = P

kn
Z H(Q(an\wo),oo)(yi(m)) <kn—j
=1

kn
= (T0)y < _ s
F [; ]I(—oo,S[Q(anlroﬂXi(zO)])(VZ ) <k, ]]

Let g, := w1/2(an, hp;xo). Since for all i = 1,..., ky,
an(1 = £n) < S[Q(an0)| X)) < (1 + ),

one has that

kn
P lzﬂ(_m,anum»m““’) < ko = j] < PY5) < Q(anlro))
=1

kn
S P [Z H(—oo,an(lfsn))(‘/;(x())) S kn - ]] .
=1

Remarking that from Lemma 3, ii)

kn
P [Z H(_oo,an(lign))(vi(ﬂco)) <k, — j] = P [V,C(:E)ﬂl’kn > an(ltey)
=1
= Fbeta(an(l + En); kyn — Jj+ 17j)7

where for all @ > 0 and b > 0, Fpeta(-;a,b) = 1 — Fpeta(+; a,b), one has

Fretalon(1+en)ikn —j+1,5) < P < Q(anlzo))
S Fbeta(an(l - 5n); kn - ] + 1a])
Using the mean value theorem, for all j = 1,..., k,, there exists Tr(l;) € (0,1)
and Tr(;j) € (0,1) such that

R () 0) <PV < Qam|z0)] — Freta(an; kn — j +1,5) < Ra(7} 1 20),

Tl,j ’ n7j )

where Rn(TT(:;-); xo) = qianenfbeta(an(liﬂ%)en; kn—j+1,j). Hence, Lemma 1

leads to

P[Yj,kn < Q(an|z0)] = Fretalan; bn —j+1,7) + O | en ’

1—oa,

uniformly on j =1,..., k,. We conclude the proof by applying Lemma 2 with
my, = k. []
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Proof of Proposition 1 — Let

Z [(—o0,hn) (de(Xi, 70))
=1

be the number of covariates in the ball of center zg and radius h, =
(2k,/[nfx(x0)])"/P. To prove Proposition 1, it suffices to show that for n large
enough, P[N,, > k,] = 1. From [5, Corollary 2.1] (see also [13, Lemma 2|),
since nhh /[Inlnn] — oo, one as N, /(nh}) L5 fx(xg). Hence, for n large

enough,
Nn _ fx(z0)
Pl— >——| =1.
[nhﬁ Z
The end of the proof is straightforward. [ |

Proof of Proposition 2 — Let j € {1,...,J} where J is defined in condi-
tion (H1). The first step of the proof consists in showing that

Tim By (3 1) = 0. (25)

Let us introduce the following measurable sets: A, := {Y > y}; A} := {Y* >
y}; Bj == {go(X) € I;} and B} = {go(X™) € I;}, where (X*,Y™) is an
independent copie of (X,Y). For all ¢ > 0, let By, = {2 € I;; ¢,(2) >
qy(£/2|C;)} where C; = gy ' (I;). Finally, let B; e := {go(X) € By.}. Before
proving (25), let us give some results on the previous defined sets. From

Lemma 4,

P[Bje|Bj] <, (26)

and
yli{go P[B]’,dlgj N .Ay] = 1. (27)

Since on I;, ¢, admits a unique maximum point z;f in the interior of I, B, .
is an interval included in J; and containing z7. Since fo(z) > m for all z € Ap,
conditions (26) conducts to

m X I(Bye) < / fo(z)dx < eP(B;).
By.e

As a consequence,

P [|go<X> <

Bjye} =1 (28)

We are now in position to prove (25). For y € R,

Ellgo(X) = 9o(X™)[I5;n5:n4,n4;]
[P(A, N B;)]? ’

Remarking that |go(X) — go(X™)| = go(X) + go(X™*) — 2min(go(X), go(X™)),
one has

Eyg, (y; Ij) =

2

Ey, (v Ij) = W [Tl,y - T2,y] ) (29)
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where 11, := P(B; N Ay)E[go(X)I5;n4,] and

Ty := E[min(go(X), 90(X ™))L, nB:n.4,n4;]-
Let us first focus on the term T4 ,. We start with

Ty = P(B; N Ay) [E(0(X)Ts, ca,) + Elgo(X)Ts, s, )]

where Bj ¢ = I; \ Bj . From (28), and since B; e C By,

eP(B;)

E(QO(X)HBjyeﬁAy) S <Z; + ) ]P)(B]’e N Ay)

IP) .
< B A (7Bl 04+ )

From (27), for all € > 0, there exists y1,. € R such that for all y > yi.,
1 —e¢ <P[Be|BjNA,] <1+e. Furthermore, since By, . is a closed interval,
there exists ¢; > 0 such that |2}| < ¢; and thus, 2P(Bje|B;NAy) < 27 +ec;.
Hence,

. eP(B,;
E(g0(X)IB; cna,) < P(B;NAy) (zj + ecj + T(nj)> . (30)
Moreover, for all y > y1 .

E(QO(X)]IBjygmAy) < CjP[Bj,¢ NAy] = ¢;P[B; N Ay]P[Bj,gé‘Bj NAy]
< cde’[Bj N .Ay] (31)

Gathering (30) and (31) yield to

Ty, < [P(B; N Ay)] [z}‘ te <2cj + Mj”)] (32)

for all y > y1.. Let us now focus on the term 75,. We start with the

decomposition Ts , = T: 2(1; + 2T2(?y) + TQ(:;) where

1 M. % ]
T3 = E |min(go(X). 90 (X*)s, s .y |

2 T 1
TQ(y) =K |min(go(X), 90(X™))s; c 57 ,na,nay | 5

and

T{) = E [min(g0(X), 90(X")Is, ;8 04,045 | -

First, from (28) and since Bj ¢ C B,

T ( - W) B(Bje N AP

v

m

AV

. eP(B;
P 0 A2 (5Pl 4) - 02 ).
Using the same arguments than those leading to (30), we obtain

78 > [P(B; N A,))? (Z e, — 5P(Bj)> _ (33)

J m
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Now, using (26), one has for y > y1 .,

Tgfg > —¢P(Bje NA)P(B, N A)
= —¢[P(B; N AY)PP(B)c|B; N Ay)P(B; ¢|B; N Ay)
> cie[P(B; N A2, (34)

Finally, from (28), one has for y > y; «

T > —¢;[P(Bjc N A))* > —¢;e’[P(B; N A,)] (35)

Collecting (33), (34) and (35) yield to

PB))

Ta,y > [P(B; N Ay)]? (z;‘ - +ecj + cj52> . (36)

for all e > 0 and y > y; .. Gathering (29), (32) and (36) conduct to

P(B;
Eg(y; 1) < 2¢ (cj +2 (m]) _ cjs> ,

proving (25 since € can be chosen arbitrarily small.
Now, conditions (H1) and (H2) entail that there exist hj, ..., h% such that for
all j e {1,...,J}, z € Shj,go C I;. Furthermore, taking

< i P(go(X) € Sp= g, ),
es  mim (90(X) € Shx.g0)

conditions (26) and (27) entail that for all v > 0, there exists yo € R such that
for all y > yo and h ¢ {h},..., Y%},
P(g0(X) € Sh,goAy) < v,

showing that card(Jm,(v)) < J. Finally, mimicking the proof of (25), it is
easy to check that for all h € {h],...,h%} D Tuy(v), Eg(y; Shg,) — 0 as
1y — 00, concluding the proof. [ |
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Appendix A: Tables and figures

Table 1: Expressions of the functions g(()j ) used in the numerical illustrations. Recall

that € RP and that the components of 22 are the square of the components of .

il W@ || by | Set G |
1 ) T 1 1 G

2 UK 2 (1,2)//5 G

3 )Tz |4 (0,1,2,0)/v5 G

4 UK 81(0,1,2,0,0,0,1,1)/vV7 | Gy

51 (b67)Ta@|12 | 4 (1,0,0,1)/v2 | Gwie
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Table 2:

Values of the coverage probability for Model 1.

p| 7 90(%) | Dy,an(de, o) | Pyan(de; To) | Pryan(de, To)
Qn 1 &%) an3
1109 [¢"@) | 03130 0.8770 0.9125
11095 | g7(x) | 0.330 0.9320 0.9410
2109 | ¢P(x) | 0.0900 0.8700 0.8040
21095 | g?(x) | 0.1265 0.9385 0.8530
1109 [ ¢ ] 08675 0.7865 0.6265
41095 | ¢P(x)| 09110 0.8670 0.6975
8109 |g”x)| 07045 0.9115 0.5215
81095 | ¢(x) | 0.7330 0.9550 0.6095
Table 3: Values of the coverage probability for Model 2.
Pl 90(2) | Dy.an(de, T0) | Pyan(de; T0o) | Pyan (de, 7o)
Qn 1 Q2 n,3
1109 [¢@ | 09300 0.9270 0.9350
11095 | V()| 09525 0.9640 0.9630
2109 | ¢P(x)] 07140 0.9280 0.8310
21095 | g?(x) | 0.7985 0.9630 0.8930
4] 09 | @) | 0.2885 0.9245 0.6430
41095 | g¥(@) | 0.3565 0.9640 0.7200
8109 [P | 03070 0.8805 0.6230
81095 ¢"x)| 0.3785 0.9400 0.7190
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Table 4: Reduction of dimension for Model 1 with a,, = v, 3 = 81n(n)/n.

) E(5:) _ ) S -
P 9 (m) (Sd(dﬁbj))) Y Py,an (do ) CL'O) Py,an (dO ) xO) DPy,an (deﬂ xO)
9 g(g) (z) 0.0163 0.9 0.8805 0.9255 0.8040
0 (0.0233) | 0.95 0.9210 0.9550 0.8530
4 9(3)($) 0.0265 0.9 0.8665 0.9235 0.6225
0 (0.0235) | 0.95 0.9060 0.9510 0.6975
4| O | 0100 [ 0007965 0.8910 0.2470
0 (0.0905) | 0.95 0.8370 0.9065 0.2990
g 9(4)(:[) 0.0595 0.9 0.8895 0.9345 0.5215
0 (0.0412) | 0.95 0.9260 0.9615 0.6095

Table 5: Reduction of dimension for Model 2 with a,, = a,, 3 = 81In(n)/n.

) E(5Y) . () . @) ~
P g5 (x) (s(69) Y| Dran (A5, 70) | Pryon (dg” 5 20) | Drysan (e, o)
9 g(()2)(x) 0.0113 0.9 0.9205 0.9275 0.8310
(0.0161) | 0.95 0.9445 0.9530 0.8930
4 g(()g)(x) 0.0213 0.9 0.8910 0.9280 0.6430
(0.0189) | 0.95 0.9310 0.9515 0.7200
4 g(5)(x) 0.0869 0.9 0.8550 0.8820 0.4940
0 (0.0793) | 0.95 0.8840 0.9030 0.5775
3 g(4)(:C) 0.0763 0.9 0.9025 0.9385 0.6230
0 (0.1918) | 0.95 0.9270 0.9615 0.7190
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Figure 1: For Model 1 with v = 0.1, values of p, o, (k,,d., ) as a function of k,,
with a,, = 1 —81In(n)/n (left panels), o, = 1/2 (middle panels) and «,, = 81n(n)/n
(right panels). Top panels: gy = gél) (p = 1), center panels: gy = g((f) (p = 2),
bottom panels: gy = gég) (p = 4). The horizontal full line is the prespecified
coverage probability (7 = 0.9) and the dashed horizontal line represents the coverage

probability obtained with the selected value k.
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Figure 2: Histogram of the observations of go(X) (left panel) and g, (X) (right panel)
given that Y > y with y = 10 000.
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Figure 3: For Model 1 with v = 0.1, values of the coverage probabilities as
a function of k, with o, = 8In(n)/n. Full line: p,,,(ky,de, z0), dashed line:
p%an(kn,cféj),xo) and dotted line p%an(kn,déj),xo). Top panels: gy = g(()z) (p = 2)
and g = gi (p = 4), bottom panels: gy = g5 (p = 8) and gy = ¢ (p = 4).
The horizontal full line is the prespecified coverage probability (v = 0.9) and the

dashed horizontal line represents the coverage probability obtained with the selected
value ki,
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Figure 4: Confidence intervals of Q(cln(n)/n|zy) with prespecified coverage prob-
ability of v = 0.9 as a function of ¢ € [8,64]: full lines, situation 1, dashed lines,
situation 2.
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Appendix B: Coordinate search method

We present here the coordinate search algorithm to solve the minimization
problem:

in ®
min &(z),

where @ : R” — R can be any complicated function. Let D := [I,,—I,] be
the p x 2p matrix where I, is the p x p identity matrix. For ¢ € {1,...,2p},
we denote by D; the ith column of D.

Initialization — Let xj € RP be an initial guess of the solution. The setting
parameters of the algorithm are: oy > 0, 0 < oy < g and ¢ € (0,1). Let
ke N.

Step £k — If ar < oz then STOP. Else,
o if
O(z;) < min P (2} + apD;)
2P

i=1,...,2
then z7_ ; =z} and ag1 = Cag. Go to Step k + 1.
o if
O(z;) > min O (x + apD;)

i=1,...,.2p
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then aj41 = ("o and
ry 1 = argmin{®(x); v € {z}, + . D1,..., 2} +apDop}}.

Go to Step k + 1.

This algorithm is used to solve (9). Recall that in Section 3.3, the set of
function G is a set of parametric functions with parameter b € ©,, C RP. For
any b € RP let -

u'b
RIS R
be the corresponding vector in ©,. Denoting by g; a function in G, the solution
of (9) is obtained by applying the coordinate search method to the function ®
defined for all b € R? by

®(b) == > Eg,(BniSng,) + Acard(Jug,).

JH,Qb

The setting parameters of the algorithm are fixed to ag = 5, agey = 0.05
and ¢ =1/2.
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