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In this companion document we give in the first two sections complementary information on
the experiment and on an assumption used to derived our theoretical results. In Section 3
we give all the proofs of the results appearing in the paper. Finally, in Section 4, for ped-
agogical purposes, we provide the detailed proofs in the case of spatial time-harmonizable
process.

1 Illustration of the experiment designed in order to
assess the VWM capacity

Memorize Recall Color and Orientation
— £ 1
3
Q
— \ [ /

Memory set Test

| Memorize Retain | Recall

| | Measure Error

in recall after each trial

Can the earlier EEG signal ‘predict’ the error?

6 participants x 6 sessions x 400 trials x 129 electrodes
14,400 trials x 129 electrodes

2 Remark on the conditions (L) of Section 3.3

In Section 3.3 we assume the condition (L) on the spectrum. It could be replaced by a
condition on the covariance:

(LC) There exists a function C : [0,1]® x Z* — R which is Lipschitz-continuous with
respect to the space and the time components uniformly on the frequency components,
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"Denes Scuzs and Lincoln Colling are funded by James S. McDonnell Foundation 21st Century Science
Initiative in Understanding Human Cognition (grant number 220020370; received by Denes Scuzs).



that is there exists some constant L > 0 such that for each uy,u,,us,u,, € [0, 1],
71,72 € [0,1] and each ki, ke € Z,

‘07'177'2721&2<k17 ko) — 07'3,74@3,g4(k17 k2)‘ < L(lm — 7| + 12— 7al + [Juy — sl + [Jug — wyl])
(1)
and there exists some constant () > 0 such that

Q

CLAN (1) + Ky ty + ko) — Ciy 5,5, (K1, K2) | < 5.5,

81,82

(2)

for any K1,k = 0,%£1,...,£N, where s; = (8;1,8i2), 8, = (s,-71/51,si72/5’2),2§; =
t,/T,i=1,2.

N fixed or going to oo with some rate.

3 Proofs for the location dependent time-varying case

We start with properties of the kernel that are used later in the document to prove prop-
erties of our estimators.

Let us recall that the kernel w(-) is bounded and piecewise Lipschitz and supp(w(-) C
[—1,1]. Thus, there are k = k,, € N, 0 = uy < - -+ < uy, such that w(-) is Lipschitz on each
interval (u;,u;41). This includes the rectangular kernel, as well as the triangular kernel.

3.1
Lemma 1 (1). For S=1,2,...

S
1 u—s/S 1

uniformly with respect to u such that h < u <1 — h.

Proof. Notice that

e (S50) - [ (55 S o (5) o (7))

w



Note that for h <u<1-—h

Next for each v, (s —1)/S <v < s/S

1 u—s/SY u=v\| o 1
s\ h Y\ )| = e

except for a finite number of s that is bounded by k,, (which is defined above Lemma 1)
and which does not depend on u and on S. In any case
1

1 u—g\ u—v <28upxw(x)_ 1
Shw( h > w( h )‘— sn C\sn2

(because h — 0). Hence

S s
1 s u—s/S u—v 1 2 sup, w(x) 1
_E — < 2 e P —
hgﬁﬁé} (w( . ) w( . ))dv_ShZ—i-k:wx 7 @) 57 )

which completes the proof. O

From Lemma 1, we deduce

> unle) = (1 e (sfm)) <1+0 (Sjm)) o <si ) Si)

uniformly with respect to h <u <1 —h, S1h?, Soh? — 0.

To get the uniformity with respect to u varying in [0, 1] x [0, 1], it suffices choose the kernel
function w(-) with a compact support which is a subset of the open interval (0, 1).

3.2 Proof of Theorem 3.1

From Lemma 2 and Lemma 3 hereafter we readily deduce Theorem 3.1.



Lemma 2. (Limit of the expectation)
Under conditions (F) and (LC), the expectation E <~T’§’N’R (wl,w2)> does not depend on

T1,72,Uq,Usy
R and converges to f(f}#;ﬁz uy, for w; = 7}’}", ki =—M,...,M —1,i=1,2, provided that
N =nM, as well as (S; + Sa)h*, Th?* — oo, n*(515.T)~" — 0 and n*(h + h),n*T~! — 0
as T,S1, 5 — oo, h,h — 0 whatever is the behaviour of n > 1.

Proof.
Let 71, T, Uy, Uy, w1, ws be fixed. From the definitions of f{}, (wi,ws), df(w;) and dj(ws), we
have

47°E <]?1R2 (w1,wz)> =E (C? (w1) (Zg (w2>)

= ZZZZWn t) W, t2)wu1(51>wu2<82>

51 S2

ti+N—-1 to+N—-1

S ) 8 )

k1=t1—N ko=to—

Note that
T,ﬁ,?‘ T,ﬁ,?‘
CES (ko) = B (X5 () X057 (3,))

does not depend on r. Recall that

N—1 —
TSN N N (N>t w<N)t
C§T t17t2 N2 Z Z ftl t2,51,89 < ](1 )7w](2 )> ( o ) <3>

Jji=—N jo=—N
This entails

Emmwﬁ4WZZZZmnmmww%w

51 S2

t1+N—-1 t2+N—-1 N-1 —

Z Z Z Z f;ii;i 5 ( J(fv),wj(év)) ei<“’ﬂ('iv)k1’w3(‘;v>k2)e—i(wlkl—w2k2z4>
1»

ki=t1—N ka=ta—N ji1=—N jo=—N

Since

Fim = Fmatlu, | S LU =l + 1m = mal + g — gl + lug —wall), ()



and there exists some constant () > 0 such that

T,S,N Q
)fl t2,51,59 whw?) - fi'1,i.2,§1,§2 (w17w2)‘ S 5152T7 (6)

we have

T,8,N (N) (N) (N) 1
fk1 k2,51,89 (le 7wj2 > fk’l k23152(w]1 ’ ]2 )+O(5152T)

_ (V) (V) 1 N
- le’TMlﬂg(w]1 , Wi, ) + 0 <5152T) + O(h) + O(h) + O(T)

for |7, —t;| <A, [t; — ki| < N and |lu; — 5,|| < h, i = 1,2. Hence

<f12 w1, Wa ) ZZZZWn 1) W, (t2)wa, (81)wu, (S2)

81 82

t1+N—-1 to+N—-1 N-1 — ) 1
Z Z Z Z (f"'17'2“1“2 Jl ’ Jz >+O(5152T)

k1 t1—N ka=ta—N j1=—N jo=—N

(N)

L Oh) + O + 0(%)) (=) i (o)) )

- (olim)) (o) (o))
< (Frmsmtonin) + o (0 (g7 ) 0 +om+o(3)))

Above we used the fact that for & # 0

Then we can refine Lemma 2 stating the rate of convergence.

Corollary 1. (Rate of convergence the expectation)
Under conditions (F) and (L),

Jim VR (B (FEE00, (0162) = Frmn(@1.02)) = 0
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for’cuZ = 75\’/“[, ki=—M,...,.M —1,i=1,2, provided that N = nM, as well as R(S{* +
SyHh™4, RT~2h~*, Rn*(S15,T) 2, Rn*(h?+h?), RnST~% — 0, as T, Sy, Sy — o0, h,h — 0,
mdependently of the behavior of n > 1.

Lemma 3. Assume that the mizing and boundedness assumptions (M) and (B) are satis-
fied. Then,
c N4

Var (.E]E (w1,w2)> <
for all wy,wy € [—m,w|. Here ¢ does not depend on R, T,S, N, Ty, To, Uy Uy, wr, ws.
Proof. First

R

R
Var (E% (w1,w2)> = % Z Z Cov <1A:£12(w1,w2)7 f{é(wbwz)) )
r ro=1

1=1

From (M) and (B) we have

167 |Cov (Iy(wn,wa), Ih(wn,w2) )| = |Cov (&7 () d5' (). (1) 5 (w2) )|

ZZZZZZZZWn t )W, (t2) Wy (83) W, (£4)

81 8y 83 84

qul (51)wu (32)wu3 (33)wu (84)

_ N—1 _
xTSr TS 5 T.Sr2 xT.S,r2
x Z Z Z Z ‘COV< kitts Xhotts > Xk +ts Xk4+t4)

ki=—N ka=—N k3=—N k4=—N

< ¢ ZZZZZZZZWH tl [p) tZ)W'rg(tS)Wm(tél)

t1 to ts tq e Sy S3 84

X Wy, (81)Wa, (85) W, (83) W, (84) N F (fri — ).

Then
N | B R
Var <f1]?2 (w1, ws) > < ZZCN%/“”S (|r1 — m2|)
ri=1ro=1
cNt &2 K\ 2
<o (1-3) k00,
k=—R+1
The lemma is proved. ]



3.3 Proof of Lemma 3.1
Proof.

R*Cov <f1 (w1, wa) , fiffy (w3, wa ) Z Z Cov (Kf oy W w2), T2 (W37W4)>

ri=1ro=1

R R
1 T (Y T (o) T2 () 72
= o 0 D Cov (@ () (o) 5 () () )
ri=1ro=1
Moreover,

Cov (@7 (wn) ' (w2), &5 (w) d5* (w)) = E (&7 () &5 ()5 () (1))
B (& (@) &5 (w2)) B (df () ().

Using the fact that observations are Gaussian we obtain

Cov (7 (w) d5' (wa), d5* (wn) d (1)) = E (&5 () &5’ () ) B (5 (w2)d}* )

FE (7 (@) d (1)) B (&5 (@) (w0)).

Additionally, because of the finite number M of Fourier frequencies and the fact that we
choose N =nM.

E (2{3‘1 (w1) &2 (w3)>
= Z Z Z Z W () Wy (t3)wy, (81w, (53)

t1 ts3 S S3

t1+N—1 t3+N-—-1

X Z Z Cg;g;‘l ,T2 k k ) 77, wlkl wgk)g)

ki=t1—N ks=t3—

—ZZZmemu%m%@

5, 83

t1+N—1 t3+N—-1 N-1 -
1+ 3+ ™)

Z Z Z Z ’ZliJTng13< ](fv)7w](;\f)> (wh *w1>k1efi<wgv>,o.)3>k3'

k’l t1—N ks=t3—N j1=—N jz=—N



Under condition (LR) we have

»T'1,72 71,72 ]‘ N
f/z;?;g S1, 52< Jl7wj2) = le,’TQ,yl7H2(wjl7wj2) + O (SlsQT) + O(h> + O(ﬁ) + O(T)

We get that
E (&' (w1) 7 (ws)
- Z Z Z Z WT1 tl T3 t3 Wy, (Sl)wu3<53>

51 83

t1i+N—-1 t3+N—-1 N-1 — 1
T, (N) (N)
m Y S Y Y (e o (oh)

k1 t1—N kz=tz3—N j1i=—N js=—N

«+Ow»+ow»+o(g))g@ftwy%ﬂ@gumya

= 220 2 Wl W), (1) (53

51 83

1,72 2 1 E
- ( T1,T3,0y U3 (Wi, w3) + N (O (5152T +0(h)+0(h) +0 T

= (1+o(sm)) (+olsm) (+olaiw))
< (Ftaane + 82 (0 (g ) w0+ om + (7)) ),

where w; and ws are Fourier frequencies.




Under (SR) we get
R R _ N
SO E (A (@) i (ws)) x B (5 (w2)di? (i)
ri=1rs=1

- (+0(sim) (eolsm)) (olmm))

R—-1

x Y (R—IK])

——R+t1

y (fmulu (wr,w3) + N2 ((9 (S; )+(9(h)+(9(h)+(9<¥

)
« ( o () + N (0 (sécr) +O(h) +O(h) + o(%))) |

This ends the proof. m

3.4 Proof of Theorem 3.2

Theorem 3.2 is a direct consequence of application of the Cramér-Wold device to the
univariate asymptotic normality result that we deduce from the Corollary 1 and from the
Proposition 1 proved below.

Proposition 1.
Assume that the time-spatial random arrays {Xtﬁ’r t=0,...,T,r= R} R >0,

are Gaussian (condition (GR)), stationary with respect to r (condztzon (SR)) and satisfy
condition (M) as well as

tsigEqu(g)!H%) < oo and Zax(k)‘s/(%“a) < 0

for some & > 0. Then under the assumptions of Lemma 3.1, we have
I%i_{foloﬁ (\/ﬁ (ﬂl,{Z(wla wy) — B (fll,%z(wl, w2)))) =N (0,%,),

. . . (w17w2) . . . . .
for any Fourier frequencies wy,wo. Here Yo = EH,TMI uy U the limit variance (2x 2)-matriz.
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Proof. To prove the convergence in distribution of the two-dimensional random vector
VR <JT2 (w1, w2) — E (ffz (w17w2)>>

we use Cramér-Rao device. We show the asymptotic normality of VR (nz — E (nr)), where
Cr = aRfT, (Wi, ws) + @S (Wi, ws)

for all real numbers a; and ay. For the sake of simplicity, we take a; = 1 and as = 0. Thus,

Cr = RfL, (w1, w2) ZWRm

where the triangular random array Wg, = (27) 2R <E§ (w1) 5 (wg)), forr =1,... R,
R =1,2,.... Recall that 7', S, h and h depend on R, and 71,72, u;, U,, w1, and wy are
fixed. As in Proposition 2 to get the asymptotic normality of vR ((gr — F (Cg)), we use
Theorem 3.3.1 from Guyon (1995) and hence we verify if the following conditions hold:

i) limsu RL o (K)Y ) < o
( ) Pr—c Zkf R+1 OWg )

(ili) +Var (Zil WR,T) — 0% as R — oo, where 02 is the (1,1)-component of the vari-
ance 2 X 2-matrix X,.

Since
1 ti+N—1
7 S, —iwk;
A (W) = D> Waltdw(s)—= Y, X7 (s) e ™™,
ti S; Nki:ti,N

and N is fixed, the condition (i) is a direct consequence of Cauchy-Schwarz inequality,
4426
) < oo. Fur-

thermore, for each R we have that ayw, (k) < ax(k) and hence the condition (ii) is a
consequence of the hypothesis >, ax(k)/#*9 < co. Finally, condition (iii) is obtained
from Lemma 3.1. []

the triangle inequality for metric and the hypothesis sup, ; zp E (‘th’r (s)

11



Theorem 1 (Asymptotic normality).
Assume that the time-spatial random arrays {X?r t=0,...,T\r=1,... ,R}, R >1,

are Gaussian (condition (GR)), stationary with respect to r (condition (SR)). Assume also
Assume that conditions (LR), (F) and (M) are satisfied as well as the conditions

supE <|X§(§)‘4+26) < oo and Zax(k)‘s/(%‘s) < 00
t,8,8 L

for some 6 > 0, and

k
Z Tj’Tj/vﬂjaﬁjl(wj’wj/) < 00.
keZ
Then
1 FR w1,w
ngroloﬁ <\/§ < T1:T2,Uy Uy (wl’ WQ) B levT%ﬂlvHQ <w17 w2)>) - NQ (07 25'1,17'2,2;1@2> )
for any Fourier frequencies w; = 27er1-7 ki = —M,...,M — 1, provided that R(Sl_z 4

Sy Hh™4, RT2h~*, Rn?(S18,T)~Y, Rn?(h + h), Rn*T~' — 0 as R,T,S,,S, — oo and
h,h — 0, whatever is the behaviour of N =nM, n > 1.

Proof. Theorem is a direct consequence of Corollary 1 and Proposition 1. O

3.5 Proof of Corollary 3.1

Proof. We apply the delta method (see e.g. van der Vaart (1998)) with the function ¢ :
2 2
((0,00] x R)? x R? — R defined by ¢(z1,y1, T2, Y3, T3, y3) := 2% Indeed,

r1x2

SN, (wnsn) = 0 (F750)

where
/
/ / /
T.5,N.R _ ¢T,.S,R ¢T,S,R ¢T,S,R
f - (('fulvul (wly W1)> ) (fy2132 (Wg, Wz)) ) <fﬂlvﬂ2 (wla w2)> ) .

Notice that as complex numbers, Z_ ’%jR (wj,wj) =R ;Tj ’%jR (wj,w;) are real and non nega-
tive.
Since the gradient of the function ¢ is equal to
—2(z5+43) | —2ai+yd) o 2w 25\
w2ry T 2 I F P

V¢($1, Y1, T2, Y2, X3, 93) = (

the convergence result given by the Corollary 3.1 is a direct consequence of Theorem 3.1
in van der Vaart (1998) and of Theorem 1. O
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3.6 Proof of Theorem 3.2

Hereafter we state the bootstrap consistency and its multivariate version which are direct
application of Theorem 3.2 from Lahiri (2003).

+T.5.R .
We present first the notation for the multidimensional counterparts of f and its ex-
pected value. By P* and E* we denote the conditional probability and conditional expec-
tation given the sample. Let

~xT,5,N,R #xT,S,N,R e+, T,S,N,R '
‘f = (f:llﬂglaﬁllvﬂgl (wll’ (A)Ql) [ 7f:1rﬂ€'mﬂ1r722r (UJlr, WQT)

and

« /75 TS,N,R «( f+T.5,N,R * ( fxT,S,N,R '
E (f ) - (E (f71177517ﬂ117ﬂ21(w11’w21))’ T ’E (lervgrvﬂnvﬁzr(wlr’er))) '

: 7+ T,8,N,R F+T.8,N,R
Note that the bootstrap versions fm’al&n&m (Wi1,Wa1) -« -y meTEr,gmugr (w1, wo,) are con-

structed using the same bootstrap blocks (see step 2 of the CBB algorithm).
Theorem 2. Under assumptions of Theorem 3.2 and assuming that b=' + R7'b = o(1) the
CBB is consistent i.e.,

P* (\/E (ff,’zR (w1, w2) — E* (ff,’f(whw))) < f)

sup
z€R?

-P (\/ﬁ (ffg (wr,wa) — E(f&(wl,wz)» < :E)‘ 250 as R— 0.
Theorem 3. Under conditions of Theorem 2

P <\/E (i*,T,ﬁ,N,R o (}*,T,ﬁ,N,R)> < x)

_p (@(}T’E’N’R—f) gx)’ 250 as R — 0.

sup
xeR2"

By P* and E* we denote the conditional probability and conditional expectation given the
sample.
Then the Theorem 3.2 is an almost direct application of Theorem 4.1 in Lahiri (2003) for

the smooth function ¢(x1,y1, x2, Y3, 3,y3) = % and the sequence

1/(27T)2J£§’N’T (wi) da®™" (wy),7 = 1,..., R. We should just be aware that the mentioned
Theorem cannot be applied directly and requires a small adjustment. Indeed, Lahiri (2003)
assumes that the considered estimator is unbiased. In our problem this condition does not

hold (see equation 4 in the proof the Lemma 3.2 in the companion document), but one can
easily show that Theorem 4.1 holds in our problem.

13



4 Connectivity graphs

Estimated functional connections between o and [ frequency bands associated to poor
VWM results (left-side graph), to good VWM results (right-side graph). Blue lines corre-
spond to coherence values in [0.3,0.7); Red lines correspond to coherence values in [0.7, 1].
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set stays on screen ; time (in s), 0.002 ; left comp_1; right comp_2

i
w
%

IR
\‘]",;;\9

set stays on screen ; time (in s), 0.062 ; left comp_1; right comp_2

IR
\\ | ‘Mp ’/l/]
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e
="
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set stays on screen ; time (in's), 0.122 ; left comp_1; right comp_2

set stays on screen ; time (in s), 0.182 ; left comp_1; right comp_2
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set stays on screen ; time (in's), 0.242 ; left comp_1; right comp_2
I I

set stays on screen ; time (in s), 0.302 ; left comp_1; right comp_2

X
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set stays on screen ; time (in s), 0.362 ; left comp_1; right comp_2
I I

set stays on screen ; time (in s), 0.422 ; left comp_1; right comp_2

X
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5 Location dependent case

In this section, we define the spatial Loeve spectrum and an estimation procedure which
smooths dual-frequency periodograms over the space using tensor kernels. This allows for
estimation of the spatial dual-frequency coherence.

Let {X%} - {Xf,t € Z} = {X}@),t eZse{l,... .S} x{1,... ,52}},§ = (S1,8,) €
{1,...} x{1,...}, be a family of time-harmonizable spatial (location-dependent) processes

X5 (s) = / e dzS (),

—T

such that
Cov (del (w1), de2 (@)) = 12 (wy,ws) dwidws,

ESRED)

where fflé2 (w1,ws) is the location-dependent Loeve spectrum. We observe the process

th (s) for t = 1,...,T in S; x 9 different locations, i.e. s; and sy can take S; and S
different values, respectively: s; =1,...,S; for ¢ =1, 2.

Notice that the condition for time-harmonizability and existence of a two-dimensional spec-
tral density for second order spatial random processes is of the form

‘ 51,5 1,t2 < 00,

(tl,tg GZQ

where C'f 5, (t1,12) designes the covariance between x2 ~(s;) and Xt%(§2). Then the Loeve
spectrum is a continuous function and coincides with

S —i(wit1 —wats)
5 s, (W1, W2) g 81 s, (tita) e .
(tl,t2)€Z2
We observe the time series on [0, 7] and hence we are going to estimate
1 )
+,8 R S —i(w1t1 —wata)
S1.89 ((.4.)1,6&.)2) = _47T2 Z C§17§2 (tl,tg) e .

(t1,t2)EN?

Then for t1,12 > 0

+7, i(w1t1—wata)
51,32 (t1,t2) = / / 5 s, (wi,wa) € dwy dws.

Let C*S (t1,t2) := Cs, s, (L1, t2) for ty,t5 > 0, and C*S (t1,t2) = 0 otherwise.

19



5.1 Rescaling the space localisation

Following Gorrostieta et al. (2019) we make the assumption that f§%§2 (wy,w)) can be ap-
proximated by some function which is smooth with respect to the space components.

Notation Let 57,5 = 1,... be fixed. For s = (s1,s9) € {1,...,51} x {1,...,5} define
§ = (51,82) = (g—ll, ;—z) For u € [0,1]* denote u ~ 5 when s = (|u1S; ], [u2Ss]). Hence
s1 < S < sp+ 1 and so < upSy < s9 + 1 or equivalently § < uy < § + 1/5; and

<§2 SUQ < 82+1/SQ

(L) There exists a function f&) : [0,1]* x [-7,7)? — C, which is Lipschitz-continuous
with respect to the space components uniformly on the frequency components, that
is there exist some constant L > 0 such that for each u;,uy, us, u, € [0,1]* and each
Wiy, wq € [—m, ).

|fih, (Wi, w2) = £, (wr,w)l < L (1w — usl| + g — wyl]) (8)

and there exist some constant () > 0 such that

(9)

P2 (wn,w) — féfiz(wl,wz) <

518y’
Where §i = (Si,la 81'72) and §1 = (Si71/Sl, 8@2/82),2' = ]., 2

In the following, the function f, ., (wi,wz) will be called the rescaled space varying
Loéve spectrum function.

We can consider the spatial localization of the covariance function and therefore we consider
the following condition.

(LC) There exists a function C*) : [0,1]* x Z* — R which is Lipschitz-continuous with
respect to the space components uniformly on the time components, that is, there
exist some constant values L' > 0 and @’ > 0 such that for each u,, u,, us, u, € [0,1]%
and each ty,ty € Z

[CEL () = €, () < 2 (s — 5 + 1 — 51 (10)

and o
O (1, 1) — CFF) (1t 11
O 0 12) = Off L (1. )| < 5o (1)

20



Hence o
S152
where §, = (8;1,512), and §;; = s;;/5;. Then we can deduce that we have covariance
properties for Cy, ., (t1,t2).

Notice that when condition (L) is satisfied then condition (LC) is also satified with L' =
AL, Q' = 4m2(Q, and

Oy, (tta) = CUHLE (4, 1) | <

U, S1

+ L (luy = 81l + llus — 511

Céj—,)yg (tl, tg) = / / fg(i)ﬂz (wl, CUQ) ei(wltl_thQ)dwldWQ. (12)
Furthermore, when », C’ul,u2 (t1,t2)| < o0, then
fﬂ(—li_v)ﬂ2 (Wl, w2 Z Cul Uz 1’ ) _l(wltl_W2t2)‘
(tl,tg)EZQ

5.2 Construction of the estimator

Moreover, from now on we assume that we have R replicates of Xti (s), which we denote
by X27 (s),r =1,...,R. The covariance C2r (t1,ta) = Cov ( 2 (s1), Xt%r(§2)> does not

depend on the r—rephcate.
To obtain our results we assume that S, Ss, R — 00.
We define the Fourier transform of the r-th replicate at location s

T-1

IS (w) = XP (s) e

t=0

and the dual-frequency periodogram of the r-th replicate

T T T S T
;%2 (wy,we) == — 12 dTS (w1) ds)”" (w2).
Notice that the dual-frequency periodograms I T.Sr (wl,w2) r = 1,..., R are identically

distributed.
We average over the replicates to get a consistent estimate of the bispectrum. Having many
replicates, there is no need to smooth over frequencies

FT.S,R — TST
fglé2 (wr,wy) = 51,32 (w1, wa)

=1
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Then smoothing and rescaling spatially, we define the Loeve spectrum estimator T SR (41 wy)

by relation (13). Finally, we compute the estimate of the dual-frequency spatial coherence

Py (W1, w2) 1=

‘ 2

which is defined as

2

S0, (wr, w))

P, (w1, w2) 1=

fy(—li_v)ﬂ1 (wla wl) fy(;)ﬂz (w27 w?)

Rescaling the space localisation : space localisation kernel function

Let us define the two-dimensional kernel function which allows us to rescale in space the
bidimensional spectrum. For simplification of presentation, we consider an isotropic kernel
of the form

Wy (8) 1= Wy, (81)Wa, (52)

m“’( h )

foruw € (0,1), h — 0 as Sy, S — co. We assume that the kernel function w(- ) R — [0, 00)
is symmetric non-negative with support contained in [—1, 1] and such that f w)du = 1.
Moreover, we assume that w(-) is piecewise Lipschitz-continuous in the sense that there
exist k € N, uy,...,ux € [—1,1] such that w(-) is Lipschitz-continuous on each interval
(uj,ujy1). We deduce that w(-) is bounded. This definition includes the rectangular kernel,
as well as the triangular kernel.

Moreover, we assume that Sih and Syh tend to oo as S, Sy — oc.

where u = (u1,us) and s = (s1, $2) and

wy(s;) ==

Estimation of the rescaled space varying Loéve spectrum function

Define the estimator of f," , (wi,ws) by space-smoothing f{ TS R

TS R . ¢T,S,R
fﬂ;iﬂé w17w2 . Z Zwul wu2 82)f§1’§2 (CL)l,CL)Q) .

81 52

Cdl,(x)g)
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Besides, consider the space-smoothed space varying Fourier transform of the replicate ob-
servation

T-1 T—1
S,r —iw v ST —iw
) (S ) ) < SR e
3; t=0 t=0
where X2 (u,) := Yo W, (5;)X2" (s;) . Then the estimator fTSR (w1, w2) of fi (w1, w2)
coincides with B

R R

7 1 7 T3,
S wrw) = £ YIS (wnw) = o YRS (@) i (@), (13)
=1 r=1

where the space-smoothed periodogram I’ TS ’”(wl, wo) is defined by

1 ~ TSr,
Ly (wr,we) = 5 dy ™" () dug™ (w2). (14)

5.3 Theoretical results
We consider a mixing condition across replicates that is allowed to vary across space. It

models the training of the brain when the same patient is performing repetitively a task.

5.3.1 Bias of the estimator: limit of the mean of the estimator
Let D7(0) := T and

T—

,_\

_ esz
e’ —1 for w#0 mod 27.
— ezw
=0

Then we can prove that

Lemma 4 (Limit of the mean).

Let uy and uy be fized in (0,1)%, R being fized or going to oco.

(1) Under condition (LC), for every T > 0 fized, E <;T1%2R (wl,w2)> converges as h — 0
and S1h%, Syh? — oo to

~
S

-1

T

—i(w1t1 —WQtQ)
Uy ,Uy (tla t2>€ .

1
(OJl,(JJg) = Y Og
4 ‘=

1-U2

~+

o+

1 2
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< o0 then

(2) If in addition 3, >, |Co . (t1,t2)

1 s s
foren) = 15 [ [ Drlwt - Drl =l £, (0h, ) il
—mJ -7

NHTI%QR (w1, w2)> — [ . (w1, wo) provided that T*h, TS 'h=2 T?S;'h=2 —

Furthermore, E ( [

0asT,S1,5 — oo and h — 0.

Proof.
(1) Since the time series {Xti} is real-valued, from definition (14) of the space-smoothed

periodogram we have
T T v, v, —i(wit] —w
Ar°E (Iigz (wl,w2)> - E (XE (uy) Xip (@2)) e i(ineatz)

and

S S S,r S,r
where C§§17§2(t1,t2) =E (Xg (5,) X5, (§2)> =E (X; (51) X, (§2)> does not depend on
r. Using approximation (11) we get that

T T 1
E (Xt% (§1) Xi’ (§2)> = C§I7§Q(t1,t2) + O (5152) .

Then the Lipschitz-continuity property of C, ., (t1,t2) (inequality (10)) and of the kernel
function w(u) as well as the fact that the support of the kernel function w(u) is contained
in [—1, 1] imply that (Lemma 1)

el !
E (X5 () X537 (1)) = Cuyuy (t1,12) + O(h) + O(Sllﬂ " 52h2)

which does not depend on r. Finally,

47°E (NT’ﬁ’R (wr, w2)>

Uq,Uy

T—1T-1 T2 T2
= Cupu, (tr, t2)e@1722) 4 O(RT?) 4 O 15
tIZOtQZO ,1y,2( 1 2)6 + ( ) + Slh2 + SQh/Q Y ( )
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as Sp, 9, — o0o. This proves the first part of the lemma.

(2) Assume now that ), >,
is well defined by

Ca u,(t1,t2)| < 0o. Then the Loeve spectrum f; , (w),ws)

Ly —i(wf it —wh
;’%(w/l’wé) T 4n? Z Z Cu, y (t1, t2)e (wrt1—wpta)

t1=01t2=0

By relation (12), the expression on the right-hand side of the equality above can be rewritten
as follows

T o - T2 T2
/ Dr(w) = wi)Dr(wh — w2) fa L, (W], wh) dwydwt + O(hT?) + O(Slh2 + 52h2) '

—Tr —Tr

Thus

/ / D (), — wn) D — o) o (0}, w)) o) s

]. > > g g 7 7 N\ —i(w it —wl
= 57 2_ 2 Cu(tist2) / / Dr(w; — w1) Dr(w} —wp)e 4174 dujdu,

t1=01t2=0

Since

4 T —iwity = e -
/ Dr(w] — w)e= it dus! :{ (2)71’6 for t,=0,...,7—1

otherwise

we obtain that

|| et ) Drle =l £, 1) il (16)
T—1T-1
= 021 s (th t2)€—i(w1t1—w2t2)’ (17)
t1=0t2=0
which converges to 472 Jl s (w1, ws) as T'— oo. This achieves the proof of the lemma. [J

Corollary 2 (Rate of convergence of the bias).  Let uy and uy be fived in (0,1).
(1) Under condition (LC), for every T > 0 fized,

lim VR (B (FISE @i w)) = [, (@1,62)) =0,
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provided that Rh?, RST?h™*, RS;2h™ — 0 as R, S1, Sy — 0o and h — 0.
(2) Furthermore

lim VR <E (fuTliR (wl,w2)> — fF (w17w2)> =0

Uy,
R—o0 =1=2

provided that RT*h?, RT*S;2h=* RT*S;*h™ — 0 as R, T, S, S, — oo and h — 0, when
the rate of convergence of 3, >, ‘ o, (t1,t2)| is greater than V'R, that is

lim
R—o0

t17t2

— 0. (18)

=T to=0
Proof.
(1) The first part is a direct consequence of relation (15), T" being fixed.
(2) First notice that relation (16) implies that »_, >, ‘ oy (tl,t?)‘ < 00, then the exis-

tence of f," , (wi,w2) and

472 B (JESR (wi,00)) = £, (@1,02) W () (1)
=T t5=0 t1=0ty=
Thanks to condition (16), the second part of the lemma is verified. ]

5.3.2 Consistency

We assume a-mixing property between replicates, i.e.

(M) let {X2"(s)} be a-mixing with respect to r i.e., ax (k) — 0 as k — oo where

ax(k)=sup sup |P(ANB)— P(A)P(B)|
k AeFx(1,r)
BEFx (r+k,00)

and Fx(1,7r) =0 ({Xtﬁ’q(g) :q <t e Z and all locations §}>,
Fx(r+k,o00)=0c <{Xt§’q(§) :q>r+k,t €Z and all locations §}>
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(B) Boundedness :

(i) either, there exists some constant value C' > 0 such that sup,,
and ) a(r) < oo

(i) or, for some § > 0, sup, ., E (‘Xf’r(g)

XP(s)] < e

446
)<oo and > a(r)¥@+0) < oo

Lemma 5. Let the mizing and boundedness assumptions (M) and (B) be satisfied. Then

dl

where c is some positive constant which does not depend on R, T, h, S, uy, Uy, w1, ws.

~ ~ 2 cr
s ) - B (I3 )| ) < (19

R Y

Proof. First remark that

. 2
P (| o 2 (T en) ) = Vo ()

R R
1 ~
= 5 20 - Cov (T5 wn,wa). IE5T (wn,0).

r1=17ro=1

Moreover, from relation (14) we get

-1

Ziij SN ST DT wi (81)wa, (82w, (s5)wy, (s4)

3=014=0s5, €1y, $5€1u; 53€1u; 54€1uy
S 1

t
)COV( () X2 (85) X5 (s5) X3 (§4>)‘

T-1T-1T-1T-1

S NS T S T (50w (520 (55w, (5,00 (11— 7))

t1=0 t2=0 t3=0 t4=0 8, €L, $5€luy 53€1u; 54€ u,

< cTA‘oz;‘g”s (|11 — m2|) Z Z Z Zwul 51) W, (89) Wy, (83)Wa, (54),

81 89 S3 84

167 ‘Cov <.Zi” (wi,wg), LS (w1,w2)> ‘
1
<
0

7T U Uy
T—
t

1=V 1l2=

where the second inequality is due to covariance inequality for a-mixing processes (see
i.e. Bolthausen (1982); Guyon (1995)). Here ¢ is some positive constant that may vary
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from line to line. Moreover,

1 uil_sjl/Sl 1 UiQ_SjQ/SQ
. = 2 2 u - <1.
e = 3 g (M) g (M) <

2

R—1
Vor (7157 o)) € 5 30 D P Snrh =G X (1=l e on

ri=1rz=1 =—R+1

Assuming that condition (B)(ii) is satisfied, we obtain inequality (19). In the same way we
can easily prove inequality (19) under condition (B)(i). ]

From Lemma 4 and Lemma 5 we deduce the consistency of the estimator.

Theorem 4 (quadratic convergence).
Assume that conditions (LC), (M) and (B) are satisfied, then
(1) For every T > 0 fized and h — 0, S1h?, Soh? — 0o as R — oo we have

lim fDSR

w (wy,ws)) = fgl y (wr,ws) in quadratic mean.

(2) If in addition y_, >, |C.

u u2(t1,t2)‘ < 00, we have

lim fTSR (w1, w2)) = fif u, (W1, W) in quadratic mean
R—o0 Uy,Uy

provided that T*R™Y, T?h, T?S; h=2,T?S;'h™2 — 0 as R, T, Sy, Sy — oo and h — 0.

5.3.3 Limit variance

TSR(

From relation (13), the covariance of the estimator wi,ws) satisfies

RZCOV( TSR(oJl,wg) fiiR (wg,w4)>

Z Z Cov <ITS” (w1, ws), [5;54” (W3,W4)) : (20)

ri=1ro=1
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Besides, from definition (14) of the space-smoothed periodogram we have

7uu

167*Cov (]TS“( wy), 152 (wg,w4)>
T-1 N N N
_ Z Cov ( Srl _1) X%’Tl (22) 7Xl%r2 (ﬂg) Xg,m (M)) e—i(wltl—w2t2)+i(w3t3—w4t4)

Conditions on the replicates To compute the covariance

Cov (X537 (1) X (52), X2 (52) X5 (51))

we need to add some assumptions on the family of processes {X S (g)}
For simplicity we assume the Gaussianity.

(GR) The time-spatial random array {Xtﬁ’r(g) te€Z,se{l,.... S} x{1,...,S:},r=1,... ,R}
is Gaussian for any R > 0.

Assume also that

(LCR) There is a family of functions C™™ : [0,1]* x Z?> — R such that there are some
constants L' > 0 and Q" > 0 such that for each w,,uy, us,u, € [0,1]? and for each

ti,t9 € A
\051’112(’5 ta) — Ol (tr, )| < L' ([luy — ugll + flug — uyl))
and
s, Q'
C="02 (¢t Crl’mt,t ‘
‘ 81,89 ( 2) 5 52(1 2) 5,152

where Cfg%”(t ty) =E (Xt%’m(sj)Xg;m(sj’))'
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In this case the 2 x 2-matrix < u]’u”,(tj, t;)) is a covariance matrix. Moreover, since
Jy'=12

the replicates {Xﬁ’T( y:teZ,se{l,...; 5} x{1,. ..,Sg}}, r = 1,...,R, are identi-
cally distributed, we have that C’SM(tl,tQ) C2 _ (t1,t3) does not depend on r, thus

Culu ,(tj,t;) = Cu,u, (tj,1;) does not depend onr.

Then we can calculate the asymptotic covariances for the spatially smoothed periodograms
T S,r1 T S T

12 (wi,we) and I, 5" (w3, wa).

Lemma 6. Assume that conditions (GR) and (LCR) are satisfied. Then

(1) For R and T fized as h — 0 and Syh?, Soh? — oo we have

4 ~T’§a7‘1 T S 572
167" Cov (Iylyz (w1, ws), L (w3,w4)> — (21)
T—1T-1 T—1T-1
T1,72 et (w1t1—wst3) 2 t t l(w2t2*w4t4)
u1 us “2 “4
t1=01t3=0 to=01t4=0
T—1T-1 T—1T-1
71,72 —Z (wit14wata) 1,72 l(w2t2+UJ3t3)
ZZC%»% tl’ ZZC%UB b2 t ’
t1=01t4=0 to=0t3=0

(2) For R fived, if >, >,

UUI

Crire (tl,tg)‘ < 00 then

167*Cov <]Ng’5’m (w1, ws), IUT S;er (w3, W4)> — (22)
(Z Z 017;1 ZQS —z(w1t1—w3t3 > (Z Z 052,224 t t4 z(w2t2—w4t4))
t1=01t3=0 to=01t4=0
s - t ta) , t t
(220::@ i) (325 cppntetoe
t1=014=0 to=0t3=0

provided that T?h, T?S;'h=2,T2S;'h™% — 0 as T, S;, Sy — oo and h — 0.
Proof. From Gaussian condition (GR) and Isserlis equality

S'r S,r S,r S,r
Cov (X7 (1) X7 (s2), X527 (35) X327 (51)) (23)
S,r1,7 Sr1,r S,r1,r S,r1,r
= CSTI (1y 1) OSTU™ (1, 1) + OS24, 1) CST7 (1, 1),

81,83
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Then, thanks to relation (14), we obtain
167*Cov <7§1§2’“ (wr,w2), ICZS%:Z (w3, w4))
T—17T-1

= Z Z Z Z Wy, (§1)w23 (§3)C§§17;13,r2 (tla ts)e—i(wltl —wsts)

t1=01t3=0 s; 35

T-1T-1

(B S S sz e

t2=0%t4=0 sy, 34

T-1T-1

+ Z Z Z Z W, (§1)wy4 (§4)C§§1’EL’T2 (tl, t4)e*i(wlt1+w4t4)

t1=01%4=0 s; s4

T-1T-1

. Z Z Z Z Wy (82) Wy (§3)C§§27T§137r2 (2, t3)ei(‘”2t2+w3t3)

to=0t3=0 s, S3

From condition (LCR)

167*Cov (f;’i;l (w1, wa), I{i’f (w ,w4>> (24)
T—1T-1
, T? T2
_ Crvr2 (4, t —i(wit1—w3t3) O T2h O
t1=0t3=0
T—1T-1 T2 T2
« Orl,rg to. t i(wata—watq) O T2h O
t2=0 t4=0 s (f2,fa)e +OTh) + S1h? * Sah?

T-1T-1 T2 T?
71,72 —i(w1t1+w t ) 2
+< Cm (t, t)e ettt 4 o(T h)+O<Slh2+Sgh2)>

T—1T—1 T2 T
r1,T i(watetwsts) 2
" ( Cuyas (b2, £3) 72270 4+ O(T7h) + O<S1h2 t Szh2)> |

We readily deduce convergences (21) and (22). O

In the next step, using (21) and (22) we obtain the form of the limiting covariance

Cov < ;%f (Wi, wa), gg%f (wg,w4)>.

For this purpose we consider the following conditions.
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(HR) The matrix ( u”z /,(t],t;)) is harmonizable with a spectral density matrix :
j.4'=1,2

. . STt . .
There exists a matrix ( fujqjj, (wl,w2)> of complex valued integrable functions
e 33'=1,2

on (—m,w]? such that
C;J]:Z/, (t1,t2) / / f;"]Z’, (wr,ws)e —i(wit1—wat2) dwydws.
-

(HRS) For j,7' = 1,2 we have

Z ‘rw;l/ t1,t2)) 0.

(t1 tg)EZZ

Notice that if condition (HRS) is satisfied then condition (HR) is also satisfied and

75,050 Tgﬂ”/ —i(wity —wat
U ujl(wl7w2 E u s tl) ) ( 11 22)'

]7
(t17t2 VE€Z2

Notice also that from Cauchy-Schwarz inequality, condition (HRS) is satisfied when

Z ’Cyj,yj (t1,11)

t1EZ

1/2
< 00,

recalling that C’gj&j (t1,t1) = CZ’;QJ, (t1,t1) does not depend on r.

Case of a fixed finite number of replications In this paragraph we suppose that the
number R of replications is finite and fixed. Lemma 6 entails the following corollary

Corollary 3.
(1) Assume that conditions (GR) and (LCR) are satisfied. Then for R and T fized, and
h — 0 and Si1h?, Sah? — oo, we have

Cov ( TSR (w wa), Z;%f (W3,W4)> —

R R

Tr T Tr1,m2 1 Tr RE T,r1,m2
R2 E ul,tid 2 w1 7w3)) Ug, Uy (WQ,W4 E ul,j4 2 _w4> Uo,Us3 (w27 _w3)7

ri=1rz=1 ri=1ro=1
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where

, T17-
T, 1” - t1—wat
@ wn) =5 3 ) Culid (t,ty) et rtenta),
A
t1=0t2=0
Under condition (HR)
1 vy vy
T,r1,r2 I /o 1,72 / / ! /
Fuyuy " (@1, 002) = 5 Dr(w) — wi) Dr(wy — wo) fi' 12 (wi, wh) dw;dw.
—Tr —Tr

(2) Assume that conditions (GR), (LCR) and (HRS) are satisfied. For R fized we have

Uy,Ug Ug,Uy

Z Z a2 (w1, ws)) fuydy ™ (Wa, wa) + Z Z LT (w1, —wa) fuy " (wa, —ws)

ri=1ro=1 ri=1ro=1

Cov (NT@R (wy,wa), fT.5,R (w3, W4)> —

provided that KT, T?S;'h=2,T?S;'h™2 — 0 as T, Sy, Sy — oo and h — 0. Here

+77“177“2 . E E 1 7“2 —z(w1t1 —wats)
Uy U whw? . Cul U t17 .

t1=0t1=0

Proof. Relations (20) and (24) as well as condition (HR) give us the first part of the
corollary. Then under condition (HCR) we easily obtain the second part. O

Then we readily deduce the form of the asymptotic covariance.

Corollary 4.

(1) Assume that conditions (GR), (LCR) and (HR) are satisfied. Then for R and T fized,
and h — 0 and S1h%, Soh? — oo, we have

RVar <fTSR (wl,w2)> —

f;,ul (wl? wl) 127u2(w27 WQ) + ful Us (wb _("")Q)fi;,g (w27 _wl)

R r—-1 R r—1
T T1 TQ Tyr1,m2 T 1, T2 Tyri,r2
+5 E : E , ( w wl)) Uy, Uy (w27w2 ul uo wl? _WQ) Ug,Uy (w27 _wl) .
r1 =21ro=1 7’1 =2ro=1
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2) Assume that conditions (GR), (LCR) and (HRS) are satisfied. For R fized,

RVar < T.5R (wl,w2)> —

;1’%(&}17&}1) 1;‘_2@2((")27("}2)_{— uy u2(w17_w2) L,yl(w%_wl)
R r-—1 R r—1

2 3R (i o ) B o)) 4 3 3 3R (A o) o o)

7’1 =217ro=1 7‘1 2ro=1

provided that T?h, T?S;'h=2,T?S;'h™% — 0 as T, Sy, Sy — o0 and h — 0, R fized.

5.3.4 Case when the number of replicates is going to infinity

To study the asymptotic covariance of the estimator TS R o (wi,ws) as R — oo, we need to
consider some additional assumptions on replicates.
Thus assume that

(SR) Stationarity of the replications (stationarity with respect to r). Assume that

CS k (tl, tg) CS r+k, r(t tg)

Uyp,Us Uy ,Uo
for each k € Z and each non negative integer r > —k.

In this case, under condition (LCR), the localized covariance is stationary with respect to
r, and we can define

CF  (t1,t) := (JT“”(t ts).

Up,Uy Uy, Uy

Moreover we have C ’“ W, (t1st2) = C’gﬂ1 (tz,t1) and Cp , (t1,ta) = Cy, u,(t1,t2) (see condi-

tion (L)). Let
T-1T-1

1
T,k —Z(wltl—w'ztz)
U Usy (wla w2 47‘(’2 § C(u1 Uy tl? :
t1=0t

2=0
With condition (HR) we can define

f£1’22 (wl’ w2> = ;;E;T(wl’ w2)7

which does not depend on r, and we have

1 ™ ™
ETI’ZQ (wl,wz) = R/ DT(wi — wl)DT(wé — (,c)g)f;c (wl,wQ) dwidwé

1:U2
-7
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Under conditions (SR), (LCR) and (HRS), we can define

(+).k (+),7+k,r
fﬂlvug( ) ful Ug (CUl,(.Uz),

which does not depend on 7.

Then we deduce the asymptotic covariance of the estimator as the number R — oc.

Corollary 5.

(1) Let T > 0 be fized. Assume that conditions (LCR), (GR) and (SR) holds. If, in
addition, conditions (M) and (B)(ii) are satisfied or

>

Ok (tl,tg)‘ 0o, 0<tty<T, (25)

UUI

then

RCOV( TSR(w wa), F;S’R (w3,w4)> —

T,k
Z ful Uz CUl, wS)fU‘Z Uy UJQ, (U4 Z u1 u4 Wl, _w4).f22723 (WQ, _w3)7

k=—o00 k=—o00

provided that Rh?, RST?h™*, RS;2h™* — 0 as R, S1, Sy — 0o and h — 0.

(2) Assume conditions (LCR), (GR), (SR) and

DYDY EHACHD
1 it

< 0. (26)

Then

RCov (fTSR (wr,ws), fvz:g’R (wg,w4)) —

- o0
Z Uy u3 w17w3 fu2 u4(w2,w4) Z ful u4<w17_w4>f£;vkﬂg<w27—w3>

k=—o00 k=—0o0

provided that RT*h? RT*S;?h=*, RT*S;*h™* — 0 as R, T, Sy, So — 00 and h — 0.
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Proof. Using (20) and under conditions (GR), (LCR) and (SR) we get

167*RCov (fTS B (wy,w,) ’%R (ws, w4))

Ug,Uy
R—1 T-1T-1
|k|> (ZZ {(w1t1 —wsts) 2 17 T?
- Z U, tl: Trehimests +O<T h)+0 +
k—R+1( t1=0t3=0 ’ 51h2 52h2
T-1T-1 . . 2 T2 -
C to, ty)e"\ 22w 1 O(T*h) + O
X tQZ:OM;O u2u4< 2, t4)e +O(T*h) + (Sth + 52h2>
R—1 T-1T-1
|k| —z(w t1+wats) 2 T? 1*
+ Z (1__ ZZ “1u4t1’t4 W) 4 O(T%h) + O S h2 ShQ
—R+1 1 =0 t4=0 1 2

k=
T—1T-1 T2 T2
t t i(w2t2+w3t3) T2 )
X <t2:0;)CU2u3< 2 ) +O( >+O(Slh2 SQhQ))

t

Then we readily deduce the results of the corollary. Notice that conditions (M) and (B)(ii)
implies relation (25). Notice also that under condition (26), condition (HRS) is fulfilled
and f- ’7’;2 (w1, ws) is well defined. ]

From the equality (13) we have that

~ 1 /~

RIDSR (o w0) = 5 (FESF (wn,0) + TSR (—on, —w))
]_ —~ ~

ST e = g (TESR rwn) = TESR (-, —w0)

¢T,S,R

ua, (—wi, —w2) and the observed process

since the conjugate fu1 g7 (wl, wo) coincides with

TSR

{X S} is real valued. Then we can compute the limiting covariance matrix of f, > (wr,w2)

of the estimator. We get

Var (?nglif (wl,wg)) =

(Var <f§1§yf‘ (wl,w2)> + RCov (fTSR (wi,ws), f{{l%f (—wi, —W2)>> ;
Cov <§R TSR oy, wp) , TS
(

1 -, ~,
R (w17w2>) = 5%00\/( QT;%QR <w1>w2)7 ;,%ZR <—U.)1, _WQ)) )

Var ( TSR (W1,w2)> =~ | Var <fule;R (Wlaw2)> RCov (fTSR (w,w2) , u;%zR (—w, —w2)>> ’
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5.3.5 Central limit theorem and bootstrap

FT,S,R__ ( ~T,§,R))

Asymptotic normality First we establish the central limit theorem for ( i wy

as S, R — oo, (T fixed or — 00).

Recall that for each R > 0, the observations ¢ X tﬁ’r}, r=1,..., R, are replications of the
same time-spatial process, so they have the same law.

Proposition 2 (Central Limit Theorem).
Assume that the time-spatial random arrays {Xf”ﬂ t=0,....,T,r=1,... ,R}, R >0,

are Gaussian (condition (GR)), stationary with respect to r (condition (SR)) and satisfy
condition (M) as well as

sup E(|Xt§(§)|4+25) < oo and ZOCX(/?)J/(“‘S) < 00
k

t,s,S

for some & > 0. Then under the assumptions of Corollary 5 we have
Alm L (\/E ( ~5’%R(w1, U.)Q) —E ( ~5’%R(w1,w2)))> = N2 (O, 22) s
00 =122 =122

where Sy = X@12) s the limit covariance (2x 2)-matriz. The expression of this matriz can

Uq,U

be deduced from the Corollary 4. Nevertheless, it depends on the unknown Loéve spectrum
and it 1s therefore not interesting for us since we are going to use bootstrap method to
approzimate the limit law and to define confidence intervals. respectively.

The proof follows exactly the same steps as proof of Proposition 1.

Theorem 5 (Asymptotic normality).

Assume that the time-spatial random arrays {thr t=0,...,T\r=1,..., R}, R >0, are
Gaussian families (condition (GR)) which are stationary with respect to r (condition (SR)).
Assume also conditions (LCR) and (M) as well as

supE <|Xt§(§)’4+26) < oo and Zax(kj)‘s/(%‘s) < 00
k

t,5,8

for some & > 0. Then
(1) for T fized,

i £ (VR (FE5 ) = s (nn)) ) =0 (0.VEE).
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provided that Rh?, RST?h*, RS;*h* — 0 as R, S1, Sy — 00 and h — 0.
(2) Furthermore

}%i_rgoﬁ (x/}_z ( ISR wy) — fF (wl’w))) Ny (0 Vv @iws) ) ,

U ,Uy Uy ,Uy Uyl

provided that RT*h?, RT*S7?h*, RT*S;?h* — 0 as R, T, Sy, Sy — oo and h — 0 when

Jlim \/_ZZ‘ Cf (b, t2)| =0 and ZZZ‘CI’Z/&,@’ 0.

=T to=0

Proof. This theorem is a direct consequence of Corollary 2 and Proposition 2. [

Below we present the multidimensional version of Theorem 5. Let

$TSR (SR ' iT.S,R
f = o T, @i w21) ) o (), (@ie o)

fr= ((fglm%l (wl’l,wgi))/ e (fyTl,k,Hz L (Wi, wo &) )
and )

o= (( ;71@271 (w1,1,w2,1)> Sy ( ;’kmk W1 ks Wa k) )
where () denotes transposition, k is some positive integer and u;, € [0, 1]*,w;; € (7, 7],
i=1,21=1,.. .k

Theorem 6. Under conditions of Theorem &

lim £ <\/E (}T’E’R - f(+)’(T)>> = Nox (0, 3az) ,

R—o0

where the components of the variance (2k x 2k)-matriz Xop, = 22?1117'»0;21,1’ ﬂ;flk’;;‘:i’“) can be
computed using Corollary 5.

Since the proof is a direct consequence of the Cramér-Wold device, we skip the technical
details.

Finally, using the delta method one may formulate the following corollary
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Corollary 6 (Estimation of the coherence). Under conditions of Theorem 5
VR <,5§1§Ef (w1, w2) — PL,EQ (w1, W2)> = N/(0, 72)7 (27)

provided that f, -, (wi,w1) i, (w2, ws) # 0.

Ug,Uy

/
Here v = V(yf&f)zﬁv(ﬁfﬁ;’z’) . The variance 6 x 6-matrix 3¢ is given in Theorem 6, with
k=3, U = Upyp = Upg = Up, Upg = Ugg = Ugg = Uy, W11 = W21 = W13 = Wi, and
Wi = Wyo = Wy3 = wy. Moreover

2 2
(w1,w2) _ g (2)17 WQ) | O’ S uyuy (Cdl, (,UQ) N
Uy Uy
( ;1921 (wlawl)) ;;722 (w27w2> ;17E1 (U)l,U)l) <f;’;,22 (WQ,WQ))
/
2%1}0;_1732 (Cdl,(x)g) 2%(}0;_1722 (wl,w2)
i @00n) £, (w2,00) " FL L, (W 01) F, (w9, 00)
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