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STABILITY FOR QUANTITATIVE PHOTOACOUSTIC TOMOGRAPHY
REVISITED

ERIC BONNETIER, MOURAD CHOULLI, AND FAOUZI TRIKI

ABSTRACT. This paper deals with the issue of stability in determining the absorption and the
diffusion coefficients in quantitative photoacoustic imaging. We establish a global conditionnal
Holder stability inequality from the knowledge of two internal data obtained from optical waves,
generated by two point sources in a region where the optical coefficients are known.
Mathematics subject classification : 35R30.

Key words : Elliptic equations, diffusion coefficient, absorption coefficient, stability inequality,
multiwave imaging.
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Throughout this text n > 3 is a fixed integer. If 0 < 8 < 1 we denote by C%#(R™) the vector

space of bounded continuous functions f on R™ satisfying
x) —
s Sup{lf( R #y} e
|z =yl
C%#(R™) is then a Banach space when it is endowed with its natural norm

Il fllco.s@ny = [IfllLoe mny + [f]5-
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Define C1-#(R") as the vector space of functions f from C%#(R") so that 9; f € C*#(R"),1 < j < n.
The vector space C8(R™) equipped with the norm

Ifllcre@ny = I flcos@m + > 1105 fllcos @
j=1

is a Banach space.

The data in this paper consists in £1,& € R™, € R™\ {£1,&} a CY! bounded domain with
boundary I', 0 < o < 1,0 < § < @, A > 1 and xk > 1. For notational convenience, the set of data
will denoted by ©. That is

D= (n7€17£2797a797Aa K:)'
Denote by D(), k) the set of couples (a,b) € CH1(R™) x CO%1(R") satisfying
(1.1) At <a and ||a||01,1(Rn) <A,
(1.2) £ <b oand [|bl|coagny < K,
Define further the elliptic operator L, ; acting as follows

(1.3) Lo pu(z) = —div(a(z)Vu(z)) + b(z)u(z).

We show in Section 2 that if (a,b) € D(\, k) then the operator L, admits a unique fundamental
solution G, satisfying, where £ € R",

Gap(+€) € Ot R\ {E}),  LapGap(€) =0 R\ {¢},
and, for any f € C5°(R™),

u= [ Gap(-€)f(§)d¢

R’n
belongs to H%(R™) and it is the unique solution of L, yu = f.
We deal in the present work with the problem of reconstructing (a,b) €
generated by two point sources located at &1 and . Precisely, if u;(a,b) =
want to determine (a,b) from the internal measurements

vi(a,b) =bu;(a,b) inQ, j=1,2.

This inverse problem is related to photoacoustic tomography (PAT) where optical energy ab-
sorption causes thermoelastic expansion of the tissue, which in turn generates a pressure wave [25].
This acoustic signal is measured by transducers distributed on the boundary of the sample and
it is used for imaging optical properties of the sample. The internal data vy (a,b) and ve(a,b) are
obtained by performing a first step consisting in a linear initial to boundary inverse problem for the
acoustic wave equation. Therefore the inverse problem that arises from this first inversion is to de-
termine the diffusion coefficient a and the absorption coefficient b from the internal data v;(a, b) and
va(a, b) that are proportional to the local absorbed optical energy inside the sample. This inverse
problem is known in the literature as quantitative photoacoustic tomography [1, 4, 2, 3, 8, 7, 21, 11].

Photoacoustic imaging provides in theory images of optical contrasts and ultrasound resolution
[25]. Indeed, the resolution is mainly due to the small wavelength of acoustic waves, while the
contrast is somehow related to the sensitivity of optical waves to absorption and scattering prop-
erties of the medium in the diffusive regime. However, in practice, it has been observed in various
experiments that the imaging depth, i.e. the maximal depth of the medium at which structures can
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be resolved at expected resolution, of (PAT) is still fairly limited, usually on the order of millime-
ters. This is mainly due to the fact that optical waves are significantly attenuated by absorption
and scattering. In fact the generated optical signal decays very fast in the depth direction. This
is indeed a well known faced issue in optical tomography [24]. In most physicists works dealing
with quantitative (PAT), the absorption b > 0 is assumed to be constant and the optical wave is
simplified to C'e~?%, as a function of the depth z, which is known as the Beer-Lambert-Bouguer law
[12]. Recently in [22], assuming that medium is layered, the authors derived a stability estimate
that shows that the reconstruction of the optical coefficients is stable in the region close to the
optical illumination source and deteriorate exponentially far away.

Stability inequalities for this inverse problem were first obtained in [7, 8] under a strong non-
degeneracy assumption. Later in [1], the authors improved these results by removing the non-
degeneracy assumption for well-chosen boundary conditions (Definition 2.3).

Assuming that the optical waves are generated by two point sources d¢,,% = 1,2, we aim to derive
a stability estimate for the recovery of the optical coefficients from internal data. We point out that
taking the optical wave generated by a point source outside the sample seems to be more realistic
than assuming a boundary condition.

In the statement of Theorem 1.1 below C = C(®D) > 0 and 0 < v = (D) < 1 are constants.
Theorem 1.1. For any (a,b), (a,b) € D(\, k) satisfying (a,b) = (a,b) on T', we have

~ ~ _ _ v
la = @ll gy + 15 = Bll .o < € (o1 = Bllo, + o2 = Sallo))

The rest of this text is organized as follows. In section 2 we construct a fundamental solution and
give its regularity induced by that of the coefficients of the operator under consideration. We derive
pointwise lower and upper bounds for the fundamental solution that are of interest themselves.
These bounds show how the optical signal decays fast in the depth direction. We also establish in
this section a lower bound of the local L?-norm of the gradient of the quotient of two fundamental
solutions near one of the point sources. This is the key point for establishing our stability inequality.
This last result is then used in Section 3 to obtain a uniform polynomial lower bound of the local
L?-norm of the gradient in a given region. This polynomial lower bound is obtained in two steps.
In the first step we derive, via a three-ball inequality for the gradient, a uniform lower bound of
negative exponential type. We use then in the second step an argument based on the so-called
frequency function in order to improve this lower bound. In the last section we prove our main
theorem following the known method consisting in reducing the original problem to the stability of
an inverse conductivity problem.

2. FUNDAMENTAL SOLUTIONS

2.1. Constructing fundamental solutions. In this subsection we construct a fundamental so-
lution of divergence form elliptic operators. Since our construction relies on heat kernel estimates,
we first recall some known results.

Consider the parabolic operator P, ; acting as follows

P, yu(x,t) = —Lgpu(z, t) — Oyu(z, t)

and set
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Q={(x,t,§,7) e R" xR x R" xR; 7 < t}.

Recall that a fundamental solution of the operator P, is a function E,;, € C*!(Q) verifying
P,,E =0 in Q and, for every f € Cg°(R"),

lim E,p(z,t,&,7)f(&)dE = f(x), ze€R"™
tiT Rn

The classical results in the monographs by A. Friedman [14], O. A. Ladyzenskaja, V. A. Solonnikov
and N.N Ural’ceva [20] show that P,; admits a non negative fundamental solution when (a,b) €
D\, k).

It is worth mentioning that if a = ¢, for some constant ¢ > 0, and b = 0 then the fundamental
solution FE. g is explicitly given by

1 |z—¢|2

E. A6 T) = ————————¢ G-, , 1, €, .
oz, t,67) [Ame(t — 7')]”/2e (,t,§,7) €Q

Examining carefully the proof of the two-sided Gaussian bounds in [13], we see that these bounds
remain valid whenever a € C11(R") satisfies
(2.1) A <a and allcragey < A

More precisely we have the following theorem in which

|=2

=——e¢ <, zeR" t>0,c>0.
tn/2

Ec(z,t)
Theorem 2.1. There exists a constant ¢ = c(n,\) > 1 so that, for any a € CY1(R™) satisfying
(2.1), we have
(2.2) Eer(z =&t —7) < Bapo(z,48,7) < Ee(z — &t —7),
for all (z,t,&,7) € Q.
The relationship between &£, and F. g is given by the formula

(2.3) Solw—Et—7) = (me)" 24

Eepao(z,t,6,7), (2,6,&,7) € Q.

The following comparison principle will be useful in the sequel.

Lemma 2.1. Let (a,b1),(a,bs) € D(\, k) so that by <bs. Then Eqp, < Eqp, -

Proof. Pick 0 < f € C§°(R™). Let u be the solution of the initial value problem
P, pu(z,t)=0 e R" x {t > 7}, wu(z,7)=Ff

We have

(2.4) u(z,t) = . Eop, (x, €, 7)f(§)dE > 0.

On the other hand, as P, 3, u(z,t) = 0 can be rewritten as

Pap,u(e;t) = [bi(z) = ba(2)]u(z, 1),
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we obtain

(2'5) u(x,t) = Ell,bz (xat;§77-)f(€)d§

_ / / Baa 56 )b (€) ~ ba(€)]ule, s)deds

Combining (2.4) and (2.5), we get

| Bentenf©ie< [ Bunenenseds
which yields in a straightforward manner the expected inequality. O
Consider, for (a,b) € D(\, k), the unbounded operator A,y : L*(R™) — L?(R™) defined
Aap=—Lap, D(Aap) = H*(R").

It is well known that A, ;, generates an analytic semigroup etAar  Therefore in light of [6, Theorem
4 on page 30, Theorem 18 on page 44 and the proof in the beginning of Section 1.4.2 on page 35]
kap(t,7;€), the Schwarz kernel of et4a:¢ is Holder continuous with respect to x and ¢, satisfies

(2.6) |kap(t, @, 8)| < e E(z — & 1)
and, for |h| < Vt+ |z — ¢,

. (BN,

27) oo+ 1.8) = huatt O < e (=) aw e,
. (BN,

2.3 st + ) kst < (o) e =

where ¢ = ¢(n, A, k) > 0 and § = 6(n, A\, k) > 0 and 7 > 0 are constants.
From the uniqueness of solutions of the Cauchy problem

(2.9) u'(t) = Agpu(t), t >0, u(0)=feCR"),

we deduce in a straightforward manner that kq (¢, ;&) = Eqp(2, 8;€,0).
Prior to giving the construction of the fundamental solution for the variable coefficients operators,
we state a result for operators with constant coefficients. This result is proved in Appendix A.

Lemma 2.2. Let pp > 0 and v > 0 be two constants. Then the fundamental solution for the operator
—pA + v is given by Gy (2,8) = Guo(z —§), z,& € R™, with
G () = (2mp) ™2 (Yot |e)" >~ Koo 1 (VPlal [VE), @ € R

Here K, /51 is the usual modified Bessel function of second kind. Moreover the following two-sided
inequality holds

_16_\5\1\/@ e—VvIzl/(2vR)

(210) ‘.’E|n_2 S gy,u X S |I|n_2 s xT € an

for some constant C = C(n,u,v) > 1.

The main result of this section is the following theorem.
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Theorem 2.2. Let (a,b) € D(A, k). Then there exists a unique function G satisfying Gap(-,€) €
C(R™\ {£}), £ eR™, Gyp(x,-) € C(R*\ {z}), z € R", and

(i) LapGan(-,€) =0 in Z'(R™\ {¢}), £ € R",

(i) for any f € C§°(R™),

u(w) = [ Gl 5

belongs to H2(R™) and it is the unique solution of L, pyu = f,
(1) there exist two constants ¢ = c(n,A) > 1 and C' = C(n, A\, k) > 1 so that

o) e 6 < C o
. s S Gap(,6) S O
|z — |2 |z — gn=2

Proof. Pick s > 1 arbitrary and let f € C5°(R™). Applying Hélder’s inequality, we find

Kab(t, 2, )| F(EE < [[kap(t; 2, )o@l fll Lo @ny

R’H,
where s’ is the conjugate exponent of s.
But, according to (2.6),

”ka,b(tvxﬁ ) s

C s _slz—¢g|?
< (5) /f T

Next, making the change of variable £ = (y/ct/s)n + =, we get
c \s[ct n/2 12
<) (5) [

< tn(l/s—l)/2cs7

||ka,b(ta €L, ) i

Hence
||ka,b(t7 T, )

)

Cs=c (S)n/Q </n eIWIan> i )

We get, by choosing 1 < s < 25 <3,

/0+OO /n Ka,b(t; 2, &)|f(€)|dEdt
/ / ka,b(t, 2, )] f(£) |d§dt+/+oo/n ka,b(t, x, )| £(€)|dEdt

S C HfHLS ]R" ,/0 tz(l/s 1 dt+c ||f‘ L3 (]Rn / % 1/5- 1)dt

with

In light of Fubini’s theorem we obtain

(2.12) [ [ rastronergar= [ ([ kaster o) sierie

Define G5 as follows

+oo
Ga,b($7£) = /0 ka,b(taxag)dt
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Then (2.12) takes the form

+oo
(213) | kataor@i = [ Guwored

Noting that A, is invertible, we obtain

i = ([ eesar) @)

+oo
= /O /n kap(t 2, &) f(§)dédt, € R™,
This and (2.13) entail
—A (@) = | Gap(@,8f(€)ds, @R

R’n
In other words, u defined by

u(z) = ; Gap(@,8)f(§)dE, x €R™,
belongs to H%(R™) and satisfies L, pu = f.
Since, for z # &,

+oo Foo
/ ie’ ‘meR dt = (/271 / 22" dr é,
o tn/? 0 |z — &2

we get in light of (2.7)

C
|Gap(x+h,§) — Gaplz, &) < mlhl’% z#& b <z —¢

where C' = C(n, A\, k) is a constant. In particular, G, (-,&) € C(R™\ {{}). Similarly, using (2.8)
instead of (2.7), we obtain G, (z,-) € C(R™\ {z}). More specifically we have

C
anv z#& b <z —¢]
Let £ € R" and w € R™\ {¢}, and pick g € C§°(w). Then set
Wep(y) = / Gap(z,y)g(x)dz, y e B(E, dist(&,w)/2).

It follows from (2.14) that, for y € B(&,dist(£,®)) and |h| < dist(y, @), we have
C
< ——————1h|".
< dist(y,w)”*2+"| |

(214) |Ga,b(x7£ + h) - Gmb(l’, §)| <

|wab(y + h) = wap(y)

Therefore w,, € C(B(§,dist(§,®)/2).

Let M(R™) be the space of bounded measures on R". Pick a sequence (fx) of a positive functions
of C§°(R™) converging in M(R™) to d¢ and let uj = —A;})fk. In that case, according to Fubini’s
theorem, we have ’

/ un(2)g(x)dz = / G, 9)9(x) fi (v)dyda

w R

— [ was @)y — wasl&) = [ Gusle ()i,

w
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where we used that suppfr C B(,dist(£,w)/2), provided that k is sufficiently large. That is we
proved that uy converges to G (-, &) weakly in LZ (R™\ {¢}) (think to the fact that C§°(w) is
dense in L?(w)).
Now, as Lgpup = fr, we find Ly 3Gop(-,€) = 0 in R™ \ {{} in the distributional sense.
The uniqueness of G, ; follows from that of u and, as k~! < b < K, we deduce from Lemma 2.1
that
Ea,/{(xv t, 57 0) < Ea,b(xa t, g, 0) < Ea,n_l (:Ev t, 57 0)

But a simple change of variable shows that

(2.15) Eypi(2,1,6,0) = e "B, o(,1,€,0)
and
(2.16) Eon(7,t,6,0) = e " E, o(z,t,£,0).

Therefore, from Theorem 2.1 and identity (2.3), there exists a constant ¢ = ¢(n,\) > 1 so that

o (WC_l)n/2+1
e ~ - 7

Ec*1/4,0(x7t7£7 0) < Ea’b<$,t,f,0)

™
B n/2+1
S e " lt%Ec/4,O(xat7£7 0)7
which, combined with identities (2.15) and (2.16), gives
—1\n/2+1
%chl/&n(q"atagi)) S Ea,b('ratvgao)
e
n/2+1
S LEC/47K—1($,t,§,O>.

7r
From the uniqueness of G, 3, we obtain by integrating over (0, +00), with respect to ¢, each member
of the above inequalities

(ﬂ_c—l)n/2+1 (ﬂ_c)n/2+1

Gc_1/4,n(‘r7§) < Ga,b(x,g) < Gc/47n_1(x7£)'

These two-sided inequalities together with (2.10) yield in a straightforward manner (2.11). O

™

The function G, given by the previous theorem is usually called a fundamental solution of the
operator L .

2.2. Regularity of fundamental solutions. Let £ € R” and O € O’ € R™\ {¢} with O’ of class
CH1 As Gaup(+,€) € C(90'), we get from [17, Theorem 6.18, page 106] (interior Holder regularity)
that G,p(-, &) belongs to C%<(O).

Proposition 2.1. There exist C = C(n, A\, k,a) and v = v(a) > 2 so that, for any £ € R™ and
O € R™\ {£}, we have

(2.17) |Gab(: f)Hcm@) < CA(d + 0)" max (97(2+Q)a 1) o "2
Here o = dist ({,@), d = diam(O) and
A(h) = [1+2h+2R* + R3]\, h>0.

The proof of this proposition is based the following lemma consisting in an adaptation of the
usual interior Schauder estimates. The proof of this technical lemma will be given in Appendix A.
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Lemma 2.3. There exists two constants C = C(n,«) and v = v(a) > 1 with the property that, for
any bounded subset Q of R™, § > 0 so that Qs = {x € Q; dist(x,0Q) > 6} # 0, w € C>*(Q)NC (Q)
satisfying Lo pw =0 in Q and Q" C Qs, we have

(2.18) Jll g gy < Cmax (5-3),1) A@)” |l g,
where A is as in Proposition 2.1 and d = diam(Q).
Proof of Proposition 2.1. We get, by applying Lemma 2.3 with @ = O, § = p/2 and Q =
{sc € R™; dist (m,@) < 9/2},
1Gas(+ oz < CAW + o) max (6~ 1) [ Gap(,llo(m)-
This and (2.11) yield
(2.19) [Gan(csE)llaa (@ < CAd + o) max (8730, 1) g2 e/ Ver,
with C' = C(n, A\, k, @) and ¢ = ¢(n, A). It is then clear that (2.19) implies (2.17). O
The preceding proposition together with Lemma A.2 enable us to state the following corollary.

Corollary 2.1. There exist C = C(n,\,k,,0) and v = v(a) > 1 so that, for any & € R™ and
O e R"\ {¢}, we have

(2.20) [Gab(, ) 20 (0)
< CA(d + Q)y max (dn/Z’ dn/2+a—9) max (‘Q—(2+o¢), 1) Q—n-i-Q7
where o = dist (5,5), d = diam(0O).

Corollary 2.2. There exist C = C(n, \, k, ) and ¢ = ¢(n, A\, k, @) so that, for any &1,& € R™ and
O e R"\ {1, &2}, we have

4
(2.21) H < Cecldtes) (leraX( —(2+a) 1) —n+2) 7

C2(0)
7diSt (527 O)) and 0+ = max (dlSt (617 O) 7diSt (627 O))

Proof. In this proof C' = C(n, A\, K, a), ¢ = ¢(n, A\, K, @) and v = v(«) > 2 are generic constants.
From Proposition 2.1, we have

(2.22) 1Gab( €)oo (@) < CA(d + 04)” max (9 <+a>’1> o2 =12

Let Cyp > 1 end ¢y > 1 be the constants in (2.11) and fix 0 < §p < 1. Then the first inequality in
(2.11) gives

£2)
&)
0)

where o = min (dist (517

1 n— VCok
Gap(-&1) < Co(d+ op)" 2 VeoR(dtes),
This inequality together with Lemma A.1 in Appendix A yield
1 3
2.23 S < Cetldtes) (1 +1Gap (-, 20(0 )
(223) Gap(8) [lc2a@) ~ [GasDllcze o)
Then in light of (2.22) and (2.23), we get in a straightforward manner
. 4
H Ga,b( 752) < Cec(d+9+) (1 + (1 4 d)” max (g:(2+a)’ 1) g:n+2) ,
Ga,b('agl) C2.2(0)
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and hence
’Ga,b('7£2) < Cecldtes) (1 4 max (Q:(2+a)’ 1) Q:n+2)4.
Ga,b('vgl) C2.2(0)
This is the expected inequality. O

This corollary combined with Lemma A.2 yields the following result.

Corollary 2.3. There exist C = C(n, A\, k,,0) and ¢ = ¢(n, \, k,,0) so that, for any &,& € R™
and O @ R™\ {£1,&2}, we have

Gap(-,&2)

Ga,b('v 51)

Here o4 is the same as in Corollary 2.2.

< Cecldtes) <1 + max (9:(2+0¢)7 1) Q:n+2)4 -

(2.24) ‘
H2+9 (O)

2.3. Gradient estimate of the quotient of two fundamental solutions. The following result
uses the singularity of the Green function near the location of the point source.

Lemma 2.4. There exist x* € B(&2,[61 — &2[/2) \ {&2}, C = (n, A\ k,[§1 — &) > 0 and p =
p(nvA,Hv |£1 - £2|) > 0 so that B($*,p) C B(fZa |§1 - €2|/2) \ {52} and

o=l (Gee)

Proof. We set for notational convenience w = Gg(+,&2)/Gap(-,&1). In light of Theorem 2.2, we
obtain by straightforward computations the following two-sided inequality
c1! C

pA T S P N Cach

Here and until the end of this proof C' = C(n, A, k, |£&1 — &2]) is a generic constant.
Set £ = |&1 — &2]/4 and define

p(t,0) = w(&a +10), (t,0) € (0, x S
According to Corollary 2.2, ¢ € C2%((0,7] x 1) and hence

loc

L2(B(z*,p))

(2.25) x € B(&, 161 — &[/2) \ {&}-

o(E.0) — (1, 0) = /t Vuw(és + s6) - 0ds,

which in turn gives
t
[0(E.0) ~ ot O < (1) [ [Vulga + 56)ds
t

t
< E/ Vw(Es + 50)| ds
t

B t snfl B e
= t/t tn—1 |vw(§2 + 89)‘2d8, (t,@) € (Oat] x §"

Whence, where t € (0, 7],

(2.26) t”‘l/sn_l |o(T,0) — o(t,0)[2do < i/ Vw(z)[* dz.

t
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Here
G ={reR" t<|z—&|<i}.
On the other hand inequalities (2.25) imply, where (¢,0) € (0,#] x S,

Cc1 c
) <t 0) < s

Let us then choose tq < t sufficiently small in such a way that

c! C

tn—2 fn—2

>0, te(0,tg

Therefore, for (¢,6) € (0,to] x S*~1, we have

cloC .
(2.27) (tng —£n_2> < le(E,0) — [t 0)]*.

We then obtain by combining inequalities (2.26) and (2.27)

Y o NN o B G
IS 1|(t"2_f‘”—2> <i %|Vw(a:)|2dx, t e (0,to].

We have in particular

C< / \Vw(z)|” de.
7

to

Let p = to/4. Then it is straightforward to check that, for any = € €,

B(x,p) C {y € R™; 3to/4 < |y — &| < 5t/4} C B(&, 61 — &1/2) \ {&}-

Since 6y, is compact, we find a positive integer N = N(\, k,[& — &) and 2 € G, 1 =1, - - -

so that

N
?toc U B(mj’p)'

j=1

Hence

C < / Vw(z)|? de.
U;'Vle(wjvp)

Pick then z* € {z;, 1 < j < N} in such a way that

/ V()2 dz = m_ax/ V()| da.
B(z*,p) 1SISNJB(a;.0)

Therefore
C< / |V (z)|* de.
B(z*,p)

This finishes the proof.

11
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3. UNIFORM LOWER BOUND FOR THE GRADIENT
Let O be a Lipschitz bounded domain of R™ and o € C%1(0) satisfying
(3.1) » <o and HJHCOJ(a) < 7,

for some fixed constant s > 1.
We prove in this section a polynomial lower bound of the local L?-norm of the gradient of
solutions of
Lou=div(cVu) =0 in O.
In a first step we establish, via a three-ball inequality for the gradient, a uniform lower bound
of negative exponential type. We use then in a second step an argument based on the so-called
frequency function in order to improve this lower bound.

3.1. Preliminary lower bound. We need hereafter the following three-ball inequality for the
gradient.

Theorem 3.1. Let 0 < k < £ < m be real. There exist two constants C = C(n, s, k,£,m) > 0
and 0 < v = ~v(n,s, k,¢,m) < 1 so that, for any v € H'(O) satisfying L,v = 0, y € O and
0 < r < dist(y, 00)/m, we have
C||VU||L2(B(%€T)) < HVUHZZ(B(y,kr))||VU||1L;(’YB(y,mT))'
A proof of this theorem can be found in [9] or [10].
Define the geometric distance d? on the bounded domain D of R™ by
D — 3 . . . . © e .
dy (z,y) = inf {£(s)); ¢ : [0,1] — D Lipschitz path joining z to y},

where

o) = / () dt

is the length of 1.

Note that according to Rademacher’s theorem any Lipschitz continuous function ¢ : [0,1] — D
is almost everywhere differentiable with |¢(¢)| < k a.e. t € [0, 1], where k is the Lipschitz constant
of 1.

Lemma 3.1. Let D be a bounded Lipschitz domain of R™. Then df € L (D x D) and there exists
a constant ¢cp > 0 so that
(3.2) |z —y| < dY(z,y) <ceplr—yl|, x,yeD.

We refer to [23, Lemma A3] for a proof.
In this subsection we use the following notations

©° = {z € 0; dist(z,00) > &}

and

x(0) = sup{d > 0; ©° # §}.
Define
(3.3) F(0,20,M,1n,6) ={u€ H(O); Lou=0in O,

IVullz20) < M, [VullLa(seo ) = 1}
with § € (0,x(0)/3), zg € O3, >0 and M > 1 satisfying n < M.
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Lemma 3.2. There exist two constants ¢ = c(n,») > 1 and 0 < v = y(n, ) < 1 so that, for any
u € (0,19, M,n,0) and x € O3, we have

(e ol2nl In~yllclz—xzq] /6
(3.4) e~ [In(eM/n)/~] 0 < ||VU||L2(B(J;,6))7

with ¢ = ¢o is as in Lemma 3.1.

Proof. Pick u € #(O,x9, M,n,0). Let z € O3 and + : [0,1] — O be a Lipschitz path joining
x = 1(0) to xo = (1), so that £(y)) < 2d,(xo, ). Here and henceforth, for simplicity convenience,
we use dg(zo, ) instead of dS (xo, z).

Let to = 0 and tp41 = inf{t € [tx, 1]; ¥(¢) € B(¥(tx),0)}, k > 0. We claim that there exists an
integer N > 1 verifying ¢ (1) € B(¢(tn),d). If not, we would have (1) & B(¢(ty),d) for any k > 0.
As the sequence (t) is non decreasing and bounded from above by 1, it converges to £ < 1. In
particular, there exists an integer ko > 1 so that ¢(t;) € B (z/;(f), 6/2), k > k. But this contradicts
the fact that [¢(tg+1) — ¥ (tx)| > 9, k> 0.

Let us check that N < Ny, where Ny = Ny(n, | — 20|, ¢,d). Pick 1 < j < n so that

max [Yi(te+1) = Yilte)] = (v (es1) — P5 ()],

1<i<n

where 1; is the ith component of ¥). Then

6 <nfhy(tryr) —itr) =n

tet1 | thy1 |
/ ¢j<t>dt] <n [ e
Tk Tk

Consequently, where ty11 =1,

N thy1 |
(N+1) < nZ/ [ (t)|dt = nl(y) < 2ndgy(zo,x) < 2nc|lz — 2o
k=0"tx
Therefore

NSNOZ[W}

Let yo = x and yp = ¥(tx), 1 <k < N. If [z—ypq1| <6, then [z—yp| < [2—=yppr |+ [Yr+1—ys] <
24. In other words B(yx+1,0) C B(yk,20). We get from Theorem 3.1

(3.5) ||VU||L2(B(yj,25)) < C||Vu||i§(73(yj’35))||Vu||22(3(yj’5)), 0<j<N,
for some constants C = C(n, ) >0 and 0 <y = 7y(n, ») < 1.

Set I = [[VullL2((y;.6)), 0 < J < N and Int1 = ||Vul[12(B(x0,5))- Since B(y;+1,6) C B(y;,29),
1 <j <N —1, estimate (3.5) implies

(3.6) Lt <CM'™I), 0<j<N.

Let ¢, = C17++7""" and B = y¥+1. Then, by a simple induction argument, estimate (3.6)
yields

(3.7) Ing < CIMY7PIP.
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Without loss of generality, we assume in the sequel that C' > 1 in (3.6). Using that N < Ny, we
have

Cl < 01777
é B - ﬁ Bo
M - \M

These estimates in (3.7) give

No+1

Ive oty (Do)
M — M ’

from which we deduce that

No+1 No+1

||vu||L2(B(w0,5)) < CT M ||VUHZ2(B(3¢75))-

But M > 1. Whence

o+l

1 N,
1 < IVullrz(o.6) < CT7 M| Vull 725, 50

The expected inequality follows readily from this last estimate. (]

3.2. An estimate for the frequency function. Some tools in the present section are borrowed
from [15, 16, 19]. Let u € H'(O) and o € C%!(O) satisfying the bounds (3.1). We recall that the
usual frequency function, relative to the operator L., associated to w is defined by

rD(u)(zo,r)

M) = ) )

provided that B(zg,r) € O, with

D(u)(zo,r) = / U(z)|Vu(m)|2dx,

B(zo,r)

Hw)(z0,7) = / o (22 (2)dS ().

OB(zg,r)

Define also
K(u)(zg,r) = / o(x)u?(x)d.
B(zo,r)

Prior to studying the properties of the frequency function, we prove some preliminary results. Fix
u € H?(O) so that L,u = 0 in O and, for simplicity convenience, we drop in the sequel the
dependence on u of N, D, H and K.

Lemma 3.3. For zo € O% and 0 < r < §, we have

(3.8) 0, H(zo,7) = ”TH(J;O, r) + H(wo,7) + 2D(z0,7),
1
T

(xo,7) + 2H (z¢, 7).

(3.9) 9,D(z0,7) = —= D(q,7) +

r
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Here

H(zg,r) = /{;B(Io’r) u“Vo(z) - v(x)dS(x),

A

A(zg,r) = /6 o SO S,

D(xo,7) = / |Vu(z)|*Vo(z) - (x — zo)da.
B(zo,r)
Proof. Pick xg € ©% and 0 < 7 < §. A simple change of variable yields

H(xg,r) = /8 s o(xo + ry)u’(zo +ry)r"1dS(y).

Hence
Or-H (zo,7) = r ; 1H(m0,r) + /6B(O ) V(ou?)(zo +ry) - yr"1dS(y)
== 1H(x0,r) + / u?(zo + ry)Vo(zo + ry) - yr"~1dS(y)
r dB(0,1)
" / (w0 + 1Y)V (u?) (2o + 1) - yr" ' dS(y)
9B(0,1)

- ; 1H(zo,7‘) + /63( )UQ(I)VO'(J?) -v(x)dS(x)
+ /<93(z0,r)0-(x)v<u )(z) - v(z)dS(z)

- ; 1H(a:o,7“) + H(xo,7) + /BB( ) o(x)V(u?)(x) - v(x)dS(z).

Identity (3.8) will follow if we prove
(3.10) 2D(xg,1) = / o(z)V(u?)(x) - v(z)dS(z).
OB(xo,T)

To this end, we observe that div(cVu) = 0 implies
div(oV (u?)) = 2udiv(cVu) + 20|Vul* = 20|Vu|*.
We then get by applying the divergence theorem

(3.11) 2D(zg,7) = /B( )div(o(m)V(uz)(x))dx

= / o(z)V(u?) () - v(z)dS(z).
OB(xo,T)

This proves (3.10).
By a change of variable we have

Do) = [ [ ofan+ )l Vuleo + t9) P dS(w)i.
o JoB(0,1)

15
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Hence

9, D(x0,7) = / o (20 + ry)|Vulzo + ry) "~ dS (y)
8B(0,1)

_ / o(2)|Vu(z)|2dS ()
OB(xo,r)

! 2Nx —xp) - v(z x
:/33(:co,r)"(x)|vu($)| (x — @) - v(2)dS ().

r

An application of the divergence theorem then gives

OrD(zg, 1) = 1/3( )div(a(w)|Vu(ac)|2(x —xg))dz.

r
Therefore
0,D(x0,7) — % / Vu(z)2div(o(z)(x — 0))dz
B(xo,r)
1
+ - / o(x)(z — xo) - V(|Vu(x)|?)dx
r B(zo,r)
implying
n 1=
(3.12) OrD(xg,7) = ;D(zo,r) + ;D(zg,r)
1
+ " o(x)(x — x0) - V(|Vu(z)|*)dx

On the other hand,

+ 2/ o(z)ou(x)(x; — xo,5)0u(x)v;(x)dS(x)
OB(zo,r)
= —2/3(%7” Osu(x)o(x)(z; — xo ;)0ju(z)de
i /B B o) o)l d

+ 2/ o(z)0iu(z)(x; — zo ;)0;u(x)v;(x)dS(x).
OB(zo,r)
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Thus, taking into account that cAu = —Vo - Vu,

/ o(z)(z —x0) - V(|Vu(z)?)dr = 72/ o(z)|Vu(z) *dx
B(zo,r)

B(zo,r)
+ QT/ o(x)(0,u(x))?dS(z).
aB(CE(), )

This identity in (3.12) yields

n—2

0rD(xg,7) = D(xo,r) + Qﬁ(xo, T).

D(xg,r) +
That is we proved (3.9). O

S|

Lemma 3.4. We have
K(zg,7) < 7"6”‘2H(x0,r), To € (’)5, 0<r<s.

Proof. Taking into account that H(zq,r) > 0 and D(xg,7) > 0, we obtain from identity (3.8)

O, H(zo, 1) > / By (22 (2)dS (x)

OB(zg,r)

o()

> / 0u0(2) oy (2)dS(z) > — 5 H (o, ).
OB(zg,r)

Consequently r — er H(xg,r) is non decreasing and then

/on, dt</ e H H(xo,t)dt

S/ eWQH(xo,r)dt < re”‘ZH(chJ).
0

xOv / H .’E(),

K(Z‘o, )<T€ H(an )
This completes the proof. O

As

we end up getting

Now straightforward computations yield, for zo € ©@% and 0 < r < 6,

OpN(xo,r) 1 0pD(xzo,7) OrH(xo,7)
(3.13) N@or) 7 Do)  Hiwor)

Lemma 3.5. For zop € O% and 0 < r < §, we have
N(zg,r) < 62”25N(x0, 9).
Proof. We have from formulas (3.8) and (3.9) and identity (3.13)
O-N(xo,7)  D(xo,7)  H(zo,r) H(xo,7) D(zo,7)
)

3.14 r = - 2 -2
(314) N0y = rDer] ~ Hmer) * 2DGer) ~ (e

( o, )H(JCO,T)—D(JCOJ")Q
rD(xg,7)  H(wo,r) +2 D(xq,r)H (z0,7) ’

(
B D(xo,1) _f{(xo,r)
(



18 ERIC BONNETIER, MOURAD CHOULLI, AND FAOUZI TRIKI
But from (3.11) we have
D(wo,r) = / o (2)u(z)dyu(z)dS ().
OB (zo,r)

Then we find by applying Cauchy-Schwarz’s inequality
D(zg,7)? < / o(x)u®(z)dS(z) / o(x)(0,u)?(z)dS(z) | .
9B(xo,r) 9B(xo,r)
That is

(3.15) D?(xo,7) < H(xo,7)H (20,7).
This and (3.14) lead

6TN(£E0,7’) D(xoﬂ”) _ ﬁ(xoﬂ")
(3.16) N(zo,7) 2 rD(zo,r)  H(zo,7)

On the other hand

(3.17) ‘ﬁ(mo,r” < x| Val|ooH (0, 7) < 3*H (20,7),
and similarly
(3.18) |[7($0,7")| < 3rD(wo, 7).
In light of (3.16), (3.17) and (3.18), we derive
OrN(z9,71) 9
G20 T) 5 9
N(zg,7) — ol

that is to say
0,(e>* "N (wo, 7)) > 0.
Consequently
N(zg,7) < 62”2(6_T)N(x0, 0) < 62”25N(a:0, d),
as expected. O

3.3. Polynomial lower bound.

Lemma 3.6. There exist a universal constant w and two constants ¢ = ¢(n,s) >0 and 0 < v =
v(n, ) < 1 so that if

Colh) = Mt (1 + d)g—1eb" s+ e/ e

Jeh

h >0,
then

[N (u)(®, )| 0,5) < Co(lz — 20| /6),
for any uw € (O, x9, M,n,5/3), where ¢ = ¢o is as in Lemma 3.1.

Proof. Pick x € ©°. Then from Lemma 3.2

HVU”LZ(B(;c,é/S)) > ef[ln(cM/n)/y]e[éin\ ln’Y”t\z—zo\/é,

for some constant ¢ = ¢(n, ») and 0 < v =y(n, »)) < 1.
On the other hand, we establish in a quite classical manner the following Caccioppoli’s inequality

wx?(1+d)
IVUllZ2(Bas/3)) < THUHZH(B(E,a))a
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where w is a universal constant. Therefore
(3.19) [ullZ2 (825 = Collz — 20l /6),
where

2
(3.20) Colh) = —— 0 o= l2mledt/mpleteni i

h> 0.
21+ d) y >

Since K (u)(z,d) > %_1Hu||2L2(B($’5)), we find
52 (6] Inv|e|z—=z| /6
21 K > —[2In(eM/n)/A]e )
(3.21) (0)(e8) > g
In light of Lemma 3.4, we derive from (3.21)

66_%26 [6n|1In~y|]c|z—2qg|/&
3.22 H §)> —— e~ [2In(eM/n)/A]e )
(8.22) (W)(e,0) 2 w3 (14 d)e

In light of Lemma 3.5, we get

25 [Vl L2(0)
N < 22¢%8
(z,7) < s 7H(u)(:ﬁ75)’

This inequality and (3.22) give, where ¢ = ¢(n, ») is a constant,

0<r<i,

Jelz—wql/8

N(z,r) < Mws*(1+ d)§— e ot 2m(ed/m /el , 0<r<gd,
which is the expected inequality. ]
Proposition 3.1. Let Cy be as in Lemma 3.6, Cy as in (3.20) and set
(3.23) Ci(h) =2Co(h) +n, h >0,
(3.24) Co(h) = 5277 9Co(h), h > 0.
Ifue S(0,z9,M,n,0/3) then

7\ C1(lz—=z0l/3)
Co (| — wol/0) (5) < ull3aseny), €O, 0<r<8.

Proof. Observing that, where H = H(u),
5, <ln H(x,r)) _ O-H(z,r) n-—1

H(x,r) ro’
we get from Lemma 3.6, (3.8) and the fact that |f{(x,r)| < »*H(z,7r),
Oy (lnH(x’T)> §%2+M§%2+M

, 0<r<yd,
pn—1 r r

Thus

s0 -1
H(z,t) H(x,sd)r™ 9 )
= _— < — — —
/ST O <1n P ) dt =1n H(z,sr)on1 = 2°(8 — r)s + 2Co(Jx — z0]/6) In o

for0<s<1land 0<r<§. Hence
5)C1(|3f—900|/5)—1

H(xz,s6) < 0 (

H
- (z, s1),
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and then

1
||UH%2(B($,§)) < %5/0 H(z,s0)ds

, S Ci(Jlz—z0|/0)—1 1
< 20e* 0 () / H(z,rs)ds
0

r
Ci(|lz—=0l/9)
25 [0
< e (2) R
Combined with (3.19) this estimate yields in a straightforward manner
r)cl(\ffrol/ls)

2 0y (o — ol /9) (5

This is the expected inequality. O

< ullZ2(Bm)-

For a bounded domain D, we denote the first non zero eigenvalue of the Laplace-Neumann
operator on D by us(D). Since pa(B(wg,7)) = p2(B(0,1))/r%, we get by applying Poincaré-
Wirtinger’s inequality

1
2 2
(3.25) |w—=A{wHlT2(Bm) < m”kumw(m))
S
———[|[Vw
= HZ(B(O, 1)) L2(B(z,r))>
for any w € H'(B(z,r)), where {w} = m fB(z yy W(x)da.

Noting that .7 (O, zg, M,n,§/3) is invariant under the transformation © — u — {u}, we can state

the following consequence of Proposition 3.1

Corollary 3.1. With the notations of Proposition 3.1, if u € (O, x0, M,n,5/3) then

7\ C1(|z—zol /)
Calle = 201/9) ()

<|VulZzary, €0’ 0<r <5,
with

(3.26) Ca(h) = p2(B(0,1))672Ca(h),  h >0,

with Co as in Proposition 3.1.

It is important to remark that the argument we used to obtain Corollary 3.1 from Proposition
3.1 is no longer valid if we substitute L, by L, plus a multiplication operator by a function oy.
The following consequence of the preceding corollary will be useful in the proof of Theorem 1.1.

Lemma 3.7. Let w € O and set § = dist(w,d0). Let u € S (0,9, M,n,6/3) and f € C%*(O).
Then we have
(3.27) 11z @) < CsllFllgrm ) 111V 121 0

with
o

r= max, o C1(|z — x0]/0) + o
C; = max (26a(max (1, (6250‘)_1) ,max (17 MQ) (ég5a)_1) ,

where Cy = max, & Co(|lx — x0]/d) with Cq is as in Corollary 3.1.
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Proof. By homogeneity it is enough to consider those functions f € C%%(0O) satisfying || || o (@) =
1. Let C; and Cy be respectively as in (3.23) and (3.26). Let u € (O, x, M,n,0/3) and f €
C%*(0) satistying || fl| co.« @) = 1. Pick then € &. From Corollary 3.1, we have

Ci(|lz—z0|/9) )
) < WVullz2(p,myy, 0<r<é.

r
(3.28) Callo — ol/0) (5
On the other hand, it is straightforward to check that

|f@)] <|fW)|+7r% yeBxr).
Whence

(@) Vu(y)2dy < / £ )| Vu(y)dy

B(z,r) B(z,r)
—|—7‘°‘/ |Vu(y)|*dy.
B(z,r)
That is we have

\f($)|||vu||2L2(B(z,r) < ||f|V“\2||L1(B(x,r)) + Ta||VU||2L2(B(x,r))~

Since v is non constant, by the unique continuation property, we have ||Vu||2L2(B(x ") £0,0<r <.
Therefore

\Y 2 1 T
) < WYl o gy o5

IVullZe s,
This and (3.28) entail

/S Ci(lz—=ol)
@) < Calle —aal 57 () VU s (e + 7%, 0 <7 <

Hence

1\ Crlz=zol)
@) < Cale a0l (5) £ 196 530y + 675, 0< 5 <1.

In consequence
. /1\¢
||fHLoc(w) < (Cq (S> Hf‘Vu|2||L1(O) +50‘50t’ 0<s< 1,

where & = max_ 5 Ci1(|z — 20[/d). The expected inequality follows by minimizing the right hand
side of the last inequality, with respect to s. (|

4. PROOF THEOREM 1.1
Pick (a,b),(@,b) € D(\, k) and let u; = Gap(-,&;) and @; = G,5(-,&;), j = 1,2. By simple
computations we can check that w = us/uy is the solution of the equation
le(O’VU)) =0 in R™ \ {gla 52};

with
2 av%
g = aul = be

Similarly, @ = @2/@; is the solution of the equation

div(gVa) =0 in R™\ {&, &),
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with

av?

p2

We know from Lemma 2.4 that there exist 2* € B(&2, [§1—&2(/2)\{&2}, m0 = mo(n, Ak, [§1—&2[) > 0
and p = p(n, A\, k,|&1 — &) > 0 so that B(z*, p) C B(&2, &1 — &2/2) \ {&} and

(4.1) o < Vw2 (s p)-

Fix then a bounded domain Q of R™ \ {£1,&} is such a way that QU B(z*, p) € Q, and set
0 = dist(Q U B(z*, p), 0Q).

In the rest of this proof d = diam(Q). According to Corollary 2.3

& =aut =

4
(4.2) ||vaL2(Q) <M = Cec(d+9+) (1 4 max (Q:(2+o¢)7 1) Q:n+2) ’

with C = C(n, )\7 R, Q, 9) and ¢ = C(’Il, >‘a R, o, 9)7 o0— = min (dlSt (517 Q) 7diSt (52’ Q>) and o0+ =
max (dist (&, Q) , dist (&2, Q)).

Now, since
lollcos @) < lallgonglurliZon g
we get, similarly to the end of the proof of Corollary 2.3, from [17, Lemma 6.35, page 135]
||(7||co,1(§) < OHa”co.l(@||u1||202,a(§)a
where C = C(n, A\, k,d, &1,&2) > 0 is a constant. This inequality together with Proposition 2.1 yield
(4.3) ”G”COJ(Q) <C,

for some constant C' = C(n, A, k,d, &1, &) > 0.
On the other hand, we have from (2.11)

G L
(44) C Q%W S uy, m Q,

with constants ¢ = ¢(n,\) > 0 and C' = C(n, A\, k) > 0.
We get by combining (4.3) and (4.4) that there exists s = »(n, A\, k, @, Q,&1,&2) > 1 so that

—1
x <o and |loflges g <

Next, if p < §/3 then (4.1) implies obviously

(4.5) o < IVwll2(B(o,6/3))

with 79 as in (4.1). When p > 6/3 we can use the three-ball inequality in Theorem 3.1 in order to
get

é||vw||L2(B(I*,p)) < ||Vw||22(B(a:0,5/3))||Vw||},;fB(w*7p+5/3))7
where C' = C(n, A\, k,Q,£1,&) and 0 < 5 = s5(n, A\, k, Q, &1, &) < 1 are constants. Whence
(4.6) (Cro)/* M=% < |Vl 2(B(ag.0/3))-

In light of (4.2), (4.5) and (4.6), we can infer that, for some constant n = n(n, A\, x,Q,&1,&) > 0,
w e L (Q,x*, M,n,§/3), where M is as in (4.2) and .#(Q, z*, M,n,/3) is defined in (3.3).
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Lemma 4.1. We have
(4.7) Cll(o = &)Vl < lw -] 756" + llo = &l e,
where C = C(n, A\, k,Q, «,0,£1,&2) > 0 is a constant.
Proof. Clearly, if ( =0 — & and u = w — W, then
div(6Vu) = div(¢Vw).

Recall that sgn, is the sign function defined on R by: sgn,(t) = —1 if t < 1, sgny(0) = 0 and
sgny(t) =1if ¢t > 0. Since
div(|¢|Vw) = V(|- Vw + [(|Aw

= sgn,(¢)V( - Vw + sgng (¢)¢Aw
= sgn, (€)div(¢Vw) = sgny(¢)div(6Vu),
we get by integrating by parts

(4.8) /Q\C||Vw|2dm:—/Qdiv(\QVw)wdx—k/F|§\w81,wd5(x)
= —/ sgnO(C)div(5Vu)wd:v+/ [Clwd,wdS ().
Q r

Thus
/Q ¢lIVwl2de < C (fullaz@) + 1< o= oy)

This, the following interpolation inequality

0/(2+0)) 12/(2+0
lull 20 < callullaio” lull st
and Corollary 2.3 give (4.7). O
We have from (3.27) in Lemma 3.7
15 = ollo < Calld = oll pole g 1@ = OV l1Z1 g,

from which we obtain
o — U”c(ﬁ) < C3max (L |6 — U”coya(ﬁ)) [[(o — )|Vw| ||L1(Q
Combined with Proposition 2.1, this inequality gives
||U - U”c ®) < CH(J - J)|vw| HLl(Q

Here and henceforward, C = C(n, A, k, Q, o, 0,&1,&2) > 0 is a generic constant.
Therefore, we obtain in light of Lemma 4.1

/(2+6 . f
15 = ooy < € (I = @l355" + o = llom)) -

Since @ = a and b = b on I" and regarding the regularity of u; and @;, i = 1,2, we finally get

N B B fio
(4.9) 15 = olo@ < C (o =l + vz = Ballo)) -
with 0i
~ o vu
Ho=7579

The following lemma will be used in sequel.
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Lemma 4.2. We have
_ o 5 B fn
(4.10) luyt — @ 1||Cz,a(§) <C <||U1 — e + llva — UZHc(ﬁ)) ’
where 0 < i1 = fu(n, QA K, @,0,61,8&) <1 and C =C(n,Q, A\ k,a,0,&1,&) > 0 are constants.

Proof. In this proof C = C(n,Q,\, k,«,0,£1,&) > 0 is a generic constant. It is not hard to check
that

—div(eVu; ') =v; inQ,

—div(eVa; ') =, in Q.
Hence

—div(oV(uyt — @y t)) = (vy — 1) +div((e — &)Va;t)  in Q.
By the usual Holder a priori estimate (see [17, Theorem 6.6, page 98])
C”Uf1 - ﬂf1||c2,a(§) < flox — 171“0()@(5)
T ldiv((o = 3V o + lur" = 7 oo,

Consequently
(4.11) ||U1_1 - ﬁ1_1||cz.a(§) <C (””1 - 171||C0,a(ﬁ) +[lo — 5Hcl,a(§)> )
where we used

lurt = a7 Hloary = b7 =37 Hlloa @)
On the other hand, since

||U - 5—”011(6) < 07 ||Ul - 171”01,0(5) < C

and Q is C11, we get again from the interpolation inequality in [17, Lemma 6.35, page 135]
(412) o=l < Cllo = 510 01— Btllnng < Cllor = a1l -
where 0 < 7 = 7(Q, ) < 1 is a constant. Inequality (4.12) in (4.11) yields
(4.13) i oy < C (I =Bl + o =l ) -
On the other hand, we have from (4.9)

B B B Ao
(4.14) |6 — O'HC(Q) <C <||U1 - Ul”C(ﬁ) + |lvg — U2||c(§)) .
Whence, we get in light of inequalities (4.13) and (4.14), where fi; = 7o,

-1 ~—1 ~ - H1

lurt = @ gme@ < € (Ilon = Billogm + o2 = B2llog))

This is the expected inequality. O

Also, since
HJ - 5”011(5) < Cu ||’U1 - 61”02,&(5) < 07

we can proceed as in the preceding proof to get

(4.15) lo = 6llore < Cllo =15, o= Blgra < Clor = 01ll5 g,
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the constant 0 < 7 = 7(2, ) < 1. But

a—a=ou;? -6 2= (0—&)u;>+u?—a;?)
= (o — &) +o(uyt +ay ) (urt —art).

Hence
(4.16) o=@l < C (o = a7 ena + o = Fllorag) ) -
This inequality together with (4.9), (4.10) and (4.15) imply

5 5 5 J231
(4.17) la =@l < C (Ior = Billo) + lve = Ballo)) -
We proceed similarly for b — b. Since

b—b= viuy !t — 171@;1 = (vy —o)uy " + ﬂl(ufl —ayt),

we have

- 5 5 i
(4.18) 16 =Bl < C (v = Billog, + o2 = Ballo)) -

The expected inequality follows by putting together (4.17) and (4.18).

APPENDIX A. PROOF OF TECHNICAL LEMMAS

Proof of Lemma 2.2. In this proof C' = C(n,u,v) > 1 is a generic constant.
It is well known that G; ., v > 0, the fundamental solution of the operator —A + v, is given by
G1,(2,8) =Gy (x — &), ,& € R, with

Gru(@) = (2m) "2 (Vo))" K o1 (V).
In the particular case n = 3, we have K /5(2) = \/m/(22)e™* and therefore
—Vvlz|
e

4r|z|

gl u(x) =

)

Let f € C§°(R™), u > 0 and v > 0 be two constants, and denote by u the solution of the equation
(—pA+v)u=f inR".
Then
(A.1) u(z) = . Gup(z,§)f(§)dS, = eR"
We remark that v(z) = u(\/px), v € R" satisfies (=A 4+ v)v = f(/i -). Whence

u(y/pz) = v(z) = /Rn Gix(x — &) f(Vn)dE
i /R Gule— &V, v eR

Hence
(A.2) u()=p? | Grull@=6)/VifE)d, @R
Comparing (A.1) and (A.2) we find

Gp(@,€) = n™"2G1((@ = )/ VR), @, €R™
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Consequently G, ,(z,§) = G, (x — §) with

(A-3) G (@) = (2mp) 2 (o) &) 27 K e (VL2 [VR),  x € R

By the usual asymptotic formula for modified Bessel functions of the second kind (see for instance
[5, 9.7.2, page 378]) we have, when |z| — oo,

Ak
KojasVlal Vi) = (50005 ) e VPRIV (14 0(1lal).
where O(1/|z|) only depends on n, & and v.

Consequently, there exits R = R(n, u,v) > 0 so that

e VPll/VE o~ VPlel /i

(A.4) TR < Kpjo1 (VV|z|/v/1) < CW? z| > R.

Substituting if necessary R by max(R, 1), we have

1 < 1
|z|/2=1 = |z[1/2

(A.5)

|z| > R.

Moreover, we have

o~ VPlz|/VE

|£L’|1/2

o= Vlel/(2y/A)

—_ [1,)(n=3)/2 —ﬁlwl/(%@}
[\x| € |21

lz] > R.

Since the function & — |z|("~3)/2e=V¥1#l/(2VE) is bounded in R™, we deduce

e~ VIIRl/VE  o—vlal/(2VE)

(A6) |1'|1/2 |I’|n/271 ’ |Z’| 2 R
Using (A.5) and (A.6) in (A.4) in order to obtain
e VPlel/vE e~ VVIol/(2v/E)
(A7) c NEE < Koo (Volzl /i) < CW, lz| > R.

We now establish a similar estimate when || — 0. To this end, we recall that according to
formula [5, 9.6.9, page 375] we have

1 2 n/2—1
Kosalp) ~ 5T0i2=1) (2) 7 aspso,

from which we deduce in a straightforward manner that there exists 0 < r < R so that

e VElel/ v oLzl 2v/P)
(A.8) C NEE < Koo (Volzl /i) < va |z <7

The expected two sided inequality (2.10) follows by combining (A.4), (A.7) and (A.8). O

Proof of Lemma 2.3. Let Q be an open subset of R", set d = diam(Q), d, = dist(x,0Q) and
dey = min(dy, dy).
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We introduce the following weighted Holder semi-norms and Hélder norms, where o € R, 0 <
v <1, and k is non-negative integer,

[wline =W = swp  di*7|0%w(a)|
z€Q, |Bl=k
WO = ap a0 9@
T2 e, gk ly—
k
[wlify = Y[l
§=0
o) o)
[wli7) o = [wlifd + [l
In term of these notations, we have
la(y) — a(z)|
alp o 7supa + sup d 7§ 14+d)A,
jal$).o la()| sue y — o ( )
0; —0;
dialV) o = sup d,|d;a(z)| + bup d1+0’| joly) — dja(2)| < (d+d?)),
7710,0;Q J T,y
o €Q z,y€ ’ ly — x|

olb(y) = b(z)|
|b|0 a;Q — 8161(13 di|b(m)| + ms;lepg di:z W < (Cl2 + d3))\.

In consequence

(A.9) |a\O w0 T 10 a\o wo T |b|O o SA() = [142d +2d* + d°]\
Following [17] we define also
[Whoo = wlio= suw did’w(z),
z€Q, |B|=k
o8 — 98
(W]} 0 = sup d§2a| w(y) w(a:)|7
T ayeQipl=k ly — x|
k
[wlie =D wljo.
j=0

‘w|z,'y;Q = |w|lt;Q + [w]z,'y;(’)'
From [17, Lemma 6.32, page 130] and its proof we have the following interpolation inequalities:

suppose that j and k, non negative integers, and 0 < 3, < 1 are so that j + 8 < k + . Then
there exist C' = C(n, a, 8) > 0 and ¥ = ¥(a, B) so that, for any w € C**(Q) and € > 0, we have

* —19 *
(A.10) [w]j p.0 < Ce " |wlo;o + €e[wly 4.0,
(All) |w|;,,@;Q S Cﬁ_ﬁ‘wb;g + €[w]z,'y;Q'
Here [wloo = sup, cq ()]
Checking carefully the proof of interior Schauder estimates in [17, Theorem 6.2, page 90], we
get, taking into account inequalities (A.9)-(A.11), the following result: there exist a constant C' =

C(n) > 0 and 7 = 7(a) so that, for any 0 < g < 1/2 and w € C**(Q) satisfying L, yw = 0 in Q,
we have

(A.12) [w]3.0,0 < CAd) (177 wloig + 1 [w]3.0.0) -
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Substituting in (A.12) C' by max(C, 2% 1), we may assume in (A.12) that C = C(n,a) > 2*71L.
Bearing in mind that A(d) > 1, we can take in (A.12), u = (2CA(d))~"/*. We find

(A.13) [w]3,0,0 < CA(A)"|wlo;0,

for some constants C' = C(n,a) > 0 and s = »(a) > 1.
Using again interpolation inequalities (A.10) and (A.11), we deduce that

(A.14) [w]3,0,0 < CA(A)"|wlo;o-

Let § > 0 be so that Qs = {z € Q; dist(z,0Q) > 6} is nonempty. If Q' is an open subset of Qs
then (A.14) yields in a straightforward manner

0l () < € e (573, 1) ()l
This is the expected inequality. ([l

Lemma A.l. Let K be a compact subset of R" and f € C*>%(K) satisfying ming |f| > c¢_ > 0.
Then

3
(A.15) 11/ fllczey < Cch (1 + || fllczam)
where ¢y = max(1,c"') and C = C(diam(K)) is a constant.

Proof. Let z,y € K. Using |1/f|o.x < c+ and the following identities

1 1 1 1
£y Pl (f(x)f2(y) + f(x)2f(y)> (f(z) = f(w)),

1 1 1 1 1

76 7~ (Twrw * Pere i) U o)

we easily get

(A.16) [/ o <34 [flar, =23
Also, we have

0if(W)0;f(x)  0if(y)0;f(x) _ 0if(y)

f3(y) f3(x) f3(y)

(0 f(y) = 0 f(x))

0if (@) 5 £0) _ & (x 11 (0D F
+ 90 010 - oo + (5 - oy ) 0T,
In light of (A.16), this identity yields

(A.17) (000 f/ FPlasic < € ([0 flac |95 o

+[8jf]a;K|aif‘O;K + [f]a;K|aif|0;K‘ajf|0;K) :
On the other hand, since
BRIy B 1
Ply) P Py
we find, by using again (A.16),
(A.18) 07,1/ Flaskc < 3¢% ([07 Mlask + [flasx 95 Flo,xc) -

Inequalities (A.17), (A.18), the identity 97;(1/f) = 20;f9;f/f*> — 9;f/f* and the interpolation
inequality [17, Lemma 6.35, page 135] (by proceeding as in Corollary 2.2) imply

2 £(0) — B2 f(a b1 2 flp
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3
(A-19) 051/ Hlaxe < Cet (14 [ fllezeq)”
with C = C'(diam(K)) is a constant.
The other terms for 1/f appearing in the norms || - [|¢2.a(x) can be estimated similarly to the
semi-norm in (A.19). Inequality (A.15) then follows. O

Recall that 0 < 0 < v < 1.

Lemma A.2. C*>%(0) is continuously embedded in H**%(0). Furthermore, there exists C' =
C(n,a — 0) so that, for any w € C**(0), we have

(A.20) w200y < Cmax (d"/2, a2 ) ]l .0 ),
where d = diam(0O).
Proof. Let w € C**(0) and, for fixed 1 <4,j < n, set g = 9;w. Then

lg(z) — g(y)|? 5 / / 1
—————=—dzdy < [g]. ———~dzdy.
jg o |z —ynt2 9)aso oJo |t —y[r—2a=0)

In light of [10, Lemma A3, page 246], this inequality yields

l9(x) —g9(y)? S7=1||0]d2(@0)
e dady < ,
/0 o lw—y2 =T gy e

But |0] < |B(0,d)|. Hence

|g(33)—g(y)|2 S" 1‘2dn 2a—b)
A21 7 drdy < .0
( ) / | y|n+29 dz Yy > 2( 0) [g]a,o

Using (A.21) and the inequality
[1BlZ2(0y < 1S"7Hd"|hlo,0, h e C(O),

we get from the definition of the norm of H*-spaces in [18, formula (1.3.2.2), page 17]
Hw||H2+9(O) < Cmax (dn/Qa dn/Haie) Hw”cza(@)v
for some constant C' = C'(n,a — 0) > 0. This is the expected inequality ]
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